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Abstract: Computer models are numerical implementations of mathematical models in-
tended as ‘surrogates’ of reality. With the increase use of this ‘simulators’ comes a need to
‘validate’ them. Our approach to statistical validation of computer models aims to answer the
question does the computer model adequately represent reality? It is based on comparison
of computer model runs with field data of the process being modelled; of crucial importance
is to explicitly account for simulator deficiencies, which also avoids ‘overtuning’. A Bayesian
analysis is particularly suited to treating the major issues associated with the validation pro-
cess: quantifying multiple sources of error and uncertainty in computer models; combining
several sources of information; being able to adapt to different – but related – scenarios, and
dealing with the unavoidable confounding present in the process. The methods and analyses
are illustrated with a test bed dynamic stress analysis for a particular engineering system,

Keywords: Bayesian Analysis; Confounding; Model Inadequacy; Over-tuning; Validation of
Computer Models.

1 Computer Models

Computer models/simulators are numerical implementations of mathematical models
intending to approximately reproduce and predict real processes. The most popular
ones are perhaps the computer models for weather forecast, but they are becoming
ubiquitous. Simulators have been developed in all areas of science, engineering, eco-
nomics, social sciences, medicine, biology, .... This models are increasingly used as aids
in crucial decision and policy making: models for water quality in bays are used to
dictate the policies of waste disposal along rivers discharging in that bay, economic
models might dictate important economic policies adopted, weather predictions are
used to evacuate areas menaced by hurricanes, models for volcano avalanches might
determinate big areas declared out of limits for human settlements, and so on.
With the increase use of computer models, comes a need to check their adequacy
or ‘validate’ them. Statistical evaluation of computer models is performed primarily
by comparing model output to field data from the real process being modelled. The
rationale for this predictive approach is simple: the only way to see if a model actually
works is to see if its predictions are correct.
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We regard the computer model as a function yM (x, u), of (high dimensional) inputs
z = (x, u) where x is a vector of controllable (known) inputs, and u denotes cali-
bration/tuning (unknown) parameters. Components of u that have physical meaning,
are often called ‘calibration’ parameters, whereas those that are somewhat artificial,
required by the mathematical model, are referred to as ‘tuning’ parameters.
The simulators yM (x,u) are usually numerical implementations to complex math
models (defined by systems of ODE’s or PDE’s); we do not distinguish between the
math model and its numerical implementation. We denote by yR(x) the real process
that yM (x, u) tries to simulate. As remarked earlier, u is an input only to yM (·)
(reality occurs at the “true” unknown value). We concentrate in this exposition on
deterministic models, that is, computer models that produce the same outputs when
repeatedly run at a given set of inputs. However, the methodology can be also applied
to stochastic simulators.
We concentrate here on Calibration, Validation and Prediction using computer mod-
els. Calibration of computers models is basically learning about u (solving the ‘inverse
problem’, estimating), but it is very important to account and transmit uncertainties.
The crucial question for computer models validation is does the model adequately
represent reality? A common approach is to ask – is the model correct? This is rarely
useful (since we know it is not). Instead we aim to answering the question does the
model provide predictions that are accurate enough for the intended use? by providing
predictions and tolerance bounds, which accounts for uncertainties and model inade-
quacies. In this problems, it is crucial to simultaneously learn about model adequacy
and uncertainty in input parameters to avoid over fitting

2 Acknowledging Model Deficiencies and Uncertainties

‘Standard’ statistical analyses are not adequate when combining computer model and
field data. Since uncertainties are crucial, merely feeding the simulator with an estimate
of u does not work. Moreover, since the hypothesized model is incorrect, ‘over-fitting’
will typically have occurred; the fit tries to ‘make up’ for the model inadequacy by
over-shifting u to compensate. This over-fitting makes it problematical to believe any
structure found in the residuals. Hence, it is very important to introduce (and account
for) model inadequacy while calibrating the model. An extended discussion (with a
pedagogical example) can be found in Bayarri et. all (2007a).

2.1 Bayesian analysis with a fast simulator

We follow work by Keneddy and O’Hagan (2001) and others and explicitly recognize
that the computer model differs from reality by a bias term and not simply by random
error. Specifically, we assume that the computer model is related to reality via

yR(x) = yM (x, u∗) + bu∗(x) ,

where u∗ is the true (unknown) value of u, and bu∗(x) is model bias, an unknown
function of the inputs x. As usual, we assume that reality is observed with error, so
field data yF (xi) at inputs x1,x2, . . . , xn are obtained, and modelled as

yF (xi) = yR(xi) + εF
i ,
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where εF
i are i.i.d. Normal(0, 1/λF ) random errors. We denote the vector of observed

field data by yF = (yF (x1), . . . , yF (xn)).
We take a Bayesian approach so that uncertainties are acknowledged and transmitted.
Most importantly, Bayesian analysis can also handle the lack of identifiability of u
and b(·) (and also λF if there were no replicates),through prior assessments. Indeed,
in the computer model scenario, u may have physical meaning or, at least, physical
limits, so that experts may be able to construct a fairly tight prior distribution for u.
Moreover, we adopt a (nonparametric) prior distribution for the bias function which
‘encourages’ b(·) to be zero, allowing a correct computer model to emerge with little
bias if supported by the data.
The Bayesian analysis puts a prior on all unknowns π(u, b, λF ) and derives the poste-
rior via Bayes Theorem as

π(u, b, λF | yF ) ∝ f(yF | u, b, λF )× π(u, b, λF )

where the likelihood function, f(yF | u, b, λF ) is a multivariate normal with mean(
[yM (x1, u) + b(x1)], . . . , [yM (xn, u) + b(xn)]

)
and covariance matrix 1

λF I.
Metropolis-Hastings MCMC then produces simulations from the joint posterior. No-
tice, however, that this straight analysis requires running the simulator yM (x,u) hun-
dreds of thousands of times, and hence it is only feasible for extremely fast simulators.
But in practice, complex computer models are very slow.

2.2 Emulating a slow simulator

We use an objective Bayesian ‘spatial’ response surface approach (Sacks et al., 1989)
which provides an smooth interpolation/extrapolation at new inputs while estimating
the accuracy of the model approximation. Statistical approximations to the simulators
are called emulators and have several uses. We can also interpret them as a distribu-
tions for the simulator; indeed, since yM (z) is an unknown function (known only at few
input values) we assign yM (·) a prior distribution which gets revised by data. A very
convenient interpolator/prior is a GASP (Gaussian Separable Process). A function has
a GASP distribution

y(·) ∼ GASP( µ(·), 1
λ c(·, ·))

if, for any {z1, . . . , zn}, (y(z1), . . . , y(zn)) has a multivariate normal distribution with
mean vector (µ(z1), . . . , µ(zn)), and covariance matrix
[ 1
λ c(zi, zj)], where λ is the precision and c(·, ·) is the correlation function. For the

computer model, we consider a mean function µM (z) = Ψ(z)θL, with specified basis
functions Ψ = (Ψ1, . . . , Ψk) and unknown θL = (θL

1 , . . . , θL
k )′. (A constant mean θ

is often satisfactory, but more general means are useful for extrapolation.) As a cor-
relation function for the d-dimensional z, we utilize the separable power exponential
family.

cM (z,z∗) =
∏d

j=1 exp
(
−βM

j |zj − zj
∗|αM

j

)
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where βM
j > 0 determines how fast the correlation decays to 0, and αM

j ∈ (0, 2] deter-
mines continuity, differentiability, . . . , etc. The product form greatly speeds computa-
tion and allows stochastic inputs to be handled easily. Although we were not explicit
in the previous section, we also use a GASP prior for the unknown bias function,
b(·) ∼ GASP (θb, cb(·, ·)/λb); often we assume θb = 0 and αb = 2.
The posterior analysis proceeds basically as before, but whenever the analysis requires
running the (slow) simulator, yM (.), we treat it as an unknown (latent) variable with
the GASP prior distribution.
In this case model data yM is also needed, and the likelihood f(yF ,yM |yM (.), u, b, λF )
is still multivariate normal but with a more complicated covariance matrix.
The analysis is conceptually straightforward, but the special characteristic of these
problems, with high dimensional, highly correlated parameter vector, and little data,
makes the numerical analysis tricky. We have found that a very useful simplification
is the Modular Approach which estimates the GASP parameters in yM (.) based only
on computer model data yM . For very complex problems, with little uncertainty in
the GASP model approximation compared to uncertainties on (b,u) we often use still
a further simplification: we simply use MLE for GASP parameters in yM (.) which are
then fixed for the rest of the analysis. Other uses of modularization and its intuitive
justification will be provided in the talk.

3 Calibration, Validation, Prediction.

The Metropolis-Hastings MCMC of the previous section produces N (very large) sim-
ulations (ui, y

M (x, ui), bi(x), λF
i ) from the joint posterior. A variety of analyses are

then possible, including all our previous goals.
For instance, u1, . . . , uN is a sample from the marginal posterior distribution of u, so,
for the calibration problem, û = 1

N

∑N
i=1 ui provides an estimate of u and v̂ar(u) =

1
N

∑N
i=1(ui−û)2 is a measure of its accuracy. Indeed, the histogram of the ui represents

the posterior density of u.
Similarly, for the validation task, b̂(x) = 1

N

∑N
i=1 bi(x) is an estimate of the bias

function, and the 5% and 95% percentiles yield 90% tolerance bounds.
To predict the real process at some (new) input x, there are several possibilities (see
Bayarri et. all, 2007b). The one we ended up recommending (if feasible) is to first run
the computer model, obtaining yM (x, û); sometimes modelers wish to use yM (x, û)
directly as the prediction of reality, and then the variance Vû(x) is available. Better
still is to estimate the bias b̂û(x), and use the bias-corrected prediction ŷR(x) =
yM (x, û) + b̂û(x), with considerable gains in precision if the bias is not negligible.
The distribution of yR(·) produces predictive confidence bands.

4 Functional outputs

When yM (x,u) is a function of time t, say, we can approach the problem in several
ways:
If the function is smooth, we can discretize it and include t as another model input in
z. This makes the analysis relatively simple, but usually produces covariance matrices
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of huge dimensions, which can make this procedure unfeasible. However, considerable
simplifications occur if all correlation structures involving t can be assumed to be of
the same form. In this case (with common design spaces) the variance matrices take
a kronecker product form, considerably reducing the dimensions of the matrices to be
inverted. An application can be found in Bayarri et al. 2005.
Often, the functional outputs are complicated, rough functions of t, and alternative
methods are then required. The most popular approaches use some basis expansion
of the function (principal components, wavelets, ... etc.) and then apply the previous
methodology to the coefficients of the expansion. This usually requires more complex,
hierarchical priors for the coefficients of the bias functions, and careful modelling of
the coefficients of the field error. (See Bayarri et al., 2007a for an application.)
Bayesian analysis is conceptually simple, incorporates all uncertainties, calibrates and
validates simultaneously, avoids over tuning, and improves prediction, but the devil is
in the details.

Acknowledgments: Special thanks to SAMSI (Statistical and Applied Mathematical
Sciences Institute), and ISDS, Duke University, for their generous hosting during the
2006-2007 academic year. This work is supported in part by the Spanish Ministry of
Science and Technology under Grant MTM2004-03290.
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Abstract: In choosing between two models, it is well known that the Bayes factor produces
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1 Introduction

Bayesian estimation of the parameters of a given sampling model is, under wide con-
ditions, consistent. That is, the posterior probability of the parameter is concentrated
around the true value as the sample size increases, assuming that the true value be-
longs to the parameter space being considered. The case where the dimension of the
parameter space is infinite can be an exception (see Diaconis and Friedman 1986 for
examples of inconsistency of Bayesian methods).
For nested models and proper priors for the model parameters, the consistency of the
Bayesian pairwise model comparison is a well established result (see O‘Hagan and
Forster 2004, and references therein). Assuming that we are sampling from one of the
models, say M1, which is nested in M2, consistency is understood in the sense that
the posterior probability of the true model tends to 1 as the sample size tends to
infinity. We observe that the posterior probability is defined on the space of models
{M1, M2}. An equivalent result is that the Bayes factor BF21 = m2(Xn)/m1(Xn)
tends in probability [P1] to zero, where Xn = (X1, ..., Xn).
The extension of this result to the case of a collection of models {Pi : i = 1, 2...} for
which the condition limn→∞mi(Xn)/m1(Xn) = 0, [P1], holds for any i ≥ 2 has been
established by Dawid (1992). We note that this condition is satisfied when the model
P1 is nested into any other. For nonnested models the condition does not necessarily
hold.
For pairwise comparison between nested linear models the consistency of the intrin-
sic Bayesian procedure has already been established (Moreno and Girón 2005). The
present paper is an extension of this result, and we prove here consistency of the in-
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trinsic model posterior probabilities in the class of all linear models, where many of
the models involved are nonnested.

2 Intrinsic Bayes Variable Selection

Suppose that Y represents an observable random variable and X1, X2, ..., Xk a set of
k potential explanatory covariates related through the normal linear model

Y = α1X1 + α2X2 + ... + αkXk + ε, ε v N(·|0, σ2).

The variable selection problem consists of reducing the complexity of this model by
identifying a subset of the αi coefficients that have a zero value based on an available
dataset (y,X), where y is a vector of observations of size n and X an n × k design
matrix of full rank.
This is by nature a model selection problem where we have to choose a model among
the 2k possible submodels of the above full one. It is common to set X1 = 1 and
α1 6= 0 to include the intercept in any model. In this case the number of possible
submodels is 2k−1. The class of models with i regressors will be denoted as Mi and
hence the class of all possible submodels can be written as M = ∪iMi.
Consider the pairwise model comparison between a generic submodel Mj and the
model

Y = α1 + ε, ε v N(·|0, σ2),

that contains the intercept only, which is denoted as M1. Formally, this comparison is
made through the hypothesis test

H0 : Model M1 vs. HA : Model Mj . (1)

Notice that M1 is nested in Mj , for any j, so that the corresponding intrinsic priors
can be derived. In the space of models {M1, Mj} the intrinsic posterior probability

P (Mj |y,X) =
BFj1

1 + BFj1

is computed and it gives a new ordering of the models {Mj , Mj ∈ M}.
Although this procedure is based on multiple pairwise comparisons it is easy to see
that it is equivalent to ordering the models according to the intrinsic model posterior
probabilities computed in the space of all models M as

P (Mj |y,X) =
BFj1

1 +
∑

j′ 6=1 BFj′1
, Mj ∈ M. (2)

This intrinsic Bayesian procedure has previously been considered by Girón et al.
(2006a).
The intrinsic priors utilized in the variable selection methods are defined from the
comparison of two nested linear models, and we now give a general expression of the
intrinsic priors and the Bayes factor associated with them.
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Suppose we want to choose between the following two linear models

Mi : y = Xiαi + εi, εi ∼ N(0, σ2
i In),

and
Mj : y = Xjβj + εj , εj ∼ Nn(0, σ2

j In).

We again can do this formally through the hypothesis test

H0 : Model Mi vs. HA : Model Mj , (3)

where Mi is nested in Mj . Since the models are nested, this implies that the n × i
design matrix Xi is a submatrix of the n× j design matrix Xj , so that Xj = (Xi|Zij).
Then, model Mj can be written as

Mj : y = Xiβi + Zijβ0 + εj , εj ∼ Nn(0, σ2
j In).

Comparing model Mi versus Mj is equivalent to testing the hypothesis H0 : β0 = 0
against H1 : β0 6= 0. A Bayesian setup for this problem is that of choosing between
the Bayesian models

Mi : Nn(y|Xiαi, σ
2
i In), πN (αi, σi) = ci

σi
,

and
Mj : Nn(y|Xjβj , σ

2
j In), πN (βj , σj) = cj

σj
,

(4)

where πN denotes the improper reference prior and ci, cj are arbitrary constants
(Berger and Bernardo, 1992).
The direct use of improper priors for computing model posterior probabilities is not
possible since they depend on the arbitrary constant ci/cj ; however, they can be
converted into suitable intrinsic priors (Berger and Pericchi 1996). Intrinsic priors for
the parameters of the above nested linear models provide a Bayes factor (Moreno et
al. 1998), and, more importantly, posterior probabilities for the models Mi and Mj ,
assuming that prior probabilities are assigned to them. Here we will use an objective
assessment for this model prior probability, P (Mi) = P (Mj) = 1/2.
Application of the standard intrinsic prior methodology yields the intrinsic prior dis-
tribution for the parameters βj , σj of model Mj , conditional on a fixed parameter
point αi, σi of the reduced model Mi,

πI(βj , σj |αi, σi) =
2

πσi(1 +
σ2

j

σ2
i
)

Nj(βj |α̃j , (σ2
j + σ2

i )W−1
j )

where α̃′j = (0′, α′i) with 0 being the null vector of j − i components and

W−1
j =

n

j + 1
(X′

jXj)−1.

The unconditional intrinsic prior for (βj , σj) is obtained from πI(βj , σj) =
=

∫
πI(βj , σj |αi, σi) πN (αi, σi) dαidσi, yielding the intrinsic priors for comparing

models Mi and Mj as {πN (αi, σi), πI(βj , σj)}. The computation of the Bayes factor
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to compare these models using the intrinsic priors is a straightforward calculation (see
Casella et al. 2006) and turns out to be

BFn
ij=

(
2
π

(j + 1)(j−i)/2

∫ π/2

0

sinj−i ϕ (n + (j + 1) sin2 ϕ)(n−j)/2

(n Bn
ij + (j + 1) sin2 ϕ)(n−i)/2

dϕ

)−1

, (5)

where the statistics Bn
ij is the ratio of the residual sum of squares

Bn
ij =

RSSj

RSSi
=

y′(I−Hj)y
y′(I−Hi)y

.

Note that as Mi is nested in Mj the values of the statistic Bn
ij lie in the interval [0, 1].

3 Sampling distribution of Bn
ij

If we denote the true model by MT , so that the distribution of the vector of obser-
vations y follows Nn(y|XT αT , σ2

T In), the sampling distribution of the statistic Bn
ij is

characterized in the following results, whose proofs are omitted.

Theorem 1 If Mi is nested in Mj and MT is the true model, then the sampling
distribution of Bn

ij is the doubly noncentral beta distribution

Bn
ij |MT v Be′′

(
n− j

2
,
j − i

2
; λ1, λ2

)

where the noncentrality parameters are

λ1 =
1

2σ2
T

α′T X′
T (I−Hj)XT αT ,

and
λ2 =

1
2σ2

T

α′T X′
T (Hj −Hi)XT αT .

Note that the models Mi and Mj need not be nested in the true model MT , and the
true model is not necessarily nested in Mi or Mj . However, the distribution of Bn

ij

simplifies whenever Mi or Mj is the true model. Thus we have the following corollary.

Corollary 1 ,

(i) If the smallest model Mi is the true one, then

Bn
ij |Mi v Be

(
n− j

2
,
j − i

2

)
.
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(ii) If the largest model Mj is the true one, then

Bn
ij |Mj v Be′

(
n− j

2
,
j − i

2
; 0, λ

)
.

where
λ =

1
2σ2

j

α′jX
′
j(Hj −Hi)Xjαj .

The limiting value of Bn
ij is important because it bears directly on the evaluation of

the consistency of the Bayes factors. That value is given in the following theorem.

Theorem 2 Let {Xn, n ≥ 1} be a sequence of random variables with distribution
Be′′((n− α0)/2, β0/2; nδ1, nδ2), where α0, β0, δ1, δ2 are positive constants. Then

(i) the sequence Xn converges in probability to the constant

1 + δ1

1 + δ1 + δ2
.

(ii) If δ1 = δ2 = 0 then Xn degenerates in probability to 1. However, the random
variable −n/2 log Xn does not degenerate and has an asymptotic Gamma distri-
bution, Ga(β0, 1).

4 Consistency

The steps in proving consistency of the intrinsic Bayesian procedures are

1. Derive an asymptotic approximation for the Bayes factor for nested models given
in expression (5).

2. From this approximation derive another which is valid for any arbitrary pair of
models.

3. Use Theorems 1 and 2 to prove consistency.

For large n, we can get an approximation of BFn
ij of (5) that is valid whenever model

Mi is nested in Mj . The approximation turns out to be equivalent to the Schwarz
(1978) Bayes factor approximation.

Theorem 3 When Mi is nested in Mj, for large values of n the Bayes factor given
in (5) can be approximated by

BFn
ij ≈

π

2
(j + 1)(i−j)/2I(Bn

ij)
−1 exp

(
j − i

2
log n +

n− i

2
logBn

ij

)
(6)

where

I(Bn
ij) =

∫ π/2

0

sinj−i(ϕ) exp

[
j + 1

2
sin2(ϕ)

(
1− 1

Bn
ij

)]
dϕ

=
1
2
Be

(
1
2
,
j − i + 1

2

)
1F1

(
j − i + 1

2
;
j − i + 2

2
;
j + 1

2

(
1− 1

Bn
ij

))
,

and 1F1(a; b; z) denotes the Kummer confluent hypergeometric function.
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Proof: The proof follows by approximating the integrand in (5) and passing to the
limit.

We note that I(Bn
ij)
−1 has a finite value for all values of the statistic Bn

ij except when
it goes to zero. For this unrealistic case the approximation is not needed.
Therefore, BFn

ij can be approximated, up to a multiplicative constant, by the expo-
nential function in (6). This exponential function turns out to be the Schwarz approxi-
mation Sn

ij to the Bayes factor for comparing linear models (Schwarz 1978). Of course,
the normal linear models are regular so that the Laplace approximation can be applied
to obtain the Schwarz approximation although for intrinsic priors the ratio BFn

ij/Sn
ij

does not go to 1 (only for particular priors this holds; see, Kass and Wasserman 1995).
However, for proving consistency we can ignore terms of constant order and the Bayes
factor for intrinsic priors can be approximated by the Schwarz approximation

BFn
ij ≈ Sn

ij = exp
(

j − i

2
log n +

n

2
logBn

ij

)
. (7)

Given an arbitrary model Mj and the true model MT in the class MT , we will assume
that the design matrix of the linear models satisfy the following condition (D): the
matrix

SjT = lim
n→∞

X′
T (I−Hj)XT

n
(8)

is a positive semidefinite matrix. This is not a too demanding condition.
To characterize the asymptotic behavior of the model posterior probabilities, we can
work with BFn

ij of (6) ignoring the positive terms that do not depend on n (as we are
only interested in limiting values of 0 or ∞.)
To test the hypothesis (1) with data (y,X), we note that the intrinsic model pos-
terior probability of model Mj , defined in the class of all models M given by (2),
is an increasing function of BFj1, where BFj1 denotes the Bayes factor for intrinsic
priors for comparing the nested models M1 versus Mj . Hence, from the asymptotic
approximation (7) we can write

P (Mj |y,X) ∝ BFj1 ≈ exp
(
− j − 1

2
log n− n

2
logBn

1j

)
. (9)

Similarly, for the true model MT we can write

P (MT |y,X) ∝ BFT1 ≈ exp
(
− T − 1

2
log n− n

2
logBn

1T

)
,

and consequently the ratio is approximated by

P (Mj |y,X)
P (MT |y,X)

≈ exp

(
T − j

2
log n +

n

2
log

Bn
1T

Bn
1j

)
. (10)

(As a curiosity note that this formula provides an exact approximation to the ratio
for the case when Mj = MT , when its value is exactly equal to one.)
We now have the following theorem.
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Theorem 4 In the class of linear models M with design matrices satisfying condition
(D), the intrinsic Bayesian variable selection procedure is consistent. That is, when
sampling from MT we have that

P (Mj |y,X)
P (MT |y,X)

→ 0, [Pt],

whenever the model Mj 6= MT .

Proof: See Casella et al. 2006.

5 Discussion

It has long been known that when choosing between two models, when one of which
is true, selecting according to Bayes factors provides a consistent decision function in
the sense that the frequentist probability of selecting the true model approaches 1 as
n →∞. In this paper, for the case of variable selection, we have extended this result to
selection among an entire class of linear models and a wide class of priors, and shown
that selecting according to Bayes factors yields a decision rule with the property that
the frequentist probability of selecting the true model approaches 1 as n → ∞, and
the frequentist probability of selecting any other model approaches 0 as n →∞.
Intrinsic priors have been used successfully in both variable selection and changepoint
problems (Casella and Moreno 2006, Girón et al. 2006ab), where excellent small sample
properties were exhibited.
Lastly, we note that implementation of the model selection procedure is best done
with a stochastic search algorithm. As there are 2k−1 possible models, enumeration
quickly becomes infeasible. We have implemented Metropolis-Hastings driven stochas-
tic searches for both variable selection (Casella and Moreno 2006) and changepoint
problems (Girón et al. 2006b) with good results.
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survival analysis methods.

Keywords: survival analysis; truncation in survival analysis; cross-sectional sampling; back-
ward recurrence time; accelerated failure time.

1 Introduction

Time-to-pregnancy (TTP), the duration that a couple waits from initiating attempts
to conceive until conception occurs, is regarded as one of the direct measures of natural
fecundity. TTP data can be used to study effects of environmental and occupational
exposures on human reproduction. Statistical tools for designing and analysing TTP
studies belong to the general area of survival analysis, with focus on intricate sampling
patterns and random heterogeneity between couples. This talk shows how to perform
valid analyses under various prospective, retrospective and cross-sectional sampling
frames. For a recent survey see Scheike & Keiding (2006).

2 Sampling Designs

The two most common and obvious designs are a cohort (follow-up) study where
couples are followed forward in time from when they start attempting to become
pregnant, or a retrospective study of pregnant women where couples are interviewed
about when they started their attempt to become pregnant. Variants of the cohort
study are the historically prospective design where a general sample (usually of women)
from the population is asked to recall their reproductive history, and the prevalent
cohort study, see below, where we discuss these designs as well as the possibilities of
using cross-sectional samples.

2.1 Prospective Sampling

In principle, the cohort approach leads to standard right-censored survival data, where
the couples who have not conceived at the end of follow-up are counted as right-
censored. For a careful such study see Bonde et al. (1998). In the prevalent cohort
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study couples are recruited at a known time t after initiation and will have to be
counted with delayed entry (left truncation) at t. In practice, prospective studies are
not very common, usually rather small, and often marred by considerable self-selection
problems. When assessing the effect of calendar time it is important to score it at
initiation, rather than at conception, or as current calendar time along the way. The
historically prospective study suffers from recall bias and also mixes experience over a
long calendar time period.

2.2 Retrospective Sampling

Large TTP surveys are often retrospective, data being gathered from pregnant women.
There are obvious weaknesses with these popular studies, primarily the biased sam-
pling based on fecundity, particularly, the nonpresence of the sterile or nonfecund cou-
ples, but also under-representation of the subfecund. Juul et al. (2000) demonstrated
how a true age-decreasing fecundity in a heterogeneous population can be made to
look age-increasing by naive analysis of a retrospective sample.
However, even beyond these unavoidable difficulties, the correct analysis of retrospec-
tive TTP data is more intricate than often realized, particularly when the focus is on
revealing the trends in initiation intensity, which must be behind the observed secular
trends in birth rates. As an example, in a common design, the data are gathered from
interviews in a fixed time window. It is then clear that if calendar time is related to
initiation, long TTPs will be over represented in the early phase, short TTPs in the
late phase, with intricate patterns of left and right truncations (Scheike & Jensen,
1997). As pointed out by Jensen et al. (2000) dramatic artificial temporal trends in
fecundity may be generated by disregarding the effects of these truncations. Incorpo-
ration of several TTPs per couple in a retrospective design is possible through careful
likelihood constructions; see Scheike et al. (1999) for details.

2.3 Current duration designs

The practical difficulties in establishing representative prospective TTP cohorts and
the shortcomings of the information retrievable from retrospectively obtained TTPs
led Weinberg and Gladen (1986) and Keiding et al. (2002) to study a current duration
design where a cross-sectional sample of women are asked whether they are currently
attempting to get pregnant, and if so, for how long they have attempted. (As pointed
out by Slama, the relevant time to pregnancy is now the time to discovery of the
pregnancy.)
Let us summarize the distributions involved in the main sampling design as follows.
For each attempt at becoming pregnant, let T be the time to pregnancy, U the time
to discontinuation without pregnancy (for reasons such as death of the woman, disap-
pearance of partner, couple give up trying; in some cases start of fertility treatment
should perhaps be included) and V the time to discontinuation of follow-up since the
start of attempt. We are interested in the distribution of T . In a prospective design,
the problem reduces to standard survival analysis with T as the time to endpoint
and min(U, V ) = U ∧ V the time of censoring. In the retrospective design (based on
pregnant women) we have a truncated sample from the conditional distribution of
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T |T < U . (Note that this situation is different from right-truncation of T by U , which
corresponds to observing the conditional distribution of (T, U)|T < U .)
In the current-duration design let X = T ∧ U be the waiting time until termination
for whatever reason, successful or not, with probability density f(x), survival function
S(x) =

∫∞
x

f(a)da and expectation µX =
∫∞
0

xf(x)dx =
∫∞
0

S(x)dx which we shall
assume finite. Cross-sectional sampling takes place at some fixed time t0, and assume
that initiations happen according to a Poisson process in calendar time t with intensity
β(t). In the time-homogeneous situation β(t) = β, which should suffice in most situa-
tions where only short calendar intervals are considered for each “cross-section”, the
observed experienced waiting time at t0 (“current duration”), Y = X ∧V = T ∧U ∧V
will be distributed as a backward recurrence time in a renewal process in equilibrium
with renewal distribution f(x), that is, the density of Y is

g(y) = S(y)/µX

Note in particular that 0 < g(0) < ∞. Thus, Y has a decreasing density proportional
to the survival function of X.
Estimation of the density f(x) of interest may be based on estimating g, either postu-
lating some parametric distribution using beta-binomial (a beta-mixture of geometric
distributions) (Weinberg & Gladen, 1986); a Pareto (a gamma mixture of exponen-
tials) class of distributions or non-parametrically (Keiding et al., 2002). In the latter
case, a technical difficulty is that the non-parametric maximum likelihood estimator
ĝ(0) of g(0), necessary to obtain Ŝ(y) = ĝ(y)/ĝ(0), is inconsistent.
The current duration approach cannot distinguish between attempts ending in a preg-
nancy (X = T ) and attempts terminated for other reasons (X = U), and neither
can it catch spontaneous pregnancies (TTP=0). Furthermore, it is not yet empiri-
cally clarified how practical it is to distinguish long current durations from sterile or
behaviourally non-fecund couples.
Example. The observatory of fecundity in France. A large-scale study is currently
field-testing this approach (Slama et al., 2006). The statistical analysis of these data
is partly based on the observation (Yamaguchi, 2003, Keiding et al., 2005, Mokveld,
2007) that accelerated failure time models for the observed current durations carry
over to accelerated failure time models for the underlying times to pregnancy: if

P (Y > y|z) = S0

(
yeβz

)

is an accelerated failure time model for Y with underlying survival function S0 then
g(y|z) = g0(yeβz)eβz with g0 the density of S0 so that

S(x|z) = P (X > x|z) =
g (x|z)
g (0|z)

=
g0

(
xeβz

)

g0 (0)

which is an accelerated failure time model for X with the same β and baseline survival
function g0(·)/g0(0). In particular, this requires g0 to be decreasing with 0 < g0(0) <
∞.
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3 Conclusion

The study of TTP is an important component of reproductive epidemiology. We have
discussed here the main designs for obtaining and analysing such TTP data. All de-
signs have both advantages and drawbacks and it is important to realize these and
to understand their consequences. The prospective design is the easiest to understand
conceptually and to analyse, but it is expensive to carry out a prospective study and
very difficult to obtain a representative sample of couples from the population.
In the retrospective design couples are asked, at some point during pregnancy, to recall
their TTP. Such data are cheap and easy to obtain in large quantities but technically
difficult to analyse, because of the truncation biases that are an intrinsic consequence
of the design. Another important limitation, that is not always realized sufficiently
clearly, is that the data do not form a direct sample of the TTP distribution but in
reality only those times to pregnancy that are not censored before being observed.
The current duration designs are new developments that aim at remedying some of
the drawbacks of the prospective and retrospective designs. Notably, they should be
relatively cheap to carry out, and should avoid some of the sampling biases that are
feared in, for example, the prospective design. The possibility of re-using the currently
trying couples in a prevalent cohort study is a promising further possibility.
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clinical studies. Building on the seminal work of Prentice (1989) and Freedman et al (1992),
Buyse et al (2000) framed the evaluation exercise within a meta-analytic setting, in an effort
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this paper, we review the meta-analytic approach for continuous outcomes, discuss extensions
to non-normal and longitudinal settings, as well as proposals to unify the somewhat disparate
collection of validation measures currently on the market. Implications for design and for
predicting the effect of treatment in a new trial, based on the surrogate, are discussed.
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1 Introduction

The use of surrogate endpoints in the development of new therapies has always been
very controversial, partly owing to a number of unfortunate historical instances where
treatments showing a highly positive effect on a surrogate endpoints were ultimately
shown to be detrimental to the subjects’ clinical outcome, and conversely, some in-
stances of treatments conferring clinical benefit without measurable impact on pre-
sumed surrogates. In spite of this, there presently is a lot of interest in surrogate
endpoints, owing to the advent of a large number of biomarkers that closely reflect the
disease process.
It is crucial to use validated surrogates, based on a process where statistics plays a
role next to a variety of substantive considerations. The ICH Guidelines on Statistical
Principles for Clinical Trials state that “In practice, the strength of the evidence
for surrogacy depends upon (i) the biological plausibility of the relationship, (ii) the
demonstration in epidemiological studies of the prognostic value of the surrogate for
the clinical outcome and (iii) evidence from clinical trials that treatment effects on the
surrogate correspond to effects on the clinical outcome”.

2 A Meta-analytic Framework

The first formal single trial approach to validate markers is due to Prentice (1989),
who gave a definition of the concept of a surrogate endpoint, followed by a series of
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operational criteria. Freedman et al (1992) augmented Prentice’s hypothesis-testing
based approach, with the estimation paradigm, through the so-called proportion of
treatment effect explained. In turn, Buyse and Molenberghs (1998) added two further
measures: the relative effect and the adjusted association. All of these proposals are
hampered by their single-trial basis, lacking trial-level replication. Daniels and Hughes
(1997), Buyse et al (2000), and Gail et al (2000) have introduced the meta-analytic
approach, based on a hierarchical two-level model.
Let Tij and Sij be the random variables denoting the true and surrogate endpoints
for the jth subject in the ith trial, respectively, and let Zij be the indicator variable
for treatment. Consider the set of models:

Sij = µS + mSi + αZij + aiZij + εSij , (1)
Tij = µT + mT i + βZij + biZij + εT ij . (2)

Here, µS and µT are fixed intercepts, α and β are fixed treatment effects, mSi and mT i

are random intercepts, and ai and bi are random treatment effects in trial i for the
surrogate and true endpoints, respectively. The random effects (mSi, mT i, ai, bi) are
assumed to be mean-zero normally distributed with general covariance matrix D. The
error terms εSij and εT ij follow a zero-mean normal with covariance matrix Σ.
After fitting the above models, surrogacy is captured by means of two quantities: trial-
level and individual-level coefficients of determination. The former is given by: R2

trial =
R2

bi|mSi,ai
. The above quantity is unitless and, at the condition that the corresponding

variance-covariance matrix is positive definite, lies within the unit interval.
Apart from estimating the strength of surrogacy, the above model can also be used
for prediction purposes. To this end, observe that (β + b0|mS0, a0) follows a normal
distribution with conditional mean E(β+b0|mS0, a0) and conditional variance Var(β+
b0|mS0, a0) following from the usual expressions. A surrogate could be adopted when
R2

trial is sufficiently large. Arguably, rather than using a fixed cutoff above which a
surrogate would be adopted, there always will be clinical and other judgment involved
in the decision process. The R2

indiv = R2
εT i|εSi

is based on Σ.

2.1 Ramifications

Though the above hierarchical modelling is elegant, it often poses a considerable com-
putational challenge (Burzykowski, Molenberghs, and Buyse, 2005). To address this
problem, Tibaldi et al (2003) suggested and studied several simplifications. They are
based on a combination of the following: (1) replacing the random-effects approach
with a simpler two-stage fixed-effects approach, (2) analyzing each of the endpoints
separately, in a couple of univariate, rather than a single bivariate meta-analysis, and
then (3) acknowledging for the differing amounts of information apported by the var-
ious trials through simpler or more sophisticated methods. Further issues, reported
in Cortiñas et al (2004) and Tilahun et al (2007) are (a) the impact of the choice of
the unit of analysis to define the meta-analysis, (b) the coding of treatment in the
random-effects model (e.g., 0/1 versus −1/ + 1), and the occurrence of ill-conditioned
D matrices, leading to unreliable estimates of the R2 measures.
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Renard et al (2002) have shown that extension to binary outcomes is easily done using
a latent variable formulation. Using a bivariate copula approach, Burzykowski et al
(2001) were able to deal with the situation where the outcomes are of a time-to-event
type. Burzykowski et al (2004) discuss one of several mixed-outcomes type: an ordinal
surrogate and a survival true endpoint, which is relevant, in, for example, oncology.

3 Longitudinal Endpoints

Alonso et al (2003) showed that going from a univariate setting to a multivariate or
longitudinal framework represents new challenges. They assume that information from
i = 1, . . . , N trials is available, in the ith of which, j = 1, . . . , ni subjects are enrolled
and they denoted the time at which subject j in trial i is measured as tijk. If Tijk

and Sijk denote the associated true and surrogate endpoints, respectively, and Zij is
a binary indicator variable for treatment then along the ideas of Galecki (1994), they
proposed the following joint model, at the first stage, for both responses

{
Tijk = µT i + βiZij + gT ij(tijk) + εT ijk,
Sijk = µSi + αiZij + gSij(tijk) + εSijk,

(3)

where µT i and µSi are trial-specific intercepts, βi and αi are trial-specific effects of
treatment Zij on the two endpoints and gT ij and gSij are trial-subject-specific time
functions that can include treatment-by-time interactions. They also assume that the
vectors, collecting all information over time for patient j in trial i, ε̃T ij and ε̃Sij are
correlated error terms, following a mean-zero multivariate normal distribution with
covariance matrix

Σi =
(

ΣTTi ΣTSi

Σ′TSi ΣSSi

)
=

(
σTTi σTSi

σTSi σSSi

)
⊗Ri. (4)

Here, Ri is a correlation matrix for the repeated measurements.
If treatment effect can be assumed constant over time, then R2

trial can still be useful to
evaluate surrogacy at the trial level. However, at the individual level the situation is
totally different, the R2

ind no longer being applicable, and new concepts are needed.
Using multivariate ideas, Alonso et al (2003, 2005) proposed, to capture individual-
level surrogacy: (1) the variance reduction factor (V RF ):

V RFind =
∑

i{tr(ΣTTi)− tr(Σ(T |S)i)}∑
i tr(ΣTTi)

, (5)

with obvious notation; (2) the quantity

θp =
∑

i

1
Npi

tr
{(

ΣTTi − Σ(T |S)i

)
Σ−1

TTi

}
, (6)

and (3) the so-called R2
Λ:

R2
Λ =

1
N

∑

i

(1− Λi), (7)
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where: Λi = |Σi|/|ΣTTi| |ΣSSi|. All three range in the unit interval and reduce to the
R2

ind in the cross-sectional case. The later proposals enjoy progressively more desirable
properties than the earlier ones, and all can be embedded in uncountable families for
meta-analyses. Nevertheless, they all hinge upon normality, which can be relaxed, too.
To achieve generality, Alonso et al (2004) considered the following generalized linear
models in the ith trial

gT (Tij) = µTi
+ βiZij , (8)

gT (Tij) = θ0i + θ1iZij + θ2iSij . (9)

The longitudinal case would be covered by considering particular functions of time in
(8) and (9). Consider G2

i as the log-likelihood ratio test statistics to compare (8) with
(9) in trial i, and quantify the association between both endpoints at the individual
level using a scaled likelihood reduction factor (LRF)

LRF = 1− 1
N

∑

i

exp
(
−G2

i

ni

)
. (10)

Alonso et al (2004) established a number of properties for LRF, in particular its rang-
ing in the unit interval, and its reduction to R2

Λ in the longitudinal and to R2
ind in the

cross-sectional case. However, further generality can be achieved using an information-
theoretic approach, based on the so-called entropy. The proposal avoids the needs for a
joint, hierarchical model, and allows for unification across different types of endpoints.
The entropy of a random variable (Shannon 1948) for a discrete r.v. with probability
function P (Y = ki) = pi is defined as:

H(Y ) =
∑

i

pi log
(

1
pi

)
. (11)

The differential entropy hd(X) of a continuous variable X with density fX(x) and
support SfX

equals

hd(Y ) = −E[log fX(X)] = −
∫

SfX

fX(x) log fX(x)dx. (12)

The joint and conditional (differential) entropies are defined in an analogous fashion.
Defining the information of a single event as I(A) = log pA, the entropy is H(A) =
−I(A). No information is gained from a totally certain event, pA ≈ 1, so I(A) ≈ 0),
while an improbable event is informative. H(Y ) is the average uncertainty associated
with P .
We can now quantify the amount of uncertainty in Y , expected to be removed if
the value of X were known, by I(X, Y ) = hd(Y ) − hd(Y |X), the so-called mutual
information. It is always non-negative, zero if and only if X and Y are independent,
symmetric, invariant under bijective transformations of X and Y , and I(X, X) =
hd(X).
Let X be a continuous n-dimensional random vector. Its entropy-power is

EP(X) =
1

(2πe)n
e2h(X). (13)
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The differential entropy of a continuous normal random variable is h(X)= 1
2 log

(
2πσ2

)
,

a simple function of the variance and, on the natural logarithmic scale: EP(X) = σ2.
We can now define an information-theoretic measure of association: R2

h =
EP(Y )− EP(Y |X)/EP(Y ), which ranges in the unit interval, equals zero if and only
if (X, Y ) are independent, is symmetric, is invariant under bijective transformation of
X and Y , and, when R2

h → 1 for continuous models, there is usually some degener-
acy appearing in the distribution of (X,Y). In the meta-analytic case, the family of
weighted combinations of the trial-specific measures produces an uncountably large
family of measures.
An important ramification is Fano’s inequality, showing the relationship between en-
tropy and prediction:

E
[
(T − g(S))2

] ≥ EP(T )(1−R2
h) (14)

where EP(T ) = 1/(2πe)e2h(T ). Note that nothing has been assumed about the distri-
bution of our responses and no specific form has been considered for the prediction
function g. Also, (14) shows that the predictive quality strongly depends on the char-
acteristics of the endpoint, specifically on its power-entropy. Fano’s inequality states
that the prediction error increases with EP(T ) and therefore, if our endpoint has a
large power-entropy then a surrogate should produce a large R2

h to have some predic-
tive value. This means that, for some endpoints, the search for a good surrogate can
be a dead end street: the larger the entropy of T the more difficult it is to predict.

4 Prediction and Design Aspects

An important application of surrogacy evaluation is the prediction of treatment ef-
fect on the true endpoint without measuring the latter , supplemented with appropri-
ate quantification of uncertainty. We will review the work done in this respect by
Burzykowski and Buyse (2006).
Two components contribute to such a prediction: (a) information obtained in the
validation process based on trials i = 1, . . . , N , and (b) the estimate of the effect of
Z on S in a new trial i = 0 providing data on the surrogate endpoint but not on the
true endpoint. We can then fit the following linear model to the surrogate outcomes
S0j : S0j = µS0 + α0Z0j + εS0j . Based on this, we observe that the treatment effect on
the true endpoint, (β + b0|mS, a0), follows a normal distribution with mean linear in
µS0, µS, α0, and α, and variance

Var(β + b0|mS0, a0) = (1−R2
trial)Var(b0), (15)

where mS0 and a0 are the surrogate-specific random intercept and treatment effect in
the new trial, respectively, and Var(b0) denotes the unconditional variance of the trial-
specific random effect. Group the fixed-effects parameters and variance components
into ϑ, with ϑ̂ the corresponding estimates. The prediction variance can then be written
as:

Var(β + b0|µS0, α0, ϑ) ≈ f{Var(µ̂S0, α̂0)}+ f{Var(ϑ̂)}+ (1−R2
trial)Var(b0),
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where f{Var(µ̂S0, α̂0)} and f{Var(ϑ̂)} are functions of the asymptotic covariance ma-
trices of (µ̂S0, α̂0)T and ϑ̂, respectively. The third term on the right of the prediction
variance, describes the prediction’s variability if µS0, α0, and ϑ were known. The first
two terms describe the contribution to the variability due to the need for estimation.
It is useful to consider three scenarios. It is useful to think of three scenarios. In the
first scenario, both the meta-analysis and the new trial are considered of finite size.
Under scenario true, the new trial is considered infinitely large, while the meta-analysis
remains finite. Under scenario 3, both are considered of infinite size. While scenarios 2
and 3 have no practical relevance, they are important to reflect about information
limits.
Burzykowski and Buyse (2006) defined the minimal difference, needed to establish sig-
nificance of the treatment effect on the true endpoint, using the prediction variance.
Precisely, the lower bond of the corresponding confidence interval is called the surro-
gate threshold effect (STE). The larger the prediction variance, the larger the absolute
value of STE. From a clinical point of view, a large STE points to the need for ob-
serving a large treatment effect on the surrogate endpoint, which may cast doubts on
a surrogate’s usefulness, even when its R2

trialr ' 1.
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Modelling of complex survey data, Why is it
different and what can be done about it?

Danny Pfeffermann1
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Statistical models are increasingly being fitted to survey data. There are three main
reasons for the use of models for inference from sample surveys:

1- Models are used in cases where the randomization distribution over repeated sam-
pling from a fixed population is not operational or is inefficient. Examples are predic-
tion problems, such as the prediction of a time series or of a small area mean, for an
area with no sample units. Another example is the modelling of measurement errors
in values of the target outcome variable, where again no randomization-based theory
exists. A direct survey estimator of an area mean, which is based on a very small sam-
ple in the area, is an example where a randomization-based theory exists, but is very
inefficient, requiring instead, the use of a model that allows borrowing information
across the areas or over time.

2- Models are often used to aid in the specification of the sampling design and the
choice of the corresponding estimators of the finite population quantities of interest.
However, the inference process (estimation of population quantities of interest) is,
in many cases, based on the randomization distribution, rather than on the model
assumptions. This is known in the sampling literature as “model assisted inference”
(to distinguish from “model based” inference that is based entirely on the model).
Stratified sampling and the classical stratified estimator of the population mean are
essentially driven by the one-way analysis of variance model with unequal variances.
Poststratification into weighting cells in order to adjust for nonresponse is another
example of the implicit use of a model before or after the sample is drawn. The ratio
estimator, the regression estimator, and the generalized regression estimator (Sarndal,
1980) of finite population means or totals are motivated by appropriate regression
models, but their bias, variance and consistency are evaluated under the randomization
distribution.

3- The third reason for the use of models in sample survey inference is the same as
in other statistical applications, i.e., the identification and estimation of structural
relationships between variables, prediction of unobserved values etc., with no direct
reference to the prediction of finite population quantities like means or totals. Examples
include the estimation of elasticities of demand from household expenditure surveys,
assessing the effects of variables explaining the prevalence of a disease using data from
health surveys, assessment and comparison of students? proficiencies from educational
surveys, etc.
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What makes survey data different from other data sets? There are four important
features characterizing survey data. The first and most unique feature is that the
sample is often drawn with unequal probabilities, at least at some stage of the sampling
process. The selection probabilities are generally known and accessible, at least for the
sampled units, in the form of sampling weights (inverse of the sampling probabilities),
and they are used in the modelling process, either for randomization-based inference,
by weighting the sample data, or for model-based inference (see below). Sampling
with probabilities proportional to a size variable that is related to the target outcome
variable is an example of this kind of sampling. Another simple example is two-stage
cluster sampling, under which the clusters are sampled with probabilities proportional
to the cluster sizes and the units within the selected clusters are sampled with equal
probabilities. When the selection probabilities are correlated with the outcome values,
even after conditioning on the model covariates, the sample model is different from
the model holding in the population and the sampling process needs to be accounted
for during the modelling process - see below.
The second feature of survey data is that the individual outcomes are usually correlated
because of the use of clustered samples. There is nothing unique in modelling correlated
continuous data, but survey data are often discrete and presented in large contingency
tables of high dimension. Testing goodness of fit, or testing independence or conditional
independence of correlated categorical data is not trivial, and the standard Chi-square
statistics, for example, no longer have the nominal asymptotic Chi-square distribution.
The third feature is that survey data are often, or almost always subject to nonre-
sponse, with nonresponse rates of 20%-30% not being abnormal. When the nonresponse
is “missing at random” (MAR), it can be ignored in the inference process. However,
when modelling variables like income, the MAR assumption usually does not hold,
requiring instead the use of models that account for the nonresponse. These models
cannot be easily validated from the available data - see also below.
The last feature of survey data, which is also quite unique, is that because of con-
fidentiality restrictions, the data available to the modeler is often masked in some
clever way, and may actually not be the correct data, because of data swapping or
other methods that are used to protect the anonymity of the respondents. This prob-
lem features, in particular, when analyzing high dimensional contingency tables with
very small sample sizes in some of the cells. In what follows, I distinguish between
the model that holds for the population data, hereafter the population model, and the
sample model, which holds for the sample data. As mentioned before, the two models
can be quite different because of the sample selection process and nonresponse. Theo-
retically, the sampling and response effects can be accounted for by including among
the model covariates all the variables and interactions that are related to the outcome
values and might affect the sample selection and response probabilities. However, this
paradigm is often not practical because there may be too many variables to include
in the model and some, or all of them, may not be known or accessible to the mod-
eler. The theoretical and empirical tasks of fitting and validating such models seem
formidable for many surveys. Notice also that by including these variables among the
model covariates, the resulting model may no longer be of scientific interest. This may
require integrating them out of the model at a later stage, which again can be very
complicated and not always feasible.
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Next I consider an alternative approach of modelling survey data. This approach is
quite general and it accounts for the possible bias resulting from the sample selection
(known in the sampling literature as informative sampling). The idea is to fit a model
to the sample data and base the inference on the sample model. Denote the population
model by fp(y|x), where y is the outcome variable and x is a set of covariates. Following
Pfeffermann et al. (1998), the sample model is defined as,

fs(yi|xi)
def= f(yi|xi, i ∈ s) =

Pr(i ∈ s|yi, si)fp(yi|xi)
Pr(i ∈ s|xi)

=

=
Ep(πi|yi, xi)fp(yi|xi)

Ep(πi|xi)
, (1)

where πi = Pr(i ∈ s) is the sample inclusion probability (probability to be selected to
the sample and respond).
Remark 1. By (1), the sample model is the same as the population model if Pr(i ∈
s|yi, xi) = Pr(i ∈ s|xi) ∀yi, in which case the sampling process is ignorable

Remark 2. Pr(i ∈ s|yi, xi) is generally not the same as πi, which may depend on all
the population values {yi, xi}, i ∈ U , and possibly also on design variables used for
the sample selection and latent variables underlying the response process. However,
the use of the sample model only requires modelling Pr(i ∈ s|yi, xi) or Ep(πi|yi, xi).
We may distinguish between the sample selection and the response by denoting the
original sample before nonresponse by s̃, and defining a response indicator variable R,
taking the value Ri = 1 if sample unit i responds;

f(yi|xi ∈ s̃, Ri =1)=
Pr(Ri = 1|yi, xi, i ∈ s̃) Pr(i ∈ s̃|yi, xi)fp(yi|xi)

Pr(Ri = 1|xi, i ∈ s̃) Pr(i ∈ s̃|xi)
. (2)

The following relationship between the population model and the sample model in (1)
is established in Pfeffermann and Sverchkov (1999), where wi = 1/πi and Es( • ) is
the expectation under the sample model.

fp(yi|xi) =
Es(wi|yi, xi)fs(yi|xi)

Es(wi|xi)
. (3)

Thus, one can identify and estimate the population model by fitting the sample model
fs(yi|xi) to the sample data and estimating the expectation Es(wi|yi, xi), again us-
ing the sample data. Note, however, that where as the sample selection probabilities
πs̃i = Pr(i ∈ s̃) are generally known and can be used for modelling Pr(i ∈ s̃|yi, si),
(using the relationship, Pr(i ∈ s̃|yi, xi) = Ep(πsi|yi, xi) = 1/Es(π−1

si |yi, xi) established
in Pfeffermann and Sverchkov 1999), the probability Pr(Ri = 1|yi, xi, i ∈ s̃) is gener-
ally unknown and needs to be modelled. However, the goodness of fit of the resulting
sample model in (3) can be tested using standard test statistics since it refers to the
sample data. In the rest of this paper I assume full response such that s = s̃, πi = πi

and fs(yi|xi) in (1) defines the model for units selected to the original sample.
Clearly, both the sample model and the expectations Es(wi|yi, xi) depend in gen-
eral on unknown parameters that need to be estimated. Note in this respect that if
the outcomes are independent under the population model, they are also “asymptot-
ically independent” under the sample model when increasing the population size but
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holding the sample size fixed. See Pfeffermann et al. (1998) for details. Pfeffermann
and Sverchkov (2003) discuss alternative approaches of estimating the model para-
meters. Denote the population by U and the population model by fp(y|x; θ), where
θ = (θ0, θ1, · · · , θk)′ represents the model parameters. The vector θ can be defined as
the unique solution of the equations,

Wp(â) =
∑

i∈U

Ep[dpi|xi] = 0, (4)

where dpi = (dpi,0, dpi,1, · · · , dpi,k)′ = ∂ log fp(yi|xi; θ)/∂θ is the ith score function.
One possible approach of estimating θ is to redefine (4) with respect to the sample dis-
tribution. Assuming that the conditional expectations
Ep(πi|yi, xi) are known or have been estimated and that the expectations Ep(πi|xi) =∫

y
Ep(πi|y, xi)fp(y|xi; θ)dy are differentiable with respect to θ, the parameter equa-

tions are,

W1,s(θ) =
∑

i∈s

Es {[∂ log fs(yi|xi; θ)/∂θ] |xi} =

=
∑

i∈s

Es {[dpi − ∂ log Ep(πi|xi)/∂θ] |xi} = 0.
(5)

The vector parameter θ is estimated under this approach by solving the equations,

W1s,e(θ) =
∑

i∈s

[dpi − ∂ log Ep(πi|xi)/∂θ] = 0. (6)

Note that (6) defines the sample likelihood equations.
A second approach uses a relationship established in Pfeffermann and Sverchkov
(1999), that for pairs of random variables (u, v) with population values {ui, vi; i ∈ U},

Ep(ui|vi) = Es(wiui|vi)/Es(wi|vi). (7)

Assuming a random sample of size n from the sample distribution and applying the
relationship (7) to (4) yields the parameter equations,

W2s(θ) =
∑

i∈s

Es(qidpi|xi) = 0, (8)

where qi = wi/Es(wi|xi). The vector θ is estimated under this approach by solving,

W2s,e(θ) =
∑

i∈s

qidpi = 0. (9)

A third approach uses the property that if θ solves the equations (4), it solves also

the equations W̃p(θ) =
∑
i∈U

Ep(dpi) = Ex

[ ∑
i∈U

Ep(dpi|xi)
]

= 0. Application of (7) to

each of the terms Ep(dpi) (without conditioning on xi) yields the following parameter
equations for a random sample of size n from the sample distribution,

W3s(β) =
∑

i∈s

Es(widpi)/Es(wi) = 0. (10)
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The corresponding estimating equations are,

W3s,e(β) =
∑

i∈s

widpi = 0. (11)

See Pfeffermann and Sverchkov (2003) for appropriate variance estimators under each
of the three approaches.

Remark 3. The equations (11) coincide with the familiar pseudo-likelihood equations
obtained by estimating the “census” likelihood equations, (the equations that would
be obtained if all the population values were observed), by the Horvitz-Thompson esti-
mator. For the concept and uses of the pseudo-likelihood approach, see the discussion
and references in Pfeffermann, 1993. Comparing (9) with (11) shows that (9) uses the
adjusted weights, qi = wi/Es(wi|xi) instead of the standard weights wi used in (11).
The weights qi account for the net sampling effects on the target conditional distri-
bution of yi|xi, whereas the weights wi account also unnecessarily for the sampling
effects on the marginal distribution of xi, resulting therefore in higher variability.

Example. Suppose that the population model is,

yi = x′iβ + εi, Ep(εi|xi) = 0, Ep(ε2
i |xi) = σ2

ε .

Application of (9) yields the estimator, β̃q =
[∑

i∈s

qixix
′
i

]−1 ∑
i∈s

qixiyi. Application of

(11) yields the estimator, −β̃q =
[∑

i∈s

wixix
′
i

]−1 ∑
i∈s

wixiyi, which is also the classical

probability weighted estimator.

Remark 4. Instead of basing the likelihood on the sample distribution, one could base
it on the joint distribution of the sample data and the sample membership indicators,

f(s, ys|xs, xs̃) =
∏

i∈s

Pr(i ∈ s|yi, xi)fp(yi|xi)
∏

j /∈s

[1− Pr(j ∈ s|xj)], (12)

where Pr(i ∈ s) =
∫

Pr(i ∈ s|yi, xi)fp(yi|xi)dyi; see, e.g. Gelman et al. (2003), Pfef-
fermann and Sverchkov (2003) and Little (2004). The use of (12) has the theoretical
advantage of employing the information on the sample selection probabilities for units
outside the sample, but it requires knowledge of the covariates for every unit in the
population, unlike the use of the approaches mentioned above. Modelling the joint
distribution of the covariates and integrating them out of the likelihood is complicated
and seems formidable with high dimensional covariates.
So far I considered model estimation but the sample distribution enables also to pre-
dict the missing population values. For this we need to define the sample-complement
model,

fc(yi|xi)
def= f(yi|xi, i /∈ s) =

Pr(i /∈ s|yi, xi)fp(yi|xi)
Pr(i /∈ s|xi)

=

= · · · = Es[(wi − 1)|yi, xi]fs(yi|xi)
Es[(wi − 1)|xi]

(13)
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with the last equation established in Sverchkov and Pfeffermann (2004). Note that the
sample-complement model is again a function of the sample model fs(yi|xi), and thus
can be estimated from the sample data. The optimal predictor of the population total
under a quadratic loss function is,

Ŷ =
∑

i∈s

yi +
∑

j /∈s

E(yi|j /∈ s) =
∑

i∈s

yi +
∑

j /∈s

Ec(yj |xj) =

=
∑

i∈s

yi +
∑

j /∈s

Es[(wj − 1)yj |xj ]
Es[(wj − 1)|xj ]

, . (14)

The second equality follows from (13), with the sample expectations in the numerator
and the denominator either being modelled based on the sample data or simply esti-
mated by the corresponding sample means (application of the method of moments).
As shown in Sverchkov and Pfeffermann (2004), familiar estimators of finite popula-

tion means such as the estimator yw =
n∑
i=

wiyi/
n∑

i=1

wi or the generalized regression

estimator (Sarndal, 1980) are obtained as special cases of this theory by specifying
appropriate population or sample models.

Remark 5. When having to predict the outcome values for a specific nonsampled unit
say, a unit with a given set of covariates, or the mean of a given nonsampled area in a
small area estimation problem, and the sampling process is informative, there seems
to be no alternative but to model and estimate the sample complement distribution.
Classical randomization based inference is suited for estimating population quantities
of the population from which the sample is drawn, but not for prediction problems.

During my presentation I shall show an empirical example of the use of the sample
distribution for fitting multi-level models with application to small area prediction.
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Generalized additive smooth modelling
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Abstract: Generalized additive models (GAMs) are GLMs in which the linear predictor is
specified in terms of a sum of smooth functions of predictor variables. They provide an ap-
pealing mix of flexibility and structure for approaching many regression modelling problems.
In recent years the trend to represent the smooth functions in GAMs using penalized regres-
sion splines has enhanced this appeal by allowing the development of effective and practical
means for smoothness selection with such models. Illustrated with examples from ecology
and epidemiology, this talk will review the penalized regression spline approach to GAMs,
showing how a wide range of practically useful model structures can be constructed. The
major estimation and inference problems that arise when using such flexible models will also
be illustrated, and the key ideas for resolving them will be presented. The methods discussed
are implemented in R package mgcv.
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A multivariate analysis of DH lines experiments
repeated over a period of years
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Abstract: A statistical model for the series of trials repeated with a number of genotypes at
one location over a period of years was described. The model involves the use of analysis of
variance (ANOVA) and multivariate analysis of variance (MANOVA) with some multivariate
data-analytic methods, in particular such as the canonical variate analysis, associated with
relevant graphical techniques (Caliński et al., 1997). The paper contains the applicability of
this methodology to real data resulting from a series of trials with barley doubled haploid
(DH) lines. Thirty genotypes were studied in a series of field experiments repeated in five
successive years. Malt characters such as protein content, extract yield and Kolbach index
were measured. Simultaneous estimation of malting quality characters and stability of barley
DH lines was performed. Some classification of genotypes was made with the aim to find which
of the doubled haploids were the best taking into account all three studied malt characters.

Keywords: multivariate methods; GE interaction; barley; doubled haploids; malting quality.

1 Introduction

In the past years, techniques allowing for haploidization of hybrids and production
of doubled haploid (DH) lines have been applied in many breeding programs (Pick-
ering, Devaux 1992). These lines are completely homozygous and homogenous. It is
interesting whether these properties of DH lines affect their response to varied envi-
ronmental conditions for agronomical traits, especially malting quality. The statistical
analysis of data from such repeated experiments involve the use of MANOVA and
other multivariate methods for testing the hypotheses interesting with regard to geno-
type classification. In particular the analysis of doubled haploids derived from parents
with dissimilar malt parameters permits to asses stability of individual lines. There-
fore, the principal aim of this work was the classification of barley doubled haploid
lines with regard to malt characters examined in a series of experiments. Because the
malt traits are closely connected, statistical analysis for all traits simultaneously, was
also performed.

2 The data

Twenty eight doubled haploid (DH) lines of Hordeum vulgare L. and two parental
genotypes Maresi and Klimek were used in this study. DH lines were derived from
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F1 hybrids of the 2-rowed malting cultivar Maresi and 6-rowed non-malting culti-
var Klimek by the H. bulbosum method, using the standard crossing procedure of H.
vulgare with bulbosum followed by in vitro culture of immature embryos. Thirty geno-
types (fifteen 6-rowed DH lines, S1-S15, thirteen 2-rowed DH lines, D1-D13, and two
parental forms) were studied in one location over five successive years (2001-2005).
Experiments were carried out in a randomized complete block design with three repli-
cations. The following malt traits were measured: total protein content, Kolbach index
and fine extract yield. The malt analyses were performed using standard methods ac-
cording to European Brevery Convention.

3 Statistical methods

Taking into account the aim of the study, the data were analyzed in two stages. At the
first stage (more general) all malt traits were simultaneously tested by the multivariate
analysis of variance. The rejection of the multidimensional hypothesis allowed us to
examine the additional information concerning the differences between DH lines for
the individual malting quality traits.
At the second stage,the model and the methods for the analysis of genotype envi-
ronment (GE) interaction and their structure given by Caliński et al. (1997) were
used.
Suppose that in a series of trials each experiment contains the same number of geno-
types, and each is laid out in the same block design, which may differ only with regard
to the randomizations. Further, assume that the observed value of given trait of geno-
type i (i = 1, 2, ..., I) in block b (b = 1, 2, ..., B) of the experiment conducted at one
locality in year k (k = 1, 2, ..., K) can be described by the model

yikb = mi(k, b) + eikb,

where yikb is the observed value of the trait, mi(k, b) is the ”true” value of the trait and
eikb is the relevant experimental error. Under the usual assumption of the genotype-
block additivity, the ”true” value of the trait can be expressed as

mi(k, b) = mi(k) + mb(k),

where mi(k) denotes the ”true” mean value of the trait of genotype i in the experiment
conducted in year k, and mb(k) denotes corresponding deviation summing up to zero
over all B blocks. From the analysis of individual experiments the observed means of
the trait are obtainable for all the genotypes. Their model can be written as

yik· = mi (k) + eik·,

where eik· is the mean random error from B replications. Further considerations (see
Kaczmarek, 1986) lead to the model

yik· = µi + aE
i (k) + eik·, (1)

valid from the point of view of the analysis of the series of experiments, where the
environmental conditions of the experiments are considered as random. Due to this
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assumption, µi represents the average ”true” value of the trait of genotype i taken
over period represented by years of experiments, while aE

i (k) represents the potential
of genotype i to the particular environmental conditions of the experiment in year k.
The former is considered as a fixed parameter, the latter as a random variable. In
matrix notation model (1) can be written as

yk = µ + aE(k) + ek, (2)

To apply the MANOVA methods to (2), it is assumed that the random vectors yk are
all independent, each of an I-variate normal distribution, of the form

yk ∼ N (µ,Σy)

with the vector of expected values µ and covariance matrix Σy.

4 Analysis of the data

For comparing barley DH lines with respect to all the malt traits simultaneously, the
multivariate analysis of variance was applied. The general hypothesis about the equal-
ity of all genotypes was rejected at P = 0.1% (F0.01 = 1.41). It means that doubled
haploids differed in malt quality. The hypotheses implied by the general hypothesis
from MANOVA enabled also to test the differences between the genotypes in their
main effects. The results of testing the hypotheses concerning the main effects of indi-
vidual DH lines for each trait separately allowed to find the genotypes with significant
and positive estimates of main effects for all the studied malt characters. The analy-
sis of GE interaction for each trait separately enabled to find the estimates of main
effects and the results of testing the hypotheses concerning DH lines and their interac-
tion with environments (years) for individual traits. On the basis of these results the
classification of DH lines in respect to their main effects and their stability was done
and genotypes which had high or at least average main effect for each malt trait were
distinguished (Table 1).

TABLE 1. Genotypes selected on the basis of main effects for each malt trait (h – high main
effect, a – average main effect, ∗ – genotype stable)

Genotype Protein Extract Kolbach
content yield index

Maresi [ h, h, h ]
D2 [ a, h∗, h ]
D5 [ h∗, a, a ]
S12 [ a, h∗, a ]
D12 [ a∗, h, a ]
S14 [ a, h, a ]
D9 [ a, a, a ]
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5 Conclusion

Classification of DH lines with regard to malting quality index allowed to find the
group of the best genotypes. Apart from malting cultivar Maresi, one 6-rowed (S12)
and two 2-rowed (D2 and D5) DH lines were distinguished as malting genotypes.
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Abstract: Examining humans or animals for infectious diseases is often done by assessing the
level of disease-specific antibodies in serum samples. In this paper we propose a new method
to estimate an age-dependent disease prevalence and force of infection, directly from antibody
levels. The use of one (or two) threshold values in order to diagnose each individual subject
as being infected or as susceptible for a specific disease (or in some cases as equivocal), which
is always prone to false positives, false negative or inconclusive classifications, is not needed
for this approach. The method is based on an underlying age-dependent mixture model and
can be extended to the joint analysis of two or more diseases with similar transmission routes.
Such joint analyses lead to new insights in the dynamics of related diseases.
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1 Introduction

Mathematical compartmental models are often used to describe the process of infec-
tious diseases at population level (Anderson and May 1991). We assume that immunity
inferred by infection is lifelong, and that mortality caused by infection is negligible. In
a steady state, the equation

dq(a)/da = −`(a)q(a), (1)

describes the change in the susceptible fraction q(a) with host age a. Here `(a) denotes
the force of infection (FOI), i.e. the instantaneous rate at which susceptible individuals
become infected.
Typically the FOI can be estimated from serological data. A subject of age a at the
time of the test is considered to be infected by (and probably recovered from) the
disease of interest (denoted by y = 1) if the subject’s (log of the) antibody level z
exceeds a threshold value ζ, and is considered as still susceptible (denoted by y = 0)
if z does not exceed that threshold value ζ. The seroprevalence is given by

π̃(a) = P (y = 1|a) = P (z > ζ|a). (2)
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Noting that q̃(a) in equation (3) corresponds to P (y = 0|a) = 1 − π̃(a), the force of
infection `(a) can be estimated using the identity

`(a) =
π̃′(a)

1− π̃(a)
, (3)

where π̃′(a) denotes the derivative of π̃(a).
Several flexible methods (parametric and nonparametric) to estimate `(a) via π̃(a)
have recently been proposed by Shkedy et al., (2003), Shkedy et al., (2006), Namata
et al., (2007).
The seroprevalence π̃(a) however is not identical to the true disease prevalence π(a) =
1 − q(a). The choice of ζ is crucial, determining the sensitivity and specificity of the
serological test. In the next section we introduce a new method, which allows modelling
of the disease prevalence and FOI, directly from antibody levels.
For feasibility and financial reasons, sera are often tested for more than one antigen.
Studying diseases with similar transmission routes can lead to new insights for disease
dynamics. Hens et al. (2007) describe the use of flexible marginal and conditional
models to model multi-sera prevalence data on the Varicella-Zoster Virus and the
Parvo B19-virus in Belgium. These models allows one to study the association among
the occurrence and acquisition of both infections. In Section 4 we indicate how the
models of Hens et al. (2007) can be adopted for “direct” modelling, on the scale of the
antibody levels, without the need of any thresholds.

2 A Direct Method

Define G(a) as the distribution of the log antibody levels of all subjects of age a. Some
of these subjects have been infected, others are still susceptible. This can be described
by the mixture

G(a) = (1− π(a))Gs(a) + π(a)Gi(a), (4)

where Gs (resp. Gi) denotes the distribution of all susceptible (resp. infected/recove-
red) subjects of age a. The mean log antibody level can then be decomposed as

µ(a) = (1− π(a))µs(a) + π(a)µi(a). (5)

Assuming that the mean log antibody levels for the infected and susceptible compart-
ments do not depend on age, some basic calculus leads to the identity

`(a) = µ′(a)/(µi − µ(a)). (6)

The overall mean level µ(a) can be estimated directly from the observed log antibody
levels. Since π(a) is monotone increasing as a function of age a and since µi ≥ µs,
the mean level µ(a) also has a monotone increasing behaviour. To allow for sufficient
model flexibility, a non-parametric approach such as monotone penalized splines (see
Bollaerts et al., 2006) can be used.
Theoretically it can be shown that the classical threshold based approach leads to a
structural bias in both age-dependent parameters, the true disease prevalence as well
as the true force of infection. Finite sample simulations confirm these findings and
illustrate that direct estimation performs better.
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3 Example: Varicella-Zoster Virus and Parvo B19 in Belgium

Serum samples were tested for Varicella-Zoster Virus (VZV) and Parvo B19-virus
(B19) in Belgium (Nardone and Miller, 2004, Ory et al., 2006). In total 2381 serum
samples were collected in a period from November 2001 until March 2003. The Varicella-
Zoster Virus, also known as human herpes virus 3 (HHV- 3), is one of eight herpes
viruses known to affect humans (and other vertebrates). Primary VZV infection results
in chickenpox (varicella), which may rarely result in complications including bacterial
surinfection, encephalitis, pneumonia and death. It has a two-week incubation period
and is highly contagious by air droplets starting two days before symptoms appear.
Infectiousness is known to last up to ten days. Therefore, chickenpox spreads quickly
through close social contacts. Parvovirus B19 was the first human Parvovirus to be
discovered, in 1975. In clinical terms Parvovirus B19 is best known for causing a child-
hood exanthem called fifth disease or erythema infectiosum. The virus is primarily
spread by infected respiratory droplets.
Figure 1 shows the resulting fitted curves (for Parvo B19) for the mean level of anti-
bodies (on the log scale, in the upper panel) and the FOI (in the lower panel), using
monotone P-splines. The two dashed horizontal lines show the ELISA-kit supplied
thresholds (with the equivocal area in between the two thresholds). In this example,
the directly estimated FOI curve shows essentially the same qualitative characteristics
as the curve estimated by the classical threshold based “indirect” approach.

4 Extension to Multiple Infection Measurements

The direct method can be extended to two or more diseases. For diseases with similar
transmission routes (such as VZV and Parvo B19), this multivariate approach allows
estimation of age-dependent association or disease synchrony measures, which provide
new insights in the joint dynamics of such diseases. For the situation of two diseases, the
mixture model has to be extended to four bivariate distributions, representing the joint
compartments S1 S2 , S1 I2 , I1 S2 , and I1 I2 , where Si (Ii) denotes
the compartment “Susceptible for disease i” (respectively “Infected by disease i”).
A quadronomial distribution with age-dependent probabilities πSS(a), πSI(a), πIS(a)
and πII(a) governs the mixture distribution. Using for instance a multivariate spline
model to model the mean of (z1, z2), with zi the (log of the) antibody level of disease
i, as a function of the age of the subject, allows estimation of marginal epidemiological
parameters such as the marginal force of infection, as well as joint parameters, such as
the age-dependent correlation, or other measures of association of disease “synchrony”,
and conditional versions of the force of infection. The method has been applied to the
joint estimation of Varicella and Parvo B19 in Belgium. In general, for K diseases, the
approach leads to a mixture of K ×K distributions of dimension K.
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FIGURE 1. Parvo B19 example: Monotone P-spline fit for the mean log antibody level µ(a)
(upper panel) and associated fit for the force of infection `(a) (lower panel).
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Abstract: Longitudinal studies collect information on a sample of individuals which is fol-
lowed over time, to analyze the effects of individual and time dependent characteristics on
the observed response. These studies may, however, suffer from attrition: some individuals
drop out of the study before its completion time and thus may present incomplete data
records. If missing and complete sequences differ in any way relevant to the analysis, the
dropout mechanism is non-ignorable and standard analyses are potentially biased. We ex-
tend semiparametric variance component models for longitudinal binary responses to allow
for unobservable sources of variation influencing the missing-data mechanism as well as the
primary response process. Applications to some benchmark datasets are discussed.
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1 Introduction

This paper discusses regression models for the analysis of longitudinal binary re-
sponses; attention is focused on those empirical situations where some measurements
are missing for some units in the analyzed population, due to irretrievable non com-
pliance or attrition.
We discuss cases where the dropout probability depends on unobserved sources of vari-
ation which influence also the primary response. In this case, the dropout process is
non ignorable: when estimating parameters in the primary model, we need to specify
a secondary model for the dropout process. We define a random effect based dropout
model (see Little, 1995), which assumes that dependence between (the observed and
unobserved) primary response and the dropout mechanism is driven by unobservable
sources of random variation. The latter represent a set of omitted (unobservable) co-
variates influencing the primary response as well as the time spent in the analyzed
panel. We propose to model the primary response and the dropout process through
a selection model with shared or correlated random effects. Model parameters are
estimated by NPML, avoiding parametric assumptions upon the random effect distri-
bution.
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2 Variance component models for complete sequences

Let Yit represent a binary response recorded on n individuals (i = 1, ..., n) at Ti

time occasions (t = 1, ..., Ti) together with a set of p explanatory variables, xit =
(xit1, ..., xitp)

T. Since the sequence of the primary response could be partially observed,
we will write yi = (yi1, . . . , yiTi) = (yobs

i ,ymis
i ), where the terms within parentheses

denote the observed and the unobserved part of yi, respectively. A natural way to deal
with complete sequences in a longitudinal setting is via the usual variance components
GLM, which can be formulated as follows. Responses Yit, i = 1, ..., n, t = 1, ..., Ti are
assumed to be conditionally independent Bernoulli variates with canonical parameter
defined through the following linear function:

θit = xT
itβ + ui (1)

where ui, i = 1, . . . , n represent unobserved individual-specific sources of heterogeneity
common to each lower-level unit (time) within the same i-th upper-level unit (individ-
ual), and β is the p−dimensional vector of fixed regression parameters. In particular
let us consider the following mixed effects AR(1) model:

θit = xT
itβ + ui + αyi,t−1 (2)

The log-likelihood function is calculated by integrating out the ui’s as follows:

l(·) =
n∑

i=1

log





∫ Ti∏

j=2

f(yij | yi,j−1,xit, ui)f(yi1 | xi1, ui)dG(ui)



 (3)

The term f(yi1 | xi1, ui) is not specified by adopted modeling assumptions; however,
estimation is possible by defining different model structures on the first and subsequent
occasions, as detailed in Aitkin and Alfó (2003). We will implicitly adopt the latter
approach. The joint likelihood is defined by the following integral:

l(·) =
n∑

i=1

log

{∫ Ti∏
t=1

f(yit | yi,t−1,xit, ui)g(ui)dui

}
(4)

The distribution of ui, say G(ui), may be left unspecified; NPML estimation of loca-
tions and corresponding masses can be achieved in a general finite mixture framework
(see e.g. Aitkin, 1999).

3 Semiparametric selection model

Longitudinal studies may suffer from the problem of dropout, i.e. some individuals may
leave the study before its completion time, and thus present incomplete data records.
If the designed completion time is denoted by Ti, we will have Ti ≤ Ti measures for
each unit. If the decision to dropout is related to the primary response, a selection
problem can result, just as in the cross section case. We assume that, once a person
drops out, he or she is out forever: attrition is, in this sense, an absorbing state.
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We denote with Ri the missing-data indicator, i.e. a Ti-dimensional random vari-
able with Rit = 0 if observations for the i-th unit are available at the t-th occasion,
t = 1, ..., Ti, and Rit = 1 otherwise. The key question is whether those who dropout
may differ (in any way relevant to the analysis) from those who still continue to
participate. Little and Rubin (2002) discuss two classes of models for handling non-
ignorable missing data: namely, selection and pattern mixture models. In the former
case, a complete-data model is defined for the primary response and joined to a model
describing the missing-data mechanism conditional on the complete data. Observed
data are considered as selected from the complete data through a process which is
dependent on the complete primary outcome.
Selection models are based on the bivariate distribution f(yit, Rit), i = 1, . . . , n, t =
1, . . . , Ti (see Little and Rubin, 2002). The term selection is used because the process
of obtaining the observed data can be viewed as due to a form of selection from the
complete data set. To specify a formal model for the pair (yit, Rit), we follow Verzilli
and Carpenter (2002) and use a set of shared random effects, say ui, for the primary
response and the missing-data indicator. In particular, the latter is modelled using a
discrete-time proportional hazards model. Such model corresponds to a generalized
linear model where the missing-data indicator has (conditional on ui) a Bernoulli
distribution with complementary log-log link function. The corresponding model could
be therefore written as:

Pr(Rit = 1 | vit, ui) = 1− exp
[− exp(vT

itφ + ui + ψt)
]

(5)

where xit and φ represent dropout specific covariates and parameter vectors. The
terms ψt represent, instead, fixed effects contrasts for time period t = 1, . . . , Ti. The
joint marginal distribution is defined as follows:

f(yi, ri) =
∫

U
f(yi | ui)f(ri | ui)dG(ui)

where f(yi | ui) =
∏

t f(yit | ui) and h(ri | ui) =
∏min{T1+1,Ti}

t=1 f(rit | ui). The
first term on right-hand side defines a complete-data model for the primary response,
while the second term models the missing-data (i.e. dropout) mechanism. We leave G(·)
unspecified, and use the finite mixture approach described above. This can be simply
done by using a multilevel structure where the primary response and the missing-data
indicator are simply two outcomes registered on the same individual (with time periods
nested within individuals as well). In this case, the log-likelihood function is given by

l(·) =
n∑

i=1

{
K∑

k=1

f(yi | xi, uk)h(ri | vi, uk)πk

}

=
n∑

i=1

{
K∑

k=1

f(yi, ri | xi,vi, uk)πk

}
, (6)

where the dropout mechanism is explained through a set of explanatory variables, vi.
An EM algorithm can be straightforwardly adapted. The shared random effect ap-
proach may, however, lack generality: we implicitly assume the same heterogeneity



M. Alfó and A. Maruotti 51

sources affect all outcomes, with the effects having the same (or proportional) size
in both equations. The previous model can be generalized by allowing for correlated
random effects, as in multivariate models. To explain, let ui = (ui1, ui2) ∼ G(·) denote
a set of subject and outcome-specific random effects. They control for overdispersion
and association in the univariate profiles as well as for association between the primary
response and the dropout process. The log-likelihood function is thus defined by:

l(·) =
n∑

i=1

{
K∑

k=1

f(yi | xi,uk1)h(ri | vi, uk2)πk

}

=
n∑

i=1

{
K∑

k=1

f(yi, ri | xi,vi,uk)πk

}
, (7)

where πk = Pr(uk) = Pr(uk1, uk2) denotes the joint probability of locations uk. Even
in this case the standard EM algorithm for VC models can be simply adapted to the
augmented data, by defining a multilevel structure with outcomes (upper level units)
nested within individuals (lower level unit).

4 Conclusions

The proposed model has been fitted to data from the schizophrenia longitudinal study
(Thara et al., 2004) and from a clinical trial on contracepting women (Machin et al.,
1988). The results show that ignoring the influence of the dropout mechanism may lead
to biased estimates for both fixed and random effects. Formal tests for independence
between the random effects in the two equations are based on penalized likelihood
criteria.
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Abstract: This study shows the application of Latent Class Analysis to identify relevant
mental comorbidity patterns. Eleven classes fit the data: one no disorder class, eight with
mainly one disorder and two with more than one disorder. The latter are the most disabling
patterns.

Keywords: Comorbidity; Latent Class Analysis

1 Background and Objectives

Psychiatric comorbidity is defined as the co-occurrence of mental disorders. Mental
comorbidity has become a topic of increasing interest in research and clinical prac-
tice. Mental comorbidity has been related to increased severity, longer duration of the
disorder, greater functional disability, and increased the use of healthcare services. Co-
morbid disorders have also different risk-factor profiles compared with pure disorders.
Latent Class modelization has not been widely used in the analysis of mental health
data despite having a great potential in this area. This technique allows for analyzing
not directly observable phenomena from a set of manifest variables.
The goals of this analysis are to identify the significant 12 month mental comorbidity
patterns in a European mental health survey (ESEMeD), and determine the factors
which may be able to predict the presence of some of these patterns.

2 Data Description and Methods

This study is based on the European Study of the Epidemiology of Mental Disorders
(ESEMeD), a general population survey carried out in six European countries as part
of the WHO World Mental Health (WMH) Survey Initiative (ESEMeD/MHEDEA-
2000 Investigators, 2002).
We used the CIDI 3.0, the latest version of the Composite International Diagnos-
tic Interview (CIDI) (Kessler & Ustun, 2004). The CIDI allows for the evaluation of
mental health disorders according to the Diagnostic Statistical Manual (4th edition),
DSM-IV criteria, through a CAPI interview. Mental health diagnostics were evaluated
as dichotomous variables (having or not having the disease). The diagnostics used in
this analysis are grouped in 3 main categories: mood disorders (major depression, dys-
thymia), anxiety disorders (social phobia, specific phobia, generalized anxiety disorder,
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agoraphobia, panic disorder, post-traumatic stress disorder) and alcohol disorders (al-
cohol dependence, alcohol abuse). Impact of comorbidity was assessed with the SF-12
component summary scores (physical: PCS; mental: MCS).
Latent Class Analysis (Goodman, 1974) was conducted to identify the comorbidity
patterns in the ESEMeD data. Mental diagnostics are the main variables. Alcohol
dependence and alcohol abuse were collapsed into a single variable due to their high
association (indeed they both lay on a single latent dimension, see Kahler & Strong,
2006). Latent class analysis postulates a discrete latent variable defining class mem-
bership that explains covariance among observed disorders. This model contains 1
parameter for the probability of each disorder conditional to each of k classes of the
latent variable, in addition to k parameters for class prevalence. Complex sample de-
sign was taken into account (Patterson et al., 2002) and covariables were also included
in the model (acitve: gender and age; inactive: MCS, country and marital status). The
number of classes was determined by the best fitting model according to the AIC3
value. All the analyzes were conducted with Mplus 4.2.

3 Results

The main results are shown in Table 1 which contains the conditional probabilities
(conditional to a class membership, which is the probability of having each of the
diagnoses). Inactive categorical covariates are computed as ratio of the mean member-
ship probability over the population distribution.
Eleven classes were obtained. Class one was forced to be the non-disorder class for those
without any 12month disorder (88.05%). The rest of classes were defined by: Specific
Phobia (4.56%), Major Depression (2.31%), Social Phobia with some association to
Specific Phobia (1.11%), Comorbidity of Depression and Anxiety disorders (1.08%),
Dysthymia associated with Major Depression (0.93%), Post-Traumatic Stress (0.65%),
Alcohol disorders (0.63%), Panic Disorder (0.29%), General Anxiety Disorder(0.23%)
and Agoraphobia (0.16%).
The no-disorder class was distributed equally between males and females. Regarding
the disorder classes, males are clearly associated to Alcohol disorders, and females to:
specific phobia, agoraphobia, post-traumatic stress, and comorbidity patterns. Alcohol
disorder was also more frequent among never married and the younger individuals
(<35).
According to the mental component of the SF12 instrument (MCS12) the patterns with
worst quality of life are the comorbidity (depression and anxiety disorders) and the
depression (Dysthymia with Major Depression) patterns. The latter was also related
to older people (>50) and previously married. Post-Traumatic Stress is more frequent
in France and The Netherlands.
Most of the diagnoses tend to appear alone, and the existence of comorbidity is related
to greater disability. 1% of general population have 12-month mental comorbid disease,
and almost another 1% mood comorbidity. Among anxiety disorders, apart from the
comorbidity pattern (class 5) social phobia is somewhat related to specific phobia, but
no other anxiety comorbidity pattern was found.
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TABLE 1. Conditional probability of response, and covariates.
Cluster Num: 1 2 3 4 5 6 7 8 9 10 11

(88.05) (4.56) (2.31) (1.11) (1.08) (0.93) (0.65) (0.63) (0.29) (0.23) (0.16)
DYSTHYMIA 0.00 0.00 0.04 0.00 0.18 1.00 0.00 0.03 0.00 0.00 0.00
MAJOR DEPRESSION 0.00 0.05 1.00 0.05 0.74 0.60 0.12 0.09 0.00 0.00 0.16
AGORAPHOBIA 0.00 0.01 0.00 0.06 0.29 0.08 0.00 0.00 0.06 0.00 1.00
GENERAL ANXIETY 0.00 0.00 0.09 0.03 0.35 0.08 0.01 0.00 0.01 1.00 0.00
PANIC DISORDER 0.00 0.01 0.04 0.00 0.30 0.02 0.03 0.01 1.00 0.00 0.00
SOCIAL PHOBIA 0.00 0.00 0.03 1.00 0.32 0.01 0.06 0.09 0.00 0.00 0.00
SPECIFIC PHOBIA 0.00 1.00 0.01 0.24 0.72 0.13 0.00 0.00 0.00 0.05 0.00
POST-TRAUM.STRESS 0.00 0.01 0.04 0.00 0.22 0.07 1.00 0.00 0.00 0.00 0.03
ALCOHOL DISORDER 0.00 0.00 0.01 0.00 0.09 0.00 0.01 1.00 0.00 0.00 0.00

Active Covariates
AGE
18-24 0.11 0.13 0.19 0.22 0.30 0.03 0.04 0.32 0.09 0.05 0.03
25-34 0.18 0.15 0.22 0.20 0.16 0.08 0.24 0.36 0.21 0.35 0.02
35-49 0.27 0.35 0.25 0.34 0.32 0.17 0.28 0.20 0.40 0.22 0.82
50-64 0.22 0.21 0.21 0.12 0.17 0.40 0.39 0.11 0.22 0.27 0.13
65+ 0.22 0.16 0.14 0.12 0.06 0.32 0.06 0.00 0.08 0.12 0.00
GENDER
Male 0.50 0.28 0.36 0.33 0.23 0.38 0.15 0.88 0.35 0.64 0.04
Female 0.50 0.72 0.64 0.67 0.77 0.62 0.85 0.12 0.65 0.36 0.96

Inactive Covariates
NUMBER OF DIAGNOSES
mean 0.00 1.08 1.26 1.38 3.22 2.00 1.24 1.23 1.08 1.05 1.19
MCS-12
mean 54.37 50.35 42.42 46.69 38.75 38.18 47.19 52.52 48.05 50.65 51.44
MARITAL STATUS
Married 1.01 1.05 0.84 0.94 0.76 0.97 1.15 0.59 0.90 0.96 1.42
PreviousMarried 0.99 1.09 1.08 0.43 1.38 2.38 1.20 0.33 1.41 0.35 0.04
NeverMarried 0.99 0.79 1.44 1.46 1.54 0.39 0.44 2.58 1.08 1.44 0.20
COUNTRY
Belgium 0.99 0.96 1.52 0.83 1.17 1.03 0.57 1.13 2.10 1.31 0.56
France 0.93 1.42 1.60 1.72 1.65 1.34 2.13 0.90 0.61 2.78 2.19
Germany 1.01 1.02 0.60 1.08 1.02 0.71 0.47 1.75 1.29 0.09 0.64
Italy 1.04 0.77 0.83 0.80 0.56 0.99 0.59 0.12 0.74 0.43 0.99
Netherlands 0.99 0.76 1.19 0.59 1.24 0.96 3.08 1.86 1.94 1.21 0.73
Spain 1.03 0.85 1.07 0.39 0.61 1.17 0.46 0.51 0.66 1.17 0.38

Future work will focus in comparing male and female comorbidity patterns and among
countries, confirmatory class analysis to test to what extent these results can be gener-
alized, and include some chronic conditions into the analysis of comorbidity patterns.
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Abstract: A new classification method for time series is proposed. A series is assigned to
a class after comparing distances between its integrated periodogram and the mean of the
integrated periodograms in each group. The approach can be used with nonstationary time
series by computing the periodogram locally. Depth based techniques are used to make the
classification robust. The method provides small error rates both with simulated and real
data; it also shows good computational behavior.
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1 Introduction

Classifying time series is an important task in several real problems. Previous work
has considered both the time and frequency domains to discriminate and classify time
series. We propose a frequency domain technique based on the integrated periodogram.
We assign a new time series by considering the distance between its integrated peri-
odogram and the mean of integrated periodograms in each group. Since these means
are highly sensitive to outliers, we replace them by the corresponding α–trimmed
means, where the 100α% excluded data are chosen using the idea of statistical depth
extended to functional data by López-Pintado and Romo (2006).

2 The classification method

One of the main points of our classification proposal is that we turn the time series
problem into a functional data problem by considering the integrated periodogram of
each time series. The periodogram I(ω) is the sample version of the spectral density and
expresses the contribution of Fourier analysis frequencies to the series total variance.
Its cumulative version is the integrated periodogram FZ(ωm) =

∑m
i=1 I(ωi). Though

the periodogram is properly defined only for stationary series, we shall assume that
the series are approximately locally stationary in order to classify nonstationary time
series. We shall split them into k blocks and compute the integrated periodogram of
each block.
When functions—instead of time series—need to be classified, a natural criterion is
to assign them to the class minimizing some distance from the new function to the
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group. As a reference function of each group we take the mean of its elements; since
the mean is not robust to the presence of outliers, robustness can be added to the
process by considering the α-trimmed mean instead. Both means can be expressed as
follows. Let Ψg(i)(ω), i = 1, . . . , N, be functions of the class g ordered by decreasing
depth; the α-trimmed mean is:

Ψ̄α
g (ω) =

1
N − [Nα]

∑N−[Nα]

i=1
Ψg(i)(ω), (1)

where [·] is the integer part function. When α = 0, the whole sample is taken, while
if α > 0 the 100α% of the less depth data are leaved out. We use the definition of
functional generalized band depth proposed by López-Pintado and Romo (2006). We
have taken the L1 distance between two functions.
Let {X1, . . . , XNx} be a sample containing time series from the population PX , and let
{Y1, . . . , YNy

} be a sample from PY . The classification method follows the next steps:

1. For each time series in the samples, the integrated periodogram of the k blocks
is obtained, i.e., we have {ΨX1 , . . . , ΨXNx

} and {ΨY1 , . . . , ΨYNy
}, where ΨXi

=

(F (1)
Xi

. . . F
(k)
Xi

) , ΨYi = (F (1)
Yi

. . . F
(k)
Yi

) and F
(j)
Xi

is the integrated periodogram

of the j-th block of the i-th series of the population X; F
(j)
Yi

is the analogous
function for the population Y .

2. For both PX and PY samples the α-trimmed class mean is computed: Ψ̄α
X and

Ψ̄α
Y .

3. Let ΨZ be the curve associated to a new series Z, that is ΨZ = (F (1)
Z . . . F

(k)
Z ).

Then Z is classified in the group PX if d(ΨZ , Ψ̄α
X) < d(ΨZ , Ψ̄α

Y ), and in the
group PY otherwise.

To apply the algorithm to stationary series take k as 1. The extension to more than
two groups is straightforward.

3 Simulations results

We evaluate our algorithms for α = 0 (DbC) and α = 0.2 (DbC-α). Also, we take the
method proposed in Huang et al. (2004) as a reference (SLEXbC). For the last method
we have used an implementation provided by the authors. We have analyzed the three
experimental settings considered by these authors. Next, we present the results for the
first of them:

• Gaussian white noise (PX) is compared with an autoregressive process of order
1 (PY ). Here Nx = Ny = 8 and time series lengths are Tx = Ty = 1024. We also
apply both weak and strong contaminations to the training sets. See the details
in Alonso et al (2007).

Series are stationary in setting 1, composed of stationary parts in setting 2 and non-
stationary in setting 3. For each comparison we have run 1000 times the training-
testing processes. The three algorithms are called with exactly the same data sets.
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TABLE 1. Estimated means of misclassification rates in setting 1 with and without contam-
inations.

φ = -0.3 φ = -0.1 φ = +0.1 φ = +0.3

DbC 0.000 0.063 0.060 0.000

DbC-α 0.000 0.065 0.062 0.000

SLEXbC 0.000 0.131 0.127 0.000

Weak contamination

DbC 0.000 0.077 0.074 0.000

DbC-α 0.000 0.064 0.062 0.000

SLEXbC 0.000 0.175 0.172 0.000

Strong contamination

DbC 0.001 0.512 0.300 0.000

DbC-α 0.000 0.064 0.062 0.000

SLEXbC 0.002 0.490 0.377 0.001

In table 1 we present some results for simulation setting 1. When contamination is not
present, DbC provides slightly better results than DbC-α, and about half of the errors
of SLEXbC. The DbC and SLEXbC errors increase slightly with the weak contami-
nation and substantially with the strong one, while errors do not change for DbC-α,
because its trimming keep contamination out; this shows its robustness. Similar results
are obtained from the two remaining settings (see Alonso et al, 2007).

4 Real data example

We have evaluated our proposal in a benchmark data set containing 8 explosions, 8
earthquakes and an extra series—known as NZ event—not classified (but being an
earthquake or an explosion). Each series contents 2048 points in two different parts:
the first half is the P wave, and the second is the S wave. For each series we have
considered the curve formed by merging the non-normalized integrated periodograms
of parts P and S. Considering the 8 earthquakes as group 1 and the 8 explosions as
group 2, and applying leave-one-out cross validation, both of our algorithms misclassify
only the first series of the group 2. With respect to the NZ event, both algorithms agree
on assigning it to the explosions group, as other authors do, for example, Kakizawa et
al. (1998) and Huang et al. (2004).
Now we have carried out an additional exercise. Since many methods classify the
NZ event as an explosion, we consider an artificial data set constructed by the 8
earthquakes plus the NZ event as group 1, and the 8 explosions as group 2. In this
situation, the result for DbC is that it misclassifies the first and the third—not only
the first—elements of the group 2. But DbC-α again misclassifies only the first series
of group 2, even though the NZ event was included in group 1 (earthquakes). This
illustrates the robustness of our proposed second algorithm.
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Abstract: This paper looks at projections for the Spanish mortality rates by sex and age
for the period of 2005 to 2050. These forecast are calculated using two main sources of
information. First, a multivariate time series model was applied for the series from 1950 to
2004 period. Second a model was estimated for life expectancy at birth. Both sources of
information were combined to obtain the forecasts for the rates. The results are compared
with the life expectancy projections proposed by the National Statistical Institute (2004).
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1 Introduction

The cohort component method, which is used in population forecasts, requires the
establishment of future paths for the three basic components of the population changes:
mortality, fertility and migration. In this work we consider the mortality component.
We use a dynamic factor model similar to that proposed by Lee and Carter (1992),
but introducing restrictions in the first common factor, to model the mortality rates
by age groups. The prediction of these rates is based on a modification of the sieve
bootstrap procedure proposed by Alonso et al (2002).

2 Modelling and forecasting mortality rates

2.1 Dynamic factor model

In this section we follow the presentation of the dynamic factor model in Peña and
Poncela (2004). Let {yt}t∈Z be a vector series of dimension m, for example, male
mortality rates of m age groups. The dynamic factor model assumes that yt can be
written as a linear combination of r common factors plus an error term:

yt = P ft + et , (1)

where ft is the r-dimensional vector of common factors, P is the weight matrix of
factors, and et is the specific factors vector or error term. Additionally, it is assumed
that ft follows a VARIMA(p, d, q) model defined by:

Φ(B) ft = Θ(B) vt , (2)

where B is the backward shift operator, Φ(B) and Θ(B) are the autoregressive and
moving average polynomial matrices, respectively. Moreover, in this paper, specific
factors are allowed to follow stationary univariate models.
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2.2 Bootstrap procedure for forecasting

In this section we present a bootstrap procedure for obtaining forecasts paths based
on a modification of the procedure proposed by Alonso et al (2002).

1. The estimations for the r common factors and the weight matrix in model (1) are
obtained using the singular values decomposition as in Lee and Carter (1992).

2. The residuals of model (1) are calculated using êt = yt − P̂ f̂t.

3. An AR(pa) model is chosen for êa,· with a ∈ {1, 2, . . . ,m} and an ARI (ps, ds)
model is chosen for common factors with s ∈ {1, 2, . . . , r} using the BIC criteria.

4. The empirical distribution function are obtained for the centered residuals of the
AR and ARI models: F̂

ε̃e
and F̂

ṽs
, respectively.

5. A resample ε∗t of i.i.d. observations from F̂
ε̃

and a resample v∗t of i.i.d. observa-
tions from F̂

ṽ
were selected.

6. The future bootstrap observations are calculated for common and specific factors
using the relations: and

f∗s,T+h =
∑ps+ds

j=1
φ̂s,jf

∗
s,T+h−j + v∗s,T+h, (3)

and
e∗a,T+h = ēa +

∑pa

j=1
φ̂a,j(e∗a,T+h−j − ēa) + ε∗a,T+h, (4)

where h > 0, f∗s,t = f̂s,t for t ≤ T and e∗a,t = êa,t for t ≤ T , with T being the last
available year.

7. The future bootstrap observations are calculated for vector y using the relation:

y∗T+h = P̂ f∗T+h + e∗T+h. (5)

In case of mortality rates we have seen that there is a high correlation between the
first factor of model (1) and the life expectancy at birth. This allows us to establish a
simple model between the first factor, f1,t, and the synthetic index, it:

f1,t = α0 + α1it + ιt, (6)

where ιt assumes that it follows an AR(pι) model. The previous model together with a
specific modelling of the life expectancy at birth allow us to make forecasts for future
values of this factor.



62 Forecasting the Spanish mortality rates

3 Spanish mortality rates forecast

3.1 Life expectancy modelling

In this section we propose a method for establishing an upper bound for life expectancy.
It is important to point out the close relationship between life expectancy and the
first factor of mortality; the correlation between both is: -0.9951 in men and -0.9974
in women. This allows us to establish restrictions on the mortality factor through
restrictions on life expectancy.
The following transformation is considered for life expectancy at birth, EV Nt:

Yt,A = ln
EV Nt

A− EV Nt
, (7)

where A is the upper bound for life expectancy. As opposed to the procedures described
in IEA (1995) and Blanes et al (2004), no single value was set for A, instead, A is
considered a parameter of the model. In Figure 1 we present the estimated distribution
of the maximum likelihood estimators for the upper bounds of life expectancy in men
and women. In Figure 2 we present the fan chart (see, Wallis 1999) of the bootstrap
distribution of life expectancy forecasts. Specifically, in Figure 2 we represent the 20%,
40%, 60%, 80% and 90% forecast intervals, in addition to the median of the forecasts.
The projections proposed by the INE (2004) fall in the 40% or 60% forecast intervals
for men and 60% - 70% for women in the period from 2005 to 2035. Their projections
are close to the median of the our forecasts at the end of the prediction forecast
horizons.

3.2 Forecasts of Mortality Rates by Age and Sex

Once we have obtained the predictions for life expectancy at birth we can find the
corresponding predictions for the first mortality factor using model (6) and, using
relation (5), we obtain the forecast paths for mortality rates by age. To illustrate this
further, in Figure 3 we show a fan chart of mortality rates during the first year of life.
A clear reduction is observed in mortality in this age group. The remaining ages can
be obtained using the routines developed in this paper and which are available from
the authors upon request.
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FIGURE 1. Estimated distribution of the MLE for the upper bounds of life expectancy.
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FIGURE 2. Fan chart and the observed values of life expectancy at birth. Spain 1950–2050.
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FIGURE 3. Fan chart and observed values of infant mortality rates. Spain 1950–2050.
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2 Department of Mathematics, University of Èvora, Colégio Luis António Verney, Rua Romão
Ramalho 59. 7002 Èvora, Portugal
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Abstract: Common structure matched series are modelled in the framework of the STATIS
method. For that purpose, the information of each series is summarized in a structure vector
and in a sum of squares of residues vector. These vectors are used as input to an ANOVA
like analysis. This approach encompasses both a transversal and a longitudinal analysis. An
application to the results of local elections in 8 districts of mainland Portugal is presented.
Results show that the proposed approach may be successfully used to carry out inference
about both political geography and political evolution at local level.
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1 Introduction

In this study we use ANOVA like analysis in the framework of the STATIS method to carry out
inference in series of studies. Originally the STATIS method was used to elaborate algebraic
results to describe data organized in series of studies.
In the next section we will review briefly this method and it will be shown how inference
may be carried out. Nextly we present the data used in this study and discuss results of the
application of this method.

2 STATIS method and inference

The STATIS method was introduced by L’Hermier des Plantes (1976) and developed by sev-
eral authors, in particular by Lavit (1988) to analyze data organized in series of studies. A
study consists of a matrix triplet (Xi,Dni ,Dmi) , i = 1, . . . , k, with Xi being a data array and
Dni and Dmi being two weight matrices for objects and variables. To obtain a geometrical rep-
resentation of the studies, Escoufier (1976), developed the operators Ai = XiDmiX

t
iDni , i =

1, . . . , k. Let (θj , γj) , j = 1, . . . , k, be the pairs of eigenvalues and eigenvectors of matrix
S = [Sij ] , i = 1, . . . , k; j = 1, . . . , k, with Sij = tr

�
AiA

t
j

�
, i = 1, . . . , k; j = 1, . . . , k. Then

the coordinates of the point representing the i− th study are the i− th components of vec-

tors, θ
1
2
j γj , j = 1, . . . , k. When these points are along the first axis the series has a common

structure(e.g. Lavit, 1988).
To carry out inference for series with a common structure Oliveira and Mexia (2006) proposed

the model S = λααt + E where E =
1

2
(E0 + Eot) and vec(E0) is normal, with null mean
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vector and covariance matrix σ2Ik2 . When preponderance τ̃ =
θ2
1Pk

j=2 θ2
j

≥ 200 and k ≤ 20,

simulation studies showed that we may use θ1 and γ1 to estimate λ and α (e.g. Oliveira and
Mexia, 2004). The information summarized in a series of studies may then be contained in
an adjusted structure vector β̃ = θ1γ1 and a sum of squares Vi =

Pk
j=2 θ2

j , i = 1, 2, . . . , k.
When we have matched series of studies two types of ANOVA like analysis may be carried
out (e.g. Oliveira and Mexia, 2007):

• Transversal Analysis in which corresponding studies are compared. This analysis rests
on homologue components of the adjusted structure vectors;

• Longitudinal Analysis in which the evolution of the series is compared. For this purpose
contrasts on the components of the structure vectors are obtained and compared.

3 Case study

Portugal territory is classified into districts. These are divided into townships. Each township
is further divided into parishes. For the purpose of this study four districts stretching from
North to South along the coast and other four the border with Spain were selected. Local
elections for the city board were considered in each township. These are by far the most
important local elections since the head of the most voted list becomes the mayor. The
ANOVA like approach was used to model the results of the elections carried out in 1985,
1989, 1993, 1997 and 2001.
Namely we wanted to study the influence of the factors:

• Administrative relevance - distinguishing the district capitals from the other townships
(Cp − 1st factor );

• Longitude (Lg − 2nd factor) - distinguishing between the districts along the coast and
those along the border with Spain;

• Latitude (Lt − 3td factor ) - with four levels: North, Center North, Center and South;

on corresponding studies and on the evolution of the local elections.

For each election in each township we had a data (objects x variables) array. The objects
were the civil parishes and the variables were the main parties participating in the electoral
process: Social Democratic Party (PSD); Portuguese Socialist Party (PS); Central Social
Democratic/Popular Party (CDS/PP); United Democratic Coalition where the Communist
Party has a predominant role (CDU); Other parties (OUT); Blank and invalid ballots (B/N);
Abstentions (ABS).
The data array was Dn− centered. We considered identity weight matrices Dni = Ini for
parishes (objects) and Dmi = Imi for parties (variables).

4 Results and discussion

For the 16 series of studies we have the preponderance, τ̃ and sum of square, Vi (Table 1).

Viana do Castelo (V.Cas), Ponta da Barca (P.Bar), Braganca (Bra), Alfandega da Fé
(A.Fe), Aveiro (Ave), Santa Maria da Feira (S.M.F.), Guarda (Gua), Pinhel (Pin), Leiria

(Lei), Alcobaça (Alc), Portalegre (Por), Elvas (Elv), Faro (Far), Silves (Sil), Beja (Bej) and
Mertola (Mer).
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TABLE 1. Values of the preponderance and sum of square.

V.Cas P. Bar Bra A. Fé Ave S.M.F Gua Pin
τ̃ 11401.4 29599.8 54427.3 7039.4 36052.9 24746.5 19042.7 14960.0
Vi 0.575 0.538 0.387 1.583 0.401 0.424 1.090 0.834

Lei Alc Por Elv Far Sil Bej Mer
τ̃ 131484.1 33739.7 98166.1 62641.7 121701.2 73105.6 392064.8 280434.8
Vi 0.101 0.458 0.111 0.336 0.165 0.129 0.043 0.073

Since our factors had 2, 2, and 4 levels we used the Yates algorithm to carry out the ANOVA-
like Analysis. First we considered four 2 levels factors and them merged the last two ones.
Firstly we considered transversal analysis in which the action of the factors on corresponding
studies was studied. Nextly we carried out a longitudinal analysis in which the action of the
studies in the evolution of the series was considered.

To express this evolution we used the contrasts L1, L2, and Q, to measure:

• evolution between 2001 and 1985 (L1 = 1√
2

(−1, 0, 0, 0, 1));

• evolution between 1997 and 1989 ( L2 = 1√
2

(0,−1, 0, 1, 0));

• non-linearity of the evolution (Q = 1√
6

(1, 0,−2, 0, 1)).

In both analysis we tested the significance of the factors: Cp, Lg and Lt and of these interac-
tions CpxLg, CpxLt, LgxLt and CpxLgxLt. As we had 160 degrees of freedom for error the
tests for Cp, Lg and CpxLg had 1 degrees of freedom for the numerator while the remain-
ing had 3 degrees of freedom for the numerator. The F tests for Transversal Analysis and
Longitudinal Analysis are presented in Table 2 and Table 3, respectively.

TABLE 2. F test for Transversal Analysis.

E. year Cp Lg CpxLg Lt CpxLt LgxLt CpxLgxLt

1985 436.5 19394.0 2552.7 13632.1 47841.4 54093.8 45798.1
1989 65846.5 13377.9 6443.1 25319.6 26150.1 4201.9 84866.6
1993 10053.5 37382.5 41777.8 9131.6 34649.0 16213.9 51565.4
1997 3967.0 147754.8 9368.8 6938.1 41540.5 6309.8 102012.8
2001 0.67 105226.1 22006.7 11401.9 55847.2 9284.8 92735.3

TABLE 3. F test for Longitudinal Analysis.

Contracts Cp Lg CpxLg Lt CpxLt LgxLt CpxLgxLt

L1 235.7 17141.9 19778.1 1657.7 6468.5 52551.8 39400.8
L2 18755.6 36114.8 15678.9 6607.9 19500.1 6733.4 9418.0
Q 8113.1 986.9 42786.8 15910.4 26878.5 3929.6 2216.4
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Given the very highly preponderance almost all results are extremely highly significant. Thus
the most interesting insights are given by decreasing of significance of the first factor (ad-
ministrative relevance) as we consider successive elections. This would point out towards a
political homogenization of the districts. Another relevant aspect is the fact that interaction
predominate over effects. This points to a complex pattern of cross influence of the factors:
administrative relevance, longitude and latitude. From the statistical view point we must
stress the great condensation of information achieved. Thus a series of studies is condensed
into a structure vector and a sums of squares of residues. Moreover the adjustment of the
individual models was excellent as shown by the smallness of the sum of squares of residues.
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Abstract: Health Related Quality of Life (HRQoL) is an important indicator of health
status and the Short Form – 36 (SF–36) is a generic instrument to measure it. Multiple
Linear Regression (MLR) is often used to study the relationship of HRQoL with patients’
characteristics, though HRQoL outcomes tend to be not normally distributed, skewed and
bounded. Bootstrap, ordinal methods and Beta-Binomial Regression (BBR) are tested as
alternative methods to analyze the SF-36 and their performance is illustrated with an example
and simulations. The BBR approach is shown to have a better behavior in the HRQoL
domains with few ordered categories and a very similar one in the more continuous domains.
A common technique of statistical analysis is preferable for all the domains present in the
HRQoL instrument. Therefore, the BBR approach is recommended to analyze and interpret
the effect of several explanatory variables on the SF–36.

Keywords: Beta-Binomial Model; Goodness of Fit; Health Related Quality of Life; SF–36.

1 Introduction and Motivation

HRQoL measures are becoming frequently used in clinical epidemiology and health
services research. Statistical modelling is playing an important role on planning and
analyzing HRQoL measures. One of the most widely used HRQoL questionnaires is the
Short Form – 36 (SF–36), consisting of 36 questions and eight domains: Physical Func-
tioning (PF), Role Physical (RP), Bodily Pain (BP), General Health (GH), Vitality
(VT), Social Functioning (SF), Role Emotional (RE) and Mental Health (MH).
Since the early nineties, a lot of research has focused on the statistical analysis of
HRQoL assessment in clinical trials. However, there are many settings where it is
not possible to design a clinical trial and, thus, decisions on treatments are sometimes
based on observational studies, where HRQoL has been measured as outcome and con-
founders are not controlled by the researcher during the study design. We concentrate
primarily in this context. MLR is frequently used for analyzing the effect of several
explanatory variables on HRQoL. HRQoL instruments comprise items on domains by
addition, and thus, the measure for each domain is an ordered categorical scale. These
scores tend to be skewed, J-shaped, or even U -shaped. Since HRQoL outcome mea-
sures may not meet the distributional requirements of MLR, other authors suggest
alternative methods of analysis, like ordinal methods (Lall et al., 2002) or bootstrap



70 Modelling the SF–36

(Walters and Campbell, 2004). From a clinical point of view, it is desirable to have
standard measurements of the different domains of a HRQoL instrument. Therefore,
a common technique of statistical analysis is preferable for all the domains present in
the HRQoL instrument.
We have analyzed HRQoL data from the SF-36 questionnaire in real patients with
four approaches: MLR, bootstrap, Ordinal Logistic Regression (OLR) and BBR. The
BBR is recommended as a method of analysis for the SF–36 outcome (Arostegui et al.,
2007). Benefits of the BBR approach with respect to the other approaches have been
discussed based on clinical consequences of conclusions addressed from the results of
the data analysis and the easiness of the implementation in clinical epidemiology.

2 Methods of Analysis

We describe four methods of analysis of the SF–36 as the main outcome. Method 1
assumes the scores of the SF–36 are continuous and normally distributed. Method
2 assumes a continuous score, without making any other distributional assumption.
Method 3 assumes the SF-36 is an ordered categorical outcome. The fourth method
assumes that the SF–36 scores follow a beta-binomial distribution.

Method 1: Multiple Linear Regression
Data were analyzed using the MLR approach. Therefore, the model is given by:

yij = xT
i βj + εij , i = 1, . . . , N, j = 1, . . . , 8, (1)

where yij represents the response, for subject i on domain j; xi is a k-vector of explana-
tory variables observed on subject i; βj = (βj1, . . . , βjk)T are k-vectors of unknown
regression coefficients on domain j and εij ∼ independent N(0, σ2

j ).

Method 2: Bootstrap
Data were analyzed using resampling bootstrap technique to estimate βj , their stan-
dard errors and confidence intervals in model (1).

Method 3: Ordinal Logistic Regression
The SF–36 scores have been recoded as ordinal scales that take integer values from 0
to nj , j = 1, . . . , 8. Data were analyzed using the proportional odds ordinal regression
model, a cumulative logit model that assumes that the odds ratio for each predictor
is constant across all possible collapsings of the response variable. The model is given
by:

logit(πijk) = β0jk + xT
i βj , k = 1, . . . , nj − 1, (2)

where πijk = θij1 + . . .+ θijk represents cumulative probabilities of obtaining k points
or less on the jth HRQoL domain and θijk are the probabilities of obtaining k points on
the jth HRQoL domain, both for subject i. The specific intercepts for each cumulative
logit are β0jk, and xi and βj are defined as in model (1).

Method 4: Beta-Binomial Regression
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Fitting to a beta-binomial distribution was performed based on the ordinal scale used
for method 3. Data were analyzed using the BBR approach. Therefore, the model is
given by:

logit(θij) = xT
i βj + σjui, i = 1, . . . , N, j = 1, . . . , 8, (3)

where θij is the probability of obtaining one point on the jth HRQoL domain for
subject i, and xi and βj are defined as in model (1). The ui’s are i.i.d. random
variables with mean zero and variance one, and σj > 0.

Finally, a simulation study was conducted to be able to assess the robustness of the
two methods with distributional constraints, methods 1 and 4. Simulated values of
the SF–36 have been obtained using the normal and the beta-binomial distribution.
Simulated data were also analyzed using these approaches. In each case, a separate
analysis was performed for each of the eight HRQoL domains.

3 Main Results and Conclusions

Goodness-of-fit to a normal distribution was rejected for seven out of the eight domains
of HRQoL. Comparison between results obtained from real and simulated data showed
that there were differences in the significance of a covariate in the model and in the
magnitude of the effect of such covariate in HRQoL. Therefore, we conclude that
data analysis of HRQoL with the MLR approach, under non normality of the response
variable, does not support clinical conclusions obtained from it. The bootstrap method,
when compared to the MLR approach, produced the same significant covariates, as
well as very similar standard errors for the regression coefficient estimates.
After recoding to ordinal scales, the number of categories was more than 8 in six out
of eight domains. Thus, it is not worthy to use OLR with outcome variables which
have 9, 11 or 21 ordered categories. Therefore, OLR was only applied to two SF-36
domains. The proportional odds assumption was not rejected for RP, whereas it was
for RE for some covariates. Therefore, the proportional odds model was applied to RP
and partial proportional odds model was applied to RE.
Goodness-of-fit to a beta-binomial distribution was rejected for one of the eight
HRQOL domains. There were very few differences between the results obtained from
real and simulated data when the BBR model was used.
Results from BBR and OLR were very similar for those domains where both ap-
proaches were used. The BBR and the OLR approaches were more powerful than the
MLR and the bootstrap approaches on detecting statistically significant covariates for
these two domains. Moreover, the magnitude of the relationship between the covari-
ates and HRQoL, and its interpretation, is quite different depending upon the selected
method of analysis and different conclusions could be reached based on which one is
considered clinically significant by researchers in the area. The main advantage of BBR
over OLR is that the number of parameters to be estimated is smaller for the former.
For the remaining HRQoL domains, the BBR approach detects the same significant
covariates as MLR and bootstrap and, although the magnitude of the relationship
between the covariates and these HRQoL domains is quite differently interpreted, it
does not affect clinical significance.
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In real applications of HRQoL studies, a researcher is interested not only on detecting
statistically significant relationships between HRQoL and other covariates, but also
in the interpretation of the results and the clinical significance of such relationships.
Considering that the eight domains of the SF–36 are analyzed all together, the same
method of analysis is preferable for all of them. In conclusion, the BBR approach is
recommended to analyze HRQoL data measured by the SF–36 questionnaire.
Our work has concentrated primarily on observational studies. It does not mean that
BBR is not a valid methodology to analyze data from clinical trial, but the performance
of standard methods in this setting has been broadly studied, and the benefits of using
a more complicated method of analysis should be tested against simplicity in this
particular context. Strictly speaking, our conclusions only apply to the SF–36, further
work is required to test the performance of BBR for other HRQoL outcomes.
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Abstract: This study uses a Bayesian stochastic frontier model to analyze the level of tech-
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distributional assumptions. Finally, it was concluded that the rank of technical efficiency is
statistically invariant to the various distributions.
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1 Statement of the Problem

The important role of efficiency in the health care foodservice sector has been widely
addressed in the literature. Different methods for assessing economic performance have
been proposed. In general, most measures are calculated as simple ratios and key
performance indicators such as food and labor cost per meal. A weakness of these
approaches is that they are calculated using only a subset of the data available on the
firm. This is problematic because a foodservice operation may perform well using one
measure (e.g. food cost per employee) but badly using another (e.g. labor cost per
meal). What is needed is a single measure of relative performance (or efficiency) that
is calculated using all the input and output variables available on the firm. Stochastic
Frontier is a statistical technique for obtaining such a measure - it is applied in this
study to combine all the input and output variables of health foodservice operations
into a single measure of productive efficiency that will take a value between zero
(implying the firm is performing extremely poorly) and one (implying the firm is fully
efficient).

2 Methodology

The stochastic frontier model denoted in logs can be expressed as:
ln(yi) = lnxiβ + vi + ui (1)

where yi represents the output of the i − th firm, xi denotes an input vector, β is
a vector of unknown parameters, vi depicts random error commonly represented as
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N(0,σ2
v) and ui is a non-negative random error introduced to account for technical

inefficiency of firms and it is commonly selected from the following set of alternatives:
Exponential: u ∼ Exp(σu) for σu > 0
Half-normal: u ∼ N+(0, σ2

u) for σ2
u > 0

Truncated normal: u ∼ N+(µ, σ2
u) for µ ∈ R and σ2

u > 0
Gamma: u ∼ Gamma(m,σ2

u) for m > −1 and σu > 0
Aigner and Chu (1968) presented the non-stochastic frontier model (i.e., v=0 ) and
they also used the exponential model to capture the negative deviations from the
frontier. Aigner et al (1977) adopted the exponential form for their seminal work on
the stochastic frontier model and they also introduced the half-normal model with
Meeusen and van den Broeck (1977). The exponential and half-normal models have
modes at zero which may be unrealistic for many production functions. Stevenson
(1980) proposed the truncated normal model in order to allow for a positive mode in
the distribution of u. He also introduced the gamma model which was later extended
by Greene (1980). Further, the truncated normal model reduces to the half-normal
model if µ=0 and the gamma model reduces to the exponential model if m=0 .
Estimators based on the above models have mainly been based on the maximum
likelihood method, and studies that examined the distributional assumption of on
sample mean efficiencies have not converged to the same answer (Kumbhakar and
Lovell, 2000). We estimate in this study the frontier following the four distributional
assumptions, but improve on the Maximum likelihood assumption by using Bayesian
statistics. There are several advantages to incorporating the Bayesian approach rather
than using the classical approach. First, it is possible to include ”prior” information
about parameters in our inferences. Second, sampling theory inferences in stochastic
frontier models are based on asymptotic standard errors, whereas Bayesian can be
used when working with finite sample.
In this section we limit the Bayesian discussion of the stochastic production frontier
to the exponential model in which we assume that the inefficiency term follows an
exponential distribution:

p(u|λ) =
∏l

i=1 λ−1exp(−ui/λ) (2)
where λ is a shape parameter which defines both the mean and the variance of the
exponential distribution. For a Bayesian treatment of the other distributions used in
this study (gamma, truncated and half-normal distributions) see Koop et al. (1997).
More specifically in our model, we choose a flat (constant) prior for β (i.e. that
is, we assume no prior knowledge about these parameters) and gamma prior for
σ2 and λ. As van den Broeck et al. (1994) noted, choosing and informative prior
λ−1 and σ2 ensures that the posterior is proper, and defines the complete prior as:

p(β, σ2, λ−1) = σ−2fG(λ−1|1, ln(r∗)) (3)
where fG(.|a, b) is the gamma distribution with a degree of freedom and mean b, and
fN (.|a,b) indicates a multivariate normal distribution with mean a and a covariance
matrix b . The posterior corresponding to this prior is completely intractable and
must be analyzed using simulation methods. In particular a Gibbs sampler with data
augmentation can be set-up for this model involving the following conditional distri-
butions:

p(β|y, σ−2,u, λ) = fN (β|β̂, h−1(X′X)−1)× I(β) (4)
p(σ−2|y, β,u, λ) = fG(σ−2|I/(y + u−X′β)(y + u−X′β), I) (5)
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p(λ−1|y, β, σ−2,u) = fG(λ−1|(I + 1)/u′jI − ln(τ∗)), 2(I + 1)) (6)
p(ui|y, β, σ−2, λ) = fN (ui|xi

′β − yi − (hλ)−1, h−1)× I(ui) (7)
where X = (x1,x2, .....,xI)

′ is an I × K matrix, β̂ = (X′X)−1X′(y + u) is a least
square estimator, and I(ui) is an indicator function that takes the value 1 if ui ≥ 0
and 0 otherwise. Note that the technical efficiency (TE) of the i− th firm is measured
as TE = exp(−ui) . Using these conditional densities the Gibbs sampler follows. As
the iterations approaches to infinity the Gibbs sampling methods converges to the
actual joint posterior density function. In this paper, we generate 25,000 parameter
vectors and we drop the fist 5,000 to avoid sensitivity of starting values.

3 Data Collection

The sample for this study contained data from 101 health care foodservice operations
representing both the private and the public sector. All data were collected by means of
a web questionnaire. In line with the literature we defined three inputs and one output.
Inputs variables are number of full time equivalent employees, amount of energy, and
total square are of the foodservice department. As output we defined the volume
of production, measured as the annual number of meals produced. Additionally, we
also included in our model three environmental variables (age of equipment, degree
of readiness of raw materials and skill level of employees) which are in nature neither
inputs nor inputs but deemed to indirectly the efficiency of the health care foodservice
operations.
More specifically, the logarithmic stochastic frontier model specified is the cross-
sectional case is defined as:
lnqi = β0 + β1lnx1i + β2lnx2i + β3lnx3i + β4lnz1i + β5lnz2i + β6lnz3i + vi + ui(8)
where qi is the number of meal produced per year; x1i = the number of full time
equivalent employees; x2i = the amount of energy; x3i = the total square area of
the department; z1i = the age of equipment; z2i = the skill level of employees; z3i =
the degree of readiness of raw materials. β0 through β3 are input coefficients, and β4

through β6 are environmental variables coefficients. The disturbance vi represents the
symmetric statistical noise component and ui is the one-sided inefficiency component.

4 Results

The results showed that the posterior means across the different distributions of the
inefficiency term are almost of equal magnitude, which implies some consistency in
the estimation of the different frontier models. An ANOVA comparison between the
efficiency estimates (F = 17.63) indicate that the efficiency estimates yielded by the
different distributions are significantly different at the 1 % confidence level. The effect
from the distributional assumptions was examined further using the Spearman’s rank
order correlation between the efficiency rankings derived from the four models. All of
the estimated coefficients were found to be significantly different form zero at the 1 %
level indicating that the rank of each foodservice operation derive from applying the
different distributions is similar. A combination of ANOVA and Spearman’s rank order
correlation coefficient yields to the conclusion that the efficiency estimates yielded by
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the different distributions follow the same pattern across the foodservice operations,
making it therefore feasible to draw inference from the efficiency results of this study.
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1 Introduction

Bioclimatology or Phytoclimatology are important sciences for the comprehension
of the close relationship between climate and vegetation, and therefore, the plant
landscape. Thus, the better knowledge of the interrelationship climate-vegetation we
get, the better management of plant resources, landscape, and environment can we
unmistakably develop.
The main aim of this work is to establish a Bioclimatic classification of the Island
of Cyprus, based on the current Worldwide Bioclimatic Classification System used
to define and describe the bioclimates and bioclimatics belts (thermo-ombrotypes).
Relevance of this approach concerns the richness and flora diversity of Cyprus.

2 Data and Bioclimatic index

Available data consists on different measures from 58 meteorological stations distrib-
uted all over the island (mean monthly and mean annual precipitation, mean daily
maximum, mean daily minimum, mean monthly maximum, mean monthly minimum,
etc...). Geographical UTM coordinates and altitude are also available.
From the information above, several bioclimatic indexes derive. One of them is the
Ombrothermic Index (OI):

OI = (Pp/Tp)× 10,

where Pp is the Annual Positive Precipitation (sum –in tenths of Celsius degrees– of
the monthly mean temperature of those months whose average temperature is higher
than 0C), and Tp is the Annual Positive Temperature (total average precipitation of
those months whose mean temperature is higher than 0C).
Based on ranges for the values of the OI, a classification of the ombrotypes or horizons
emerges: Ultrahyperarid (<0.2), Hyperarid (0.2-0.4), Arid (0.4-1.0), Inferior Semiarid
(1.0-1.5), Superior Semiarid (1.5-2.0), Inferior Dry (2.0-2.8), Superior Dry (2.8-3.6),
Inferior Subhumid (3.6-4.8), Superior Subhumid (4.8-6.0), Inferior Humid (6.0-9.0).
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3 The model

We propose a Hierarchical Spatial Bayesian model to predict the OI on the whole
island, just by knowing its value at the 58 meteorological stations. We assume a Normal
model to relate OI with the coordinates and altitude for each meteorological station.
The geostatistical model is given by:

log(OI)|θ,W ∼ N(Xβ + W, τ2I)
W |σ2, φ ∼ N(0, σ2H(φ))

p(β)p(τ2)p(σ2)p(φ),

where X = (1, Elevation), W is the vector of spatial random effects, H is a correla-
tion matrix between spatial locations with isotropic correlation function ρ, τ2 is the
nugget (non-spatial variance), σ2 is the partial sill (spatial variance) and φ is the decay
parameter. Also, we define the range (R) as 1/phi and the effective range (ER) as the
distance at which the correlation has dropped to only 0.05. See Banerjee, Carlin and
Gelfand (2004) for a detailed explanation of the parameters involved in this model.
We assume independent priors for all the parameters: p(β) ∝ 1, p(σ2) = IG(2, 0001),
p(τ2) = IG(2, 0001), p(φ) = LUnif(5e − 5, 0.003), where IG denotes the inverse
gamma distribution and Lunif denotes de log-uniform distribution. The prior for φ
induced the approximate prior for ER as LUnif(1000, 60000).
We consider the Matern family of correlations as a general correlation function (see
Banerjee, Carlin and Gelfand, 2004). This family is indexed by a parameter (ν) control-
ling the smoothness of the realized random field, and special cases of the above are the
exponential (nu = 0.5) and the Gaussian (ν →∞). Different values ν = 0.5; 1; 1.5;∞
are used in order to compare models.

3.1 Selection criteria

Gelfand and Ghosh (1998) criteria, denoted by D, is used to select the degree of
smoothness of the realized random field controlled by the ν parameter. The model
with the smallest D is preferred.

4 Results and Conclusions

In Table 1 we present the values of D–criteria for the different correlation functions
considered. The Gaussian correlation function is preferred, and thus used for inferences.
In Table 2 posterior distributions of the parameters involved are summarized. Figure 1
represents the predictive posterior median of OI at any point of the Cyprus island
for each of the four considered models. The Bayesian framework provides interesting
summaries as probabilities for any location of belonging to some specific ombrotype,
which are displayed in Figure 2, for the model with Gaussian correlation function.
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TABLE 1. D values for the different correlation functions considered.

Exponential Matern 1 Matern 1.5 Gaussian
D 1.132 1.077 1.099 1.049

TABLE 2. Posterior median and credible region (CR) with probability 0.95 for parameters
in model with Gaussian correlation function.

Median CR 0.95 Median CR 0.95
β0 5.18e-01 (4.16e-01,6.26e-01) σ2 2.68e-02 (1.59e-02,4.70e-02)
β1 8.76e-04 (7.01e-04,1.05e-03) φ 5.36e-05 (5.02e-05,6.71e-05)
τ2 1.01e-02 (6.43e-03,1.64e-02) ER 32262 (24439,34504)
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FIGURE 1. Image-contour displaying the predictive posterior median of OI for each correla-
tion function.
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Abstract: Compositional time series, i.e., multivariate time series of vectors of D propor-
tions, arise in many areas of application where the focus of attention is on the relative, rather
than the absolute, values of their components. Such series are characterized by components
which are positive and sum to one at each instance in time. Although data of this type con-
stitute multivariate time series, standard modelling techniques are not applicable due to the
positivity of the components and the constant sum constraint. In other words, problems arise
because its sample space is not the D-dimensional real space, nor the positive real space, but
the (D − 1)-dimensional simplex space. We consider basic concepts regarding the Euclidean
structure of the simplex, and the alr, clr and ilr transformations on it are introduced to
present compositional ARIMA models.

Keywords: ARIMA models, Compositional time series, Simplex

1 The simplex SD as a compositional space

1.1 The simplex as a real vector space

A D-part composition x = (x1, . . . , xD)′ is any element of the simplex

SD = {(x1, . . . , xD)′ : x1 > 0, . . . , xD > 0; x1 + . . . + xD = 1}.

Basic operations on SD have been introduced by Aitchison (1986) and Barceló-Vidal
et al (2002). The perturbation operation is defined as

x⊕ x∗ = C(x1x
∗
1, . . . , xDx∗D)′ for any x,x∗ ∈ SD,

and the power transformation, defined for any x ∈ SD and α ∈ IR as

α¯ x = C(xα
1 , . . . , xα

D)′,

where C denotes the closure operator defined for any z ∈ IRD
+ as Cz = z/

∑D
i=1 zi. In

this manner (SD,⊕,¯) becomes a real vector space of dimension D − 1. The compo-
sition 0C = (1/D, . . . , 1/D)′ is the neutral (zero) element, and the inverse (opposite)
of x ∈ SD is the composition x−1 = C(1/x1, . . . , 1/xD)′.
Provided that (SD,⊕,¯) is a real vector space, it can be viewed as an affine space when
the group (SD,⊕) operates on SD as a group of transformations. Perturbations in the
compositional space plays the same role as translations plays in the real space. The
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assumption that the group of perturbations is the operating group on the compositional
space is the keystone of the methodology introduced by Aitchison (1986). In fact, it
means accepting that the ”difference” between two compositions x and x∗ is the
composition xªx∗ = C(x1/x∗1, . . . , xD/x∗D)′, based on the ratios xj/x∗j between parts
instead of on the subtraction x∗j − xj .

1.2 Transformations on the simplex

Let AD×D denote the family of all real D×D matrices such that A1D = A′1D = 0D.
Let x ∈ SD and A ∈ AD×D. We define the product A¯ x as

A¯ x = C



D∏

j=1

x
a1j

j , . . . ,
D∏

j=1

x
aDj

j



′

.

The function x → A¯x is an endomorphism of the vector space (SD,⊕,¯). Moreover,
any endomorphism of SD can be written in this form. The matrix associated to identity
endomorphism is the well-known centering matrix GD = ID−D−1JD of order D×D.
The additive logratio transformation of index j (j = 1, . . . , D) —denoted by alrj—
is the one-to-one transformation from SD to IRD−1 defined as x −→ y = alrj x =
log(x−j/xj) where x−j denotes the vector x with the component xj deleted. In par-
ticular, we use alr —without any subindex— to denote the transformation alrD. The
inverse transformation of alrj is the well known additive logistic transformation.
The centered (or symmetric) logratio transformation —denoted by clr— is the function
from the compositional space SD to IRD, defined by x −→ z = clrx = log (x/g(x)),
where g(x) is the geometric mean of the components of x, i.e., g(x) = (x1x2 . . . xD)1/D.
This transformation maps SD in the subspace V = {z ∈ IRD : z1 + . . . + zD = 0}
of IRD, which can be seen to be a hyperplane through the origin of IRD, orthogonal
to 1D (vector of units). This subspace has dimension D − 1. Let v1, . . . ,vD−1 be
any orthonormal basis of V , and let V be the D × (D − 1) matrix [v1 : . . . : vD−1].
Then, the isometric logratio transformation —denoted by ilrV — associated with this
matrix V, is the one-to-one transformation from SD to IRD−1 which assigns to each
composition x the components of clrx in the basis v1, . . . ,vD−1 of V . It can be proved
that x −→ u = ilrV x = (FV)−1F log x, for any x ∈ SD, where F is the (D − 1)×D
matrix [ID−1 : −1D−1].
It is very important to emphasize that all these transformations —alrj , clr, ilrV , and
its inverses— are one-to-one linear transformations between the compositional vector
space (SD,⊕,¯) and the real vector space (IRD−1, +, .) (or V ⊂ IRD) with the natural
structure. Vectors u = ilrV x, y = alrD x and z = clrx associated with the same
composition x ∈ SD are related by the following linear relationships expressed in
matrix form:

1. u = (FV)−1y, and u = (FV)−1Fz.

2. y = FVu, and y = Fz.

3. z =
(
(FV)−1F

)′
u, and z = F′H−1y, where H is the (D−1)×(D−1) matrix

FF′ = ID−1 + JD−1, with JD−1 = 1D−11′D−1.
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1.3 The simplex as a metric space

The one-to-one linear transformation clr allows one to transfer the real Euclidean
structure defined on IRD−1 to SD . Thus the compositional norm (C-norm) of x ∈ SD

is equal to the Euclidean norm in IRD of the clr-transformed vector, i.e., ‖x‖C = ‖clrx‖,
and the C-distance between two compositions x,x∗ ∈ SD is given by the C-norm of
the difference x ª x∗. Thus the C-distance just defined converts SD into a Euclidean
space and the transformation clr is the natural isometry between SD and the subspace
V of IRD. Moreover, as the D − 1 columns of matrix V used in the transformation
ilrV constitute, by definition, an orthonormal basis of V , this transformation is also
an isometry between SD and IRD−1. The same cannot be said for the additive logratio
transformations alrj .

1.4 The covariance structure of the simplex

Let x be a random D-part composition defined on SD. According to the metric
structure defined on SD, the C-mean of x, symbolized by ξ or EC{x} , is defined
as ξ = clr−1E{clrx} and the C-covariance matrix ΣC of x as

ΣC =
[
cov

{
log

xi

g(x)
, log

xj

g(x)

}]
=

[
σCij

]D

i,j=1
,

i.e., by the covariance matrix ΣZ of the random vector z = clrx, known as centred
logratio matrix. The consequent singularity of the distribution z = clrx is reflected in
the singularity of ΣC , since ΣC1D = 0D.
Aitchison (1986) defines other matrices to determine the C-covariance structure of a
random composition x. The variation matrix T is defined as

T = [var {log (xi/xj)}]Di,j=1 = [τij ]
D
i,j=1 ,

and the logratio covariance matrix ΣY as

ΣY =
[
cov

{
log

xi

xD
, log

xj

xD

}]D−1

i,j=1

=
[
σYij

]D−1

i,j=1
,

i.e., by the covariance matrix of the random vector y = alrx on IRD−1. It is clear that
ΣY will depend on the denominator used in the alr-transformation.
Finally, the covariance matrix of the random vector u = ilrx on IRD−1 will be denoted
by ΣU =

[
σUij

]D−1

i,j=1
. This covariance matrix will depend on the matrix V used in

the ilr-transformation. Although the C-covariance structure of x is given by ΣC , the
relationships between all these matrices allow one to deduce ΣC from any of the other
matrices.

1.5 Joint distribution on the simplex

Let (x1,x2) be a bivariate random compositional vector defined on SD × SD. If ξi =
EC{xi} (i = 1, 2), the C-covariance matrix ΓC(x1,x2) =

[
γCij

]D

i,j=1
of (x1,x2) is defined
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as

ΓC(x1,x2) =
[
E

{(
log

x1i

g(x1)
− log

ξ1i

g(ξ1)

)(
log

x2j

g(x2)
− log

ξ2j

g(ξ2)

)}]D

i,j=1

.

Therefore, ΓC(x1,x2) coincides with the covariance matrix ΓZ(z1, z2) of (z1, z2) =
(clrx1, clrx2) defined on V ×V ⊂ IRD× IRD. The matrix ΓC(x1,x2) is not symmetric
but is singular because ΓC1D = (ΓC)′1D = 0D.
We denote by ΓY(y1,y2)=

[
γYij

]D−1

i,j=1
the covariance matrix of (y1,y2)=(alrx1, alrx2),

and by ΓU (u1,u2) =
[
γUij

]D−1

i,j=1
the covariance matrix of (u1,u2) = (ilrx1, ilrx2). As

before, there exists matrix relationships between the covariance matrices ΓC , ΓY and
ΓU .

2 Compositional time series models

Let xt = (xt1, . . . , xtD)′, t = 0,±1,±2, . . . be a compositional process (C-time series
process) defined on SD for any t. The compositional second-order properties of xt

are then specified by the C-mean vectors, ξt = EC{xt} = (ξt1, . . . , ξtD)′, and the
C-autocovariances matrices,

ΓC(t + h, t) = E
{(

clrxt+h − clr ξt+h

)
(clrxt − clr ξt)

′} =
[
γCij(t + h, t)

]D

i,j=1
,

which belong to the family of AD×D matrices.
Notice that in the compositional context, given a C-time series {xt} it makes no sense
to analyze any of the individual parts {xti} as univariate time series. However, in some
cases one might be interested in analyzing the relative behavior of two parts i and j
(i 6= j) or, in general, of a sub-compositional time series {xSt}, where S symbolizes
any subset of two or more parts 1, . . . , D of xt.
The clr, alr and ilr transformations applied to a compositional process {xt} induce
three processes {zt}, {yt} and {ut}, respectively. The former, {zt}, defined on IRD,
is restricted to the hyperplane V because z′t1D = 0. The other two time series
processes are defined on IRD−1 but {yt} depends on the denominator used in the
alr-transformation and {ut} on the matrix V used in the ilr-transformation. We de-
note by µZt ,µYt and µUt the mean vectors of {zt}, {yt} and {ut}, respectively, and by
ΓZ(t + h, t),ΓY(t + h, t) and ΓU (t + h, t) the autocovariance matrices of these time
series processes. Observe that, by definition, µZt = clr ξt and ΓZ(t+h, t) = ΓC(t+h, t).
The mean vectors µYt and µUt , and the covariance matrices ΓY(t+h, t) and ΓU (t+h, t)
are related to clr ξt and ΓC(t + h, t) by the equations given in 2.2.

2.1 Stationary C-time series processes

The C-time series process {xt} is said to be (weakly) C-stationary if ξt and ΓC(t +
h, t), h = 0,±1, . . . are independent of t. For a C-stationary process we use the notation

ξ = EC{xt} ; ΓC(h) = E {(clrxt+h − clr ξ)(clrxt − clr ξ)′} =
[
γCij(h)

]D

i,j=1
.
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We shall refer to ξ as the C-mean of {xt} and to ΓC(h) as the C-autocovariance at lag
h, and ΓC(h)h=0,1,... as the C-autocovariance function. The C-autocorrelation function
R(h)h=0,1,... is defined by

RC(h) =
[
γCij(h)/

√
γCii(0)γCjj(0)

]D

i,j=1
=

[
ρCij(h)

]D

i,j=1
.

The C-time series process {wt} is said to be C-white noise with C-mean 0C =
= (1/D, . . . , 1/D)′ and C-covariance matrix ΣC —written as {wt} ∼ WNC(0C ,ΣC)—
if and only if {wt} is C-stationary with C-mean vector 0C and C-autocovariance func-
tion

ΓC(0) = ΣC ; ΓC(h) = 0D×D, if h 6= 0.

The C-stationary property of {xt} is equivalent to the stationary property of any of
the transformed processes {zt}, {yt} and {ut}. Moreover, {xt} is C-white noise if and
only if {zt} —or {yt}, or {ut}— is white noise.

2.2 C-ARIMA processes

A SD-variate C-time series process {xt} is a C-ARMA(p, q) process if

(xt ª ξ)ª (Φ1 ¯ (xt−1 ª ξ))ª . . .ª (Φp ¯ (xt−p ª ξ)) =
wt ª (Θ1 ¯wt−1)ª . . .ª (Θq ¯wt−q) ,

where Φ1, . . . ,Φp,Θ1, . . . ,Θq are AD×D-matrices and wt ∼ WNC(0C ,ΣC). These
equations can be written in the more compact form

ΦC(LC)(xt ª ξ) = ΘC(LC)wt, {wt} ∼ WNC(0C ,ΣC),

where ΦC(z) = GD ª (Φ1 ¯ z)ª . . .ª (Φp ¯ zp) and ΘC(z) = GD ª (Θ1 ¯ z)ª . . .ª
(Θq ¯ zq) are AD×D-matrix-valued polynomials, GD is the centering matrix and LC
the backshift operator. In the compositional context, the operator 1 − LC represents
the C-difference operator, i.e., (1 − LC)xt = xt ª xt−1. Applying 1 − LC to {xt} is
equivalent to apply 1− L to the transformed processes {zt}, {yt} and {ut}.
If {xt} is C-ARMA(p, q) process then {zt} is an ARMA(p, q) process because

ΦZ(L)
(
zt − µZ

)
= ΘZ(L)wZ

t , {wZ
t } ∼ WN(0D,ΣZ) ,

where ΦZ(z) = ID −
∑p

i=1 Φiz
i; ΘZ(z) = ID −

(∑q
i=1 Θiz

i
)
; and ΣZ = ΣC . Equally,

{yt} will be an ARMA(p, q) process because

ΦY(L)
(
yt − µY

)
= ΘY(L)wY

t , {wY
t } ∼ WN(0D−1,ΣY) ,

where

ΦY(z) = ID−1 −
(

p∑

i=1

FΦiF′H−1zi

)
, ΘY(z) = ID−1 −

(
q∑

i=1

FΘiF′H−1zi

)
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and ΣY = FΣCF′. And {ut} will be an ARMA(p, q) process because

ΦU (L)
(
ut − µU

)
= ΘU (L)wU

t , {wU
t } ∼ WN(0D−1,ΣU ) ,

where ΦU (z) = ID−1 −
(∑p

i=1 U′ΦiUzi
)
; ΘU (z) = ID−1 −

(∑q
i=1 U′ΘiUzi

)
—with

U = F′H−1FV—; and ΣU = (FV)−1FΣC (
(FV)−1F

)′.
If d is a non-negative integer, it is natural to define {xt} as a C-ARIMA(p, d, q)
processes if (1−LC)dxt is a C-ARMA(p, q) processes. This definition means that {xt}
satisfies a C-difference equation of the form

ΦC(LC)(1− LC)dxt = ΘC(LC)wt, {wt} ∼ WNC(0C ,ΣC),

where ΦC(z) = GD ª (Φ1 ¯ z)ª . . .ª (Φp ¯ zp) and ΘC(z) = GD ª (Θ1 ¯ z)ª . . .ª
(Θq ¯ zq) are AD×D-matrix-valued polynomials.
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1 Introduction

Shape data arise in several different fields, such as computer science, medicine and
statistics. Though much work has been done in the area of modelling two-dimensional
shape data in statistics, there has been relatively little analysis of three-dimensional
shape data, particularly when they are of a longitudinal nature.
We present a pairwise mixed effects modelling approach for longitudinal data of high
dimension, introduced in Fieuws and Verbeke (2006), and apply it to data from a study
of the facial shapes of infants suffering from cleft-lip and palate. Both landmarks
and curves have been used to describe the facial shapes, and to demonstrate the
applicability and benefits of using the pairwise approach for such kinds of data, but
here we focus solely on curves. The approach of Fieuws and Verbeke (2006) is extended
to include a quadratic test of model fixed effects, which may be applied to the analysis
of either landmarks or curves, and parametric bootstrapping is employed to verify the
accuracy of such a test.
Analysis of the facial curves proceeds by fitting a B-spline to the data and using the
spline coefficients as the model responses. Informal 95% confidence intervals for the
curve model estimates are presented, followed by a discussion of the appropriateness
of this approach and a comparison with the results obtained from the quadratic test
of the fixed effects.

2 Modelling longitudinal cleft-lip and palate data

2.1 Cleft-lip and palate data

The data arise from a study comparing the facial shapes of 49 children with unilateral
cleft-lip and palate to 100 age-matched controls (Hood et. al, 2004). Each child had a
facial image captured at 3 months of age (before surgical repair on the cleft children)
and subsequently at 6, 12 and 24 months.

2.2 Pairwise mixed effects modelling

The pairwise modelling approach of Fieuws and Verbeke (2006) involves fitting linear
mixed effects models to each of the m(m− 1)/2 pairwise combinations of responses

(Y1, Y2), (Y1, Y3), . . . , (Y1, Ym), (Y2, Y3), . . . , (Y2, Ym), . . . , (Ym−1, Ym),
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where Yr is the vector of all responses (across individuals and time) for response r.
The sum of the log-likelihoods across individuals is maximized for each combination
(r, s) of responses and since fitting all of the pairwise models is equivalent to fitting a
pseudo-likelihood, asymptotically

√
N(θ̂ − θ) ∼ MV N(0, J−1KJ−1),

where N is the number of individuals, J and K are matrices of second and first deriv-
atives of the log-likelihood, respectively, and θ is a vector of all parameter estimates
across all models. Since θ may contain some repetitions, the requisite vector containing
one estimate per parameter, θ∗, may be calculated as θ∗ = Aθ with, approximately,
Var(θ̂∗) = AJ−1KJ−1A′/N , where A is a matrix of appropriate coefficients.

2.3 Curve analysis

The shapes are described by curves placed on each of the images. Procrustes analysis
is applied to the full set of curves (examples of which are displayed in Figure 1),
describing the entire face, in order to remove the effects of location, rotation and
scale in the images, so that only the shape information remains. We use the resulting
Procrustes coordinates to describe the curves on each image. Full details on Procrustes
analysis may be found in Dryden and Mardia (1998).

FIGURE 1. Frontal view of the full set of mean curves for a selection of cleft and control
individuals at 3 months, with landmarks superimposed. Control group - grey points with
black circles for landmarks; cleft group - dark points with solid circles.

Each curve is represented by many points placed very close together. We have analysed
midline curves, which trace the line from the midpoint between the eyes down the
nose to the middle of the upper lip and these are displayed in Figure 2, with measured
landmarks superimposed.
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3 months 6 months 12 months 24 months

FIGURE 2. Mean curves for each group at 3, 6, 12 and 24 months, with landmarks superim-
posed. Upper - profile view; lower - frontal view. Control group - black line and solid circles;
cleft group - grey lines and crosses.

To reduce the number of points used, the curves were parameterized as (x(d),y(d),z(d)),
where the variable d represents the proportion of the distance travelled along the curve.
This information was used to fit a B-spline and a linear model was fitted to the x, y
and z points on the curves with the resulting bases as predictors. For any individual
i, therefore, the midline curve at a time t and in a particular dimension is described
by the following vector of points:

yi(t) = s0i(t) +
k∑

r=1

sir(t)bir(t),

where the sir are spline coefficients, k is the number of knots chosen and bir(t) is the
basis vector describing the part of the curve corresponding to knot r. This holds for
each dimension, so there are 3k spline coefficients describing each person’s midline
curve at any time t. The spline coefficients, sir, were then extracted from the model
and used as the responses in the linear mixed effects model below. Nine knots were
used for the B-spline as that provided an acceptably close fit to the mean curves.
The spline coefficient traces over time can be found in Figure 3 below. It is clear that
there is a large amount of variation between individuals and across spline coefficients.
The assumption that each subject follows a similar trajectory seems reasonable but
it is clearly necessary to include a random intercept that is allowed to differ across
coefficients.
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FIGURE 3. Traces over time of the spline coefficients for each individual. The black lines
represent the cleft individuals and the grey the controls, with the thicker lines representing
the group means. The scales are arbitrary and different for each plot.

3 Applying the pairwise modelling approach

3.1 Curves

The models were fitted to the data using a program written in R (R Development Core
Team, 2004), making use of the deriv and lme packages. For sir(t) the vector of spline
coefficients r = u, v (u = 1, . . . , m, v = 2, . . . , m − 1) from individual i at time t, the
model is given by

sir(t) = β0r + bir + β1rgpi + β2rp(t) + β3rt + β4rp(t) ∗ gpi + β5rgpi ∗ t + εi(t),

where p(t) takes the value zero at 3 months and one otherwise, and gpi takes value
one if subject i is in the cleft group and zero otherwise. The random intercepts bi =
(biu, biv) have variance matrix V , and var(εi(t)) = σ2I. All fixed and random effects
are therefore coordinate-specific.
The model estimates of the mean curve positions are displayed in Figure 4, for both
the cleft and control groups. Bivariate 95% confidence intervals (in both the frontal
and profile views) were plotted at equally spaced points along the curve, to give the
impression of an overall “confidence region” for the curve in two dimensions. Despite
potential issues with multiple comparisons, this gives a subjective view of where the
differences between the groups lie. Use of a test of the model effects will allow global
inference about the differences between the groups.
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3 months 6 months 12 months 24 months

FIGURE 4. Model estimates with 95% bivariate confidence regions for cleft (grey) and control
(black) groups for the mean midline curves at each time point in the profile (upper) and frontal
(lower) views

3.2 Model comparison

We suggest a method for testing for fixed effects in the pairwise mixed modelling
approach. For any particular fixed effect, we must test the null hypothesis that all
coordinate-specific regression coefficients pertaining to that fixed effect are equal to
zero.
We assume that θ̂∗S , the vector containing the estimates for all parameters corre-
sponding to the relevant fixed effect (say, the group:time interaction), is distributed
as multivariate normal with mean θ∗S and variance VS , where VS is a sub-matrix of V .
Therefore, under the null hypothesis, H0 : θ∗S = 0:

θ̂∗′S V −1
S θ̂∗S ∼ χ2

p,

where p denotes the number of parameters in θ∗S .
If this test is applied to the group:time interaction in the model fitted to the curve data,
a χ2-statistic of 101.8 is obtained on 27 degrees of freedom (nine spline coefficients
for each of three dimensions). This provides us with strong evidence to reject the null
hypothesis that there is no difference between the cleft and control groups from 6 to
24 months.
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Abstract: We introduce a multilevel version of the latent Markov model with covariates
which is suitable for the analysis of binary longitudinal data when subjects are grouped in a
large number of clusters. For the maximum likelihood estimation of this model we introduce
an EM algorithm which can be implemented by means of certain recursions well known in the
hidden Markov literature. The approach is illustrated through the application to a dataset
deriving from the administration of a set of items to a sample of patients suffering from cancer
who were admitted to different hospitals.
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1 Introduction

The Latent Markov model (LM; Wiggins, 1973; Langeheine and van de Pol, 2002)
has become a standard tool for the analysis of binary longitudinal data, especially
when the main aim of the analysis is describing individual change with respect to a
certain latent status over the time. This model assumes that the response variables
corresponding to the different time occasions are conditionally independent given a
discrete latent process which follows a first-order Markov chain. Maximum likelihood
estimation of the parameters of this model may be obtained by using the EM algorithm
of Dempster et al. (1977); see Bartolucci (2006) and the references therein.
The LM model has been extended in several ways. One of the most interesting ex-
tensions is for allowing the distribution of the latent process to depend on individual
covariates; see, in particular, Vermunt et al. (1999) and Bartolucci and Pennoni (2007).
However, the extension to the case of clustered data, i.e. when subjects are grouped
according to some criteria such as being admitted to the same hospital, does not seem
to be already considered in the literature. In fact, an assumption common to all ver-
sions of the LM model is that subjects are independent of each other and, therefore,
the correlation that may arise between those subjects belonging to the same cluster
is ignored. This correlation could be taken into account by including, among the co-
variates, one dummy variable for each cluster. Obviously, this approach is not viable
when the number of clusters is large.
In this paper, we illustrate an extended version of the LM model with covariates to
deal with clustered data. As in the LM model of Vermunt et al. (1999), we assume that
the covariates affect the initial and the transition probabilities of the latent process.
However, we also assume that these probabilities depend on random parameters which
capture the effect of the cluster to which the subject belongs. A set of restrictions on the
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parameters is also considered. For the maximum likelihood estimation of the resulting
model, we introduce an EM algorithm in which the E-step is based on certain recursions
well known in the hidden Markov literature (MacDonald and Zucchini, 1997).
The paper is organized as follows. Next section illustrates the proposed model. Like-
lihood inference for this model is dealt with in Section 3. Finally, in Section 4 we
describe an application based on a dataset concerning a sample of cancer patients
admitted to different hospitals.

2 The model

Let yhit denote the binary response variable for the i-th subject in the h-th cluster at
the t-th occasion, with h = 1, . . . ,H, i = 1, . . . , nh and t = 1, . . . , Thi. Also let xhit

be a corresponding vector of covariates and let yhi = (yhi1, . . . , yhiThi
)′ be a vector

which collects the response variables for the same subject. The covariates are assumed
as fixed and so, in the following, we will omit to explicitly conditioning on them.
The LM model assumes that the response vectors yhi are independent and that, for
every subject i in cluster h, the variables yhit are conditionally independent given a
sequence of latent variables shi = (shi1, . . . , shiThi

)′ which follows a first-order Markov
chain (Vermunt et al., 1999). The distribution of yhit depends only on the correspond-
ing state of the latent process and then parameters of the model are also the success
probabilities λst = p(yhit = 1|shit = s), with s = 1, . . . , S and t = 1, . . . , T , where
T = maxhi Thi. The model also assumes that

log
πhi1(s)
πhi1(1)

= x′hi1βs, s = 2, . . . , S,

where πhi1(s) = p(shi1 = s) is the initial probability of state s, and that

log
πhit(s1|s0)
πhit(s0|s0)

= x′hitγs0s1
, s0, s1 = 1, . . . , S, s1 6= s0,

for t = 2, . . . , Thi, where πhit(s1|s0) = p(shit = s1|shi,t−1 = s0) is the probability of
transition from state s0 to state s1.
The above model does not explicitly consider the cluster effect. In the proposed mul-
tilevel LM model, MLM for short, we take this effect into account by assuming that,
for every pair of subjects (i1, i2) in the same cluster h, yhi1 and yhi2 are conditionally
independent given a latent vector αh having a discrete distribution. The elements of
αh are random parameters that capture the effect of cluster h on the initial and the
transition probabilities and are denoted, respectively, by αhs, for s = 2, . . . , S, and
αhs0s1 , for s0, s1 = 1, . . . , S with s0 6= s1. To include these effects in the model, we
assume that

log
πhi1(s|αh)
πhi1(1|αh)

= αhs + x′hi1βs, s = 2, . . . , S,

where πhi1(s|αh) = p(shi1 = s|αh), and that

log
πhit(s1|αh, s0)
πhit(s0|αh, s0)

= αhs0s1 + x′hitγs0s1
, s0, s1 = 1, . . . , S, s1 6= s0,
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for t = 2, . . . , Thi, where πhit(s1|αh, s0) = p(shit = s1|αh, shi,t−1 = s0). The sup-
port points of the distribution of each latent vector αh are denoted by ξc and the
corresponding probabilities by ρc, with c = 1, . . . , C.
Under the above assumptions, the marginal (or manifest) distribution of the response
vectors yhi for the subjects in the same cluster h may be expressed as

p(yh1, . . . , yhnh
) =

∑
αh

p(αh)
∏

i

∑
shi

p(yhi|αh, shi)p(shi|αh), (1)

where
∑

αh
stands for the sum over all the possible configurations of αh and

∑
shi

for that over all the possible configurations of shi. Moreover,

p(yhi|αh, shi) =
∏

t

p(yhit|αh, shit),

p(shi|αh) = πhi1(shi1|αh)
∏
t>1

πhit(shit|αh, shi,t−1),

where p(yhit|αh, shit) depends on the parameters λst. In practice, we compute the
probability in (1) by exploiting a recursion derived from the hidden Markov literature
(MacDonald and Zucchini, 1997).

3 Likelihood inference

For an observed set of data (xhit, yhit), h = 1, . . . , H, i = 1, . . . , nh, t = 1, . . . , Thi, the
log-likelihood of the model illustrated in Section 2 is given by

`(θ) =
∑

h

log[p(yh1, . . . , yhnh
)],

where p(yh1, . . . , yhnh
) is computed according to (1) as a function of the parameters

of the model which are collected in the vector θ. We recall that these parameters
are βs, γs0s1

(for the distribution of the subject-specific latent process), ξc and ρc

(for the distribution of the cluster-specific latent vector) and λst (for the conditional
distribution of the response variables given the latent process).
To estimate θ, we maximize `(θ) by using an EM algorithm (Dempster et al., 1977).
This algorithm alternates two steps, indicated by E and M, until convergence in `(θ).
At the E-step, we compute the conditional expected value of the complete data log-
likelihood `∗(θ) given the observed data. At the M-step, the expected value of `∗(θ)
is maximized with respect to θ and the estimate of this parameter vector is then
updated.
The function `∗(θ) is the log-likelihood that we could compute if we knew the latent
class of each cluster and the latent state of each subject at every occasion. More
precisely, let wh(c) be a dummy variable equal to 1 if cluster h belongs to latent class
c, let zhit(s) be a dummy variable equal to 1 if subject i in cluster h is in latent state s
at occasion t and let zhit(s0, s1) = zhi,t−1(s0)zhit(s1). This function may be expressed
as

`∗(θ) =
∑

h

∑
c

wh(c)[log(ρc) + m∗
hc(θ)]
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where

m∗
hc(θ) =

∑

i

∑
s

zhi1(s) log[πhi1(s|αh = ξc)] +

+
∑

i

∑
s0

∑
s1

∑
t>1

zhit(s0, s1) log[πhit(s1|αh = ξc, s0)] +

+
∑

i

∑
s

∑
t

zhit(s)[yhit log(λst) + (1− yhit) log(1− λst)].

Computing the conditional expected value of `∗(θ), given the observed data, is equiva-
lent to computing the expected value of the above dummy variables. This is performed
at the E-step on the basis of certain recursions taken from the hidden Markov literature
(MacDonald and Zucchini, 1997).
In our framework, we also address the problem of testing hypotheses on θ and, in
particular, on the structure of the transition matrix. For this aim, we use the likelihood
ratio statistic whose null asymptotic distribution may be derived by extending the
results of Bartolucci (2006).

4 An application

As an illustrative example, we consider a dataset derived from a survey carried out
in Italy in the 90’s about 516 patients suffering from cancer who were admitted to 58
different hospitals. In order to assess the physical and mental status of the patients,
a set of 36 items were administered to them at different occasions. The number of
occasions is not the same for all subjects and it goes from 1 to 15. The response
to any item was coded in four ordinal categories. For each subject and each time
occasion, we summarized the responses to these items by one binary response variable
which is equal to 1 for a patient with a bad physical and/or mental status. Finally,
as individual covariates we used gender (dummy variable equal to 1 for a female), age
(dummy variable equal to 1 for an over-70 subject) and time (interval of time between
occasions at which the questionnaire was administered). We analyzed the resulting
dataset by applying the LM model and the MLM model with C = 2 latent classes. For
both models, we used S = 2 latent states and we assumed that λst = λs for all t, so
that the distribution of each response variable depends on the occasion only through
the corresponding state of the latent process.
For the ML model we obtained a maximum log-likelihood of −1282.4 and an estimate
of the probability of success equal to λ̂1 = 0.013 for the first latent state and to
λ̂2 = 0.880 for the second latent state. The estimates of the regression parameters
affecting the initial and the transition probabilities of the latent process are reported
in Table 1.
We can observe that the two latent states are well separated, with the first correspond-
ing to patients in better conditions with respect to those in the second latent state.
On the basis of the estimates of the regression parameters, we can also observe that
the initial health status tends to get worse for males and for over-70 patients, whereas
the probability of changing status over the time is larger for males and for subjects
under-70.
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TABLE 1. Estimates of the regression parameters under the LM and the MLM models (the
covariate time does not affect the initial probabilities).

LM MLM

covariate β̂2 γ̂12 γ̂21 β̂2 γ̂12 γ̂21

intercept −0.249 −2.634 −1.970 −0.756 −2.878 −0.667
gender −0.401 −0.130 −0.384 −0.433 −0.179 −0.381
age 0.079 −0.111 −0.148 −0.124 −0.132 0.083
time - 0.027 0.055 - 0.025 0.051

The MLM model has a maximum log-likelihood of -1263.4 that, with only four more
parameters, is considerably higher than that of the LM model. The estimates of the
probabilities λs are very similar to those obtained with the ML model: λ̂1 = 0.008 and
λ̂2 = 0.899. For the distribution of the latent classes we have the following estimates:

ξ̂2 =




0.888
0.803
−1.673


 , ρ̂ =

(
0.383
0.617

)
,

with ξ1 constrained to 0 to ensure identifiability. Finally, the estimates of the regression
parameters are reported in Table 1.
Introducing the random effect allows us to distinguish between two kinds of hospitals.
With respect to hospitals in the first group (38%), hospitals in the second group
(62%) tend to admit patients in worse conditions. These patients also show a faster
worsening of their health status. Note that the estimates of the regression parameters
do not dramatically change with the inclusion of the cluster effect. An exception is
represented by the estimates of the coefficients for the covariate age, the signs of which
change when we introduce the cluster effect. However, the signs of these estimates
under the LM model are not completely reasonable. This is probably due to the fact
that this model ignores the selection bias arising from the inclusion of only certain
types of subjects to certain hospitals. By considering the cluster effect, the proposed
model can correct for this bias.
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Abstract: We seek to model the hazard of entry into marriage for a sample of women in
Ireland born between 1950 and 1973. Motivated by the work of Blossfeld and Huinink (1991),
we propose a nonlinear discrete-time hazard model, which estimates the risk period and
allows the effect of covariates on both the scale of risk and the age of maximum risk to be
investigated.
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1 Introduction

In this paper we investigate the timing of first marriage for women in Ireland based
on the Living in Ireland Surveys conducted by the Economic and Social Research
Institute between 1994 and 2001. We limit our analysis to women born between 1950
and 1973, giving five, five-year cohorts who have passed the mean age at marriage for
women in the full data set.

2 Linear Discrete-time Hazard Models

We first use the approach of Blossfeld and Huinink (1991), who proposed an exponen-
tial model for the hazard of first marriage, with baseline variables to control for the
non-monotonic dependence of marriage rate on age:

r(t) = r0 exp{βL log(age− 15) + βR log(45− age) + x′1β1 + x2(t)′β2}. (1)

Here r0 is the constant, baseline hazard; x1 and x2 are time-constant and time-varying
covariates respectively, whilst log(age−15) and log(45−age) are the baseline variables
that combine to produce a bell-shaped curve.
We only have the year of marriage, so we use episode splitting to generate yearly life
course data, making appropriate adjustment for the month of birth. We then use the
following discrete-time equivalent of Model 1:

C(r(t)) = β0 + βL log(age− 15) + βR log(45− age) + x′1β1 + x2(t)′β2, (2)

where C(r) is the complementary log-log transformation. Here age ranges from 15.04
to 44.96 years, so we keep the endpoints fixed at 15 and 45.
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TABLE 1. Linear discrete-time hazard models.

Model
Variables 1 2 3 4 5 6

Intercept -2.81 -17.92 -17.90 -19.31 -17.27 -17.21
Log(age - 15) 2.13 2.14 2.26 1.91 1.89
Log(45 - age) 3.63 3.67 4.14 3.70 3.67
Class s/skilled manual -0.13 -0.10 -0.08
Class skilled manual -0.13 -0.06 -0.03
Class non manual -0.26 -0.22 -0.16
Class low professional -0.21 -0.18 -0.10
Class high professional -0.48 -0.43 -0.29
Class missing -0.07 -0.08 -0.02
Cohort (54,59] 0.03 0.03 0.03
Cohort (59,64] -0.08 -0.07 -0.07
Cohort (64,69] -0.58 -0.55 -0.55
Cohort (69,74] -1.30 -1.23 -1.23
In education -1.52 -1.56

Deviance 13483 12414 12388 12086 11971 11981
Residual df 29866 29864 29858 29854 29853 29859

As far as possible, we follow Blossfeld and Huinink (1991) in building a model for
our data, adding the baseline variables first, then social class, cohort and education
variables. Our results are presented in Table 1. We find that women in later cohorts
are less likely to marry and that the risk of marriage is significantly less whilst women
are in education. Social class becomes insignificant when the education status is taken
into account. Adding the final level of education does not significantly improve the
model.

2.1 Nonlinear Discrete-time Hazard Models

We first consider extending Model 2 by defining the endpoints of the bell curve as
parameters to be estimated:

β0 + βL log(age− αL) + βR log(αR − age) (3)

However we find that there is aliasing amongst the parameters in Equation 3, such
that perturbations of one parameter can be compensated for by changes in the other
parameters.
We therefore consider the following re-parameterization in which the aliasing is re-
duced:

γ − exp(δ)





(ν − αL) log
(

ν−αL

age−αL

)
+ (αR − ν) log

(
αR−ν

αR−age

)

(ν − αL) log
(

ν−αL

ν−D−αL

)
+ (αR − ν) log

(
αR−ν

αR−ν+D

)


 (4)

Now the rate of marriage has a maximum of C−1(γ) at age ν and tends to zero as the
age approaches αL or αR. The sharpness of the peak is captured by δ, since the rate
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TABLE 2. Nonlinear discrete-time hazard models.

Model
Variables 6 7 8 9 10

Intercept(γ) -2.12 -1.96 -1.68 -1.81 -2.31
Peak age (ν)

Intercept 25.11 25.09 24.76 24.61 16.00
Education level (years) 0.78

Peakedness (δ) -0.47 -0.45 -0.31 -0.41 -0.20
Left endpoint (α) 13.77 13.74 13.40 12.04 12.35
Class s/skilled manual -0.13 -0.10
Class skilled manual -0.14 -0.06
Class non manual -0.26 -0.22
Class low professional -0.21 -0.19
Class high professional -0.49 -0.43
Class missing -0.07 -0.09
Cohort (54,59] 0.03 0.03 0.06
Cohort (59,64] -0.08 -0.07 -0.04
Cohort (64,69] -0.58 -0.56 -0.53
Cohort (69,74] -1.31 -1.25 -1.19
In education -1.55 -0.65
Education level (years) 0.05

Deviance 12394 12368 12060 11960 11813
Residual df 29863 29857 29853 29858 29856

of marriage will be C−1(γ− exp(δ)) at age ν −D, where D is a fixed distance from ν,
which we take to be 5 years.
Using the re-parameterization, we find that the fitted models are not significantly
different from models in which αR →∞, where the baseline model is then:

γ − exp(δ)





(ν − α) log
(

ν−α
age−α

)
+ age− ν

(ν − α) log
(

ν−α
ν−D−α

)
−D



 (5)

Repeating the analysis of the previous section with this baseline model leads to a
significant improvement over the equivalent fixed endpoint models (Models 6 to 9 in
Table 2).
We can improve the model further by including the additive effect of education level
on both the maximum rate of marriage (γ) and the age at which this maximum is
reached (ν), leading to a non-proportional hazard model (Model 10, Table 2). We
represent the level of education by the equivalent years spent in education, based on
averages from the data. We can see from the corresponding hazard and survival curves
in Figure 1 that an increase in education level delays the age at which the marriage
rate peaks and increases the maximum marriage rate, so that women with a higher
education level eventually overtake those with a lower education level in terms of the
proportion that marry.
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FIGURE 1. Hazard and survival curves under Model 10, for the (59, 64] year cohort and
skilled manual class, by increasing education level (equivalent years).

3 Summary

The nonlinear discrete-time hazard models we propose allow the risk period to be
estimated and the effect of covariates on both the scale of risk and the age of maximum
risk to be investigated. We find the latter to be important in describing the effect of
education level on the risk of entry into marriage.

Software: The generalized nonlinear models described in this paper were fitted using
the R package gnm (Turner and Firth, 2007).
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1 Introduction

Correspondence Analysis (CA) is widely used in Text Mining to give account of the
structure of a documents-by-words matrix (Lebart et al., 1998). We propose to in-
corporate contextual and/or metadata and to globally analyze the texts and these
complementary data.

2 Data and objectives

The data used as example consist of a corpus of 430 legal judgements issued by the
Spanish Supreme Court (Tribunal Supremo) during the 1979 to 1996, and related to
prostitution offences. Since the democratic constitution (December 1978), both the
Spanish political and legal systems undergone profound transformations. Referring
to the regulation of justice, the basic norm was passed in 1985. In the following, by
the term judgment we refer to the document published by the court at the end of a
trial, which contains the verdict as well as the other parts arguing the verdict. When
analyzing these data, our aim is double: first, to study the relationship between the
actual chronology, as indicated by the year of the publication, and the vocabulary used
in the judgements; second, to detect if there are judgements which do not follow the
common rule, in the sense that the vocabulary is behind the times or, on the contrary,
more advanced than the date of publication suggests.

3 Methodology

In our case, the rows refer to the judgements, the frequency variables represent the
words and we consider only one quantitative variable, the year of the publication.
Nevertheless, we present the methodology in the general case of one quantitative table.
We want to keep a CA-like approach by using an extension of multiple factor analysis
(MFA, Becue-Bertaut & Pages, to be published). We summary the main features of
this methodology, which is a particular weighted principal component analysis (PCA).
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Notation

A judgments-by-words frequency table (with J columns) and one judgments-by-quanti-

tative variables table (with K columns) are juxtaposed row-wise. In the frequency ta-
ble, the cell (i,j) contains fij , the relative frequency with which judgment i (i = 1, ...I)

uses word j(j = 1, ...J); (
J∑

j=1

fij = 1). In the case of the quantitative table, xik indi-

cates the value of quantitative variable k as measured on judgment i(k = 1, ...K).

CA as a specific non-standardized weighted PCA

The results of CA can be obtained by performing a non-standardized PCA on the
table having the general term:

(fij − fi..f.j)/(fi..f.j) (1)

using {fi.; i = 1,. . . , I} as row weights (and metric in the column space) and {f.j ; j =
1, . . . , J} as column weights (and metric in the row space) (Escofier & Pagès, 1998,
p. 96).

MFA of the multiple mixed table

By using the latter property, the extended MFA applied to a table juxtaposing a
frequency table (with J columns) and a quantitative variables table (with K columns)
is equivalent to perform a weighted PCA: first, on the multiple table juxtaposing both
the table issued from the frequency table suitably transformed, i.e. with general term
indicated by (1) and the quantitative table (every variable is centred and, generally,
standardized); second, giving to the rows the weights imposed by CA (i.e. {fi.; i =
1,. . . , I}); third, giving to the frequency columns the a priori weights induced by CA
{f.j ; j = 1, . . . , J} and to the quantitative columns the a priori weight 1. Those
weights are divided, in both cases, by the first eigenvalue issued from the separate
principal axes method applied to the corresponding table, denoted λJ

1 in the case of
CA (frequency table) and λK

1 in the case of Principal Component Analysis (PCA,
quantitative table). This overweighting standardizes to 1 the highest axial inertia of
each table (Escofier & Pagès, 1998, p. 132) and thus balances their influence on the first
global principal axis; and finally, in our data, there is only one quantitative variable;
this feature limits the separate PCA of the quantitative table, reduced to one column
in this case, to the only standardization of the score and to adopt λK

1 =1.

4 Results

We select the words used at least 50 times in all the judgements (in total, 961 different
words). The resulting multiple mixed table has 430 judgement-rows and 961 words-
column +1 quantitative column. The high value of the first eigenvalues (1.76, not far
from the maximum value which is 2; Escofier & Pagès, 1998, p.161) indicates that
the first principal component issued of MFA is an important dispersion axis that is
common to both the chronology and the vocabulary.
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FIGURE 1. Projection of the different years as supplementary categories on the first principal
plane issued from MFA.

Figure 1 shows the chronological trajectory; every year lies at the centroid of the
judgements published during it. This trajectory underlines that the vocabulary evolves
at different rates depending on the temporal period. Important vocabulary shifts are
detected between 1985 and 1991 on the first axis. Two main reasons account for this
shift: the renewal of the Supreme Court magistrates starting in 1985 as a result of
forced retirement of members older than 65 years-old, on the one hand, as well as
significant reforms in criminal legislation and its institutions during this period. The
word mapping, not represented here, shows that the vocabulary evolves from moral
arguments (at the beginning of the period), to neutral and technical arguments, looking
for evidence and worried about the defence wrights (during the last years). MFA
also allows for pointing out the judgements that show a deviation from the common
structure. Figure 2 presents the two judgements that present more discordance between
chronology and vocabulary. Judgement 207, published in 1989 is already technically
argued and gives a great importance to evidence and testimonies, while judgement 328,
written in 1993, turns back to arguments corresponding to the former years, linked to
moral considerations. In a similar way, the judge-redactors who show a great deviation
between period and vocabulary can be pointed out, which allows us to detect those
who lead the reform process.

5 Conclusions

The possibility of simultaneously taking into account quantitative information and text
offers interesting prospects in Text Mining, in particular in the case of legal studies.
Such a tool allows for studying the interconnections between texts and contextual data
and can be used with different perspectives.

Acknowledgments: Grant SEJ2005-00741/ECON and Grant SGR 00004/2005.
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FIGURE 2. Superposed representation of the two judgments showing more discordance betwe-
en vocabulary and chronology.
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Abstract: The non-PH Canonical Time Dependent Logistic (CTDL) survival regression
model is extended by incorporating a positive stable frailty component into the hazard func-
tion within the Bayesian framework. The resulting model is compared numerically with the
Weibull-positive stable frailty model, using data from a placebo controlled randomized trial
of gamma interferon in chronic granulotomous disease (CGD). Moreover, supremum bounds
of the ratio-of-uniforms (ROU) algorithm, used for sampling from complete conditional dis-
tributions, are obtained analytically thus yielding a more efficient form of the algorithm.
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1 Introduction

A flexible non-PH model is the Canonical Time-Dependent Logistic (CTDL) model
described by MacKenzie (1996). In our earlier work, the CTDL model was extended
to univariate and multivariate gamma frailty models within the frequentist framework
using a marginal Likelihood approach and its properties compared with the Weibull-
Gamma models analytically and numerically. It was revealed via an extensive simula-
tion study that the Weibull and Weibull-gamma models gave more precise results, in
terms of standard errors, than the CTDL and CTDL-gamma models. However, analy-
sis of real data revealed that the CTDL based models provided superior fits to the
data.
Allowance is made for a higher degree of heterogeneity among subjects by using infi-
nite variance frailty distributions than would be possible using finite variance frailty
(Qiou et al, 1999). A positive stable frailty has previously been mixed with PH models,
but never with non-PH basic models. Therefore, it was timely to develop a such a new
model for the multivariate shared frailty setting using the CTDL hazard as the basic
model and comparing its performance with that of the Weibull-positive stable frailty
model. Inference was carried out in a Bayesian framework, and bounds of components
necessary for the ratio-of-uniforms (ROU) algorithm for sampling from complete con-
ditional distributions were derived successfully, thus improving the efficiency of the
algorithm.

2 Positive stable frailty models

Let the random variable U denote unobservable individual frailties. Buckle (1995)
gives the joint density of n iid 4-parameter stable distributed rv’s by using the joint
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pdf of Ui and Y , f(ui, y|ω), from which the marginal density of Ui turns out to be the
stable pdf.

f(ui|ω) =
ω|ui|1/(ω−1)

|ω − 1|
∫ 1/2

−1/2

exp
[
−| ui

τω(y)
|ω/(ω−1)

]
| 1
τω(y)

|ω/(ω−1)dy (1)

where

τω(y) =
sin(πωy + ψω)

cosπy

[
cosπy

cos(π(ω − 1)y + ψω)

](ω−1)/ω

ω ∈ (0, 1), y ∈ (−1/2, 1/2) and ψω = min(ω, 2− ω)π/2.
The observed data for the jth time observation for the ith individual is (tij , δij , xij).
Let Dobs denote all such triplets. The unobserved data are the frailties u = (u1, ..., un),
so the complete data is D = (Dobs, u). Note that u is based on a vector of auxiliary
variables y = (y1, ..., yn) in equation (1). So given the data Dobs and the parameters of
interest, a likelihood and prior for parameters are needed so that a posterior density
may be obtained.

2.1 CTDL-positive stable frailty model

A non-PH CTDL regression model is defined by the hazard function

λ(t|x) = λ exp(tα + x′β)/{1 + exp(tα + x′β)} (2)

where λ > 0 is a scalar, α is a scalar measuring the effect of time and β is a p × 1
vector of regression parameters associated with fixed covariates x′ = (x1, . . . , xp). The
corresponding survival function is
S(t|x) = {(1+exp(tα+x′β))/(1+exp(x′β))}− λ

α . The observed data likelihood, which
is simply the marginal model once the frailty components have been integrated out,
is:

L(λ, α, β, ω|Dobs) =
n∏

i=1

∫ mi∏

j=1

{
uiλ exp(tijα + x

′
ijβ)

1 + exp(x′ijβ)

}δij

S(tij |xij)ui

× ω|ui|1/(ω−1)

|ω − 1|
∫ 1/2

−1/2

exp
[
−| ui

τω(yi)
|ω/(ω−1)

]

× | 1
τω(yi)

|ω/(ω−1)dyidui (3)

The posterior density, expressed in terms of the observed data likelihood and the joint
prior for the parameters is:

π(λ, α, β, ω|Dobs) ∝ L(λ, α, β, ω|Dobs)p(λ)p(α)p(β)p(ω) (4)

where π(·) denotes the posterior and p(·) the prior distribution. Note that indepen-
dence among all parameters is assumed.
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The integrals in equation (3) do not have a closed form, so instead the unknown para-
meter vector (λ, α, β, ω) is augmented with vectors u and y and MCMC methods are
used to obtain samples for (λ, α, β, ω, u, y).
Complete conditional distributions are needed for λ, α, β, ω, u and y from which the
corresponding samples are to be drawn; They are derived as being proportional to (4).
The choice of priors is given in table 1. All resulting complete conditional distributions
are of non-standard forms and we use ROU algorithm for generation of all quantities
apart from y and ω. We have developed a more efficient way of implementing the ROU
algorithm, namely deriving its components analytically instead of performing numer-
ical bisection. The detailed outline of the approach is too extensive to be re-produced
here and will be presented elsewhere.

The familiar Weibull regression distribution has the hazard and survival functions
given by λ(t|x) = λρ(tλ)ρ−1 exp(x′β) and S(t|x) = exp(−(tλ)ρex′β), respectively.
Model development follows in the same steps as for the CTDL model with MCMC
methods being used to obtain samples for (λ, ρ, β, ω, u, y).

3 Example Data Analysis

The models outlined above are now applied to a data set from a placebo controlled
randomized trial of gamma interferon in chronic granulotomous disease (CGD). Treat-
ment was given to each of the 128 patients at the first scheduled visit for that patient.
The data for each patient give the time to first and any recurrent serious infections.
For bivariate data, only information pertaining to first 3 records is needed from which
the gap times and censoring indicators are calculated. Only one factor, gender, is in-
cluded in the analysis.
Prior and hyperparameter specifications for the two models are given in table 1. Gibbs
sampler is used to generate samples from the derived complete conditional distribu-
tions; S-Plus (V4.5) was used for programming. 5000 iterations were taken as ”burn-in”
and a further 5000 iterations taken for inference purposes. Gelman and Rubin conver-
gence statistic for the parameters of the two models indicated successful convergence
for all parameters (table not shown). Posterior distributions are summarized in terms
of means and standard errors of each parameter in the two models in table 2. Gender
is significant in both models, its negative estimated effect meaning that females are at
a lower risk of being infected. Values ω = 0.751 in the CTDL case and ω = 0.622 in the
Weibull case correspond to a reasonable degree of dependence between times of each
patient (note that the value of 1(0) implies maximum dependence(independence)),
more so in the CTDL case.

4 Remarks and Future work

We have shown that the CTDL-positive stable frailty model confirmed a higher degree
of dependence between individual observations than the corresponding Weibull model.
Sensitivity to prior specifications for models considered here will be the subject of
future work. We have already developed the CTDL and Weibull models with gamma
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TABLE 1. Prior and Hyperparameter specifications
Parameter Prior Hyperparameter specifications

λweibull Gamma(γ, γ) γ = 0.001
λctdl

ρ Gamma(µ, µ) µ = 0.001

α Normal(ξ, ν) ξ = 0, ν = 1000

β Normal(ε, m) ε = 0, m = 1000

ω p(ω) = 1 0 < ω < 1

TABLE 2. Posterior Summary of Model Parameters
CTDL + Positive Stable Frailty

Parameter Posterior Mean Posterior S.E.

λctdl 0.236 0.017

α -0.097 0.032

β -0.098 0.039

ω 0.751 0.082

Weibull + Positive Stable Frailty
Parameter Posterior Mean Posterior S.E.

λweibull 0.058 0.015

ρ 1.342 0.321

β -0.073 0.021

ω 0.622 0.066

frailty in Bayesian framework and a comparison of these with their corresponding
“frequentist” counterparts will be the subject of future work.
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Abstract: Kappa is often adopted to demonstrate a ’sufficient’ level of calibration amongst
observers. Observer effects are then erroneously ignored in subsequent analyses. Multifaceted
RASCH analysis and multilevel modelling are employed to illustrate how observer effects
can be investigated and incorporated into the analysis. This situation arises commonly in
calibration exercises and is illustrated with data investigating observer effects in dental caries.
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1 Introduction

It is common in (health) research to calculate some measure of agreement. For the
case of categorical observations, Cohen’s Kappa statistic is frequently utilized. Kappa
can be expanded from the simplest case of a binary outcome with two observers,
to the situation of many categories and observers. Although documented (Feinstein
and Cicchetti, 1990), difficulties in the interpretation of Kappa are still not widely
appreciated. The ’standard’ hypothesis - that the agreement is better than expected
by chance alone - is erroneous. Rather, Kappa should be assessed for non-inferiority
to one. This requires typically very large sample sizes: with the minimum sample size
required being 250 pairs of observations, though typically the minimum number is at
least one order of magnitude greater than this (Blance and Gilthorpe, Submitted).
Further, the interpretation of Kappa depends on the study scenario. Kappa should
not be blindly assessed against a ’one size fits all’ criterion. Sample sizes required to
estimate Kappa robustly are rarely achievable and estimates of Kappa are usually
underpowered. Kappa values close to one are rarely achieved and research analyses
that subsequently ignore the observer effect may lead to erroneous conclusions being
drawn. This paper looks beyond the use of Kappa and considers two solutions to this
issue (1) Multifaceted RASCH modelling and (2) Multilevel modelling.

1.1 Example data

The following analyses draw on a dataset recording the carious status of 26 subjects,
each observed by 26 observers (clinical dentists). Data collection began once the 26
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observers were judged to be calibrated. The carious status (measured on a 10 point or-
dinal scale) of each surface (5), around each tooth (28) was recorded for all 26 subjects
by all 26 observers. Thus, each observer made 3640 observations (140 observations per
subject). All observations were recorded on a standard file.

2 Methods

2.1 Multifaceted RASCH analysis

The package ’RUMM2020’ (Rummlab, 1998) was used to fit the multifaceted RASCH
model (Rasch, 1960). The number of facets was 26 (number of observers). Each surface
was considered as an individual item, thus each of the 26 subjects had 140 items. A
suitable fit to the RASCH model was first sought. This necessitated collapsing some
of the categories where disordered thresholds existed. Once an acceptable fit to the
RASCH model was achieved, the observer effect (facet) was investigated.

2.2 Multilevel modelling

Multilevel modelling was first conducted using a two-level model, observer at the
lowest level (level 1) and surface at level 2 (Hox, 2002). The model allowed random
variation at both levels. Thus, the variation at level 1 is a measure of observer variation.
Subsequent extensions involved specifying three-level (subject, surface, observer) and
four-level models (subject, tooth, surface, observer). Neither extension provided further
insight into the observer variation, so the two-level model was adopted for simplicity.
All analyses were performed in MLwiN (Centre for Multilevel Modelling, 2007).

3 Results

It is illustrated that Kappa has issues pertaining to its calculation that lead to difficul-
ties in its interpretation. Pairwise agreement amongst the observers (measured using
Kappa) ranged from 0.41 to 0.80. It was clear that agreement was at best variable;
some pairs having very poor agreement. Further, investigation suggested that certain
pairs had (reasonable) agreement, suggesting possible ’traits’ amongst the observers.
Agreement was not sufficient to ignore observer effects. Multifaceted RASCH analysis
revealed several interesting features. In ranking the items in level of difficulty, it could
be seen that not all disagreements lay at the difficult end of the spectrum. A small
group of observers disagreed with the majority at the ’easier’ lower end. Observers di-
verged across the centre of the scale, where the majority of the observations happened
to lie. Multilevel modelling was successful in explicitly incorporating the observer ef-
fects into the model. Observer effects were substantial. The flexibility of this approach
is being exploited with further investigation currently been undertaken.
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4 Conclusions

The dataset analyzed is typical of calibration exercises and research involving more
than one observer. This work demonstrates the benefits of adopting alternative ap-
proaches to Kappa: observer effects should not be ignored as this can potentially lead
to erroneous conclusions being drawn; costly calibration exercises are not (always)
necessary.
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Abstract: In this paper we propose an a alternative asymmetric model to the usual skew
normal model proposed in Azzalini (1985). The main advantages of the alternative model are
the fact that it encompasses more general asymmetry data, that is, the asymmetry range is
wider than the one resulting for the skew normal and the Fisher information matrix is not
singular in situations where the asymmetry parameter is null. Estimation is developed by
using the maximum likelihood approach.
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1 Asymmetric models

The usual standard skew normal distribution defined by Azzalini (1985) presents a
density function given by

f(x) = 2φ(x)Φ(αx).

This model can be easily extended to location-scale, regression and multivariate set-
tings. It is also well known that it presents some inference difficulties. The maxi-
mization with respect to α can be infinity (all observations are negative or positive)
and it may be very large (likelihood unbounded) very often. The asymmetry range is
(-0.956,0.956), which can not capture all the asymmetry when data presents higher
degree of it. Further, information matrix is singular when α = 0. EM algorithm can be
tried but it also presents difficulties (see Arellano-Valle et al., 2005). A more general
family of models can be define by replacing φ and Φ above by any density g and any
distribution function G, ending up with the general family

f(x) = 2g(x)G(αx),

which can also be extended to location-scale, regression and multivariate settings.
By making use of this general representation, Nadarajah and Kotz (2003) introduced
several asymmetric models by taking g(.) as the density of the normal distribution and
G(.) as the distribution function of the normal, logistic, uniform and exponential power
distributions. We consider instead, g(.) as the density of the Student-t distribution and
G(.) as the distribution function of the normal distribution. More details related to
model properties are given in Gomez et al. (2007).
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2 The skew t-normal model

The main object of this paper is to consider the asymmetric model where g above is
the Student-t density with ν degrees of freedom and G is the distribution function
of the normal distribution. The location-scale representation of this model presents a
density function given by

f(x) = 2K(σ, ν)(1 +
(x− µ)2

νσ2
)−

ν+1
2 Φ(α

x− µ

σ
),

where k(σ, ν) is a constant depending on ν and σ.
By computing moments for this model, it can be shown that the asymmetry range
for the above model can be much wider than the one for the usual skew normal
distribution. We have shown that for 5 degrees of freedom, the range for the asymmetry
parameter is (-2.55,2.55), much wider than the corresponding one for the skew normal
models. Estimation is developed by using maximum likelihood, which can be done by
direct maximization using routines such as BFGS in Ox or by working with the EM
algorithm, which can be implemented by using the fact that the Student-t distribution
can be obtained as a mixture of the normal and chi-square distributions so that in
each step, the complete likelihood reduces to the likelihood corresponding to a skew
symmetric distribution (Arellano-Valle et al., 2005). It can also be shown that the
Fisher information matrix for the location-scale situation, with α = 0 is given by

IF (θ) =




ν+1
σ2(ν+3) 0 0 2

σ
√

2π
2ν

σ2(ν+3)
−2

σ(ν+1)(ν+3) 0
−h(ν)− ν−3

2ν2(ν+1)(ν+3) 0
2ν

π(ν−2)


 ,

where

h(ν) =
1
4

[
2
ν2

+
∂Ψ(ν+1

2 )
∂ν

− ∂Ψ(ν
2 )

∂ν

]
,

with Ψ(.) as the digamma function, implying that the Fisher information matrix is
not singular for ν finite. Hence, large sample confidence intervals can be constructed
by using the inverse of the Fisher information matrix evaluated at the maximum
likelihood estimators. Moreover, likelihood ratio statistics, Wald and score statistics
will have the usual chi-square asymptotic distribution, which can be used for model
comparison.
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Abstract: Agriculture practices linked to intensification processes have been identified as the
main forces driving biodiversity loss in European countries. Wetlands and associated biota
are among the ecosystems more affected by drainage and water use for intensive irrigation.
The Vega Baja valley region, in southeastern Spain, is a typical example of this irrigation
transformation. As a consequence, thousands of ponds have been constructed for drip irri-
gation and could play a important role as alternative or surplus habitat offer for wintering
waterbirds. We propose a Bayesian hierarchical model considering geographical situation, to
study the abundance and richness of waterbirds in a sample of the artificial ponds of the Vega
Baja valley.
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1 Introduction

The transfer of water from basins of surplus supply to those in deficit has become
an increasingly common answer to the redistribution of water. This is specially so in
arid and semi-arid areas where human activities largely rely on such water supplies
. The ecological impacts of such inter-basin water transfers include the introduction
of exotic species, the loss of biogeographical integrity, the alteration of hydrological
regimes, including marine and estuarine processes and water quality, among others.
Some of these impacts have been documented for the water transfer between Tajo
and Segura Rivers from central to southeastern Spain, including the transformation
of about 200000 ha of extensive agriculture into intensive irrigation crops.
The Vega Baja valley, in southeastern Spain, is an important agricultural production
area at EU and counts with important natural and seminatural wetlands and salines
with different international status because of their international importance for water-
bird conservation. Some of theses places are El Hondo, Salinas de Santa Pola, Salinas
de La Mata and Torrevieja, and Salinas de San Pedro. As a consequence of intensive
irrigation, thousands of artificial ponds have been constructed for drip irrigation. With
and adequate management and structural design, could play a role for some waterbird
species conservation, because they can be used as alternative or surplus habitat for
wintering waterbirds.
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Artificial ponds vary in size, construction materials and distance to natural or semi-
natural wetlands. The objective of this work is to determine wintering waterbirds use
of these agricultural facilities and to explore the effect of structural attributes and
geographical situation on pond performance as alternative habitat for waterbirds. Our
aim is to provide essential elements to the regional and European authorities in order
to conceal agricultural production with biodiversity conservation and management.

2 Description of Data

A sample of 204 ponds from the Vega Baja valley was obtained from a total of 3000
in the region. The censuses of birds was carried out during 2002, 2003, 2004 and 2005
winters by at least one observer using binoculars and scopes (Koskimies and Väisänen,
1991). Each pond was observed for 8 minutes and the number of different species was
identified and marked. The poor vegetation cover of the ponds and their small size
reduces the census error (Dawson, 1985). From this information it was obtained the
abundance and richness for each pond. These variables are usual in biodiversity studies.
The ponds were classified into two categories depending on their construction mate-
rials. One kind was built using low-density polyethylene (LDP) and was then covered
with sand and gravel to prevent from external aggressions. The other kind was con-
structed using high-density polyethylene (HDP) like PVC or other materials without
the cover. We used digitalized aerial photographs, and a geographic information sys-
tem to calculate the position and the size of the ponds and the distance to the closest
wetland.

3 Bayesian Spatio-Temporal Model

Statisticians are increasingly faced with the task of analyzing data that are temporal
and geographically referenced (Besag, York and Moillé, 1991, and Banerjee, Carlin,
Gelfand, 2004). Let NAVij and Eij be the observed and expected abundance of wa-
terbirds for pound i at year j, standardized by size of the pound and proximity to
the coast. Let TCi represent the construction material for pound i, with value 1 for
the HDP material (0 for LDP), and TDHi be the distance to the closest wetland for
pound i (in excess of the mean of all distances). Our spatio-temporal proposal links the
spatial and temporal components through an autoregressive model, in the following
way:

NAVij ∼ Poisson(EijRAij), i = 1, . . . , 204; j = 1, . . . , 4

where RAij stands for the relative abundance at each pound and time interval under
study. We define the log-relative abundance first time observed as:

log(RAi1) = Xiβ + temp1 + si1 + bi1

where Xi is the ith-row of the design matrix with columns (1, tci, tdhi, tci ∗ tdhi), β
is the vector of parameters, temp1 is the temporal effect first time observed, bi1 is the
vector of heterogenous random effects given by

bi,1 ∼ N(0, σ2
b(1)),
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and si1 is the vector of random spatial effects defined by:

S1 ∼ N(0, σ2
e(1)H(φ1)); (H(φe(1)))i,i′ = exp(−(φe(1)di,i′)κe(1)),

where di,i′ is the distance between pounds i and i′.
At successive time intervals we define the relative abundance as:

log(RAij) = Xiβ + tempj + sij + bij + ρ(si(j−1) + bi(j−1)), j = 2, . . . , 4

where
bi,j ∼ N(0, σ2

b(2)), j = 2, . . . , 4

Sj ∼ N(0, σ2
e(2)H(φj)); (H(φe(2)))i,i′ = exp(−(φe(2)di,i′)κe(2)), j = 2, . . . , 4

temp1:4 ∼ CAR(τt).

The quite noninformative hyperpriors are given by:

ρ ∼ Un(−1, 1); φj ∼ Un(0.00005, 0.1282), j = e(1), e(2)

β ∼ N(0, 10000); 1/σ2
k ∼ Ga(0.5, 0.005), k = e(1), e(2), b(1), b(2).

κj ∼ Un(0.05, 1.95), j = e(1), e(2).

We use Gelfand and Goshn criteria to select the best model. Table 1 shows the posterior
median and posterior credible interval with probability 0.95 for the parameters of this
model.

TABLE 1. Posterior summaries of selected model.

Parameter Median CR 0.95 Parameter Median CR 0.95
β0 -0.750 (-1.134 , -0.468) ρ 0.540 ( 0.419 , 0.655)
βtc -0.525 (-0.949 , -0.107) σ2

e(1) 3.095 ( 2.232 , 4.413)
βtdh -0.299 (-1.217 , 0.471) σ2

e(2) 2.113 ( 1.650 , 2.711)
βtc:tdh -0.404 (-1.681 , 1.081) temp1 0.026 (-0.144 , 0.209)
κe(1) 1.043 ( 0.092 , 1.909) temp2 0.025 (-0.076 , 0.175)
κe(2) 0.973 ( 0.212 , 1.899) temp3 0.001 (-0.114 , 0.130)
φe(1) 0.066 ( 0.014 , 0.125) temp1 -0.051 (-0.284 , 0.099)
φe(2) 0.083 ( 0.021 , 0.126)

4 Conclusions

• Spatial random effects are very important in terms of goodness of fit, and het-
erogenous random effects are non relevant in this model. Temporal random effects
decrease with the passing of the time.

• Abundance of waterbirds is higher for HPD construction and closeness to some
wetland.
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Abstract: We consider temporal smoothing at two different timescales within a composi-
tional analysis of water quality monitoring data. Our aims are (i) to account for autocorre-
lation to enable better estimation of the relationship between water quality and flow rates,
an important issue with changing weather patterns, and (ii) to disentangle between- and
within-day autocorrelation.
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1 Introduction

Motivated by the Water Framework Directive (WFD), there is an increasing level
of water quality monitoring in UK rivers. Deployment of continuous water quality
loggers in river catchments has provided data sets at very high temporal resolutions.
We consider a data set at 15-minute resolution, from a stream in a sub-catchment of
the River Feugh in north-east Scotland, collected over one year from October 2003
(see Tetzlaff et al., 2007).
Given (derived) readings on (Gran) alkalinity from stream water and similar readings
from samples of the different sources of the water, we can estimate the proportions of
each source present in each stream via the method of Brewer et al. (2005). By including
the recorded flow rate as a covariate in the model, we can assess the impact of flow
on the source fractions. This is an important consideration since changing patterns in
flow rate may be a consequence of climate change.
Since the data are now recorded at such a high frequency, it is especially important
to account for any temporal correlation. We would like to differentiate between very
short-term autocorrelation within the readings themselves and the slightly longer-
term “trend” of day-to-day variation. With this in mind, we consider introducing two
levels of random effects for temporal smoothing using random-walk priors. These both
represent RW(1) priors, but the day-to-day trends correspond to a set of random effects
using an index denoting the days; the short-term smoothing is the more standard
implementation described in the GeoBUGS manual (Thomas et al., 2004) connecting
the individual 15-minute time points.
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2 Compositional analysis

As our model has been introduced elsewhere (see Brewer et al., 2002, and Brewer et
al., 2005, for example), we provide only a brief description here. We assume there are
N sources, for which there are A markers. We have direct measurements of markers
for each source, denoted xi

j for j = 1, . . . , N with i = 1, . . . , nj samples from each
source, and where xj is a vector of length A. We assume multivariate normality of xj

with mean vectors µj and covariance matrices Σj , j = 1, . . . , N , hence

xi
j ∼ MVNA(µj , Σj), j = 1, . . . , N, i = 1, . . . , nj . (1)

Also, we have measurements on mixture (stream) samples, denoted similarly by zk for
k = 1, . . . , nz samples (zk being another A-vector).
Further, we assume that each mixture sample is comprised of a weighted combination
of latent draws from the source distributions at (1); we denote these latent quantities
by yk

j , and hence

yk
j ∼ MVNA(µj , Σj), j = 1, . . . , N, k = 1, . . . , nz;

in addition, the weights are the source proportions, and hence we can model the
mixture samples via

zk =
N∑

j=1

pk
j yk

j + εk, k = 1, . . . , nz;

where εk is an A-vector of measurement errors having zero mean (vector) and co-
variance Σε. To model the composition proportions pj , we use log-ratios (Aitchison,
1986) qk

j ≡ log(pk
j /pk

N ) for j = 1, . . . , N − 1, and the overall log-ratio composition
(N − 1)-vector qk is also assumed multivariate normal, with

qk ∼ MVNN−1 (µq, Σq) , k = 1, . . . , nz,

for the mean vector µq on the log-ratio scale, and covariance Σq.
We complete the model definition by defining appropriate diffuse priors: multivariate
normal for the mean vectors µ; and Wishart priors on the reciprocals of the covariance
matrices Σ. We make inferences on the model via Markov chain Monte Carlo methods
using the WinBUGS (Spiegelhalter et al., 2004) package.

3 Flow-Rate Covariate and Temporal Smoothing

The model as proposed permits extensions to, for example, the inclusion of covariates
and random effect terms. We have flow rate information in the form of a covariate v.
We also wish to include random effects; in our current context we account for temporal
autocorrelation with a standard Gaussian intrinsic autoregression Markov random field
(MRF) prior (Besag et al., 1991) which, for a vector of univariate random variables
u = (u1, u2, . . . , un)T , we define as

f (u | τ) ∝ exp
{
−τ

2

∑
(ui+1 − ui)

2
}
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where τ is a parameter controlling the level of smoothing. In fact, we define two such
terms—we allow random effects u to represent very short-term smoothing between the
15-minute readings, but we also create a dummy variable d (having values 1 to D)
to index the calendar days and define random effect w = (w1, w2, . . . , wD)T to model
smoothing over a longer time frame. Thus we allow the log-ratio means to vary by
observation:

µk
q = µ∗q + vkβ + uk + wd(k)

for k = 1, . . . , nz, where β is an (N − 1)-vector of parameters, d(k) is the day for
observation k and µ∗q is now the overall mean on the log-ratio scale. Finally, we redefine
the distribution for the log-ratios like so:

qk ∼ MVNN−1(µk
q , Σq).

4 Results

Figure 1 shows the fitted proportion of groundwater in the stream over time, which
unsurprisingly is strongly inversely related to the flow rate (first two plots). We also see
plots of the smoothed random effects; the longer-term daily trend shows, for example,
a gradual increase in groundwater proportion (on the log-ratio scale) from November
to July over and above the effect of flow. The RW(1) effects are effectively detrended
compared to results from fitting a similar model without the daily trend term; the
smoothing is not so evident here since there are over 35000 observations. The regression
coefficient for flow is estimated as 0.491 (95% interval [0.473, 0.509]) in the smoothing
model, interpreted as a factor increase of 1.63 in the ratio of groundwater to other water
per log l s−1 km−2; this compares with a figure of 1.296 (95% interval [1.283, 1.308],
and a factor increase per log l s−1 km−2 of 3.65) for a model not accounting for
autocorrelation. This difference highlights the need to use an appropriate model.

5 Further work

The model suggested here is rather simplistic, in that there will be “steps” in the
fitted proportions over time caused by the coarse-scale random effects for each day. Of
course, when data sets are large, as in this case, and when the relative movements of
the curve or surface are small, this will not be too much of a concern.
One way to resolve this problem might be to allow the RW(1) process to have a (much)
larger variance at the transitions between days; this might then allow the RW(1) values
at the transition to be further apart, helping to counteract the effect of the step.
Perhaps a neater way to solve the problem would be to fit a model such that the
daily random effects are modelled, but what feeds into the linear predictor is in fact a
interpolated version, avoiding the step directly. Our limited experiments in this regard
have proved promising, using the linear interpolation facility in WinBUGS. Sampling,
as one might expect, is very slow in such a model, but improvements appear possible
if we centre the RW(1) process on the interpolated version of the daily process. This
avoids steps, but of course a linear interpolation is still jagged. A smooth interpolation
would appear preferable, and this is especially true if the ideas here are to be translated
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FIGURE 1. From top to bottom, time series plots of: fitted groundwater proportions; log-flow
rate in log l s−1 km−2; smoothed daily trend from the RW(1) process on days; and the RW(1)
process on the 15-minute scale.

to the spatial rather than temporal domain. Kriging would seem to be the obvious
choice, and this will be the subject of future work.
Also of concern are issues such as coherence and identifiability. The latter is easily
corrected for if required by the use of appropriate constraints, whereas the issue of
coherence was addressed by De Iorio and Lavine (2005), who proposed an algorithm for
obtaining nearly-coherent MRFs at different scales. Future work will use a simulation
study to compare simple use of random effects at multiple scales with the algorithmic
approach of De Iorio and Lavine (2005).
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Abstract: This work shows an application of spatial data analysis techniques to the results
of the 2004 General Elections in the city of Barcelona. Specifically we study the relation-
ship between electoral participation rate and an economic capacity index computed by the
Barcelona city council.
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1 Introduction

In Political Science voting in elections is considered as the most relevant way of partic-
ipation in the political system (Anduiza and Bosch 2004). Therefore the participation
rate in a given election has deserved special attention by political scientist. Specialists
agree that the participation rate in different electoral districts is affected by social and
economic conditions of their inhabitants. Usually people in higher social classes tend
to vote more than people in lower classes, and economic capacity is also positively
correlated with participation. In order to establish such kind of relations based on
data, the geographic distribution of electoral districts has to be taken into account
because electoral behaviour, as well as other potential explanatory variables, can be
affected by spatial dependence.
In this work we analyze the electoral results corresponding to general elections held in
Spain in March 14th, 2004. We concentrate on the city of Barcelona, at level of Small
Research Zones (ZRP, from their initials in Catalan), an official division of the city in
248 areas with almost equal number of inhabitants. We study the relationship between
participation rate and an household economic capacity index (ICEF, from their initials
in Catalan) computed by the Barcelona city council. Data for both variables of interest
are available for the 248 areas. Spatial dependence is taken into account by using
regression models specifically designed for data with this kind of dependence.
In Section 2 we describe the data we are working with. Then a Spatial Lag Model is
fitted in Section 3. Conclusions are summarized in Section 4

2 Description of the data

We analyze the structure of spatial dependency of the two variables of interest: par-
ticipation rate and economic capacity (ICEF). The Exploratory Analysis is made with
GeoDATM , a free software for the analysis of data of areas (Anselin, 2003). Figure 1
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shows some of the results. Box-plot maps for both variables are included. They show
that hight values of both variables are concentrated in the upper part of the city and
in some center neighbourhoods. This was an expected result, based on the known
relationship between participation and social classes distribution, as well as on the
knowing of Barcelona idiosyncrasy.
The Moran’s index I, a global index of association, is calculated for both variables
and the Moran’s scatter-plots are shown in Figure 1 (see there the values of Moran’s
I). It is observed that there is a systematic variation in both Moran’s scatter-plots,
implying that both variables exhibit space autocorrelation.

3 Data modelling

The observed dependence between participation rate and economic capacity, including,
spatial dependence, can be modelled with a Spatial Lag Model (Anselin, 1988), also
known as spatial regression. The general form of the Spatial Lag Model is

y = ρWy + Xβ + ξ,

where y is the vector of observations on the dependent variable, W is a spatial weights
matrix that contains information on the neighborhood structure for each location, Wy
is the spatially lagged dependent variable for weights matrix W , X is the matrix of
observations on the explanatory variables, ξ is a vector of i.i.d. error terms, and ρ and
β are parameters.
In our case, y is the participation rate, X is the economic capacity index (ICEF) and
we define the spatial weights matrix W by Wi,j = 1 if and only if areas i and j are
neighbors. The model is fitted by maximum likelihood (assuming normality for the
error term ξ) using GeoDATM . The resulting estimated model is

PARTIC = 0.2412073 + 0.5922076 W_PARTIC + 0.0007057174 ICEF
(0.0401384) (0.0597108) (0.0001163594)

where standard errors of the estimated coefficients are indicated in brackets. The p-
values associated with the individual test of zero coefficients are lower than 1e-7. The
estimated residual standard deviation is 0.045619. The R-squared is 0.572901 for this
model.

4 Conclusions

We conclude that, in the city of Barcelona, participation rate is positively affected by
the economic capacity index. Spatial dependence of both variables of interest has been
detected and taken into account in the model fitted to the data.
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Participation rate

Household Economic Capacity Index (ICEF)

Variable Min. Q1 Median Mean Q3 Max.
Participation 0.33 0.74 0.79 0.76 0.81 0.87
ICEF 48.70 82.50 94.50 99.09 106.90 309.90
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FIGURE 1. Graphical and numerical description of variables Participation rate and Household
Economic Capacity Index (ICEF).
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Abstract: In the literature many papers state that long-memory time series models such as
Fractional Gaussian Noises (FGN) or Fractionally Integrated series (FI(d)) are empirically
indistinguishable from structural break, or regime switching, models. We address this issue
analyzing the Shihua Cave speleothems in China.
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1 Introduction

Many time series exhibit the property of statistical long memory, also known as long-
range dependence, strong dependence, global dependence, or the Hurst phenomenon.
While these types of series had occasionally been observed, they were brought to
prominence by Hurst (1951) who studied a large number of hydrological records and
reported long-memory to be pervasive in them. Mandelbrot and Wallis (1969) reported
long-memory in many geophysical records such as river flows, precipitation records,
mud varve sequences, tree-ring indices, earthquake frequencies and the solar sunspot
cycle. Subsequently long-memory has been reported in many diverse series.
Long memory series are characterized in the time domain by serial correlations which
decay at a hyperbolic rate, and in the frequency domain, by a power law spectrum,

P (f) ∝ fα, (1)

where the exponent α is the index representing the irregularity of the series. Any
model of long-memory time series must account for both the slow decay of the serial
correlation and the power law spectrum.
It is known that long memory and structural change are easily confused (Granger and
Hyung, 2004; Diebold and Inoue, 2001; Smith, 2005).
Distinguishing between long memory and structural breaks is difficult because their
finite sample properties are similar and so standard methodologies fail (Sibbertsen,
2004). Structural break detection and location techniques report breaks when only
long memory is present. Similarly, long memory measurement techniques report long
memory when only structural breaks are present even if the series is Markovian.
It is of interest to both theoreticians and practitioners to know the statistical properties
of procedures for detecting and quantifying long memory when only structural change
is present. Similarly, it is of interest to know the statistical properties of procedures
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for detecting and locating structural change when, in fact, there is only long memory.
The former problem has received considerable attention while the literature on the
latter problem is somewhat sparse, see Sibbertsen (2004) for a survey.
This paper addresses the latter problem by examining the statistical properties of the
“regimes” reported by of Atheoretical Regression Trees (ART) (Cappelli and Reale,
2005), a structural break technique, when ART was applied to a pure long memory
time series.

2 Method

In Section (3) we give details of our real data set for which we had obtained an estimate
of H and d. We simulated by computer up to 10,000 FGN and FI(d) series for the
length and value of H and d as estimated for our example data set. The standard
deviation was standardized so the series standard deviation was one in all cases. We
broke these simulated long memory series into “regimes” using Atheoretical Regression
Trees (ART) (see the appendix for a sketched description of ART). For each “regime”
we estimated the length, mean, standard deviation, skewness, kurtosis, normality by
the Jarque-Bera test, linear trend, H using the Whittle estimator, and the AR order.
In addition, for the whole series we estimated H, the number of breaks detected by
ART and the CUSUM range.
We obtained empirical (usually bivariate) distributions of the above quantities (e.g.
regime length against standard deviation). We then compared the (usually bivariate)
distribution obtained from the simulated series with the real data set to see if the real
data set also resembled incorrectly analysed FGN or FI(d) processes.
For the real data set the whole series, the regimes and sometimes aggregations of the
regimes discovered by ART were subjected to the Beran (1992) goodness-of-fit test
for time series with long-range dependence. We used the Beran test using functions
implemented in the R package longmemo.
The structural break method we used, ART, breaks the series into regimes based on
local changes in the levels. There is no a priori reason to suspect that any other
statistical property of the regimes should change with the level in an H-self-similar
series.

3 Modeling the Shihua Cave Speleothems

Shihua Cave Speleothems are is a set of thicknesses (in microns) of the annual layers
of a stalagmite from Shihua Cave, Beijing, China. It covers a 2650-year period from
665BC to 1985AD (Tan et al., 2001). Figure (1) presents the raw data and a log
transform together with the ART breaks. The dates are in years before present.
We obtained H = 0.830 for the FGN and d = 0.319 for an FI(d). Beran’s goodness-
of-fit test showed the FGN model provided an adequate fit to the data (p = 0.15).
The results for the Shihua Cave are presented in Figure (3). The “S”-symbols are the
H estimates for each of the Shihua Cave regimes. The percent interval (PI) lines were
obtained empirically from 10,000 simulated series by taking vertical cuts through the
data at intervals of 100. The dots represent data points obtained from one-tenth of the
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FIGURE 1. Plot of Shihua Cave speleothem data with breaks discovered by ART.

simulated FGN series. This gives a visual presentation of the distribution of regime
lengths (the horizontal axis) and the H values (the vertical axis) of the regimes.
ART found 13 breaks giving 14 regimes. Of the 14 regimes three estimates of H for
that regime lies outside the 95% PI.
For a null hypothesis of H constant for the series we can conservatively estimate the
p-value by assuming the H-estimates are binomially distributed. The probability of
obtaining at least three points outside the 95% PI is thus

1−
2∑

i=0

(
14
i

)
0.9514−i0.05i.

We obtain p < 0.004.
We subjected each regime to Beran’s goodness-of-fit test. The second to last regime
(2271-2506BP) is statistically significantly different from an FGN with the value of H
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FIGURE 2. Empirical distribution and percentage intervals of H estimates against regime
length for FGNs with H=0.83. “S” indicates a Shihua Cave data point.

estimated from either the whole series or the regime using the Whittle estimator. We
obtain p = 0.007 for H estimated from the regime and p = 0.0001 for H estimated
from the series.
It seems unreasonable to claim that single value of the H parameter characterizes the
long memory properties of this series. This suggests the series is not H-self-similar.

4 Appendix: Atheoretical Regression Trees

Regression trees are now a well established non parametric modelling tool.
Let (Y, X) be a random vector, with Y ∈ R and X ∈ Rp, regression trees seek a
function f(X), for predicting the response variable Y given values of the predictor
variables X. The choice of the mean squared error E(Y − f(X))2 as error function
of the predictor f(X) leads to least square regression trees (LSRT) in which f(X) is
the conditional expectation E(Y |X = x). Thus, LSRT fit to each tree node the group
mean, i.e. the mean of the Y ’s values falling into the node, because this represents
the optimal (or Bayes) prediction minimizing the mean squared error (for a complete
discussion on this issue see Breiman et al., 1984 Chap.9)., Based on a training set
(yi, xi1, . . . , xip)n

i=1, the algorithm proceeds by recursively splitting the data into two
subsets. Any split is a binary question of the form: ’Is xj ∈ A?’, so that, in the case of a
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numeric predictor variable, the set of possible splits includes all questions: Is xj ≤ c?,
for c ranging over the domain of xj . The split induces a partition of the observations
yi: the left descendant nodes hl satisfying {xij ≤ c} and the right descendant node
hr satisfying {xij > c}., Thus, at any node h the algorithm selects the split s which
maximally distinguishes the response variable in the left and the right descendant
nodes providing the highest reduction in deviance

SS(h)− [SS(hl) + SS(hr)] (2)

where SS(h) =
∑

yi∈h(yi − ȳ(h))2, (i = 1, . . . , n), is the sum of squares for node h,
and SS(hl) and SS(hr) are the sums of squares for the left and right descendants,
respectively. As hl and hr are an exhaustive partition of h and SS(h) can be thought
of as the sum of squares at node h. The splitting criterion consists of minimizing, over
all binary partitions of h, the within-group sum of squares:

WSSy|s(h) = [SS(hl) + SS(hr)]. (3)

Apart from having the advantage of being non parametric, LSRT is competitive when
compared to linear regression. With a often a better performance in non linear prob-
lems while has a tendency to underperform in the presence of a good linear structure.
The tree structure also may reveal patterns in the analysis that would not be so obvious
with linear regression.
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1 Introduction

The search of quantitative trait loci (QTL)—genes that control the variability of quan-
titative traits, has become an active area of research in genetics. Genetic studies often
use families and that means that the individual observations are not independent. A
way of circumvent this difficulty is to use mixed-effect models—usually called variance
component models in genetics. These models allow to specify the correlations between
individuals due to their genetic similarities.
The GAIT Project started in 1995 with the goal of finding new genes related to
Thrombosis. In this paper we describe the basic variance component genetic linkage
model and we present its application to analyze the APTT trait in the GAIT Project.

2 Variance Component-Based Linkage Model

Modelling the trait

Let the measure of a quantitative trait for the ith individual, yi , be modelled as a
combination of fixed and random effects as shown in Equation 1.

yi = µ +
p∑

k=1

βkxik + qj + g + e (1)

The fixed effects are represented by the βx terms. The random effects are: the effect
of QTL j (qj), the average effect of the remaining genetic contributions (g), and the
environmental residual effects (e). We assume that qj , g and e are uncorrelated random
variables with expectation zero, so that the variance of yi is:
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σ2
yi = σ2

qj + σ2
g + σ2

e (2)

Following the classical quantitative genetics formulation developed by Fisher (1918)
the expected phenotypic covariance among the members of a family can be represented
in matrix form as follows:

Ω = Π̂jσ
2
qj + 2Φσ2

g + Iσ2
e (3)

where Π̂j is a matrix whose elements π̂jkl are the ibd coefficients between individuals
k and l—a measure of its genetic similarity at locus j; 2Φ is the kinship coefficient—a
measure of the average genetic similarity between individuals; and I is the identity
matrix. Matrix 2Φ is determined by the familiar relationships between pairs of indi-
viduals, while matrix Π̂j is estimated by using DNA markers at the specific genomic
location j, as described in Almasy and Blangero (1998).

Maximum likelihood estimation

If multivariate normality of the trait vector for a family (y) is assumed, the likelihood
of any family can be expressed easily, and standard numerical methods can be used
to estimate the model parameters. For the covariance model in Equation 3, the log-
likelihood of a family of t individuals is:

ln L(µ, β1, · · · , βp, σ
2
q , σ2

g , σ2
e |y) = − t

2
ln(2π)− 1

2
ln |Ω| − 1

2
∆′Ω−1∆ (4)

where ∆ = y − µ− βx

The likelihood ratio statistic and the lod score

In the variance component model, the null hypothesis that the genetic variance due
to the j-th QTL is zero (i.e., that there is no linkage at genomic location j) can be
tested by using the likelihood ratio statistic:

Λ = 2
[
ln L(θ̂)− ln L(θ̃)

]
(5)

where L(θ̂) is the likelihood under the alternative hypothesis of linkage and L(θ̃) is
the likelihood under the null hypothesis of linkage.
The difference between the two log10 likelihood yields a lod score that is equivalent to
the classical lod score in linkage analysis, widely used by geneticist. That is,

LOD = log10

L(θ̂)
L(θ̃)

= log10 L(θ̂)− log10 L(θ̃) =
Λ

2 ln 10
(6)

In our test, the value of the parameter under the null is on the boundary of the
parameter space defined by the alternative hypothesis. This is a nonstandard condition,
and thus the test is distributed as a 1/2 : 1/2 mixture of a chi-square distribution with
one degree of freedom ( χ2

1 ) and a unit point mass at the origin ( χ2
0 ), rather than

a simple χ2 with one degree of freedom (Self and Liang 1987). However, for the fixed
effects, the likelihood ratio statistic fits the standard conditions.
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FIGURE 1. Genome-wide linkage result for the APTT trait in the GAIT sample. The lod
score is represented along the whole genome. The vertical lines divide the chromosomes. The
horizontal line indicates the significance threshold level.

The genome-wide scan strategy

The model described above tests the relation between the trait and the specific genomic
location j. As we do not know where the real QTL is located, we have to perform a
search along the whole genome. The genome-wide strategy consists of repeating the
linkage model described above for 500 different genomic locations. Since 500 tests are
performed, a genome-wide p-value of 0.05 will be equivalent to a p-value of 0.0001 in
every individual test. This p-value corresponds to a lod score of 3.

Software

The software SOLAR (Almasy and Blangero 1998) has been used to perform all of the
calculations.

3 Example: The GAIT Project

The GAIT Project has been extensively described in previous publications (Souto
et al., 2000). The sample consists of 398 individuals in 21 extended Spanish families
composed of 3 to 5 generations. Subjects were genotyped for a genome-wide scan
including 500 DNA markers that were used to estimate the ibd coefficients of every pair
of individuals at every location along the genome. Moreover, more that 50 quantitative
traits were measured in the entire GAIT sample. In this paper we present the analysis
of the APTT trait, a measure of coagulation time that has been related with the risk
of thrombosis (Tripodi et al., 2004).

Analysis of the APTT trait

The APTT trait follows a normal distribution in our sample. We tried sex, age, smoking
behavior and contraceptive use as fixed effects, but only age was significant (p =
2E − 7). Figure 1 shows the genome-wide linkage result. There are two significant lod
scores, suggesting linkage on chromosomes 2 and 8, and an almost significant lod score
on chromosome 5.
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4 Conclusions

The variance-component framework is a flexible way of modelling quantitative traits
in families. It allows to test the significance of fixed effects as well as to perform genetic
linkage analysis in the search of QTL involved in complex human diseases.
In our example, the analysis of the variability of APTT, we found two significant QTL
on chromosomes 2 and 8. That means that there are genes in these genomic areas that
affect this trait. The next step in our research will be to identify the specific genes and
to determine if they affect the risk of thrombosis.
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1 Introduction

In some practical situations, such as in communication networks, the data coming
from measurements devices or sensors may be randomly delayed due to heavy network
traffic, so the measurements available of a signal may not be up-to-date. In the last
years, the state estimation problem for system models with randomly time-varying
delays has been widely investigated. Among others, Yaz and Ray (1998) approached
the state estimation problem in a model involving randomly varying bounded sensor
delays reformulating it as an estimation problem in systems with stochastic parame-
ters. Nakamori et al. (2005) studied the least-squares (LS) linear estimation problem
from observations with stochastic delays assuming that the state-space model is not
completely known but using only covariance information. These papers solve situa-
tions in which there is random sensor delays, but all the sensors have the same delay
characteristics. Recently, Hounkpevi and Yaz (2007) have generalized this situation by
considering multiple delayed sensors with different delay characteristics. In this paper,
this general situation is considered and the LS linear estimation problem is addressed
assuming that the state-space model of the signal to be estimated is not known and
only covariance information is available.
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2 Observation model and problem statement

Consider m scalar sensors whose real measurements, ỹi
k, of the signal, zk, are perturbed

by additive noise vectors vi
k; that is,

ỹi
k = Hi

kzk + vi
k, k ≥ 1, i = 1, . . . ,m. (1)

We assume that at time k = 1 the real measurements, ỹi
1, are always available for

the estimation, but at each time k > 1, the available measurement coming from each
sensor may be randomly delayed by one sampling time, independently of the others,
according to different delay characteristic, and that a delay at time k is independent of
a delay at time s. Therefore, if {γi

k; k > 1}, i = 1, . . . , m, denote mutually independent
sequences of independent Bernoulli random variables, the available measurement of the
ith sensor, yi

k, is described by

yi
k = (1− γi

k)ỹi
k + γi

kỹi
k−1, k > 1; yi

1 = ỹi
1, i = 1, . . . , m. (2)

The following hypotheses about the processes involved in (2) are assumed:

(I) {zk; k ≥ 1} has zero mean and factorizable covariance function Kz
k,s =E[zkzT

s ]=
AkBT

s , s≤k, with Ak and Bs known n×M matrices.

(II) For i = 1, . . . ,m, the sensor noises, {vi
k; k ≥ 1}, are zero-mean white sequences

with known variances V ar[vi
k] = Ri

k, ∀k ≥ 1.

(III) For i = 1, . . . ,m, {γi
k; k > 1} are sequences of independent Bernoulli random

variables with known probabilities, P
[
γi

k = 1
]

= pi
k, ∀k > 1.

(IV) The signal process, {zk; k ≥ 1}, and the noise processes, {vi
k; k ≥ 1} and

{γi
k; k > 1}, for i = 1, . . . ,m, are mutually independent.

To simplify the notation, we rewrite (1) and (2) as follows:

ỹk = Hkzk + Vk, k ≥ 1,
yk = (Im − Γk)ỹk + Γkỹk−1, k > 1; y1 = ỹ1,

(3)

where ỹk =
(
ỹ1

k, . . . , ỹm
k

)T , Hk =
(
(H1

k)T , . . . , (Hm
k )T

)T , Vk =
(
v1

k, . . . , vm
k

)T , yk =(
y1

k, . . . , ym
k

)T , Γk = Diag
(
γ1

k, . . . , γm
k

)
and Im is the m×m identity matrix.

Clearly from hypotheses (II)-(IV), the following properties hold:

(i) {Vk; k ≥ 1} is a zero-mean white sequence with variance E[VkV T
k ] = Rk, where

Rk = Diag
(
R1

k, . . . , Rm
k

)
.

(ii) The matrices {Γk; k ≥ 1} are independent and E[Γk] = Pk, with
Pk = Diag

(
p1

k, . . . , pm
k

)
.

(iii) {zk; k ≥ 1}, {Vk; k ≥ 1} and {Γk; k > 1} are mutually independent.
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3 Linear LS estimation problem

Our aim is to address the LS linear estimation problem of the signal, zk, based on the
randomly delayed observations {y1, . . . , yL} given in (3); more specifically, recursive
algorithms for the filtering (L = k), fixed-point (k fixed and L > k) and fixed-interval
(L fixed and k < L) smoothing problems will be derived by an innovation approach.
Starting from the following general expression for the linear LS estimator of the signal,
obtained from the Orthogonal Projection Lemma,

ẑk/L =
L∑

j=1

Sk,jΠ−1
j νj

with νj the innovation at time j, Πj = E[νjν
T
j ] and Sk,j = E[zkνT

j ], the following
algorithms for the filter and the smoothers are derived.

Filter: ẑk/k = AkOk, k ≥ 1, with Ok given by

Ok = Ok−1 + JkΠ−1
k νk, k ≥ 1; O0 = 0,

and the matrix Jk, the innovation νk and its covariance matrix Πk, by

Jk = GT
Bk
− rk−1G

T
Ak
− Jk−1Π−1

k−1Fk−1, k ≥ 2; J1 = BT
1 HT

1 ,

νk = yk −GAk
Ok−1 − Fk−1Π−1

k−1νk−1, k ≥ 2; ν1 = y1,

Πk = (Im − Pk)
[
HkAkBT

k HT
k + Rk

]
+ Pk

[
Hk−1Ak−1B

T
k−1H

T
k−1 + Rk−1

]

−GAk

[
GT

Bk
− Jk

]− Fk−1Π−1
k−1 [GAk

Jk−1 + Fk−1]
T

, k ≥ 2;
Π1 = H1A1B

T
1 HT

1 + R1

with rk = E[OkOT
k ] recursively obtained from

rk = rk−1 + JkΠ−1
k JT

k , k ≥ 1; r0 = 0.

The matrices GAk
, GBk

and Fk−1 are given by

GAk
= (Im − Pk)HkAk + PkHk−1Ak−1,

GBk
= (Im − Pk)HkBk + PkHk−1Bk−1

Fk−1 = Pk(Im − Pk−1)Rk−1, k > 2; F1 = P2R1.

Fixed-point smoother: ẑk/L = ẑk/L−1 + Sk,LΠ−1
L νL, L > k,

with initial condition given by the filter, ẑk/k, and

Sk,L = (Bk − Ek,L−1)GT
AL
− Sk,L−1Π−1

L−1FL−1, L > k; Sk,k = AkJk,

where the matrices Ek,L satisfy the following recursive formula

Ek,L = Ek,L−1 + Sk,LΠ−1
L JT

L , L > k; Ek,k = Akrk

with ΠL, νL, GAL , FL, JL and rL given in the filtering algorithm.
Fixed-interval smoother: ẑk/L = ẑk/k + Υkqk/L, k < L,
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where the vectors qk/L are backward recursively obtained from

qk/L = Ξk+1

(
qk+1/L

Π−1
k+1νk+1

)
, k < L; qL/L = 0.

and the matrices Υk and Ξk are calculated as

Υk =
(
Bk −Akrk

∣∣∣ −AkJk

)

Ξk =
(

IM −GT
Ak

Π−1
k JT

k −GT
Ak

GT
Ak

−Π−1
k−1Fk−1Π−1

k JT
k −Π−1

k−1Fk−1 Π−1
k−1Fk−1

)

with ΠL, νL, rL, JL, GAL
and FL given in the filtering algorithm.

The precision of the LS estimators is measured by the covariance matrices of the
corresponding estimation errors, Σk/L = E

[{
zk − ẑk/L

}{
zk − ẑk/L

}T
]
, which, for

the problems at hand, are calculated as follows:

• Filtering: Σk/k = AkBT
k −AkrkAT

k , k ≥ 1.

• Fixed-point smoothing: Σk/L = Σk/L−1 − Sk,LΠ−1
L ST

k,L, L > k,

with initial condition Σk/k.

• Fixed-interval smoothing: Σk/L = Σk/k −ΥkQk/LΥT
k , k < L,

where Qk/L = E[qk/LqT
k/L] satisfies the following recursive relation

Q k/L = Ξk+1

(
Qk+1/L 0

0 Π−1
k+1

)
ΞT

k+1, k < L; QL/L = 0.
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Abstract: The least-squares linear estimation problem of a discrete-time signal from noisy
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Bernoulli variables which are correlated when the difference between sampling times is equal
to a certain value m. Recursive filtering and fixed-point smoothing algorithms are obtained
using an innovation approach.
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1 Introduction

There are many practical situations in which the signal appears in the observation in
a random manner, for instance, systems where there are intermittent failures in the
observation mechanism; in this paper the problem of estimating a signal from noisy
observations in which the signal can be randomly missing is considered. To describe
this uncertainty, the observation equation, with the usual additive noise, is formulated
by multiplying the signal, at any sampling time, by a Bernoulli random variable; the
value one of this variable indicates that the signal is present in the observation, whereas
the value zero reflects the fact that it is missing.
In some cases, the variables modelling the uncertainty in the observations can be
assumed to be independent and, then, their distribution is fully determined by the
probability that each observation contains the signal. A different situation, in which
the Bernoulli variables are correlated at consecutive instants, is considered by Jackson
and Murthy (1976) who, using a state-space approach, derived a least-squares linear
filtering algorithm.
On the other hand, in some situations, the state-space model of the signal is not
available and another type of information must be used to address the estimation
problem. In the last years, the estimation problem from uncertain observations has
been investigated using covariance information and algorithms with a simpler structure
than those obtained when the state-space model is known have been derived for the
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filtering and fixed-point smoothing problems (see Nakamori et al. (2003) when the
uncertainty is modelled by independent random variables and Nakamori et al. (2005),
for the model considered by Jackson and Murthy (1976)).
In this paper, we consider the situation of unknown state-space model and covariance
information is used; the aim is to obtain least-squares linear estimators using uncertain
observations when the uncertainty in a time instant k depends only on the uncertainty
in the previous time k − m; this correlation structure, which allows us to consider
certain models where the signal cannot be missing in m + 1 consecutive observations,
is more general than that considered in Nakamori et al. (2005) and, consequently, the
algorithms proposed in this paper generalize those of the latter.

2 Observation model and estimation problem

Consider that, at each time k ≥ 1, the observation, yk, of the n-dimensional random
signal, zk, is described by

yk = θkzk + vk, k ≥ 1 (1)

where the involved processes satisfy the following hypotheses:
(H1) {zk; k ≥ 1} has zero mean and separable autocovariance function, Kz

k,s =
E[zkzT

s ] = AkBT
s , s ≤ k, where Ak and Bs are n×M matrices.

(H2) {vk; k ≥ 1} is a zero-mean white sequence with E[vkvT
k ] = Rk.

(H3) {θk; k ≥ 1} is a sequence of Bernoulli variables with P [θk = 1] = θk, and its
autocovariance function, Kθ

k,s = E[(θk − θk)(θs − θs)], vanishes for |k − s| 6= 0,m but
it can be nonzero for |k − s| = m.
(H4) {zk; k ≥ 1}, {vk; k ≥ 1} and {θk; k ≥ 1} are mutually independent.

The purpose is to address the least-squares (LS) linear estimation problem of the signal
zk based on the available observations up to a certain time L; specifically, our aim is
to obtain the filter, ẑk/k, and the smoother ẑk/k+l, at the fixed point k, for any l ≥ 1,
from recursive algorithms. For this purpose we use an innovation approach.
The innovation at time k is defined as the difference between the observation at time
k and its one-stage predictor, νk = yk − ŷk/k−1. Since the LS linear estimator of zk

based on the observations {y1, . . . , yL} is equal to the LS linear estimator based on
the innovations {ν1, . . . , νL} , the estimation problem will be approached by replacing
the observation process by the innovation one. Then, by denoting Πi = E[νiν

T
i ] and

Sk,i = E[zkνT
i ], from the Orthogonal Projection Lemma (OPL), it is easy to see that

ẑk/L =
L∑

i=1

Sk,iΠ−1
i νi. (2)

3 Filter and fixed-point smoother

In view of expression (2), the first step to obtain the linear filter and fixed-point
smoother is to establish an explicit formula for the innovations; then recursive filtering
and fixed-point smoothing algorithms are easily derived.
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3.1 Innovations: νk = yk − ŷk/k−1

As in (2), noting Tk,i = E[ykνT
i ], the OPL leads to the following expression for the

observation predictor:

ŷk/k−1 =
k−1∑

i=1

Tk,iΠ−1
i νi, k ≥ 2; ŷ1/0 = 0. (3)

From hypotheses (H1)-(H4), and since Kθ
k,i = δi,k−mKθ

k,k−m, by denoting Kθ
k,k−m = 0

for k ≤ m, we obtain that

Tk,i = θkAkJi + Kθ
k,k−mAkBT

k−mΨk,i

where

Ji = θiB
T
i −

i−1∑

j=1

JjΠ−1
j TT

i,j and Ψk,i =





δi,k−mIn, i ≤ k −m,

−
i−1∑

j=k−m

Ψk,jΠ−1
j TT

i,j , i > k −m.

Now, by substituting Tk,i in (3) and denoting Ok =
∑k

i=1 JiΠ−1
i νi, we have

νk = yk − θkAkOk−1 −Kθ
k,k−mAkBT

k−m

k−1∑

i=k−m

Ψk,iΠ−1
i νi, k ≥ 1. (4)

3.2 Linear filtering algorithm

The linear filter, ẑk/k, of the signal zk is given by

ẑk/k = AkOk, k ≥ 1,

where the vectors Ok are recursively calculated from

Ok = Ok−1 + JkΠ−1
k νk, k ≥ 1; O0 = 0.

The innovation νk is given in (4) and the matrix Jk satisfies

Jk = θk[BT
k − rk−1A

T
k ]−Kθ

k,k−m

k−1∑

i=k−m

JiΠ−1
i ΨT

k,iBk−mAT
k

with rk = E[OkOT
k ] being recursively obtained from

rk = rk−1 + JkΠ−1
k JT

k , k ≥ 1; r0 = 0,
and

Ψk,i =





δi,k−mIn, i ≤ k −m,

−
i−1∑

j=k−m

Ψk,jΠ−1
j

[
θiAiJj + Kθ

i,i−mAiB
T
i−mΨi,j

]T
, i > k −m.

The innovation covariance matrix, Πk, verifies

Πk = θk(1− θk)AkBT
k + Rk + θkAkJk + Kθ

k,k−mAkBT
k−mΨk,k.
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3.3 Linear fixed-point smoothing algorithm

By starting from the filter, ẑk/k, the fixed-point smoothers, ẑk/k+l, l ≥ 1, are recur-
sively obtained by

ẑk/k+l = ẑk/k+l−1 + Sk,k+lΠ−1
k+lνk+l, k, l ≥ 1,

where
Sk,k+l =[Bk−Ek,k+l−1]θk+lA

T
k+l −Kθ

k+l,k+l−m

k+l−1∑

i=k+l−m

Sk,iΠ−1
i ΨT

k+l,iBk+l−mAT
k+l

with Sk,i = AkJi, for i ≤ k, and Ek,k+l = E[zkOT
k+l] satisfying

Ek,k+l = Ek,k+l−1 + Sk,k+lΠ−1
k+lJ

T
k+l, l > 1; Ek,k = Akrk.

3.4 Error covariance matrices

The LS method uses the estimation error covariance matrices, Pk/L =E[(zk−ẑk/L)(zk−
ẑk/L)T ], to measure the goodness of the estimators. From the OPL and taking into
account hypothesis (H1), it is easy to verify that Pk/L = AkBT

k − E[ẑk/LẑT
k/L].

Now, using the recursive relation for ẑk/k+l and the uncorrelation property between
νk+l and ẑk/k+l−1, we obtain

Pk,k+l = Pk,k+l−1 − Sk,k+lΠ−1
k+lS

T
k,k+l, k, l ≥ 1.

The initial condition of this relation is Pk/k, the filtering error covariance matrix which,
since ẑk/k = AkOk and rk = E[OkOT

k ], satisfies

Pk/k = Ak

[
BT

k − rkAT
k

]
, k ≥ 1.
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Abstract: Digit preference is a typical example of indirect observations of a latent distrib-
ution. A variation on the composite link model is a useful framework to uncover such latent
distributions and it allows to estimate the proportions of counts that were transferred to
neighbouring digits. We impose smoothness assumptions on the latent distribution since the
estimating equations generally are singular or severely ill-conditioned. To estimate the misre-
ported proportions we use a weighted least-squares regression with an added L1-penalty. The
optimal smoothing parameters are found by minimizing the AIC. A simulation study and an
actual application are presented.
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1 Introduction

When people read analog scales or report numeric results from memory, a commonly
found effect is that certain preferred end-digits are reported substantially more of-
ten than the general pattern of the distribution suggests. These digits are typically
multiples of 5 and 10, possibly combined with tendencies to avoid certain unpleasant
numbers like, e.g., 13. This type of misreporting leads to unusual heapings at the pre-
ferred digits and the observed data actually present a biased, though well understood
image of the true distribution. This tendency is called digit preference or age heaping,
if the reported numbers refer to ages.

2 The Composite Link Model

The digit preference problem can be viewed as an inverse problem where the actually
observed values are linear compositions of a latent sequence representing the true
distribution. This sequence is to be estimated and the composition pattern reveals the
amount of misreporting. The composite link model (CLM), proposed by Thompson
and Baker (1981), provides an elegant framework for modelling indirect observations
of counts.
We assume a smooth discrete sequence γ = exp(Xβ), with β smooth. The elements
γj , j = 1, . . . , J are the counts that would be expected, if there were no digit pref-
erences. However, the mechanism that actually generates observations operates by
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linearly composing the values in γ to a vector µ = Cγ. The observed counts y are
realizations from Poisson variables with E(y) = µ.
The composition matrix C embodies the digit preference mechanism by partly redis-
tributing certain elements of γ to neighbouring, preferred values in µ. Generalizing
Eilers and Borgdorff (2004), we allow that counts at any digit can be redistributed to
the immediate neighbouring categories and we will estimate the misreporting pattern
along with the latent smooth distribution γ. Therefore we obtain the J×J composition
matrix C:

C =




1− p21 p12 0 0 0

p21 1− p12 − p32 p23 · · · ...

0 p32 1− p23 − p43 p34

...

0 0 p43
. . . 0

...
...

...
. . . pJ−1,J

0 · · · · · · 0 1− pJ−1,J




(1)

where pjk denote the proportion of γk that is moved from category k to category j.
Allowing only one-step transitions implies that pjk = 0 for |j − k| > 1.

3 Estimating the CLM and the preference pattern

In case of no digit preference we would be able to directly observe counts zj , j =
1, . . . , J , following a Poisson distribution with mean γj .
Since in our applications the only covariate is the sequence of age- or measurement-
values, the matrix X will simply be the identity matrix, i.e. γj = exp{βj}. Estimates
of β in this generalized linear model (GLM) would be obtained by the iteratively
reweighted least squares (IRWLS) algorithm. If we, however, do not observe z, but
realizations of the composed counts y ∼ Poisson(µ), with µ = E(y) = Cγ, or µi =∑

j cijγj , i = 1, . . . J , we can easily adapt the IRWLS-scheme.
By defining x̆ik =

∑
j cijxjkγj/µi, the system of equations becomes, in matrix nota-

tion,
X̆ ′W̃ X̆β = X̆ ′W̃ {W̃−1(y − µ̃) + X̆β̃} , (2)

where W̃ = diag(µ̃). A detailed derivation of (2) can be found in Eilers (2007).
Both in GLMs and CLMs we can force the solution vector β to be smooth by sub-
tracting a roughness penalty from the log–likelihood (Eilers and Marx, 1996). If we
introduce this penalty into the likelihood for the CLM, we obtain the following system
of equations

(X̆ ′W̃ X̆ + λ P )β = X̆ ′W̃ {W̃−1(y − µ̃) + X̆β̃} , (3)

where P = D′
dDd and Dd ∈ R(J−d)×J is the matrix that computes d–th order

differences. The smoothing parameter λ balances model fidelity and smoothness of the
parameter estimates, as expressed by the penalty term.
In order to estimate the proportions pjk of misreported counts in the matrix C, we
solve a constrained weighted least-squares regression within the IRWLS procedure.
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From the structure of the composition matrix C and since y ∼ Poisson(µ) we can
approximate the distribution of (y − γ) as

(y − γ) ≈ N(Γp, diag(µ)). (4)

where p = (p12, p23, . . . , pJ−1,J ; p21, . . . , pJ,J−1)T is the upper and lower subdiagonal
of C, concatenated into a vector of length 2 · (J − 1). The J × 2 · (J − 1)-matrix Γ is
the associated model matrix.
As the number of unknowns in p, namely 2 · (J − 1), is considerably larger than the
number J of available data points, additional restrictions have to be imposed on p.
We introduce a L1-penalty into the weighted least-squares problem (4). As pointed
out by Tibshirani (1996), this penalty tends to select a small number of elements pjk

that exhibit the strongest effects, while shrinking (many) other elements to zero. In
this way we obtain the following system of equations for the preference pattern p:

(Γ′V Γ + κQ)p = Γ′V (y − γ), (5)

where V = diag(1/µ) and the matrix Q denotes the matrix diag(1/|p| + ε). ε is a
small number, introduced to prevent numerical instabilities when elements of p become
very small; in our experience ε = 10−6 worked well.
With the additional parameter κ in (5), which tunes the L1-penalty on the misreport-
ing proportions pjk, the estimating equations depend on the combination of the two
smoothing parameters λ and κ. To choose the optimal (λ, κ)-combination we minimize
Akaike’s Information Criterion (AIC), where the effective dimension is taken as the
sum of the effective dimensions of the two model components, i.e. the penalized CLM
and the penalized WLS-regression.

4 Simulation and Application

To demonstrate the performance of the approach we applied it to several simulated
scenarios. The upper-left panel in Figure 1 shows one of the true distributions, i.e. the
vector γ, together with the simulated y such that E(y) = µ = Cγ and the esti-
mated values γ̂. The assumed digit preference in this example attracted additional
observations to 5 and 15, from both neighbouring categories.
These estimates were obtained from the optimal combination of (λ, κ) as picked from
the AIC-profile shown in Figure 1, upper-right image. The image on the bottom-right
panel demonstrates the effect of the L1-penalty. On the horizontal axis the value of
log κ, i.e. the weight of the L1-penalty, is given. The optimally chosen κ̂ practically
selects the true proportions, which are depicted by the horizontal dashed lines. As
pointed out in Section 3, the model actually estimates 2 · (J − 1) misreporting propor-
tions, which have not been restricted to be positive.
Nevertheless we would like to see as final results the net-proportions as positive num-
bers. This can be easily achieved by simple transformation, which converts 2 · (J − 1)
parameters to J − 1 positive proportions.
The bottom-right image in Figure 1 shows these transformed and hence positive esti-
mates. Additionally, the bottom-left panel in Figure 1 summarizes true and estimated
misreporting probabilities for the simulation example.
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FIGURE 1. Simulated data. Raw data, true values and estimates (top-left). AIC-contour
plot (top-right). True misreporting probabilities and estimates (bottom-left). Misreporting
probabilities over the grid of κ (bottom-right)

Furthermore we applied our approach to an actual data set taken from the National
Health and Nutrition Examination Survey (NHANES, 1980). The survey contains
both the self-reported weight (in pounds) of n = 11, 614 women and men as well as
measured weight during the examination.
Figure 2 shows the raw data of both weight variables and the fitted distribution, based
on the self-reported data only. The digit preference pattern is clearly seen from the
peculiar spiky shape of the self-reported distribution. Even though measured weights
may also show minor digit preferences, we may treat them as a proxy to the true ones.
Figure 2 demonstrates the close agreement of the estimated latent distribution with
the measured one, despite the severe preference pattern present in the original data.
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FIGURE 2. Self-reported and measured weight (in pounds) and fitted values for NHANES
II data

5 Concluding remarks

The method we have presented in this paper demonstrates how one can deal with digit
preferences by combining the concept of penalized likelihood with the composite link
model. The only assumption that is made about the underlying true distribution is
smoothness.
The misreporting pattern was allowed to partly redistribute observations from any
digit to its adjacent neighbours. Again a penalty, in this case a L1-penalty, restrains
the problem and makes estimation feasible. By allowing this rather flexible preference
pattern the tendency to misreport need not be the same for identical end-digits, but
may vary over the measurement range, which is often seen in real data.
Extracting the latent distribution will be most important in many applications, how-
ever, the pattern of misclassification may also be of interest in itself. The proposed
model, which goes beyond the mere quantification of digit preference that is provided
by many indexes, allows the analysis of both aspects.
As a future extension of the model we plan to include even more general patterns of
misreporting, i.e. allow for exchanges between digits that are more than one category
apart. Moreover a challenging area is the use of additional roughness penalties to
connect similar transfer probabilities, like from 39 to 40, 49 to 50, etc. If several
measurement occasions are available one can envisage digit preferences that improve
over time, leading to transfer probabilities that are expected to change smoothly. With
additional smoothing parameters to be optimized more speedy algorithms to search
for the optimal combination will be advisable.
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Abstract: Total knee arthroplasty (TKA) is a common solution for patients with arthritis
of the knee. After surgery, patients often ask when they can safely start driving again. The
aim of this study was to investigate the effects of primary right and left TKA on brake
response time (BRT) and its components - reaction time (RT) and movement time (MT) -
of right leg. Furthermore, the effect of gender on BRT, RT and MT were investigated. The
BRT, RT and MT of the patients were assessed in a car simulator before de surgery and
then ten and third days after surgery. Analysis of variance (ANOVA) for repeated measures
with two between-subjects factor (gender and side of surgery) and one within-subject factor
(measurement time) was used to analyze differences in the mean BRT, RT and MT values
between groups, across the three measurements times.

Keywords: Repeated measures; total knee arthroplasty; brake response time.

1 Brake Response Time after Primary Knee Arthroplasty

Total knee arthroplasty (TKA) reduces pain, enhances function and improves the
health-related quality of life in individuals with knee impairment and disability sec-
ondary to osteoarthritis or rheumatoid arthritis. After surgery, patients often ask their
physicians when they can safely start driving again. This is a relevant question be-
cause an early return to car driving can improve mobility in daily activities during
first stages of the rehabilitation process, reducing dependency and social isolation.
Driving is a complex activity involving cognitive and motor skills, and brake response
time (BRT) has been widely used to measure drivers’ performance (Hau et al., 2000).
The aim of this study was to investigate the effects of primary right and left TKA on
brake response time (BRT) and its components, reaction time (RT) and movement
time (MT), in order to find out when patients can safely return to car driving. Fur-
thermore, the question whether gender affects BRT and BRT recovery after TKA was
also investigated.
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1.1 Study Design

To study the effects of TKA on BRT a prospective study with repeated measures
design was used. BRT performances from each patient were measured at three points
in time: one day before surgery and ten and thirty days post-operatively (Marques,
2006).
The study population consisted of active automobile drivers who underwent left or
right primary TKA with osteoarthritis of the knee joint as the indication for surgery.
To be eligible all patients had to meet three criteria: they were admitted for primary
right or left knee arthroplasty, they assured that they drove frequently (at least once
a week), and they would be available for the third measurement. Sixty-four patients
signed the informed consent and were examined pre-operatively. Ten days after surgery
51 patients were followed-up and 30 days after the operation 32 patients returned to
the clinic for the third measurement.

1.2 Task Description

The components of BRT (RT and MT) were assessed as main dependent variables
in a car simulator. The data acquisition system consisted of a BIOPAC MP100A-CE,
connected to a laptop with processing software, one red LED lamp located at patients’
eye level, one trigger and switches on the accelerator and brake pedals. Sample rate
was set at 1000Hz.
On each measurement day the patients performed five practice and ten test trials in
the BRT task in car simulator. The patients were instructed to press the accelerator
pedal as if they were driving. When the red LED switched on the patients had to
brake as quickly as possible. After pressing the brake pedal patients were instructed
to move their foot back to the accelerator and to wait for the next stimulus. Stimulus
triggering varied randomly from one to five seconds.
RT was defined as the time interval (ms = milliseconds) between the lighting up of
the LED and initiation of the movement of the foot. MT was defined as the time (ms)
between initiation of the movement of the foot and the first contact with the brake
pedal. BRT (ms) was defined as the sum of RT and MT.

2 Statistical Analysis

Analysis of variance (ANOVA) for repeated measures (Crowder et al, 1990) with two
between-subjects factor (gender and side of surgery) and one within-subject factor
(measurement time) was used to analyze differences in the mean BRT, RT and MT
values between groups, across the three measurements times.
All statistical tests were carried out using the software SPSS 14.5.

3 Results

The data of the thirty-two patients, who remained in the study throughout all three
measurements, were pooled for analysis.
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TABLE 1. Analysis of Variance: gender × side of surgery × time.

Sum of squares df Mean square F p
Time 14084.1 2 7042.0 4.297 0.018
Time × gender 1570.0 2 785.0 0.479 0.622
Time × sidesur 10279.5 2 5138.3 3.135 0.051
Time × gender × sidesur 1858.7 2 929.4 0.567 0.570
Gender 39888.1 1 39888.1 4.209 0.050
Sidesur 8991.7 1 8991.7 0.949 0.338
Gender × sidesur 13777.7 1 13777.7 1.454 0.238

3.1 Analysis of variance for repeated measures

The results of ANOVA for repeated measures for BRT differences between gender and
side of surgery across time are show in table 1. The Mauchhly test of sphericity showed
that the required assumptions for ANOVA were met (p = 0.136).
A 3.135 F ratio was significant for the within-subjects interaction factor time × sidesur
(p = 0.051). With this result we must do careful interpretation to significant F ratio
for the main factor time (p = 0.018). There was no significant interactions between
factors for both, within or between-subjects effects, and there were a significant main
effect for the between-subjects factor gender (p = 0.05).
Male and female patients had different BRT profiles of change across the time and
side of surgery as shown in figure1.

FIGURE 1. BRT profiles for male and female patients.

RT and MT differences between gender and side of surgery across time were analyzed.
ANOVA for repeated measures showed significant interactions time × gender for RT
and time × sidesur for MT and a significant main effect for the between-subjects factor
gender for MT.

3.2 Conclusions

Significant interactions between time and side of surgery and significant main effect for
gender, for the variables BRT and MT, indicates that male and female patients did not
have the same BRT profile neither the same MT profile across the three measurements,
for right and left side of surgery. Significant interaction between time and gender for
RT indicates different RT profiles for male and female across the three measurements.
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Gender and time affect BRT and its components. Side of surgery affects BRT and MT.
Pré-operatively there were BRT, RT and Mt statistically significant differences for
males and females (p < 0.05) in a independent sample t-test. The effect of gender on
BRT an its components was clear before surgery. For that reason and because only
two females patients in the left TKA group remained in the study throughout all
three measurements we decided to do a new ANOVA for repeated measures with one
between-subject factor, side of surgery, and one within-subject factor, measurement
time. There was a significant interaction between time and side of surgery only for MT
(F = 5.975; p = 0.004) and a significant main effects for the within-subject factor time
for BRT (F = 4.26; p = 0.019). These results indicated that the right and left TKA
groups did not have the same MT pattern of change across the three measurements.
Once more we concluded that time and side of surgery affect BRT and its components.
A further analysis with a linear mixed model can be helpful to establish relations
between variables.
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Abstract: When the states of a Markov chain are aggregated the new process is not neces-
sarily a Markov process with transition probabilities that do not depend on the past of the
original Markov chain. When this happens the original Markov process is called lumpable. In
this work we show how to test the hypotheses of lumpability. The relevance of the previous
problem is highlighted for bivariate Markov chains. We point out that the lumpability hy-
potheses are equivalent to linear constraints on some interaction parameters defined on the
transition probabilities. The methodology is finally applied to some real data.
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1 Introduction

In the study of Markov chains the lumpability property allows the states to be grouped
into subsets which are identified with the states of another Markov chain, called lumped
chain. This is extremely advantageous because the lumped process reduces the analyt-
ical and computational complexity and, at the same time, it inherits the Markov prop-
erty of the original process. Moreover, the identification of proper aggregations may
provide new insights about the process and sometimes studying the simpler lumped
process is enough when a coarse analysis is needed.
In section 2 we firstly give a definition of the lumping property equivalent to that
proposed by Kemeny and Snell (1960). The new definition is based on the Granger
noncausality condition (Chamberlain, 1982) that allows us to point out some aspects
of the involved processes that are neglected in the Kemeny and Snell definition. Then
we focus on the relevance of lumpability in multivariate Markov processes when it
is useful to verify if a marginal process of the original multivariate Markov chain is
markovian as well. The hypotheses of lumpability are expressed in section 3 through
some linear constraints on suitable interactions of a parameterization of the transition
probabilities. We finally test some lumpability hypotheses on bivariate categorical time
series of soft-drinks sales demand (section 4).

2 Lumped Markov chains

We assume that {At} is a first order Markov chain which means that the condition
At ⊥⊥ At−2

−∞|At−1 holds for all t. Let h(·) be a function that maps the state space A =
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{a1, a2, ..., ar} of {At} onto a set G = {g1, g2, ..., gs} of smaller cardinality, 1 < s < r.
Obviously the sets {a : gk = h(a), a ∈ A}, k = 1, 2, ..., s, define a partition of A.
The stochastic process {Gt} with state space G and such that Gt = h(At), is a lumped
version of {At} if and only if the following two conditions hold:

i) Granger noncausality condition: the process {At} does not Granger cause {Gt}
which means that Gt⊥⊥At−1

−∞|Gt−1
−∞ or equivalently it is true that Pr(Gt|At−1

−∞)=
Pr(Gt|At−1

−∞,Gt−1
−∞) = Pr(Gt|Gt−1

−∞), for all t;

ii) Markovianity condition: {Gt} is a Markov chain that is Gt ⊥⊥ Gt−2
−∞|Gt−1 or equiv-

alently Pr(Gt|Gt−1
−∞) = Pr(Gt|Gt−1) hold for all t.

In general, the previous conditions imply that the lumpability property is stronger than
the markovianity of the process {Gt}, obtained by aggregating the states of {At}. We
now state a theorem which shows that i) and ii) are equivalent to the simpler condition,
for all t,

Pr(Gt|At−1) = Pr(Gt|At−1, Gt−1) = Pr(Gt|Gt−1). (1)

Moreover, the theorem implies that our definition of lumpability (conditions i) and
ii)) is equivalent to the one given by Kemeny and Snell (1960).

Theorem 1 If {At} is a Markov chain then {Gt} is a lumped version of {At} if and
only if Gt ⊥⊥ At−1|Gt−1 for all t.

The theorem straightly follows from the well-known properties of the conditional in-
dependence relation.
Now we show the importance of lumpability when the Markov chain is multivariate
and, without loss of generality, we will discuss the lumpability property for the bivariate
case only.
If {At} = {Et, Ft} is a first order bivariate Markov chain with state space E × F =
{(ei, fj), i = 1, 2, ..., r, j = 1, 2, ..., c}, and if the function h(·) is such that ei =
h(ei, fj), the marginal process {Et}, with state space E , can be seen as a lumped
version of {At}. In this case, which we call marginal lumpability, the conditions i)
and ii) state that the process {Ft} does not Granger cause {Et} and that {Et} is a
univariate Markov chain. Here, the necessary and sufficient condition of the theorem
1 for {At} = {Et, Ft} to be lumpable in {Gt} = {Et} becomes Et ⊥⊥ Ft−1|Et−1 and
the (1) is rewritten as follows:

Pr(Et|Et−1, Ft−1) = Pr(Et|Et−1). (2)

Thus, marginal lumpability is useful when we are interested in testing if the mar-
ginal process {Et} of the Markov chain {Et, Ft} retains the markovian property with
transition probabilities independent of Ft−1.
We consider another example of lumpability in which all pairs of states in E × F of
the original bivariate chain are lumped by aggregating the categories of a component
process and marginalizing with respect to the other one. A simple way to achieve this
is to adopt a function g = h(e, f) = h̃(e), g ∈ G, (e, f) ∈ E × F that defines a partition
of the set of categories {e1, e2, ..., er} of the marginal process {Et}. The image space
G is the state space of the lumped chain {Gt} where Gt = h(Et, Ft) = h̃(Et).
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In this case the condition of the theorem 1 is equivalent to the independence Gt ⊥⊥
Et−1, Ft−1|Gt−1 that is clearly the same as

Pr(Gt|Et−1, Ft−1) = Pr(Gt|Gt−1). (3)

Note that the chain {Gt} just presented and the marginal process {Et} of case (2)
are both lumped versions of the chain {Et, Ft}, but in (3) the marginal {Et} is not
necessarily a Markov chain, whereas {Gt} it is.
Another lumpability hypothesis may be specified by aggregating the states of {Et}
of the bivariate chain {Et, Ft} in pairwise disjoint subsets whatever category of {Ft}
is observed at each time. The chain {Gt, Ft}, which is a lumped version of {Et, Ft},
is still bivariate, unlike the previous cases. Technically, the chain with joint state
space E × F is lumped into the chain with state space given by the image space
{(gk, fj), k = 1, 2, ..., s, j = 1, 2, ..., c} of the function (g, f) = h(e, f), (e, f) ∈ E × F .
For the resulting lumped process {Gt, Ft}, where (Gt, Ft) = h(Et, Ft), the condition
of the theorem 1 is Gt, Ft ⊥⊥ Et−1|Gt−1, Ft−1 that is equivalent to

Pr(Gt, Ft|Et−1, Ft−1) = Pr(Gt, Ft|Gt−1, Ft−1). (4)

Many other possibilities to apply the property of lumpability exist and they could be
an interesting subject for further researches.
The previous conditions of lumpability hold for both homoge-
neous and non-homogeneous Markov chains, however, in the next sections we will
focus only on time-homogeneous Markov chains with strictly positive transition prob-
abilities.

3 Constraints on generalized marginal interactions

Let us assume that the joint transition probabilities of a first order bivariate Markov
chain {Et, Ft} may be thought of as the conditional joint probabilities of Et, Ft given
Et−1, Ft−1 in a contingency table. Note that joint probabilities of Et, Ft, Et−1, Ft−1,
(variables 1, 2, 3, 4), can be obtained by multiplying the transition probabilities of
Et, Ft, given Et−1, Ft−1, for example, with the probabilities of the invariant distribu-
tion. However the interaction parameters we are going to introduce do not depend on
the choice of the marginal distribution of Et−1, Ft−1.
The similarity with contingency tables justifies a parameterization of the joint distri-
bution for the four variables in terms of generalized marginal interactions (Bartolucci
et al., 2007). In particular, we will show that the lumpability hypotheses of inter-
est (conditions 2-4) are equivalent to linear constraints on some generalized marginal
interactions.
Note that generalized marginal interactions are standard log-linear interactions which
are computed in tables obtained by marginalizing with respect to some variables and
by aggregating the categories of some other variables and they can be seen as contrasts
of well-known types of generalized logits and log odds ratios.
Any generalized marginal interaction, ηI;M(mI), is specified by the interaction set I
of the variables involved, by the set M of the variables of the marginal distributions
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within which the interactions are defined, by the logit type assigned to each variable
of M and by the multi-index mI which the interaction depends on.
The generalized marginal interactions include also the recursive or nested logits and
log-odds ratios, introduced by Cazzaro and Colombi (2006). In order to define the re-
cursive interactions, that we will adopt, the following definition of a Coherent Complete
Hierarchy of Sets (CCHS) is needed.
Let A be a variable with r categories in the set A; by coherent complete hierarchy of
sets H(A) a family of subsets of A is intended. It is characterized by the following
properties: (i) A ∈ H(A); (ii) {ai} ∈ H(A), i = 1, 2, ..., r; (iii) if P, Q ∈ H(A)
then P ∩ Q ∈ {P,Q, ∅}; (iv) let Mm be a non-minimal set (node) of H(A) then for
m = 1, 2, ..., r − 1:

Mm = B(ai(m), 0) ∪ B(ai(m), 1), B(ai(m), 0), B(ai(m), 1) ∈ H(A)
i(m) = sup{i : ai ∈ B(ai(m), 0)}, i(m) + 1 = inf{i : ai ∈ B(ai(m), 1)}.

The previous definition implies that each set Mm contains contiguous categories. This
restriction is natural for ordered categorical variables but however it is not a limitation
for non ordered variables because the categories can always be relabelled in such a way
to meet the restriction.
The generalized marginal interactions are defined, from now on, by choosing local
logits for the variables Ft, Ft−1. For the variables Et, Et−1 recursive logits are chosen,
based on the same H(E) such that H(E) ⊃ S(E), where S(E) is the family of the sets
{e : g = h̃(e)}, ∀g ∈ G, defined before formula (3). Let N (E) = {Nm,m = 1, 2, ..., r−1}
be the family of nodes of H(E) and let S∗(E) = {Nm : Nm ∈ N (E), Nm 6⊆ Nt, ∀Nt ∈
S(E)} be the family of nodes not contained in any set of S(E).
In order to test the lumpability conditions (2) and (3), generalized marginal inter-
actions defined within the marginal distribution of (Et, Et−1, Ft−1) have to be con-
strained. In particular, the marginal lumpability condition (2), Et ⊥⊥ Ft−1|Et−1, holds
when the following interactions are equal to zero:

η14;134(m, q), η134;134(m, p, q)
m = 1, 2, ..., r − 1, p = 1, 2, ..., r − 1, q = 1, 2, ..., c− 1. (5)

The marginal interactions

η14;134(m, q) = ln
(

P (Et ∈ B(ei(m), 1), Ft−1 ∈ {fq+1}, Et−1 ∈ B(ei(1), 0))
P (Et ∈ B(ei(m), 1), Ft−1 ∈ {fq}, Et−1 ∈ B(ei(1), 0))

·

· P (Et ∈ B(ei(m), 0), Ft−1 ∈ {fq}, Et−1 ∈ B(ei(1), 0))
P (Et ∈ B(ei(m), 0), Ft−1 ∈ {fq+1}, Et−1 ∈ B(ei(1), 0))

)
,

m = 1, 2, ..., r − 1, q = 1, 2, ..., c− 1,

are recursive-local log-odds ratios and the variable Et−1 is set to the reference category.
The three-order interactions η134;134(m, p, q) are log-contrasts between recursive-local
odds ratios obtained varying the level of the variable Et−1. Note that all the generalized
marginal interactions that follow are similarly interpreted.
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The following interactions are constrained to be zero by condition (3), Gt ⊥⊥ Et−1,
Ft−1|Gt−1:

η13;134(m, p), η14;134(m, q), η134;134(m, p, q)
∀m : Nm ∈ S∗(E) ∀p : Np ∈ N (E) \ S∗(E) q = 1, 2, ..., c− 1. (6)

In fact, when the interactions (6) are null, there is stochastic independence between Et

and Et−1, Ft−1 in all the three way sub-tables where the categories of Et are lumped
or aggregated into the sets of S(E) and the variable Et−1 is conditioned to a set of
S(E).
In order to consider the lumpability hypothesis Gt, Ft ⊥⊥ Et−1|Gt−1, Ft−1, that is
condition (4), we use a set of generalized interactions defined on the joint probabilities
of (Et, Ft, Et−1, Ft−1).
The following interactions are constrained to be zero by condition (4):

η13;1234(m, p), η23;1234(n, p), η123;1234(m,n, p),
η134;1234(m, p, q), η234;1234(n, p, q), η1234;1234(m,n, p, q)

∀m : Nm ∈ S∗(E) ∀p : Np ∈ N (E) \ S∗(E), n, q = 1, 2, ..., c− 1. (7)

In fact, the just mentioned constraints on the interactions (7) imply that Et, Ft are
stochastically independent of Et−1 given Ft−1 in all the four way sub-tables where the
categories of Et are lumped or aggregated into the sets of S(E) and the variable Et−1

is conditioned to a set of S(E).

4 Example

The methodology proposed in this work is used to analyze the data of a soft-drink
company, Ching et al. (2002). The data are a one-year time series of daily sales demand
of two soft-drinks: orange juice, {Et}, and apple juice, {Ft}, both with categories: n-
no demand, l -low, m-medium, h-high level. Under the assumption that a first order
bivariate Markov chain well describes the behavior of the joint time series, we will
show how the hypotheses presented in section 2 can be verified on these data. These
hypotheses have been tested by using the package hmmm, Hierarchical Multinomial
Marginal Models, developed by Cazzaro and Colombi in R. The package and the data
are available from the authors. At first we consider the condition (2) of marginal
lumpability which means that the process {Ft} does not Granger cause {Et} and that
the process {Et} is marginally a Markov chain. This signifies that the demand of the
orange juice, given its previous level, is independent of the demand of the apple juice
occurred the day before. Moreover, the demand of orange juice does not depend on
its overall past sales, once known its last sales demand. Testing this model against the
saturated one gives this result: G2 = 39.23, df = 36, p-value= 0.327. The condition
(3), instead, means that the bivariate process {Et, Ft} does not Granger cause {Gt}
and that the lumped process {Gt} is markovian. The states of {Gt}, we considered,
are the lumped categories nl (no demand-low) and mh (medium-high) of orange juice
demand. In this case (3) indicates that the present level of demand of orange juice
(nl or mh) depends on the last level (nl or mh) of orange juice sales, regardless of
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the exact level (n, l, m, h) of last sales of orange and apple juices. Testing this model
against the saturated one gives: G2 = 15.62, df = 11, p-value= 0.156. If we need
both the lumped process {Gt} and the marginal one {Et} to be markovian, we will
test simultaneously the conditions (2) and (3), G2 = 48.61, df = 38, p-value= 0.116.
Finally, G2 = 52.29, df = 56, p-value= 0.616 are the results of testing the model for
the condition (4) which signifies that {Et, Ft} does not Granger cause {Gt, Ft} and
{Gt, Ft} is a bivariate Markov chain. Note that all tested models show a good fit.
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1 Introduction

Suppose specifically that there are p objects of true unknown weights w1, w2, ..., wp,
respectively, and we wish to estimate them employing n measuring operations using
a chemical balance. Let y1, y2, ..., yp denote the recorded observations in these n op-
erations, respectively. It is assumed that the observations follow the standard linear
model

y = Xw + e, E(e) = 0n, E(ee
′
) = σ2In, (1)

where X is of order n × p and is called the weighing design matrix. The elements of
X are xij , i = 1, 2, .., n, j = 1, 2, ..., p and a typical element xij is −1 if the jth object
is placed on the left pan during the ith weighing operation, +1 if the jth object is
placed on the right pan during the ith weighing operation and 0 if the jth object is not
utilized in either pan during the ith weighing operation. Hence w = (w1, w2, .., wp)

′
is

the vector of true unknown weights (of parameters). The vector e is the so-called vector
of error components satisfying the usual homoscedasticity condition. The inference
problem centers around the estimation of true individual weights of all the objects.
The optimality problem is concerned with efficient estimation in some sense by a
proper choice of the design matrix X among designs at our disposal. The model (1)
is the standard Gauss - Markoff model and the following results are well known. The
parameter vector w is estimable if and only if r(X) = p in which case

ŵ = (X
′
X)−1X

′
y, V(ŵ) = σ2(X

′
X)−1, (2)

where ŵ is the blue and V is the dispersion matrix.
Among all possible designs an A-optimal design minimizes the sum (or equivalently
the average) of the variances of ŵ1, ŵ2, ..., ŵp. Wong and Masaro (1984) gave the
lower bound for tr(X

′
X)−1 and some construction methods of the A-optimal chemical

balance weighing designs.
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In the next section we give the new lower bound for tr(X
′
X)−1 and the necessary and

sufficient conditions to this lower bound to be attained under the given restriction on
the number of objects included in the particular measurement operation. We present
a new method of construction of the A-optimal design based on the balanced bipartite
weighing designs and the ternary balanced block designs.

2 Some results on variance limit of estimated weights

Let X be an n× p design matrix of a chemical balance weighing design. The following
result from the paper Wong and Masaro (1984) gives a lower bound for tr(X

′
X)−1

Lemma 2.1. For an n× p design matrix X of rank p we have inequality

tr(X
′
X)−1 ≥ p2

tr(X′X)
,

the equality being attained if and only if X
′
X is equal to the p× p identity matrix Ip

multiplied by scalar, i.e. X
′
X = zIp.

In many problems concerning weighing experiments the A-optimal designs are consid-
ered. There are designs in which tr(X

′
X)−1 attain the lower bound. The lower bound

of tr(X
′
X)−1 is attained if and only if the elements of the design matrix X are equal

to −1 or 1, only. It implies that in each measurement operation all objects must be
included in different combinations. That is the reason why in the present paper we
consider the situation the elements of the design matrix X are equal to 0, either. It
is equivalent in each weighing not all objects are included. Thus we give new lower
bound of tr(X

′
X)−1. We have

Theorem 2.1. For any nonsingular chemical balance weighing design with the design
matrix X = (xij) we have

tr(X
′
X)−1 ≥ p2

q · n, (3)

where q = max(q1, q2, ..., qn), qi =
∑p

j=1 x2
ij , i = 1, 2, .., n., In the case q = p we

get the inequality given in Wong and Masaro (1984).
Definition 2.1. Any nonsingular chemical balance weighing design with the design
matrix X = (xij) is said to be A-optimal if

tr(X
′
X)−1 =

p2

q · n.

Theorem 2.2. Any nonsingular chemical balance weighing design with the design
matrix X = (xij) is A-optimal if and only if

X
′
X =

q · n
p

Ip.

In the present paper we will construct an A-optimal chemical balance weighing design
under the restriction p1 +p2 = q ≤ p, where p1 and p2 represent the number of objects
placed on the left and on the right pan, respectively, in each of the measurement oper-
ations. The construction is based on the incidence matrices of the balanced bipartite
weighing designs and the ternary balanced block designs.
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3 Construction of the design matrix

Let N∗ be the incidence matrix of the balanced bipartite weighing design with the
parameters v, b, r, k1, k2, λ1, λ2 (See Huang (1976)). From the matrix N∗ we form
the matrix N by replacing k1 elements equal to +1 of each column which correspond
to the elements belonging to the first subblock by −1. Thus each column of the matrix
N will contain k1 elements equal to −1 and k2 elements equal to +1. From the matrix
N we construct the design matrix X of the chemical balance weighing design in the
form X = N

′
. In this design p = v and n = b.

Theorem 3.1. Any nonsingular chemical balance weighing design with the design
matrix X = N

′
is A-optimal if and only if

λ2 = λ1 (4)

and
q = k. (5)

Now, we consider the chemical balance weighing design with the design matrix X =
N
′ −1b1

′
v, where N is the incidence matrix of the ternary balanced block design with

the parameters v = b, r = k, λ, ρ1, ρ2 (See Billington and Robinson (1983)). In this
design p = v and n = b.
Theorem 3.2. Any nonsingular chemical balance weighing design with the design
matrix X = N

′ − 1b1
′
v is A-optimal if and only if

b + λ− 2r = 0 (6)

and
q = b− ρ1. (7)

4 Balanced bipartite weighing designs leading to the
A-optimal design

We have seen in the Theorem 3.1 that if the parameters of the balanced bipartite
weighing design satisfy the condition (5) then a chemical balance weighing design with
the design matrix X = N

′
is A-optimal. Under this condition we have the following

theorem
Theorem 4.1. The existence of the balanced bipartite weighing design with the pa-
rameters v, b = 2sv(v−1)

c2(c2−1) , r = 2s(v−1)
c2−1 , k1 = c(c−1)

2 , k2 = c(c+1)
2 , λ1 = s, λ2 = s, c =

2, 3, ..., s = 1, 2, ... implies the existence of the A-optimal chemical balance weighing
design, v ≥ c2, q = c2.

5 Ternary balanced block designs leading to the A-optimal
design

We have seen in the Theorem 4.2 that if the parameters of the ternary balanced
block design satisfy the condition (7) then a chemical balance weighing design with



B. Ceranka and M. Graczyk 167

the design matrix X = N
′ − 1b1

′
v is A-optimal. Under this condition we have the

following theorem
Theorem 5.1. The existence of the ternary balanced block design with the parameters

(i) v = b = s, r = k = s− 2, λ = ρ1 = s− 4, ρ2 = 1, s = 6, 7, ...,

(ii) v = b = s, r = k = s− 3, λ = s− 6, ρ1 = s− 9, ρ2 = 3, s = 10, 11, ...,

(iii) v = b = s, r = k = s− 4, λ = s− 8, ρ1 = s− 16, ρ2 = 6, s = 17, 18, ...,

implies the existence of the A-optimal chemical balance weighing design, q = 4, 6, 8,
respectively.
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1 Introduction

Let us suppose we want to estimate the weights of p objects by weighing them n times
using a chemical balance, p ≤ n. The manner of allocation of objects on the pans is
described through columns of the n×p matrix X. Its elements are equal to −1, 1 or 0
if the object is kept on the left pan, right pan or is not included in the particular
measurement operation, respectively. It is assumed that n× 1 random column vector
of errors e is such that E(e) = 0n and E(ee

′
) = σ2G, where 0n is an n × 1 column

vector of zeros, G is an n × n positive definite diagonal matrix of known elements,
E(·) stands for the expectation of (·) and (·)′ is used for the transpose of (·). For the
estimation of unknown weights of objects we use the weighed least squares method
and we get

ŵ =
(
X
′
G−1X

)−1

X
′
G−1y

and the dispersion matrix of ŵ is

V (ŵ) = σ2
(
X
′
G−1X

)−1

provided X is full column rank, (r(X) = p) , where w and y are column vectors of
unknown weights of p objects and of the recorded results in n weighings, respectively.
The problem connected with the optimality of chemical balance weighing design is the
choosing of a design matrix X which minimizes φ

(
X
′
G−1X

)
for some real-valued

function φ. φ is called an optimality criterion. In this paper we consider the optimality
criterion as minimum variance for each of the estimated weights.
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2 Some results on variance limit of estimated weights

We assume that matrix G is given in the form

G =
[

1
aIn1 0n10

′
n2

0n20
′
n1

In2

]
, (1)

where n = n1 + n2, a > 0, and Inh
is the nh × nh identity matrix, h = 1, 2. This

structure of the dispersion matrix of errors may be useful in the following situation.
Suppose that are two kinds of chemical balances of different precision. Let n1 and n2

be the numbers of times in which the respectively balances are used. Suppose further
that the matrix X is partitioned correspondingly to the matrix G, i.e.

X =
[

X1

X2

]
. (2)

Ceranka and Graczyk (2004) showed that the minimum attainable variance for each of
the estimated weights for a chemical balance weighing design with the design matrix
X given by (2) and the dispersion matrix of errors σ2G, where G is given in (1), is

V(ŵj) ≥ σ2

am1 + m2
, j = 1, 2, ..., p (3)

where m1 and m2 is the number of elements equal to −1 and 1 in the jth column of
the matrix X1 and X2, respectively.
Definition 2.1 Any nonsingular chemical balance weighing design with the design
matrix X given in (2) and with the dispersion matrix σ2G, where G is given by (1), is
called optimal for the estimation of individual weights if in (3) the equality is fulfilled
for each j, j = 1, 2, ..., p.
Theorem 2.1 Any nonsingular chemical balance weighing design with the design
matrix X given in (2) and with the dispersion matrix σ2G, where G is given by (1),
is optimal for the estimated individual weights if and only if

X
′
G−1X = (am1 + m2)Ip.

3 Optimum chemical balance weighing design for p+1 objects

Let X given in (2) be the n×p matrix of the chemical balance weighing design. Based
on this matrix we want to construct matrix T of the chemical balance weighing design
for p + 1 objects in the form

T =
[

X1 1n1

X2 0n2

]
, (4)

where 1n1 is the n1 × 1 vector of units.
Theorem 3.1 If X given in (2) is the n× p matrix of the chemical balance weighing
design with the dispersion matrix σ2G, where G is given by (1), then the T given (4)
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is the n × (p + 1) matrix of the optimum chemical balance weighing design with the
same dispersion matrix σ2G if and only if

X
′
1X1 + X

′
2X2 = an1Ip (5)

and
X
′
11n1 = 0p. (6)

4 Construction of the design matrix

Let N∗
h be the incidence matrix of a balanced bipartite weighing design with the

parameters v, bh, rh, k1h, k2h, λ1h, λ2h, h = 1, 2, (see Huang, 1976 and Swamy,
1982). From the matrix N∗

h we construct the matrix Nh by replacing k1h elements equal
to 1, which corresponds to the elements belonging to the first subblock by elements
equal to −1. Thus each column of the matrix Nh will contain k1h elements equal to
−1, k2h elements equal to 1 and v − k1k − k2h elements equal to 0. ,
Now we define the matrices X1 and X2 of the chemical balance weighing designs in
the form

X1 =
[

N
′
1

−N
′
1

]
, (7)

X2 = N
′
2. (8)

Then

T =




N
′
1 1b1

−N
′
1 1b1

N
′
2 0b2


 . (9)

In this design n1 = 2b1, n2 = b2, each of the v first columns contains 2r11 + r12

elements equal to −1, 2r21 + r22 elements equal to 1 and 2b1 + b2 − 2r1 − r2 elements
equal to 0, (v + 1)th column contains 2b1 elements equal to 1 and b2 elements equal
to 0. Let the dispersion matrix of errors σ2G be in the form

G =




1
aIb1 0b10

′
b1

0b10
′
b2

0b10
′
b1

1
aIb1 0b10

′
b2

0b20
′
b1

0b20
′
b1

Ib2


 . (10)

Theorem 4.1 Any nonsingular chemical balance weighing design with the design
matrix T in the form (9) and with the dispersion matrix of errors σ2G, where G is of
the form (10), is optimal if and only if

2a (λ21 − λ11) + (λ22 − λ12) = 0 (11)

and
2a (b1 − r1)− r2 = 0. (12)

Theorem 4.2 For a given a = uc2

2s(v−c2) the existence of the balanced bipartite weighing

design with the parameters v, b1 = 2sv(v−1)
c2(c2−1) , r1 = 2s(v−1)

c2−1 , k11 = c(c−1)
2 , k21 =
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c(c+1)
2 , λ11 = s, λ21 = s and v, b2 = 2uv(v−1)

c2(c2−1) , r2 = 2u(v−1)
c2−1 , k12 = c(c−1)

2 , k22 =
c(c+1)

2 , λ11 = u, λ21 = u, c = 2, 3, ..., s, u = 1, 2, ..., v > c2 implies the existence of
the optimum chemical balance weighing design with the design matrix T in the form
(9) and with the dispersion matrix of errors σ2G, where G is of the form (10).
Theorem 4.3 For a given a = 1

2 the balanced bipartite weighing designs with the
parameters

(i) v = 13, b1 = 78, r1 = 36, k11 = 2, k21 = 4, λ11 = 8, λ21 = 7 and v = 13, b2 =
78, r2 = 42, k12 = 2, k22 = 5, λ11 = 10, λ21 = 11

(ii) v = 13, b1 = 78, r1 = 42, k11 = 2, k21 = 5, λ11 = 10, λ21 = 11 and
v = 13, b2 = 78, r2 = 36, k12 = 2, k22 = 4, λ11 = 8, λ21 = 7

(iii) v = 17, b1 = 68, r1 = 20, k11 = 1, k21 = 4, λ11 = 2, λ21 = 3 and v = 17, b2 =
136, r2 = 48, k12 = 2, k22 = 4, λ11 = 8, λ21 = 7

(iv) v = 21, b1 = 42, r1 = 12, k11 = 1, k21 = 5, λ11 = 1, λ21 = 2 and v = 21, b2 =
210, r2 = 30, k12 = 1, k22 = 2, λ11 = 2, λ21 = 1

give the optimum chemical balance weighing design with the design matrix T in the
form (9) and with the dispersion matrix of errors σ2G, where G is of the form (10).
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Abstract: This paper discusses the use of relative likelihood function and related contour
plots to obtain confidence regions of parameters in relatively small samples drawn from a
Weibull distribution under Type II censoring. In particular, the effect of the amount of cen-
soring on the contours is illustrated. Examples are given using published data and simulation
experiments.

1 Introduction

The two-parameter Weibull probability density function is

f (x;β, θ) =
β

θβ
xβ−1 exp

{
−

(x

θ

)β
}

, (1)

for x ≥ 0, where β and θ are, respectively, shape and scale parameters. When n (> 0)
items are independently tested, and the experiment is terminated after some (pre-
specified) number r (1 ≤ r ≤ n) of failures, the data available for analysis is said to
be Type II censored, and comprises the r order statistics X1:n ≤ X2:n ≤ · · · ≤ Xr:n,
and n − r lifetimes censored at Xr:n. The distinction between Type II censoring and
complete sampling decreases as r → n, and vanishes when r = n. We can now write
down the corresponding likelihood L (β, θ), and maximum likelihood estimation for the
parameters in (1) for both complete and censored samples is widely discussed in the
literature; see, for instance, Lawless (1982) and Cohen (1991). For Type II censoring,
we denote the maximum likelihood estimator by

(
β̂r, θ̂r

)
, and use the popular ball-

bearings data set, found, inter alia, in Kalbfleisch (1980), to illustrate this experimental
set-up. Table 1 summarises the estimates calculated for various r, and we note that(
β̂r, θ̂r

)
converge to their complete counterparts as r → n.

Furthermore, it is known that
(
β̂r, θ̂r

)
is asymptotically Normally distributed with

mean (β, θ) and covariance matrix equal to the inverse of the expected Fisher informa-
tion matrix. This large sample result is often used in inference from small to moderate
samples, despite the drawback that it is not always accurate with such sample sizes.
As an alternative, we can, however, employ the relative likelihood function of (β, θ),
defined as

R (β, θ) =
L (β, θ)

L(β̂r, θ̂r)
, (2)

so that 0 < R (β, θ) 6 1 for all (β, θ) . The relative likelihood thus ranks possible para-
meter pairs according to their consistency with the observed data, and, as Kalbfleisch
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TABLE 1. Weibull MLEs calculated at varying r using the ball-bearings data.

r 11 14 17 20 23
β̂r 3.715 2.995 2.293 2.354 2.102
θ̂r 62.943 70.483 79.438 78.967 81.878

(1980) has discussed, contour plots of R (β, θ) may be used to obtain confidence re-
gions for a sample. In this paper, we consider two issues emerging from the above.
In Section 2 we study the extent to which asymptotic Normality of the maximum
likelihood estimator applies in finite samples based on Type II censored data from (1);
then, in Section 3, we consider the use of (2) as a method for obtaining confidence re-
gions of the sampling distribution of maximum likelihood estimators in small samples
of varying size. We are also interested in the effects of varying r on the convergence
to asymptotic Normality, and on the shape and size of contours of R (β, θ).

2 Asymptotic Normality of Estimators under Type II
Censoring

2.1 Tests of Normality

With two parameters, it is usual to start with univariate tests for marginal Normality,
since detection of one non-Normal marginal implies that the joint distribution is non-
Normal. As the literature features tests of Normality based on measures of skewness
(b1) and kurtosis (b2), we first consider some measures of the Normality (or otherwise)
of the distributions of β̂r and θ̂r, based on samples from those distributions obtained
via simulation experiments. In particular, following D’Agostino & Pearson (1973), we
define

K2 =
{

Z
(√

b1

)}2

+ {Z (b2)}2 ,

where Z
(√

b1

)
and Z (b2) are Normalised measures of skewness and kurtosis. Then,

under the hypothesis that the marginal distribution of a maximum likelihood estimator
is Normal, we have K2 ∼ χ2

2, so that we can assess the marginal Normality of β̂r

and θ̂r using the critical value −2 ln (p) for an upper tail probability of p. For tests
of multivariate Normality, Mardia & Foster (1983) have proposed similar statistics,
including

S2
W = {W (b1,2)}2 + {W (b2,2)}2 ,

in which W (b1,2) ,W (b2,2) are standardised multivariate measures of skewness and
kurtosis, defined at equations (1.1) and (1.2) therein. Again, under the hypothesis
that the joint distribution of the estimators is multivariate Normal, we have S2

W ∼ χ2
2,

with a corresponding assessment of joint Normality of
(
β̂r, θ̂r

)
.
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TABLE 2. K2 statistics for the marginal Normality for β̂r (upper entries) and θ̂r (lower
entries), for various r, n.

r n
25 50 100 1000 2500 5000

0.2n 8509.099 3604.381 1263.878 137.534 40.057 21.146
4910.147 3199.557 1460.428 94.061 48.985 34.868

0.4n 3613.723 1498.453 758.525 65.430 45.613 28.233
545.873 260.101 113.544 14.879 10.705 0.074

0.6n 2655.990 975.793 345.441 26.975 10.778 13.627
64.238 28.990 25.464 15.426 1.630 0.270

0.8n 1696.814 652.694 283.699 17.841 5.565 4.624
18.321 26.121 15.004 9.016 0.015 1.305

1.0n 931.695 470.907 301.582 6.453 1.450 5.537
19.684 30.530 19.649 9.840 0.630 2.084

TABLE 3. S2
W statistics for the joint Normality for

�
β̂r, θ̂r

�
, for various r, n.

r n
100 500 1000 2500 5000

0.2n 2030.456 277.930 140.305 61.032 32.885
0.4n 346.992 33.627 20.156 15.362 4.851
0.6n 103.648 12.108 7.507 0.047 0.466
0.8n 69.645 7.147 5.026 0.612 0.694
1.0n 101.442 5.345 1.195 0.109 1.528

2.2 Simulation Results

Here, we take β = 2 and θ = 100, and, for each combination of r and n, replicate
104 sets of data; this yields 104 values from the sampling distribution of

(
β̂r, θ̂r

)
, and

Table 2 summarises the K2 statistic for these 104 values. In general, and entirely as
expected, we obtain smaller K2 values with increasing n and r. Table 3 tabulates S2

W

for testing multivariate Normality, and again, confirms the lack of Normality in small
samples.

3 Relative Likelihood and Contour Plots

We use (2) to obtain, via an intuitive interpretation of R (β, θ), confidence regions for
maximum likelihood estimates in small samples; if R (β, θ) ≥ γ, then the pair (β, θ)
is said to have at least 100γ% of the maximum consistency possible under the model.
With two parameters, a contour map of R (β, θ) portrays this consistency over the
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FIGURE 1. Four sets of relative likelihood contour plots for the ball-bearings data.

parameter space; for instance, points inside the 0.5-contour constitute fairly plausible
parameter pairs, whereas values outside the 0.01-contour are very implausible. Watkins
& Leech (1989) outline an automatic algorithm for drawing contours; we show here
contour maps for the ball bearings data for censoring as in Table 1 above, with γ =
0.01, 0.05, 0.1 and 0.5. Thus, the first case yields approximate 99% confidence regions
for (β, θ).
Figure 1 shows the effect of r on the contours. In general, for given γ, we see that
the contours get smaller as r increase; we also note that contours extend over larger
values in the β-axis, but over smaller values in the θ-axis. It is also clear that, as
γ increases, contour areas drop dramatically and the contour shapes become more
elliptical. Further, the shift in location, in line with the values in Table 1, is now more
apparent.
Although the above discussion is based on a single set of data, we can adapt the
approach to provide confidence regions for the sampling distribution of

(
β̂r, θ̂r

)
; this

involves specifying - for any (β, θ), sample size and censoring regime - an idealised
sample, which can be produced by using the corresponding expected order statistics as
data values, and then calculating and plotting the contours for that idealised sample.
For illustration, we assume γ = 0.05, and show in Figure 2, the contour maps for
some ideal samples for various r and n; this yields the approximate 95% confidence
regions for (β, θ). To validate these contours, we plot the 104 simulated observations
of

(
β̂r, θ̂r

)
, and expect to find 95%×104 of

(
β̂r, θ̂r

)
within the corresponding contour

area; results in Table 4 compare favourably with expected values.

4 Conclusion

We conclude that where asymptotic Normality assumption is implausible in finite
samples, the relative likelihood and its contour plots provide an alternative to obtain
approximate confidence regions of parameters in relatively small samples, subject to
Type II censoring.
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TABLE 4. The observed number of pairs of
�
β̂r, θ̂r

�
within the 0.05-contour for Weibull data

generated with β = 2, θ = 100.

r n
25 50 100 1000

0.2n 7949 8826 9168 9450
0.4n 8798 9138 9344 9466
0.6n 9063 9267 9411 9492
0.8n 9193 9352 9444 9491
1.0n 9257 9415 9434 9508
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FIGURE 2. Four sets of relative likelihood contour plots for Weibull data generated with
β = 2, θ = 100.
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Abstract: The construction of classical co-morbidity indices is described. When the co-
morbidities are binary we advocate the use of log-linear models which better capture the
dependence structure in the data. We use R to implement new search strategies which enable
us to analyze, sparse, high dimensional contingency tables rapidly and hence identify the best
fitting models. We apply our new algorithms to a set of real medical data.
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1 Introduction

A co-morbidity is a coexisting (or additional) medical condition co-occurring with a
primary disease of interest. In phase four studies, for example, when patients are on
medication, the scientific interest is often in outcome - recurrence or death. Then,
the burden of co-morbidity may be an important contributory determinant of out-
come - one which is often overlooked in headline reporting attributing adverse events
erroneously to the original treatment.
A number of solutions have been proposed in the medical literature. For example
Charlson (1987) developed a Co-morbidity Index (a CCI) based on all patients ad-
mitted to the New York Hospital-Cornell Medical Center during a 1-month period
in 1984. It comprises a linear combination of the co-morbidities with (age-adjusted)
weights derived from a multivariate proportional hazards model of mortality. More
recently Davis (1996) working with patients on dialysis derived another score based
on clinical insight into the role of co-morbidity.
The construction of such indices (or so-called risk-scores) by divers methods is com-
mon in the medical literature and a fundamental concern is the optimality of such
techniques. Below, we criticise classical methods of CCI construction and propose al-
ternative methods of analyzing multivariate binary co-morbidities, especially when p
is large.

2 Classical Indices

We define a co-morbidity index as I = w′X where w′ := (w1, w2, . . . , wp) is the weight
vector and X is the corresponding co-morbidity vector. The expected value of I is
E(I) = w′E(X) where, for binary co-morbidities, E(X) = [Pr(X1 = 1), . . . , P r(Xp =
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1)]′. The variance is V (I) = w′Σw with Σ = V (X), where (rth, sth) element is σrs =
Pr(Xr = 1 ∩ Xs = 1) − Pr(Xr = 1)Pr(Xs = 1). An interesting case is w = 1 ie,
the unit vector, whence I = w′X is a simple count of the co-morbidities, it being
assumed clinically (and erroneously in many cases) that the risk of outcome is an
increasing function of I. The assumption that wu > 0, ∀u, u = 1, . . . , p can also be
rather dubious in practice. A key point is, that because the variables are binary and
not MV Normal, their dependence structure is not summarized appropriately in the
p× p variance covariance matrix, Σ.

3 Model Formulation

Given p binary co-morbidities we consider a p-dimensional contingency table with
exactly n = 2p cells. Let nj be the observed frequency (the count) in the jth. cell,
j = 1, . . . , n, where the cells are ordered lexicographically in Fortran major order and
we have the bijective mapping j 7→ (i1, . . . , ip) with each i1, . . . , ip taking the value 0
(absent) or 1 (present), MacKenzie & O’Flaherty (1982). Then our basic model is the
usual log-linear model for contingency tables in which:

E(Nj) = µj = exp(a′jθ) (1)

where Nj is the random variable denoting the number in the jth. cell, a′j is the jth.
row of the (n× n) saturated design matrix, A, and θ is the (n× 1) vector of unknown
parameters measuring the influence of the constant, main effects and interactions on
the response. From the last equation we have:

log µj = a′jθ = α0 + α1i1 + α2i2 + . . . + αpip
+ (α1i1α2i2) + (α1i1α3i3) + . . . +

(α1i1α2i2α3i3) + . . . + (α1i1α2i2 . . . αpip
)

For inference we use the conditional Poisson model (Birch, 1963), so that Pr(Nj =
nj) = exp{−µj}µnj

j /nj !, leading to:

`(θ) ∝
k∑

j=1

[− exp(a′jθ) + nja
′
jθ] (2)

ir,s(θ) =
∂2

∂θr∂θs
`(θ) =

k∑

j=1

ajr. ajs exp(a′jθj) (3)

where 1 ≤ r, s ≤ k and k = n in the saturated case. We consider the class of hierarchical
log-linear models (HLLMs) as a first step (Goodman, 1971).

4 Paradigms & Problems

Our adoption of this framework is predicated on the need to address some open prob-
lems in different, but related, modelling areas. For example, much original log-linear
modelling was formulated in a model development environment dating back to the
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TABLE 1. Tests of m - way effects are zero with 15 co-morbidities. The best fitting models
must contain some 3-way interaction terms.

m df LR P
1 15 689703.2000 0.0000
2 105 5998.8920 0.0000
3 445 480.3214 0.1198

1970’s where p = 10 was considered very large. Then, today’s data-mining paradigm
was not envisaged and the original ideas have become ossified in legacy code in the
major software packages. Accordingly, one objective of the current research is to relax
these constraints by developing a new package in R. Yet another challenge is the ability
to address the analysis of sparse, high-dimensional, contingency tables which might
arise, for example, in thresholded micro-array data. The ability to search within these
high dimensional spaces efficiently and so identify the model best supported by the
data is a key objective of this research. Such searches may be facilitated by sacrificing
high order interaction terms, replacing them by random effects terms instead, thereby
extending the model class from a GLM to a GLMM.

5 Results

A dataset, comprising 48,158 subjects, half of whom had Chronic Obstructive Pul-
monary Disease (COPD) and an equal number who were COPD-free, was analyzed.
A total of p = 15 co-morbidities were recorded. These included the presence or ab-
sence of: Myocardial Infarction, Congestive Heart Failure, Peripheral Vascular Disease,
Cerebrovascular Disease, Dementia, Rheumatologic Disease, Peptic Ulcer, Mild Liver
Disease, Diabetes, Hemiplegia or Paraplegia, Lung Cancer, Other Cancers, Other Res-
piratory Disease, Nervous System Disorder and Psychiatric Disorder.
We implemented a backwards elimination search algorithm in R, using the Iterative
Proportional Fitting algorithm (Haberman, 1972) to identify the best fitting class of
models. This algorithm, which tests whether the m-way interactions are exactly zero,
identified the class of HLLM models including as a maximum the 3-way interactions
(Table 1). This set was also identified by another algorithm which tested whether the
m-way or higher order effects were zero. One of the models involved in the comparison
in the 3rd row of Table 1 contains exactly all possible 3-way interaction terms, namely
455. The best fitting model(s) in this class have yet to be identified. In total, there are
2455− 1 possible models containing at least one 3-way interaction and no higher order
terms. The set of all possible 3-way interactions may now be viewed as defining another
hierarchical (sub-)class of models, which can be searched (backwards or forwards) us-
ing a variant of our existing algorithms. In this way the best-fitting model(s) can be
identified rapidly and compared with the results of conventional (e.g., best-subset)
search strategies. At the time of writing, we are developing our new search strategies
in R and will present these and other methodological innovations in the poster.
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6 Discussion

We have outlined herein the construction of conventional co-morbidity indices and
highlighted some limitations of interpretation, especially in relation to dependence
structures. For binary co-morbidities we propose a log-linear modelling approach which
more appropriately captures the dependence between the measured co-morbidities.
The method facilitates implementation in R which is free of the many restrictions
imposed by existing algorithms in mainstream software packages (eg, in SPSS p=10
maximally, or p = 8 when generating flat contingency tables). In the R environment we
have been able to develop new search strategies which allow us to identify best-fitting
models efficiently.
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Abstract: Early detection of disease outbreaks is one of the most challenging objectives of
epidemiologic surveillance systems. In this work, a Markov switching model is introduced
to determine the epidemic and non-epidemic periods in different kinds of surveillance data.
In particular, the process of differenced incidence rates is modelled either with a first-order
autoregressive process or with a Gaussian white noise process depending if the system is in
epidemic or non epidemic phase. The transition between phases of the disease is modelled as a
Markovian process. Bayesian inference is carried out on the former model to detect outbreaks
at the very moment of its beginning. Moreover, the proposal provides at every moment the
probability of being in epidemic state. Methodology is evaluated on influenza illness data
obtained from the epidemiologic Sentinel Network of the Comunitat Valenciana, one of the
17 autonomous regions in Spain.
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1 Introduction

An important matter of concern when dealing with surveillance of infectious diseases
is that of detecting the onset of an outbreak as soon as possible. This would imply
the early beginning of timely interventions which could suppose a great impact, for
example, on the number of lives saved. Unfortunately, surveillance systems have also
recently gained an increasing importance due to the threat of emerging infections
(like the outbreaks caused by the H5N1 bird-flu strain) and the increased potential
for bioterrorist attacks. Our main goal in this paper is to introduce an approach to
surveillance that does not fall in some of the disadvantages of previous works.

2 The model

As it can be seen at the top of Figure 1, typical surveillance data are a collection of
time series formed by weekly incidence rates. Nevertheless, these series are usually not
stationary which could lead to some difficulties in the data analysis. This suggests to
work with the first order differenced series (formed by the differences of rates between
weeks) displayed at the bottom of Figure 1.
Note that, in the differenced series, non-epidemic dynamics are characterized by small
random changes around zero, while in epidemic dynamics changes are greater and
related between them (positive and negative values are usually followed by positive
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FIGURE 1. Typical surveillance data: weekly incidence rates (at the top) and increments of
incidence rates between weeks during the seasons analyzed (at the bottom).

and negative values respectively). Then, our modelling is based on a segmentation of
the series of differences into an epidemic and a non-epidemic phases using a two-stage
Markov switching model.
Let Y = {Yi,j , i = 1, . . . , 29; j = 1, . . . , 9} denote the difference between the rates
of weeks i and i − 1 in year j. Each Yi,j is associated with an unobserved random
variable Zi,j that indicates in which phase the system is (1, epidemic; 0, non-epidemic).
Moreover, the unobserved sequence of Zi,j follows a 2-state Markov chain of order 1
with transition probabilities:

Pk,l = P (Zi+1,j = l|Zi,j = k) , k, l ∈ {0, 1} , i ∈ {1, . . . , 29} , j ∈ {1, . . . , 9} .

The conditional distribution of Yi,j is modelled either as a Gaussian white noise process
or as an autoregressive process of order 1 depending if the system is in a non-epidemic
or in an epidemic phase:

Y1,j |(Z1,j = 0) ∼ N(0, σ2
0,j)

Y1,j |(Z1,j = 1) ∼ N(0, σ2
1,j)

Yi,j |(Zi,j = 0) ∼ N(0, σ2
0,j) i = 2, . . . , 30 , j = 1, . . . , 9 , (1)

Yi,j |(Zi,j = 1) ∼ N(ρYi−1,j , σ
2
1,j) i = 2, . . . , 30 , j = 1, . . . , 9 ,

where the first subindex of the variance σ2
k,j represents if the system is in the epidemic

phase (k = 1) or not (k = 0).
Once the model is determined, the following step is to estimate its para-
meters. To do so, we take profit of the Bayesian paradigm, which require specification
of the priors distributions of each parameter involved in the model. In this case, with
the aim of expressing our initial vague knowledge about them, we consider the usual
noninformative prior distributions for ρ, P0,0 and P1,1:

ρ ∼ Unif(−1, 1)
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P1,1 ∼ Beta(0.5, 0.5) (2)
P0,0 ∼ Beta(0.5, 0.5)

Moreover, taking into account that σ2
0,j should be lower than σ2

1,j as it responds to
random variations instead of the effect of the epidemic, then we express our prior
knowledge about {σ2

0,j , σ
2
1,j ; j = 1, . . . , 9} via the following hierarchical structure:

σ0,j ∼ Unif(θlow, θmid)
σ1,j ∼ Unif(θmid2, θsup)
θlow ∼ Unif(a, θmid1) (3)

θmid1 ∼ Unif(a, b)
θmid2 ∼ Unif(θmid1, b)
θsup ∼ Unif(θmid2, b)

where a and b are hyperparameters to be fixed. In order to perform in-
ference, we have to resort to Markov chain Monte Carlo (MCMC) methods. In partic-
ular, we have worked with WinBUGS (Spiegelhalter et al., 1999).

3 Results

Figure 2 shows the results of our analysis in a particular data set based on the weekly
influenza incidence rates observed in the Comunitat Valenciana in nine seasons. In
particular, at the top of Figure 2 we present, for each week in the analysis, the posterior
probability of being in an epidemic phase. These values correspond to the posterior
mean of the state variable Zi,j . Values exceeding 0.5 indicate that, in that week,
we are observing a higher probability of being in epidemic phase than of being in
non-epidemic, and so an alarm could be trigged if it is considered necessary. This
information can be appreciated in more detail in the graph of the influenza incidence
rates that we present at the bottom of Figure 2, in which we have plotted with black
spots those weeks with a posterior probability of being in epidemic phase higher than
0.5.
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FIGURE 2. Posterior probability of being in the epidemic phase (at the top) and a repre-
sentation of the influenza incidence rates per 100000 inhabitants in which the spots indicate
those weeks where the posterior probability of being in an epidemic phase exceeds 0.5 (at the
bottom).
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Abstract: Missing data represent a common problem in the analysis of data. The missingness
can occur both for the response and the explanatory variables. This work is focused on the
presence of missing covariates on some observations, when the missing data mechanism is
ignorable, whereas the response is fully observed. Model selection using, for example, the
Akaike Information Criterion (AIC) is not applicable anymore when missing data are present.
We propose a variation of the AIC, through the utilization of the EM algorithm using the
method of weights proposed by Ibrahim et al. (Biometrics, 1999). The new model selection
method is investigated via a simulation study and real data analysis.

Keywords: AIC; Missing covariates; Ignorable missingness mechanism.

1 Introduction

We develop a model selection criterion similar to the AIC, which is usable for missing
data situations in parametric regression models where the response is completely ob-
served, though some of the covariates might be incomplete. To deal with the missing
covariates, we follow the approach of Ibrahim et al. (1999). Their procedure obtains
parameter estimates via weighting, using Gibbs sampling to draw from the distrib-
ution of the missing covariates given the observed variables in a Monte Carlo EM
algorithm. In their method the missingness mechanism can be either ignorable or
non-ignorable and it is valid for categorical and continuous variables, as well as for a
mixture of those. Furthermore there are connections of our proposed method to the
model selection criterion of Cavanaugh and Shumway (1998).
Our derivation follows that of the traditional AIC, by working with the Kullback-
Leibler distance, considering the discrepancy between the true data generating mech-
anism and the likelihood model used in practice; secondly it uses the method of weights
proposed by Ibrahim et al. (1999) and third it considers missing covariate information.
The missing data mechanism is “Missing at Random” (MAR) and the ignorability as-
sumption holds; therefore the missingness process has not to be modelled.

2 Description of the data example

We consider the Wisconsin Epidemiologic Study of Diabetic Retinopathy (Klein et
al., 1984). This study provides information to study diabetic retinopathy as a function
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of several measurements. The full set of data consists of patient information for 484
women and 512 men. The binary outcome variable Y = 0 indicates whether there is no
or only mild nonproliferate retinopathy on both of the eyes. An outcome value Y = 1
is obtained when there is moderate to severe nonproliferate retinopathy, or proliferate
retinopathy for at least one of the eyes. Other variables are: x1: the intraocular pressure
in mmHg (maximum of the measurements for both eyes); x2: the age of the patient;
x3: the duration of diabetes in years; x4: the percentage of glycosylated hemoglobin;
x5: gender, using 1 for male and 0 for female, x6: indicator for presence of insuline
protein; x7: area of residence (1=urban, 2=rural).
The response variable is completely observed, as are variables x2, x3, x5, x6 and x7.
Variable x1 contains missing entries for 51 out of the 996 cases, and variable x4 contains
46 missing observations. For three cases both variables x1 and x4 are missing.
Since the response variable is binary, a logistic regression model is used for modeling
the data and the full model takes the form

logit{P (Y = 1)} = β0 + β1x1 + . . . + β7x7.

Our goal is to perform variable selection in the logistic regression model, including all
cases. Because two covariates present missing values, we need to take this into account
because we do not wish to remove the cases with missing values. Since the nature of
both variables is continuous we modelled them using a bivariate normal distribution
with mean µ′ = (µi1, µi2), µit = αt0+αt1xi2+αt2xi3+αt3xi5+αt4xi6+αt5xi7, t = 1, 2
and Σ an arbitrary covariance matrix. The joint covariate distribution of x1, x4 is given
by

f(xi1, xi4|vi,α) = f(xi1|xi4,vi, α1)f(xi4|vi, α2)

with vi = (x2, x3, x5, x6, x7). While many model selection criteria could be considered,
we here focus on Akaike’s (1973) information criterion AIC. The criterion that we
construct is directly comparable to the AIC in case no observations are missing, and
easily follows by application of the EM algorithm.

3 The method of weights and the EM algorithm

Some of the explanatory variables X1i, . . . , Xpi contain missing observations, whereas
the response variable Y is fully observed. For this reason the design matrix in parti-
tioned in two parts, X = (Xobs, Xmis), to distinguish between variables that are fully
observed and variables with missing values.
The joint distribution of (Y i, Xi) is modelled by specifying the conditional distribution
of (Y i|Xi) and the marginal distribution of (Xi). In this way the model is described
as

fθ = f(Y , X; θ) = f(Y |X;β)f(X;α)

where θ = (β,α).
The estimation method is the EM algorithm; in our case the algorithm is used to
estimate the missing part of the data. In particular we consider the method of weights
as introduced by Ibrahim (1990). The EM algorithm proceeds in 2 steps, the E-step



F. Consentino and G. Claeskens 187

where we estimate the expectation of fθ = f(Y ,X; θ) and the M-step where the
maximization is performed.
The expectation in the E-step is named the Q function, and we can write it as:

Qi(θ|θ(k)) =
∫

wi log{f(yi, xi;θ)} dxmis,i

where wi = f(xmis,i|xobs,i, yi;θk).
In this way we can write the Q function as:

Qi(θ|θ(k)) = Q
(1)
i (β|θ(k)) + Q

(2)
i (α|θ(k)).

Furthermore, due to the log concavity of the conditional distribution of Y given
X within the exponential family, we use the Gibbs sampler along with the adap-
tive rejection algorithm of Gilks and Wild (1992) in order to obtain samples from
[xmis,i|xobs,i, yi;θk]

4 The AIC for missing covariate information

In the derivation we do not assume that the true distribution of the data is known.
Starting point is the Kullback-Leibler distance, with g the true pdf, defined as

KL(g, fθ) = Eg[log{g(Y , X)/f(Y , X;θ)}].
The density fθ can not be evaluated at (Y ,X), because we only observe (Y , Xobs).
The method of weights assigns weights to the log likelihood function, and then inte-
grates over the missing covariates. The “adjusted” likelihood function is hence defined
as log f̃θ(y,x) = Q(θ|θ) where

Q(θ1|θ2) =
n∑

i=1

∫
log f(yi, xobs,i, xmis,i; θ1)f(xmis,i|xobs,i, yi, θ2)dxmis,i.

After some derivation we obtain the Takeuchi information criterion for missing covari-
ate values as

TIC = 2 Q(θ̂|θ̂)− 2 tr{Ĵ(θ̂)Î−1(θ̂)}
where

Î(θ̂) = − 1
n

Q̈(θ̂|θ̂) and Ĵ(θ̂) =
1
n

n∑

i=1

Q̇i(θ̂|θ̂)Q̇i(θ̂|θ̂)′.

The model with the largest value of TIC is chosen. This criterion consists of two parts.
The first part is the “goodness-of-fit” term, whereas the second one is the “penalty”
term, representing twice the effective number of parameters in the model. Following
the Akaike’s information criterion version, a suitable criterion with missing covariates
can be derived

AIC = 2 Q(θ̂|θ̂)− 2 length(θ).

Although the ‘full’ Q function has two components, we want to stress that to allow
comparison between the proposed criteria and the AIC for the complete case, the
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former cannot be taken into account because the second component Q(2) is not com-
parable when the variables in the models are fully observed. So only restricting to the
Q(1) allows a comparison of the criteria values both for the models containing miss-
ing variables and for those not containing such variables. For TIC, a similar reduced
version (denoted TIC1) is defined using Q(1) and contains as the penalty term the
trace of the upper left submatrix of dimension length(β) × length(β) of the matrix
{Ĵ(θ̂)Î−1(θ̂)}. For the AIC1 the penalty term is length(β). Small corrections of the
penalty term for a better approximation of the Kullback-Leibler distance for TIC1 and
AIC1 can be derived.

5 Variable selection for the data example

To illustrate the validity of the proposed criteria, a logistic regression model is carried
out, without removing the cases with missing values. An intercept is included in all
of the models. Further, we performed an all subsets models search amongst the 27 =
128 models. When applying this method to the data example where two continuous
variables contain missing observations, we get the results presented in Table 1. Fitting
the full model, including all the variables, it shows that the following variables are
significant at the 5% level: age of the patient, the duration of diabetes, the percentage
of glycosylated hemoglobin and gender, with the last three highly significant. The best
model selected is the following

logit{P (Y = 1)} = −4.258− 0.029x2 + 0.126x3 + 0.130x4 + 0.563x5.

In the table the TIC1, TIC1,C , AIC1 and AIC1,C , and the complete cases only AICcc

are displayed. While also the second best model is agreed upon by all criteria, the
TIC1 and TIC1,C differ in their model choice from model three onwards. The differ-
ence between the TIC1 and AIC1 selected models is due to the penalty term used
for calculating the criteria, since the Q(1) function used is the same. Because of the
large sample size, the corrected TIC1,C and the corrected AIC1,C do not give much
different results as compared to the TIC1 and AIC1, confirming that the correction
in the penalty term is useful with small sample size. For TIC1 and TIC1,C only the
orders of models 4 and 5 are switched. The new criteria are immediately obtained
from the EM algorithm and can be directly compared to the AIC and TIC in case no
observations are missing. We wish to stress their ease of computation and interpreta-
tion. The results have confirmed the good performance of the criteria, in particular
their efficiency to deal with the missingness. Ignoring the missing cases does not work
well for model selection. Further research will extend these results to include missing
response data and non-ignorable missingness schemes. For details of the derivation, a
full data analysis and simulation study we refer to Claeskens and Consentino (2007).
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TABLE 1. Results of variable selection for the WESDR data. The table displays the best six
models selected by the different criteria, the value of the criterion for each of these models,
together with the Q function and the penalty used for (a) TIC1, (b) TIC1,C , (c) AIC1 and
AIC1,C , and (d) the complete cases only AICcc. Since the models selected by AIC1 and
AIC1,C are the same, we only show the value of AIC1. All models contain an intercept.

Variables Criterion Q(1) function penalty term
(a) TIC1

x2, x3, x4, x5 −932.26 −460.79 5.34
x2, x3, x4, x5, x7 −932.89 −460.10 6.34
x2, x3, x4, x5, x6 −933.15 −460.23 6.34

x2, x3, x4, x5, x6, x7 −933.89 −459.58 7.36
x1, x2, x3, x4, x5 −933.91 −460.55 6.40

x1, x2, x3, x4, x5, x7 −934.69 −459.93 7.42
(b) TIC1,C

x2, x3, x4, x5 −932.33 −460.79 5.37
x2, x3, x4, x5, x7 −932.99 −460.10 6.39
x2, x3, x4, x5, x6 −933.24 −460.23 6.39
x1, x2, x3, x4, x5 −934.00 −460.55 6.45

x2, x3, x4, x5, x6, x7 −934.01 −459.58 7.42
x1, x2, x3, x4, x5, x7 −934.82 −459.93 7.48
(c) AIC1 Penalty for

AIC1 AIC1,C

x2, x3, x4, x5 −931.59 −460.79 5 5.03
x2, x3, x4, x5, x7 −932.20 −460.10 6 6.04
x1, x2, x3, x4, x5 −933.10 −460.55 6 6.04

x1, x2, x3, x4, x5, x7 −933.86 −459.93 7 7.06
x2, x3, x4, x5, x6 −934.47 −460.23 7 7.06

x2, x3, x4, x5, x6, x7 −935.17 −459.58 8 8.07
(d) AICcc Likelihood

x2, x3, x4, x5 −849.43 −419.71 5
x2, x3, x4, x5, x7 −850.39 −419.20 6
x1, x2, x3, x4, x5 −850.43 −419.21 6

x1, x2, x3, x4, x5, x7 −851.37 −418.69 7
x2, x3, x4, x5, x6 −852.03 −419.01 7

x2, x3, x4, x5, x6, x7 −852.98 −418.49 8
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Abstract: In this study we propose to compare sieve bootstrap procedure for obtaining
prediction intervals with an alternative approach based on choosing the best forecast model
to adjust a time series. A real data example is used to illustrate the performance of the
proposed procedures. Intensive computer work based on Monte Carlo experiments is carried
out and R subroutines have been constructed.
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1 Introduction and motivation

A time series is a set of observations usually ordered in equally spaced intervals. One
of the main goals in time series analysis is to forecast future values of the series. This
interesting and ambitious task is based on recorded past observed values.
The first step in the empirical analysis of any time series is the description of the his-
toric series. When a time series is plotted, common patterns are frequently found.
These patterns may be explained by many possible cause-and-effect relationships.
Common components are the trend, the seasonal effect, cyclic changes and random-
ness. The identification of these components is very important in the choice of a fore-
cast model. There are several theoretical models that can be considered to fit a set of
data. It is therefore extremely important to choose the model that better describes the
behavior of the series in study and consequently obtain good estimates of the forecast
intervals.
Classical procedures to obtain forecast intervals assume that the distribution of the
error process is known. Some bootstrap approaches have been proposed to compute
distribution free prediction intervals.
Alonso et al. (2002, 2003) used sieve bootstrap methodology to obtain forecast inter-
vals. In section 2 a new approach for deriving those intervals is explained. In section
3 both methodologies are applied to a real air traffic data set.

2 Bootstrap forecast intervals

The bootstrap is a computer-intensive method introduced by Efron (1979) that pre-
sents solutions in situations where the traditional methods fail. Efron’s bootstrap clas-
sical approach has revealed inefficient in the context of dependent data, such as in the
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context of time series. Since then, a great development in the area of resampling meth-
ods for dependent data was observed (Lahiri, 2003). Several authors have proposed
bootstrap methodologies for time series. Recently, Alonso et al. (2002, 2003) extended
the sieve bootstrap approach proposed by Bühlmann (1997), in order to obtain predic-
tion intervals, for a general class of linear models. Their approach uses AR(∞) sieve
bootstrap procedure based on residual resampling from a sequence of approximating
autoregressive models to the series with order p=p(n) that increases as a function of
the sample size n.
Here we proposed to choose first the best model that describes the data, and to proceed
afterwards like in Alonso et al. (2002, 2003).

3 The case study

The real case study refers to monthly air traffic of Lisbon’s FIR (Flight Information
Regions) in the period 1985-2005 and we intend to get monthly forecast intervals for
one year. In Figure 1 the data series is plotted in order to observe its behavior through
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FIGURE 1. Series of monthly observed volume of air traffic.

time horizon and to identify its components. The descriptive analysis of the data
suggests a model with trend and seasonality. Using the theory of forecasting models,
Holt-Winters method was chosen. Those components were estimated and then they
were removed from the time series. Tests of stationarity were performed.
Cordeiro and Neves (2006) compared several bootstrap methodologies in constructing
forecast intervals. Here, forecast intervals using the sieve bootstrap (Alonso et al.,
2002, 2003) and the alternative approach based on a different initial fitting referred to
above are constructed.
The results for these two methods were obtained using B=1000 replicates. In what
concerns the new method, the Holt-Winters model was previously fitted. For the two
methods, 95% monthly forecast intervals for 2006 were obtained and compared with
real values. Results are presented in Table 1.
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TABLE 1. Forecast intervals for 2006.

Months Real Value Sieve Method New Method
January 30284 27829-30933 29351-31143
February 27908 25558-29763 27705-31679
March 31687 26484-31716 30738-33733
April 33336 25495-31508 31530-34085
May 31830 24650-31225 30547-35065
June 32212 23911-31079 30739-36046
July 35935 25408-33063 33310-37026
August 36254 25007-32732 34440-38330
September 33131 23371-31286 32358-39412
October 33721 23424-31449 32326-40494
November 31414 22059-30013 29685-40491
December 32093 22421-30791 30588-41470

In Table 1 when the Real Value is inside the interval bounds it is shown in bold. So
we can see that the new method produces, in general, narrower intervals compared
with sieve bootstrap, and the most important they contain the Real Value.
Interval coverage was calculated too. For each month, the B=1000 replicates were
repeated 200 times. Table 2 shows the percentage of predicted intervals that contain
the Real Value.

TABLE 2. Real Value Coverage (%).

Methods Jan Feb Mar Apr May Jun
Sieve 100 100 57,5 0 0 0
New 100 100 100 99,5 100 100
Methods Jul Aug Sep Oct Nov Dec
Sieve 0 0 0 0 0 0
New 66,5 93,5 100 100 99 100
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In a first analysis, the choice of the model that better describes the data is very
important. So, despite the nice properties that the autoregressive process presents, we
propose to consider first the model that fits the data. From Table 1 and Table 2 we
verify that this approach outperforms the sieve bootstrap for this case study.

4 Remarks

For the time series considered in our real data, trend and seasonality were observed.
Holt-Winters method gave the best fitting. So it was used in the bootstrap approach
to obtain forecast intervals and this computational alternative revealed a good perfor-
mance. Accuracy measures like those given in Hyndman et al. (2006) will be presented
in a future work. An extensive simulation study, for several models, is in progress and
up to now promising results have been obtained.

Acknowledgments: Special thanks to the company Portugal Navigation-NAV
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Abstract: This paper introduces a threshold dynamic factor model for the analysis of vector
time series with non-linear behavior. The model is applied to a system of flow rivers in a region
of South America. We show that those flow rivers behave differently if the Southern Oscillation
Index, SOI, exceeds a specific threshold value. We propose a procedure for estimating common
latent threshold factors that may explain the dynamic relationships within the group of
variables. Parameter estimation is made combining the EM algorithm with a grid search
procedure.
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1 Introduction

The purpose of this paper is to model a system of flow rivers with common non-linear
behavior of the threshold type. El Niño Phenomenon drastically alters the Colombian
rainfall regime, and so it alters the hydrological system too. The Southern Oscillation
Index, SOI, is a variable associated with the atmospheric component of the El Niño
climatic event. We test the hypothesis that the flow rivers behaves differently if the
SOI exceeds a threshold value, and we show that the system shares a common non-
linear behavior. We propose a model and a procedure for estimating common latent
threshold factors that may explain the dynamic relationships within the group of flow
rivers.

2 The threshold dynamic factor model

The model we propose extends the dynamic factor model introduced by Peña & Box
(1987) allowing the factors to follow a multivariate non-linear autoregressive threshold
TAR model. The model represents the observable vector time series as a sum of two
orthogonal latent components. The first one, common to the components of the time
series vector, is described by a vector TAR process of small dimension. The second
one is specific to each component of the vector.
Definition: Let Zt be a k × 1 zero mean stationary vector time series,
Zt = (z1t, z2t, · · · , zkt)′. We will say that Zt is represented by a threshold dynamic
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factor model with 2 regimes of autoregressive order p and threshold variable wt if

Zt = Λft + ut,

ft =





p∑
i=1

φ
(1)
i ft−i + Υ(1)at if wt−d < γ

p∑
i=1

φ
(2)
i ft−i + Υ(2)at if wt−d ≥ γ

where wt is an observable stationary univariate random variable, ft is a zero mean
non-observable r× 1 stationary random process, r ≤ k, ut is a k × 1 white noise with
diagonal positive definite covariance matrix Σu, at is an r×1 white noise with identity
covariance matrix Ir, ut is independent of ft−h for h ≥ 0, and at is independent of
ft−h for h ≥ 1. It is assumed that {wt}, {ut} and {at} are pairwise independent.
The parameters of the model are the so called threshold parameter, γ, the delay or
threshold lag d, the factor loading matrix Λ of dimension (k× r), and the parameters
of the factor process φ

(j)
i ,Υ(j) j = 1, 2 , of dimension (r× r). To ensure identifiability

of the model, it is assumed for j = 1, 2 that Υ(j) are diagonal positive definite and for
Λ that rank(Λ) = r and Λ′Λ=Ir, Ir being the identity matrix of order r.

3 Results

A threshold dynamic factorial model is estimated to a vector time series of five Colom-
bian rivers. The historical data corresponds to flow monthly averages of the rivers Cal-
ima, Cauca, Grande, Ovejas and Prado, and cover a period of 36 years, from January
1955 to December 1990.
The procedure to model the vector time series consists of three steps. In the first one,
we test whether there is evidence of nonlinearity in the river flows; in the second one
we identify the number of common factors, if any; finally, in the third step we estimate
the parameters of the model.

3.1 Linearity test

The linearity test proposed by Tsay (1989) is applied to each of the univariate time
series. The test is based on arranged autoregression and orders the observations ac-
cording to the size of the threshold variable wt−d. The test was implemented with
threshold variable wt−d = SOIt−d , for each d belonging to the set {1, 2, .., 6} . The
conclusion is that for the Calima and Ovejas rivers there is strong evidence of non-
linearity (0.01% of significance), whereas for the other three the evidence is not so
clear (12% of significance).

3.2 Identification of number of factors

The identification procedure is based on the covariance matrices of the observed
processes. Let ΓZ(k) = E(Zt−kZ ′t) and Γf (k) = E(ft−kf ′t) the covariance matrices of
the observed and latent processes. If the model is correct, ΓZ(k) = ΛΓf (k)Λ′, k ≥ 1,
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and therefore the observed covariance matrices for k ≥ 1 have all the same eigenvec-
tors. This property allows an explorative analysis of the number of factors in the model
by computing the eigenstructure of the sample covariance matrices. This procedure
leaves us with one or possibly two factors. In order to test this findings we apply two
tests for the number of factors. The first one, whose details can be consulted in Peña &
Poncela (2006), is based on the fact that the number of common factors, r, is equal to
the number of nonzero canonical correlations between Zt−h and Zt for lags h 6= 0 and
the second one, proposed by Hu & Chou (2004) is based on the number of canonical
correlations between present and not present (past and future). Based on the tests
results, we conclude that there are 2 factors.

3.3 Estimation procedure

We propose estimating the model by maximum likelihood under the normality as-
sumption. The procedure we adopt combines the EM (Expectation - Maximization)
algorithm of Dempster et. al. (1977) with a grid search method, maximizing the likeli-
hood function Lw

Z in a sequential form, first over ψ1 =
{
Λ,Φ(1),Φ(2), Υ1, Υ2, Σv

}
and

secondly over ψ2 = {d, γ} . For d and γ fixed, the maximum over ψ1 may be obtained
by the EM algorithm as in the dynamic factor model. This is done by means of the
Kalman filter and a smoothing algorithm. A simple grid search can be used to find
the values d̂ and γ̂ that maximizes the likelihood function. The grid search is taken
over the pair of sets {1, 2..., 12} for the delay parameter and {-2.6, -2.5, ... , 2.3} for
the threshold parameter. These values are chosen in such a way that there are enough
observations to estimate the parameters in each regime. For each value d and γ on
this grid, an EM algorithm is implemented and then the procedure must execute 60
times the EM algorithm.

3.4 Estimation results

The results for the estimated delay is d̂ = 1, the threshold parameter estimation is
γ̂ = −2.3, and the estimated model:

Zt =
[

0.29 0.54 0.34 0.47 0.52
0.94 −0.05 −0.06 −0.23 −0.22

]′ [
f1t

f2t

]
+ ut

[
f1t

f2t

]
=

[
0.70 0.00
0.00 0.55

] [
f1,t−1

f2,t−1

]
+ Υ(1)at if SOIt−1 < −2.3

[
f1t

f2t

]
=

[
0.78 0.00
0.00 0.67

] [
f1,t−1

f2,t−1

]
+ Υ(2)at if SOIt−1 ≥ −2.3

with Σ̂u = diag(.016, .006, .032, .040, .201), Υ(1)Υ(1) = diag(.30, .08),
Υ(2)Υ(2) = diag(.27, .04) .
The model indicates that the AR(1) dependency of the factor model is stronger when
SOIt−1 ≥ −2.3. Since events of El Niño Phenomenon are presented along with nega-
tive values of the Southern Oscillation Index, regime 1 may be related to one of the
phenomenon phases.
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Abstract: We propose a parameterization for cubic splines, called value-first derivative para-
meterization, that facilitates both the use of unequally spaced knots and of quadratic penalty
functionals. Simulation studies show that curves estimated under such parameterization tend
to outperform, in terms of mean squared error, those estimated using the more standard
approach based on B-spline basis functions and difference penalties.
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1 Introduction

Penalized spline models (Eilers and Marx, 1996) are a popular modelling tool in many
statistical contexts where estimation of a smooth curve g is necessary. Typically, g
is represented as an element in the span of a chosen cubic B-spline basis. However,
B-splines and functionals of B-splines may be hard to handle analytically if unequally
spaced knots are used.
We propose a local parameterization for cubic splines, termed value-first derivative pa-
rameterization (VFDP), that is easy to implement under any configuration of knots.
We show how the VFDP allows us to break the effect of standard penalty function-
als into interpretable quantities, an important feature when eliciting priors within a
Bayesian inference framework. We compare, through simulation studies, the perfor-
mance of our proposed methodology using the VFDP with that based on B-spline
basis functions.

2 Penalized Likelihood Methods

Penalized spline methods estimate g by maximizing the penalized log-likelihood crite-
rion:

lp(g) = l(g)− P (g), (1)

where l is the log-likelihood function of the model, and P (g) is a penalty functional
measuring the ‘roughness’ of g. If g is a cubic spline then usually P (g) = λ

2

∫
g′′2, with

λ ≥ 0 a smoothing parameter controlling the bias-variability trade-off implicit in (1);
as λ tends to infinity the maximizer ĝ approaches a linear fit.
Alternatively, we can use a double penalty, replacing P (g) in (1) by

Pd(g) = λ1
2

∫
g′2 + λ2

2

∫
g′′2. (2)
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The term
∫

g′2 in (2) provides a way of distinguishing, in terms of their roughness,
curves that differ by a linear function. The penalty in (2) was also shown to yield
estimates with good prediction performance (Aldrin, 2006). See Wood (2000) for the
general case of multiple penalties.

3 The Value-First Derivative Parameterization

Let g(x), l ≤ x ≤ r, be the cubic spline with knots {km}Km=1. By definition g is a
cubic polynomial within each knot interval. Such polynomial can be uniquely defined
by four conditions over its coefficients. For each knot km we define:

am = g(km), bm = g′(km). (3)

The parameters am, bm, am+1 and bm+1 define, according to (3), four equations over
the coefficients of the cubic polynomial that agrees with g within [km, km+1). Take
um = x− km and ∆m = km+1 − km, and consider the four polynomials:

φ0m(x) =
(um −∆m)2(2um + ∆m)

∆3
m

, φ1m(x) =
u2

m(3∆m − 2um)
∆3

m

,

ψ0m(x) =
um(um −∆m)2

∆2
m

, ψ1m(x) =
u2

m(um −∆m)
∆2

m

,

It is straightforward to show that, for x ∈ [km, km+1),

g(x) = amφ0m(x) + bmψ0m(x) + am+1φ1m(x) + bm+1ψ1m(x).

The complete set of parameters defining the cubic spline g in [l, r] is the 2K-dimensional
vector α = (a1, b1, . . . , aK, bK)T . By defining am and bm as in (3) we automatically
impose that both g and g′ are continuous functions in [l, r]. However, g′′ is allowed to be
discontinuous across the knots, bringing additional flexibility to the fitting process. The
parameterization used in Green and Silverman (1994), based on g and g′′, constraints
g to have continuous curvature throughout its domain.

4 Interpreting Penalty Functionals

The penalty functional P (g) = λ
2

∫
g′′2 can be written as:

P (g) = λ
2

∑K−1
m=1

∫ km+1

km
g′′2 =

∑K−1
m=1 Pm(g), λ ≥ 0.

For each knot interval [km, km+1) we define the quantities dm,m+1 = am+1 − (am +
∆mbm) and dm+1,m = am− (am+1−∆mbm+1). The degree of g within [km, km+1) and
the values of dm,m+1 and dm+1,m are related by the following equivalence relationships:

dm,m+1 = dm+1,m ⇔ g is quadratic,
dm,m+1 = dm+1,m = 0 ⇔ g is linear.
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Shaw (1987) shows that we can write each of the local penalties Pm(g) in terms of the
quantities dm,m+1 and dm+1,m:

Pm(g) =
λ

2
3 (dm,m+1 − dm+1,m)2 + (dm,m+1 + dm+1,m)2

∆3
m

. (4)

So P (g) penalizes generalizations of linear relationships, with the strength of the penal-
ization increasing as these generalizations become more complex. Given α, evaluation
of P (g) is straightforward using (4), which is valid for any configuration of knots.
It turns out that we can also write the local penalty P1m(g) = λ

2

∫ km+1

km
g′2 in terms

of dm,m+1 and dm+1,m:

P1m(g) =
λ

2
(am+1 − am)2 + (dm,m+1−dm+1,m)2

20 + (dm,m+1+dm+1,m)2

12

∆m
. (5)

The term (am+1 − am)2 in (5) penalizes linear functions of x. Thus, in this case,
P1(g) =

∑K−1
m=1 P1m(g) is increasingly penalizing curves that grow in complexity com-

pared to a constant function of x.

5 Simulations

We illustrate the proposed methodology through a couple of simulation studies in dif-
ferent regression contexts. Since B-splines are the most popular choice in the smoothing
methods literature we also compare the performance of the VFDP with the related
approach based on B-splines and difference penalties.

5.1 Single vs Double Penalty Models

We start by comparing single and double penalty models in the following Gaussian
regression setting:

yi = g(xi) + εi, εi ∼ N(0, 0.32), i = 1, . . . , 200,

with g(x) = sin (2x) + 2 exp (−16x2), −2 ≤ x ≤ 2, a moderately smooth function.
The curve g is approximated by a cubic spline with 20 knots which are taken to be
equally spaced to facilitate the comparison with the B-splines methodology. Inference
is performed within a Bayesian framework, making use of the natural link between
quadratic penalties and Gaussian priors over α. We use Gibbs sampling to obtain
posterior estimates of α and λ. Inference for double penalty models is carried out
using empirical Bayes methods taking λ1 and λ2 in (2) as unknown constants. We
draw 200 replicates. The quality of the fit and the prediction ability (for 50 ‘new’
observations) are measured by the empirical mean squared error:

MSE (ĝ) =
1
n

∑

i

(g(xi)− ĝ(xi))2.

The results are shown in Figure 1. They suggest that, when a single penalty is used,
curves estimated using the VFDP tend to capture the trend in the data more faithfully
than the ones parameterized using B-spline functions. If focus is on prediction then
double penalties seem to be preferable.
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FIGURE 1. Simulation results for estimation (left) and prediction (right). ‘SP’ stands for
single penalty models, ‘DP’ stands for double penalty models.

5.2 Extended Generalized Linear Models

To assess the performance of the methodology based on the VFDP outside Gaussian
error structures we consider the logistic model:

yi | xi ∼ Bernoulli (µi), logit {µi} = g(xi), i = 1, . . . , 200,

with g(x) = 1
0.72 sin (6x− 3), 0 ≤ x ≤ 1, a sinusoidal function. Again we take g to

be well approximated by a cubic spline with 20 equally spaced knots. We will focus
solely on single penalty models but double penalties are as easily incorporated in this
setting as in the Gaussian regression case.
The Gibbs sampler cannot be used here because the full conditional for α is not of
standard form. We turn to the Metropolis-Hastings sampler proposed by Brezger and
Lang (2006) to obtain posterior estimates of α. A Gibbs step is then used to sample
a new value of λ. The prediction ability of the model is also investigated in a manner
similar to the one described for the Gaussian regression case in Section 5.1. The results
for 100 replicates are presented in Figure 2. The VFDP and B-splines seem to perform
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FIGURE 2. Simulation results for estimation (left) and prediction (right).

equally well in this case contrary to what happens in the Gaussian setting.
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6 Application

We consider data on wages and union membership taken from a random sample of
534 individuals selected from the CPS (Current Population Survey). The data set is
from 1985 and can be found in the Stalib site (URL lib.stat.cmu.edu/). The random
variable union is the binary indicator of union membership (1 if member, 0 otherwise).
wages (in $/hour) is a continuous random variable. We study the regression model:

union | wages ∼ Bernoulli (µ), logit {µ} = g(wages).

The unknown smooth function g is approximated by a cubic spline with 10 equally
spaced knots parameterized according to the VFDP. The results are presented in
Figure 3.

0 5 10 15 20 25 30
0

0.1

0.2

0.3

0.4

0.5

x

y

FIGURE 3. Logistic cubic spline fit to the union and wages data set (solid line) with 95%
pointwise credible intervals (dashed lines). ‘x’ stands for wages (in $/hour) and ‘y’ stands for
Prob(union). The original data set is also included as pluses with values of 1 replaced by 0. 5
for illustration purposes.

The estimated shape of the curve g suggests that the probability of union membership
increases with wage up to an amount of $15/hour, decreasing afterwards.

7 Conclusions

We propose a parameterization for cubic splines which is more intuitive and makes
interpretation and implementation of standard quadratic penalty functionals straight-
forward. Our approach is competitive with the usual B-splines one both in terms of
quality of fit and prediction error even in sparse data settings as is the logistic re-
gression example of Section 5.2. We also compared double and single penalty models
concluding that the former result in estimates with better predictive ability.
We are currently investigating the use of the VFDP in contexts such as GAMs and
proportional hazards models.
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Abstract: Randomized response (RR) is an interview technique that ensures confidentiality
when sensitive questions are asked. In RR the answer to a sensitive question is partly deter-
mined by a randomizing device. Respondent may nevertheless feel uncomfortable with the RR
design and give the least sensitive response, irrespective of the outcome of the randomizing
device. This kind of self-protective response behavior yields biased prevalence estimates. In
this paper we present the zero-inflated Poisson model to account for self-protective response
bias in the presence of an RR variable with multiple, ordered response categories. An example
from a Dutch social security survey is provided.
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1 Introduction

In many surveys sensitive questions need to asked. Examples are questions about al-
cohol abuse or sexuality. Randomized response (RR) is an interview method especially
designed for sensitive questions. In RR the answer depends partly on the true status
of the respondent and partly on the outcome of a randomizing device. The outcome
is known only to the respondent so that confidentiality is guaranteed.
It is however unrealistic to assume that all respondents comply with the RR design.
Studies by Edgell, Himmelfarb and Duchan (1982), and Van der Heijden, Van Gils,
Bouts and Hox (2000) show that respondents may exhibit self-protective response be-
havior by giving the least sensitive answer, regardless the outcome of the randomizing
device. Recently models have been proposed that account for self-protective response
bias in the presence of multiple binary RR variables. These models use the fact that
self-protective response behavior results in an excess of observation of the response pro-
file denying the sensitive characteristic on all questions. As an example, Böckenholt
and Van der Heijden (2007) propose IRT models for RR profile data that includes a
parameter accounting for the excess of observations of the response profile consisting
of only no responses.
This paper proposes the zero-inflated Poisson (ZIP) model (Lambert, 1992) to account
for self-protective response bias in the presence of a single RR variable with multiple
ordered response categories. As an example we present the analysis of a variable from
a Dutch social security survey. If this variable is analyzed with the general multino-
mial RR model we observe an unsatisfactory fit, with too many observations in the
nonsensitive response category and too few observations in the more sensitive response
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categories. This pattern of residuals clearly suggests the presence of self-protective re-
sponse behavior. If we assume that the categories of the sensitive characteristic follow
a Poisson distribution, then we can model the excess of observations in the zero count
as zero-inflation due to self-protective response behavior.
The paper is structured as follows. In section 2 we present the question from the
Dutch survey on social security fraud. Section 3 presents the general multinomial RR
models, and derives the ZIP model for a RR variable with multiple ordered response
categories under the assumptions of a Poisson distribution and the presence of self-
protective response behavior. In Section 4 we compare the main results of the RR
models presented in section 3. Section 5 concludes.

2 The social security survey

In 2004 the Dutch Department of Social Affairs conducts a nationwide survey to assess
the level of regulatory noncompliance with the Social Security Law. In this survey 2.580
beneficiaries of social security benefits are asked the following question:

A On average, how much money a month have you earned in the past 12 months in
addition to your social security benefits by working off the books ?

The question has six response categories, ranging from 0 euros to 250 euros or more.
For this question according the forced-response (FR) design (Boruch, 1971) is used. In
this particular application, the respondent tosses two dice and answers the question
truthfully if the sum of the two dice equals 5, 6, 7, 8, 9 or 10. If the sum of the two dice
is equal to 2, 3, 4, 11 or 12, the respondent tosses a single die, and answers the question
by naming the number of eyes on the die. The observed response frequencies n∗j are

TABLE 1. Response frequencies.

j 1 2 3 4 5 6

in EUR 0 1-50 51-75 76-100 101-250 250+

n∗j 2014 245 108 74 72 67

The following eleven variables are included in this study as covariates. Beneficiaries of
3 different social security acts are distinguished by the dummy variables AIA (Assis-
tance Insurance Act) and DIA (Disability Insurance Act ), with reference category the
Unemployment Insurance Act. The background variables are gender, age and (level
of) education. The variables costs compliance, benefits noncompliance, norm confor-
mity and informal control assess motives for noncompliance with the rules. The two
variables trust and understanding assess the respondent’s attitude towards the RR
design.

3 The RR ZIP model

Let random variable U denote the true status on the sensitive characteristic and let
U∗ denote the response to the sensitive question, for u∗, u ∈ {1, . . . , 6}. If we define
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πu∗ as the probability that U∗ takes on the value u∗, and πu as the probability that
U takes on value u, and we assume a multinomial distribution for U , we obtain the
general multinomial RR model

πu∗ =
6∑

u=1

pu∗|uπu, (1)

where pu∗|u denotes the conditional misclassification probability of observing response
u∗ given the true status u (Chaudhuri and Mukerjee, 1988). The conditional misclas-
sification probabilities can be derived from the distribution of the dice. In the given
FR design

pu∗|u =
{

19/24 if u∗ = u
1/24 if u∗ 6= u.

We can also interpret the response categories to the sensitive question as counts of
units of income. We can then define the variable Y = U − 1, so that for Y = 0 denote
the event that ”0 units of income” are earned, and Y = 5 that ”5 units of income or
more”. If, for y, y∗ ∈ {0, 1, . . . , 5}, we assume a censored Poisson distribution for Y we
obtain the Poisson RR model

πRR
y∗ =





∑4
y=0 py∗|yπy if y < 5

py∗|5
(
1−∑4

y=0 py∗|yπy

)
if y = 5,

(2)

with py∗|y equal to pu∗|u, and πRR
y∗ denoting the probability of observing the event

Y ∗ = y∗ under the RR scheme.
We now introduce the zero-inflated Poisson model (Lambert, 1992) with the zero-
inflation parameter θ to account for the effect of self-protective response behavior.
Since self-protective response behavior results in an excess of zeros on the observed
variable Y ∗, we obtain the ZIP RR model

πy∗ = (1− θ)πRR
y∗ + I(y∗=0)θ, (3)

where πy∗ denotes the probability of observing the event Y ∗ = y∗, and I(y∗=0) is an
indicator variable taking on the value 1 if Y ∗ = 0, and 0 otherwise.
The covariate vectors xi explaining the RR generated count distribution and zi ac-
counting for the self-protective response bias can be included in model (3) by respec-
tively

λi = exp(xiβ) and θi =
exp(ziγ)

1 + exp(ziγ)
, (4)

for i ∈ {1, 2, . . . , n}.

4 Main results

Table 2 compares the fit of the models presented in the previous section. Only the
final model (4) includes covariates. The two variables trust and understanding compose
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the covariate vector z and are used to explain the zero-inflation. The remaining nine
variables compose the covariate vector x and explain differences in the individual
Poisson parameters.

TABLE 2. Model fitting

RR model AIC X2

Model (1): multinomial model 4425 43.4
Model (2): Poisson model 4422 46.8
Model (3): ZIP model 4376 5.3
Model (4): ZIP model with covariates 4279 0.7

In terms of the Akaike Information Criterion (AIC) Model (2) assuming a Poisson
distribution for the units of money earned by working off the books fits slightly better
than the multinomial model (1). The X2 statistics indicate however that the fit of both
models is far from satisfactory. Substantial reductions in the AIC are accomplished by
the inclusion of a zero-inflation parameter in Model (3), and the inclusion of the 9 β
and 2 γ parameters in Model (4). In terms of X2 both ZIP models seem to exhibit a
satisfactory fit.
Model (4) yields an estimate of the zero-inflation parameter of θ̂ = 0.40, and an esti-
mated probability vector for the units of money earned by working off the books of π̂y =
(.792, .163, .034, .008, .002, .001), with Pearson residuals vector (.1,−.6, .3,−.1, .5, .0).
As a comparison, consider the corresponding vectors π̂y = (.935, .065, 0, 0, 0, 0) and
(2.2, .8, .0,−3.3,−3.4,−3.9) of the multinomial RR model (1). The vector with the
Pearson residuals of this model shows a systematic pattern which is in line with our
assumption about self-protective response behavior: in the observed data the zero
count is overrepresented and the higher counts are underrepresented.

TABLE 3. Parameter estimates β and γ of Model (4)

covariate β̂ se covariate γ̂ se

constant -2.08 0.45 constant -0.74 0.32
AIA -0.23 0.26 trust -0.33 0.42
DIA 0.04 0.11 understanding -0.75 0.44
gender 0.15 0.19
age 0.02 0.02
education 0.48 0.24
costs compliance 1.03 0.33
benefits noncompliance -2.30 0.34
norm conformity 0.32 0.43
informal control 1.25 0.41

Table 3 shows the estimates for the β and γ parameters. For the β parameters the esti-
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mates of cost of compliance, benefits of noncompliance, education and informal control
are significant, indicating that high costs of compliance, high benefits of noncompli-
ance, higher education and less informal control are associated with higher earnings
from working off the books. Judging by the standard errors the estimates of the γ
parameters do not seem to be significant. However, the removal of the covariate un-
derstanding from the model results in a significant likelihood-ratio (LR = 7.0, df=1,
p < .001). This results suggests that the zero-inflation in the responses to the sensitive
question is negatively related to the extent to which the respondent understands when
to answer yes and when no.

4.1 Conclusions

In this paper we present a ZIP model accounting for self-protective response bias in
RR and we illustrate the model with an example from a Dutch social security survey.
Obviously, the RR variable in our example is a pseudo count variable and therefore the
Poisson assumption is questionable. However, we feel that results of the ZIP model are
more realistic than those of the models that assume a multinomial distribution and
ignore self-protective response bias.
Table 2 clearly shows that the introduction of the zero-inflation parameter θ sub-
stantially improves the fit. Since θ was introduced into the Poisson model to capture
the effect of self-protective responses, it seems that the estimate θ̂ = 0.40 indicates
the proportion of respondents who exhibit self-protective response behavior. However,
this interpretation disregards the possibility of true zero-inflation, for example due to
respondents who are unable to perform labor or who are fundamentally opposed to
working off the books. We therefore interpret the parameter θ in our model as a re-
flection of multiple sources of zero-inflation, of which self-protective response behavior
is only one source. As a consequence, we take the estimate of 40% as overestimate of
self-protective bias.
Lastly, an interesting result is the observed relation between the covariate under-
standing and self-protective response behavior. This result suggests that improving
the instructions to the respondents may lead to more valid responses to the sensitive
question, while improving the respondent’s trust in the RR method does not seem to
have a significant effect. It would be interesting to see if this result can be reproduced
in other studies.
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1 Introduction

Birnbaum and Saunders (1969a) proposed a two-parameter distribution that can be
used to model failure time due to fatigue under cyclic loading when failure follows
from the development and growth of a dominant crack. In this paper we shall use the
results in Barndorff-Nielsen (1983), Severini (1999) and Cox and Reid (1987) to obtain
adjustments to the Birnbaum-Saunders profile likelihood function. Numerical results
and an application are presented.

2 Adjusted profile likelihood

Barndorff–Nielsen (1983) proposed an adjusted profile likelihood function which is in-
variant under reparameterizations of the form (τ, φ) → (τ, ζ(τ, φ)), where τ is the
vector of parameters of interest, φ is the vector of nuisance parameters and ζ is
a function of τ and φ. His proposal follows from the p∗ formula, which is an ap-
proximation to the conditional density of the maximum likelihood estimator given
an ancillary statistic. The proposed adjusted profile likelihood function is LBN (τ) =
|∂φ̂τ/∂φ̂|−1|jφφ(τ, φ̂τ )|−1/2Lp(τ), where jφφ(τ, φ) = −∂2`/∂φ∂φ> is the observed in-
formation matrix for φ when τ is fixed, Lp(τ) = L(τ, φ̂τ ) is the profile likelihood
function for τ , L(·) being the usual likelihood function and φ̂τ is the restricted max-
imum likelihood estimator of φ given τ . An alternative expression for LBN (τ) that
does not involve |∂φ̂τ∂φ̂| is available. However, it involves a sample space derivative
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and requires an ancillary statistic a such that (τ̂ , φ̂, a) is minimal sufficient statis-
tic. Some approximations to the sample space derivative of the log-likelihood func-
tion have been proposed. An alternative approximation to Barndorff-Nielsen’s (1983)
adjusted profile likelihood function, say ˘̀

BN (τ), was proposed by Severini (1999):
˘̀
BN (τ) = `p(τ) + 1

2 log |jφφ(τ̂ , φ̂τ )| − log |Ĭφ(τ, φ̂τ ; τ̂ , φ̂)|, where

Ĭφ(τ, φ; τ0, φ0) =
n∑

j=1

`
(j)
φ (τ, φ)`(j)φ (τ0, φ0)>, `

(j)
θ (θ) = (`(j)τ (θ), `(j)φ (θ) (1)

being the score function for the jth observation. This approximation can be easily
computed and is particularly useful in situations where one is not able to compute
expected values of log-likelihood derivatives. We shall now consider an alternative
adjustment to the profile likelihood function. Suppose that τ and φ be orthogonal, i.e.,
that the elements of the score vector, ∂`/∂τ and ∂`/∂φ, be uncorrelated. Cox and Reid
(1987) proposed an adjustment that is an approximation to a conditional probability
density function of the observations given the nuisance parameter maximum likelihood
estimator and can be written as LCR(τ) = |jφφ(τ, φ̂τ )|−1/2Lp(τ). Taking logs we obtain
`CR(τ) = `p(τ)−log |jφφ(τ, φ̂τ )|/2; the maximizer of `CR(τ) shall be denoted as τ̂CR. It
is noteworthy that the score bias is of order O(n−1), but the information bias remains
O(1).The derivation of `CR(τ) requires that τ and φ be orthogonal. However, it is not
always possible to find a parameterization that delivers orthogonality. Additionally,
unlike LBN (τ), their adjustment is not invariant under reparameterizations of the form
(τ, φ) → (τ, ζ(τ, φ)).

3 Birnbaum-Saunders adjusted profile likelihoods

At the outset, let α be the parameter of interest and β the nuisance parameter. Also,
let t = (t1, . . . , tn)> denote a random sample of size n from the Birnbaum-Saunders
distribution. The profile log-likelihood function, `p(α), is given by

−n log(αβ̂α) +
n∑

i=1

log




(
β̂α

ti

)1/2

+

(
β̂α

ti

)3/2

− n

2α2

(
r

β̂α

+
β̂α

s
− 2

)
,

where r =
∑n

i=1 ti/n, s =
[∑n

i=1(nti)−1
]−1 and β̂α, for fixed α is the restricted

maximum likelihood estimator of β; it does not have a closed-form expression, and
thus it needs to be obtained using restricted nonlinear optimization methods. In what
follows, we shall obtain the adjusted profile likelihoods described in Section 2. We
shall omit the derivation details in the interest of space. Note that the interest and
nuisance parameters are orthogonal. The observed information jββ(α, β) evaluated at

(α, β̂α) can be written as jββ(α, β̂α) = − n

β̂2
α

+ n
2

(
1

β̂2
α

+ 2K′(β̂α)

K2(β̂α)

)
+ n

α2
r

β̂3
α

and K(β) =
[

1
n

∑n
i=1(β + ti)−1

]−1
. From (1), we obtain

Ĭ(α, β̂α; α̂, β̂) =
n

β̂2
− 1

β̂

n∑

j=1

Aj − 1
4




n∑

j=1

A2
j +

1
α2α̂2
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B2
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− 1
4




(
1
α2

+
1
α̂2

) 


n∑

j=1

AjBj − 2

β̂

n∑

j=1

Bj





 ,

where Aj =
(

t
−1/2
j

β̂−1/2+3β̂1/2t
−3/2
j

t
−1/2
j

β̂1/2+β̂3/2t
−3/2
j

)
and Bj =

(
tj

β̂2
− 1

tj

)
. The likelihood ratio test

statistics obtained from the adjusted profile log-likelihood functions given above for
the test of H0 : α = α0 against H1 : α 6= α0 are given by LRCR(α) = 2 {`CR(α̂CR)−
`CR(α0)} and LRBN (α) = 2 {`BN (α̂BN )− `BN (α0)} , where α̂CR and α̂BN are the
values of α that maximize `CR(α) and `BN (α), respectively. These test statistics are
asymptotically distributed as χ2

1 under the null hypothesis.

4 Numerical Evidence

In Table 1 we present the powers of the tests of the null hypothesis H0 : α = α0.
The values of α used ranged from 0.12 to 0.28. Again, the tests were performed using
size-corrected critical values (obtained from the size simulations) in order to force all
tests to have the same size. The simulations were carried out using n = 10, α = 0.10
and β = 1.0. (All entries are percentages.) We note that LR is slightly less powerful
than LRBN , which, in turn, is outperformed by LRCR. For example, when α = 0.20
and at the 5% nominal level, the nonnull rejection rates of these tests were equal to
76.65%, 82.76% and 82.83%, respectively.

5 Application

We shall now perform profile and adjusted profile likelihood inference using a real
data set. We shall assume that observations are random draws from the Birnbaum-
Saunders distribution. We consider the data provided by Birnbaum-Saunders (1969b)
on the fatigue life of 6061-T6 aluminum coupons cut parallel to the direction of rolling
and oscillated at 18 cycles per second (cps). The data set consists of 101 observations
with maximum stress per cycle 31,000 psi. Let α be the parameter of interest. Suppose
we are interested in testing H0 : α = 0.15 against H1 : α 6= 0.15. The test statistics
based on `p(α), `CR(α) and `BN (α) are, respectively, 3.5771, 3.8421 and 3.8351, with
the following corresponding p-values: 0.05858, 0.04998 and 0.05019. Since the sample
size is large (101 observations), the values of the three statistics are similar. However,
the resulting inference is not the same at the 5% nominal level, since the test based
on `CR(α), unlike the other two tests, yields rejection of the null hypothesis.
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TABLE 1. Nonnull rejection rates, inference on α.

5% 1%
α LR LRCR LRBN LR LRCR LRBN

0.12 8.33 12.82 12.72 2.53 4.42 4.40
0.14 24.26 33.25 33.18 11.96 18.00 17.92
0.16 45.28 55.35 55.28 28.68 37.81 37.72
0.18 62.45 70.99 70.83 46.38 55.34 55.26
0.20 76.65 82.83 82.76 63.91 71.50 71.43
0.22 85.54 89.78 89.72 76.08 81.84 81.79
0.24 91.76 94.16 94.14 85.28 89.49 89.44
0.26 94.62 96.24 96.24 89.99 92.81 92.80
0.28 96.60 97.78 97.77 93.47 95.46 95.45

Acknowledgments: Special Thanks to CAPES and CNPq, Brazil.
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1 Introduction

The method of paired comparisons addresses the problem of determining the scale
values of a set of J objects O1, O2, . . . , OJ on a preference continuum that is not
directly observable. Paired comparisons are judgmental tasks that typically involve
repeatedly exposing an individual to all different ` =

(
J
2

)
pairs of objects from this set

and asking which of the pair is preferred.
One of the most prominent and well-known models that covers such situations is due to
Bradley and Terry (1952). The (basic) Bradley-Terry model is defined by the equations

P{Yij = 1|πi, πj} =
πi

πi + πj
, P{Yij = −1|πi, πj} =

πj

πi + πj
, (1)

where {Yij = 1} ({Yij = −1}) denotes the event that object i (j) is chosen in the
comparison of objects i and j. The π’s are unknown non-negative parameters, the so
called ’worth’ parameters, describing the location of the objects on the preference scale
which have to be estimated. The model has been extended by Dittrich et al (2002)
who incorporated a set of dependence parameters to allow for lack of independence
between responses.
In the tradition of Conaway (1992) the purpose of this paper is therefore to extend
the log-linear model for the analysis of dependent paired comparisons to adjust for
missing observations.
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2 The probability model

2.1 Data structure

The paired comparison experiment can result in two cases. One (case A)is a complete
response pattern y with all yij ∈ {−1, 1} and the other (case B) is a incomplete
response pattern y with yij ∈ {−1, 1, 0} where {yij = 0} denotes a missing response in
the comparison of objects Oi and Oj . There are 2` complete response patterns which
can be combined into the (2` × `) complete response pattern matrix Y(A) . There are∑`−1

ν=1

(
`
ν

)
2`−ν = 3` − 2` − 1 incomplete response patterns which can be collected into

the incomplete response pattern matrix Y(B). In total there are 3`−1 response pattern
where the response with only zeros is omitted. Both Y-matrices can be stacked into
the (3` − 1 × `) response pattern matrix Y = (Y(A)T

,Y(B)T

)T . Y(A) can be seen as
the design matrix of a 2` main effects only design in standard order. Y(B) is the row-
wise concatenation of matrices which are built up by all responses corresponding to a
specific nonresponse pattern. Let us denote these submatrices by Y(B)

1; ij , Y(B)
2; ij, kl . . .,

where the first index is the number of missing comparisons and the second indices
(ij), (kl), . . . represent the missing comparison(s).
The nonresponse indicators can also be arranged in a (3` − 1× `) matrix R with the
property rij = 1 if the comparison between Oi and Oj is observed, and rij = 0 other-
wise. The matrix R can be represented by R = Y¯Y, the elementwise (Hadamard)
product of Y with itself.
We consider the set of all N respondents as being partitioned into disjoint subsets
N (A); N (B)

1 , . . . , N
(B)
`−1, where N (A) and N

(B)
k denotes also the number of respondents

who responded to all ` paired comparisons or did not respond to k paired comparisons,
respectively , and N = N (A) + N

(B)
1 + . . . + N

(B)
`−1 is the total number of respondents.

Thus, e.g N
(B)
1 = N

(B)
1; 12 + N

(B)
1; 13 + . . . is the sum of all those respondents with one

given comparison missing.
Example. To illustrate let J = 3 and therefore ` = 3. Thus we get the following re-
sponse pattern matrices: Y(A) for the complete response pattern and for the incomplete
response patterns we obtain the following block matrices Y(B)

1 , Y(B)
2 .

Y(A) =




1 1 1
1 1 −1
1 −1 1
1 −1 −1

−1 1 1
−1 1 −1
−1 −1 1
−1 −1 −1




,Y(B)
1 =




Y(B)
1;23

Y(B)
1;13

Y(B)
1;12




=




1 1 0
1 −1 0

−1 1 0
−1 −1 0

1 0 1
1 0 −1

−1 0 1
−1 0 −1

0 1 1
0 1 −1
0 −1 1
0 −1 −1




,
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Y(B)
2 =




Y(B)
2;13,23

Y(B)
2;12,23

Y(B)
2;12,13




=




1 0 0
−1 0 0

0 1 0
0 −1 0
0 0 1
0 0 −1




2.2 The probability model

The basic building block is the following representation of the Bradley-Terry specifi-
cation which is due to Sinclair (1982):

pij = P{Yij = yij |πi, πj} =
πi

πi + πj
= ∆ij

(√
πi√
πj

)yij

(2)

where ∆ij = 1√
πi/πj+

√
πj/πi

is a normalizing constant to assure that the probabilities

pij sum up to unity, and yij ∈ {−1, 1}.
When data are missing, complete responses only can result in biased estimates for the
object parameters. With ymis representing the unobserved values which would have
been observed (rij = 0) and y∗ = (yobs, ymis), we can write the joint distribution of
the observed data:

P{yobs, r |π, ψ} =
∫

P{y∗|π} P{r |y∗, ψ} dymis

We start by assuming an ignorable missingness process, where , for example, the
probability of a missing response can depend on the comparison or on the temporal
ordering of the comparison and not on the unobserved response which the subject
would have given. In this case, the distribution of a given observed response pattern
yobs with a given nonresponse pattern r simplifies to:

P{yobs, r |π, ψ} = P{yobs |π} P{r |yobs, ψ}
Using formula (2) and assuming independence between the paired comparisons we
define:

P{yobs} =
∏

i<j

∆|yij |
ij ·

(√
πi√
πj

)yij

(3)

= ∆ · exp





J∑

j=1

λj




J∑

ν=j+1

yjν −
j−1∑
ν=1

yνj






 ,

where the normalizing constant ∆ =
∏

i<j ∆|yij |
ij is different for each block

(Y(A) ,Y(B)
1;ij ,Y

(B)
2; ij, kl . . .) and λj = 1

2 ln πj . Note that the definition of yij produces
a product over only the observed response values. Note also that the coefficient asso-
ciated with λj is the number of comparisons where object Oj is preferred minus the
number of comparisons where object Oj is not preferred.
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2.3 Estimation of parameters

Parameter estimation is based on product multinomial sampling. All judges with the
same missingness response pattern build a specific response group. The number of
judges within a given group will be treated as multinomial distributed with proba-
bilities which are defined in formula (3). Therefore, the expectation of the number of
judges with a given response pattern within a given response group can be represented
as log-linear. Because the model belongs to the class of Generalized Linear Models,
the parameters can be estimated by standard software using a Poisson distribution
and a log-link.
The design matrix X consists of column vectors with suitable entries for the parame-
ters. Because we base our considerations on product multinomial sampling the design
matrix is a block matrix where each block corresponds to a given response/nonresponse
pattern. In general each block can be written as:

(1,YB) .

The first column corresponds to the different normalizing constants, different for each
group. The Ys are the response pattern matrices defined in section 2.1 and B is the
paired comparison design matrix:

B =




1 −1 0 . . . 0 0
1 0 −1 . . . 0 0
...

...
... . . .

...
...

0 0 0 . . . 1 −1.




Example: (cont.) The design matrix for our example is given by

X =




18 0 0 0 0 0 0 Y(A)B
0 14 0 0 0 0 0 Y(B)

1;23B
...
0 0 0 0 0 0 12 Y(B)

2;12,13B




3 Dependence between comparisons

The model above can easily be extended to include dependence terms between paired
comparison responses. There are several approaches discussed in the literature to incor-
porate within-subject dependencies in paired comparison experiments (e.g. Böckenholt
and Dillon, 1997). We focus on the approach of Dittrich, Hatzinger, and Katzenbeisser
(2002) who considered a log-linear approach for the analysis of dependent paired com-
parisons, which was embedded in the analysis of multiple binomial responses of the
form Y = (Yij) , i, j = 1, 2, . . . , J , i < j. The model is extended to

P{yobs} = ∆ · exp





J∑

j=1

λj




J∑

ν=j+1

yjν−
j−1∑
ν=1

yνj






·

exp {θ1,23 y12y13+θ2,13 y12y23+θ3,12 y13y23+ . . .} .

with ∆ defined as in formula (3).
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4 Non-ignorable missing mechanisms

With non-ignorable missingness, there is dependence of the missingness process on the
unobserved y. For example, an individual may choose not to response to a particular
choice if he or she knows that their choice is socially disapproved of (supporting a far
right party, liking McDonalds). With ymis representing the unobserved values (rij =
0) and y∗ = (yobs, ymis), one possible model for missing data could be

P{r |yobs,ymis, ψ} =
∏

i<j

P{Rij = rij} (4)

where, for example,
logit P{Rij = 1} = ψij0 + ψij1y

∗
ij (5)

Computational approaches in the literature are mainly based on the EM-algorithm
and/or composite link functions. Models with composite link functions are expressed
in the form µ∗ = Cµ where the C consists of 0’s and 1’s which define which elements
of the unobserved vector µ need to be summed to result in an observed frequency, i.e.
E(Y) = µ∗ = Cµ, µ = h(η), η = Xβ (Rindskopf, 1992, Molenberghs and Goetghebeur,
1997). However in the case of a large number of objects and/or many nonresponse
patterns the matrix C can become very large and computationally intractable. The
most prominent approach covering the missing data problem is the EM-algorithm. The
estimation step simply estimates the complete data counts given the data to classify
counts into the full table according to the current estimates. The maximization step
performs maximum likelihood estimation on the filled-in contingency table. Both steps
are iterated until convergence, which can be slow.

5 Example

The models proposed in this paper will be applied to a data set where the bidding
behaviour in virtual electronic auctions (Ebay auctions) was investigated. The attrac-
tiveness of an object was defined by the following characteristics: ”number of bids”,
”quality of the describing pictures”, ”Rating of the seller” and the ”verbal description
of the auction object”.
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Abstract: A dimension reduction technique is proposed for matrix data, with applications
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1 Introduction

The topic of ‘biometrics’ has attracted enormous interest in recent years, particularly
with the requirements to deal with terrorism and other major crimes. An important
biometric measurement that is frequently used for identity recognition is a face image.
It is essential to develop methods that are reliable and robust given the nature of the
applications. However, the task is very difficult.
One key aspect of image analysis is that the data are very high-dimensional. In
face recognition and in many other applications it is of interest to summarise high-
dimensional data using lower dimensional projections of the data, such as principal
components analysis (PCA). In recent years there has been quite a large amount of
interest in two-dimensional PCA (2DPCA) and various related methods (Yang et al.,
2004; Kong et al., 2005; Ye, 2005). The essential idea of the method is to carry out
PCA acting directly on matrices rather than stacking vectors. The method of 2DPCA
has been demonstrated to be effective at summarizing the information in image data,
where a clear two dimensional structure is present (rows and columns).

2 Factored principal components analysis

2.1 Maximum likelihood estimation

Consider a dataset of n matrices X1, . . . , Xn which are each of size r×c. It is frequently
of interest to summarise the variability in the data by a linear projection to a lower
dimensional sub-space.



222 Factored PCA and face recognition

We shall consider a stochastic model-based approach where the matrices are regarded
as identically distributed realizations of a distribution with marginal probability den-
sity function f(Xi), i = 1, . . . , n, with mean and covariance matrix given by

E[Xi] =
∫

Xif(Xi)dXi = µ , (r × c matrix)

E[vec(Xi − µ)vec(Xi − µ)T ] = Σ,

i = 1, . . . , n, where vec(X) denotes the vectorize operator, which involves stacking the
first column of X onto the second column of X onto the third column of X etc., to
give a vector of length rc, and Σ is a rc × rc symmetric positive definite matrix. We
focus on three particular cases

Σ = Σr ⊗ Ic, (1)
Σ = Ir ⊗ Σc, (2)
Σ = Σr ⊗ Σc, (3)

where Σr and Σc are positive definite matrices of size r × r and c× c respectively, ⊗
denotes the Kronecker product (e.g. see Mardia et al., 1979, p459), and Ik is the k×k
identity matrix. The likelihood of the data if the Xi’s are mutually independent is

L(X1, . . . , Xn|θ) =
n∏

i=1

f(Xi|θ),

where θ is the vector of parameters of the distribution. The maximum likelihood
estimator (m.l.e.) of θ is obtained by finding the value of θ which maximizes the
likelihood.

2.2 Multivariate Gaussian case

In the case where the Xi are independent and identically distributed (i.i.d.) as multi-
variate Gaussian the m.l.e.s are given by

µ̂ =
1
n

n∑

i=1

Xi , Σ̂ =
1
n

n∑

i=1

vec(Xi − µ̂)vec(Xi − µ̂)T .

The principal components loadings are given by the eigenvectors of Σ̂, which has rank
min(n − 1, rc). For many practical applications, particularly involving image data,
rc >> n− 1 and so there will be n− 1 eigenvectors of Σ̂ with non-zero eigenvalues.
Under the three factored models (1)-(3) the m.l.e. of the mean is again µ̂. If we have
the factored matrix of (1) then the m.l.e. of Σr is

Σ̌r =
1
cn

n∑

i=1

(Xi − µ̂)(Xi − µ̂)T ,
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and the eigendecomposition of this matrix gives the principal components loadings of
row-based 2DPCA (Yang et al., 2004). If we have the factored matrix of (2) then the
m.l.e. of Σc is

Σ̌c =
1
rn

n∑

i=1

(Xi − µ̂)T (Xi − µ̂),

and the eigendecomposition of this matrix gives the principal components loadings of
column-based 2DPCA (Yang et al., 2004).
If we have the factored matrix of (3) then the m.l.e.s of Σr,Σc are obtained by solving
the system of equations:

Σ̂r =
1
cn

n∑

i=1

(Xi − µ̂)Σ̂−1
c (Xi − µ̂)T , (4)

Σ̂c =
1
rn

n∑

i=1

(Xi − µ̂)T Σ̂−1
r (Xi − µ̂). (5)

Note that we can only estimate Σr, Σc up to a scale factor, since aΣ̂r, a
−1Σ̂c are also

solutions, for any a > 0. The solutions to equations (4), (5) can be obtained using a
simple iterative two stage algorithm.
Consider the spectral decompositions

Σ̂r = ΓrΛrΓT
r , Σ̂c = ΓcΛcΓT

c

where Γr, Γc are orthogonal matrices and Λr, Λc are diagonal with positive elements
(ordered eigenvalues with largest first). The jth column of Γr contains the loadings of
the jth row PC, j = 1, . . . , r. The kth column of Γc contains the loadings of the kth
column PC, k = 1, . . . , c.
In order to reduce the dimension we consider the first q row PCs and s column PCs.
Let

Aq = [(Γr)1, . . . , (Γr)q] (r × q matrix)
Bs = [(Γc)1, . . . , (Γc)s] (c× s matrix)

where (A)j denotes the jth column of A. The projection onto the first q row and first
s column eigenvectors is given by the q × s matrices of scores

Si = AT
q (Xi − µ̂)Bs, i = 1, . . . , n. (6)

We call the method of dimension reduction introduced in this section Factored Prin-
cipal Components Analysis (FPCA), and the matrices Si are the factored PC scores.
The estimated variances of the row PCs are given by the diagonal elements of Λr, and
the estimated variances of the column PCs are given by the diagonal elements of Λc.
A low rank PC model for image data can be based on a model for the factored PC
scores Si, for example a multivariate normal model, as used in Section 4.
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2.3 Bilateral 2D principal components analysis

An alternative dimension reduction technique for matrices is bilateral 2D principal
components analysis (B2DPCA) (Kong et al., 2005) which is equivalent to generalized
low rank approximations of matrices (GLRAM) (Ye, 2005). The task is again to find
matrices of orthonormal columns Aq, Bs as above, but the estimates are found by least
squares, by minimizing

n∑

i=1

‖Xi −AqA
T
q XiBsB

T
s ‖2.

A similar two-stage iterative algorithm to that of FPCA is used to estimate Aq, Bs.
The scores are given again by equation (6).

3 Forensic Likelihood Ratio

In forensic science investigators need to quantify the amount of evidence that data
collected from a crime scene (e.g. a CCTV image) really is from a suspect in custody.
We investigate the use of forensic identification techniques for classification using the
methods of Aitken and Lucy (2004) and Aitken et al. (2007). The strength of evidence
is reported as a likelihood ratio (LR) under the two hypotheses that the suspect is
that of the CCTV image versus the hypothesis that the person is not. A two stage
multilevel random effects model is used to model the population of faces.
Consider a set of n measurements taken from each image (e.g. factored PC scores)
Sij , i = 1, . . . , m, j = 1, . . . , ni in a database of m people. If a new set of measurements
is presented based on nr recovered images then the forensic LR statistic is computed
for each of the m individuals in the database. The recovered images are classified
as belonging to the person with the highest likelihood ratio. We denote the forensic
likelihood classification method as ‘FLR’ when a multivariate normal model is used
and ‘FLR-KDE’ when a kernel density estimator model is used (see Aitken et al., 2007,
for details).
One of the consistently best performers in classification problems is the support vector
machine (SVM), which we consider as an alternative method.

4 Application

We illustrate the utility of the factored PCA approach with an application in face
recognition. A total of 200 individuals are selected from the FERET database (Phillips
et al., 2000; Shen and Li, 2006) with three frontal photographs of the face per individual
with size 128× 128 pixels. One of the images is selected at random and used as a test
image whereas the other two images are used as training images.
We applied the factored PCA and B2DPCA methods for dimension reduction, and we
explored the FLR, FLR-KDE and SVM methods for classification. Some performance
rates are given in Table 1. When sq ≥ n the estimated covariance matrices in the FLR
and FLR-KDE methods are singular. For a pragmatic solution in this case we used
Û + τ2I, Ĉ + τ2I instead of Û , Ĉ respectively, where we take τ = 1 in our application.



I.L. Dryden et al. 225

TABLE 1. Comparison of classification methods for different choices of q row PCs and s
column PCs from the dimension reduction techniques factored PCA (first three rows) and
B2DPCA (fourth row). Each row shows the percentage correct classifications for the FLR,
FLR-KDE, SVM methods, as indicated. The bold figures are the highest values in each
column, and the number of parameters in each model is qs.

q, s
5,10 10,5 10,10 5,20 20,5 10,15 15,10 15,15 20,20

FLR 87.5 82 88 91.5 84 85.5 78 68 87
FLR-KDE 84 80.5 87 89.5 82 83 77 68 87

SVM 44.5 46 56.5 59 56 74.5 66 83 80
FLR 83 87 89 81.5 89.5 84 82.5 71 86

We first discuss the case when factored PCA is used for dimension reduction. Note
that in general the performance of the FLR and FLR-KDE methods was much better
than SVM for lower numbers of PCs, with FLR usually giving slightly better per-
formance than FLR-KDE (and the FLR-KDE approach is much slower to compute).
SVM performs better for higher dimensions than in the lower dimensional cases. For
higher numbers of PCs sometimes the SVM method was superior (e.g. q = 15 = s)
and sometimes the FLR and FLR-KDE methods were better (e.g. q = 20 = s). The
FLR method gives the best individual performance here, with 91.5% classification ac-
curacy with 100 PC scores (q = 5, s = 20). The FLR method is more parsimonious
than SVM, and with generally better performance FLR appears to be the best of the
classification methods in our application.
It could be argued that the FLR and FLR-KDE methods work well because of the
appropriateness of the statistical model, which indirectly accounts for the uncertainties
in the observations with regard to expression, illumination, pose etc. by using a two
stage model of between and within person variability.
The final row of Table 1 shows the performance of the FLR method when the al-
ternative dimension reduction technique B2DPCA is used. The performance is quite
similar to when using factored PCA, although for a fixed number qs of parameters the
performance using factored PCA is usually marginally better here.
We have also compared the method with 2DPCA (Yang et al., 2004) and success rates
with FLR classification were 29.5%, 43%, 50.8% with 2, 3, 4 row PCs respectively. The
success rates with 2, 3, 4 column PCs were 23%, 39.5%, 63%. The numbers of parame-
ters in each case are 256, 384, 512 and so we see here that 2DPCA is clearly inferior
to factored PCA and B2DPCA when considering similar numbers of parameters.
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Abstract: A commonly used approach to modelling recurrent failures is based on a non-
homogeneous Poisson process (NHPP) and requires data on actual failure times. Modelling
and predicting bursts in underground water pipes is vital to water companies from both
an economic and conservation perspective, but often does not allow for use of a conventional
NHPP for two reasons. Firstly, because data is commonly only recorded on numbers of failures
over a (relatively long) time period and not on exact failure times. Secondly, because failures
are usually only observed in a very small proportion of pipes in the network. This paper
proposes a model derived from the conventional NHPP which only makes use of numbers of
failures in an observed time period and the age of each pipe at the end of this period, but
is still able to capture the age deterioration phase of the reliability curve. The model is then
further extended to account for censoring and truncation in the data as well as an excess of
zeros. Application of this ‘aggregated’ model and its zero-inflated extension are illustrated on
a data set involving a network of 532 cement water pipes in Manukau City, Auckland, New
Zealand.

Keywords: NHPP; Zero-inflated; Aggregated; Censoring; Truncation.

1 Introduction

Predicting pipe failures (i.e. bursts or blockages) in water distribution systems is im-
portant in terms of scheduling replacements and repairs, and in planning associated
budgets. Various modelling approaches have been used for prediction, depending upon
the failures of interest, the nature and complexity of the network and the availability,
scope and reliability of relevant data (Kleiner, 2001). One approach is to use models
drawn from reliability theory which usually treat the occurrence of failures as a non-
homogeneous Poisson process (NHPP), i.e. a Poisson process with time varying failure
rate. This approach has the advantage of explicitly incorporating and characterizing
the non-linear relationship between failure rate and pipe deterioration with age as well
as allowing for the inclusion of other covariates. Recently, Watson (2005) has demon-
strated how this approach in conjunction with Bayesian Markov Chain Monte Carlo
(MCMC) methods can be used effectively to develop a pipe replacement policy.
However, one drawback of NHPP models is that they require detailed data on actual
failure times to estimate the shape of the underlying reliability curve. In practice, at
least in the UK, this level of detail may not be available since historically many water
companies have only recorded total numbers of failures in different parts of the network
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over time periods of numbers of years, rather than actual failure times resulting in data
being aggregated over the observation period. Moreover the data are most likely limited
to only a few years in relation to the age of the pipes in the network (Gat and Eisenbeis,
2000). In other words the data on the number of failures is left truncated, for instance
having only 10 years worth of failures for a 100 year old pipe. This added to the fact
that bursts are rare events over the lifespan of a pipe, results in data sets having excess
zeros in terms of failures. In this article a methodology is developed which extends
conventional NHPP models to not only cope with aggregated numbers of failures but
also with zero-inflation in the data. The models are implemented within the Bayesian
framework using MCMC methods and applied to data involving a network of 532
cement water pipes in Manukau City, Auckland, New Zealand.

2 Model Specification

2.1 Basic Model

Suppose that pipe bursts occur as a NHPP with time-dependent intensity function
λ(t). An important property of the NHPP is that the number of failures, N(t), in any
time interval [t1, t2] follow a Poisson distribution with mean

∫ t2
t1

λ(t)dt = Λ([t1, t2])
(Meeker and Escobar, 1998), i.e.

Pr(N(t1)−N(t2) = n) =
e−Λ([t1,t2])Λ([t1, t2])

n!
(1)

A variety of models exist that can be used to express the intensity λ(t) (Kleiner and
Rajani, 2001). Here we adopt a formulation based on the power law (e.g. Landers et
al., 2001; Sen, 2002) where:

λ(t) = γθ(x)tθ(x)−1

and θ(x) = βx is a linear function of suitable pipe covariates x = (1, x1,
x2, . . . , xk) with associated parameters β = (β0, β1, . . . , βk). Note that the shape func-
tion, θ(x), can represent both a deteriorating system (θ(x) > 1) and an improving
system (θ(x) < 1).

2.2 Likelihood Function

Suppose we observe pipe i in the time period [0, Ti) and that ni denotes the numbers
of failures each of which occurred at times: 0 < t1 < t2 < · · · < tni . So if tni < Ti then
the data are time truncated, whereas if tni = Ti the data are failure truncated. Then,
the conventional NHPP (Rigdon and Basu, 2000) leads to a time truncated likelihood
function for the failure times in pipe i as:

f(t1, t2, . . . , tni
) =




ni∏

j=1

λ(tij)


 exp

{
−

∫ Ti

0

λ(y)dy

}

=




ni∏

j=1

λ(tij)


 exp {−Λ ([0, Ti))}
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As mentioned previously, this likelihood involves both the number of failures, ni, and
the individual failure times tij .
Suppose, however, that only ni and not tij are available. Then using (1), we see
that ni ∼ Poisson(Λ ([0, Ti))) which allows direct use of the Poisson likelihood when
dealing with aggregated data (i.e. data on number of failures and length of period of
observation only). We are making the assumption here that the observation period
starts at time zero (i.e. the installation time of the pipe) which is rarely the case since
typically we will only have failure information for a few recent years and the pipe will
usually have been installed long before the start of that period. So if we suppose that
we start observing pipe i at t0i > 0, then ni ∼ Poisson(Λ ([t0i, Ti))). Assuming we
have N pipes and that these pipes are independent, then the overall likelihood for the
data on all pipes is:

L(·) =
N∏

i=1

e−Λ([t0i,Ti)) [Λ ([t0i, Ti))]
ni

ni!

and since

Λ ([t0i, Ti)) =
∫ Ti

t0i

λ(tij)dtij =
∫ Ti

t0i

γθ(xi)t
θ(xi)−1
ij dtij = γ

[
T

θ(xi)
i − t

θ(xi)
0i

]

we have

L(γ, β) =
N∏

i=1

(
1

ni!

)
e
−γ
h
T

θ(xi)
i −t

θ(xi)
0i

i (
γ

[
T

θ(xi)
i − t

θ(xi)
0i

])ni

(2)

Note that in this formulation γ is a global parameter, rather than pipe specific. In our
case this is appropriate since pipes are of similar material and the ground they are
buried in is comparable. However, γ can easily be made pipe-specific if the application
demands it.

2.3 Zero Inflated NHPP

A substantial part of the data sets involving water pipe failures are left truncated
due to the fact that it is only lately that water companies have started collecting
information on failures. Clearly, there are likely to be very few recorded failures over
the most recent 5 or 10 years of a pipe installed up to 100 years ago, given that failures
over its whole lifespan are relatively rare. This results in data sets where the majority
of the pipes appear to have no failures at all. To cope with this zero-inflation in defects
of items in manufacturing, Lambert (1992) introduced the Zero Inflated Poisson (ZIP)
model which has also been widely used in many other applications (e.g. Gupta et al.,
1996; Zorn, 1998; Bohning et al., 1999; Ghosh et al., 2006). The idea in the ZIP model
is that it has two states; the first which produces zeros with probability (1 − p) and
the second which produces counts from a Poisson(µ) distribution with probability p.
Assuming a random sample y1, y2, . . . , ym this results in a mixture distribution

f(yk; pk, µk) =





(1− pk) + pke−µk , if yk = 0 ,

pk
e−µkµyk

k

yk!
, if yk = 1, 2, . . .
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whose log-likelihood function is

l(µ, p; y) =
m∑

k=1

I(yk=0) ln
[
(1− pk) + pke−µk

]

+
m∑

k=1

I(yk>0)[ln(pk)− µk + yk ln(µk)− ln(yk!)]

where

I(event) =

{
1 , if event is True ,

0 , if event is False

Using the same idea we can extend our ‘aggregated’ model for pipe burst by assuming
that each of the N pipes follows a zero-inflated nonhomogeneous Poisson distribution,
so that:

f(ni, Ti, t0i) =





(1− pi) + piexp {−Λ ([0, Ti))} ni = 0

pi
exp {−Λ ([0, Ti))} (Λ ([0, Ti)))

ni

ni!
ni = 1, 2, . . .

with log-likelihood:

l(γ, p, β; x,n, T , t0) =
N∑

i=1

I(ni=0) ln
[
(1− pi) + piexp

{
−γ

[
T

θ(xi)
i − t

θ(xi)
0i

]}]

+I(ni>0)

[
[ln(pi)− γ

[
T

θ(xi)
i − t

θ(xi)
0i

]
+ ni ln

(
γ

[
T

θ(xi)
i − t

θ(xi)
0i

])
− ln(ni!)

] (3)

where n = (n1, n2, . . . , nN ).
Following the lines of Lambert (1992) which suggests that the parameter p can itself
be parameterized to be a function of covariates, we set

logit(pi) = γT
θ(xi)
i

Hence pi is related to the age of the pipe at the end of the observation period and the
characteristics of the reliability curve as determined by θ(xi) and γ.

3 Model Application

Here we consider application of the proposed models to the Howick Pressure Zone data
in Manukau city, Auckland, New Zealand (Watson, 2005). These data consist of 532
asbestos cement pipes with 175 recorded failures in the eleven year period 1990-2001.
Some pipes experienced multiple failures and in actuality only 81 of the 532 pipes had
reported failures, so that 451 pipes had zero failures.
Both the aggregated model (2) and the ZIP model (3) were fitted in WinBUGS
(Spiegelhalter et al., 1999) for the first nine years of data and used to derive a poste-
rior predictive distribution for the number of failures in each pipe for the remaining
2 years of the observation period. Covariates used in the model include pipe length,
pipe diameter, pressure and absolute pressure.
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Two parallel Markov chains were run for each version of the model, using a burn in of
10,000 and then sampling every 25 iterations to collect a total of 10,000 samples from
each chain. This was enough to ensure good convergence and rate of mixing for each
parameter. A Gaussian prior with zero mean and large variance was assumed for each
of the parameters γ, and β0, β1, . . . , βk.
Although the data did not contain actual times of failures, both models were still able
to capture the ageing process in the vast majority of the pipes through the function
θ(xi). However, the ZIP model leads to a substantial reduction in the standard errors
of the covariate coefficients involved in θ(xi), suggesting that the deterioration in the
pipes is more precisely estimated when zero-inflation is allowed for.
In reality 26 pipe failures were experienced in the 532 pipes in the last two years of the
data collection period. The posterior predictive mean of total number of pipe failures
from the zero-inflated model for these years based on the previous nine years of data
was 21.5, with associated 95% credible interval (10, 29).

4 Conclusions

In this paper we have considered two modifications (time aggregation and zero-infla-
tion) to the conventional NHPP model previously used to predict bursts in under-
ground pipes. In summary, when applied to real data, the ‘aggregated’ zero-inflated
model proposed here would appear to be able to adequately capture the ageing process
in individual pipes (a key element of the NHPP) and provide usable predictions of
numbers of pipe failures, despite the sparsity of failures in the data and the lack
of information on actual failure times. On-going work is investigating refinements to
the model to incorporate measurement error in covariates, and also to formulate a
zero-inflated mixture of both the ‘aggregated’ and conventional NHPP, so as to take
advantage of data sets where exact failure times are available for some pipes in the
network, but only total failures for others.
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Abstract: Quasi-periodic signals with variable amplitude can be modelled using smooth
curves, constructed with P-splines, for the real and imaginary parts of their complex log-
arithm. The problem is highly non-linear; good starting estimates are presented. The echo
location signal of a bat and sunspots provide illustrations.
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1 Introduction

Seasonal time series have a fixed period, like a year or a day. Many statistical tools are
available for modelling and analyzing them. This can not be said for quasi-periodic time
series with, which show changing lengths of the periods and possibly varying amplitude.
Examples of such signals can be found in many places in nature and society; examples
are ultrasound echo-location by bats, light from variable stars, number of sunspots,
business cycles, and EEG recordings. A flexible statistical model for quasi-periodic
signals will be useful and interesting. I propose to combine the complex logarithm and
P-splines (Eilers and Marx, 1996).

2 The model

A famous formula from complex function theory is due to De Moivre:

exp(θ + iφ) = exp(θ)(cos φ + i sinφ). (1)

If we let θ and φ vary smoothly with time t and keep the real part (or the imaginary
part), we have a model for a signal with variable amplitude (eθ) and variable phase.
The instantaneous frequency is given by (dφ/dt)/(2π). The latter might not be directly
obvious, but think of a signal with constant frequency f and constant amplitude,
cos(2πft). The period is the reciprocal of the frequency: p = 1/f .
Assuming that we have m data points (ti, yi), the modelling goal is to minimize

S =
∑

i

[yi − exp{θ(ti)} cos{φ(t)}]2, (2)
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under the condition that θ(t) and φ(t) are smooth functions. Smoothness can be ob-
tained with P-splines. Write the functions as sums of B-splines: θ(ti) =

∑
j Bj(ti)αj

and φ(ti) =
∑

j Bj(ti)βj , plug them into (2), and put roughness penalties on α and β.
This is a case of (penalized) non-linear regression, and the established approach works
here too: assume that approximations α̃ and β̃ are available and linearize the problem
using first-order Taylor expansions. Update the coefficients, using (penalized) linear
regression, and repeat until convergence.
Unfortunately, the regression problem is highly non-linear and starting values have to
be really good, especially for β. Experience has shown that if φ̃ is off by more than π,
this can often not be corrected anymore. It manifests itself as a really bad fit for one
or more isolated cycles of the signal. If the initial values are good, rapid convergence
will be obtained.
To get good starting values for β, the following procedure was developed: 1) remove
noise using a low-pass filter; 2) compute the times of the downward zero crossings,
indicate these by uk, k = 1 . . . K; 3) compute vk = k + π/2; 4) smoothly interpolate
the pairs (uk, vk). To get good starting values for α, the following procedure works
well: 1) fit a smooth trend through the data pairs (ti, |yi|); 2) compute the log of this
trend and fit it with P-splines.
It was silently assumed that the signal has no trend and thus moves almost symmet-
rically around the zero axis. For some signals one should first fit a trend (again using
P-splines) and subtract it.

3 Applications

Figure 1 shows a part of a bat echo location signal and the fit of the model. For
better visibility the original data (see Figure 3) were interpolated with a cubic spline,
to increase the resolution five-fold. It is easily seen that the frequency gradually goes
down, while the strength of the signal increases initially and then stays at a high level.
These qualitative impressions are made quantitative by exp(θ̂) and dφ̂/dt. The former
can nicely be portrayed as an “envelope” of the fitted signal.
A second application is shown in Figure 2. These are the yearly sunspot numbers, as
obtained from the National Geographic Data Center (see http://www.ngdc.noaa.gov).
There is a lot of interest in geophysical circles in how period and amplitude of sunspot
cycles have been changing over time. The complex logarithm model appears to do a
good job. To get a more or less symmetric signal, square roots of the raw numbers
were computed from which the trend was removed.

4 Discussion

The smooth complex logarithm model is a powerful tool for analyzing signals with
slowly changing frequency and amplitude. The smooth non-parametric function allows
more flexibility than the Box-Cox transform proposed by Jiang et al. (2006). Also
phase and amplitude are being modelled explicitly, in contrast to the local mean
decomposition of Smith (2005).
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FIGURE 1. Bat echo location signal fitted by the smooth complex logarithm model. Top
panel: data (thin line) and model fit (thick line); middle panel: model fit (thick line), residuals
(thin line) and amplitude, shown as positive and negative envelope; bottom panel: instanta-
neous frequency.
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FIGURE 2. Square root of yearly sunspot numbers (detrended) fitted by the smooth complex
logarithm model. Top panel: data (thin line) and model fit (thick line); middle panel: model
fit (thick line), residuals (thin line) and amplitude, shown as positive and negative envelope;
bottom panel: instantaneous period (full line) and average period (11.13) (broken line).
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Yet a lot of more work is waiting. Some signals consists of a superposition of several
quasi-periodic components; a sum like

µ(t) =
∑

k

exp(θk(t) + iφk(t)) (3)

seems a natural choice to model them.
A careful look at the (residuals of the) bat signal shows that a second harmonic of
increasing amplitude comes in after a certain time. This suggests a model like (3), but
constrained with φ2(t) = 2φ(t) + ψ.
Other signals have varying periods and amplitude, with a typical shape of each period
which is far from sinusoidal. An example, the light curve of a variable star, is shown
by Hall et al. (2000). Two approaches might work. One is to set

µ(t) = exp{θ(t)}f{φ(t) mod 2π}, (4)

where f(.) is the basic waveform (which has to be estimated too). Another is to use
many harmonics, with different relative amplitudes:

µ(t) =
∑

k

exp{θ(t) + γk} cos{phi(t) + ψk}. (5)

This might be useful for musical sound signals (Irizarry, 2001).
However, in all these extended models, it will be much harder to find good starting
values, because zero crossings will no longer show a simple pattern. An alternative
way to get starting values might be to first compute a two-dimensional time-frequency
spectrum, smoothed with a radial gaussian kernel (RGK)(Baraniuk and Jones, 1993).
The quasi-periodic components will show up as curved ridges. The footprint of each
ridge gives information on dφk/dt and its height on the amplitude. Figure 3 shows the
complete bat signal and the RGK spectrum. The existence of two strong and one weak
component is clearly visible. With some human help, it will not be difficult to derive
good starting values. It will be more challenging to find an automatic procedure.
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Abstract: We model monthly disease counts on an age time grid using two-dimensional
varying coefficient Poisson regression. Since the marginal profile of counts show a very strong
and varying annual cyclical behavior over time, sine and cosine regressors model periodic-
ity, but their coefficients are allowed flexibility by assuming smoothness over the age and
time plane. The two-dimensional varying coefficient surfaces are estimated using a gridded
tensor product B-spline basis of moderate dimension. Further smoothness is ensured using
difference penalties on the rows and columns of the tensor product coefficients. The optimal
penalty tuning parameters are chosen based on minimization of AIC. The seasonal effects
are summarized with two-dimensional amplitude and phase image plots. A motivating and
illustrative example is provided using data on monthly deaths due to respiratory diseases, for
US females during 1959− 1999 and for ages 44− 96.

Keywords: Incidence data; P -splines; seasonality; tensor product.

1 Introduction

Many disease-related events reveal considerable seasonal variation, mostly striking
harder in winter than in summer. The size of this seasonal effect may depend on the
age and gender of the victims as well as on the type of disease. In a seasonal incidence
table, one that presents event counts with a time-precision of months or quarters and
age in years, we will see clear ripples with a period of one year. An example is shown
in Figure 1 for females of ages 44 − 96 in the United States who died of respiratory
diseases during 1959 − 1999. The top panel displays the raw counts and can also be
viewed as an image of a flattened large contingency table of monthly death counts with
25,440 cells (53 ages×40 years×12 months). For fixed year, we generally find that the
death counts increase with age, until approximately 85, following the typical density
of deaths from human populations. Figure 1 (bottom panel) shows the monthly totals,
aggregated over all ages, to visualize marginal seasonal variation, and in fact shows
very strong and varying cyclical behavior due to seasonal effects.
It is of interest to quantify the character and the strength of such seasonal patterns.
This includes the identification of the peak season and whether it is stable across ages
and years, but also whether seasonal amplitudes changed over time or differ among
age-groups. Comparisons of different diseases or causes of death may also be of interest.
In this paper we present a very general model to give the answers, extending Rau and
Gampe (2004).
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FIGURE 1. Image plot of female respiratory raw counts for ages 44 − 96 during years
1959−1999 (top) and the marginal plot of time trend (bottom) reflecting strong and variable
seasonality.

2 Modulation models for incidence tables

The P-spline approach has been generalized to two and more dimensions. Tensor prod-
ucts of one-dimensional rich B-spline bases are the building blocks and difference penal-
ties along each dimension allow tuning of smoothness. Extending VCMs and GAMs to
two and more dimensions becomes straightforward this way. Instead of, say, a vector
ft, we model a matrix fat as a sum of scaled tensor products of B-splines.
For incidence tables, we consider Poisson regression using a log link function

log(µat) = sat + fat cos (ωt) + gat sin (ωt) = ηat, (1)

with counts Yat and µat = E(Yat). The index a = 1, . . . , A refers to regressor age
(44−96), whereas year and month are combined to create a new variable time, indexed
by t = 1, . . . , T (1 − 480). Annual cyclical behavior in the counts is modelled in
the linear predictor η using the periodic sine and cosine regressors, with period 2π
approximated at each month. The two regressors are only indexed with t since the



P.H.C. Eilers et al. 241

cyclical behavior is only assumed to be associated with time. Again we choose ω =
2π/p, with p = 12. The parameters s, f, g are indexed by both (a, t) and are
the smooth (two-dimensional) surfaces for the intercept and slopes for the sine and
cosine regressors, respectively. As presented, (1) is over-parameterized with 3× 25440
unknown parameters for 25440 cell counts. Clearly some constraint must be placed on
the parameters and our choice is to enforce smoothness in estimation.

2.1 Modelling coefficients with tensor product B-splines

We use a cubic tensor product B-spline basis on the indexing variables age and time.
Each tensor product has its own coefficient, which scales the altitude. In general,
denote the array of coefficients as Θ = [θkl], k = 1, . . . , K and l = 1, . . . , L. Tensor
product B-spline basis can produce very general surfaces, however, one difficulty in
using such a basis is the choice of the number and the placement of the tensor products
in the indexing plane. A P-spline approach takes two steps toward smoothness: 1) A
relatively rich (gridded) tensor product basis is used (usually such that K×L < 1000)
to purposely overfit the estimated coefficient surfaces, and 2) Penalties are attached
onto the rows and columns of Θ such that the influence of each penalty is regulated
by its own positive tuning parameter, λ.
To express each of the intercept, sine, and cosine varying coefficients smoothly, it is
convenient to work with a vectorized form of Θ denoted as θu = vec(Θu), u = 0, 1, 2.
A “flattened” tensor product B-spline basis B can be formed of dimension AT ×KL,
such that vec(s) = Bθ0, vec(f) = Bθ1, and vec(g) = Bθ2. In matrix terms, (1) can
be reexpressed as

vec{log(µ)} = Bθ0 + diag [cos (ωt)] Bθ1 + diag [sin (ωt)] Bθ2

= Bθ0 + U1θ1 + U2θ2 = Mθ, (2)

where M = [B|U1|U2] and θ′ = (θ′0, θ
′
1, θ

′
2) are the augmented bases and tensor

product coefficients, respectively. The diagonalization of the regressors in (2) ensures
that the each level of the regressor is weighted by its proper level of the varying
coefficient. We now find (2) to be a standard Poisson regression model with effective
regressors M of dimension AT × KL and unknown coefficients θ. The dimension of
estimation is now reduced from initially 3×AT to 3×KL.

2.2 Penalized estimation

We propose to smooth estimation of the coefficient surfaces that is based on penalized
maximum likelihood of the unknown tensor coefficients, θ. Assuming that the counts
Yat are independent and follow a Poisson distribution with mean µat, the log-likelihood
function (apart from a constant) is given as l(θ) =

∑
at(− exp(ηat) + Yatηat), where

vec(µat) = exp(Mθ). Rather than directly maximizing log(θ), we maximize l?(θ),
which further discourages roughness among the coefficients in each row and in each
column of each tensor field associated with the intercept, cosine term, and sine term.
Define the penalized likelihood function as

l?(θ) = l(θ)−
2∑

u=0

(λRuPenaltyR(θu) + λCuPenaltyC(θu)) , (3)
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where the six λs are the (positive) penalty tuning parameters. The subscripts R and
C refer to “rows” and “columns”, respectively. The penalized likelihood function can
be written more precisely as

l?(θ) = l(θ)−
2∑

u=0

(λRuθ′uP ′RPRθu + λCuθ′uP ′CPCθu) . (4)

The penalty matrices for the vectorized θ can be compactly and conveniently expressed
using Kronecker products, PR = IL ⊗DR and PC = DC ⊗ IK , where I is the identity
matrix and D is the matrix formulation of the set of contrasts to construct a differ-
ence penalty on a specific row or column. Maximization of (4) results in the iterative
solution,

θ̂c+1 =

(
M ′ŴcM +

2∑
u=0

(λRuθ′uP ′RPRθu + λCuθ′uP ′CPCθu)

)−1

M ′Ŵcẑc,

where W = diag{vec(µ)}, z = Mθ+W−1{vec(Y )−vec(µ)} is the “working” dependent
variable and c is the current iterate.
Large values of λ enforce smoothness, whereas small values encourage roughness in
either the row or column orientation. We search for the optimal values of λ, and in
theory the six tuning parameters in can be free. In practice, we constrain the row
(column) λs constant across sine and cosine terms, yielding four free tuning parame-
ters. Our choice of model performance is measured by Akaike’s information criterion
(AIC), which is a compromise between goodness of fit and model complexity, and is
defined as AIC(λ) = deviance(Y, θ) + 2trace(H), where λ = (λ1, . . . , λ4) and trace(H)
approximates the effective dimension of the model. Upon convergence, the matrix H
is the effective “hat” matrix and in this Poisson regression setting its trace can be
computed efficiently as

tr


M ′ŴM

(
M ′ŴM +

2∑
u=0

(λRuθ′uP ′RPRθu + λCuθ′uP ′CPCθu)

)−1

 .

We search on a linear grid on a log scale for the optimal set λ, monitor AIC, and
choose the λ with minimum AIC.

3 Applications

For female respiratory lifetable data, each the intercept, cosine, and sine term, the
varying coefficients were constructed on the age and time grid using a basis with K×
L = 7×9 tensor product (cubic) B-splines. The penalty was constructed using a third
order difference penalty on each row and column of the tensor product coefficients. The
optimal tuning parameters were λ = (0.001, 0.001, 1, 0.01), yielding an approximate
effective dimension for the model: trace(H) = 159. Note that the initial dimension
of the model was 3 × 25440, that was reduced to 3 × 63 = 189, then finally reduced
to 159 after penalization. Figure 2 displays the varying intercept term in the upper,
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FIGURE 2. Image plot of the varying intercept term or overall trend (upper, left); amplitude
and phase (month) resulting from the 2D seasonal effects, (upper, right) and (lower, left)
respectively; and the Pearson residuals (lower, right).

right panel. In the two following panels the cosine and sine varying coefficients are
transformed into the amplitude and phase surfaces. The phase surface has been further
mapped from the interval (0, 2π) into (0, 365) and is generally peaked during winter.

4 Discussion

The modulation model for incidence tables allows detailed quantitative description
of many aspects of seasonality. The intercept surface captures the overall trend in
event counts, as a function of year and age. After conversion to polar coordinates, the
modulation surfaces tell us how the relative strength of seasonality changes with year
and age, as well as changes in the phase, i.e. the time of the year, in which peaks occur.
This can be a powerful tool for detailed epidemiological or demographic analysis. In
this paper we studied mortality data, but of course the model can be applied to other
types of events, like disease incidence.
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Because the estimated surfaces are smooth by design, they allow the computation
of derivatives, with respect to age or time, for specialized research in which rates of
change are of interest.
The combination of tensor products and discrete penalties is very effective for multidi-
mensional smoothing. One can image extensions of gender models, with shared seasonal
components, but differing trends for men and women. One can also envision exten-
sion to more dimensions. The US death counts can be subdivided by state. This gives
the opportunity to introduce East-West or North-South spatial location for building
a three-dimensional incidence table. A further extension is to build four-dimensional
models, in which “surfaces” live in the longitude-latitude-time-age space.
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Abstract: We investigate design-weighted local smoothing and show that the optimal (bias-
minimizing) weights have similar form and interpretation as the optimal weights given by the
Horvitz-Thompson theorem known from sampling theory. We set forth that the hazards in
using bias-minimizing weights apply to kernel smoothing, too, suggesting to be cautious with
the application of bias-minimizing weights in general.
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1 Introduction

A circus owner plans to ship 50 adult elephants and therefore needs a rough estimate of
their total weight. As weighing elephants is quite cumbersome, he intends to weigh only
one elephant and to multiply the result with 50. However, the circus statistician insists
in setting up a proper sampling plan, and to use the Horvitz-Thompson estimator.
They agree to assign a selection probability of 99/100 to a previously determined
elephant (‘Samba’), which from a previous census is known to have about the average
weight of the herd. The probability for all other elephants is 1/4900, including ‘Jumbo’,
the biggest elephant in the herd. Naturally, Samba is selected, and the statistician
estimates the total weight of the herd by 100/99 times Samba’s weight according to
Horvitz-Thompson. If Jumbo were selected, his large weight would even have to be
multiplied by 4900 to get the ‘best linear unbiased estimator’ of the total weight!
Certainly, after having given these advices, the circus statistician was sacked.
This is a short version of a fable told by Basu (1971), illustrating his reservations
against the Horvitz-Thompson (HT) estimator: For a sample of size n drawn from a
population Y1, . . . , YN , Horvitz and Thompson (1952) showed that among all linear
estimators of the form Ŷ =

∑N
i=1 αiδiYi, the HT estimator ŶHT =

∑N
i=1 δiYi/πi (where

πi is the probability that the i-th element is drawn in any of the n draws and δi is an
indicator taking the value 1 if unit i is selected) is the only unbiased estimator for the
population total, Y. Horvitz and Thompson state that if πi = nYi/Y, the estimator
ŶHT has zero variance and sampling will be optimal. Rao (1999) warns that the HT
estimator ‘can lead to absurd results if the πi are unrelated to the Yi’, and obviously
the probabilities in the fable are far from optimal in this sense. Though HT’s theorem
can reduce the bias of an estimate given the inclusion probabilities, it may produce
useless estimates if they are unfortunately chosen. Nevertheless, HT’s estimator proves
to be useful e.g. in the context of ratio estimation, when a second variable Xi is used
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to construct selection probabilities which are correlated to the Yi. In Basu’s example,
a way out for the unfortunate circus statistician would have been to take the known
elephant weights Xi from the previous census, and to set πi = nXi/X, where X was
the total weight of the herd measured at that time (Koop, 1971, in the discussion of
Basu’s essay).

2 Design-weighted local smoothing

One of the statistical fields where weighting is quite common is that of nonparametric
smoothing. Given a sample (x1, y1), . . . , (xn, yn) drawn from a bivariate population
(X,Y ) ∈ R2 with mean function m(x) = E(Y |X = x), we are interested in a smooth
estimate m̂(·) of m(·). There are two forms of weighting that have to be distinguished
here. Firstly, there are the kernel weights K((xi − x)/h), with a bandwidth h, and
secondly, one can use additional design weights, α(·), leading to the design-weighted
least squares problem

n∑

i=1

K

(
xi − x

h

)
α(xi)


yi −

p∑

j=0

βj(x)(xi − x)j




2

. (1)

From the vector (β̂0(x), . . . , β̂p(x)) minimizing (1), one easily gets estimators of m and
its derivatives, m̂(j)(x) = j!β̂j(x), and one has the following

Theorem. Let h −→ 0 and nh3 −→ ∞, and X = (x1, . . . xn). Under regularity
assumptions we get for p− j odd

Bias(m̂(j)(x)|X) = eT
j+1S

−1cp
j!

(p + 1)!
m(p+1)(x)hp+1−j + oP (hp+2−j)

and for p− j even

Bias(m̂(j)(x)|X) = eT
j+1

j!
(p + 1)!

[(
α′(x)
α(x)

+
f ′(x)
f(x)

)
spm

(p+1)(x) +

+ S−1c̃p
m(p+2)(x)

p + 2

]
hp+2−j + oP (hp+2−j), (2)

with sp = (S−1c̃p − S−1S̃S−1cp), and kernel moment matrices S, S̃, and vectors
cp, c̃p, for the detailed form of which we refer to Einbeck and Augustin (2005), as
well as for the proof, regularity assumptions, and for the asymptotic variance. The
more interesting of the two expressions above is the second one, because it shows
that in this case the leading term is not independent of α(·). This gives the chance
to reduce the bias. Note that the augend in the squared bracket in (2) vanishes for
α′(x)/α(x) + f ′(x)/f(x) = 0, and this differential equation is solved for

αopt(x) = c
1

f(x)
, (3)
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with c ∈ R\{0}. Considering the design density as “selection probability distribution”,
this gives a very similar message to that of HT, where we had optimal weights αi =
1/πi. In practice f(·) is mostly unknown, but it may be substituted by a density
estimate, f̂(·).

3 A surprising analogy

Formula (3) is exactly the opposite of the recommendation given by Einbeck, André
and Singer (2004), who proposed the setting α(·) = f̂(·) in order to robustify against
outliers in the design space. It is well known that points near the boundary can have a
huge influence on the estimate of the regression function (which is even more true for
the derivative estimates, see Newell and Einbeck, 2007). This effect will gain dramati-
cally in power if we even apply weights inversely proportional to the design density as
suggested by our bias-minimizing criterion above - just as Jumbo had a tremendous
influence when selected!
It is at this point worth to take a look into the rejoinder of Basu’s (1971) essay, in
which he vehemently denied that the ‘unrealistic sampling plan’ was responsible for
the failure of the HT estimator. Basu defended, in contrary, the circus statistician’s
sampling plan, as it ensures a representative sample, and gave the responsibility for
the useless result entirely to the HT estimator itself, ‘being a method that contradicts
itself by alloting weights to the selected units that are inversely proportional to their
selection probabilities. The smaller the selection probability of a unit, that is, the
greater the desire to avoid selecting the unit, the larger the weight that it carries when
selected.’
Similarly, in the smoothing context, we have derived a bias-minimizing criterion, which
may prove useful for large and well-behaved data sets, but may give disastrous results
in the presence of outlying predictors. This is exactly the dilemma that Basu was
worried about: he did not conform himself to the fact that one has to get the selection
probabilities right, and in some sense, he is right. What does one do, for instance, if no
auxiliary variable Xi is available to construct a ratio estimator, or if one gets a sample,
selected with ‘wrong’ selection probabilities, and has to work with it (we are aware
that there exist some techniques to adjust the probabilities ex post, e.g., the Keyfitz
(1951) technique, which however have drawbacks as they are actually based on deleting
available data). In the smoothing context, the selection probabilities correspond to the
design density, which is almost never designed to meet any optimality criterion, and
hence there is always a certain potential that things may go wrong.

4 Conclusion

The goal of this paper was to show that there exists an striking analogy between the
theories of sampling and smoothing, leading to a similar discrepancy between theo-
retically optimal and practically useful weighting schemes. We believe that this tells
us an important lesson about statistical methods in general: weighting is performed
in virtually all statistical disciplines, and a usual way of motivating such weights is
to look at theoretical, bias-minimizing criteria. These criteria will often suggest to
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choose weights inversely proportional to some kind of selection probability (density).
This however makes the estimator extremely sensitive to extreme observations (which
correspond to Jumbo in Section 1 and the outlying predictors in Section 2). Hence,
we advise to be careful with bias-minimizing estimators if there are any observations
which might be labelled by the terms “extreme”, “undesired”, “outlying”, “weak” or
“needy”, and the like, and it is likely that this holds far beyond the scope of sampling
and smoothing.
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Abstract: We investigate a data-driven version of Distance-Based classification (Cuadras et
al. 1997). The distance function is drawn from a family of metrics depending on continuous
parameters which, in a sense precised below, are estimated from data.
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tive Metrics.

1 Introduction

Distance-Based (DB) methods were conceived by Cuadras (1989) with an aim to pro-
vide robust nonlinear alternatives to classic multivariate and predictive statistical tech-
niques, capable of sensibly meeting unconventional requirements, such as nonnumerical
measurements. Since their inception a stream of contributions has improved on the
basic functionality. See, e.g., Boj et al. (2007a, 2007b). A cardinal element of DB meth-
ods, namely the metric or distance function itself, has so far remained untouched, due
to the acceptable performance of standard comprehensive measures such as `p for con-
tinuous variates or the Jaccard coefficient for binary ones. In this paper we investigate
metric choice in DB classification, beyond a mere selection from a limited repertory,
with metrics depending on parameters which, in a sense precised below, are estimated
from data. Section 2 is a concise introduction to the method, Section 3 presents para-
metric families of metrics with the required properties, Section 4 describes the process
of estimating parameters, and Section 5 deals with some implementation details.

2 Distance-Based Classification

The key concept is that of distance from an individual to a population, naturally leading
to a minimum distance allocation rule (see Cuadras et al. 1997). For a training set of
n individuals, belonging to g known groups,

Ω = Ω1 t · · · t Ωg, ](Ωα) = nα, n =
∑g

α=1 nα,
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given a new individual ω to be classified on the basis of a certain set of observed
variables, the procedure is as follows:

1. From the observed variables, with a metric d( · , · ), compute the g within-group
matrices Dα of squared interdistances and the g vectors dα of squared distances
from ω to each individual in group α.

2. From the above quantities, compute the g proximity functions fα(ω). It can be
proved that these are equal to the squared distances from ω to the g centroids of
the groups in a Euclidean configuration space (see details, formulae and proofs
in the above reference).

3. ω is allocated to the group with the nearest centroid.

3 Euclidean Metrics with Given Marginals

Underlying DB classification is the assumption that an abstract configuration space
does exist. In turn, this condition depends on d( · , · ) being a Euclidean metric, in
the sense of Multidimensional Scaling (see, e.g., Cox and Cox, 2000). Even though
proximity functions derive directly from Dα and dα, without computing actual coor-
dinates, its implicit existence ensures consistent results. As a matter of fact it is an
open problem to study the behavior of the DB classification algorithm when supplied
with a non-Euclidean metric, as weird effects due to negative “distances” are to be
feared. Meanwhile, and to remain on the safe side, we are bound to restrict ourselves
to parametric families of Euclidean metrics,

D(Θ) = {dθ( · , · ), θ ∈ Θ},
from which to select an adequate one, adapted to a given problem.
Such families often originate in observations from several information sources (for in-
stance, individuals with some numeric measurements plus some categorical attributes).
A natural procedure is to derive separate metrics for each block of variables and, from
them, a mixture involving one or more parameters. The result is called a parametric
family of joint metrics associated with a given collection of marginal metrics. This ter-
minological coincidence with the theory of joint probability distributions with given
marginals reflects that both descriptions are parallel manifestations of the same reality.
For instance, näıve Pythagorean addition (“sum of squared distances”) of metrics im-
plicitly assumes statistical independence of the corresponding sets of variables. Esteve
and Fortiana (2002, 2007a, 2007b) have devised strategies for constructing families of
metrics, with range restricted to the Euclidean cone, depending on parameters regu-
lating the amount of interaction between sources of information.

4 Tailoring Metrics

Assuming we have chosen a parametric family D(Θ) of Euclidean metrics for a given
classification problem, the analogue of parameter estimation in the present setting is
the calibration procedure for selecting a suitable θ̂ ∈ Θ, or the corresponding metric
d

θ̂
( · , · ) ∈ D(Θ). There are several possible calibration criteria, all conforming to the
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generic description of optimizing some measure of goodness-of-classification for a test
sample Ω̃. If the original training set is large enough, a crossvalidatory scheme may
replace an independent testing set (see Section 5).
Since the relative frequency of misclassified individuals in the test sample Ω̃ is discon-
tinuous as a function of θ, often it is not sensitive enough for optimization purposes.
A more smooth criterion is based on the sum of:

U(ω) = fγ(ω)− min
1≤β≤g

{fβ(ω)}, ω ∈ Ω̃,

where γ ≡ γ(ω) is the index of the group to which ω is known to belong. Clearly
U(ω) ≥ 0 and U(ω) = 0 when ω is correctly classified. A similar quantity is the sum
of:

V (ω) = max
1≤β≤g

{sβ(ω)} − sγ(ω), ω ∈ Ω̃,

where (sα(ω)) is the softmin of the vector (fα(ω)), defined by:

sα(ω) = exp(−fα(ω)/σ2)

/
g∑

β=1

exp(−fβ(ω)/σ2) , σ > 0.

5 Implementation and an illustrative example

We have developed a package of MATLAB programs to perform the above optimiza-
tion process for two of the classes of parametric families described by Esteve and For-
tiana (2007b). The current algorithm is based on the leave-one-out cross-validatory
scheme described in Cuadras et al. (1997), which is computationally cheap and easily
programmed.
As an illustration of the procedure, Table 1 compares, on the Cancer dataset, already
used in Cuadras et al. (1997), the number of misclassified samples obtained by DB dis-
crimination with Gower’s distance (δG), and two different parametric families, δ

λ̂
and

δ
µ̂
, after optimization as described above. Figure 1 shows the estimated probabilities

of misclassification as a function of µ = (µ1, µ2) for the δµ family of metrics.

Π1 Π2 Total
n1=78 n2=59 n=137

δG 18 21 39
δ
λ̂

36 12 48
δ
µ̂

16 21 37
LDF 31 27 58
QDF 13 35 48

Acknowledgments: Work supported in part by the Spanish Ministerio de Ciencia y
Tecnoloǵıa and FEDER grant MTM2006-09920.
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Abstract: In many studies several outcomes are repeatedly measured on the same subject.
Often, these outcomes are not all of the same type, but are a mixture of continuous and
categorical outcomes. For example, in toxicity studies, many endpoints are measured on the
same animal in order to study the toxicity of the compound of interest. While multivariate
methods of the analysis of continuous outcomes are well understood, methods for jointly ana-
lyzing continuous and discrete outcomes are less familiar. Random effects models can be used
in the situation where various outcomes of a different nature are observed (Molenberghs and
Verbeke 2005), and these models extend straightforwardly towards inclusion of repeated mea-
sures. However, computational problems arise as the number of endpoints increase. Fieuws
and Verbeke (2005) propose a pairwise modelling strategy to model high-dimensional longitu-
dinal data of the same type, in which all possible pairwise mixed models are fitted separately,
and where inference follows from pseudo-likelihood theory. Here, a similar method is applied
for the joint analysis of several binary and continuous endpoints, but were all pairwise bi-
variate generalized linear mixed models are fitted jointly, making it possible to directly use
pseudo-likelihood-based inference. Methods are illustrated using a repeated toxicity study for
the evaluation of the neurofunctional effects of a psychotropic drug.

Keywords: Mixed Endpoints, High-Dimensional Joint Model, Longitudinal Data, Pseudo-
Likelihood

1 Introduction

When a pharmaceutical company brings a new medicine on the market it must be
assured that the product is safe for intended use and in the event of accidental misuse.
To properly assess the toxicity of the substance of interest, many endpoints are inves-
tigated for possible toxicity and the most appropriate and efficient statistical models
should be used. This raises a number of challenges. First, an appropriate statistical
model should account for possible correlations among the different endpoints. Since
the number of endpoints in these experiments is large, this implies the necessity of a
flexible high-dimensional model. Second, one may also deal with outcomes of a mixed
continuous/discrete nature. For example, both the malformation status of a live fetus
(typically recorded as a binary outcome) or the birth weight (measured on a contin-
uous scale) are important variables in the context of teratogenesis. Perhaps the most
common situation is that of a continuous, often normally distributed, and a binary
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or ordinal outcome. Third, measurements can be collected repeatedly in time. This
induces extra correlation that must be accounted for in the statistical analysis.
While multivariate methods for the analysis of continuous outcomes are well known,
methods for mixed continuous and discrete outcomes are less familiar. There broadly
are two approaches towards the analysis of combined continuous and discrete end-
points (Aerts et al. 2002). A first modelling approach towards a joint model of a
continuous and discrete outcome is to apply a conditioning argument that allows the
joint distribution to be factorized in a marginal component and a conditional com-
ponent, where the conditioning can be done either on the discrete outcome or on the
continuous outcome. A drawback of mixed outcome models based on factorization is
that they may be difficult to apply for quantitative risk assessment and they do not
easily extend to the setting of three or more endpoints. A second modelling approach
directly formulates a joint model for both outcomes. Here, a mixed model is used to
jointly analyze a continuous and binary longitudinal endpoint. A pseudo-likelihood
based approach is used for the extension towards a joint model for many endpoints of
mixed type.

2 Longitudinal Continuous-Binary Endpoints

Assume we have two sequences of n outcomes each. We denote the sequence of con-
tinuous endpoints for subject i as Y1i = (Y1i1, Y1i2, . . . , Y1in) and the one with binary
endpoints as Y2i = (Y2i1, Y2i2, . . . , Y2in). Y1ij and Y2ij represent, respectively, the jth
continuous and binary outcome for subject i.
Random effects models are probably the most frequently used models to analyze mul-
tivariate data. It is also straightforward to use a mixed model in situations where
various outcomes of a different nature are observed (Molenberghs and Verbeke, 2005).
For the bivariate response vector Yi = (Y1i,Y2i)′ we can assume a general model of
the form

Yi = µi + εi, (1)

where µi is specified in terms of fixed and random effects and εi is the residual error
structure, of which the variance depends on the mean-variance links of the different
endpoints. Let µi = µi(ηi) = h(Xiβ + Zibi), in which the components of the inverse
link function h(.) are allowed to change with the nature of the various outcomes in
Yi. For example, we can choose the identity link for the continuous component, and
the logit link for the binary component. Xi and Zi are (2×p) and (2× q)-dimensional
matrices of known covariate values, and β a p-dimensional vector of unknown fixed
regression coefficients. Further, bi ∼ N(0,D) are the q-dimensional random effects.
As a result, the correlation among the outcomes can be modelled either using the
residual variance of Yi or through specification of the random effects structure Zibi.
In what follows, we formulate a possible model to account for the longitudinal structure
of joint continuous and binary endpoints, using a conditional independence random-
intercepts model with a general variance-covariance matrix D. This model can be
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written in the following form:
(

Y1ij

Y2ij

)
=

(
α0 + α1Xij + b1i
exp(β0+β1Xij+b2i)

1+exp(β0+β1Xij+b2i)

)
+

(
ε1ij

ε2ij

)
, (2)

where the random effect b1i and b2i are normally distributed as
(

b1i

b2i

)
∼ N

((
0
0

)
,

(
τ2
1 ρτ1τ2

ρτ1τ2 τ2
2

))
(3)

and where ε1ij and ε2ij are independent and v2i = π2i[1 − π2i]. The random effects
b1i and b2i are used to accommodate for the longitudinal structure in the data. The
correlation ρ12 among the continuous and binary endpoints is induced by the incor-
poration of a correlation ρ among the two random effects, and is approximately equal
to

ρ12 =
ρτ1τ2v2ij√

τ2
1 + σ2

√
v2
2ijτ

2
2 + v2ij

.

In the case of conditional independence (ρ ≡ 0), the approximate marginal correlation
function ρ12 also equals zero. In case ρ ≡ 1, this model reduces to a shared parameter
model, with scale parameter λ equal to τ1/τ2. Standard software can be used to obtain
parameter estimates for this bivariate model (e.g. SAS-procedure NLMIXED).

3 Extension to High-Dimensional Data

Assume we have m sequences Yki = (Yki1, Yki2, . . . , Ykin) of n outcomes for individ-
ual i. The sequences Yki can be either continuous or binary. The m sequences can
then be jointly modelled by specifying a joint distribution for the random effects, sim-
ilar as in (??) and (??), but with an m-dimensional random effects vector bi. For
each continuous component an identity link function can be used, whereas for each
binary component a logit link can be used. However, while these (generalized linear)
mixed models are very easily extended to modelling high-dimensional data, computa-
tional problems often arise when m increases. In this case, rather than considering the
full likelihood contribution for each subject i, i.e., li(Θ|Y1i,Y2i, . . . ,Ymi), we avoid
the computational complexity by using a pseudo-likelihood function, as proposed by
Fieuws and Verbeke (2005). The full likelihood contribution for subject i is replaced
by the following pseudo-likelihood function

pli =
m−1∑

k=1

m∑

l=k+1

ln `ikl(Θ|Yki,Yli). (4)

Inference for Θ follows from pseudo-likelihood theory, and is based on a sandwich-type
robust variance estimator (Arnold and Strauss 1991). The asymptotic multivariate
normal distribution for Θ̂ is given by

√
N(Θ̂−Θ) ∼ N(0, J(Θ)−1K(Θ)J(Θ)−1)
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where J = J(Θ) is a matrix with elements defined by

Jpq = −
m−1∑

k=1

m∑

l=k+1

E

(
∂2 ln `ikl(Θ|Yki,Yli)

∂θp∂θq

)
,

and K = K(Θ) is a symmetric matrix with elements

Kpq = −
m−1∑

k=1

m∑

l=k+1

E

(
∂ ln `ikl(Θ|Yki,Yli)

∂θp

∂ ln `ikl(Θ|Yki,Yli)
∂θq

)
.

The pseudo-likelihood methodology is very general and flexible. It can be found in
many applications and fields of interest. It has been most advantageously used in
the spatial data context, where the full likelihood distribution is typically cumber-
some. But also in the context where maximum likelihood methods are not feasible,
e.g. due to excessive computation requirements, the pseudo-likelihood is an appeal-
ing methodology (Aerts et al. 2002, Faes et al. 2004). An important advantage of the
pseudo-likelihood approach is the close connection with likelihood, which enables Geys,
Molenberghs and Ryan (1999) to construct pseudo-likelihood ratio test statistics that
have easy-to-compute expressions and intuitively appealing limiting distributions.
In the pairwise approach as proposed by Fieuws and Verbeke (2005), all pairwise bi-
variate GLMMs are fitted first, resulting in different parameter estimates for each pair
of endpoints Θ∗ = (Θ1,2,Θ1,3, . . . ,Θm−1,m). From these models the estimates of the
parameters Θ of the joint model are derived by taking averages over estimates obtained
from the different bivariate models, or Θ̂ = AΘ̂∗ (for an appropriate weight matrix
A). The covariance matrix of Θ is then given as AΣ(Θ∗)A′, where Σ(Θ∗) is the covari-
ance matrix of Θ∗. This method simplifies a computational very challenging problem,
making the approach very attractive. A possible disadvantage is that no (pseudo)-
likelihood is directly available since all pairwise GLMMs are fitted separately. Also,
one might loose some efficiency due to repeatedly estimating of the same parameters.
Alternatively, one could estimate all parameters in the pairwise pseudo-likelihood, as
defined by (??), simultaneously.

4 Irwin Study

The data considered here come from a 3-day repeated dose toxicity study, and was
introduced in Section 2. The purpose of this study is to determine and assess the effects
of the chemical on general activity and behavior. For illustration, eight endpoints were
selected (4 continuous and 4 binary) and a joint model was estimated. As before, we
denote Ykij the jth outcome of the kth response for subject i. The model for each
response k is specified as

h−1
k (µi) = ηik = β0k + β1kgi + β2kti + β3kdi + β4ktidi + β5kgiti + β6kgidi + bik,

where hk is the identity link in case of a continuous endpoint and the logit link in
case of a binary endpoint, gi is an indicator variable taking value 1 for the rats in
the vehicle group, ti is the time after exposure, and di is the day of the experiment.



C. Faes et al. 257

Correlation between the responses at different time points are modelled by inclusion
of the random intercepts bik. Correlation among the different responses are modelled
by specifying a joint distribution for the random intercepts

bi =




bi1

bi2

. . .
bi8


 ∼ N








0
0

. . .
0


 ,




τ2
1 ρ12τ1τ2 . . . ρ18τ1τ8

ρ12τ1τ2 τ2
2 . . . ρ28τ2τ8

. . . . . . . . . . . .
ρ18τ1τ8 ρ28τ2τ8 . . . τ2

8








.

Because of the computational complexity, the full likelihood is replaced by a pseudo-
likelihood function, as described before.
Table ?? shows the estimated variance-covariance matrix. Based on these results, the
correlation matrix among the endpoints can be derived, joint dose-response models
are estimated and joint Wald- and pseudo-likelihood ratio tests are performed.

TABLE 1. Estimated correlation matrix for random effects using the pairwise approach.
Values on the diagonal are the variances of the random effect.

Grip Strength 0.01
Pina Reflex -0.22 1.35
Pupil Size -0.21 0.24 3.16
Sedation 0.04 -0.06 -0.36 2.64
Temperature 0.11 -0.41 -0.82 0.27 0.12
Toe Pinch 0.75 -0.56 -0.39 0.07 0.37 2.05
Vertical Hind -0.09 0.13 0.39 0.16 -0.54 -0.53 1.03
Vocalization -0.61 -0.31 -0.03 0.83 0.24 -0.34 -0.08 35.48

Acknowledgments: We gratefully acknowledge support from the Institute for the
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from the IAP research network nr P5/24 of the Belgian Government (Belgian Science
Policy).
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Abstract: Adrien-Marie Legendre (1752-1833) is the author of the first publication on the
method of least-squares, of which he coined the name (1805, 1806). In his paper, Legendre
presented an illustrative example in geodetics where he used the famous data set of measures
taken in some places located from Dunkirk to Barcelona on the meridian of Paris. Legendre
also assumed correlated errors and solved the associated generalised least-squares problem.
This paper has two objectives. The first is to present Legendre’s data modelling in contempo-
rary notation. The second is to illustrate the early acceptance of the method of least-squares
in Spain. An interesting mid-nineteenth century example is found in the work published under
the authority of the Comisión del Mapa de España (Commission of the map of Spain).

Keywords: Least-squares, generalised least-squares, geodetics.

1 Introduction

In 1805, Adrien Marie Legendre published a book with an appendix presenting the
method of least-squares. A second edition followed in 1806. Carl Friedrich Gauss, who
has always claimed that he had used least-squares since 1795, published the method
(with masterly add-ons) in 1809. The question of priority (see Stigler, 1999, Chapter
17) is not considered in this paper. The focus is on Legendre’s statistical modelling.
Legendre’s appendix on least-squares gives a comprehensive presentation of the me-
thod in the context of multiple regression: the criterion is clearly defined for a set of
linear equations with unknown coefficients; first and second order optimality conditions
are considered; finally, a numerical example is treated. The example considers a famous
data set in the history of metrology, namely the measures made along the meridian of
Paris in the late eighteenth century by Jean-Baptiste Delambre (1749–1822) et Pierre
Méchain (1744–1804).
Legendre’s example is not just illustrative. Legendre entertains two models. Both in-
volve two explanatory variables. One is not fitted, possibly because it is non-linear
in its parameters. The second model, which is fully treated, is a standard linear re-
gression. However, Legendre notices that, due to the spatial structure of the data, the
errors are correlated. Therefore he rejects the use of ordinary least-squares and uses
an ad hoc method. It turns out that he applies generalised least-squares, which he
performs by data augmentation (Falguerolles et Pinchon, 2006).
It is difficult to assess the time span needed for a method to escape the circle of its
inventors. One generation? Two? In 1858, the method was used in Spain in the context
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of geodesic measurements conducted by the Comisión del Mapa de España (Laussedat,
1860, and Soler and Rúız-Morales, 2006). Again, the example is a masterpiece.
This paper is structured as follows. Section 2 presents the data analysed by Legendre
(and earlier by Gauss). In section 3, the multiplicative nature of the parameters in the
model partly entertained by Legendre is discussed; a similar model considered earlier
by Johann Tobias Mayer (1723–1762) is recalled; an adaptation of the iwls algorithm
(Aitkin et al., 2005) is outlined. Section 4 concentrates on the model fully entertained
by Legendre, with special interest to its fitting by generalised least-squares. Section 5
recalls the modelling done during the exemplary franco-iberic collaboration involving
the French Aimé Laussedat (1819–1907) and the Spaniard Francisco Ibáñez e Ibáñez
de Ibero (1821–1891) in the mid-nineteenth century.
In order to focus attention on the modelling, modern notation and language are used.
But the reader is reminded that, in Legendre, there is no such term as regression or
normal equations, no formal probabilistic structure for the errors, no use of matrix
algebra . . .

2 The meridian data and problem

For lack of space the data considered by Legendre are not reported here. They can
be found in Stigler (1999) and Falguerolles et Pinchon (2006). They consist in the
names of five places of observations on the meridian of Paris (Dunkirk, the Panthéon
in Paris, Évaux, Carcassonne and Montjüıc), their latitudes and the length of the
arcs connecting adjacent places. The data were widely circulated even outside France.
Published, in the Allgemeine Geographische Ephemeriden in 1799, they came to the
attention of Gauss (Stigler, 1999, Chapter 17). The notation in Legendre’s appendix
is as follows: i (i = 0, . . . , 4) are the 5 places of observation; Li, their latitudes; Si, the
lengths of the 4 arcs i (i = 1, . . . , 4) between the places of latitudes Li−1 et Li.
Legendre (like Gauss and many scientists earlier) addresses a difficult problem in
geodetics, the discipline that deals with the measurement and representation of the
earth. The mathematical approximation to the earth, the reference ellipsoid, is de-
scribed by its equatorial radius (semi-major axis) a and its flattening f = (a − b)/a
where b is the polar radius (semi-minor axis). Now, given some measures of the length
of arc segments between adjacent points located along the same meridian, how can
(functions of) the geodetics coefficients be estimated? This clearly involves the com-
puting of approximations of elliptic integrals.
In his appendix, Legendre entertains two regression models, see section 3 and section 4
below, the linear predictor having the general form:

µi(β) = [offset] + [β0] + β1 x1
i + β2 x2

i

where [?] denotes a term which may be absent.

3 Legendre’s first formula

The model presented but not fitted by Legendre has:
• Response variable: yi = Si.
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• Linear predictor:
µi(β) = β1 (Li − Li−1) + β2(− 270

π ) sin(Li − Li−1) cos(Li + Li−1).
Here, β1 represents the unknown length of a degree at the 45˚parallel and γ = β2

β1
the

unknown flattening as defined by Legendre ((a− b)/b).

3.1 The multiplicative constraint

One characteristic of this model is that it looks linear but has one regression coefficient
which is the product of a coefficient already present by another unknown coefficient:
µi(β, γ) = [offset] + [β0] + β1 x1

i + (β1γ) x2
i = [offset] + [β0] + β1 (x1

i + γ x2
i ). This

multiplicative constraint may explain why Legendre did not pursue it and preferred
the linear model presented in section 4.

3.2 Mayer’s earlier example

This multiplicative structure can be found in a model which was fitted by Mayer as
early as 1750. The eponym example is addressed to the modelling of lunar data (see
Farebrother, 1998, Chapter 1) where Mayers considers the following relationship:

β − (90− hi) ≈ α sin(gi − ki)− α sin(θ) cos(gi − ki)
where gi et hi are observed data and the ki are read in lunar tables computed by
Euler. This clearly parallels the structure of Legendre’s multiplicative model for the
following choice:
• Response variable: yi = hi − 90.
• Linear predictor: µi(β, γ) = β0+β1 x1

i +β1γ x2
i = β0+β1 (x1

i +γ x2
i ) where β0 = −β,

β1 = α, and γ = sin(θ) are the parameters of interest, the explanatory variables being
x1

i = sin(gi − ki) and x2
i = cos(gi − ki).

Mayer’s method of estimation is skilful: the data being clustered in three groups and
averaged within each group, the resulting set of three linear equations can be solved
to obtain estimations of the unknown coefficients. Note that this procedure has an
invariance property with respect to the selection of the response variable. However,
the estimations depend heavily on the determination of a proper partition of the
observations: an interesting problem in cluster analysis.

3.3 An adaptation of iwls for multiplicative models

The simplest is to estimate γ from the ratio of two coefficients in an ordinary regression.
For an explicit fit, iwls can be considered. The central idea in this widespread method
is to use least-squares with a working response and possibly working weights, revised at
each iteration, the revision being made in the light of current estimates of the unknown
coefficients. Here, denoting by θ the vector of unknown coefficients ([β0, ] β1, γ)′, and by
t its current estimation ([b0, ] b1, g)′, it turns out that the minimum of

∑
i(yi−µi(θ))2

can be also obtained by iterative least-squares regressions of the working response
variate zi(t) = yi + b1 g x2

i onto the working explanatory variables x1
i + g x2

i , b1 x2
i ,

and, if present, the intercept and the offset. At convergence, a by-product of the fit is
the (un)scaled asymptotic covariance matrix of the estimators.
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4 Legendre’s generalised regression

In this section, the model which Legendre fully entertained is recalled. Special attention
is directed to the structure of correlation between errors which he assumed and to the
estimation procedure which he used.

4.1 Legendre’s second formula

The model is constructed as follows:
• Response variable : yi = Li − Li−1.
• Linear predictor:

µi(β) =
Si

K ′ + β1
Si

K ′ + β2 K ′′ sin(Li − Li−1) cos(Li + Li−1)

where K ′ and K ′′ are known coefficients.
• Moving average dependence: Ui = Ei − Ei−1 with independent Ei.
Note that there is no intercept in the predictor and that Si

K′ is an “offset”.
An aficionados of linear regression may object that the latitudes Li appear on both
sides of the model, in the response and in the explanatory variables. But this is the
price to pay for a direct interpretation of the regression coefficients: β2 is the flattening
of the earth, as defined by Legendre ((a − b)/b), and β1 a correction term for the
approximation of the length of a degree at the 45˚parallel (D = 28500/(1 + β1)).

4.2 Legendre’s generalised regression

Thoroughly revisited, the regression model specified by Legendre is Y = Xβ+U where
Y and U are random vectors of dimension n, where X is a full rank design matrix of
dimension (n, p), and where β is a coefficients vector of dimension p. Moreover, the
serial correlation considered by Legendre is particular case of the following setting:
U = LE where the known matrix L is of dimension (n, n + k) and dimension n and
where the random vector E of dimension n + k has independent coordinates with null
expectation and constant variance.
Thus the following generalised least-squares problem is to be considered:

b? = arg min ‖y −Xb‖2(LL′)−1

Now let ` be any matrix of dimension (k, n + k) of rank k such that `L′ = 0 and the
associated assumption that `e = 0. Consider now the augmented data:

y
1

=
[

L
`

]−1 [
y
0

]
X1 =

[
L
`

]−1 [
X
0

]

It is the easily seen that ordinary least-squares applied to the augmented data obtained
as above is equivalent to generalised least-squares on the observed data:

‖y
1
−X1b‖2 = ‖y −Xb‖2(LL′)−1

In the simple case of the order 1 moving average considered by Legendre, it is enough
to fix

∑
i ei = 0 (or `′ = (1, 1, . . . , 1)) as he did.
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5 Simple linear regression at the Comisión del Mapa de
España

Fifty years after Legendre’s publication, a report of the Comisión del Mapa de España,
relates how least-squares were routinely used in 1856 by colonel Ibañez and colonel
Saavedra to gauge a measuring device built by Brunner. The report was translated
from Spanish to French by Aimé Laussedat, by then a captain of the French mili-
tary engineers, who had close contacts with his Spanish colleagues (Laussedat, 1860).
Brunner and son was a famous instrument maker in Paris and the instrument was
to be used for measuring bases in triangulations. An example is the Madridejos base
(1858).
The measuring device comprised two matched rules, one in platinium and one in an
alloy of zinc and copper (Laussedat, 1860, chapter 1). Colonel Ibañez and colonel
Saavedra wanted to assess the dilation of the two rules for varying temperatures and
to compare their lengths to the standard meter kept at the Observatoire Astronomique
de Paris.
The modelling is arranged in two steps. In step I, an ordinary regression involving
a pre-processed response variable is performed and the regression coefficients are ob-
tained. In step II, estimates for the parameters of interest are derived from the regres-
sion parameters. The pre-processing is critical since it must ensure that the response
and explanatory variables can be measured or computed from observable measure-
ments, and that the parameters of interest are computable functions of the regression
coefficients.
In passing, the early appearance of the term “normal equations” in the context of
least-squares is to be noted.

6 Concluding remarks

The modelling works which have been considered are exemplary in several respects. In
all, great care is taken in deriving a working mathematical description of the physical
process under consideration including sources of measurement errors. The treatment
of errors by a MA(1) process is particularly innovative. Having solved the “normal
equations”, all authors compute the fitted values and examine the residuals in details
. . . Their authors are to be recommended for honorary membership to the Statistical
Modelling Society!
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Abstract: We present a simple solution to the problem of estimating the parameters of a
model for superparastitism avoidance that has hitherto been considered quite difficult. The
model incorporates both a covariate (host density) and a temporal component to produce a
remarkably parsimonious structure with only 7 parameters to describe a data set of over 3000
observations. This model showed that the level of superparasitism declines with increasing
host density, and the rates of parasitism decline over time. A refinement using a mixed model
to accommodate several large outliers showed that a small number of parasitoids behaved
rather differently by parasitising at much higher rates early on but stopping completely after
only a few hours.

Keywords: extended Poisson process modelling; superparasitism avoidance; outliers.

1 Introduction

Superparasitism is a phenomenon that occurs when a parasitoid lays more than one egg
in a host, but only one egg can mature into an adult within the host. Not surprisingly,
there are thought to be biochemical mechanisms that inhibit the parasitoid from laying
eggs in a host that already has had eggs oviposited, and there are probabilistic models
to describe such avoidance of superparasitism. Bakker et al. (1972) considered several
models to describe superparasitism, and these were further examined by Rogers (1975)
and Griffiths (1977). Daley and Maindonald (1989) set out a very general modelling
framework for superparasitism. In this paper use is made of data from Toussidou
(2002) on the number of eggs laid by the parasitoid Aphidus colemani, a member of
the family Aphidiidae (Hymenoptera: Braconidae), which is used in biological control
programmes to limit the aphid pest Aphis gossypii, many strains of which are pesticide
resistant. This dataset is quite extensive, relating to the level of parasitism of individual
Aphidus colemani foraging for different time periods ( 1

2 , 1, 2, 5 and 24 hours) at
a range of different aphid densities, and contains some 3000+ entries. The aim of
the modelling is to produce a description of the parasitism process over the full 24
hour period that highlights different temporal patterns of parasitism during this time.
This is particularly challenging as the basic model for avoidance of superparasitism
results in a probability distribution for the number of eggs laid within an individual
host aphid that is under-dispersed relative to the Poisson distribution, while the data
exhibit varying degrees of dispersion.
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2 Modelling

The basic model for superparasitism due to Bakker et al. (1972) essentially considers
a Markov stochastic process {X(t); t ≥ 0}, with X(0) = 0, for the number of eggs laid
in an individual host aphid over time, where:

P{X(t + δt) = n + 1|X(t) = n} = λnδt + o(δt)

and
P{X(t + δt) = n|X(t) = n} = 1− λnδt + o(δt).

If λ0 > λ1 ≥ λ2 ≥ λ3 ≥ . . . , then this process results in avoidance of superparasistism
(since the probability of an egg being laid in a host with one or more eggs already
laid is less than that for a host which is free of eggs), and a probability distribution
of X(t) that is under-dispersed relative to the Poisson distribution (i.e., the variance
of X(t) is less than the mean). The actual distribution of X(t) can be obtained from
the expression (Cox and Miller, 1965, Chapter 4):

[P{X(t) = 0} P{X(t) = 1} · · · P{X(t) = n}] = [1 0 · · · 0]exp(Qt)

where the matrix Q takes the form:

Q =




−λ0 λ0 0 · · · 0
0 −λ1 λ1 · · · 0
...

...
...

. . .
...

0 0 0 · · · −λn


 (1)

The simplest sequence λ0, λ1, λ2, . . . has λn = λ1 for all n ≥ 1, resulting in a two
parameter model. A further complication is that the rate parameters λ0 and λ1 need
to depend on the number of host aphids, h say, available to the parasitoid, as rates
of parasitism of individual hosts would decline with increasing h; the forms used were
λi = aiexp(−bih) for i = 0, 1. And different rate parameters could be expected to
apply over the different periods of foraging by the parasitoid: 0 – 1

2 hour, 1
2 – 1

hour, 1 – 2 hours, 2 – 5 hours and 5 – 24 hours, resulting in 5 pairs (λ0, λ1) of
rate parameters with the above specification, and 5 matrices Q1,Q2, . . . , Q5 defined
according to equation (1). With t1 = 1

2 , t2 = 1, t3 = 2, t4 = 5 and t5 = 24, the
probabilities [P{X(ti) = 0} P{X(ti) = 1} · · · P{X(ti) = n}] will then be given by:

[1 0 · · · 0] exp(Q1t1) exp(Q2(t2 − t1)) · · · exp(Qi(ti − ti−1)) (2)

for i = 1, 2, . . . , 5.

3 Results

Each assay (at a particular aphid density and over a specified time period) was carried
out independently of all the others so that the likelihood of the data could be obtained
simply by multiplying together probabilities derived from equation (2). Maximum
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likelihood estimation of all the parameters specifying the model could then be carried
out, and possible simplifications considered. One simplification was that the a0 and a1

parameters specifying λ0 and λ1 (above) could be put equal within each time period,
and another was that the other parameters b0 and b1 could be put equal across the
different time periods. The resulting parameter estimates (with asymptotic standard
errors in brackets) were:

b̂0 = 0.0047(0.00026), b̂1 = 0.0099(0.00052)

â =





1.77 (0.110) for 0 – 1
2 hour

0.91 (0.162) for 1
2 – 1 hour

0.28 (0.093) for 1 – 2 hours
0.22 (0.036) for 2 – 5 hours
0.05 (0.007) for 5 – 24 hours.

The ordering of the estimates b̂1 > b̂0 shows that avoidance of superparasitism is
more likely (i.e., λ0 > λ1 ) at higher host densities (h), and the ordering of the â
estimates over the foraging periods shows that there is an almost halving in the rates
of ovipositing after 1

2 hour followed by a greater reduction for 1− 5 hours ending with
very low rates after 5 hours.
An examination of the fit of this model showed up a number of residuals with rather
low exceedance probabilities - 9 (out of 3097 observations) with exceedance probability
0.001. This might be due to some heterogeneity between the different assays - i.e., some
parasitoids ovipositing at quite different rates to others. Such a possibility could be
tested by fitting a model defined by a mixture of two different processes; this resulted
in a much improved fit and a more acceptable pattern of residual behaviour. The
estimates from this mixture model showed that some 90% of the parasitoids behaved
in a similar manner to the single process model described above, but 10% of them
behaved in a markedly different manner with much higher rates of parasitism over the
first 5 hours but no parasitism at all after this time.

4 Discussion

This paper has extended the ‘classical’ superparasitism avoidance model of Bakker et
al., Rogers, Griffiths and others to incorporate host density dependence and temporal
changes in egg laying activity. Most noticeable among the findings were that avoidance
of superparasitism becomes more marked at higher host densities, and that as time
progresses the rate of oviposition generally declines over the 24 hour period although
for a few ‘rogue’ parasitoids more prodigious behaviour is apparent with much greater
egg laying activity early on before a premature end after only a few hours’ activity.
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Abstract: This paper describes graphical methods for multiple-response data within the
framework of the multivariate linear model (MLM), aimed at understanding what is being
tested in a multivariate test, and how factor/predictor effects are expressed across multiple
response measures.
In particular, we describe HE plots, a new class of visualization methods for the MLM,
designed to show the “size” and “shape” of covariation against a multivariate hypothesis (H),
relative to covariation due to error (E). For more than two response variables, these relations
can be visualized in HE plot matrices or in reduced-rank spaces that correspond to biplots
and canonical discriminant spaces.

Keywords: biplot; data ellipse; MANOVA; linear hypotheses;

1 Introduction

This paper describes a new class of visualization methods for linear hypotheses in
classical multivariate linear models introduced in Friendly (2006, 2007). The paper
begins with a capsule summary of multivariate linear models; it proceeds to explain
how dispersion matrices, for data, for variation due to hypotheses (H) and for error (E),
can be represented by ellipses or ellipsoids, either in the data space or in a reduced-rank
space.
These methods are implemented both in SAS software (Friendly, 2006) and in the
heplots package for R (Fox et al. 2007).

2 Background

2.1 Multivariate linear models

We consider the multivariate linear model, Y = XB + E, where Y is an n× p matrix
for p response variables, X is an n× q full rank model matrix, B is the q × p matrix
of model coefficients, and E is the n× p matrix of errors. Under the assumption that
the rows ε>i of E are iid, ε>i ∼ Np(0,Σ) with common covariance matrix Σ, the least
squares estimator is B̂ = (X>X)−1X>Y.
All linear hypotheses for subsets of the model effects can be expressed in the form
H0 : LB = 0, where L is a r × p hypothesis matrix of rank r. Any such hypothesis is
tested in terms of the p×p hypothesis sums of squares and products matrix, SSPH =
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(LB)>[L(X>X)−1L>]−1(LB) and a corresponding error matrix SSPE = Ê>Ê. All
multivariate tests are based on the s = min(r, p) nonzero latent roots λ1 > λ2 > · · ·λs

of the matrix SSPH relative to the matrix SSPE , or equivalently, the ordinary latent
roots of SSPHSSP−1

E . The corresponding latent vectors give a set of s orthogonal
linear combinations of the responses that produce maximal univariate F statistics for
the hypothesis.
We exploit these facts in the visualizations described below. In particular, Roy’s max-
imum root statistic, λ1 provides a simple visual criterion for judging when SSPH is
large enough relative to SSPE to reject H0. The latent vectors of SSPHSSP−1

E help to
interpret the results, either in data space or in the reduced-rank canonical discriminant
space.

2.2 Data ellipses and ellipsoids

The data ellipse, described by Dempster (1969) and Monette (1990) is a remarkably
simple device for visualizing the relationship between two variables, Y1 and Y2 in terms
of their first and second moments. Let D2(y) = (y − ȳ)> S−1 (y − ȳ) be the squared
Mahalanobis distance of the point y = (y1, y2)> from the centroid, ȳ. Then, the data
ellipse, Ec of size c is the set of all points y with D2(y) less than or equal to c2:

Ec(y;S, ȳ) ≡ {y : (y − ȳ)> S−1 (y − ȳ) ≤ c2} , (1)

where S is the sample variance-covariance matrix.

3 Hypothesis and Error (HE) plots

Hypothesis and Error (HE) plots employ ellipses to represent the sum of squares and
product matrices used in all multivariate tests of linear hypotheses. The E ellipse can
be viewed as the data ellipse of residuals, obtained by dividing SSPE by its degrees
of freedom (dfe = n− p), and centered at the grand means, allowing individual factor
means to be shown on the same plot to facilitate interpretation.
The H ellipse for any multivariate linear hypothesis is a similar representation of the
SSPH matrix, corresponding to a data ellipse of the fitted (predicted) values under
that hypothesis, but it is useful to provide two different scalings of the H ellipse:

significance-sized scaling, where the H ellipse will protrude beyond the E ellipse iff
the corresponding hypothesis can be rejected by the Roy maximum-root test.
This is produced by dividing SSPH by λα(dfe), where λα is the critical value of
Roy’s statistic for a test at level α.

effect-sized scaling, where the hypothesis ellipse is put on the same scale as the error
ellipse, and approximately represents the data ellipse of the fitted (predicted)
values under the alternative hypothesis. Here, SSPH is simply divided by dfe.

All of this extends straightforwardly to the 3D case via 3D ellipsoids, and to the nD
case via pair-wise HE plots. As well, one can also construct reduced-rank displays
by projecting into subspaces corresponding to optimal linear combinations of the re-
sponses, including biplot and canonical discriminant versions.



M. Friendly and J. Fox 271

4 Examples

To economize on space, we show just a few simple examples here, using Anderson’s
(Anderson, 1935) classic data on four measures of sepal and petal size in three species
of iris flowers found in the Gaspé Peninsula.
Figure 1 shows (a) within-species data ellipses for Sepal and Petal length in the iris
data, and (b) the corresponding view of the 2 × 2 portions of the H and E matrices
for the model SepalLen SepalWid PetalLen PetalWid = Species, testing whether
the species means are equal on all four variables. Here p = 4, r = dfh = 2 so there are
s = 2 nonzero latent roots and corresponding (canonical) latent vectors, shown in the
plot.

(a) Data ellipses
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(b) H and E matrices
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FIGURE 1. Data and HE plots for iris data, showing the relationship between sepal length
and petal length in the iris data. (a) data ellipses; (b) H and E matrices (effect-size scaling).
The green vectors show the projection of the canonical variates in data space.

For more than 2 variables, we can visualize the H and E variation in all bivariate
views, in the form of an HE plot matrix (not shown for lack of space).
Alternatively, we can imagine projecting the H and E ellipses into the space of the
canonical variates defined by the latent vectors of SSPHSSP−1

E , as shown in Figure 2.
This gives a compact 2D view, in which it can be seen that nearly all of the between-
species variation is contained in a single dimension.
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FIGURE 2. Canonical HE plot for the iris data. The lengths of variable vectors are propor-
tional to the correlations of the observed variables with the canonical variates.
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Abstract: We propose a recursive filtering algorithm to restore monochromatic images which
are corrupted by a signal-dependent additive noise. We assume that the equation which de-
scribes the image field is not available and we obtain a filtering algorithm using the infor-
mation provided by the covariance functions of the signal and noises which affect the mea-
surement equation, and by the fourth-order moments of the signal. The proposed algorithm
is applied to restore an image which is affected by signal-dependent additive noise.
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1 Introduction

The problem of image restoration consists of estimating the original image from a
degraded version of itself. The degradations which affect the original image can be
of different kinds although the most often are blur and noise, which is a stochastic
phenomenon. Most researches in image restoration have been addressed to consider
that the noise process which corrupts the image is additive and signal-independent.
In this situation, the restoration problem has been treated by using the techniques
of classical filtering theory. Specifically, the techniques of recursive estimation have
deserved considerable attention by their advantages of computation. The estimation
problem has been treated taking into account the full knowledge of the state-space
model by using Kalman filter (Sezan et al. (1990)), as well as when the state-space
model is not fully known. In this last case, using covariance information Nakamori et
al. (2006) obtain a recursive fixed-interval smoothing algorithm which is applied to
the restoration of an image degraded by additive gaussian white noise. However, it
is known that a great number of physical processes such as images detected on film
including natural scenes as well as many types of medical images respond to the case
in which the noise process corrupting the image is signal-dependent. When the state-
space model is known, the restoration problem in signal-dependent noise model have
been considered by using different approaches.
In this paper, we consider the image restoration problem assuming that the state-
space model is not known and the measurement equation responds to an additive
signal-dependent noise. Considering this measurement equation, we obtain the filtering
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algorithm assuming that the autocovariance function of the signal is known and can be
expressed in semi-degenerate kernel form; moreover the second-order moments of the
noises and the fourth-order moments of the signal are known. Under these assumptions
we transform the additive signal-dependent noise model into a signal-independent noise
and from the new measurement equation we obtain a recursive algorithm for image
restoration. The recursive filter is obtained by an innovation approach which, as it is
known, provides a simple derivation of the estimation algorithms. Since the goodness
of the least mean squared estimators is measured by the filtering error variances,
recursive formulas for them are also presented. Finally, the proposed filtering algorithm
is applied to restore images corrupted by multiplicative and additive noises, as well as
only corrupted by purely multiplicative noise.

2 Problem formulation

2.1 Observation model

The degraded image is described by the following measurement equation

z(k, l) = u(k, l) + uγ(k, l)w1(k, l) + w2(k, l) (1)
where u(k, l) for k, l ≥ 1 represents the gray level of the original image at the location
(k, l), γ ∈ [0, 1] and {wi(k, l); k, l ≥ 1} , i = 1, 2, are white noises. To treat the
restoration problem we assume the following hypotheses:
• The image process has zero-mean and its autocovariance function is expressed in a
semi-degenerate kernel form; that is,

K(k, l, s, ξ)=E[u(k, l)u(s, ξ)]=
{

α(k, l, ξ)βT (s, l, ξ), 1≤s ≤k,
η(k, l, ξ)ρT (s, l, ξ), 1≤k ≤s,

where α(·, l, ξ), β(·, l, ξ), η(·, l, ξ) and ρ(·, l, ξ) are known matrix functions. Moreover
let us suppose that V ar[u2(k, l)] = σ2

u2(k, l) are known ∀k, l ≥ 1.
• {wi(k, l); k, l≥1} , i = 1, 2, are white sequences with zero mean and
E[wi(k, l)wi(s, ξ)] = σ2

i (k)δK(k − s)δK(l − ξ), i = 1, 2, being δK the Kronecker delta
function.
• The image process and the noises are mutually independent.
The signal-dependent noise model (1) is rewritten as follows

z(k, l) = u(k, l) + v(k, l), k, l ≥ 1, (2)
where v(k, l) = uγ(k, l)w1(k, l)+w2(k, l) is a white noise with zero mean and variance
function, E[v2(k, l)] = E[u2γ(k, l)]σ2

1(k) + σ2
2(k). Since this variance depends on the

unknown moment E[u2γ(k, l)], this is approximated using the second-order approxi-
mation in Taylor’s expansion and so, we obtain the following approximation for the
variance

E[v2(k, l)] ' σ2
v(k, l)σ2

1(k)
{

(α(k, l, l)βT (k, l, l))γ

+
γ(γ − 1)

2
(α(k, l, l)βT (k, l, l))γ−2σ2

u2(k, l)
}

+ σ2
2(k).
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2.2 Restoration problem

We treat the restoration problem of an N × M discrete monochromatic image from
the observations modelled as in (2). To estimate the pixel at the location (k, l), the
observations are made in symmetric and adjacent pixels to this, according to the
following sketch

(k, l−m) · · · (k, l) · · · (k, l+m)
• · · · −→ • ←− · · · •

This is only valid for estimating u(k, l) such that 1 ≤ k ≤ N and m < l ≤ M −m. To
estimate the boundary gray levels, we consider m like the maximum of the symmetric
pixels around of the pixel which is estimated. So, by noting zm(k) = Col(z(k, l −
m), . . . , z(k, l + m)), the available measurements to estimate u(k, l), 1 ≤ k ≤ N, 1 ≤
l ≤ M, are given by

zm(k) = um(k) + vm(k), k ≥ 1
where um(k) = Col(u(k, l−m), . . . , u(k, l+m)) and analogously, vm(k) = Col(v(k, l−
m), . . . , v(k, l + m)).

Hypothesis (I) and the properties of the process {v(k, l); k, l ≥ 1} lead us to the fol-
lowing properties of {um(k); k ≥ 1} and {vm(k); k ≥ 1}:
• {um(k); k ≥ 1} has zero mean and its autocovariance function can be expressed as
Kmm(k, s) = E[um(k)uT

m(s)] = α(k)βT (s), 1 ≤ s ≤ k, where
α(k)=diag(α(k, l−m), . . . , α(k, l + m)), β(s)= (β(s, l −m), . . . , β(s, l + m)),
with the matrix functions α(k, l) = (α(k, l, l − m), . . . , α(k, l, l + m)) and β(s, l) =
diag(β(s, l, l −m), . . . , β(s, l, l + m)).

• {vm(k); k ≥ 1} is a zero-mean white sequence with covariance function
E[vm(k)vT

m(k)] ' Rm(k) = diag(σ2
v(k, l−m), . . . , σ2

v(k, l+m)).

3 Filtering algorithm

The filter of u(k, l) for 1 ≤ l ≤ M is obtained by

û(k, k, l) = α(k, l)O(k, l), k ≥ 1,

where
O(k, l)=O(k−1, l) + J(k, l)Π−1(k)ν(k), k≥1; O(0, l)=0,
J(k, l) = βT (k, l)− r(k − 1, l)αT (k), k ≥ 1,
ν(k) = zm(k)− α(k)Om(k − 1), k ≥ 1,

r(k, l)=r(k−1, l)+J(k, l)Π−1(k)JT
m(k), k≥1; r(0, l)=0,

Om(k)=Om(k−1) + Jm(k)Π−1(k)ν(k), k≥1; Om(0)=0,
Jm(k) = βT (k)− rm(k − 1)αT (k), k ≥ 1,
rm(k)=rm(k−1)+Jm(k)Π−1(k)JT

m(k), k≥1; rm(0)=0,
Π(k)=α(k)Jm(k)+Rm(k), k≥1.

Recursive expressions for the filtering error variances are

P (k, k, l, ξ) = α(k, l, ξ)βT (k, l, ξ)− α(k, l)d(k, l, ξ)αT (k, ξ), k≥1,
d(k, l, ξ)=d(k − 1, l, ξ) + J(k, l)Π−1(k)JT (k, ξ), k≥1; d(0, l, ξ)=0.



276 Image estimation from signal-dependent noise observations

4 Implementation and results

We apply the proposed filtering algorithm to restore “Lenna.tiff” which has been
degraded, according to model (1), by two zero-mean Gaussian noises with σ2

1(k) = 1
and σ2

2(k) = 302. We simulate the noisy image for γ = 1/2 and apply the filtering
algorithm fixing m = 3. Also, we calculate the filtering error variances for different
values of m, noting that like was hope the filtering error variances decrease when the
values of m are on the increase.
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Abstract: We present a methodology to carry out geostatistical analysis for functional data.
In particular we propose both an estimator of spatial correlation and a kriging predictor. A
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1 Introduction

The number of problems and the range of disciplines where the collected data are
curves are recently increasing. Functional Data Analysis (FDA) is used, since begin-
ning of the nineties, in order to model this type of information (see, Ramsay and
Silverman (2005) for a general perspective, and Ferrati and Vieu (2006) for a non-
parametric approach). Agronomy, meteorology, ecology and other sciences where the
geostatistical analysis (Cressie, 1993) is often used to describe spatial distribution, are
not exceptions. However, there are only a few references that use FDA techniques in
the spatial context (Yamanishi and Tanaka, 2003; Illian et al., 2006). Consequently
the motivation of this work is to offer a solution to the problem of predicting curves
on unsampled locations of a region.
In Section 2 we introduce notation and known results. In Section 3 we propose a way
to estimate spatial correlation when data are functions. An application in Agronomy
is included in Section 4. The paper ends with some conclusions and a list of other
topics to be developed.

2 Kriging for functional data

Ferrati and Vieu (2006) define a functional variable as a random variable χ taking
values in an infinite dimensional space (or functional space). A functional data is an
observation χ of χ. A functional data set χ1, . . . , χn is the observation of n functional
variables χ1, . . . , χn distributed as χ. Let T = [a, b] ⊆ R. We work with functional
data that are elements of

L2(T ) = {f : T → R, such that
∫

T

f(t)2dt < ∞}.

L2(T ) with the inner product 〈f, g〉 =
∫

T
f(t)g(t)dt is an Euclidean space.
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Let us consider a functional random process {χs : s ∈ D ⊆ Rd}, usually d = 2, such
that χs is a functional variable for any s ∈ D. Let s1, . . . , sn be arbitrary points in D.
We assume that we can observe a realization of the functional random process χs at
these sites: χs1 , . . . , χsn . Our goal is the prediction of χs0

, the value of the functional
random process at s0, where s0 is an unsampled location. Observe that we want to
predict a complete function χs0

: T → R, and not a particular value of a variable,
which is the general aim in traditional geostatistics. In this sense our objective is close
to multivariable spatial prediction (Ver Hoef and Cressie, 1993). An even more general
framework is in Tolosana (2005), where geostatistics in an arbitrary Euclidean space
is presented. In fact this section reproduces, with a notation closer to functional data
analysis, part of Chapter 4 in Tolosana (2005).
We assume that the random process is second-order stationary and isotropic, in the
sense that E(χs) = m, for all s ∈ D, where m : T → R is a function, and that

1
2
V(χr(t)− χs(u)) = γ(h; t, u), for all t, u ∈ T, r, s ∈ D, where h = ‖s− r‖.

The function γ(h; ·, ·), as function of h, is called semivariogram of χ.
We consider the family of linear predictors for χs0

:

χ̂s0 =
n∑

i=1

λiχsi
, λ1, . . . , λn ∈ R. (1)

The kriging predictor of χs0
is given by the solution of the following optimization

problem:
minλ1,...,λn

∫
T

E(χ̂s0(t)− χs0
(t))2dt

s.t.
∑n

i λi = 1.

Working as in the usual geostatistical setting, we obtain that the optimal coefficients
are the solution of the linear system




γ(s1 − s1) · · · γ(s1 − sn) 1
...

. . .
...

...
γ(sn − s1) · · · γ(sn − sn) 1

1 · · · 1 0







λ1

...
λn

m


 =




γ(s0 − s1)
...

γ(s0 − sn)
1


 , (2)

where γ(si − sj) =
∫

T
γ(‖si − sj‖; t, t)dt, and m is the Lagrange multiplier used to

take into account the unbiasedness restriction (
∑

i λi = 1). The function γ(h) can be
called trace-semivariogram. The way it is estimated is developed in Section 3.

3 Estimating the trace-semivariogram

An estimator of the trace-semivariogram γ(h) =
∫

T
γ(h; t, t)dt, where

γ(h; t, t) =
1
2
V(χr(t)− χs(t)), for r, s ∈ D with h = ‖s− r‖.
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is needed. Given that we are assuming that χ has a constant mean function m over
D, V(χr(t)− χs(t)) = E[(χr(t)− χs(t))2]. Observe that

γ(h) =
1
2
E

[∫

T

(χr(t)− χs(t))
2dt

]
, for r, s ∈ D with h = ‖s− r‖

by Fubini’s Theorem. Then a natural estimator for this quantity is

γ̂(h) =
1

2|N(h)|
∑

i,j∈N(h)

∫

T

(χsi(t)− χsj (t))
2dt, (3)

where N(h) = {(si, sj) : ‖si − sj‖ = h} and |N(h)| is the number of distinct elements
in N(h). For irregularly spaced data there are generally not enough observations sep-
arated by exactly h. Then N(h) is modified to {(si, sj) : ‖si − sj‖ ∈ (h − ε, h + ε)},
with ε > 0 being a small value.
Once we have estimated the trace-semivariogram for a list of K values hk, we propose
to fit a parametric model γ(h; θ) (spherical, Gaussian, exponential or Matérn, for
instance) to the points (hk, γ̂(hk)), k = 1, . . . , K, as if they were obtained in the
classic one-dimensional geostatistical setting. The fit is done by weighted least squares
(see, for instance, Cressie, 1993).
Let γ(h; θ̂) be the parametric estimated trace-semivariogram. This functional form is
used in equation (2) to solve for the kriging coefficients λi.
A different procedure, alternative to the parametric fitting, consists in applying
smoothing techniques (splines or local linear regression, for instance; see Wasserman
(2006) or references therein) to the set of data (hk, γ̂(hk)), k = 1, . . . ,K, in order to
be able to approximately evaluate γ̂(h) for any value of h ∈ R+. Let γ̂S(h) be this
smoothed version of γ̂(h). The question of definite-positiveness of γ̂S(h) deserves more
attention.

4 Application to penetration resistance curves

In Agronomy, it is usual to measure the soil penetration resistance in the study area
before sowing (Chan et al. 2006). Figure 1 shows 32 sampling locations in an experi-
mental plot at the National University of Colombia and some penetration resistance
profiles. The complete functional data set with 32 observed functions is shown in
Figure 2, left panel.
Smooth curves of observed penetration resistance were obtained by using B-splines
(Wasserman, 2006). See Figure 2, right panel. An outlier curve can be detected from
previous graphics: that having values over 2.5 for depths in [30, 40]. This outlier func-
tion was not considered in both estimation and prediction processes. Based on the
remain curves and the estimator (3), the trace-semivariogram was calculated for sev-
eral spatial lags. A spherical model was fitted to the estimated trace-semivariogram
(Figure 3, left panel). The fitted model indicate that this data set have a strong spa-
tial autocorrelation, because the maximum distance between sampling points is 190
meters and locations separated 110 meters are correlated. Fitting a reasonable model
to the trace-semivariogram is a critical step for subsequent interpolation of functional
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FIGURE 1. Sampling points and some observed penetration resistance curves. Data measured
at the Marengo Experimental Station (National University of Colombia) in 2004.

data by kriging. With the sampling scheme considered, there is not possible to have
estimations of trace-semivariance near to the origin and it is possible that the nugget
parameter has not been estimated well. Consequently, it would be important to include
more nearby sampling points in other essays in this experimental plot.
Kriging prediction on an unsampled location, coordinates 11179 (longitude) and 9750
(latitude) (Figure 1), was carried out. λ,s were obtained by solving the system (2) with
γ(si−sj) estimated by the semivariance model given in Figure 3. Predicted curve (Fig-
ure 3, right panel) indicate that in this location there is a good soil compaction level,
because the penetration resistance (MPa) estimated is less that 2 MPa, considered the
critical limit for root growth, at all range of depth evaluated (Chan et al, 2006).

5 Conclusions and further research

We have introduced a simple kriging predictor when data are functional. More com-
plex procedures can be considered by replacing scalar coefficients λi in (1) by func-
tional coefficients (λi(t), t ∈ T ) or even by double indexed functional coefficients
(λi(s, t), s, t ∈ T ) and using integrals over T as a way to extend the definition of
linear combinations. These extension are parallel to regression models with func-
tional responses described in Ramsay and Silverman (2005), Chapters 14 and 16.
Other problems requiring further attention are the alternative estimation of the trace-
semivariogram, and the automatic detection of outlier functions in the data set.
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FIGURE 2. Set of 32 penetration resistance functions. Observed (left) and smoothed (right)
data.
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FIGURE 3. Left panel: Spherical model fitted to the estimated trace-semivariogram.
γ̂(h) = 8(1, 5h/110 − 0.5(h/110)3) for h ≤ 110 and γ̂(h) = 8 for h > 110. Right Panel:
Measured curves of penetration resistance (dashed lines) and kriging prediction in an unsam-
pled location (solid line).
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Abstract: We approach the problem of the estimation of the survival function ST of a pos-
itive random variable T which is doubly-censored, that is, assuming an independent random
window of observation [L, R], T is either exactly observed if L ≤ T ≤ R, is left-censored if
T < L and right-censored if T > R. We propose an inverse-probability-of-censoring estimator
for ST derived from the empirical survival function of T . We apply the proposed methodology
to the analysis of the time from starting IV drugs to AIDS in a cohort of drug users recruited
in a detoxication program.

Keywords: AIDS data; Doubly–censored; inverse–probability–of–censoring.

1 Introduction

The doubly censoring scheme appears often when both left– and right–censored obser-
vations occur for the same data set. An instance of such data is found when analyzing
time from HIV–infection to AIDS in a cohort of drug users recruited in a detoxica-
tion program, Langohr et al. (2004). Some of the patients are AIDS–diagnosed while
being in the program (exact observation), some others leave the center AIDS–free
(right–censored observation) while a subset of them dies from AIDS without exact
AIDS-diagnosis (left-censored observation).
Several nonparametric estimators have been proposed for doubly–censored data. Turn-
bull’s pioneer paper (1974) develops a self–consistent estimator which is proved to be
the maximum likelihood estimator assuming a discrete time scale or grouped data.
Robins and Rotnitzky (1992) and Robins (1993) take a different perspective to the
censoring problems by considering them as a missing data problem introducing the
weighting approach. Satten and Datta (2001) show that the Kaplan-Meier estima-
tor for right–censored data can be represented as a weighted average of identically
distributed terms.
In this paper we present an inverse–probability–of–censoring representation of the
survival estimator when data is doubly–censored. The nonparametric estimation of
the survival is our first step to the modelling of a doubly censored response.
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2 Notation

Let {(Ti, Li, Ri), i = 1 . . . , n} be a random sample from positive random variables
T , L and R, with survival functions ST , SR and SL.
The observable data consists on the pairs {(Ui, δi), i = 1 . . . , n} where:

Ui = min{max{Li, Ti}, Ri} = (Li ∨ Ti) ∧Ri

δi = 1{Ti>Ri} − 1{Ti<Li}.

Note that δi can take the following three values:

δi =





1 if Ti > Ri ⇔ Ui = Ri is a right− censored value
0 if Li ≤ Ti ≤ Ri ⇔ Ui = Ti is an exact (uncensored) value
−1 if Ti < Li ⇔ Ui = Li is a left− censored value.

Let u(1) ≤ u(2) ≤ · · · ≤ u(n) the order statistic corresponding to the observed sam-
ple u1, u2, · · ·un and define δ(1), δ(2), · · · , δ(n) as the corresponding censoring values.
Whenever tights are present, left observations precede exact observations, which in
turn precede right observations. Without loss of generality, we assume δ(1) = δ(n) = 0
meaning that within the observable data the minimum and maximum values corre-
spond to a death. Let oj , j = 1 . . . r be the ordered different times among u(1) ≤
u(2) ≤ · · ·u(n) and assume that tights are possible.

3 Estimator for the survival function of T

Our approach starts deriving a first step estimator for each one of the three survival
functions ST , SL and SR, assuming that the other two are known. These three first step
estimators, which are based on the corresponding empirical survival functions weighted
by the inverse of the probability of the corresponding variable being observed, provide
a system of three equations. The estimator we propose is the simultaneous solution of
the three first step equations. As a by-product of this estimation we obtain estimators
for SL and SR.
If data were complete, we would observe u1 = t1, · · · , un = tn and δi = 0, for all i
such that 1 ≤ i ≤ n and the empirical survival function for ST (t) would be given by:

Semp
T (t) =

1
n

n∑

i=1

1[ti>t] =
1
n

n∑

i=1

1[ui>t]1{δi=0}
P (T is observed at time ti|T = ti)

.

The probability that the random variables T , L and R are observed within the frame-
work of a doubly censored scheme are as follows:

1. T is observed if and only if L ≤ T ≤ R and P (T is observed at time
t|T = t) = SR(t−)− SL(t).

2. L is observed if and only if T < L and P (L is observed at time l|L = l) =
1− ST (l−).
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3. R is observed if and only if T > R and P (R is observed at time r|R = r) =
ST (r).

Following the empirical estimator idea weighted by the inverse of the probability of
the corresponding variable being observed, we have as survival estimator for all t:

S̃T (t) =
1
n

n∑

i=1

1
SR(u−i )− SL(ui)

1[δi=0] 1[ui>t] (1)

which is a valid candidate if both SL and SR were known. The same argument is
applied to get first step estimators for SL(t) and for SR(t) if ST was known,

S̃L(t) =
1
n

n∑

i=1

1
1− ST (u−i )

1[δi=−1] 1[ui>t] (2)

S̃R(t) = 1− 1
n

n∑

i=1

1
ST (ui)

1[δi=1] 1[ui≤t]. (3)

The final estimators ŜT (t), ŜL(t) and ŜR(t) are the solution of the three above equa-
tions (1), (2) and (3).
The three functions ŜT (t), ŜR(t) and ŜL(t) are step functions whose jumps are in those
points in which the indicator for δi is equal to 1. In other words, ŜT (t) jumps in every
t = ui such that δi = 0, ŜR(t) jumps in every t = ui such that δi = 1 and ŜL(t) jumps
in every t = ui such that δi = −1. We remark that if the sample would not contain
left–censored observations, the solution would produce the Kaplan-Meier estimator for
right–censored data. The final estimator ŜT (t) proposed is a self-consistent estimator
and it is the maximum likelihood estimator.

4 Illustration

The theoretical development to get an estimator for the survival function when data
are doubly censored has been encountered when modelling the elapsed time to AIDS
diagnosis from the beginning of starting IV drugs in an observational study conducted
at the Hospital Trias i Pujol in Badalona (Spain). A previous analysis can be found
in Langohr et al. (2004). In that paper we have modelled the time from HIV infection
to AIDS diagnosis by means of a log-linear model where the error distribution is
assumed from the Weibull family. The ultimate goal of the present analysis is to
model T , the time (in days) from the beginning of IV drug use to AIDS diagnosis
taking into account that this variable is doubly-censored. As a first step we need the
nonparametric estimator of the survival function of T .
Our data set consists on the 266 patients who attended a detoxication program pro-
vided by a public Spanish hospital between January 78 and March 97. The cohort has
been followed until July 2000.
Among them, 82 developed AIDS during the time of the study (exact observations),
170 were AIDS-free at the last time of follow–up (right–censored observations) and 14
died from AIDS without knowing the exact date of their AIDS–diagnosis (left–censored
observations).



286 Inverse weighted estimators when there is double censoring

References
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Abstract: With increasing frequency data at disaggregated level are demanded to National
Statistical Agencies and Autonomic Institutes. Thus, the Small Area Estimation is a topic of
great interest in Official Statistic researches. There exists a wide range of different methods
to provide estimations to small area level. In this work, we introduce a proposal based on
indirect estimators that borrow strength information from related areas and we compare it
with others design based estimators. We asses them by a Monte Carlo simulation study using
the Spanish Labour Force Survey (EPA) in Canary Islands.

Keywords: Small Area Estimation; Design based Estimators; Spanish Labour Force Survey.

1 Introduction

Small Area Estimation is a topic of great interest in many fields, as public statistics,
agriculture o disease mapping, because of the increasing demand of data at disaggre-
gated level. There now are a wide range of different methods to provide estimates for
small domains. This has led to developments in two directions: design-based methods
and model-based methods (see Rao (2003), Jiang and Lahiri (2006)). A typical data
file from a complex survey contains survey weights for each individual. Since survey
weights contain great information for some population characteristics, they are used
in estimation. In particular, the weighted survey design-based estimator for a large
area is generally quite robust and is deemed accurate. Typically, an area is regarded
as small when the domain sample size is not large enough to yield direct estimates of
adequate precision. It is seldom possible to have sample size to support reliable direct
estimates for all the domains of interest. In these situations, it is often necessary to use
indirect estimates that borrow strength information of the variables of interest from
related areas. This information is incorporated into the estimation process through a
model that provides a link to related areas through the use of supplementary infor-
mation related to the variables of interest, such as recent census counts and current
administrative records.
The Spanish National Statistical Agency (INE) publishes estimations of activity, un-
employed and inactive totals at province for sex level using the Spanish Labour Force
Survey (EPA). The domains (small areas) of interest are NUT4 level crossed with sex.



288 Small Area Estimation using Spanish Labour Force Survey in Canary Islands

In particular, Canary Islands are constituted for two provinces, Las Palmas and S/C
of Tenerife. In the province of Las Palmas exists twelve small areas and in S/C of
Tenerife fifteen ones. For each small area, it knows the total population at group age
for sex level.
In some research works is used supplementary sample (draw of population) combined
with the information provided for mother survey. With respect to the EPA in Canary
Islands, the authors of this work assessed it using Monte Carlo simulations in the
project supported by Instituto Canario de Estad́ıstica titled “Estimadores en Áreas
Pequeñas Aplicados a la Estad́ıstica Pública Canaria (2005)” in the work group “Áreas
Pequeñas” of the INE. The results showed that indirect estimator of the small area
that borrow strength information from the province where the small area belongs to,
have a behavior acceptable versus direct estimators with both information source.

2 Spanish Labour Force Survey (EPA)

The EPA is a quarterly survey follows a stratified two-stage random sampling design
and, for each province a separate sample is extracted. The primary sampling units
are Census Sections (geographical areas with a maximum of 500 dwellings) and they
are grouping in strata according to the size of municipality. Within each stratum, the
primary units are selected without replacement and probabilities proportional to size
according to the number of dwellings. In the second stage sampling, the secondary
sampling units are dwellings and a without-replacement simple random sampling is
applied to draw a fixed number (18 in our case) of secondary units from each selected
primary unit.

3 Provided estimators and indicators of yield

In this work, we use the population given for the Census 2001 in the Autonomous
Community of Canary, and generate 1000 simulations of EPA’s in this region. Given
that we dispose of the population, the real values of the interest variables are also
known. We assess the consistency property of usual small area design-based estima-
tors using two indicators of yield, the mean of relative mean square error and the
mean of relative bias. Direct and indirect estimators are considered. It is included two
synthetic estimators based on implicit linking model. One of them is constructed using
information of the recent census counts to form big areas constituted for the joining
of homogeneous small area with respect to the interest variables.
We denote the survey weight of observed individual j as wj , small area crossed with
sex as d, group of age as g and the population size of an area l as Nl. The provided
estimators, when y denotes the dichotomy variable of interest, are

Direct Estimator:
ŷdiret

d =

∑
j∈EPA wjyj∑
j∈EPA wj

Nd, (1)

and its mean ˆ̄ydirect
d = ŷdiret

d /Nd.
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Post-stratify Estimator:
ŷpost

d =
∑

g

ˆ̄ydirect
dg Ndg. (2)

Synthetic Estimator:
ŷsynth

d,r =
∑

g

ˆ̄ydirect
g,r Ndg, (3)

where r denotes a region formed as a join of small areas. That is, the area d
borrows strength information from the region r. In particular, we prove several
options to choose the regions. When the region coincides to which the small
area belongs we denote such estimator as synth-prov one. In other situations,
the regions are constructed using cluster analysis with the information of the
variable of interest obtained on recent census counts in the small areas for each
group of age. In this case, we denote the estimator as synth-n, with n the number
of regions used.

The provided indicators of yield are

Relative Bias:

RBd(ŷ) =
1

Nsim

Nsim∑

k=1

ŷd(k)− Yd

Yd
100. (4)

Mean of Absolute Relative Bias:

MARB(ŷ) =
1
D

D∑

d=1

|RBd(ŷ)|. (5)

Relative Mean Square Error:

RMSEd(ŷ) =

(
1

Nsim

Nsim∑

k=1

(
ŷd(k)− Yd

Yd

)2
)1/2

100. (6)

Mean of Relative Mean Square Error:

MRMSE(ŷ) =
1
D

D∑

d=1

RMSEd(ŷ), (7)

where Nsim and D are the number of simulations and small areas considered, respec-
tively.

4 Results and Conclusions

The obtained results based on the 1000 simulations of EPA’s are presented in the
table 1. The synth-n estimators present values of MRMSE better than those of the
rest of estimators for both sex. While the values of MARB have an intermediate value
between the values of the direct estimator and synth-prov ones. The tests realized on
real EPA’s show that a good candidate estimator would be the synth-2 or synth-3
depending on the variability allowed between consecutive EPA’s.
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TABLE 1. MRMSE and MARB for occupied and unemployed by sex (M:Male and F:Female)
for estimators provided.

Occupied Unemployed
MRMSE MARB MRMSE MARB

M F M F M F M F

Direct 11, 76 19, 90 1, 47 2, 83 43, 40 47, 02 3, 51 2, 23
Post 10, 50 18, 29 1, 40 2, 39 44, 42 46, 84 3, 85 2, 14

Synth-prov 6, 76 13, 77 6, 07 13, 03 21, 96 20, 08 19, 15 17, 71
Synth-2 4, 82 8, 96 3, 79 7, 39 16, 54 14, 08 12, 66 8, 31
Synth-3 4, 98 8, 37 3, 19 6, 18 17, 97 14, 76 9, 95 8, 31
Synth-4 4, 95 8, 01 2, 80 5, 24 15, 35 15, 88 6, 98 7, 24
Synth-5 5, 67 9, 70 2, 87 5, 51 15, 51 18, 19 5, 53 7, 23

Acknowledgments: This work was supported by the Instituto Canario de Estad́ıstica
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1 Introduction

Risk management modelling has been one of the most fast developing areas of applica-
tion of statistic and econometric techniques. Consider the following problem: suppose
a firm holds a long position of Lt units of a future contract. An important question in
risk management is: What is the minimum capital, Kt, needed to cover losses of this
long position with, for instance, a 95 percent probability? This minimum capital risk
requirement is denoted MCRR (see Brooks 2002).
There are various methods available for calculating the minimum capital risk require-
ment, including the ”delta-normal” method, the historical simulation that involves
the estimation of the quantile of the portfolio returns and the structured Monte Carlo
simulation. The Monte Carlo approach is clearly powerful and flexible for generating
MCRR estimates since any stochastic process for the underlying assets can be speci-
fied. However, there are at least two drawbacks with the use of it in this context. First,
for a large portfolio, the computational time required to compute the MCRR may be
very high. Second, and more important, the calculated MCRR may be inaccurate if the
stochastic process that has been assumed for the underlying asset is inappropriate. An
alternative approach that could overcome this drawback, would be to use bootstrap
rather than Monte Carlo simulation.
The work is organized as follows: In Section 2 we analyze and propose some models for
three Index Future Contract series. In Section 3 we compute the MCRRs by bootstrap
and we present some results in Section 4.

2 Parametric approach

2.1 Previous study of the series

In this study we calculate the MCRRs for three futures contracts - the FTSE-100
Index Futures Contract, the SPF Standard and Poors Index Futures Contract and
the Russell Index Futures Contract. The data were collected from EconWin Financial
and spans the period 2 August 1989- 18 May 2005 for the FTSE-100, the period 4
August 1989- 16 October 2006 for the SPF Index and the period 5 February 1993-15
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December 2006 for the Russell Index. We have deleted from the data set observations
corresponding to non trading days to avoid the incorporations of spurious zero returns,
leaving 3980, 4366 and 3421 observations for the FTSE-100, SPF and Russell Indexes,
respectively.
In order to test for non-linear dependence of the returns we have used the BDS test
of Brock, Dechert, Scheinkman and LeBaron (1996). The null hypothesis of i.i.d. is
rejected for all the three return series at a 5 percent level of significance, which is con-
sistent with the results of Hsieh (1993) and Brooks, Clare and Persand (2000). With
the purpose to investigate the cause of this rejection, we estimate the autocorrelation
function and the Ljung-box Q statistics. The autocorrelations are not statistical signif-
icant which suggests that the rejection of the null i.i.d. is due to non-linear dynamics
in the returns. We calculate the bicorrelation coefficients to infer if the non-linearity
is in-mean or in-variance and we conclude that the rejection of the null is due to the
presence of non-linear dependence in the variance.

2.2 Models proposed

Given the conclusions of Section 2.1, we select several GARCH-type models such
as: the traditional GARCH of Bollerslev (1986), the fractional integrated GARCH
(FIGARCH) of Baillie, Bollerslev and Mikkelsen (1996) and the hyperbolic GARCH
(HYGARCH) of Davidson (2004), with errors that follow a Gaussian or/and a t-
distribution. In the context of stochastic volatility, we estimate the autoregressive
stochastic volatility model (ARSV) of Taylor (1986) and the autoregressive long mem-
ory stochastic volatility model (ARLMSV) of Breidt, Crato and de Lima (1998). The
first is a short memory model while the second specifies the volatility process as a
fractional integrated process and it is a natural competitor to the FIGARCH and
HYGARCH. The estimation methods that have been used are the quasi maximum
likelihood (QML) for the conditional heteroscedasticity models and the Whittle es-
timator for the stochastic volatility models. Moreover, we also report the MCRRs
calculated from the unconditional density using moving block bootstrap directly to
the observed price changes (see Efron and Tibshirani, 1993, and Lahiri, 2003).

3 Computing the MCRR by bootstrap

In order to evaluate the effectiveness of the previous models in capturing all of the non-
linear dependence in the data, we reapply the BDS test to the standardized residuals.
If the model has captured all the important features of the data, the standardized
residual series should be random. Once these residuals are i.i.d., it is valid to resample
from them using the bootstrap technique in order to obtain the MCRR estimates.
This is achieved by simulating the future values of the futures price series, using the
parameter estimates from the models, and using disturbances obtained by sampling
with replacement from the standardized residuals. In this way, 20000 possible future
paths of series are simulated (i.e. 20000 replications are used), and in each case, the
maximum loss is calculated over holding periods of 1, 5, 10, 30, 90 and 180 days. It
is assumed that the futures position is opened on the final day of the sample used to
estimate the models. The amount of capital required to cover losses on 95 percent of
days is estimated by the 95th percentile of these 20000 maximum losses. To illustrate
the methodology we report in Table 3 the obtained results for FTSE-100.
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TABLE 1. Capital requirement for 95% coverage probability as a percent of the initial value of the

FTSE-100.

Long Position
No. GARCH- GARCH- FIGARCH- HYGARCH-

days gaus. t-Stud t-Stud gaus. ARSV ARLMSV Uncond

1 1.00 0.98 0.88 0.89 0.90 0.77 1.26
5 2.18 2.16 2.05 1.95 2.02 1.73 2.74
10 3.01 2.99 2.96 2.71 2.88 2.46 3.82
30 4.77 4.77 5.27 4.40 5.09 4.34 6.41
90 6.46 6.62 9.28 6.70 9.15 7.74 10.08
180 6.80 7.10 12.98 8.11 13.32 11.09 12.94

Short Position
No. GARCH- GARCH- FIGARCH- HYGARCH-

days gaus. t-Stud t-Stud gaus. ARSV ARLMSV Uncond

1 1.06 1.05 0.95 0.96 0.94 0.80 1.35
5 2.38 2.37 2.28 2.17 2.14 1.82 3.14
10 3.41 3.42 3.42 3.14 3.10 2.64 4.62
30 6.06 6.16 6.75 5.79 5.79 4.90 8.78
90 10.37 10.89 14.03 11.06 11.63 9.69 17.55
180 14.16 15.39 22.80 16.92 19.12 15.48 28.07

4 Analyzing some results

The results are interesting because, first, the MCCRs derived from bootstrapping the
returns themselves (the unconditional approach) are in general higher than those gen-
erated from the previous models. This occurs because the level of volatility at the
start of the MCRR calculation period was low relatively to its historical level. There-
fore, the conditional approach give us forecasts of volatility lower than the historical
average. As the holding period increases from 1 to 180 days, the MCRR estimates
converge quickly to those of unconditional approach, except for GARCH that presents
the lowest values of the MCRR (see Table 3).
We also observe that the MCRRs for short positions are larger than those of compar-
ative long positions. This suggests that on average an upwards move in the futures
price is more probable than a fall. Finally, we also compute the bootstrap confidence
intervals for the previous MCRRs and an out-of-sample test based upon the selected
models.

Acknowledgments: Special Thanks to A.M. Alonso for clarifying some points in the

bootstrap computations. Research projects MTM2006-09920 and SEJ2006-03919 from the

Spanish Ministry of Education and Science and FEDER.
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Abstract: Weighted logratio analysis leads to graphical displays (also known as spectral
maps) that have a lot in common with correspondence analysis, differing only in the initial
matrix analyzed. Subsequent steps in the computational algorithm are identical: rows and
columns are weighted by the same marginal values, the same (weighted) double-centring and
singular value decomposition are applied, and the graphical options are potentially the same.
The spectral map has an edge over correspondence analysis as far as theoretical properties are
concerned and is more related to the modelling of two-way tables. Correspondence analysis,
on the other hand, has the advantage of being able to handle sparse tables with lots of zeros,
which is probably why it is so popular for analysing ecological and archeological data.

Keywords: Biplot; Correspondence Analysis; Logratio transformation; Singular value de-
compoisition; Spectral Map.

1 Introduction – Weighted Logratio Analysis

Weighted logratio analysis, also known as the spectral map (SM), was developed in
the specific context of the analysis of biological activity spectra (Lewi, 1976, 1998).
Suppose that we have a matrix of strictly positive data N (I×J), for example a table
of data on the same ratio scale (e.g., measurements all in centimetres, or monetary
values all in euros), or a table of positive counts. Suppose that the row and column
totals of N, ni+ (i = 1, . . . , I) and n+j (j = 1, . . . , J), relative to the grand total n,
are denoted by r and c respectively (so the elements of r and c sum to 1 in each case),
and that Dr (I × I) and Dc (J × J) are the corresponding diagonal matrices of these
relative sums. Then weighted logratio analysis (WLR) can be used to visualize these
data in the form of a map of points representing the rows and columns, where the rows
and columns are weighted by the respective elements in r and c. The algorithm for
computing the row and column coordinates in WLR can be summarized compactly as
follows, using the singular value decomposition (SVD) as the key analytical step, and
following almost exactly the algorithm for correspondence analysis (CA):

Step 1: Double-centre the matrix of logarithms of the data with respect to weighted
row and column averages:

A = (I− 1rT) log(N)(I− c1T)T (1)
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Step 2: Perform a weighted (or generalized) SVD by first pre-transforming A by:

S = D
1
2
r AD

1
2
c (2)

and then applying the usual (unweighted) SVD:

S = UDαVT where UTU = VTV = I (3)

Step 3: Calculate standard coordinates of the rows and columns as:

(row standard) X = D
1
2
r U (column standard) Y = D

1
2
c V (4)

and principal coordinates as:

(row principal) F = D
1
2
r UDα (column principal) Y = D

1
2
c VDα (5)

As in CA, a symmetric map of the data plots the rows and columns in K∗-dimensional
space by using the first K∗ columns of F and G. Asymmetric maps (which are also
biplots) use the columns of F and Y (for row asymmetric – or row principal – map)
or G and X (for column asymmetric – or column principal – map). Other biplots
are possible with interesting graphical interpretations – see Chapter 13 of Greenacre
(2007).

2 Connection with Correspondence Analysis

Steps 1–3 above follow exactly the correspondence analysis (CA) algorithm (see, for
example, Greenacre, 2007, theoretical and computational appendices), except that the
first step (1) involves logarithms of the data, whereas CA starts with the contin-
gency ratios, defined as the observed values relative to their “expected” values. When
data are counts, the expected values are the usual ones under the hypothesis of in-
dependence; for other data these are evaluated in the same way using the margins
of the table. So the contingency ratios are qij = nij/(ni+n+j/n), which is equal to
(nij/n)/(ricj) in terms of the row and column weights. If we substitute Q = [qij ] for
log(N) in (1) and continue with Steps 2 and 3, we have the CA solution. Interestingly,
if we define the matrix Q(α) with elements qα

ij , then the above algorithm gives CA for
Q(1) and gives WLR/SM for Q(α) in the limit as α tends to 0 (this is the same as the
Box-Cox transformation qα

ij − 1 of the contingency ratios, since the −1 is eliminated
by the double-centring). Aitchison & Greenacre (2002) presented the unweighted form
of the log-ratio map, but the weighted form inherent in the spectral map is a distinct
improvement.

3 Diagnosing models

As shown by Aitchison & Greenacre (2002) and Greenacre & Lewi (2005), specific
“equilibrium” models can be diagnosed in the WLR/SM maps when subsets of points
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FIGURE 1. Weighted logratio/spectral map of M–N population genetic data, showing the 24
populations (numbers) and the three haplotypes, M (M and M co-occurring), N (N and N)
and MN (M and N). The variance explained on the horizontal first axis is 96.8%, showing
that the data are highly one-dimensional, indicating an equilibrium relationship.

lie approximately on straight lines; that is, when the difference vectors are approxi-
mately collinear. A good illustration of this is the diagnosis of the Hardy-Weinberg
equilibrium in population genetics. Figure 1 shows the spectral map of haplotype fre-
quencies of the M, N and M-N blood groups in 24 populations; this is a genetic system
with two co-dominant alleles, M and N. The fact that there is 96.8% of the variance
on axis 1, i.e., close collinearity of the points, means that the differences (i.e., logra-
tios) log(MN)− log(M) = log(MN/M) and log(N)− log(MN) = log(N/MN) are linearly
related. In fact, because the lengths of these difference vectors is almost equal in the
map, we can deduce the following linear relationship between the logratios, called an
equilibrium relationship:

log(MN/M) = log(N/MN) + C (6)

where the constant C can be estimated from a scatterplot of log(MN/M) vs. log(N/MN)
to be 1.348 (this was calculated by fitting a principal axis to the points in Figure 2 and
calculating where it intersected the vertical axis – the principal axis is almost exactly of
slope 1). Exponentiating (6) and simplifying we obtain the following diagnosed model:

MN2

M× N
= 3.85 (7)

Compared to the Hardy-Weinberg formula for genetic equilibrium of two co-dominant
alleles with allele frequencies of p and q (p + q = 1), where the frequencies of M-M (M
in our notation), N-N (N) and MN (MN) are p2, q2 and 2pq, respectively, we arrive at
the model for perfect equilibrium of:

MN2

M× N
= 4 (8)
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FIGURE 2. Scatterplot of log(MN/M) versus log(N/MN), showing the principal axis used to
deduce the constant in (6).

which is almost the same as (7).
The CA solution is given in Figure 3, but is not as enlightening to the connection
between the haplotypes: the points for the populations follow the curved pattern often
found in CA maps called the “arch effect”, owing to the simplex space in which the
row points lie (a triangle in this example).

4 Conclusion

We have shown that the weighted logratio map can be used to diagnose a certain class
of equilibrium models by identifying straight-line configurations. In the delivered paper
we shall show more complex examples, where a subset of points can be identified as
lying on an approximate straight line, in which case the corresponding subsets of the
data can be diagnosed as following such a class of models. Such diagnosis is not easy
in the CA framework, where the equilibrium models turn out to be curves and are
not distinguishable from other curves which might not indicate equilibrium models.
However, the logratio approach has one drawback: it cannot easily handle lots of zero
values. This is the context where CA is extremely useful and is probably the reason
why it is the method of choice for ecologists and archeologists worldwide, since their
data sets are usually very sparse.
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FIGURE 3. CA map of M–N population genetic data, showing the 24 populations following
a curve. The variance explained on the first axis is 86.4%, hence the pattern is less one-di-
mensional than Figure 1.
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Abstract: We consider the problem of testing for zero variance components in linear mixed
models. Typical applications include testing for a random intercept or testing for linearity
of a smooth function. We propose two approximations to the finite sample null distribu-
tion of the restricted likelihood ratio test statistic. Our approach applies to a wider variety
of mixed models than previous results, including those with moderate numbers of clusters,
unbalanced designs, or nonparametric smoothing. Extensive simulations show that both pro-
posed approximations outperform the 0.5χ2

0 : 0.5χ2
1 approximation and parametric bootstrap

currently used.
Our methods are motivated by and applied to the longitudinal epidemiological study Air-
gene, with the aim of assessing non-linearity of dose-response-functions between ambient air
pollution concentrations and inflammation.

Keywords: Boundary; Bootstrap; Penalized splines; Nonparametric smoothing; Air pollu-
tion.

1 Introduction

Linear mixed models are widely used to model longitudinal or clustered data and,
more recently, to estimate smoothing parameters for penalized splines using REML or
ML. We focus on linear mixed models of the form

Y = Xβ + Z1b1 + . . . + ZSbS + ε, (1)

with random effects bs∼ N(0, σ2
sIKs) pairwise independent and independent of ε∼

N(0, σ2
εIn), Ks columns in Zs, Iν the identity matrix of size ν, and n the sample size.

We are interested in testing one of the variance components

H0,s : σ2
s = 0 versus HA,s : σ2

s > 0, (2)

corresponding, for example, to testing for a zero random intercept or testing linearity
against a general alternative. This problem is non-standard due to the parameter on
the boundary of the parameter space. Stram and Lee (1994), using results from Self
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and Liang (1987), showed that the Likelihood Ratio Test (LRT) statistic for testing (2)
has an asymptotic 0.5χ2

0 : 0.5χ2
1 null distribution if Y can be divided into independent

and identically distributed (i.i.d.) subvectors. However, for penalized spline smoothing
responses are not independent at least under the alternative, and longitudinal studies
often have unbalanced data or only moderate numbers of subjects. Crainiceanu and
Ruppert (2004) derived the finite sample and asymptotic null distribution of the LRT
and restricted LRT (RLRT) for testing (2) in models with one variance component
(S = 1), and showed that it is generally different from 0.5χ2

0 : 0.5χ2
1. For S > 1, they

recommend a parametric bootstrap, which can be computationally very expensive. As
the LRT has been seen to have undesirable properties with a high probability mass
at zero, we develop two faster approximations to the finite sample null distribution of
the RLRT.

2 Two approximations to the RLRT null distribution

2.1 Fast finite sample approximation

Our first approximation is inspired by pseudo-likelihood estimation (Gong and Sama-
niego, 1981), where nuisance parameters are replaced by consistent estimators. Liang
and Self (1996) showed that under certain regularity conditions the asymptotic distri-
bution of the pseudo LRT is the same as that of the LRT if the nuisance parameters
are known. For our problem, we could view the bi, i 6= s, as nuisance parameters. We
assume that under regularity conditions the prediction of

∑
i 6=s

Zibi is good enough to

allow the distribution of the RLRT in model (1) to be closely approximated by the
RLRT in the reduced model

Ỹ = Xβ + Zsbs + ε, (3)

with Ỹ =Y − ∑
i 6=s

Zibi assumed known. As model (3) has only one variance component

σ2
s , the exact null distribution of the RLRT for testing (2) is known (Crainiceanu and

Ruppert, 2004) to be

RLRTn
d= sup

λ≥0

{
(n− p) log

[
1 +

Nn(λ)
Dn(λ)

]
−

Ks∑

l=1

log(1 + λµl,n)

}
, (4)

where d= denotes equality in distribution, p is the number of columns in X,

Nn(λ) =
Ks∑

l=1

λµl,n

1 + λµl,n
w2

l , Dn(λ) =
Ks∑

l=1

w2
l

1 + λµl,n
+

n−p∑

l=Ks+1

w2
l , (5)

wl, l = 1, . . . , n−p, are independent N(0, 1), and µl,n, l = 1, . . . ,Ks, are the eigenvalues
of the Ks×Ks matrix Z′

s(In−X(X′X)−1X′)Zs. This distribution can be simulated
from very efficiently, as the Ks eigenvalues need to be computed only once, and speed
depends only on Ks rather than on the number of observations n.
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TABLE 1. Settings for the simulation study.

Tested Component Null Hypothesis Nuisance Component

1 Random Intercept Equality of Means -
2 Smooth Function Linearity -

3 Random Intercept Equality of Means Smooth Function
4 Smooth Function Linearity Random Intercept
5 Smooth Function Linearity Smooth Function
6 Random Slope Equality of Slopes Random Intercept
7 Bivariate Smooth Additivity and Linearity Random Intercept
8 Random Intercept Equality of Means Bivariate Smooth

2.2 Mixture approximation to the Bootstrap

If a parametric bootstrap is preferred but computationally intensive, we propose the
following parametric approximation to the RLRT distribution

RLRT
d≈ aUD, (6)

where U ∼ Bernoulli(1 − p), D ∼ χ2
1, and

d≈ denotes approximate equality in dis-
tribution. The flexible family of distributions in (6) contains as a particular case the
i.i.d. case asymptotic 0.5χ2

0 : 0.5χ2
1 distribution with a = 1 and p = 0.5, and is just as

easy to use. p and a can be estimated from a bootstrap sample, while (6) stabilizes
estimation of tail quantiles and thus reduces the necessary bootstrap sample size.
Maximum likelihood estimation of p would require the proportion of simulated RLRT
values that are exactly zero, and is therefore very sensitive to numerical imprecisions
(encountered, for example, with proc MIXED in SAS, and the lme function in R). We
thus propose estimation of p and a using the method of moments, after setting all
negative values to zero.

Note that both our proposed approximations are asymptotically identical to the 0.5χ2
0 :

0.5χ2
1 approximation when the i.i.d. assumption holds.

3 Simulation Study

We conducted an extensive simulation study, covering a range of important situations
with one or two variance components. An overview is given in Table 1. We varied
the number of subjects I = 6, 10 and observations per subject J = 5, 25, 50, 100
for all settings, as well as the value for the respective nuisance variance component
σ2

1 = 0, 0.1, 1, 10, 100, while all other parameters not restricted to zero under the null
were fixed at either 1 or −1. Covariates were sampled from standard normal distribu-
tions, with increasing correlation for the case of two smooth functions. Smooth uni-
or bivariate functions were modelled using low-rank thin plate splines with smooth-
ing parameters estimated by REML, and with testing of the corresponding variance
component translating to testing for linearity f(x) = β0 + β1x in the univariate, and
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to testing for additivity and linearity f(x1, x2) = β0 + β1x1 + β2x2 in the bivariate
case. 10,000 samples each were simulated from the RLRT null distribution and our
two approximations compared to a bootstrap and the 0.5χ2

0 : 0.5χ2
1 approximation.

The fast finite sample approximation produced empirical type I error rates close to the
nominal level, comparable to the exact distribution when S = 1. The approximation
was usually good even for n = 30; the necessary sample size increased somewhat
when random effects were correlated. The aUD approximation reduced the necessary
bootstrap sample size by between 10% and 90%, with the reduction more pronounced
for smaller α levels or p values. The 0.5χ2

0 : 0.5χ2
1 approximation was always very

conservative.

4 Testing smooth dose-response-functions

The Airgene study was conducted in six European cities between May 03 and July 04.
One of its aims is to assess association between inflammatory responses and ambient
air pollution concentrations in myocardial infarction survivors. 3 inflammatory blood
markers (CRP, Fibrinogen, IL-6) were measured every month repeatedly up to 8 times
in 1,003 patients. Air pollution and weather variables were measured concurrently in
each city. Patients were genotyped and additional information collected at baseline.
Analyzes had to account for longitudinal data structure and potential nonlinearity
of weather and trend variables, with smooth effects estimated in the mixed model
framework. As the shape of the air pollution dose-response functions has important
policy implications, one aim of the study was to investigate the functional form of the
air pollution effects on inflammation. For illustration, we focus on the effect of PM10,
particulate matter with diameter less than 10µm, on Fibrinogen in Barcelona. A total
of 1074 valid blood samples and PM10 exposures were available for 183 patients.
The model used for the PM10-Fibrinogen dose-response function is

FIBij = ui + f(PM10ij) +
L∑

l=2

βlxijl + εij , εij
iid∼ N(0, σ2

ε), (7)

where FIBij is the jth Fibrinogen value of the ith patient, ui
iid∼ N(0, σ2

u) is a random
patient intercept, and PM10 indicates the 5-day-average PM10 exposure before blood
withdrawal. f(.) is a smooth, unspecified, function estimated using penalized cubic B-
Splines and penalizing deviations from linearity (Green et al., 2006). Linear covariates
xl are patient’s age, asthma diagnosis, time trend, weekday and air temperature (cubic
polynomial).
Figure 1 shows the estimated smooth PM10 effect on Fibrinogen in Barcelona. An
important scientific question is whether the dose-response function is linear. This is
equivalent to testing (2) in (7), where σ2

s is a variance component controlling the
smoothness of f(.). Note that the i.i.d. assumption is violated and that the model
includes two variance components.
The test statistic for testing linearity of f(·) against a general alternative takes the
value RLRT = 2.9. Test results for all four approximations are given in Table 2. The
fast finite sample approximation reduces computation time by 4 orders of magnitude,
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FIGURE 1. Estimated smooth PM10-Fibrinogen dose-response function in Barcelona.

while results are similar to a bootstrap. The aUD approximation gives results close to
the bootstrap even for sample sizes 100 times lower. The 0.5χ2

0 : 0.5χ2
1 approximation is

clearly conservative. In all cases, results indicate a significant difference from linearity.

TABLE 2. Testing the PM10 effect on Fibrinogen in Barcelona for linearity. Computation
time was measured on a standard PC using Matlab (f.f.s.) / SAS.

Approximation Samples Time p-value
Fast finite sample 100,000 ∼35sec 0.023

aUD 100 ∼4min 0.026
aUD 1,000 ∼40min 0.031
aUD 10,000 ∼8h 0.029

0.5χ2
0 : 0.5χ2

1 - - 0.044
Bootstrap 10,000 ∼8h 0.025

5 Summary

We have discussed testing for zero variance components in linear mixed models. Pos-
sible applications include, but are not limited to, testing for zero random intercepts or
slopes and testing for linearity of a smooth function against a general alternative. For
models with one variance component, we recommend directly using the exact null dis-
tribution of the RLRT statistic derived in Crainiceanu and Ruppert (2004), which can
be simulated efficiently. For models with more than one variance component, we have
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proposed two approximations to the finite sample null distribution of the RLRT. Ex-
tensive simulations showed superiority of both approximations over the 0.5χ2

0 : 0.5χ2
1

approximation and parametric bootstrap currently used. Our results extend existing
methodology to linear mixed models with more than one variance component and
lacking independence assumption. We have illustrated the use in testing for linearity
of dose-response-functions for longitudinal data on air pollution health effects.
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Abstract: The paper explores some issues related to endogeneity in random effects models,
focusing on the case where the random effects are correlated with a level 1 covariate in a linear
random intercept model. This type of endogeneity arises from a wrong equality restriction on
the between-cluster and within-cluster slopes. A straightforward solution is to allow distinct
slopes through the addition of the cluster mean as a further covariate. However, the use
of the sample cluster mean instead of the population cluster mean entails a measurement
error that yields a biased estimator of the between-cluster slope. In the paper we study the
measurement error issue and propose a correction to obtain unbiased estimates. Moreover, we
compare alternative estimators and illustrate the main findings through a simulation study.

Keywords: between-within slopes; measurement error; random effects.

1 Introduction

Regression analysis with data from observational studies is often threatened by the
problem of endogeneity. Typically, endogeneity arises when there are unobserved co-
variates affecting the response and correlated with the observed covariates included
in the model: in this way, the unobserved covariates are absorbed by the error term,
which is thus correlated with the model covariates, causing the standard estimators
to be inconsistent.
The topic of endogeneity in mixed models has received some attention in the last years:
Ebbes et al. (2004), Neuhaus and McCulloch (2006), Snijders and Berkhof (2007) and
Kim and Frees (2007).
Mixed models have error terms at every hierarchical level, so the problem of endo-
geneity can concern error terms at any level. Our contribution focuses on level 2
endogeneity, i.e. the random effects are correlated with level 1 covariates, an issue well
known in the setting of panel data due to the famous Hausman test (Ebbes et al.,
2004).
We consider a random intercept model with a level 1 covariate Xij :

Yij = η + βXij + vj + eij (1)

where i = 1, 2, . . . , nj is the level 1 index and j = 1, 2, . . . , J is the level 2 (cluster)
index. For example, in a panel setting the level 1 units are waves and the clusters are
individuals, while in a cross-sectional framework the level 1 units are individuals and
the clusters are entities such as institutions or geographical areas. In equation (1), vj

are level 2 errors, also called random effects, while eij are level 1 errors.
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Level 2 endogeneity arises when Cov(vj , Xij) 6= 0, so E(vj | Xij) 6= 0 and thus
the standard estimators are inconsistent for β. In Econometrics it is usual to model
E(vj | Xij) as a linear function of the cluster mean Xj , so a straightforward remedy
to endogeneity is to add Xj to the model equation. On the other hand, the statistical
literature (Snijders and Berkhof, 2007; Neuhaus and McCulloch, 2006) has pointed
out that often the between-cluster and within-cluster effects are conceptually and
numerically rather different, and the inclusion of Xj as a further regressor is just a way
to disentangle the two effects. However, it is usually not recognized that Xj is a sample
cluster mean used as a measurement of a population cluster mean: as a consequence,
the model including Xj is affected by measurement error and thus the estimator of
the between-cluster slope is biased. In this work we deal with the measurement error
issue, showing that it can be relevant but a straightforward correction is available. The
following Sections sketch the issue, while technical details are reported in an extended
version.

2 Endogeneity and measurement error

To study endogeneity issues in model (1), the covariate Xij must be treated as random
and the hierarchical framework requires to specify how Xij varies between and within
clusters. The simplest choice is to assume a variance component model Xij = XB

j +
XW

ij , with E(XB
j ) = µX , E(XW

ij ) = 0, V ar(XB
j ) = τ2

X > 0 and V ar(XW
ij ) = σ2

X > 0.
In the light of this decomposition, it is clear that model (1) implicitly assumes the
equality of between-cluster slope βB and within-cluster slope βW .
Defining δ = βB − βW , a more general model without such restriction is

Yij = α + βW XW
ij + βBXB

j + uj + eij

= α + βW Xij + δXB
j + uj + eij .

(2)

By assumption, model (2) is unaffected by endogeneity and is taken as the true model.
From the second row of (2), it appears that when βB 6= βW , model (1) is affected by
level 2 endogeneity. This leads to biased estimates of the slope and of the residual
cluster variance. In such a case, the slope β of model (1) is a meaningless mixture
of βB and βW . Level 2 endogeneity can be interpreted as the consequence of the
misspecification due to omitting the cluster mean when βB 6= βW .
Even if Xij is observable, the components XB

j and XW
ij are unobservable. Therefore,

to fit model (2), XB
j and XW

ij must be replaced by their observable counterparts, i.e.
the cluster mean Xj = 1

nj

∑nj

i=1 Xij for XB
j and the deviation from the cluster mean

(centered covariate) Xij −Xj for XW
ij , giving the working model:

Yij = α + βW (Xij −Xj) + βBXj + zj + eij

= α + βW Xij + δXj + zj + eij
(3)

This model solves the endogeneity issue arising from a wrong equality restriction on the
between and within slopes. However, using Xj in place of XB

j causes a measurement
error that doesn’t affect the within slope βW , but biases the between slope βB or,
equivalently, the slope difference δ. In particular, for clusters of equal size n, the



estimable between slope is λXβB + (1− λX)βW , and the estimable slope difference is
λXδ, where λX is the reliability of the sample cluster mean Xj as a measure of the
population counterpart XB

j :

λX =
V ar(XB

j )

V ar(Xj)
=

τ2
X

τ2
X + σ2

X/n
=

(
1 +

1
(τ2

X/σ2
X)n

)−1

, λX ∈ (0, 1) .

The estimable δ is attenuated by the reliability λX . The attenuation is negligible
only when λX is about one, e.g. when the cluster size n is large. Moreover, it can be
shown that the estimable residual cluster variance of Y is inflated by the quantity
(1 − λX)τ2

Xδ2. However, the bias of using Xj in place of XB
j can be corrected quite

easily since βW and λX can be unbiasedly estimated and thus also βB and the residual
cluster variance of Y can be unbiasedly estimated.
A simple solution for level 2 endogeneity is the Fixed Effects estimator, but several
alternative solutions using random effects are available. However, the literature on the
topic has two main limitations: it focuses only on the slopes and does not explicitly
address the measurement error problem. Here we explore the performances of two
estimators with regard to both the slopes and variance components, also considering
the consequences of the measurement error.

3 Main results

We assume that the true model is (2), and fit models (1) and (3) through Restricted
Maximum Likelihood (REML).
When δ = 0, both models lead to unbiased estimators of βW , but the estimator from
model (1) is more efficient. In both models the residual cluster variance is unbiasedly
estimated.
When δ 6= 0, both models are affected by endogeneity, though for different reasons:
model (1) has an omitted variable problem, while model (3) has a measurement error
problem. For the bias in model (3) we derived analytical expressions, while for the
bias in model (1) it is necessary to rely on simulations. Table 1 reports the Monte
Carlo means of the estimates obtained with the REML method for λX = 2/3 and
varying δ. Indeed, the bias, if any, increases with the absolute value of δ. In model
(1) the estimated slope is biased for βW and the estimated residual cluster variance
is inflated, as it includes a factor accounting for the between-within slopes difference.
In model (3) βW is unbiasedly estimated, while δ is attenuated by λX = 2/3 and the
residual cluster variance is overestimated. However, in contrast with model (1), all the
estimates derived from model (3) can be corrected using an estimate of λX .
In summary, since level 2 endogeneity is generated by a wrong equality restriction
on the within-cluster and between-cluster slopes, an effective solution in the mixed
model framework is the inclusion of the sample cluster mean of the covariate under
consideration. However, our results show that when the cluster size is small, as in
panel or longitudinal data, the measurement error due the use of the sample cluster
mean in place of the population mean leads to relevant bias and thus needs a suitable
correction.
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TABLE 1. MC means on 1000 replications, REML estimates for varying δ.

Model (1): only Xij Model (3): Xij and Xj

δ η βW σ2
v σ2

e α βW δ σ2
z σ2

e

-1.0 -0.70 0.70 1.49 1.09 -0.33 1.00 -0.67 1.33 1.00
-0.5 -0.34 0.84 1.11 1.03 -0.17 1.00 -0.33 1.08 1.00
0.0 0.00 1.00 1.00 1.00 0.00 1.00 0.00 1.00 1.00
0.5 0.34 1.16 1.12 1.03 0.16 1.00 0.33 1.09 1.00
1.0 0.70 1.30 1.50 1.09 0.33 1.00 0.67 1.34 1.00
True values, model (2): µX = 1, τ2

X = σ2
X = 1; α = 0, βW = 1, σ2

u = σ2
e = 1

Data structure: J = 1000, n = 2, λX = 2/3
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Abstract: The problem of measurement error affecting covariates is very common in many
scientific areas. Many techniques have been proposed in literature to face this problem. Most
of them require several assumptions on the involved variables to be satisfied, otherwise yield-
ing to misleading results. Here, we propose using a flexible parametric model in order to
reduce sensitivity to modelling assumptions, mainly on the unobserved and mismeasured
phenomenon. The skew normal distribution is used for this purpose. The performance of the
method is evaluated through simulation studies, within a case-control setting.
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1 Introduction

The problem represented by erroneous measurements is very common in many research
areas. It has been long recognized that the implications of ignoring measurement errors
may be substantial, often turning out in misleading results (Armstrong, 2003). Many
correction techniques have been proposed in literature to face this problem during
the past 20 years (see Carroll et al., 2006, for a review). Most of them require many
assumptions on the involved variables to be satisfied, otherwise yielding to mislead-
ing inferential results. However, difficulties in selecting and specifying the relationships
among variables may be not neglectable. In the light of this, robustifying measurement
error correction techniques is a topic of notable interest. Here we propose to flexibly
modelling the distribution of the unobserved phenomenon, with the aim to reduce
the sensitivity to distributional assumptions. The skew normal distribution (Azzalini,
1985) is used to this purpose. The performance of the method is evaluated through
simulation, within a likelihood-base approach to measurement error correction. Two
different distributions for the unobservable variable are considered, specifically a mix-
ture of lognormal distributions and a χ2

1 distribution. The measurement error is as-
sumed to be nondifferential and multiplicative. Our proposal is compared to the fully
parametric approach, in which the distribution of the unobserved variable is correctly
specified, and to the naive analysis, that is, the one performed by ignoring measure-
ment error. The comparison is in terms of bias, standard error and empirical coverages
of confidence intervals of the estimators for the parameters of interest. The focus is on
case-control data.
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2 Models and methods

Suppose that case-control data are available. Let Y be the case-control status indicator.
Let X be the covariates which are not directly observed. In place of X, the mismeasured
variables W are observed. Here we focus on uni-dimensional X and W , although
extensions to higher dimensions are possible. Let Y be related to X through the logistic
model, whose density function is fY |X(y|x;β0, β1) = H(β0+β1x)y(1−H(β0+β1x))1−y,
where H(v) = (1+v−1)−1. The model does not depend on W , that is, the measurement
error is nondifferential. Let fW |X(w|x; γ) be the density function of the model relating
W to X. Finally, let fX(x; δ) be the density function of the assumed model for X.
The inferential interest is typically on the parameter β1. Within a likelihood-based
approach, if n independent observations from (Y,W ) are available, the estimates for
the parameters are those which maximize the likelihood

L(β0, β1, γ, δ) =
n∏

i=1

∫

X
fY |X(y|x; β0, β1)fW |X(w|x; γ)fX(x; δ)dx. (1)

Actually, it is often difficult to exactly modelling the distribution of X. Moreover,
erroneous specification may lead to inconsistent estimators. A common solution is
the use of a semiparametric approach, which avoids the specification of the distri-
bution for X. However, it may be difficult to implement as well as it can lead to
considerable loss in efficiency if compared to a parametric approach. Alternatively,
the distribution of X may be flexibly modelled through a parametric specification.
A mixture of normal distributions is usually adopted to this purpose (Carroll et al.,
1999; Richardson et al., 2002). Here we suggest to flexibly modelling the distribution
of X through the skew normal distribution, X ∼ SN(µ, σ, α), (Azzalini, 1985). Thus,
fX(x; δ) = fX(x; µ, σ, α) = (2/σ)φ((x−µ)/σ)Φ(α(x−µ)/σ), where µ, σ, α are, respec-
tively, the location, the scale and the shape parameter and φ(·) and Φ(·) represent the
standard normal density and distribution.

3 Simulation studies

We investigate the behaviour of the proposed flexible approach to correct for measure-
ment error (SN), compared to that of the naive analysis (NAIVE) and the parametric
approach when the distribution of X is exactly specified (LIK). We consider two
different distributions for X, which often arise in practice: a mixture of lognormal dis-
tributions, Ln(µ1;σ2

ln) and Ln(µ2;σ2
ln), with mixing weights 0.8 and 0.2, respectively,

and a χ2
1 distribution. The measurement error model is assumed to be multiplicative,

W = XeU , where U ∼ N(0, σ2
U ). The number of case-control data is set equal to

n = 600. In the simulations, the values for the parameters are (β0, β1)t = (−1.5, 0.8)t

and (µ1, µ2, σln)t = (−2.3,−1.5, 0.9)t. Different amounts of measurement error are
considered, σU = 0.3, 0.5, 0.75. The number of simulations is 500. Together with the
observations from (Y, W ), a validation subsample of data with exactly measures of X
is assumed to be available. It is randomly selected as a 10% of the simulated data.
The likelihood function (1) is maximized through Nelder and Mead’s (1965) optimiza-
tion algorithm, starting from initial estimates of the parameters provided by naive or
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TABLE 1. Bias, standard error and coverages of confidence intervals for the naive and the
corrected estimators of β1 based on 500 replications, for σU = 0.3. The true value of β1 is
0.8.

Mixture NAIVE LIK SN

of lognormals

BIAS (s.e.) -0.142 (0.369) 0.020 (0.438) 0.010 (0.436)
90% 0.854 0.914 0.910
95% 0.938 0.964 0.960
χ2

1 NAIVE LIK SN

BIAS (s.e.) -0.086 (0.088) 0.005 (0.102) 0.011 (0.103)
90% 0.684 0.906 0.906
95% 0.752 0.956 0.954

moment-based results. Integrals are approximated by Gauss-Hermite quadrature. All
calculations have been performed using the R programming language (R Development
Core Team, 2005).
The results of the simulation studies for the case σU = 0.3 are summarized in Table 1.
The bias, the standard error and the empirical coverages of confidence intervals with
nominal levels equal to 90% and 95% for the estimator of β1 are reported. The results
indicate that the performance of the flexible approach we suggest is satisfactory for
measurement error correction in both the examined scenarios. The method provides
estimators for the parameter of interest β1 whose bias and standard error are com-
parable to those from a likelihood approach based on the correct specification of the
distribution of X. A similar result holds also for the empirical coverages of confidence
intervals. As it is expected, the behaviour of the proposed method notably outperforms
the one from a naive analysis. Moreover, additional investigations show that the sat-
isfactory behaviour of the flexible approach we suggest is preserved under increasing
measurement error, σU = 0.5, 0.75. (simulations studies not shown). Discrepancies of
the results with respect to those from a correct specification of the distribution of X
remain limited.
According to the simulations studies we performed, the use of the proposed flexible
approach seems to be promising in order to add a measure of robustness to the analysis.
The method is a viable option when the absence of knowledge on the distribution
of the unobserved phenomenon X turns out in sensitivity of the results to model
specifications. However, further investigation is needed to evaluate the performance of
the method, mainly under more complex measurement error structures.
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Abstract: We study likelihood-based approaches, including marginal and hierarchical like-
lihoods, for frailty models. In semi-parametric frailty models we show that ML (maximum
likelihood) estimators can lead to an underestimation of parameters because the number of
nuisance parameters in nonparametric baseline hazards increases with sample size. This bias
problem can be removed by using adjusted profile-likelihood methods. The proposed methods
are demonstrated using a numerical study.
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1 Introduction

Semiparametric frailty models have been widely used for analyzing various survival
data. For the inferences many authors have worked the ML estimation based on
marginal likelihood. In particular, the gamma frailty model has been often studied
because it gives an explicit marginal likelihood. The ML estimators are often imple-
mented by the EM algorithm, using the discrete nonparametric Breslow estimates
for baseline hazards playing the role of nuisance parameters (Nielsen et al., 1992;
Vaida and Xu, 2000). Recently, in semiparametric gamma frailty models Rondeau el
al. (2003) and Baker and Henderson (2005) showed numerically that such a ML pro-
cedure lead to the underestimation of parameters, particularly for frailty parameter.
For the reduction of such biases they proposed the use of the continuous nonparamet-
ric estimates, instead of the Breslow estimates, for the baseline hazards. Ha and Lee
(2005) showed that an adjustment of profile h-likelihood, even if the Breslow estimates
are used, is quite effective in reducing the biases. In this paper we focuss on the esti-
mation of the frailty parameter in semiparametric frailty models and we study how to
adjust the profile likelihoods based upon the marginal likelihood and hierarchical or
(h-)likelihoods (Lee and Nelder, 1996, 2001), using the Breslow estimates to eliminate
nuisance parameters in baseline hazards.

2 Adjusted Profiling Method in Frailty Models

Let Tij (i = 1, . . . , q, j = 1, . . . , ni, n =
∑

i ni) be the survival time for the jth
observation of the ith subject and Cij be the corresponding censoring time. Let the
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observable random variables be yij = min(Tij , Cij) and δij = I(Tij ≤ Cij), where I(·)
is the indicator function. Given the unobserved frailty for the ith subject Ui = ui,
suppose that the conditional hazard function of Tij is of the form

λij(t|ui) = λ0(t) exp(xT
ijβ)ui, (1)

where λ0(·) is an unspecified baseline hazard function, xij = (xij1, . . . , xijp)T is a
vector of fixed covariates and β = (β1, . . . , βp)T is a vector of the corresponding
regression parameters. The frailties Ui are assumed to be independent and identically
distributed with a frailty parameter α. In gamma frailty models the marginal likelihood
is explicitly available, whereas in lognormal frailty models it is not. Since the functional
form of λ0(t) in (1) is unknown, following Breslow (1972), we consider the baseline
cumulative hazard function Λ0(t) to be a step function with jumps at the observed
death times, Λ0(t) =

∑
k:y(k)≤t λ0k, where y(k) is the kth (k = 1, . . . , r) earliest distinct

death time among the yij ’s, and λ0k = λ0(y(k)). Note here that r = r(n), the number
of nuisance parameters λ0k’s, increases with the sample size n. Let ω = (ω1, . . . , ωr)T ,
where ωk = log λ0k. Following Lee and Nelder (1996), the h-(log)likelihood for frailty
models (1) is defined by

h = h(ω, β, α) =
∑

ij

`1ij +
∑

i

`2i,

where
∑

ij

`1ij =
∑

k

d(k)ωk +
∑

ij

δijηij −
∑

k

exp(ωk){
∑

(i,j)∈R(k)

exp(ηij)},

`1ij = `1ij(ω, β; yij , δij |ui) is the logarithm of the conditional density function for
yij and δij given Ui = ui, `2i = `2i(α; vi) is the logarithm of density function for
Vi = log(Ui) with parameter α, Λ0(t) =

∫ t

−∞ λ0(k)dk is the baseline cumulative hazard
function, ηij = xT

ijβ + vi with vi = log(ui), d(k) is the number of deaths at y(k) and
R(k) = {(i, j) : yij ≥ y(k)} is the risk set at y(k). Since the dimension of nuisance
parameter vector ω increases with sample size, for estimation of τ = (β, v) Ha et al.
(2001) proposed the use of profile likelihood

h∗ = h|
ω=ω̂

with ω being eliminated. Here ω̂k are solutions of ∂h/∂ωk = 0. For inference about α,
Ha et al. (2001) used the adjusted profile likelihood (Lee and Nelder, 2001), pτ (h∗),
after eliminating τ , defined by

pτ (h) = [h− 1
2

log det{D(h, τ)/(2π)}]|
τ=τ̂

where D(h, τ) = −∂2h/∂τ2 and τ̂ solves ∂h/∂τ = 0. For gamma frailty models, Ha
and Lee (2003) confirmed that the second-order Laplace approximation works better.
On the other hand, the profile marginal likelihood becomes

m∗ = m|
ω=ω̃

,
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where m = log{∫ exp(h)dv} is the marginal (log-)likelihood, ω̃k = log λ̃0k and λ̃0k

solves ∂m/∂λ0k = 0. In particular, the maximization of m∗ gives the ML estimators
implemented by the EM algorithm using the Breslow estimator; for gamma frailty mod-
els see Nielsen et al. (1992) and for lognormal frailty models see Vaida and Xu (2000).
There are two independent procedures in the h-likelihood approach, namely (a) the
marginalization by integrating out random frailties and (b) the profiling to eliminate
the fixed nuisance parameters. If we apply the profiling (b) after the marginalization
(a) we have m∗ and corresponding approximations based upon the h-likelihood are

m∗ ' p∗v(h) ≡ pv(h)|
ω=ω̂

and m∗ ' p∗sv (h) ≡ ps
v(h)|

ω=ω̂
,

where ps
v(h) is the second-order Laplace approximation (Lee and Nelder, 2001) to m.

On the contrary, if we apply the marginalization (a) after the profiling (b) we have
pv(h∗) and pβ,v(h∗), recommended by Ha et al. (2001) and Ha and Lee (2005).
Result 1. In the semiparametric frailty models we can show the following approxi-
mations:

(i) pω(m) ' pω,v(h) = pv(h∗) + c,

(ii) pω,β(m) ' pω,β,v(h) = pβ,v(h∗) + c,

where c = − 1
2

∑
k log{d(k)/(2π)} does not depend on α. Result 1 shows that the two

approaches give different estimation procedures. It is interesting to note that pv(h∗)
gives an approximate inference based upon pω(m), not m∗. Note that pv(h∗) is also the
first-order Laplace approximation to a marginal profile likelihood (say, mP ) proposed
by Gu, Sun and Huang (2004), which may be computationally intensive. As we shall
see in Section 3, the ML procedure m∗ (hence p∗v(h) and p∗sv (h)) give severe downward
biases for α, while pv(h∗) and ps

v(h∗) do not. When m is hard to obtain (e.g. lognormal
frailty models) we may use pω,v(h) or pv(h∗). Because the dimension of ω increases
with sample size the computation of pω,v(h) in the Result (i) is often difficult, so that
the use of pv(h∗) is preferred. For the gamma frailty the second-order approximation,
ps

v(h∗), of pω(m) works better: see the simulation results of Table 1. Note that ps
v(h∗)

is also the second-order Laplace approximation to mP . Next, following the Result (ii),
the use of pβ,v(h∗) is recommended to obtain REML (restricted maximum likelihood)
estimators.

3 Numerical Study

We here consider the model (1) with gamma frailty having E(Ui) = 1 and var(Ui) = α.
We generate data assuming the exponential baseline hazard λ0(t) = 1, one standard
normal covariate with β = 1 and α = 1.0. We also consider univariate and bivariate
sample cases: n =

∑q
i=1 ni = 100 or 200 with (q, ni) = (100, 1), (100, 2), (200, 1).

Note here that we chose fairly extreme cases, with no censoring and small sample
size, because these situations yielded the most biased estimates of α̂ in the simulation
studies by Nielsen et al. (1992) and Barker and Henderson (2005). For the fitting
we used the four likelihoods, m∗, p∗sv (h), pω(m) and ps

v(h∗). From 200 replications of
simulated data we compute the mean and mean squared error (MSE) for β̂ and α̂. The
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TABLE 1. Simulation results about the estimators α̂ and β̂ under marginal- and h- likelihoods
in semiparametric gamma frailty models. The simulation is conducted with 200 replications
at true gamma frailty variance α = 1 and regression parameter β = 1 (No censoring).

α̂ β̂
q ni Method Mean MSE Mean MSE

100 1 m∗ 0.42 0.469 0.80 0.094
ps

v(h∗) 0.89 0.393 0.96 0.089

100 2 m∗ 0.90 0.067 0.98 0.079
ps

v(h∗) 0.99 0.066 1.00 0.081

200 1 m∗ 0.63 0.231 0.87 0.054
ps

v(h∗) 0.99 0.192 1.00 0.053

results are summarized in Table 1. The marginal likelihood m∗ gives severe downward
biases in all cases considered, especially in ni = 1 or frailty parameters α. Moreover,
the underestimation of α leads to that of β. Though not reported here, the estimates
from m∗ and p∗sv (h) (pω(m) and ps

v(h∗)) are very similar. Table 1 demonstrates that
the two profile likelihood methods, ps

v(h∗) and pω(m), reduce such biases effectively.

4 Discussion

Even though unreported we have found that the use of pλ0(m) with λ0 =(λ01, . . . , λ0r)T

does not give such a great bias reduction as pω(m). Thus, the parameterization such
as ω = log λ0 is important to define adjusted profile likelihoods. In this paper we have
considered the gamma frailty model which allows an explicit form for the marginal
likelihood m, so that we can compute pω(m). However this is not so in general, for
example, for models with lognormal distributed frailty, or with nested and/or serially
correlated frailty. Thus, adjusted profile likelihoods based on h-likelihood are useful
for general frailty models (Ha, Lee and MacKenzie, 2007).
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Abstract: This paper investigates the application of generalized linear models, including
random effects models, in the area of performance monitoring. We briefly review some high-
lights from the performance monitoring literature, which is reviewed and summarized by a
Royal Statistical Society Working Group in a 2005 JRSS paper. By performance monitoring
we are often referring to the oversight and reporting by governmental agencies in a variety of
areas, e.g. law enforcement, social services, and health care. In this context, we explore the
use of simple general linear models (e.g. logistics regression), random effects logistics models,
hierarchical models, and latent class models. Examples will be offered from the areas of social
services and health care quality of care.
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1 Background

The Royal Statistical Society Working Group on performance monitoring has devel-
oped and extensive report and guidelines for performance monitoring (JRSS, 2005).
Among many recommendations, they point out the necessity for developing models
that adjust for context to achieve comparability. Including covariates in performance
models in an effort to achieve a degree comparability is sometimes known as adjust-
ment for prior status, or in the health care quality literature, case mix adjustment or
risk adjustment. The working group point to an example (Bridgewater, et. al., 2003)
where individual cardiac surgeons and hospitals were compared with respect to mor-
tality rates. In cases like these, risk adjustment is recommended to achieve some degree
of comparability. The context adjustment variables are those outside the influence of
the parties being assessed. In addition, the reliance on multiple indicators reported
over time is advised.
Goldstein and Spiegelhalter (1996) highlight the need for incorporating uncertainty
when reporting performance and enumerate limitations of league table when compar-
ing institutional performance. League tables generally rank entities based on a point
estimate of a single measure. Daniels and Gatsonis (1999) recommend using hier-
archical generalized linear models when comparing hospitals, individual health care
providers and geographic regions. These models allow one to assess contributing fac-
tors to outcomes and are thus useful when attempting to achieve comparability and
explain variance. We have fit such models and discuss their utility in specific situations.
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Mixture models are also recommended when attempting to account for multimodal
distributions.

2 Some generalized linear models

Consider an example of a location that has instituted a total quality management
(TQM) program. In a TQM program, individuals who are directly involved in pro-
viding a service (or, in general producing a product) and their supervisors review
information that documents that service for a sample of occasions. The idea is that
if the individuals involved in providing the service are also involved its evaluation of
performance, quality will improve because those directly involved will have an invest-
ment in measuring the quality and will bring knowledge of the process that may be
valuable in the quality improvement effort. In addition to this local quality control
effort, suppose further that the location is only one of several providing such service
and that there is some authority that also seeks to monitor and compare performance
at the locations level. It has been the practice of the authority to employ a private
independent auditor to assess performance. This independent auditor is initially as-
sumed to be using some gold standard. Here, it would seem natural to fit risk adjusted
general linear models for each location, or a model that includes random effects in lieu
of fixed effects for locations.
If some of the locations being monitored decide to institute their own total quality
management program that seeks to evaluate the location on the same measures as
those used by the auditor, an opportunity is created whereby the resources of the
oversight authority dedicated to this performance monitoring activity may be reduced.
The authority, perhaps naively, may assume that each location is capable of assessing
its own program and will report scores on each occasion sampled to the authority as
reliably and accurately as would the auditor and that this will be accomplished without
bias. In this case, a generalized linear model would allow the authority to score each
facility and attempt to achieve comparability by introducing important covariates
into the model. Frequently, the performance measure is an indicator variable. These
models would be the same as the models that would be used if only auditor data were
considered.
A TQM effort may be carried out at several locations, e.g. locations producing the
same product within a company; local administrative agencies within a government
where each agency is providing the same service, such as issuing food vouchers or
medical coverage; or various health car providers providing similar services within
a health management organization (HMO), or independently within political region
as in hospitals within a state. Thus, we may wish to compare performance among
locations using generalized linear models. For example, one might consider a logistics
regression model when the performance measure is binary. Here, the covariates and
the indicators in the design matrix should be centered so that meaningful scores are
derived. Or, performance maybe defined to be time to respond or time until next
treatment. In this case, various survival models are considered. Locations may be
considered fixed effects or performance scores maybe shrunk by considering locations
as random. The use of a more costly independent auditor may be employed to achieve
comparability of measurement and to reduce ”among location bias”.
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Another approach would involve reducing the amount of effort of the auditor by having
the auditor select a subsample of each locations sampled occasions and apply the gold
standard to this subsample. The locations data may then become a predictor of the
gold standard and analysis of agreement data within the subsample could be used for
training the evaluators at the locations where disagreement occurs. In these models,
random effects models may prove more realistic and thus improve fit.
Frequently, the results of obtaining performance scores are made available to the public
by a governmental oversite authority or by the news media. It is natural in such
instances to compare locations. It is not uncommon for such comparisons to be made
by constructing a league table based on point estimates of the performance measure for
each location. Of course, this practice does not incorporate the inherent uncertainty
associated with such estimates. We have found it useful to construct among location
rank distributions. This is accomplished by making a draw from the distribution of the
performance measure for each location and then ranking these draws. Now, Repeat
this set of draws a large number of times, thus creating a distribution of ranks for each
location. Displaying the results using ordered box plots provides a reasonable way of
comparing locations. If the boxes for any two locations do not overlap it is unlikely
that they have the same rank. Otherwise, the locations may comparable.
Now suppose that there is some question as to the whether the auditors assessment
is actually better than the locations self-assessment. After all, the location has more
familiarity with its own processes and the occasions that have been selected for eval-
uation. When the quality measure is an indicator of whether or not the service was
provided in according to some definition of best practice, we might consider a latent
class model where each occasion belongs to one of two classes, best practiced followed
or not.
In an example of a sample of 48 occasions sampled from a particular locations popu-
lation of occasions, an auditor has subsampled 25. In this example, the location and
the auditor agreed 19 times. On the six occasions when they both agreed that the
best practice was not followed, the simple latent class model assigned the cases to the
not followed class, assigning a probability of 0.77 for each assignment. When there
was agreement that best practice was followed, the 13 cases were assigned to the fol-
lowed class assigning a probability of 0.78 for each assignment. There were six cases
of disagreement, three of each type. In all six instances the cases were assigned to the
followed class. This is because “best practice followed” was the most frequent assess-
ment. The probability that best practices were followed was 0.61 when the location
scored yes and 0.60 when the auditor scored yes. In the 23 instances when the auditor
did not provide an assessment, model assigned the case consistent with the location,
six nos and 17 yeses. Assignment probabilities were 0.63 for nos and 0.83 for yeses.
This simple latent class model seems to produce sensible results. We may now expand
this latent class model to include all locations with risk adjustment using fixed effects
models and random effects models.

3 Summary

Generalized linear models are a powerful tool for assessing performance. We have
outlined how logistics and survival models are used to develop performance scores for
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locations and how rank distributions may be derived for comparison purposes. The
use of covariates assist in achieving comparability. Gold standards may be modelled
using self-assessment as a predictor and latent class models provide a way of combining
performance scores from more than one source.
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Abstract: We introduce a method for modelling a continuous response which is the sum
of a random number of terms. Examples are total insurance claim sizes (the total of all
claims on a policy in a year), or total amount spent by credit card holders in a sector in a
month, where there may be multiple spending episodes. The distribution of the number of
terms may be, in principle, any discrete distribution defined on the non-negative integers; and
each term has a continuous, right-skewed distribution. The resulting marginal distribution
of the total amount is a mixed discrete-continuous model, with a probability mass at zero
and a continuous component. The model explicitly specifies log-linear models for the four
parameters in the total amount distribution. It may be fitted to data using a package written
in R. The method is illustrated on an Australian motor vehicle insurance data set.
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1 Introduction

We consider models for an outcome variable which is a sum of a random number of
non-negative random variables. An example is total insurance claim size in a period,
where there can be C claims on a policy within the period, C = 0, 1, 2, . . .. In a
fixed period, a policy will either experience no claim, in which case the claim amount
is identically zero; or one or more claims, which are non-negative amounts typically
having extremely right-skewed distributions. The distribution of the total is mixed
discrete-continuous: a continuous, right-skewed distribution with a single probability
mass at zero. The model explicitly specifies log-linear models for the four parameters
in the distribution of the total amount.
We assume that the number of terms (C) in the sum and the total amount (Y ) are
recorded for each individual, along with the exposure time t (0 < t ≤ 1) and suitable
explanatory variables. The total amount is

Y =
{

0 if C = 0∑C
j=1 Zj if C = 1, 2, . . .

(1)

where Zj is the size of the jth term. Stuart and Ord (1994) call Y a randomly stopped
sum. Clearly we have a bivariate dependent variable (Y, C) with joint distribution
fY,C(y, c) = fY |C(y)fC(c). We adopt the term randomly stopped models (RSMs) to
describe models having the above type of likelihood. Specification of the model requires
specification of the distributions defining the likelihood function. We approach the
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problem by specifying firstly the distribution of the number of terms, fC(c), and
secondly the continuous (conditional) distribution of the total amount, Y , given the
number of terms C, i.e. fY |C(y). We also discuss the marginal distribution of the total
amount, fY (y), together with problems of estimating model parameters.

1.1 The distribution of C

For a unit exposure time, i.e. t = 1, the distribution of the number of terms C can
be any discrete non-negative distribution defined on C = 0, 1, 2, 3, . . ., with mean µc.
We use the notation fC(c;µc, σc) = P (C = c;µc, σc) for the distribution of C, where
σc is a dispersion parameter (if required). The Poisson distribution is an obvious
choice for fC ; with exposure time of t, a reasonable model for the number of terms
is C ∼ PO(tµc). In order to make the model more flexible, we introduce the random
variable W having E(W ) = 1, which operates multiplicatively on the mean number
of terms and reflects individual heterogeneity. The conditional distribution of C given
W is assumed to be Poisson, i.e. C|W ∼ PO(tµcW ), and W has any distribution
defined on the non-negative real line with mean one. Hence, given W , C follows a
Poisson process over time with mean µcW per unit time. Note that this is effectively
a multiplicative random effect (or compound Poisson) model for C, where the value of
the random effect W for an individual is assumed constant throughout the exposure
time t. The marginal distribution of C has its mean preserved as tµc and exposure can
be taken into account by offsetting the mean of the distribution of C.

Example 1. Let W have a gamma distribution: W ∼ GA(1, σ
1/2
c ), then the marginal

distribution of C is C ∼ NBI(tµc, σc), the negative binomial distribution of type I.
In the insurance claims example, the explanation of this model is that policyholders
have heterogeneous claim rates, which are gamma distributed over the population.

Example 2. Let W be binary with distribution:

P (w) =
{

σc w = 0
1− σc w = 1/(1− σc)

. (2)

Then the marginal distribution of C is a zero inflated Poisson distribution. The in-
terpretation of this model in the insurance claims context is that there are two sub-
populations: one consisting of individuals who never make a claim (comprising the
proportion σc of the population) and the other (the remaining proportion 1−σc) who
generate claims according to the PO(tµc/[1− σc]) distribution.

1.2 The conditional distribution of Y given C

In principle the conditional distribution of Y given C can be any distribution defined
on the positive real line. Here we take the approach that, since Y is the sum of in-
dividual terms Zj , it is desirable for the distribution of Y to have the same form as
the distribution of the individual Zj . The Zj are continuous non-negative, iid ran-
dom variables, each with density fZ(z; µz, σz), where µz is a location, and σz a scale
parameter. We assume further that fZ has the reproductive property :

Zj
iid∼ fZ(z; µz, σz) , j = 1, . . . , c ⇒ Y |(C = c) ∼ fZ(y; cµz, σy|c) , (3)
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where σy|c is a simple function of σz and c. Hence

fY |C=0(y) =
{

1 y = 0
0 otherwise

fY |C>0(y) =
{

fZ(y; cµz, σy|c) y > 0
0 otherwise

with EY |C(y) = µy|c = cµz. Property (3) holds for fZ in the exponential family
of distributions, which includes the Gaussian, the gamma and the inverse Gaussian
distributions.

1.3 The marginal distribution of Y

The unconditional (marginal) distribution of Y , given that condition (3) is satisfied,
is the mixture

fY (y) =
∞∑

c=0

fY |C(y)fC(c) =





fC(0) y = 0

∑∞
c=1 fZ(y; cµz, σy|c)fC(c) y > 0

(4)

where σy|c = σzc
k with k = 1

2 for the Gaussian, k = − 1
2 for the gamma and k = −1

for the inverse Gaussian distributions, respectively. Note that fY (y) is a continuous
non-negative distribution, with probability mass P (0; µc, σc) (i.e. the probability of no
terms) at zero. Figure 1 displays an example of fC(c) which is negative binomial, and
fZ(z) which is inverse Gaussian, and the resulting marginal distribution fY (y). Note
also if fC(c) is Poisson and fZ(z) is gamma, then the resulting fY (y) is the Tweedie
distribution, see Smyth and Jørgensen (2002).
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FIGURE 1. Negative binomial fC(c), inverse Gaussian fZ(z), and resulting fY (y).

1.4 Modelling means and dispersions in terms of covariates

The likelihood function of a RSM will have possibly up to four parameters. Following
the philosophy of generalized additive models for location, scale and shape (Rigby and
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Stasinopoulos 2005), where all the parameters of the likelihood can be modelled as
functions of explanatory variables, we specify the following models on the parameters
µc, σc, µy|c and σy|c:

ln(µc) = x′11β1 + h1(x12) + ln(t) (5)
ln(σc) = x′21β2 + h2(x22) (6)

ln(µy|c) = x′31β3 + h3(x32) + ln(c) (7)
ln(σy|c) = x′41β4 + h4(x42) + k ln(c) (8)

where x1i,x2i,x3i and x4i, for i = 1, 2 are covariate vectors for µc, σc, µy|c and σy|c
respectively, which may be different, the same, or may have some but not all elements in
common; β1, β2, β3 and β4 are the corresponding parameter vectors; and h1, h2, h3 and
h4 are nonparametric functions, typically smoothing splines. Exposure t (0 < t ≤ 1) is
corrected for as an offset in (5) for the mean number of terms. The number of terms c
is corrected for by the offsets ln(c) in (7) and k ln(c) in (8), where k = 1

2 , − 1
2 or −1 if

the zj have a Gaussian, gamma or inverse Gaussian distribution respectively. In model
equations (5)-(8) logarithmic link functions have been specified. However, in principle
any other monotonic, differentiable function may be used as link.

1.5 Estimation

The log-likelihood function of a RSM has the form

ln fC(c;µc, σc) + ln fY |C(y; µy|c, σy|c)

so maximization can be achieved in two stages: first by maximizing ln fC(c; µc, σc) with
respect to the parameters involved in the determination of µc and σc in equations (5)
and (6); and then by maximizing ln fY |C(y; µy|c, σy|c) with respect to the parameters
involved in equations (7) and (8) for µy|c and σy|c respectively.
The randomly stopped model has been implemented as the rsm package in R. In the
current version, the Poisson, negative binomial, Poisson inverse Gaussian and zero
inflated Poisson are available as options for the discrete distribution of the number
of terms fC(c), and the gamma, inverse Gaussian, and normal for the conditional
distribution of total amount fY |C(y). Maximum (penalized) likelihood estimation is
used. The penalized log likelihood function of the each of the two likelihoods above is
maximized iteratively using either the RS or CG algorithm of Rigby and Stasinopoulos
(2005), which in turn uses a back-fitting algorithm to perform each step of the Fisher
scoring procedure. Both RS and CG algorithms use the log likelihood of the data,
and its first derivatives (and optionally expected second derivatives) with respect to
distributional parameters.

2 Application to motor vehicle insurance

We illustrate the method on a class of motor vehicle insurance policies from an Aus-
tralian insurance company over a twelve-month period in 2004-05. There were approx-
imately 68,000 policies, of which 93% had no claim in the period of observation. Of
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FIGURE 2. Number of claims (log scale) against car value

those that had a claim, 94% had one claim, and the remaining policies between 2 and
4 claims. Table 1 lists potential covariates. The scatterplot of number of claims versus
car value is displayed in Figure 2. The figure suggests a nonlinear relationship.
Model selection comprises selecting the distributions of the number of claims and the
claim size, as well as the sets of covariates for µc, σc, µy|c and σy|c. Using the AIC as
model selection criterion, the following final model was selected:

log(µc) = age + area + body type + h1(car value) + offset{ln(t)} (9)

log(σc) = car value

ln(µy|c) = age + gender + area + offset{ln(c)} (10)

ln(σy|c) = area + offset{k ln(c)}

where h1 is the quadratic function, with the negative binomial type I distribution for
the number of claims C, and the inverse Gaussian distribution for Y |C. Net premium
is calculated as the expected claim size µ̂y = µ̂c µ̂z, where µ̂c is the fitted value from
(9) (with t = 1), and µ̂z the fitted value from (10) (with c = 1).

TABLE 1. Covariates for car insurance claims

Covariate Values
Driver age group 1 (youngest), 2, 3, 4, 5, 6
Gender male, female
Area of residence A, B, C, D, E, F
Car value/10,000 0-35
Make A, B, C, D
Body type bus, convertible, coupe, hatchback,hardtop, mo-

torized caravan/combi, minibus, panel van,
roadster, sedan, station wagon, truck, utility
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3 Conclusion

We introduce a method for modelling random sums of continuous random variables us-
ing a randomly stopped model, which explicitly specifies log-linear models for the mean
number of terms; the dispersion of the number of terms; the mean of a single term;
and the dispersion of single term. In principle, any discrete distribution defined on the
non-negative integers may be specified for the number of terms; and any continuous,
right-skewed distribution for term sizes. Covariates may be in the model equations as
parametric forms or as smooth functions. Use of the gamma or inverse Gaussian distri-
butions accommodates the extreme right skewness typically encountered in financial
data.
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Abstract: The estimation problem of the uncertainty probability in nonlinear systems with
uncertain observations is addressed by a bayesian approach. From an a priori Beta distri-
bution, a recursive algorithm to approximate the a posteriori mean is obtained. The state
and observation estimators, which are required to approximate the a posteriori densities, are
obtained by applying an extension of the unscented Kalman filter to systems with uncertain
observations.
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1 Introduction

Linear and nonlinear systems with uncertain observations, characterized by the fact
that the observation at each time can be (randomly) only noise, appear commonly in
many practical situations, and the signal estimation problem has been widely investi-
gated when the probability that each observation contains the signal is known. This
paper considers the situation in which such uncertainty probability is unknown and,
using a bayesian approach, an algorithm to estimate it from the observations of the
system is proposed. By assuming an a priori distribution for the unknown parameter,
the problem is to approximate its conditional mean given the successive observations.
This problem connects with that of the state and observation estimation and, since
nonlinear equations are considered, approximations of the optimal estimators must
be used. The estimation problem in nonlinear systems has received a considerable at-
tention in the last years and different techniques have been used to address it (see
Daum 2005). In particular, the so-called unscented Kalman filter has been shown to
be a good approximation in a variety of application domains. An extension of this
filter for nonlinear systems with uncertain observations, developed in Hermoso-Carazo
and Linares-Pérez (2007), is applied in this paper. The proposed estimators for the
uncertainty probability are obtained by starting from a Beta as a priori distribution;
after successive approximations of Beta mixtures, a recursive estimation algorithm is
derived.
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2 System model and problem statement

Consider a nonlinear discrete-time system with uncertain observations:

xk+1 = fk(xk) + wk, k ≥ 0,
yk = γkhk(xk) + vk, k ≥ 1,

(1)

where xk and yk represent the state and observation vectors, respectively, fk and hk

are arbitrary functions, and the following hypotheses are satisfied:

(H1) The initial state x0 is a Gaussian vector, N (0, P0).

(H2) The noise process {wk; k ≥ 0} is a zero-mean white Gaussian sequence with
autocovariance function E[wkwT

k ] = Qk, for all k ≥ 0.

(H3) The variables {γk; k ≥ 1} describing the uncertainty in the observations are
independent Bernoulli random variables with P [γk = 1] = p, for all k ≥ 1, and
the uncertainty probability, p, is unknown.

(H4) The noise process {vk; k ≥ 1} is a zero-mean white Gaussian sequence with
autocovariance function E[vkvT

k ] = Rk, for all k ≥ 1.

(H5) The initial state and the noise processes are mutually independent.

The problem is to provide a recursive algorithm for the estimation of the unknown
parameter p from successive observations of the signal process given by (1). By starting
from an a priori density, π(p/Y 0), and assuming a quadratic loss function, our aim is to
approximate the Bayes estimator of p; that is, given the observations Y k = {y1, . . . , yk}
and denoting the a posteriori density by π(p/Y k), we will approximate the conditional
mean, pk =

∫ 1

0
pπ(p/Y k)dp, k ≥ 1, by starting from the initial estimator p0, the mean

of the a priori distribution. In pursuit of the recursivity, and noting g(y1/p, Y 0) =
g(y1/p), the a posteriori density is written as

π(p/Y k) =
g(yk/p, Y k−1)π(p/Y k−1)∫ 1

0

g(yk/p, Y k−1)π(p/Y k−1)dp

, k ≥ 1
(2)

and hence, the density g(yk/p, Y k−1) must be computed. For this purpose, denoting
g(y1/γ1 = j, Y 0) = g(y1/γ1 = j), j = 0, 1, and since

g(yk/p, Y k−1) = pg(yk/γk = 1, Y k−1) + (1− p)g(yk/γk = 0, Y k−1),

the computation of π(p/Y k) requires that of the densities g(yk/γk = j, Y k−1) for
j = 0, 1. From (H4) and (H5), it is clear that g(yk/γk = 0, Y k−1) corresponds to
the Gaussian distribution N (0, Rk). However, the computation of g(yk/γk = 1, Y k−1)
requires an ever-growing amount of memory due to the multiplicative noise component
in the observations; consequently, it becomes necessary to find approximations of such
densities which are more viable from a computational viewpoint.
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3 Approximation of the a posteriori density

At any time k ≥ 1 we start with approximations of the mean and covariance of xk−1

given Y k−1, x̂k−1/k−1 and P x
k−1/k−1, and define the σ-points:

χ0
k−1/k−1 = x̂k−1/k−1

χi
k−1/k−1 = x̂k−1/k−1 +

(√
(n + λ)P x

k−1/k−1

)
i
, i = 1, . . . , n

χi
k−1/k−1 = x̂k−1/k−1 −

(√
(n + λ)P x

k−1/k−1

)
i−n

, i = n + 1, . . . , 2n

W
(m)
0 = λ/(n + λ), W

(c)
0 = λ/(n + λ) + (1− α2 + β)

W
(m)
i = W

(c)
i = 1/2(n + λ), i = 1, . . . , 2n, λ = α2(n + κ)− n.

From the state equation, the mean and covariance of xk given Y k−1 are approximated
by x̂k/k−1 and P x

k/k−1 = Pk/k−1 + Qk−1, with

x̂k/k−1 =
2n∑

i=0

W
(m)
i fk−1(χi

k−1/k−1),

Pk/k−1 =
2n∑

i=0

W
(c)
i

(
fk−1(χi

k−1/k−1)− x̂k/k−1

)(
fk−1(χi

k−1/k−1)− x̂k/k−1

)T

.

Now, we take a set of σ-points χi
k/k−1 associated to x̂k/k−1 and P x

k/k−1, and the statis-
tics of hk(xk) given Y k−1 are approximated by those of the transformed, hk(χi

k/k−1).
So the conditional mean and covariance of yk given γk = 1, Y k−1 are approximated
by the following sums:

ŷ1
k/k−1 =

2n∑

i=0

W
(m)
i hk(χi

k/k−1),

P y1
k/k−1 =

2n∑

i=0

W
(c)
i

(
hk(χi

k/k−1)− ŷ1
k/k−1

)(
hk(χi

k/k−1)− ŷ1
k/k−1

)T

+ Rk.

The knowledge of the first and second-order moments and the Gaussianity of the pro-
cesses in (1) allow us to take the approximation N (ŷ1

k/k−1, P
y1
k/k−1) for the distribution

of yk given γk = 1, Y k−1 and, thus, an approximation for π(p/Y k) is obtained. For
the next step the following expression is used:

g(yk/Y k−1) = pk−1g(yk/γk = 1, Y k−1) + (1− pk−1)g(yk/γk = 0, Y k−1)

and x̂k/k−1 and P x
k/k−1 are updated from the Kalman filter equations:

x̂k/k = x̂k/k−1 + pk−1P
xy1
k/k−1Π

−1
k/k−1(yk − pk−1ŷ

1
k/k−1), k ≥ 1; x̂0/0 = 0,

P x
k/k = P x

k/k−1 − p2
k−1P

xy1
k/k−1; P x

0/0 = P0,

with
Πk/k−1 = pk−1P

y1
k/k−1 + Rk + pk−1(1− pk−1)ŷ1

k/k−1ŷ
1T
k/k−1,

P xy1
k/k−1 =

2n∑

i=0

W
(c)
i

(
χi

k/k−1 − x̂k/k−1

) (
hk(χi

k/k−1)− ŷ1
k/k−1

)T

.
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4 Recursive estimators of the uncertainty probability

The procedure in Section 3 provides a method to approximate the density π(p/Y k)
and, from it, the estimator pk. However, the computation grows in complexity with k,
depending, in each case, on the selected a priori distribution. A new approximation is
now proposed by considering a Beta as a priori distribution. The a posteriori density
(2) is rewritten as

π(p/Y k) = δk
pπ(p/Y k−1)

pk−1

+ (1− δk)
(1− p)π(p/Y k−1)

1− pk−1

, k ≥ 1

with

δk =
pk−1g(yk/γk = 1, Y k−1)

g(yk/Y k−1)
, k ≥ 1.

By starting from a β (α0, β0) as a priori distribution, the initial estimator is p0 =
α0(α0 + β0)−1, and π(p/Y 1) is the mixture (with parameter δ1) of the distributions
β (α0 + 1, β0) and β (α0, β0 + 1). By approximating this mixture by a single Beta with
the same mean, β (α0 + δ1, β0 + 1− δ1), and reasoning similarly in the following steps,
we find that the a posteriori distribution given Y k and the estimator are approximated
by

π(p/Y k) ≡ β

(
α0 +

k∑

i=1

δi, β0 +
k∑

i=1

(1− δi)

)
, pk =

α0 +
k∑

i=1

δi

α0 + β0 + k
, k ≥ 1.

It is easy to see that the estimators satisfy the following recursive relation

pk = pk−1 −
1

α0 + β0 + k

[
pk−1 − δk

]
, k ≥ 1; p0 =

α0

α0 + β0
·

Remark: The replacement of pk in the estimation algorithms proposed in Hermoso-
Carazo and Linares-Pérez (2007), provides adaptive algorithms when the probability
p is unknown.
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Abstract: A new method for estimating continuous change points for panel data is presented.
For each panel a generalized linear model with two change points is considered. It is further
assumed that the fitted values at the change point of any two consecutive segments are the
same. Moreover, for all these panels it is especially assumed that the slope parameter in the
last segments is the same. The performance of a new estimation method is investigated by a
Monte Carlo simulation study. Finally this method is applied on hydrological runoff data.
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1 Introduction

This work is motivated by a real problem in hydrology. The general question is to find
a suitable statistical model that allows to describe specific properties of the catchment
of a river. One of the properties of interest is the volume of the groundwater storage.
Information about this volume can be obtained by analyzing the runoff of a river
after a heavy rainstorm. Under certain circumstances, we will be able to recognize two
changes in the time dependent behavior of the runoff. A main part of the hydrological
analysis is to determine these two points of change which divide the data into three
segments. As shown in Hofrichter (2007) the runoff in each segment can be described
by a generalized linear model (GLM), the challenge is to detect the change points in
such a recession model. Usually there exists data from more than one runoff due to
the fact that more than one rainstorm occurs over the entire observation period. Thus,
such a data set can be interpreted as a panel data set where each panel belongs to the
time after a rainstorm. According to hydrological considerations a common slope for
all last segments is mandatory. Thus, we like to estimate both change points in such
a GLM for panel data where the slope parameter in the last segments is the same for
all panels.

2 Theory

In what follows we only consider GLMs with changes in the mean structure. This means
that we do not allow for different link or variance functions. We further assume that
the dispersion parameter is the same for all segments. The changes are determined by
some specific data points, usually called the change points. In particular, we especially
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utilize GLMs with continuous changes at all change points. Consequently, the means
in the change point of two consecutive models have to be the same.

2.1 GLMs with two continuous change points

Let (xi, yi), i = 1, . . . , n, denote independent pairs of observations, where yi is the
response and xi some explanatory variable. Let us further assume that these n pairs
can be arranged in some natural ordering of the predictor variable, i.e. xi ≤ xi+1. The
two continuous change points, say γ1 and γ2, partition the data into three segments.
The parameters of interest are the segment specific coefficients βk = (βk0, βk1)T ,
k = 1, 2, 3, and the change points γ = (γ1, γ2)T of the model

g(µi) =





β10 + β11xi a ≤ xi ≤ γ1

β20 + β21xi γ1 < xi ≤ γ2

β30 + β31xi γ2 < xi ≤ b ,

where µi = E(yi|xi), a = mini xi, and b = maxi xi. The continuity constraint at e.g.
change point γ1 is

g(E[yi|γ1]) = g(β10 + β11γ1) = g(β20 + β21γ1) .

As the link function is monotonic differentiable, the continuity constraint can be sim-
plified here to

β10 + β11γ1 = β20 + β21γ1 .

If the change points are unknown, no closed form solution of the estimates of the linear
parameters and the change points exists. Stasinopoulos and Rigby (1992) suggested
to use a grid search in order to find the estimate of the change points. Notice that the
change points are not restricted to any observed values of the explanatory variable.
Hence, the grid can be arbitrarily chosen. Küchenhoff (1997) first proposed an exact
method to determine the estimate of the change points. His method consists of two
steps. First, assume that both change points γ1 and γ2 lie in arbitrary open intervals
(xr;xr+1) and (xs; xs+1), respectively, where 2 < r < s < n − 2. Then calculate a
candidate of the maximum likelihood estimate (MLE) of the change points. If this
candidate lies in the assumed interval, it is the MLE. In the case where this candi-
date is not an element of the corresponding interval, the boundaries of the rectangle
[xr; xr+1] × [xs; xs+1] are investigated. These two steps are done for all feasible rect-
angles and the MLEs of the change points and the linear parameters are those values,
which yield the global maximum of these locally maximized likelihoods.

2.2 Panel data with a common slope in the last segment

Now we extend these change point models to panel data with j = 1, . . . , n panels,
where each panel consists of i = 1, . . . , nj observations. This notation allows either
balanced panels, n1 = n2 = · · · = nn, or unbalanced panels with nj1 6= nj2 for at least
one j1 6= j2 with j1, j2 ∈ {1, . . . , n}. As before we assume that the response distribution
is the same for all panels and segments within each panel. Furthermore, we again do
not allow for different link and variance functions nor for different dispersions.



J. Hofrichter and H. Friedl 335

Let yj = (yj1, . . . , yjnj
)T be the response vector of panel j, where yji follows a distri-

bution from the linear exponential family, and assume that the corresponding explana-
tory variable xji has a natural ordering, i.e. xji ≤ xj,i+1. The two continuous change
points γj1, γj2 ∈ [xj1; xjnj ], with γj1 < γj2, partition the data into three segments. In
addition, we assume that the slope parameter in the last segment is the same for all
panels and write the model as

g(µji) =





βj10 + βj11xji aj ≤ xji ≤ γj1

βj20 + βj21xji γj1 < xji ≤ γj2

βj30 + δxji γj2 < xji ≤ bj

with continuity constraints

β10 + β11γj1 = β20 + β21γj1

β20 + β21γj2 = β30 + δγj2 .

Let Xj be the design matrix of panel j belonging to βj . Furthermore, let Tj the column
vector of the explanatory variable which corresponds to the last segment. Notice that
the structure of Xj and Tj depends on the location of the change points. The mean
vector of panel j is µj = (µj1, . . . , µjnj )

T and the global model for all panels can be
written as




g(µ1)
g(µ2)

...
g(µn)


 =




X1 0 . . . 0 T 1

0 X2 . . . 0 T 2

...
...

. . .
...

...
0 0 . . . Xn T n







β1
...

βn

δ


 . (1)

The problem here is that estimating all unknowns by utilizing either a grid search or
the exact method is not really rational within feasible time. Thus, the idea is to divide
the fitting procedure into two steps (for details see Hofrichter, 2007). In the first step
we estimate the common slope for the last segments. In the second step, given this
estimate of the common slope, we estimate the change points. The advantage of this
separation is, that for a given last slope δ, the design matrix of the global model can
be divided into two terms. The linear terms corresponding to the common slope can
be interpreted as an offset in these models. Thus, model (1) can be written as




g(µ1)
g(µ2)

...
g(µn)


 =




X1 0 . . . 0
0 X2 . . . 0
...

...
. . .

...
0 0 . . . Xn







β1
...

βn


 + δ




T 1

T 2

...
T n


 .

The consequence is that the remaining design matrix is block diagonal. Therefore,
each panel can be analyzed separately using either a grid search or the exact method
by Küchenhoff (1997).
Briefly, the two tasks of this algorithm are:

1. Estimate a common slope δ for the last (right most) segments for all panels.
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TABLE 1. Empirical (MC) means and standard deviations of the common slope estimate
and the three estimated change points, based on 1000 replications.

parameter mean std.dev. true value
δ̂ −0.101 0.009 -0.10
γ̂1 7.749 0.363 7.75
γ̂2 8.200 0.445 8.20
γ̂3 5.741 0.329 5.75

2. Given an estimate of δ, we estimate the parameters in the GLM with continuous
change points for each panel separately.

These two steps are iterated until the algorithm has converged. The performance of
this algorithm is investigated by the following Monte Carlo (MC) simulation study.

2.3 Monte Carlo simulation

We especially consider some panel data consisting of three different panels with the
common slope δ = −0.1. For each panel, a GLM with one continuous change point
is assumed. The response variable in all six segments follows a Poisson distribution
with canonical link function, i.e. g(µ) = log(µ), for its mean µ. Furthermore, the
parameters of the three left segments and the location of the respective continuous
change points are different as also the domains of the explanatory variables. For this
MC simulation 1000 panel data were generated. The empirical mean and the empirical
standard deviation of these 1000 estimates of the common slope and the change points
γ1, γ2, and γ3 and their corresponding true values are listed in Table 1. There is a
negligible bias for all four parameter estimates and it seems that this new algorithm
is appropriate to analyze such kind of data.

3 Application

This new method is applied on 13 runoff curves monitored at the river Sulm at Leibnitz
(Austria) during 1999. These curves are plotted in Figure 1. As already argued in
Hofrichter (2007), hydrological considerations result in a GLM for Gaussian responses,
where µ−1/2 is described by the linear predictor β0 +β1t, t denoting time in days after
a rainstorm. In addition, there is a strong evidence that the recession process changes
twice over time. The direct flow is followed by a so called surface flow, which then finally
changes to the base flow. The time points of these changes are of course unknown and
should be simultaneously estimated together with all other parameters. One aspect of
this analysis is to get an appropriate estimate for the common slope for the base flow,
which is a parameter describing some properties of such a catchment.
We also compared the results when modelling each recession curve separately or to-
gether by utilizing the model described before. Figure 2 shows the fits of these two
models for one specific recession curve. It can be seen that the respective estimates of
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FIGURE 1. 13 runoff curves observed at the river Sulm at Leibnitz (Austria).
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FIGURE 2. Fitted models of one single recession (solid) and the panel data model assuming
a common slope for the last segment (dashed).

the first change point are almost the same, whereas those for the second one slightly
differ. Of course this might be caused by the fact, that the estimates of the slopes in
the last segments are different.
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4 Discussion

Our MC simulation studies as well as the application of this model onto real data
have shown, that this new method is appropriate to analyze such kind of hydrological
data. This algorithm besides other functions for detecting change points in GLMs are
implemented in R and available on request.
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Abstract: The aim of this work is to explore various statistical techniques to identify genes
which contribute to some change in phenotype level. For example, the response of fish kept
under stressful conditions for various lengths of time. We aim to assess the level of differential
expression of each gene in the tissue samples and also attempt to model the expression
patterns of genes over time, not only to classify genes by similarities in expression patterns,
but also to model these patterns as specified functions.
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1 Introduction and Background

Microarray technology measures genetic expression in the cells of a tissue sample and is
implemented to identify the function of genes in an organism. A cDNA microarray can
measure the genetic expression exhibited in two tissue samples. The animal sources
from which these tissue samples are taken are often chosen because they differ in
phenotype for some particular trait, for example, trout fish displaying symptoms of
stress versus unstressed trout. The source with the phenotype trait is often labelled
as the treatment and the source not displaying the trait labelled the control.
Of course the genetic makeup of any one phenotype consists of many thousands of genes
and so detecting which genes are relevant to that particular trait is no menial task.
The microarray facilitates detection of the presence and abundance of the expression
exhibited in the tissue samples of thousands of genes simultaneously since an array
consists of thousands of probes of different genetic material spotted at key locations
on a glass slide. The level of expression of a gene at a spot is measured by recording
the levels of intensity of two fluorescent dye molecules, Cyan 5 and Cyan 3, when
the array is excited by a laser. Say the Cyan 5 molecule is attached to the treatment
genetic expression and the Cyan 3 attached to the control genetic expression then the
ultimate aim is to examine the level of differential expression estimated between these
two tissue sources.
In order to estimate and remove the effects of experimental and biological variation,
the arrays are repeated with various combinations of technical and biological replicate
samples. In this simple two tissue variety experiment, the analysis is theoretically
a two sample comparison test for each gene, filtering for those genes that display
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significant differential expression. In practice however, in the context of microarrays,
the researcher often finds numerous difficulties in this task. To name a few for example,
the relatively low number of biological replicates available versus the high degree of
experimental error seen in these experiments and the need for corrections for multiple
testing.
If the level of differential expression for a gene is not significant the gene is said to be
inactive with respect to the phenotype difference, that is, in the example given, the
gene is inactive with respect to exposure to stress. If the level of measured expression
for the gene is significantly higher in the treatment tissue than in the control tissue
then the gene is said to be over-expressed meaning the gene becomes more active when
the treatment phenotype trait is seen. Conversely, if the level of measured expression
for the gene is significantly higher in the control tissue than in the treatment tissue,
under-expression, then the gene becomes less active when the treatment phenotype
trait is seen. Thus there is a natural classification of gene expression into groups or
clusters of inactive, over-expressed and under-expressed genes.
As microarray experiments are increasing in popularity, geneticists have become more
adventurous in the genetic questions they aim to answer. Thus experiments are in-
creasing in complexity, requiring statistical consultation in first attaining the most
efficient design for the experiment and later to analyse the data since these more ad-
venturous experiments leads to unique computational and statistical problems in the
fields of gene filtering and gene clustering.
In particular gene expression profiles obtained from time-course microarray experi-
ments exhibit a unique opportunity to model the trends and correlations between
longitudinal genetic expressions. In the following we outline details of the longitudinal
trout fish stress experiment, and explore how the differential expression profiles can
be clustered under a flexible parametric framework.

2 Outline of the Data Provided

Samples of liver tissue were extracted from rainbow trout fish exposed to confinement
stress for varying lengths of time, at times 2,6,24,168 and 504 hours of stress, these
times represented by t, t ∈ 1 : 5, and labelled as tissue variety treatment. Samples of
liver tissue from unstressed fish left for the same period of time in a neighbouring tank
are also included in the analysis, labelled as control samples.
Although a comparison is required between the expressions of treatment and control
tissue samples at each time-point, these are not measured together directly on the
same array. Instead each sample is paired with a common reference sample on an
array.
Let the measured expression for a probe at spot s ∈ [1 : 21168] be denoted by ysijkt

where i ∈ [1 : 80] indicates on which of the 80 arrays the expression was measured on,
j is the dye indicator where j = 1 for Cyan 5 and j = 2 for Cyan 3, k denotes tissue
variety, k = 0 for reference, k = 1 for treatment and k = 2 for control.
In order to remove some experimental variation, a series of corrections are applied to
the measured expressions, a process referred to as normalisation. As part of this process
we assume the treatment and control intensities are calibrated for array effects using
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the reference intensities. The following probe or spot-specific model is then applied to
normalised measured expressions y′sijkt,

log2y
′
sijkt = µs + Refs + Dsj + Vsk + Tst + V Tskt + εsijkt

where µs is the overall mean and Dsj is the spot specific dye effect. Note that the
reference variety, k = 0 is parameterized separately as Refs and since the calibration
applied earlier assumes the reference values to be uniform over time, Tst represents
the spot-specific time effect common to both varieties treatment and control. Vsk is
the spot specific treatment and control effects, k ∈ [1 : 2], while V Tskt estimates the
changes in treatment and control expressions over the time-course of the experiment.
Using these estimates, the differential expression profile between treatment and control
for each probe s can be calculated as Ys, with elements

Yst = (V̂s1 − V̂s2) + (V̂ T s1t − V̂ T s2t) for t = [1, 5].

Clustering these probes into groups of similarity may give some indication as to genes
that co-regulate in the production of proteins in response to exposure to stress.

3 Formulation of Cluster Model and Estimation

The proposed Mixture-Regression Cluster Model is developed to model and cluster
the genes into groups according to their expressions measured over time. This model is
similar to that of the multivariate normal mixture model in that clusters are identified
by the EM algorithm but is adapted to incorporate the flexibility of regression curves
to fit the trends. In this way, additional features such as covariates, random effects and
correlation structures can be incorporated into the model while potentially offering a
considerable saving on the number of parameters required to model the trends.
For a particular cluster i ∈ [1 : c] let the differential response vector be modelled by
Ys = Xsβi + Zsbis + εis. for fixed effects βi, usually the regression curve in time,
specified by the design matrix Xs and any optional random effects bis specified by
design matrix Zs. Where the errors have a normal density εis ∼ N(0, Σi), and the
random effects bis have a normal density function fi(bis) = φ(0, Di), then the marginal
model for Ys is normally distributed, fi(Ys) = φ(Xsβi, Vis) with Vis = ZsDiZ

′
s + Σi.

The full distribution f(Ys; Ψ) is then a mixture of the clusters so that

Ys ∼
c∑

i=1

πiN(Xsβi, Vis).

Let the set of parameters for each of the component densities be denoted by θi =
(βi, Vis) then Ψ = (θ1, · · · , θc, π1, · · · , π(c−1))′ is the vector containing all unknown
parameters.
Estimation of these parameters, for a pre-specified number of components, c, can be
done via the Expectation-Maximization (EM) algorithm, an iterative procedure which
is initiated be a random allocation of probes into the clusters. The M-step estimates
the parameters, Ψ(1), using this initial allocation, by a weighted regression using R-
subroutines GLS for a model with no random effects and LME fitting a model with
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a random intercept or slope. The E-step then updates the allocation ratios using the
estimated set of parameters Ψ(1) from the M-step. The iterations continue until there
is little difference in the observed log likelihood as calculated in the E-step.

4 Results and Remarks

Simulations have shown that the mixture-regression model can recover clusters success-
fully and for each resulting cluster can provide a parametric model for the longitudinal
trend followed by probes in the same cluster.
To find the model specification of optimal fit to the data, certain features of the
model can be varied and the model refitted. For example re-specifying, the number
of clusters c, or re-specifying Xsβi to be polynomials of varying degrees in time, re-
specifying Zsbsi to include a random intercept or slope and varying the correlation
structure within each cluster Σi.
The optimal model is selected so that the log-likelihood is maximized, or if a pe-
nalization for the number of parameters is more desirable aim to minimize Akaike’s
Information Criterion AIC, or the more prudent Bayesian Information Criterion BIC.
We show how these procedures were applied to a filtered subset of the fish stress
probes resulting in a 17-component mixture. Some discussion will also follow as to
how a number of these interesting clusters have proven to be a very useful source of
information in understanding the molecular processes tested in these experiments.

Acknowledgments: Special Thanks to colleagues working at the National Diagnos-
tics Centre, and in the Mathematics Department of National University of Ireland,
Galway, where the work was carried out.
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Abstract: Longitudinal data can be used to estimate transitions between healthy and un-
healthy states prior to death. A general continuous-time hidden three-state model is presented
where transition intensities are allowed to change over time. When health is defined with re-
spect to cognitive ability during old age, the trajectory of performance is either static or
downward. The three-state model is used to describe the underlying categorized cognitive de-
cline, where observed improvement of cognitive ability is modelled as misclassification. The
methodology is extended to estimate life expectancy with and without cognitive impairment.
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1 Introduction

The burden of disability in the population can be estimated using longitudinal follow-
up and mortality information. In studies of the older population the measurement of
cognitive ability is essential as it is an important predictor of health, survival, and need
for care. This paper presents an illness-death model, where the three states are defined
as the healthy state, an illness state, and the death state. Intensities of transitions
between the states are estimated and used to compute life expectancies. If the states
are defined with respect to cognitive ability, the model can help to understand how
cognitive decline develops over time and which factors play a role.
The basis of the model is a continuous-time hidden Markov model where time-depen-
dent intensities are dealt with in a piecewise-constant fashion. Measurement error is
taken into account by logistic regression models for the misclassification and for the
distribution of the states at baseline.
The model is an extension to the hidden Markov models in Satten and Longini (1996)
and Jackson and Sharples (2002), the difference being our modelling of the latent dis-
tribution at baseline and the piecewise-constant approach to the intensities. Piecewise-
constant continuous-time models are also presented by Chen and Sen (1999), but the
number of parameters in their model depend on the imposed time grid. In our model,
loglinear modelling of the time effect keeps the number of parameters manageable and
allows us to extrapolate over time to estimate life expectancies.

2 Model and life expectancies

At time t ≥ 0, the true state of an individual is St ∈ {1, 2, 3} whereas the observed
state is S∗t ∈ {1, 2, 3}. Death state 3 is measured without error, but state 1 and state
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2 are allowed to be misclassified.
First, we assume that transition intensities do not depend on time. A transition
from state r to state s 6= r, occurs with intensity qrs, where qrs ≥ 0 for (r, s) ∈
{(1, 2), (1, 3), (2, 1), (2, 3)}, and qrs = 0 for (r, s) ∈ {(3, 1), (3, 2)}. The intensity matrix
Q is given by

Q =



−q12 − q13 q12 q13

q21 −q21 − q23 q23

0 0 0


 .

For time interval (t1, t2], the transition probability matrix is P(t1, t2) = exp
(
(t2 −

t1)Q
)
, with entries prs = Pr(St2 = s|St1 = r), for r, s ∈ {1, 2, 3}, see, e.g., Norris

(1997). Intensities are allowed to depend on covariates and random effects by the
log-linear model

qrs(x) = λrs exp
(
a′rsx + τrs

)
, (1)

where ars = (ars.1, ..., ars.p)′, x = (x1, ..., xp)′, and each random effect τrs is normally
distributed with mean zero and unknown variance σrs. The model easily accommodates
a more complex random-effect structure. If τ12 = τ13 = τ23 = τ , then τ is a shared
random effect (Salazar et al., 2005).
Assume that an individual i has observations at times t1, ..., tM and that we model a
shared random effect. In shorthand notation and using the Markov assumption, the
contribution of this individual to the likelihood is

Li =
∫ ∞

−∞
Pr(S∗t1 , S

∗
t2 , ..., S

∗
tM

)φ(τ)dτ

=
∫ ∞

−∞

[ ∑

St1 ,St2 ,..,StM

Pr(S∗t1 |St1)Pr(St1)Pr(S∗t2 |St2)Pr(St2 |St1)

× · · · ×Pr(S∗tM−1
|StM−1)Pr(StM−1 |StM−2)× Λ

]
φ(τ)dτ,

where the sum is over all possible paths of latent states. In case of death, i.e., S∗tM
= 3,

we define

Λ = Pr(StM
= 1|StM−1)q13 + Pr(StM

= 2|StM−1)q23.

So we assume an unknown latent state at time tM and then an instant death. In case
of censoring, it is known that the respondent is alive at the end of the study, but the
state is unknown. In this case,

Λ = Pr(StM
= 1|StM−1) + Pr(StM

= 2|StM−1).

Next, intensities are allowed to depend on time. We impose a time grid independently
of the observations times. Define t◦1 = 0, and t◦g+1 = t◦g + h, for g = 1, 2, .., G− 1 such
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that t◦G is the end time of the study. Parameter h is set by the researcher. For time
since entry to the study t, piecewise-constant intensity matrices are defined by

Q(t) =





Q(t◦1), t◦1 ≤ t < t◦2
Q(t◦2), t◦2 ≤ t < t◦3

...
Q(t◦G−1), t◦G−1 ≤ t < t◦G,

where

qrs(t◦g) = λrs exp(νrst
◦
g) exp(a′rsx + τrs), g ∈ {1, ..., G− 1}. (2)

Compared to model (1) there is an extra multiplicative term in (2) that describes the
effect of time. Heterogeneity between individuals is modelled via the covariate vector
x.
An observed time interval (tm, tm+1] is embedded in the time grid as follows. Determine
the largest g1 such that t◦g1

≤ tm, and determine the largest g2 such that t◦g2
< tm+1,

where g1, g2 ∈ {1, ..., G − 1}. The subintervals for (tm, tm+1] are given by (tm, t◦g1+h],
(t◦g1+h, t◦g1+2h], ...., (t◦g2

, tm+1]. We approximate the transition probability matrix for
(tm, tm+1] by multiplying the piecewise-constant transition probability matrices as
follows

P(tm, tm+1) = P(tm, t◦g1+h)× ....×P(t◦g2
, tm+1)

≈ exp
[
(t◦g1+h − tm)Q(t◦g1

)
]× ...× exp

[
(tm+1 − t◦g2

)Q(t◦g2
)
]
.

To model misclassification, we use logistic regression models given by

Pr
(
S∗t = 2|St = 1,y(t)

)
= exp

(
b′1y(t)

)
/
[
1 + exp

(
b′1y(t)

)]

Pr
(
S∗t = 1|St = 2,y(t)

)
= exp

(
b′2y(t)

)
/
[
1 + exp

(
b′2y(t)

)]
.

Note that the vector y(t) is only important at the observation times: The models for
the misclassification concern the observed states, not the intensities. For the baseline
distribution of the latent states (i.e., state 1 or 2 at t1 = 0), we use a logistic regression
model given by

Pr
(
St1 = 1|z(t1)

)
= exp

(
c′z(t1)

)
/
[
1 + exp

(
c′z(t1)

)]
.

Expected life expectancy in state s ∈ {1, 2} given initial state r ∈ {1, 2} and covariate
vector x is given by

ers(x) =
∫ ∞

0

Pr(St = s| S0 = r,x)dt.

Note that we only need the parameters from the hidden Markov model to estimate
the life expectancies (cf. Izmirlian et al., 2000).
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TABLE 1. Maximum likelihood estimates for the hidden Markov model in the application.
Estimated standard errors in parentheses.

Parameter Parameter Parameter
λ12 0.018 (0.004) α12.1 0.196 (0.019) b1.1 -0.017 (0.178)
λ13 0.064 (0.004) α13.1 0.072 (0.007) b2.1 -0.192 (0.298)
λ23 0.195 (0.024) α23.1 0.040 (0.010) b1.2 -1.204 (0.113)
ν12 0.056 (0.046) c1 2.386 (0.107) b2.2 -0.546 (0.119)
ν13 0.064 (0.010) c2 -0.166 (0.015)
ν23 0.051 (0.019)

3 Application

We analyzed a random subset of the Medical Research Council Cognitive Function and
Ageing Study where individuals have had up to eight interviews in the period 1991 to
2004. Cognitive impairment was measured using the Mini-Mental State Examination
(MISE), which is a common cognitive ability scale from 0 up to 30. The research
question is about cognitive impaired life expectancy, where the MISE score 21 is used
as cut-point: Individuals who score less than 22 are impaired. Over time, transitions
occur between the not-impaired state 1, the impaired state 2, and the death state 3.
The last observed state is either death or censored. The subset consists of 2015 men
who are aged 65 years or older. For the model, age is centered by subtracting 77.
For individuals in state s, s ∈ {1, 2}, missing MMSE scores were imputed by the mean
of the MMSE scores in state s. In total, 139 scores were imputed in the presence of
5025 observed scores. Given the relative small number of missings, we assume the
underestimation of the variance due to the mean imputation to be very small.
The trajectory of cognitive performance is assumed to be either static or downward.
Hence, we restrict q21(t) to zero and assume that observed improvement is due to mis-
classification of the underlying true states. The probability of misclassification might
be larger for individuals with an MMSE score close to the cut-point. We take this
into account by regressing the misclassification probabilities on the absolute distance
between the score and the cut-point:

logit
[
Pr

(
S∗t = 2|St = 1,y(t)

)]
= b1.1 + b1.2y(t)

logit
[
Pr

(
S∗t = 1|St = 2,y(t)

)]
= b2.1 + b2.2y(t),

where y(t) = |MMSE score at time t− 21.5|.
For the logistic regression of the initial distribution, we use centered age at baseline
as a covariate and estimate intercept c1 and regression coefficient c2. Centered age at
baseline was also used as a covariate in the model (2) for the intensities. Including
a shared random effect did not have a significant effect (σ̂ = 0.196 with estimated
standard error 0.210) and was therefore not included in the final model.
For the piecewise approximation of the intensities we use a grid with time interval
equal to 1 year. The likelihood was maximized using the general-purpose optimizer
optim in R. Table 1 presents the maximum likelihood estimates and the estimated
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TABLE 2. Estimated life expectancies (LEs) for men, given their age and state at baseline
1991. In parentheses estimates standard errors.

Not-impaired LE Impaired LE Impaired LE
given baseline given baseline given baseline

Age at baseline state = 1 state = 1 state = 2
65 15.59 (0.53) 0.19 (0.11) 6.36 (0.92)
75 9.21 (0.22) 0.54 (0.11) 4.61 (0.40)
85 4.11 (0.21) 1.14 (0.15) 3.29 (0.22)

standard errors. The latter were estimated by evaluating the observed information
matrix.
We obtain b̂1.1, b̂2.1, b̂1.2, b̂2.2 < 0. Thus a smaller y(t) means a bigger logit indicat-
ing a higher probability of misclassification. For example, estimated misclassification
matrices for MMSE scores 15 and 20 are given by

CMMSE=15 =




1.000 0 0
0.023 0.977 0
0 0 1


 CMMSE=20 =




0.861 0.139 0
0.267 0.733 0
0 0 1


 ,

where entry (k, l) denotes Pr(S∗t = l|St = k). The estimated misclassification concerns
mainly the misclassification of the true state 2 as an observed state 1. This means that
measurement error mainly concerns not detecting an impaired state. It is also for this
situation that the distance of the MMSE to the cut-of point is important. As was to
be expected, both the effect of time since entry to the study and the effect of age at
baseline are positive.
Table 2 presents estimated life expectancies (LEs). Standard errors are estimated by
simulating the variation in the estimation of the LEs. That is, we consider the multi-
normal distribution with expectation equal to the maximum likelihood estimate of the
parameter vector and the covariance matrix equal to the estimated covariance matrix
at the optimum. By simulating parameters values from this distribution and comput-
ing the LEs for each of the simulated values, the sample variation in the estimation of
the LEs will be reflected (cf. Aalen et al., 1997). Due to the extrapolation over time,
the standard errors are relatively larger for the younger ages.
As was to be expected, not-impaired LE decreases with increasing age. LE given
baseline state 1 is smaller than impaired LE given baseline state 2 because a large
proportion of the people in state 1 will die before they will develop cognitive problems.
The performance of the model was assessed visually by checking survival curves: given
an age and a baseline state, model-based latent survival is translated to fitted sur-
vival and compared to the survival estimated from the semi-parametric Cox regression
model. Although this comparison does not address all the aspects of the multi-state
model, it is a insightful way to get a first idea of goodness of fit. Results (not reported)
were checked for various ages and seemed reasonable.
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Abstract: The treatment effect of a colorectal polyp prevention trial is often evaluated on
the colorectal adenoma recurrence status at the end of the trial. Due to early colonoscopy from
some participants, the data can be considered as current status data. The early colonoscopy
could be informative of status of recurrence and induce informative differential follow-up into
the data. In this paper we use mid-point imputation to handle interval censored observa-
tions and then perform a weighted Kaplan-Meier method on the early colonoscopy status to
the imputed data to adjust for potential informative differential follow-up. In a simulation
study, we show that the weighted Kaplan-Meier method can produce reasonable estimates of
recurrence rate under an informative early colonoscopy situation with prognostic covariates
compared to conventional logistic regression, weighted logistic regression, and Kaplan-Meier
estimator. The method described here is illustrated with an example from a colon cancer
study.

Keywords: mid-point imputation; weighted Kaplan-Meier estimator.

1 Introduction

Most of colorectal cancer prevention trials use colorectal adenomas to study preven-
tive agents. The treatment effect is evaluated on recurrent adenomas by performing
colonoscopy at follow-up. The follow-up colonoscopy is scheduled to be performed at
the end of the trial (e.g. 3 years) to evaluate the status of recurrence. The actual event
time for each participant is then only known as occurring either before or after three
years. Some participants could have their follow-up colonoscopy before the schedule of
examinations because of their family history of colorectal cancer and health conditions
(considered as “early colonoscopy”) and then create differential follow-up. Due to dif-
ferential follow-up, the recurrent adenoma data can be considered as current status
data (“case 1” interval censored data). In a colorectal polyp prevention trial often
over 50% of participants had their only follow-up colonoscopy performed at the end of
trial. When participants had their only follow-up colonoscopy performed at the end of
trial, there was little information with regard to the actual time of recurrence, which
would contribute to estimating the survival function. In this paper, we are interested in
estimating recurrence rate at the end of the study and propose using mid-point impu-
tation to handle interval censored observations and a weighted Kaplan-Meier (WKM)
method to adjust for potential informative early colonoscopy.
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2 Methods

For an interval-censored recurrence time, mid-point imputation is used to impute time
to recurrence by the mid-point of the interval. For right-censored recurrence time,
time to recurrence is treated as right censored. The KM and WKM methods are then
conducted on the imputed data. Often there are more than one covariate associated
with early colonoscopy or risk of recurrence in a colorectal polyp prevention trial.
In this paper we adapt and generalize the ideas in Hsu et al. (2006) to incorporate
multiple covariates into the WKM method. We propose to fit two logistic regression
models, one for status of early colonoscopy and one for risk of recurrence to reduce
the covariates to two risk scores, which provides indicators of an individual’s early
colonoscopy probability and risk of recurrence. The two risk scores will be continuous
and can be categorized into groups based on dichotomization or quartiles. The WKM
can then be easily derived based on the categorized groups.

3 Application to UDCA Data

In 1996, the Arizona Cancer Center initiated a multi-center trial to determine whe-
ther ursodeoxycholic acid (UDCA) can prevent the recurrence of colorectal adeno-
mas (Alberts et al., 2005). A total of 1192 subjects underwent at least one follow-up
colonoscopy and were thus considered for the endpoint analysis, 579 in the placebo
group and 613 in the UDCA group. There were 282 (49%) having early colonoscopy
in the placebo group and 307 (50%) in the UDCA group. Early colonoscopy is highly
associated with age and risk of recurrence and marginally associated with previous
polyp history. This indicates informative early colonoscopy for the UDCA study.
The primary interest of the study is in estimating recurrence rate of adenomas at
the end of the study for both the placebo and UDCA groups. A logistic regression
model (Logit), WKM and KM methods are performed to the data. In Table 1, Logit
produces a lower recurrence rate compared to the KM and WKM methods for both
placebo and UDCA groups. The WKM method, which incorporates age and previous
polyp history into analysis to adjust for informative early colonoscopy, produces a lower
recurrence rate for both placebo and UDCA groups compared to the KM method. The
WKM method, which incorporates early colonoscopy directly into analysis to adjust
for informative early colonoscopy, produces a slightly higher recurrence rate for the
placebo group and an almost identical recurrence rate for the UDCA group compared
to the KM method.

4 Discussion

The research in this paper uses mid-point imputation to handle interval censored
observations and uses a weighted Kaplan-Meier approach to adjusting for potential
informative early colonoscopy through the use of prognostic covariates while estimat-
ing recurrence rate for a colorectal polyp prevention trial. This approach can handle
a situation with multiple prognostic covariates by deriving risk scores from a logistic
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regression model. Although the idea of this approach might appear simple, the simula-
tion results (Table 2) do show that the weighted Kaplan-Meier approach can provide a
reasonable recurrence rate estimate under both non- and informative early colonoscopy
without losing efficiency or introducing bias into estimation. Whereas, weighted logistic
regression (WLogit), which simply uses a weight function of follow-up length to adjust
for differential follow-up in logistic regression, tends to under-estimate recurrence rate
and the performance of the KM and WLogit methods rely on the assumption of non-
informative early colonoscopy. Simply using mid-point imputation to handle interval
censored observations might produce bias survival estimates and misleading results.
In this paper, we focus on estimating recurrence rate at the end of the study using the
WKM method. Under an independent censoring assumption, mid-point imputation
will not contribute bias to the estimate of recurrence rate at the end of the study.

TABLE 1. UDCA: Estimation of recurrence rate for placebo and UDCA groups at the end
of the study.

Placebo UDCA
Method estimate standard error estimate standard error Odds Ratio

KM 0.469 0.023 0.439 0.022 0.886
WKMa 0.476 0.025 0.437 0.021 0.854
WKMb 0.479 0.028 0.431 0.022 0.824
Logit 0.439 0.021 0.409 0.020 0.884

aprognostic covariate: early colonoscopy.
bprognostic covariate: early colonoscopy, age and previous polyp history.
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TABLE 2. Monte Carlo Results: Estimation of recurrence of adenomas at 3 years, where
sample size is 100, maximum follow-up is 3 years, M (early colonoscopy indicator) is
from Bernoulli(1, p) and censoring time is from Exponential(1) for participants with early
colonoscopy, X1 and X2 are from a Uniform(0, 1)

F (t) ∼ Exp(λa) F (t) ∼ Lognormal(µb, 1)
Method est SDc SEd CRe est SD SE CR
p = 0.5 Recurrence rate: F (3) = 0.607 F (3) = 0.691

KM 0.498 0.0588 0.0588 55.0 0.600 0.0558 0.0577 65.7
WKM 0.599 0.0666 0.0629 91.8 0.690 0.0569 0.0588 94.3
WLogit 0.501 0.0587 0.0593 58.0 0.599 0.0558 0.0583 66.6
p = 0.6 Recurrence rate: F (3) = 0.656 F (3) = 0.734

KM 0.537 0.0612 0.0617 52.7 0.637 0.0599 0.0593 64.0
WKM 0.650 0.0686 0.0661 92.0 0.737 0.0596 0.0602 94.0
WLogit 0.546 0.0610 0.0623 59.6 0.640 0.0593 0.0600 66.9
a λ = [0.1 + 0.05X1 + 0.05X2 + (1−M)(0.1 + 0.45X1 + 0.45X2)]
bµ = [1.0 + 0.2X1 + 0.1X2 + (1−M)(−1.5 + 0.2X2)]
cempirical standard deviation of 1000 point estimates.
daverage of 1000 estimated standard errors.
efraction of 95% confidence intervals containing the true value.
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Abstract: In familial longitudinal set up, the responses from all members collected over a
period of time exhibit familial as well as longitudinal correlations. In the context of count
data, Sutradhar and Jowaheer (2003, JMVA, 398-412) used a stationary longitudinal cor-
relation structure based familial longitudinal correlation model for the construction of the
generalized quasilikelihood (GQL) estimating equations for the regression effects, and vari-
ance component of the random family effects. The longitudinal correlation parameter was
estimated by using the method of moments. In this paper we use a non-stationary correlation
model appropriate for the time varying covaraites based data analysis and exploit the com-
bined GQL and moment approach for the inferences about the parameters of the model. The
performances of the non-stationary versus stationary correlation structure based inferences
are examined through a limited simulation study.
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1 Introduction

Let yijt denote the count response for the jth (j = 1, . . . , ni) individual on the
ith (i = 1, . . . , I) family/cluster at a given time t (t = 1, . . . , T ). Also, let xijt =
(xijt1, . . . , xijtu, . . . , xijtp)′ denote the p covariates associated with the response yijt.
For example, in health care utilization data, the number of visits to the physician by
the members of a large number of independent families may be recorded over a pe-
riod of several years. Also the information on the covariates-gender, number of chronic
conditions, education level and age- may be recorded for the members of each family.
Note that as the members of the ith (i = 1, . . . , I) family are likely to be influenced by
a common family effect say γi, the count responses of any two members of the same
family at a given year are likely to be correlated. This correlation is usually referred to
as the familial correlation. Furthermore, conditional on the unobservable family effect
γi, the repeated count data collected from the same member of the ith family are
also likely to be correlated. This correlation is usually referred to as the longitudinal
correlation. Note that if the covariates, such as education level and age, collected from
the same individual over a period of time are time dependent, then the longitudinal
lag correlations for the same individual will be non-stationary. It is of scientific interest
to find the effects of the covariates on the count response of an individual after taking
the familial and non-stationary longitudinal correlations into account.
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Suppose that conditional on the random family effect γi, the response of the jth
(j = 1, . . . , ni) member of the ith (i = 1, . . . , I) family at a given year t (t = 1, . . . , T ),
i.e., yijt, marginally follows the Poisson density with the mean and the variance given
by

E(Yijt|γi) = var(Yijt|γi) = µ∗ijt = e(x′ijtβ+γi). (1)

As far as the correlation structure is concerned, Sutradhar and Jowaheer (2003) used
a stationary correlation structure given by

corr(Yiju, Yikt|γi) =

{
ρ|t−u| for j = k

0 for j 6= k

(2)

[see also Woolridge (1999)]. This, under the assumption that γi
iid∼ N(0, σ2), yields the

unconditional mean, variance of yijt as

E(Yijt) = e(x′ijtβ+σ2/2) = µijt, var(Yijt) = µijt + (eσ2 − 1)µ2
ijt, (3)

and the covariance between yiju and yikt as

cov(Yiju, Yikt) =





ρ|t−u|{µijuµikt} 1
2 + µijuµikt[eσ2 − 1] for j = k

µijuµikt[eσ2 − 1] for j 6= k

(4)

Sutradhar and Jowaheer (2003) then exploited the mean, variance and the covariance
structures in (3)-(4) to construct the GQL estimating equations for β and σ2, and
the ρ parameter was estimated by the method of moments. This combined GQL and
moment approach produces consistent estimates for all three parameters, whereas the
β estimator can be highly efficient too. Note however that it may not be possible to
construct a valid stationary correlation structure such as (2) when the data are non-
stationary, especially when the covariates are time dependent. This raises a concern to
develop a model that allows non-stationary correlation structure. In the next section
we develop such a model.

2 Proposed Correlation Model

As a generalization to the stationary model of McKenzie (1988), we now consider

yijt|γi = ρ ◦ [yij,t−1|γi] + dijt|γi, (5)

ρ ◦ yij,t−1 =
yij,t−1∑

s=1

bs(ρ), (6)

where Pr[bs(ρ) = 1] = ρ and Pr[bs(ρ) = 0] = 1−ρ. Furthermore, suppose that dijt for
t = 2, . . . , T follow the Poisson distribution with mean parameter µ∗ijt − ρµ∗ij,t−1, i.e.,
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dijt|γi ∼ P (µ∗ijt−ρµ∗ij,t−1). Also suppose that dijt is independent of zij,t−1 = ρ◦yij,t−1.
The above model produces the longitudinal correlations conditional on γi as

corr(Yiju, Yijt|γi) = ρ|t−u|
[

µ∗iju

µ∗ijt

] 1
2

= ρ|t−u|
[
µiju

µijt

] 1
2

= ρ|t−u|rijut, (7)

with rijut = exp{− 1
2 (xijt−xiju)′β}. These correlations depend on the time dependent

covariates and hence are non-stationary. Furthermore, at any two time points, the
responses of any two members are conditionally uncorrelated. Thus, corr[Yiju, Yikt] = 0
for j 6= k. Consequently, one obtains the non-stationary covariances as

cov(Yiju, Yikt) =





µijt + (eσ2 − 1)µ2
ijt for k = j;u = t

ρt−uµiju + (eσ2 − 1)µijuµijt for k = j;u < t

(eσ2 − 1)µijuµikt for k 6= j;u ≤ t

(8)

The mean and the variance of yijt under the model (5) remain the same as in (3).

Note that the above correlation structure in (7) becomes stationary only when the
covariates are stationary, i.e., xijt = xiju for all t and u. In practice this will however
happen very rarely. The purpose of the next section is to exploit the non-stationary
covariance structure in (8) and develop the GQL estimating equations for β and σ2

and moment equation for the ρ parameter.

3 Estimation of Parameters

3.1 The GQL Estimation of β and σ2

Let ψi = (ψ′i1, . . . , ψ
′
ij , . . . , ψ

′
ini

)′ be the niT -dimensional mean vector of , yi =
(y′i1, . . . , y

′
ij , . . . , y

′
ini

)′. Further, denote the covariance matrix of yi by Σi(β, σ2, ρ) =
(σijkut). One may then obtain the generalized quasilikelihood (GQL) estimate of β by
solving the GQL estimating equation for β given by

I∑

i=1

∂ψ′i
∂β

Σ−1
i (β, σ2 ρ)(yi − ψi) = 0, (9)

where ∂ψ′i/∂β is the p×niT first derivative matrix. Note that for given σ2 and ρ, the
estimating equation (9) produces both consistent and efficient estimate for β. This is
because, the estimating function in the left hand side of (9) is an unbiased estimating
function for zero which assures the consistency of the solution. Further, the weight
matrix used in (9) is the exact covariance matrix of yi which leads the estimator of β
as a highly efficient estimator among the moments based estimators.

Next, to obtain a GQL estimate of σ2 for known β and ρ, we exploit the vector of all
first and second order responses as a basic statistic (see also Sutradhar (2004), Jiang
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(1998)). Let gij(s) = (y2
ij1, . . . , y

2
ijt, . . . , y

2
ijT )′ be the T -dimensional vector of squares

and gij(p) = (yij1yij2, . . . , yij(T−1)yijT )′ be the T (T − 1)/2-dimensional vector of dis-
tinct pair-wise products of the elements of yij vector. Further, let gij = (g′ij(s), g

′
ij(p))

′

be the T (T + 1)/2 dimensional combined vector of squares and pair-wise products for
the jth (j = 1, . . . , ni) member of the ith family. Next we write

gi = (g′i1, . . . , g
′
ij , . . . , g

′
ini

)′, and E(gi) = λi, (10)

where gi is the niT (T + 1)/2-dimensional vector of squares and distinct products for
all ni individuals of the ith (i = 1, . . . , I) family, and λi = (λ′i1, . . . , λ

′
ij , . . . , λ

′
ini

)′,
where λij = (λ′ij(s), λ

′
ij(p))

′. One may then solve a ‘working’ independence assumption
based GQL estimating equation

I∑

i=1

∂λi

∂σ2
Ω−1

i (I; ρ = 0)(gi − λi) = 0, (11)

to obtain the GQL estimate of σ2. Note that as the GQL estimating equation (11) is
unbiased, it produces consistent estimator for σ2, even if ρ = 0 is used. By the same
token, if the ρ parameter is large and ρ = 0 is used, the estimating equation (11) may
not produce highly efficient estimate.

3.2 Moment Estimation of ρ

Finally, the ρ parameter may be consistently estimated by solving a moment equation
which can be constructed by equating the population covariance

cov(Yijt, Yij,t+1) = ρµijt + (eσ2 − 1)µijtµij,t+1,

to its sample counterpart. See Sutradhar and Jowaheer (2003) for details. To be spe-
cific, the moment estimating equation may be written as

I∑

i=1

ni∑

j=1

T−1∑
t=1

[(yijt − µijt)(yij,t+1 − µij,t+1)] =
I∑

i=1

ni∑

j=1

T−1∑
t=1

[ρµijt

+ (eσ2 − 1)µijtµij,t+1], (12)

which produces a consistent estimate for the ρ parameter. Note that the moment esti-
mate of the same ρ parameter would be different if the moment equation is constructed
based on the stationary correlation structure (2), whereas the moment equation (12)
is constructed by using the non-stationary correlation structure (7).

4 A Simulation Study

The purpose of the simulation study is to examine the performance of the GQL esti-
mates for β and σ2, and the moment estimate of ρ, obtained from (9), (11), and (12)
respectively. Note that these equations are constructed based on the non-stationary
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TABLE 1. Simulated mean (SM), standard error (SE), and relative bias (RB) of the non-s-
tationary correlation structure (NSCS) versus stationary correlation structure (SCS) based
GQL estimates for parameters of the non-stationary familial longitudinal model with one
covariate for selected values of σ2 and ρ; K = 100; n = 2; T = 4; β = 1.0; 500 simulations.

Working Correlation Estimates
correlation structure parameter(ρ) Quantity β̂ σ̂2 ρ̂

NSCS 0.25 SM 0.968 0.488 0.279
SE 0.077 0.169 0.264
RB 42 7 11

0.50 SM 0.976 0.480 0.487
SE 0.060 0.152 0.206
RB 40 13 6

0.75 SM 0.980 0.494 0.715
SE 0.047 0.134 0.161
RB 43 4 22

SCS 0.25 SM 0.968 0.485 0.216
SE 0.078 0.171 0.206
RB 41 8 17

0.50 SM 0.977 0.474 0.381
SE 0.060 0.154 0.159
RB 38 17 75

0.75 SM 0.981 0.482 0.565
SE 0.048 0.139 0.123
RB 40 13 150

correlation structure (7) which also was used to generate the data. For simplicity,
we consider ni = n = 2 members in each of I = 100 families. Also we consider one
dimensional egression effect with covariate for the first member defined as

xi1t1 =

{
(t2 − 2.5)/8 for i = 1, . . . , I/2; t = 1, . . . , 4

t2/8 for i = I/2 + 1, . . . , I; t = 1, . . . , 4,

whereas for the second member the time dependent covariate is taken as:

xi2t1 =





0.1 + (t− 1)× 0.25 for i = 1, . . . , I/4; t = 1, . . . , 4

(1 + t + t2)/12 for i = I/4 + 1, . . . , 3I/4; t = 1, . . . , 4

(t2 − 2.5)/8 for i = 3I/4 + 1, . . . , I; t = 1, . . . , 4.

The simulated mean (SM), standard error (SE), and relative bias (RB) of all these
three estimates based on 500 simulations are reported in the top half of the Table
1. Similar results for the situation where data were generated based on correlation
structure (7) but estimating equations were constructed based on (2), are given in the
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bottom half of the same Table 1. The results of the table show that the RB’s in the
bottom half are generally larger than those displayed in the top half. This shows that
using a simple stationary correlation structure can be detrimental in estimating the
parameters.
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Abstract: The paper gives main theoretical and methodological results concerning the anal-
ysis of genotypes by environment (GE) interaction studied in of a series of experiments con-
ducted with the same genotypes in different environments. In the analysis based on a mixed
model a special attention is given to estimation and hypothesis testing problems concerning
the studying the GE interaction. A proper analyses of the regression are used in drawing
inferences on the genotypes and their behaviour in various environments. Estimates of the
relevant regression coefficients are given and testing the hypotheses concerning the linear
regression of the GE interactions on the environment main effects and a multiple linear re-
gression of GE interaction effects on chosen concomitant variables pertaining to environments
are discussed. The application of the regression methods presented in the paper is illustrated
by a practical example. The example is related to some genetic and plant breeding research
project concerning the contents of oleic fatty acids in doubled haploid population of winter
oilseed rape.

Keywords: MANOVA; GE interaction; multiple regression; oilseed rape; fatty acids.

1 Introduction

Statistical methods of the analysis of a series of plant breeding experiments developed
by several authors, e.g., by Caliński et al. (1997), allow evaluation individual genotypes
in various environmental conditions including assessment of stability and adaptability.
The linear regression of genotype by environment interaction effects on the environ-
ment main effect may provide a practical method of evaluating trends in response
of a given trait to various environmental conditions. The paper presents also some
proposition of multiple linear regression to evaluation of genotypes when additional
information about environments are available. Practical application of this approach
will be shown on the real data concerning the fatty acid composition of seed oil in a
population of winter rape.

2 The data

The data include results from 6 experiments with the same 37 genotypes of winter
oilseed rape. The experiment was carried out in a completely randomized block design
with three replications. The contents of five fatty acids: palmitic, stearic, deic, linoleic
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and linolenic were estimated. Moreover, two traits: seed yield and oil content treated
as concomitant variables given additional information about environments were mea-
sured. The analysis described here is confirmed to data concerning oleic fatty acid
only. The fact that there might be several more fatty acids estimated during the ex-
periment will be ignored here. Certainly, the same type of analysis could be applied to
the rest fatty acids, also after a suitable transformation of the data.The calculations
were made for all 37 genotypes. It would not be possible to present them here in full.
Only some results of the interaction and regression analysis of 9 randomly chosen DH
lines will be shown. In fact these DH lines form only a subset of a much larger set of
genotypes compared in all the experiments.

3 Methods

Suppose that I genotypes are compared in an experiment repeated at J randomly
chosen environments. A simple model for the observed mean of the studied trait of
genotype i at environment j is

yij = µ + αG
i + aE(j) + aGE

i (j) + eij ,

where µ denotes the ”true” overall mean, αG
i denotes the main effect of genotype i

(= 1, 2, ..., I), aE(j) denotes the main effect of environment j (= 1, 2, ..., J), aGE
i (j)

denotes the effect due to the interaction of genotype i and environment j, and eij de-
notes the mean random error from L replications. Taking the assumptions as described
in the paper by Caliński et al. (1997), the analysis of variance can be performed.
The presence of the GE interactions give rise to questions concerning their causes.
One question is whether these interactions can be explained by their dependence on
the overall mean studied trait in the environment.
It follows that the interaction effect aGE

i (j) can be correlated with aE(j), the main
effect of environment j. This correlation, and the corresponding regression, may have
in many cases an important contribution to GE interactions. For practical application
it may be useful to note that the correlation between aGE

i (j) and aE(j) is different
from zero if and only if the correlation between aGE

i (j) and observable values y·j is
nonzero. It means that the regression of aGE

i (j) on y·j is of particular interest.
The minimum variance unbiased estimate of the vector coefficients of the regression
β = [β1, β2, ..., βI ]′ is β̂ = [β̂1, β̂2, ..., β̂I ]′ = I(1′ISE1I)−1GSE1I , where SE is the
covariance matrix and G = II − I−11I1′I , with II being the I × I identity matrix and
1I denoting the I×1 vector of unit elements. Testing hypothesis Hβ : β = 0, concerning
the regression of the interaction effects on the environment main effect (or the mean
y·j) is described by Caliński et al. (1997). The rejection of the hypothesis Hβ implies
that the significant part of the GE interactions can be explained by their statistical
dependence on the environment main effect. In this case testing the hypotheses Hβi :
βi = 0 (i = 1, 2, ..., I) is of interest.
In present paper a multiple linear regression of interaction effects of genotypes on
concomitant variables pertaining to environments is also discussed.
The analysis by a multiple linear regression of GE interaction effects on chosen con-
comitant variables pertaining to environments is made in accordance with the method
used by Caliński et al. (1997).
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4 Results

The analysis of variance for the data described in the paragraph ”The data” was
made. Because the general hypothesis of no GE interaction was rejected (FGE = 1.45
at F0.05 = 1.22), the individual analysis for each genotype was justifiable. Information
concerning the performance of randomly chosen 9 genotypes (DH lines) can be read
from Tables 1 and 2. Table 1 contains the results of individual analysis for genotypes,
i.e. the main effect of estimate, the F -statistic for it, the F -statistic for GE interaction
of genotypes with environments and the results concerning regression of interaction
of particular genotypes on environment main effect. In this case the environment is
characterized by the environmental deviations, i.e. estimates of their main effects. Only
one genotype (No. 28) indicates some regression of their interaction on environment
effect. In Table 2 the results of the multiple linear regression effects of genotypes on two
canonical variables concerning seed yield and oil content, are given. The GE interaction
for a few genotypes is closely depended with one or two concomitant variables.

TABLE 1. Estimates and results of testing the hypotheses concerning genotypes, their GE
and interactions and hypothesis of no regression between the interactions and environment
main effects.

Genotype Estimated F–statistic for Coefficient of F–statistic for
main the main GE determination regression regression deviation
effect effect interaction (%) from regression

G2 2.38 23.06∗ 2.55∗ 55.0 −0.41 4.88 1.44
G6 −1.70 32.50∗ 0.93 29.3 0.18 1.66 0.82
G11 4.58 150.50∗ 1.45 17.3 −0.17 0.84 1.50
G16 1.93 2.44 15.93∗ 14.1 −0.52 0.65 17.13∗

G18 0.32 0.89 1.19 47.8 −0.26 3.66 0.78
G24 −2.61 23.95∗ 2.98∗ 36.2 0.36 2.27 2.37
G25 −2.25 76.87∗ 0.69 11.6 0.10 0.53 0.76
G28 −1.43 28.22∗ 0.76 91.7 0.29 44.39∗ 0.08
G31 −2.18 27.99∗ 1.87 28.7 −0.25 1.61 1.58

∗ – significant at the 5% level

TABLE 2. Estimates and results of testing the hypotheses concerning genotypes, their GE and
interactions and hypotheses concerning multiple linear regression of GE interaction effects on
two canonical variables pertaining to environments.

Genotype Coefficient of F–statistic for Norm. coeff. of reg. After elim. nonsignificant variable
determination regression seed oil Coefficient of F–statistic for

(%) yield contents determ. (%) regression
G2 59.9 2.24 −0.20 −0.84∗ 56.5 5.20
G6 47.2 1.34 0.16 0.74∗ 45.2 3.29
G11 14.0 0.24 −0.40 −0.10 13.2 0.61
G16 45.2 2.03 0.73∗ 0.23 40.7 2.74
G18 98.0 73.79∗ 0.59∗ −0.59∗

G24 52.5 1.66 −0.62∗ −0.19 49.5 3.92
G25 74.9 14.47∗ 0.92∗ −0.15 73.0 10.82∗

G28 70.6 3.60 0.01 0.84∗ 70.6 9.60∗

G31 89.3 12.50∗ 0.85∗ −0.19 86.2 25.05∗

∗ – significant at the 5% level
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5 Final remarks

Both presented methods have a potential to provide important results concerning
explanation of the GE interactions observed in particular experiments. Comparing the
results from Table 1 and Table 2 one can say that at least part of the GE interactions
can be explained by their statistical dependence on the concomitant variables.
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Abstract: In this paper we aim at examining the effect of weather conditions in daily accident
counts. In order to account for the serial correlation and the overdispersion present to the
data, we make use of two models for discrete valued time series using covariate information.
The models considered are the model of Zeger and the Integer Autoregressive model including
covariates. Estimation procedures and possible extensions of the models are discussed. Data
from 27 major cities roads in the Netherlands are examined. We make use of a meta-analysis
approach in order to combine the effects retrieved for each site with site-specific covariate
information.
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1 Introduction

The last few years, road accidents statistics are the subject of increased interest both
on the part of policy makers and academia. The objective is to better understand
the complexity of factors that are related to road accidents in order to take correc-
tive actions to remedy this situation. In this context, the modelling of accidents over
time has obtained considerable attention by researchers in the past. In this paper,
we study the effects of weather conditions on daily accidents for 27 major cities in
the Netherlands. The use of weather conditions is motivated by earlier research where
significant influences of weather conditions on accidents have been found. To do so
we propose and apply two models adequate for modelling discrete valued time series
models, namely the Integer Autoregressive model proposed by McKenzie (1985) and
Al-Osh and Al-Zaid (1987) and the model proposed by Zeger (1988). The first belongs
to the category of observation driven models, since we relate directly the observations
themselves, while the second one to the category of the parameter driven models as
the dependence structure comes from a time dependent process in the parameters of
the model.
In order to capture the effect of weather covariates in the accident counts we use co-
variate information related to weather conditions. This includes covariate information
about the rainfall, the wind, the temperature and other weather characteristics in the
area of examination.
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Furthermore in order to account for the different characteristics of the 27 roads we
proceed with meta-analysis of the derived results. This approach allows to combine
the results from the different sites and to examine site-specific effects.

2 The models

2.1 INAR model

McKenzie (1985) and Al-Osh and Al-Zaid (1987) defined a process for discrete
data which mimics the standard autoregressive model for continuous data, called the
Integer-valued autoregressive (INAR) process as follows:
A sequence of random variables {Yt} is an INAR(1) process if it satisfies a difference
equation of the form

Yt = α ◦ Yt−1 + Rt, t = 1, 2, . . . , (1)

where Rt is the innovation term, which is a discrete random variable. According to
the choice of the distribution of the innovations certain marginal properties can be
deduced for the process. The operator ” ◦ ” denotes the binomial thinning operator

defined by α ◦ Y =
Y∑

t=1
Zt, where Zt are independent Bernoulli random variables with

P (Zt = 1) = α = 1 − P (Zt = 0), α ∈ [0, 1]. Thus, conditional on Yt, α ◦ Yt is a
binomial random variable where Yt denotes the number of trials and α the probability
of success in each trial.
The basic ingredient of the INAR model is that it assumes that the realization of
the process at time t is composed by two parts, the first one clearly relates to the
previous observation, while the second one is independent from it and depends only
on the current time point. Thus, the first part represents the influence of previous
time periods while the innovation term captures the effects of the present time point.
Although it is possible to incorporate higher-order lags into the model, we do not
pursue them since their interpretation is not straightforward. More detail on such
models can be found in Jung and Tremayne (2006).
Assuming that Rt follows a Poisson distribution the Poisson INAR model arises, which
assumes that the marginal distribution of Yt is a Poisson distribution. The simple
Poisson INAR model can be extended to a Poisson INAR regression model by adding
covariates to both the innovation term and/or the autocorrelation parameter. The
model then takes the form

Yt = αt ◦ Yt−1 + Rt

Rt ∼ Poisson(λt)

log λt = z
′
tβ

log
(

αt

1− αt

)
= w

′
tγ

where zt and wt are vectors of covariates at time t for the innovation term and the
autocorrelation parameter respectively while β and γ are the vector of the associated
regression coefficients. Note that the covariate information for the two parts of the
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model are not necessarily the same. We have developed an EM type algorithm for
fitting this model to real data making use of the convolution representation of the
process. Details of the algorithm are omitted.
Extensions of the model to allow for overdispersion can be made by assuming an
overdispersed innovation distribution.

2.2 Zeger’s Model

We describe the model proposed by Zeger (1988). Let’s suppose we have observed a
time series of counts yt, t = 1, 2, ...T , as well as a vector of covariates xt. Our goal
is to describe µt = E(Yt) as a function of the p×1 vector of covariates. Furthermore,
assuming that the distribution of yt is Poisson, that is yt ∼ Poisson(µt), where µt =
exp (x

′
tb), maximum likelihood method can be used to estimate the unknown vector

of coefficients b. In practice, quite often the sample variance exceeds the sample mean,
providing evidence that an overdispersed relative to the Poisson distribution must be
used. In this case quasi-likelihood methods which allow a variety of variance-mean
relation is more appropriate.
Extensions of log-linear models which account for dependence are necessary to obtain
valid inference about the relationship of yt and xt. Zeger suggested that if εt is an
unobservable noise process then the conditional distribution of yt on εt is Poisson with
mean equal to the product of the latent process value and the predictor as in a simple
log-linear model. Therefore

Yt | εt ∼ Poisson(εtexp (x
′
tb)) (2)

Assume that εt is a non-negative time series with mean 1, autocovariance function
γε(h) and variance σ2

ε . Letting δt = log εt, then the conditional mean of Yt on εt can
be written as

ut = exp (x
′
tb + δt) (3)

We assume E(exp(δt)) = 1. Unless the δt is a stationary Gaussian process, there is
not an explicit relationship between the autocovariance functions of εt and δt.
For this model, the marginal variance of Yt is greater than its marginal mean providing
this way a degree of overdispersion which depends on the variance of the latent process
σ2

ε . Another interesting property of this model is that the form of the autocorrelation of
the observed counts inherits its structure from that of the latent process. It is also true
that even if there is no significant autocorrelation in yt, it does not necessarily mean
that autocorrelation is not present in εt either. This implies that the autocorrelation
function of the observed count process will tend to underestimate that of the latent
process, even in the simplest case where no regressors are present. Therefore, the latent
process introduces both autocorrelation and overdispersion in Yt. The interpretation
of any element of the vector of coefficients b in the above model is the same as in a
simple Poisson regression model.
Estimation of this model is not easy. The full likelihood of the model cannot be written
easily as it is defined recursively. A GEE approach has been proposed by Zeger (1988)
in order to estimate the parameters of the model. We have followed this approach.
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Concluding this section, the two model, despite their different generation mechanism
implied, have some more differences in the sense that the model of Zeger allows for
overdispersion. In the sequel we applied both model to our data.

3 Meta-Analysis

Meta-analysis can be defined as the quantitative review and synthesis of the results
of related but independent studies. By combing information over different studies, an
integrated analysis will have more statistical power to detect a specific effect than an
analysis based on only one study. When several studies have conflicting conclusions,
a meta-analysis can be used to estimate an average effect. For an excellent review
on meta-analysis the reader can refer to Normand (1999). In this paper we aim at
combining results from different sites in order to synthesize a general effect.
A fixed-effects model assumes that each study summary statistic Yi (in our case a
regression coefficient summarizing the effect of a weather variable) is a realization
from a population of study estimates with common mean θ. Let α be the central
parameter of interest and assume there are i = 1, 2, ..., k independent studies. Assume
that Yi is such that E(Yi) = θ and let V ar(Yi) = s2

i be the variance of the summary
statistic in the ith study. For moderately large study sizes, each Yi should be normally
distributed (by the central limit theorem) and approximately unbiased. Thus

Yi ∼ N(α, s2
i ) for i = 1, 2, ..., k (4)

and s2
i assumed known. The central parameter of interest is α which quantifies the

average effect.
The random-effects model assumes that each study summary statistic Yi is drawn from
a distribution with a study-specific mean, αi, and variance s2

i .

Yi | αi, s
2
i ∼ N(αi, s

2
i ) for i = 1, 2, ..., k (5)

Furthermore, each study-specific mean αi is assumed to have been drawn from some
superpopulation of effects with mean α and variance τ2 with

αi | α, τ2 ∼ N(α, τ2) (6)

The parameters α and τ2 are to referred as hyperparameters and represent, respec-
tively, the average effect and inter-study variation. Thus we introduce one more level
of variability.

4 Application

This study is based on the daily accident counts that were obtained from the major
roads covered by the surface of 27 big cities in the Netherlands in the year 2001.
The cities were selected based on two criteria: a) their proximity to some national
weather stations in order to obtain accurate daily weather conditions and b)they were
far enough apart in order to prevent that weather conditions would be identical for
the different sites for too many of the observations.
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FIGURE 1. Weighted forest plot for the precipitation duration

For each site, the number of daily counts on accidents together with detailed weather
information was collected. The day was used as a proxy of the different traffic volumes,
i.e. as a proxy to the exposure. The data have several distinct features since for some
roads the autocorrelation and the overdispersion varied considerably.
We make use of both the fixed and the random effects meta-analysis models. A typical
forest plot can be seen in Figure 1 for the precipitation duration. One can see the
different effects for each site and the combined estimator. This combined estimator
shows that there is a positive effect of the precipitation duration.
The meta-regression models identified variables which influence the effect of the covari-
ates. A summary of the main finding is that an increase of one unit of the maximum
temperature decreases the effect of the mean temperature on the accidents and a de-
crease of a unit of the minimum temperature increases the temperature below zero
effect. The effect of humidity covariate becomes stronger when combined with lower
minimum temperatures. The rainfall intensity effect was related to the increase of the
rainfall duration.
However, one must interpret the findings with care since weather variables can also
have some influence on the exposure. Hence, the effects found are not necessarily
explicit on the accidents but they can be implicit through the increase/decrase of the
exposure.
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Abstract: We suppose that we have mortality data arranged in two-way tables of deaths
and exposures classified by age at death and year of death. It is natural to suppose that there
is a smooth underlying force of mortality, the mortality surface, that varies with age and year
(or period). However, observed mortality is subject to more than stochastic deviation from
this smooth surface; for example, flu epidemics, hot summers or cold winters can dispropor-
tionately effect the mortality of certain age groups in particular years. We call such an effect
a period shock. We describe the mortality surface with an additive model with two compo-
nents: the underlying smooth surface is modelled with 2-dimensional P -splines; the period
shocks are modelled with a 1-dimensional P -spline in the age direction for each year. This is
a large regression model but array methods (Currie et al., 2006) enable the computations to
be performed. We illustrate our methods with Swedish mortality data taken from the Human
Mortality Database.

Keywords: Generalized linear array model; mortality; P -splines; period shock; smoothing.

1 A smooth model of mortality with period shocks

We suppose that we have mortality data arranged in two-way tables of deaths and
exposures classified by age at death and year of death. It is natural to suppose that
there is a smooth underlying force of mortality, the mortality surface, that varies
with age and year (or period). However, observed mortality is subject to more than
stochastic deviation from this smooth surface; for example, flu epidemics, hot summers
or cold winters can disproportionately effect the mortality of certain age groups in
particular years. We call such an effect a period shock.
An example of a period shock is the Spanish flu epidemic of 1918 which affected the
mortality of those under the age of 60. We illustrate the extent of this effect with data
on Swedish males from the Human Mortality Database; the data runs from 1900 to
2003 and from age 10 to 90. The upper right panel of Figure 1 shows the differences
between the logarithms of observed mortality for 1918 and 1919. The remaining panels
show the corresponding differences for other years. The 1918/1919 experience is ex-
treme but each panel indicates a systematic age dependent departure from a smoothly
changing underlying mortality.
We propose an additive model with two components for the mortality surface : the
first component describes a smooth two-dimensional surface and the second describes
the period shocks. We describe each component in turn.
We suppose that the deaths and exposures are arranged in na×ny matrices Y and E,
that y = vec(Y ) and e = vec(E) are their vector equivalents, and that the rows and
columns of Y and E are classified respectively by ages xa and years xy each arranged
in ascending order. The first component of our model uses two-dimensional P -splines
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FIGURE 1. Differences of the logarithms of observed and fitted mortalities for Swedish males
for selected successive years

(Eilers and Marx, 1996, Currie et al., 2004) to model the smooth underlying mortality
surface. Let Ba = B(xa), na × ca, and By = B(xy), ny × cy, be one-dimensional
regression matrices of B-splines evaluated at age and year respectively; Ba and By

are known as marginal regression matrices. The Kronecker product By ⊗Ba creates
a two-dimensional regression basis. We suppose that the number of deaths yij at age
i and year j follows a Poisson distribution with mean µij = eijθij where θij is the
force of mortality. We define a generalized linear model (GLM) for y with regression
matrix By ⊗Ba, offset log e, log link and Poisson error. If we suppose that we have a
rich basis of B-splines for age and year then a smooth surface is obtained by marginal
penalization. We define the penalty matrix

P = λaIcy ⊗D′
aDa + λyD′

yDy ⊗ Ica (1)

where Da, λa, Dy and λy are the difference matrices and smoothing parameters for
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age and year respectively. We have defined a two-dimensional P -spline model; see
Currie et al. (2004, 2006) and elsewhere for details of fitting these models.
We require the second component to have two properties. First, it must be versatile and
capable of modelling different patterns in different years and second, the underlying
patterns in different years must be smooth. Figure 1 illustrates both these features: the
patterns in different years are distinct and follow separate underlying smooth curves.
We define a second regression matrix by Iny ⊗ B̆a where B̆a = B̆a(xa), na × c, is
a marginal regression matrix of B-splines. We suppose that c is small so that the
modelling by age for each year is quite crude. With c regression coefficients for each of
ny years Iny

⊗B̆a is a large matrix, even with small c. The underlying smooth mortality
surface is modelled by the first component of our model so we force smoothness on
the second component by applying a ridge penalty to the age coefficients in each year.
We define the penalty matrix

P̆ = λsIny ⊗ Ic = λsInyc (2)

where λs is the smoothing parameter for the shocks. Our two component model of
mortality is thus a penalized generalized linear model with two additive components,
linear predictor

log µ = log e + By ⊗Baa + Iny ⊗ B̆aă (3)

and block diagonal penalty blockdiag[P : P̆ ]. This is a computationally demanding
problem since three smoothing parameters must be chosen within the framework of a
large GLM with nany observations and cacy + cny regression variables. We describe
how we deal with the computational problem in the next section.

2 Generalized linear array models

Generalized linear array models or GLAMs, introduced by Currie et al. (2006), provide
a structure and a computational procedure for fitting GLMs whose model matrix can
be written as a Kronecker product and whose data can be written as an array. The
GLAM form of the 2-dimensional smooth model with regression matrix By ⊗Ba is

log M = log E + BaAB′
y (4)

where M = E(Y ) and A, ca × cy, is the matrix of coefficients. In a large problem
the GLAM approach gives very substantial savings in both storage and computational
time over the usual GLM algorithm. The method can be extended to GLMs with
additive components each of which has the GLAM form. The GLAM form of (3) is

log M = log E + BaAB′
y + B̆aĂ (5)

where Ă, c × ny, is a further matrix of coefficients. We use the GLAM procedure to
fit model (3). Efficient computation of the linear predictor in (3) is provided by (5).
The fitting of a GLM also requires the computation of a weighted inner product; for
the additive model (3) we require

[
(By ⊗Ba)′W (By ⊗Ba) (By ⊗Ba)′W (Iny ⊗ B̆a)
(Iny ⊗ B̆a)′W (By ⊗Ba) (Iny ⊗ B̆a)′W (Iny ⊗ B̆a)

]
(6)
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where W is the diagonal matrix of weights. Details of the efficient computation of this
matrix are given in Currie et al. (2006), in particular the example in section 7.1. The
GLM is now fitted with the usual scoring algorithm with the linear predictor, weighted
inner product and working variable all computed using array computations.
A simpler method of modelling shocks is the mean shock, by which we mean a constant
shock for all ages within a year. The GLAM form of the linear predictor for this model
is

log M = log E + BaAB′
y + 1nah′ (7)

where 1na
is a vector of 1’s of length na and h′ = (h1, . . . , hny

). Mean shocks are used
in some well-known models of mortality, such as the Lee-Carter and the Age-Period-
Cohort models; neither of these models is capable of modelling the kind of effects we
see in Figure 1 but we consider model (7) for comparison.

3 An application to Swedish data

We use the Bayesian Information Criterion (BIC) for model selection and fit our three
models to the Swedish mortality data used in section 1. We have na = 81 ages and
ny = 104 years and used cubic B-splines with ca = 19, cy = 24 and c = 9. The full
regression matrix in (3) is 8424 × 1392, a large regression matrix. The fitted values
have been added to Figure 1; it appears that our model has successfully modelled the
systematic increases and decreases seen for our selected years. The extent of the period
shocks is shown in Figure 2; the age structure of these shocks is evident.
Table 1 gives various summary statistics for all three models: the basic 2-dimensional
smooth model (4), the mean shock model (7) and the age dependent shock model (5).
It is clear that the period shock model is superior to the mean shock model which is,
in turn, superior to the 2-dimensional model.

TABLE 1. Summary statistics

Model (λa, λy, λs) Trace Deviance BIC
2-d smooth (10, 7, -) 293 21226 23871
Mean shock (0.05, 30, 2000) 367 15538 18852
Period shock (0.01, 1900, 850) 489 9670 14089

4 Concluding remarks

The 1918 observations are extreme. An alternative modelling strategy is to regard
the 1918 data as missing. This has the effect of increasing the value of λs (since the
remaining data are much less variable by year). The estimates of the remaining period
shocks are smoother compared to the shocks from the full data set.
It is possible to express all our models in mixed model form. One consequence of
this approach is that the period shocks can be regarded as random effects which is
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FIGURE 2. Age dependent shocks to mortality surface by year

appealing given their nature. The GLAM methodology is available for mixed models
(Currie et al., 2006).
The models in this paper and model (3) in particular are computationally intensive.
Further computational savings over and above those provided by GLAM can be made
by taking advantage of the form of the regression matrices of the period components
in (3) and (7).
In conclusion, the period shock model was successful in modelling age-dependent de-
partures within years for the Swedish data considered in this paper. Experience with
other data sets has shown that the model is more widely applicable. We see two main
uses of the model: first, it can detect age effects within single years and this will often
be of interest in its own right; second, the two component model enables the underlying
smooth surface to be more successfully identified.
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Abstract: It is known that misspecification of the distribution of random-effects in a gener-
alized linear mixed model (GLMM) may lead to biased estimation of the fixed-effects. In this
paper, we will show how the distribution of the random-effects can be specified in a flexible
way using a penalized Gaussian mixture. The methodology will be illustrated on a longitu-
dinal study from a clinical trial in dermatology, where the outcome is binary. For practical
analyses an R package has been written.
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1 Generalized linear mixed model

The generalized linear mixed model (GLMM) is a popular tool to regress a discrete
response when the measurements are clustered (e.g., multicenter clinical trials and
longitudinal studies). Let Yi,l (i = 1, . . . , N, l = 1, . . . , ni) be the l-th response in
the i-th cluster or the l-th longitudinal response of the i-th unit. In the remainder
of the paper, we will restrict ourselves to longitudinal studies. However, the whole
methodology can equally be used for clustered data.
In the GLMM, the effect of the covariates on the response is modelled as

h
{
E(Yi,l |bi)

}
= b′izi,l + β′xi,l (i = 1, . . . , N, l = 1, . . . , ni), (1)

where h is a known link function, xi,l is a vector of covariates and zi,l represents
a subset of covariates for which the effect may vary randomly across units. Further, β
is the vector of regression coefficients (fixed-effects) and b1, . . . , bN are unit specific
zero-mean vectors of random-effects.

2 Distribution of random effects

It is conventionally assumed that the random effects are normally distributed, i.e.,
that bi

i.i.d.∼ N (0, D). However, it has been shown that, in contrast to the linear
mixed model (LMM), misspecification of the random-effects distribution in GLMM
can lead to biased estimates of the fixed-effects (e.g., the treatment effect) that are
usually of primary interest. See Molenberghs and Verbeke (2005, Chap. 23) for more
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details and references. For this reason, there is a need for GLMMs with a more flexible
random-effects distribution.
Recently, a flexible model for the random effects distribution, called ‘penalized Gaus-
sian mixture (PGM)’, has been suggested, based on the idea of penalized smoothing
promoted by Eilers and Marx (1996). Ghidey et al. (2004) used the PGM to model
the random-effects distribution in a LMM. Komárek et al. (2005) used it as a flexible
specification of the distribution of a logarithm of the baseline event time in a sur-
vival regression model. Further, Komárek and Lesaffre (2006) used the bivariate PGM
in a survival regression model for paired data. Finally, Komárek and Lesaffre (2007)
exploited the PGM to model all distributional parts in a random-effects survival re-
gression model.
In this paper, we will show how the PGM can be used as a model for the random-
effects distribution in a GLMM. The methodology will be illustrated on longitudinal
binary data arising from a dermatological clinical trial using a random-intercept logis-
tic model. An R (R Development Core Team, 2006) package has been written and is
available upon request from the first author.

3 Penalized Gaussian mixture

For the purpose of this paper, only a univariate PGM will be described which can,
e.g., serve as a model for the distribution of the random intercept in GLMM. Namely,
we will assume that univariate random effects b1, . . . , bN are i.i.d. distributed with a
density g(b). Let ϕµ,σ2 denote the density of the normal distribution N (µ, σ2). The
density g(b) is modelled by a PGM in the following way

g(b) = τ−1
K∑

j=−K

wjϕµj ,σ2(τ−1b), (2)

where τ is an unknown scale parameter and w = (w−K , . . . , wK)′ is a vector of un-
known PGM weights. We consider the model (2) as a spline-like smoothing of the
unknown function g(b) where ϕµ−K ,σ2 , . . . , ϕµK ,σ2 form a basis specified over a grid of
knots µ−K , . . . , µK .
In the philosophy of penalized smoothing (Eilers and Marx, 1996), we will use a rel-
atively high number (2K + 1 equal to 30–40) of equidistant knots. In the remainder
we denote the distance between two consecutive knots as δ. Since the random effects
should have mean zero, the knots are centered around zero, i.e. µ0 = 0 and µj = jδ
(j = −K, . . . , K).
To obtain a reasonable model for the unknown distribution the knots should be put
in the area where the true random intercept density has a significant amount of the
probability mass. Since a scale parameter τ is included in the model (2), the knots
should cover an area where a zero-mean and unit-variance distribution has most of its
probability mass. To this end, the choice of the boundary knots µ−K ≈ −5, µK ≈ 5
usually suffice.
The choice of the basis standard deviation σ corresponds to some extent to the choice
of the degree of a B-spline, if the B-splines were used instead of normal densities.
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The value of σ = (2/3)δ is motivated by the correspondence to cubic B-splines, as
explained in Komárek et al. (2005).
Finally, satisfactory conditions for the PGM weights to ensure that (2) is a density
are wj > 0 (j = −K, . . . , K) and

∑K
j=−K wj = 1. To avoid constrained estimation,

the vector of transformed weights a = (a−K , . . . , aK)′ given by

aj = log
(wj

w0

)
, wj =

exp(aj)∑K
k=−K exp(ak)

(j = −K, . . . , K), (3)

is used. For identifiability reasons a0 = 0.
To avoid overfitting and identifiability problems caused by the relatively high num-
ber of parameters, Eilers and Marx (1996) suggested to use the method of penal-
ized maximum-likelihood for estimation purposes. In our paper, we suggest to use
a Bayesian specification of the model with uninformative prior distributions for all
the model parameters except for the transformed weights a. The prior p(a) for a is
specified as an intrinsic Gaussian Markov random field (IGMRF) which corresponds
closely to the penalty term used by Eilers and Marx (1996), see Lang and Brezger
(2004). Thus

p(a) ∝ exp
{
−λ

2

K∑

j=−K+m

(
∆maj

)2
}

, (4)

where ∆m denotes the backward difference operator of order m (m = 3 is used in
our applications). Further, the smoothing hyperparameter λ can be interpreted as
an inverse variance of the IGMRF and can be given a Gamma prior G(ξ1, ξ2) with
small values of ξ1 and ξ2. Inference is based on a sample from the posterior distribution
obtained using Markov chain Monte Carlo methods.

TABLE 1. Toenail data. Posterior median and 95% credible interval for model parameters.

Effect PGM model Normal model

Intercept −1.588 (−2.945, −0.705) −1.609 (−2.610, −0.758)
Treatment 0.431 (−0.448, 1.298) −0.175 (−1.340, 0.996)
Time −0.383 (−0.480, −0.300) −0.394 (−0.486, −0.312)
Time:Treatment −0.134 (−0.277, 0.002) −0.137 (−0.276, −0.004)

sd(b) 3.446 (2.733, 4.783) 4.034 (3.361, 4.887)

4 Practical example: Toenail data

We will apply the developed methodology on a longitudinal clinical trial in dermatology
which was set up to compare the efficacy of two oral treatments for toenail infection (De
Backer at al., 1998). One of the end points of the study was the degree of onycholysis
which expresses the degree of separation of the nail plate from the nail-bed (0, absent;
1, mild; 2, moderate; 3, severe) and was evaluated at seven visits (on weeks 0, 4, 8,
12, 24, 36 and 48). In total, 1 908 measurements on 294 patients are available.
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The effect of the treatment on the dichotomized onycholysis (0, absent or mild; 1,
moderate or severe) has already been analyzed by Lesaffre and Spiessens (2001) with
a logistic random-effects model assuming normally distributed random intercepts. The
methodology of our paper allows us, among other things, to evaluate whether the
assumption of normality of the random effects was reasonable.
Let Yi,l represent the dichotomized onycholysis of the i-th subject at the l-th visit. We
will model it using the following random-effect logit model:

logit
{
P (Yi,l = 1 | bi, β)

}
= bi + β0 + β1 trti + β2 ti,l + β3 ti,l · trti, (5)

where trti denotes the binary treatment indicator of the i-th subject and ti,l the time of
the l-th visit for the i-th subject in months. Further, bi is the subject-specific random
intercept and β = (β0, β1, β2, β3)′ is the vector of regression coefficients.
In the PGM Model we assume that the random intercepts bi (i = 1, . . . , N) are i.i.d.
with a density given by (2). For comparison purposes, we also fitted the Normal Model
where we assumed that bi (i = 1, . . . , N) are i.i.d. with a normal distribution N (0, τ2).
Posterior summary statistics are given in Table 1, pointwise posterior mean of the
random intercept density is shown in Figure 1. It is seen that the fitted random
intercept distribution is quite distinct from normality.
In their simulation study, Litière et al. (2007) observed a bias in the estimation of
fixed effects (β coefficients) when the random-effect distribution in the GLMM is
misspecified. Moreover, situation with a bimodal normal mixture (the most similar to
our fitted random-effect distribution) as a true random-effect distribution showed one
of the highest biases. Their findings are confirmed by our example, see the difference
in the posterior medians for main treatment effect between the PGM Model and the
Normal Model.
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FIGURE 1. Posterior pointwise mean of the random-effect density (standardized to have
zero-mean and unit-variance) in the PGM model.
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5 Conclusions

We have suggested a method for smooth estimation of the random-effects distribution
in the GLMM which allows to relax a conventional assumption of normality. We con-
firm findings of others, i.e. that a misspecified random-effect distribution can lead to
biased results for the fixed-effects. For practical computations, a software package has
been written in R.
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Penalized likelihood for a three-parameter Rasch
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Abstract: We apply a bias reduction method for ML estimation (Firth 1993) to a three-
parameter Rasch model. For its application the scores and thus the likelihood function are
appropriately modified so that the resultant estimator has bias of order O(n−2). The form
of the modified scores is given and a pseudo-response to be used for fitting procedures is
derived. Kosmidis (2007) shows that application of the method to logistic regression models
corresponds to an improved alternative of ordinary maximum likelihood mainly due to the
shrinkage properties of the bias-reduced estimator. It is illustrated that these properties
extend to the case of the 3-parameter Rasch model.

Keywords: Penalized likelihood; Bias reduction; Logistic regression

1 A three-parameter Rasch model

We focus on inference for a three-parameter Rasch model that has the form

log
πrs

1− πrs
= ηrs = αr + βrγs (r = 1, . . . , N), (s = 1, . . . , n) , (1)

where πrs is, for example, the probability that the person s answers correctly to ques-
tion r and αr, βr, γs are unknown parameters. In contrast to an ordinary logistic
regression model, note that the log-odds ηrs are a non-linear function of the parame-
ters. Specifically, ηrs is a ’partially linear’ combination of parameters; if we fix either
βr or γs we end up with a linear model on the logistic scale.

2 Bias reduction

2.1 Modified score functions

Firth (1993) proposed appropriate modifications to the efficient scores such that the
roots of the modified scores result in a first-order O(n−1) unbiased estimator. Bull et
al. (2002) and Kosmidis (2006), (2007) studied the case of ordinary logistic regression
showing that the bias-reduction method constitutes an improvement over traditional
maximum likelihood (ML) mainly due to the shrinkage properties of the penalized
maximum likelihood (PML) estimator . This motivated the study of the behaviour of
the PML estimator for models such as (1), where we depart from the assumption of a
linear predictor.
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Consider realizations yrs of independent binomial random variables Yrs with totals
mrs. Also, let δ = (α1, . . . , αN , β1, . . . , βN , γ1, . . . , γn) be the vector of parameters of
the Rasch model. Using the modifications based on the expected information (see Firth
(1993)) and after some algebra, the t-th component of the modified score vector for δ
takes the form

U∗
t =

N∑
r=1

n∑
s=1

(
yrs +

1
2
hrs − (mrs + hrs)πrs + crsvrs

)
zrst , (2)

where hrs is the s-th diagonal element of the n×n projection matrix Hr = ZrF
−1ZT

r Σr,
with Zr the n× 2N + n matrix of first derivatives of ηr = (ηr1, . . . , ηrn) with respect
to δ, F is the Fisher information on δ and Σr is a diagonal matrix, with s-th diagonal
element V ar(Yrs) = vrs = mrsπrs(1− πrs). Also, zrst denotes the (s, t)-th element of
Zr and crs is the asymptotic covariance of the estimator of βr and the estimator of γs

and can be obtained by the appropriate block of F−1.
The term crsvrs in (2) reflects the aforementioned ’partial linearity’ of the predictor;
fixing either β’s or γ’s the model reduces to an ordinary binary logistic regression
model and crsvrs = 0, retrieving the form of the modified scores for binary logistic
regression (see, for example, Heinze & Schemper (2002)).

2.2 Implementation of the bias-reduction method

By the form of the modified scores (2) and considering Hr as if they were matrices of
known constants, the PML is formally equivalent to the use of ML after making the
following adjustments to the response frequencies:

Counts of “successes” yrs + 1
2hrs + crsπrsI(crs ≥ 0) .

Counts of “failures” mrs − yrs + 1
2hrs − crs(1− πrs)I(crs < 0) .

Binomial totals mrs + hrs + crsπrs − crsI(crs < 0) ,

with I(e > 0) taking value 1 if e > 0 and 0 else. This fact can be directly used for
obtaining the PML estimates. Estimated standard errors for the PML estimator can
be obtained by using the square roots of the diagonal of F−1 evaluated at the PML
estimate.

2.3 Properties of the PML estimator

Kosmidis (2007) proved that the PML estimates for binary logistic regression models
have always finite values and that they are shrunk towards the origin relative to
the ML estimates. In the case of the Rasch model, empirical work not reported here
indicates that the PML estimators of the predictors ηrs enjoy the same properties.
The importance of the shrinkage effect is recognized in terms of smaller variance and
smaller estimated standard errors for the PML estimator, as well as reduced bias.
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3 Illustration. 2001 U.S. House of Representatives roll call
data

The data consists of 20 roll calls selected by ’Americans for Democratic Action’ (ADA)
that were voted by 439 members of the U.S. House of representatives on 2001. The s-th
member votes ’with ADA’ or ’not with ADA’ for the r-th roll call and the outcome
is considered as the realization of a Bernoulli random variable Yrs that takes value
either 1 or 0, respectively. Missing values that appear due to either denial of voting
or speaker’s privilege or unavailability of voter are excluded from our analysis. Model
(1) is fitted to the data with πrs = P (Yrs = 1). We apply the bias-reduction method
and obtain the PML estimates and the corresponding estimated standard errors for
every ηrs with r = 1, . . . , 20, s = 1, . . . , 439. To illustrate the shrinkage effect, we plot
the maximum likelihood estimates (MLEs) against the bias-reduced estimates and the
estimated standard errors for the maximum likelihood estimator against the ones for
the bias reduced estimator (Figure 1). The line crossing both plots is a 45o line passing
through the origin. Because of shrinkage the points in the first plot fall above the line
when both estimates are positive and below it when both are negative. Also, note that
the higher the absolute value of the MLE, the more apparent is the shrinkage effect.
Further, since the bias-reduced estimates are smaller in absolute value than the MLEs,
their estimated standard errors are also reduced, as noted in the second plot.
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Abstract: The standard method of testing for homogeneity (equal fixed effects) in several
studies is to compare Cochran’s Q statistic with a critical point of the Chi-squared dis-
tribution, and if homogeneity is rejected, a random effects model is then often assumed.
Unfortunately, when the weights needed for Cochran’s Q need to be estimated, the null dis-
tribution of Q is no longer Chi-squared, rendering the procedure suspect. Here we propose
to stabilize the variance of estimated effect sizes via suitable transformations before applying
Cochran’s Q which then has known weights proportional to the sample sizes in the respective
studies. If homogeneity of effect sizes is rejected, a variance component can be introduced on
the space of the transformed effect sizes to allow for heterogeneity in the various studies. This
allows one to find t-confidence intervals for the overall mean transformed effect size, and by
back-transformation, an overall effect size.

Keywords: meta-analysis; standardized effects; variance component

1 Cochran’s Q test applied to transformed effect sizes

1.1 The traditional test of homogeneity

Let µk, k = 1, . . . , K be unknown fixed effects in K related studies. If it were known
that all µk were equal (the homogeneous case) then one could proceed to estimate
the common effect. Otherwise, a more complicated model needs to be adopted, so
a test of homogeneity is often carried out. Assume there are independent estimated
effects µ̂k, k = 1, . . . ,K, for these studies that satisfy

√
wk (µ̂k − µk) → N(0, 1) for

some constants wk. Cochran’s Q (1954) is defined by Q =
∑

k ŵk(µ̂k − ˆ̄µŵ)2 , where
µ̄w =

∑
wkµk/

∑
k wk is the weighted effect, and ŵ−1

k is an estimator of the unknown
asymptotic variance w−1

k of µ̂k. We restrict attention to situations where for each k
there are nk observations in the kth group and w−1

k = σ2
k/nk for a fixed, but usually

unknown σ2
k > 0. If all nk → ∞ at the same rate, the limiting distribution of Q is

the Chi-squared distribution with ν = K − 1 degrees of freedom, so it is traditional
to reject the hypothesis of homogeneity at level α when Q ≥ χ2

ν,1−α. However this
procedure is unreliable for small sample sizes, see Table 1.
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1.2 A test of homogeneity of effect sizes

Sometimes one can find a (variance stabilizing) transformation of the estimator µ̂,
or a Studentized version of it, that is approximately normal with constant variance.
For example, with the normal model N(µ, σ2) and null hypothesis µ = µ0 the effect
size, (often called the standardized effect), δ = (µ − µ0)/σ can be estimated by δ̂ =
(µ̂ − µ0)/σ̂ = tn−1/

√
n , where tn−1 is the Student-t statistic with n − 1 degrees of

freedom. The transformation κ = κ(δ) =
√

2 sinh−1(δ/
√

2 ) was shown by Azorin
(1953) to stabilize the variance of κ̂ = κ(δ̂) and further to a good approximation
κ̂ ∼ N(κ, 1/n). Suppose now there are K studies, each having an effect size δk of
interest, and one wants to know if these effect sizes are equal or not. Cochran’s Q
statistic can be calculated for the κ̂k’s with known weights nk :Q∗ =

∑
k nk(κ̂k− ˆ̄κn)2 .

This Q∗ ∼ χ2
K−1 under homogeneity, exactly, but only if the variance stabilization

succeeds and the resulting distribution is normal; nevertheless it works approximately,
see Table 1. Note that Q∗ and Q do not test for the same type of homogeneity, the
former testing equality of effects and the latter equality of effect sizes. But if the σk’s
are equal, the homogeneity of the µk’s is equivalent to homogeneity of the δk’s.

2 Simulation studies

When one models the observations in the kth study by the normal distribution
N(µk, σ2

k), one estimates µk by the sample mean µ̂k = X̄k and wk by ŵk = nk/s2
k,

where s2
k is the sample variance. In order to compare Q with Q∗ a modest empirical

study based on 40,000 simulations of K = 4 normal samples of equal size was carried
out. The results are displayed in the upper left half of Table 1. For example, when
all sample sizes nk = 5, the actual size of Q is close to 0.15 rather than the nominal
0.05; as nk grows to 80, the empirical size gradually approaches 0.05. Similarly, the
empirical mean Q̄ and standard deviation sQ gradually approach the mean and stan-
dard deviation of the χ2

3 distribution, respectively 3 and
√

6 = 2.45. The performance
of Q∗ for the same samples reveals that it more quickly approaches the limiting χ2

3

distribution. The experiment was repeated 3 times, each time using Q, Q∗ as though
they were based on data generated by a normal distribution, but now unknowingly,
the data are generated by other distributions. Somewhat surprisingly for Student-t3
generated data, both statistics performed slightly better than they did for normal
data; but again Q∗ outperforms Q, see Columns 6–8 of the upper half of the Table 1.

3 Random transformed effect size model

Assume the map δ → κ(δ) is strictly monotone increasing and continuous, and define
the random transformed effect size model by assuming, for κk = κ(δk), that κ1, . . . , κK

are a sample from the N(κ, γ2) model with unknown mean κ = κ(δ) and unknown
variance γ2. Further assume κ̂k = κ(δ̂k) has a conditional distribution, given κk,
which is N(κk, 1/nk). To obtain the unconditional properties of such estimators one
must average over the distribution N(κ, γ2). By using the conditioning formulae for
expectations and variances, one finds for all k

E[κ̂k] = κ and Var[κ̂k] = γ2 + 1/nk . (1)
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TABLE 1. The empirical size of the nominal level 0.05 Q-test under the hypothesis of ho-
mogeneity, as well as its mean and standard deviation. Also shown is the performance of Q∗

based on the same simulated samples. The results in the upper half of the table in Columns
3–5 are generated from the N(0, 1) model; while those in Columns 6–8 are generated from
the Student t3 model. The lower half of the table shows results when samples are generated
from the double exponential model (Columns 3–5) and from an asymmetric model in which
80% of the sample is standard normal while 20% is a standardized χ2

2 distribution. (Columns
6–8).

Statistic nk size Q sQ size Q sQ

5 0.155 4.515 5.259 0.127 4.197 4.353
10 0.095 3.575 3.350 0.078 3.468 2.920

Q 20 0.069 3.239 2.793 0.058 3.201 2.554
40 0.059 3.132 2.641 0.052 3.099 2.473
80 0.054 3.066 2.533 0.052 3.058 2.455
5 0.115 3.810 3.979 0.089 3.541 3.434
10 0.073 3.261 2.953 0.058 3.154 2.629

Q∗ 20 0.058 3.086 2.612 0.049 3.048 2.429
40 0.053 3.055 2.551 0.047 3.025 2.419
80 0.051 3.027 2.488 0.050 3.022 2.430

Statistic nk size Q sQ size Q sQ

5 0.128 4.164 4.200 0.150 4.476 5.270
10 0.082 3.487 2.987 0.095 3.566 3.295

Q 20 0.063 3.223 2.668 0.070 3.250 2.817
40 0.058 3.128 2.558 0.059 3.129 2.607
80 0.053 3.045 2.503 0.055 3.055 2.522
5 0.083 3.471 3.331 0.116 3.839 4.133
10 0.060 3.160 2.630 0.076 3.279 2.970

Q∗ 20 0.053 3.067 2.507 0.060 3.114 2.667
40 0.053 3.050 2.474 0.054 3.061 2.536
80 0.050 3.007 2.462 0.052 3.024 2.487

Let κ̄ = (
∑

k κ̂k)/K and s2
κ =

∑
k(κ̂k − κ̄)2/(K − 1) denote the sample mean and

variance of the κ̂k’s. Then s2
k/K is an unbiased estimate of the variance of κ̄, and

E[s2
κ] = γ2+(

∑
k 1/nk)/K, which leads to an estimate of γ2, namely γ̂2 = max{0, s2

κ−
(
∑

k 1/nk)/K} .

3.1 Confidence intervals for κ and δ

If all nk’s were equal, or if all 1/nk’s are negligible compared to γ2, then the κ̂k’s are
just a sample from a normal population; hence a 1 − α confidence interval for κ is
the usual Student-t interval κ̄ ± c sκ/

√
K , where c = tK−1,1−α/2. The small sample

interval for δ is then [κ−1(L), κ−1(U)].
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3.2 Example: Drop in systolic blood pressure

The results of 6 studies showing the drop in systolic blood pressure following a weight
reducing diet are summarized in Table 2; they are selected from the review by Mulrow
et. al (2004). The standardized effects δ̂k and their transformed values κ̂k are also
tabled, where κ = κ(δ) =

√
2 sinh−1(δ/

√
2 ). The κ̂k’s have weighted mean ˆ̄κn =

0.6168 and Q∗ = 58.67 suggesting a random transformed effects model. Further, the
sample mean κ̄ = 0.6567 and variance s2

κ = (0.735)2 = 0.54, so all the 1/nk’s are small
compared to γ̂2 = 0.54− 0.05 = 0.49. Thus a 95% Student-t interval for κ is given by
[L,U ] = [−0.115, 1.429]; and for δ is [κ−1(L), κ−1(U)] = [−0.115, 1.685].

TABLE 2. For each of six studies drop in systolic blood pressure for patients undergoing a
weight-loss regime, summarized by n, ȳk, sk.

Study k nk ȳk sk δ̂k κ̂k

Haynes (1984) 27 −4.8 13.8 −0.35 −0.34
MacMahon (1985) 20 13.3 8.1 1.64 1.40
Croft (1986) 66 11.0 17.1 0.64 0.62
Andersson (1991) 10 4.0 15.3 0.26 0.26
Jalkanen (1991) 24 8.0 20.4 0.39 0.39
Gordon (1997) 19 12.5 6.3 1.98 1.61
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data.
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1 Introduction

Descriptive statistics are easily computed when data are available with high precision.
Unfortunately, this is not always the case. Measured concentrations may be below
the detection limit, or an instrument may have poor resolution. It may also be the
case that precise data have been summarized with a small number of wide intervals.
An obvious quick-and-dirty solution replaces the observations in each interval by its
midpoint and handles them as if they were actually observed. This can work quite well
when computing the mean and the variance, but it fails for the estimation of quantiles.
An improvement is to assume a parametric model for the underlying distribution,
and fit it to the grouped data with the EM (estimation-maximization) algorithm.
If an approximation to the distribution is available, one distributes the counts in
each wide interval to pseudo-counts on a grid of narrow intervals, proportionally to
the current approximation (the E step). The midpoints of the narrow intervals are
used as “precise data”, with weights proportional to their pseudo-counts, to estimate
distribution parameters by, say, maximum likelihood (the M step). This process is
repeated till convergence.
When the observed coarse distribution has a simple shape, the parametric method
can work quite well. But when it is skewed or multi-modal, or both, a lot of trial-and-
error may be needed to find the right model. A non-parametric model will be more
attractive then.
Histosplines are a popular non-parametric method. The idea is to compute a smooth
spline under the condition that integrals over the given wide intervals are equal to
the observed counts. Early work in this area was reported by Boneva et al. (1971).
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Although the computations are not complicated, histosplines are not without disad-
vantages. There is no guaranty that the estimated distribution will be non-negative
everywhere. Especially when there are wide intervals with zero observations next to
intervals with positive counts, the spline, maintaining its smoothness, may undershoot
the horizontal axis. A more fundamental objection is that the sampling variation in
the observed counts is ignored. Generally one sees that a histospline shows a number
of unrealistic wiggles.
We present here a non-parametric spline-based model: 1) the logarithm of a smooth
latent distribution is modelled with P-splines, 2) expected counts are obtained from
integrals over the wide intervals, and 3) observed counts are modelled with multinomial
distribution, with the given expectations. The results is a penalized composite link
model (Eilers, 2007).
We introduce a Bayesian variant of the model, allowing uncertainties to be quanti-
fied for model components and derived quantities, like quantiles. As is common for
complex Bayesian models, analytic results are not obtainable, so we use a simula-
tion algorithm. A combination of the Langevin-Hastings algorithm and rotation of the
P-spline parameters allows fast computation, making the model a practical tool for
everyday use.

2 The model

In the setting of grouped data with a multinomial distribution, the composite link
model (CLM) of Thompson and Baker (1981) has the following structure. Let π be the
latent distribution, defined on a grid of narrow intervals. We model these probabilities
using polytomous logistic regression πj = eηj /(eη1 + . . . + eηJ ) with η = Bφ. We
cannot observe π itself, but only sums over certain intervals. The expected values for
these intervals are γ = Cφ, where C is an indicator (0/1) matrix, such that cij = 1
if narrow interval j contributes to wide interval i. In other words: row i of C shows
which elements of π are added to form γi. The observed counts are in the vector y
drawn from a Multinomial distribution with cell probabilities γ. In summary:

(Y1, . . . , YI) ∼ Mult(y+; γ1, . . . , γI) with γ = Cπ. (1)

See Eilers (2007) for a more detailed description of the model and applications.

3 Inference

3.1 Estimation in a frequentist setting

Thompson and Baker (1981) showed how to estimate the parameters of the CLM
in a frequentist setting. It boils down to a polytomous logistic regression of y on a
“working” matrix X = W−1CHB, with H = diag(y+π(1−π)) and W = diag(y+γ(1−
γ)). The well-known scoring algorithm then leads to iteration of

X̆ ′W̆ X̆φ = X̆ ′(y − y+γ + W̆ X̆φ̆), (2)
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where the “breve” symbol, as in φ̆, indicates the current approximation.
In the spirit of P-splines (Eilers and Marx, 1996), we put a roughness penalty on φ,
to force the estimated distribution to be smooth. The penalized log-likelihood is

L∗ =
∑

yi log(γi)− λ

2
|Dφ|2, (3)

where D is the rth order differencing matrix such that Dφ = ∆rφ. The penalty
modifies the scoring algorithm slightly:

(X̆ ′W̆ X̆ + λD′D)φ = X̆ ′(y − y+γ + W̆ X̆φ̆), (4)

3.2 Inference in a Bayesian setting

Following Lambert and Eilers (2005, 2006), the roughness penalty translates into a
smoothness prior for the spline coefficients

p(φ|τ) ∝ τR(P )/2 exp
{
−τ

2
φ′Pφ

}
(5)

where P = D′D and R(P ) is the rank of P . A gamma prior with large variance for τ
is a possible choice, although more robust results can be obtained with a mixture of
gammas (Jullion and Lambert, 2007).
Closed forms for the log-posterior of (φ, τ) and its gradient can be obtained. Markov
chain Monte Carlo (McMC) methods can be used to draw a sample, {(φ(m), τ (m)) :
m = 1, . . . , M}, from the posterior. Here, we use the Langevin-Hastings algorithm
on a carefully reparametrized posterior (Lambert and Eilers, 2006), p(ψ, τ |y), with
φ = Lψ + φ̂τ0 where φ̂τ0 and L denote the MLE of φ and the lower triangular matrix
resulting from the Choleski decomposition of the asymptotic variance-covariance ma-
trix of the MLE for a value of the penalty parameter λ = τ0 selected using the BIC
criteria.
To each element of the sample, φ(m), corresponds a density f (m)(y) for which any sum-
mary measure ξ(m) of interest such as the mean, the standard deviation or quantiles
can be computed. Point estimates and credible intervals for ξ can be derived from the
so-obtained sample {ξ(m) : m = 1, . . . , M}.
Specific properties such as unimodality or log-concavity can be imposed on the esti-
mated density by excluding, through the prior, the configurations of φ corresponding
to non-desirable densities.

4 Simulation

A small simulation study was performed to assess the performances of the Bayesian
CLM for varying degrees of coarsening when the mean, the standard deviation and
selected quantiles are estimated using the obtained fitted density. The data were sim-
ulated using a gamma distribution with mean 5 and variance σ2 = 2.5. The compact
interval (0,15) was taken as the support of the target gamma distribution: this is a
reasonable approximation as it contains 99.999% of the probability mass. That interval
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was subdivided into I = 64 (small) bins of equal width (= 0.15σ). J (= 4, 8, 16, 32, 64)
wide bins of equal width (= 2.37σ, 1.19σ, 0.59σ, 0.30σ, 0.15σ) were obtained by group-
ing consecutive small bins, smaller values of J corresponding to coarser data. S = 100
datasets of size n = 1, 000 were simulated. After a single burn-in of length 10,000, a
chain of length M = 2, 000 was built for each dataset to explore the posterior distri-
bution of the spline parameters in the Bayesian CLM. The fitted density f (s) for the
sth dataset corresponds to the MCMC estimate 1

M

∑M
m=1 φ(m) of the posterior mean

of the spline parameters φ. It can be used to derive a point estimate for the mean,
standard deviation and selected quantiles of the unknown density. The boxplot of these
point estimates are given in the first two rows of Figure 1: good performances arise
when J ≥ 8. Interestingly, a larger precision is obtained than with the usual sample
estimators computed independently from the raw (ungrouped) data. The third row of
Figure 1 depicts the grouped data, the target gamma density and the fitted density
for one of the S = 100 simulated datasets for decreasing degrees of coarsening.

FIGURE 1. Rows 1-2: boxplot of the posterior point estimates for the mean, standard de-
viation and selected quantiles for the simulation; the dashed horizontal line indicates the
true value and the ’Raw’ entry gives the usual sample estimates computed from the raw
(ungrouped) data. Row 3: the true density (solid line) and the fitted density (dashed line)
for one of the S = 100 simulated datasets and a given number of wide bins.
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FIGURE 2. Histogram of the grouped data and the corresponding frequentist (dashed line)
and Bayesian (thick solid line) estimates of the latent density. The thin solid lines delimit the
(Bayesian) 90% pointwise credible intervals for the density.

5 Illustration

Consider the following grouped data corresponding concentrations of lead in the air
in New York (Hasselblad et al., 1980):

Lead concentration (in µg/dl)
Wide interval (1,20) (20,30) (30,40) (40,50) (50,60) (60,70)

Freq. yi 79 54 19 1 1 0

We propose to estimate the latent lead concentration density using the above described
strategy. A grid of narrow intervals of width ∆ = 1 on (0.5,70.5) is proposed. The
probability to have a measurement in the jth narrow interval is πj =

∫
bin j

f(y) dy ≈
f(uj)∆ where uj denotes the interval midpoint.
A frequentist estimate of f can be derived from Section 3.1 with λ selected in the
grid {2k : k = 0, . . . , 20} to minimize the BIC. When λ = 4096, this yields the dashed
curve on Figure 2. The Bayesian estimate for the latent density (thick solid line) is
also shown, with the 90% pointwise credible interval computed from a chain of length
M = 50, 000. Unimodality was forced in the Bayesian approach.
Point estimates and 90% credible intervals for the mean, the standard deviation and
two quantiles were also derived:

µY σY Quant. 0.20 Quant. 0.80
Posterior mean 20.3 9.6 11.4 27.8

90% credible intervals (18.6,21.8) (8.3,10.9) (8.8,14.1) (26.0,29.6)

This can be done for any function of the density.
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1 Introduction

Penalized splines (Eilers and Marx, 1996) are a well established method for smoothing
in generalized lineal models, in one or more dimensions. Currie et al. (2006) introduced
a mixed model representation of array regression methods, which gave a fast and
compact methodology for 2-d smoothing when data have an array structure. In this
paper we use the mixed model approach to model overdispersed spatial counts when
data are scattered instead of being in a regular grid.
Suppose we have Normal spatial data, (x1i, x2i, yi) where x1 and x2 are latitude and
longitude and y is the response variable. A smooth model for the data would be given
by:

y = Bθ + ε, ε ∼ N (0, σ2I) (1)

where θ is the vector of coefficients, and B is a regression basis proposed by Eilers et al.
(2006) and defined as the “row-wise” Kronecker product of the individual basis, B =
B2¤B1, where each row of this matrix is the Kronecker product of the corresponding
rows of B2 and B1. The smoothness is imposed via the penalty matrix P , based on
second order difference matrices D:

P = λ2D
′
2D2 ⊗ Ic1 + λ1Ic2 ⊗D′

1D1 (2)

The aim is to set a new basis which allows the representation of (1) and its associated
penalty into a mixed model

y = Xβ + Zα + ε, α ∼ N (0,G), ε ∼ N (0, σ2I) (3)

where G is a diagonal matrix which depends on the smoothing parameters λ1 and
λ2. Following a similar approach to Currie et al. (2006), and using the properties of
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row-wise Kronecker product (Liu, 1999) it is easy to show that

X = [X2¤X1] and Z = [Z2¤X1 : X2¤Z1 : Z2¤Z1] , (4)

where X2 = [1n : x2], X1 = [1n : x1], Z2 = B2U2s and Z1 = B1U1s, where U2s

and U1s correspond to the non-zero eigenvalues of the singular value decomposition
of D′

1D1 and D′
2D2. The estimation of the coefficients follow from standard mixed

model theory:

β̂ = (X ′V −1X)−1X ′V −1y and α̂ = GZ ′V −1(y −Xβ̂), (5)

where V = σ2I + ZGZ ′. Smoothing parameters may be selected by maximizing the
residual log-likelihood (REML). In the generalized linear mixed model (GLMM) case
we use the penalized quasi-likelihood (PQL) of Breslow and Clayton (1993).

2 Modelling Overdispersion

Count data often present extra Poisson variation; this phenomenon is known as overdis-
persion. The most popular approach for analyzing overdispersed spatial count data
takes account of the spatial heterogeneity by a conditional autoregressive (CAR) model
and add individual random effects for overdispersion. We model the spatial variation
by a smooth surface and take two approaches to account for overdispersion: (i) intro-
duce individual random effects and (ii) use of negative binomial distribution. Using
the mixed model representation of P -splines we can estimate efficiently the spatial
effects and overdispersion.

2.1 The PRIDE approach

Perperoglou and Eilers (2005) gave an approach based on penalized likelihood, using
individual random effects which adds extra parameters (γ) to the linear predictor of
a Poisson GLM (with log-link) for each observation.

η = Bθ + γ, γ ∼ N (0, κ−1I)

This model is called PRIDE (“Penalized Random Individual Dispersion Effects”). The
linear predictor can be reparameterized as a mixed model

η = Xβ + Zα + γ, α ∼ N (0, G), γ ∼ N (0, κ−1I)

Using PQL we obtain the following set of equations:



X ′WX X ′WZ X ′W
Z ′WX G−1 + Z ′WZ Z ′W
WX WZ κI + W







β
α
γ


 =




X ′Wy
Z ′Wy
Wy


 , (6)

where y is the working vector, y = η + W−1(y − µ), and W is the diagonal matrix
of weights W = diag(µ) and µ = exp(Xβ + Zα + γ). This yields a weighted linear
Gaussian model with error variance σ2 = 1, the coefficients are estimated as in (5).
Then, conditional on the estimates of the coefficients, we estimate λ1, λ2 and κ.
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2.2 GLMM for Negative Binomial distribution

The negative binomial distribution is derived by letting the mean of the Poisson dis-
tribution vary according to a fixed parameter given by the Gamma distribution. The
marginal distribution of yi is negative binomial with mean µi and variance (µi+µ2

i )/κ,
where κ is a dispersion or shape parameter. The fact that the negative binomial has
two parameters and is not in the exponential family, makes it more difficult to extend
the methodology developed for Poisson data. However, it can be shown that the esti-
mation of fixed and random effects, and variance components is done as in the case of
Poisson data but the matrix of weights is given by

W = κ diag
(

exp(Xβ + Zα)
κ1 + exp(Xβ + Zα)

)

Note that the weights are very similar to the ones in the PRIDE approach, but in
PRIDE model, we can estimate the individual random effect γ.

3 Application to Scottish Lip Cancer data

The data set consists on the observed (o), and expected (e) number of cases of lip
cancer registered in 56 counties in Scotland, together with the proportion of the popu-
lation in each county working in agriculture, forestry or fishing industries (aff). In our
approach, we include latitude (lat) and longitude (lon) of the centroid of each county
as covariates and use a 2-d P -spline in order to account for the spatial variation. The
basic spatial model for these data is:

η = log(µ) = log(e) + aff + f(lat, lon)

where f is estimated by a two-dimensional surface. Three models were fitted to the
data: a Poisson model with spatial trend ignoring overdisperion (as above), and the
two models proposed in the paper. The models were compared in terms of the Akaike
Information Criteria and the Bayesian Information Criteria. The PRIDE model was
chosen by both criteria. A CAR model was also fitted but the effective dimension of
this model was much larger than the model proposed. Figure 1 shows the fitted values
(in the scale of the linear predictor) for the model chosen.

Concluding Remarks

We have presented a new approach to the analysis of spatial count data in the presence
of overdispersion. The spatial variation is accounted for by a 2-d smooth function of the
spatial coordinates, and two methods are proposed to deal with the overdispersion. The
mixed model representation of multidimensional P -splines for scattered data yields a
fully parametric model which can be easily implemented in standard software.
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FIGURE 1. Plot of fitted spatial trend plus individual random effects f(lat, lon) + γ for
PRIDE model
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Abstract: The usage of a valid surrogate in predicting treatment effect can substantially
reduce trial duration and cost. To assess the degree to which the treatment effect occurs
through a surrogate marker, Frangakis and Rubin (2002) proposed to evaluate surrogacy
through the association between potential outcomes of the true endpoint and the principal
strata defined based on potential outcomes of the surrogate marker. In contrast to the Pren-
tice and Freedman criteria, these surrogacy measures always have causal interpretation. We
carry out the evaluation using Bayesian methods in situations when the surrogate marker,
true endpoint and treatment assignment are binary. To address nonidentifiability, we incor-
porate assumptions that are plausible in the surrogate context into prior distributions. These
measures are used to predict the causal treatment effect. We extend the approach to multiple
trial settings using hierarchical modelling.
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1 Introduction

Surrogate markers (S) in randomized clinical trials are often intermediate physical or
laboratory indicators in a disease progression process that can be measured earlier
than the true endpoint (T). When T is rare, later-occurring or costly to obtain, the
usage of a valid surrogate in extracting information on the treatment (Z) effect on T
can substantially reduce trial duration and size, lower the expense and lead to earlier
decision making. Examples of potential surrogate markers include CD4 counts and vi-
ral load for HIV infection, blood pressure and serum cholesterol level for cardiovascular
disease and prostate-specific antigen for prostate cancer.
Prentice (1998) proposed a formal definition of perfect surrogacy that requires the
changes in S fully capture the effect of the treatment on T. Less stringent measures
for surrogacy using the proportion of the treatment effect explained by S have been
proposed by Freedman (1992). These surrogacy measures and the prediction of the
treatment effect on T using S often utilize models for the distribution of T |S,Z. How-
ever, since S is a post-treatment variable, the measures and the predicted treatment
effect do not have the causal interpretation defined by counterfactual models.
An alternative approach is to measure surrogacy in a causal inference framework. The
general idea of causal inference hypothesizes the setting wherein each individual has
two potential outcomes, corresponding to the two possible treatment regimes (e.g.,
Z = 1 for treatment and Z = 0 for placebo). In reality, we only observe one of the
outcomes since either the treatment or placebo (not both) is assigned to a patient. The
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TABLE 1. Surrogacy Measures: Probabilities from Counterfactual Models.

Potential Outcomes (T (0), T (1))
Principal Stratum (s(0), s(1)) (0, 0) (0, 1) (1, 1)

1 (0, 0) p11 p12 p13

2 (0, 1) p21 p22 p23

3 (1, 1) p31 p32 p33

causal treatment effect would be the comparison between these two potential outcomes
for the same set of the individuals. The framework has been used to model noncompli-
ance. An effective surrogate occurs along the causal pathway between the treatment
and the true endpoint. To evaluate the degree to which the effect of treatment on T
occurs only if the treatment has affected S, Frangakis and Rubin (2002) proposed to
measure surrogacy of S through the association between the potential outcomes of T
and the principal strata defined by potential outcomes of S. This approach has been
investigated by Taylor et al (2005) to study the causal interpretation of the Freed-
man’s criteria. When both S and T are binary, the potential outcomes for S and T are
denoted by (S(Z) = 0, 1) and (T (Z) = 0, 1) with respect to Z. Table 1 displays the
probabilities as surrogacy measures associated with the cross-tabulations of principal
strata and potential outcomes. They partition the population into 9 groups. In contrast
to the Prentice and Freedman criteria, these surrogacy measures and the causal effect
within each stratum always have a causal interpretation because the comparisons of
the potential outcomes are made on the same set of subjects. As far as we know, no
literature has provided practical implementation of the evaluation and applied to the
real data. In this paper, first, we use Bayesian methods to carry out estimation in
a single trial setting and then prediction of the treatment effect using S. We further
extend the methods to a multiple-trial setting. The methods are applied to the data
from the collaborative initial glaucoma treatment study (CIGTS).

2 Bayesian Estimation

Since we only observe one of the potential outcomes, the counterfactual model contains
more parameters than the number of independent observations, some assumptions
are required for the model to be identifiable. We first exclude the values (S(0) =
1, S(1) = 0) and (T (0) = 1, T (1) = 0) because when the treatment is effective, neither
are scientifically sensible. Based on the biological mechanism, we believe that the
values of the potential outcomes (S(0),S(1)) of a potential good surrogate are more
likely to agree with those of (T(0), T(1)). Thus, in terms of the probabilities in Table
1, p11 > p12 > p13, p22 > p21, p23, and p33 > p32 > p31. Via prior distributions,
we encourage the ordering restriction of these probability parameters. We treat the
unobserved potential outcomes as missing data and estimate them via imputation.
Multinomial distributions with Dirichlet priors are assumed for the complete data.
The approach extends naturally to multiple trials. Prediction of the causal treatment
effect using S when T is partially observed can be obtained using these estimated
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probabilities and integrating over all possible unobserved potential outcomes of S.

3 Application to the Glaucoma data

The methods are illustrated using the data from CIGTS study. It is a randomized
multi-center trial conducted to compare the effects of two treatments, surgery (Z = 1)
and medicine (Z = 0), on reducing the intraocular pressure among glaucoma patients.
Glaucoma is a leading cause for blindness and the intraocular pressure (IOP) is a
major risk factor. The true endpoint is the IOP measurement at the 96th month and
we use the IOP measure at the 12th month as the surrogate marker. Both S and T
are defined as 1 if the IOP values are less than 17.5mmHg and as 0 if otherwise.

4 Results and Discussion

We combine all the glaucoma data where both S and T are observed to illustrate
our methods and the data summary is in Table 2. The probabilities from Table 1
are estimated and summarized in Table 3. All probabilities are quantities of interest
and help interpret how the treatment affects the surrogate and the true endpoint and
their relationships. For example, p22 is defined as the associative effect because the
effect on T is accompanied by the change on S; conversely, p12 and p32 are dissociative
effects. The ratio p22/(p12 + p22 + p32) measures the extent of causal treatment effect
explained by the surrogate and is estimated as 0.29 with its 95% credible interval (CI)
(0.11, 0.52). These measures are used to predict the causal treatment effect from the
surrogate. We conduct sensitivity analysis to examine the impact of the prior assump-
tions. Due to non-identifiability, we are unable to identify the causal parameters using
maximum likelihood, but Bayesian approach incorporating prior belief allows us to
obtain relatively narrower ranges of posterior distributions. However, even with the
incorporation of the prior knowledge, the posterior distributions of some estimates
obtained in a single trial setting are still relatively flat and not informative about the
relative likelihood of values within the ranges. When multiple trials are available, with
the hierarchical modelling approach, we make distributional assumptions and allow
the sharing of information on the properties of the surrogate across trials, much more
precise and informative inferences are obtained with even less informative prior pa-
rameters. In practice, we collect data in a scientific context and with a considerable
amount of a priori knowledge. This research explores the possibility of utilizing bio-
logical assumptions in the surrogate context to increase the precision of the estimated
causal parameters.



Y. Li et al. 403

TABLE 2. Number of Patients and Observed Proportions by Treatment Groups and IOP
Values at the 12th and 96th Months from the Glaucoma Data.

T
S 0 1

Z = 0 0 71(56.3%) 16(12.7%)
1 32(25.4%) 7(5.6%)

Z = 1 0 24(23.5%) 21(20.6%)
1 14(13.7%) 43(42.2%)

TABLE 3. Summary Statistics for Probabilities Defined by Principal Strata and Potential
Outcomes based on their Posterior Distributions for the Glaucoma data.

Mean 95%CI Mean 95%CI Mean 95%CI
p11 0.24 (0.16, 0.32) p12 0.14 (0.056, 0.23) p13 0.065 (0.0098, 0.13)
p21 0.061 (0.0096, 0.14) p22 0.12 (0.040, 0.23) p23 0.061 (0.011, 0.13)
p31 0.075 (0.012, 0.15) p32 0.16 (0.072, 0.25) p33 0.073 (0.037, 0.12)
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Abstract: Kaplan-Meier analysis of a large breast cancer dataset is carried out under all-
cause and cause-specific survival. The results are compared with a variety of model-based
analyses, including Cox’s Proportional Hazard (PH) model and its Gamma frailty variants,
along with the non-PH Generalised Time-Dependent Logistic Model (GTDL) and its Gamma
frailty variants.
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1 Introduction

Coleman (1999) reported that North Staffordshire Local Health Authority (LHA) was
ranked last of 99 LHAs in England & Wales with respect to breast cancer survival. His
report was based on a relative survival approach which did not take account of case-mix
factors and he analysed incident cases diagnosed between 1991-1993. We re-analyse an
augmented dataset from the West Midlands of England, including North Staffordshire,
by more traditional methods and report on the resulting case-mix adjusted league
table.
The population data analysed comprise 15,516 incident cases of cancer of the female
breast diagnosed in the West Midlands, UK, between 1991-1995 and followed-up to
the end of 2001. Survival time is defined as the time in years from diagnosis to death
or censoring. Both cause-specific and all-cause definitions are used. The cause-specific
definition refers to deaths in which breast cancer is registered as the primary cause -
other outcomes being regarded as censored (at their time of occurrence). In contrast
the all-cause refers to death from all causes including breast cancer.

2 Model Definitions

We consider several models of increasing complexity; the proportional hazard (PH)
model of Cox (1972), the Gamma frailty variant (Hougaard, 1994), the Generalised
Time-Dependent Logistic Model (MacKenzie 1996, 1997) and the Gamma frailty vari-
ant discussed by Blagojevic, MacKenzie & Ha (2003). The models are defined in order
by:

λ(t|x) = λ0(t)exp(xβ)
λ(t|u, x) = uλ0(t)exp(xβ) (1)
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λ(t|u, x, z) = λ0(t)exp(xβ + zu)
λ(t|x) = λp(t|x)

λ(t|u, x) = uλp(t|x)

where λ0(·) is an unspecified baseline hazard function, β is a p× 1 vector of regression
parameters associated with fixed covariates,x and U ∼ Gamma with E(U) = 1 and
V (U) = σ2. Because some of the covariates studied do not obey the PH assumption we
also adopted the non-PH GTDL model with p(ti|xi)=exp(tiα+x′iβ)/1+exp(tiα+x′iβ)
for i = 1, . . . , n subjects. In the third model, u is a q×1 vector of coefficients associated
with the q Health Authorities entered as random covariates (z).

3 Results

Below we report the major findings from the PH model with which the Epidemiologists
involved in the study are most familiar. Further results from the more sophisticated
models will be presented in the poster.
The data were obtained from the West Midlands Cancer Intelligence Unit (the Cancer
registry) in Birmingham, UK. There are 10 major covariates of interest including:
age, diagnosis basis, stage, grade, morphology, whether or not the cancer was screen-
detected, Townsend score (a measure of deprivation), year of diagnosis, Local Health
Authority (14 including one unknown category) and treatment. All covariates were
categorical.
Figure 1 shows the overall KM survival rates, the upper curve refers to cause-specific
survival (mean = 8.33 years) and the lower curve to all-cause survival (mean = 7.43
years), so that (typically) all-cause mortality is higher, leading to shorter survival.
From the KM analysis, using LHA as a factor, we were able, somewhat surprisingly,
to produce a result analogous to Coleman’s in this extended data set, which had more
cases recruited and a longer follow-up period. North Staffordshire was again bottom
of the league - this time the West Midland’s league. As with Coleman’s analysis, no
covariates were used at this stage.
In the Cox analysis, all ten of the covariates were statistically significant. The major
factors influencing survival were stage treatment, grade, age and tumour morphology.
We addressed the underlying variable selection issue by generating 100 bootstrap sam-
ples from the original data and re-fitting the model using a variety of stepwise algo-
rithms and cut-off points including different values of t = β̂/se(β̂) and various Odds
Ratios. The stability of variable selection was re-assuringly good in the cause-specific
analysis. Based on the bootstrap analysis, we elected to adjust the LHA rates for the
remaining 9 covariates.
Table 1 shows the resulting 5-year survival league tables for all-cause (unadjusted
and adjusted,). There is wide variation between the unadjusted and adjusted ranking
results. However these findings should be interpreted cautiously as: (a) the quantitative
differences are small and (b) when North Staffordshire is regarded as the reference
category in the regression analysis only Coventry and Birmingham have significantly
better survival.
Thus we see that Coleman’s claim - that North Staffordshire is at the bottom of
the League is not quite justified when key case-mix factors are taken into account.
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FIGURE 1. KM Breast Cancer Survival: cause specific=upper curve, all cause=lower curve

TABLE 1. All-cause 5-year Survival League tables

LHA ŜKM (t = 5) LHA Ŝ∗PH(t = 5|x̄) LHA Ŝ∗∗PH(t = 5|x̄)

Solihull 0.71 Unkn 0.783 Unkn 0.779
Worcester 0.68 Birm 0.763 Cov 0.765
Hereford 0.68 Her 0.753 Birm 0.762
Shropshire 0.68 Cov 0.752 Her 0.752
Warwick 0.68 War 0.732 War 0.735
Wolver 0.67 Sand 0.727 Wolv 0.735
Coventry 0.67 Shrop 0.727 Shrop 0.723
SStaff 0.65 Sol 0.727 Sand 0.722
Walsall 0.65 Wolv 0.722 Dud 0.720
Unknown 0.65 Worc 0.716 Sol 0.717
Birm 0.65 Dud 0.706 Wal 0.714
Dudley 0.65 Wal 0.706 NStaff 0.711
Sandwell 0.63 NStaff 0.696 Worc 0.711
NStaff 0.58 SStaff 0.686 SStaff 0.689

* Ŝ∗∗PH(t = 5|x̄) is the stratified Cox model employing a separate baseline hazard function

for each Health Authority and x̄ is the West Midlands mean.

However, clearly, breast cancer survival in North Staffordshire was not optimal over
the study period.
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4 Discussion

This is a large study and we have only just begun to scratch the surface. The prelim-
inary findings suggest that covariate adjustment is required for valid interpretation.
However, here, the PH model is merely an approximation to the truth since in the
course of the analysis we found that several important covariates did not obey the
PH assumption. There is some evidence of Gaussian frailty, but not much evidence of
gamma frailty. Fitting frailty models in R is a slow process and the standard errors of
the frailty variance are not produced in standard R output.In the poster we shall com-
pare the findings obtained by fitting the non-PH models, discuss the value of frailty
in this context and comment on the process of obtaining adjusted survival curves.
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dariedade Social, Lisboa
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Abstract: The aim of this work is to analyse household deprivation in Portugal during the
second half of the 1990s. The concept of household deprivation is based on the multidimen-
sional aspects of well-being and as such, from the European Community Household Panel data,
we make a previous selection of deprivation categorical indicators clustered in the following
well-being dimensions: housing, durable goods, economic strain and social relationships. In
a first stage, we adopt a Bayesian latent class model (LCM) for each dimension in order
to identify groups with a differential degree of deprivation and each household’s deprivation
profile. From a generation of values for the corresponding four latent variables for the sample
households, we then apply a new latent class model with the purpose of obtaining an esti-
mated risk of overall deprivation and the most vulnerable dimensions of household’s living
standard. The analyses of the several LCM are carried out via Markov Chain Monte Carlo
methods.

Keywords: Deprivation; Latent Class Model; Bayesian methods; Label-switching.

1 Introduction

In the framework of the new European Social Agenda, social inclusion policies are
essential to prevent and combat the multiple facets of poverty. The success of the
renewed European strategy requires an improved and more up-to-date knowledge of
living conditions. In Portugal, the research on poverty measurement has been limited
when compared with other areas of sociology and economy. Although poverty is often
referred to as being a multidimensional phenomenon, the most common approach
focuses on the monetary dimension of poverty, and so poverty has been assessed using
income-based measures. However, using income as a proxy for analysing household’s
well-being may misrepresent what is actually available to a household for the purpose
of meeting its needs. The approach followed in this article focuses exactly on including
multidimensional measures into poverty measurement, providing a contribution to an
innovative analysis of poverty in Portugal. Following Townsend (1979) we use a relative
deprivation concept focused on the household’s lack of needs (material and immaterial)
that results from a lack of their resources, i.e., the available resources are below the
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minimum acceptable standards of living which are defined in relation to social norms
or expectations.
Information on household deprivation is based on national data from the European
Community Household Panel (ECHP) carried out by the Portuguese National Statis-
tical Institute. The ECHP is a harmonised longitudinal survey focusing on income,
social conditions and lifestyle (Eurostat, 2003). It was implemented in every European
Union Member State under Eurostat co-ordination and nowadays provides the official
data to analyse poverty. In this first approach to the problem we make a static analy-
sis of deprivation by examining the second and eighth waves (that correspond to the
years of 1995 and 2001). This micro data set contains information on living conditions
where the main unit of observation is the household (4614 households).

2 Methodology of analysis

The multiple dimensions of well-being identified in the data justify a methodology
based on a few steps to analyse household’s deprivation. The starting point was to
select a set of deprivation categorical indicators from the ECHP data, which are clus-
tered into the following dimensions of well-being: housing, durable goods, economic
strain and social relationships. In this point, it is important to select the indicators of
well-being that reflect the household’s vulnerability in the society where they live; to
use the same unit of observation (household) for all variables and to pick up the sample
units provided with full information; to make sure that all indicators are categorized;
and to conduct an appropriate descriptive analysis of the variables.
The second step consisted of making a separate analysis by well-being dimensions
in order to construct a composite deprivation indicator for each dimension. To this
purpose, we considered a latent class model that describes the association among
the manifest variables through a conditional independence structure on an augmented
contingency table with a categorical latent variable (see, e.g., Bartholomew and Knott,
1999; Paulino and Singer, 2006). This latent variable intends to identify a deprivation
indicator for each well-being dimension represented by the observed variables of the
corresponding table. This analysis allowed us to obtain an estimated risk of deprivation
(i.e. the probability of the most deprived class) and identify household’s profiles with
a greater or lesser deprivation per dimension.
At last, the third step provided an overall approach to the deprivation problem by
bringing together the partial outcomes of the previous step. This is achieved by ap-
plying a latent class model to ”data” formed from the values for the latent variables
associated with the four dimensions that are generated by a sensible criterion from
the estimated conditional probabilities of the latent classes given every household’s
observed profile. This analysis allowed us to create an indicator of overall deprivation
relied upon three levels, non-deprived, partly deprived and fully deprived, as well as
to identify the most vulnerable dimensions of household’s living standard.
The underlying statistical model on which the LCM structure is imposed is a multi-
nomial model. In contrast to most analyses of the deprivation problem (e.g., Moisio,
2005; Pérez-Mayo, 2005), Bayesian methods were used for drawing inferences about
the parameters of interest, due to parametric complexity of the model. Given that
information on the LCM parameters elicitable from experts in the area of application
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was not clear-cut enough, we used a non-informative Dirichlet prior distribution for
them (Paulino et al., 2003). The analysis of the model proceeded via Markov Chain
Monte Carlo (MCMC) methods.
Due to the size of the observed data sets and the need of achieving interpretability
criteria, we opted by an analytical scheme based on specifying a fixed number of latent
classes (K). The models for several values of K were compared in terms of goodness
of fit, complexity and predictive ability measured by DIC, BIC and Pseudo-Bayes fac-
tors. Examination of the results obtained by these criteria, together with the ease of
interpretation of the latent classes, allowed us to select one of them. One of the main
challenges in LCM applications is the nonidentifiability related to the invariance of
the likelihood under relabelling of the model parameters - the so-called label switch-
ing problem (Stephens, 2000; Jasra et al., 2005). To overcome this problem, after a
judicious choice of the observed variables in the first step, we applied either simple in-
equality constraints on the parameter space to remove the symmetry in the likelihood
or a relabelling algorithm (Kullback-Leibler algorithm) proposed by Stephens (2000).

3 Brief Conclusions

This approach identified four classes for the deprivation latent indicator on housing and
economic strain dimensions, and three classes for the deprivation indicator on durable
goods and social relationship dimensions. Overall, we found three relevant classes for
the analysis of global deprivation. It is also interesting to note that we achieved a sharp
distinction among the situations of non-deprived, partly deprived and fully deprived
in all applications of Latent Class modelling. Due to space limitations we only present
some primary outcomes in terms of posterior point estimates.
Over the period analysed, the posterior mean of overall deprivation risk decreased
substantially. The third step of the applied methodology showed that the estimated risk
of deprivation decreased from 27% (1995) to 13% (2001). The intermediate situation
of partial deprivation for both years encompassed half of the households in posterior
belief terms, and hence the posterior estimate of the non-deprived class probability
was higher in 2001 (39%) when compared to 26% in 1995.
With reference to analyses per dimension, the estimated risk of deprivation for both
years is higher for the economic strain dimension, even though it had strongly decreased
from 1995 (47%) to 2001 (30%). Although the posterior estimate of the deprivation
risk in social relations appeared to be nearly constant, this is the second dimension
in which it is higher. The probability of the most deprived class was estimated a
posteriori to be around 12%. In turn, the posterior mean of deprivation risk in durable
goods decreased largely over the period of analysis (18% to 9%). Regarding housing
dimension, the corresponding deprivation risk estimate was 8% (2001) and 10% (1995).
At last, it is worth mentioning that this static analysis deserves to be supplemented
with a longitudinal analysis of the data for the available waves. This study on the
dynamic evolution of the deprivation in Portugal is currently in progress.
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Abstract: We revisit the crossing hazards problem in survival analysis and compare the
use of Cox’s semi-parametric model with a parametric non-PH model from the generalised
time-dependent logistic family(GTDL). A set of gastric cancer data is analysed and a GTDL
gamma-frailty model is shown to explain the observed data well. The role of heterogeneity in
the crossing hazards problem is discussed.
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1 Introduction

Despite the ubiquity of Cox’s proportional hazards (PH) model it is being realised in-
creasingly that not all survival data obey the PH assumption. In multi-factor studies
the effect of one or more covariates may be noticeably non-PH. A clear signal is that
of crossing hazards. A classical example is the well-known data set of the Gastroin-
testinal Tumor Study Group (GTSG)(1982), reporting the effects of chemotherapy
and combined chemotherapy and radiotherapy on the survival times of gastric cancer
patients (Figure 1). The question then arises as to how best to model these effects.
Sometimes, in practice, non-PH covariates are ignored and they are analysed as being
PH in a larger model, but the optimality of this expediency is unclear.
An alternative approach is to adopt a model which can cope with non-PH and PH ef-
fects. The Generalised Time-Dependent Logistic family of survival models contains two
non-PH parametric models which are potential competitors for Cox’s model, namely,
the GTDL model (MacKenzie, 1996) and the logistic accelerated life model, the LAL
(Al-tawarah & MacKenzie, 2003). Recently, the family has been extended to incor-
porate frailty (Blagojevic, MacKenzie & Ha, 2003) and to more general multivariate
forms (Blagojevic & MacKenzie, 2007).
In relation to tests and models developed specifically for crossing hazards situations
per se we refer the reader to Stablein & Koutrouvelis (1985), Aalen(1994), Hseish
(2001) and Bagdonavicius et al (2005).

2 Models & Interpretations

Here we take a rather simpler approach when comparing some PH and non-PH models
in the GTDL family in the analysis of crossing hazards data. In particular, we consider
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fitting the following set of models to the gastric cancer data:

λ(t|x) = λ0(t)exp(xβ) (1)
λ(t|u, x) = uλ0(t)exp(xβ) (2)

λ(t|x) = λp(t|x) (3)
λ(t|u, x) = uλp(t|x) (4)

where λ0(·) is an unspecified baseline hazard function, β is a p× 1 vector of regression
parameters associated with fixed covariates, x, λ > 0 is a scalar, U ∼ Gamma with
E(U) = 1, V (U) = σ2 and p(t|x) = exp(tα + x′β)/1 + exp(tα + x′β).

2.1 Interpreting λ0(t)

Consider the two group case with a single binary covariate, x. First we note that in the
PH model (1), λ0(t) emerges when x = 0, as the baseline hazard function. However,
it also emerges when β = 0, whence there is no PH regression. Then the subscript
’0’ is redundant and λ0(t) should be denoted λ(t), since the hazard is now arbitrary.
When β 6= 0 we may proceed to estimate λ0(t), eg, via Breslow’s method, and compare
the resulting (marginal) survival function with the KM estimator as a check on the
goodness of fit of the model. However, when we are dealing with one covariate indexing
two-groups, the comparison with KM is not available when β = 0.
By contrast, the interpretation of parametric models is much clearer, as when x = 0
or β = 0 the hazard typically reduces to a specific function of time eg, λ exp(tα)/(1 +
exp(tα)) in model (3) above, and the corresponding parametric survival function can
always be tested against the KM estimator as a check on fit.

ss

FIGURE 1. KM Survival Functions in Treatment Groups

3 Results

We re-analysed the survival times of the 90 patients with gastric cancer. Figure 1
shows the KM survival functions in the chemotherapy and combined therapy groups.
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TABLE 1. Models fitted and their marginal mles & (s.e.)

Model α̂0 α̂1 β̂0 β̂1 σ̂2 ˆ̀

Cox - - - -0.106 - -307.47
- - - (0.223) -

Cox GF - - - -1.146 1.717 -306.50
- - - (0.675) (1.024)

GTDL -0.832 -0.094 1.494 -1.380 - -132.55
(0.242) (0.192) (0.666) (0.822) -

GTDL GF -0.789 3.499 2.380 -4.612 0.400 -127.89
(0.326) (1.408) ( 1.413) (1.676) (0.176)

The crossing survival functions are a clear sign of non-proportionality and survival is
lower in patients receiving combined therapy for the first three years and thereafter it
is better. We fitted the sequence of models (1)-(4) presented above using (marginal)
maximum likelihood estimation and the results are shown in Table 1. As expected
the PH model cannot cope with this situation - the log-rank test is non-significant
- as indicated by β̂1 /se(̂β1). On the other hand, the generalised Wilcoxon statistic
is (χ2 = 3.96,df = 1,p < 0.05). In a two group comparison with no explanatory
covariates we should examine the role of heterogeneity, via frailty. Here again the
semi-parametric PH model is uninformative. The GTDL model with separate time
parameters for each group (α0 & α1) is equally unhelpful, but when the GTDL model is
extended to Gamma frailty, all of the resulting parameters are statistically significant,
suggesting that the GTDL frailty model provides a satisfactory explanation of the
data. The resulting fit, confirming this, is shown in Figure 2, while Figure 3 shows
where the fitted GTDL-GF model survivor functions cross.

4 Discussion

The use of parametric models is convenient when dealing with crossing hazards data.
It is natural, in these circumstances, to consider a non-PH family such as the GTDL.
It might be have been thought that the use of separate time parameters, which is
always a viable strategy with parametric models, would have been sufficient to capture
the structure of the data. However, our analysis shows clearly the important role of
heterogeneity modelled via the Gamma distribution.
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FIGURE 2. KM Survival & Fitted GTDL Gamma Frailty Model

ss

FIGURE 3. GTDL-GF Survival - Fitted GTDL Gamma Frailty Model
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Abstract: We present a Bayesian disability adjusted life year (DALY) methodology for spa-
tial analysis of disease and/or injury burden. A Bayesian disease mapping model framework,
which blends together multivariate spatial modelling, shared-component modelling, and eco-
logical modelling with errors-in-covariates, is developed for small area DALY estimation and
inference. In particular, we develop a model framework that enables shared-component mod-
elling as well as multivariate CAR modelling of non-fatal and fatal disease or injury rates and
associated risk factors. Fully Bayesian estimation and inference, with Markov chain Monte
Carlo implementation, will be illustrated. We present a methodological framework within
which the DALY and the Bayesian disease mapping methodologies interface and intersect.
Its development brings the relative importance of premature mortality and disability into the
assessment of community health and health needs in order to provide reliable information and
evidence for community-based public health surveillance and evaluation, disease and injury
prevention, and resource provision. The methods are motivated and illustrated using road
traffic accident injury data from 1991 to 2000 in British Columbia, Canada.

Keywords: Bayesian disease mapping; Multivariate CAR; Shared-component model; Eco-
logical regression with errors-in-covariates, Disability-adjusted life years.

1 Disability adjusted life year methodology

The disability adjusted life year (DALY) methodology (commonly known as burden
of disease methodology) was initially developed, through a World Bank and World
Health Organization collaboration, to provide information to support global health
policy and priority setting. The methodological framework has been explored and
debated for its potential to inform and facilitate health-sector planning. In particular,
relevant literature explored DALY’s potential as a population health indicator for
public health assessment and as a ‘currency’ for cost-effectiveness analysis in order
to set priority for health interventions. A key element of a burden of disease study is
the estimation and assessment of DALYs, quantified by the sum of years of life lost
to premature mortality (YLLs) and years of life lost to disability (YLDs): DALYs
= YLLs + YLDs. The hallmark of the DALY methodology is a single measure of
disease or injury burden designed to capture the impact of both premature death and
disability. The methodological development, showcased in a comprehensive publication
of the Global Burden of Disease and Injury Series (Murray and Lopez, 1996), marked
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a new transition to population health and health needs measures that reflect both the
quantity and quality of life.
Specifically, the basic DALY framework allows the combined impact of mortality and
morbidity to be incorporated and assessed simultaneously, in order to provide infor-
mation and evidence for population health and health care management. The method-
ology is based on analysis of incidence- or prevalence-based epidemiological data and
assessment of disease-based health-related quality of life, with a set of disability weights
being developed using expert assessment (a person trade-off method) for disease and
injury conditions. In the case of incidence-based DALY estimation, a set of duration of
disability estimates can be derived within the DALY framework presented in Murray
and Lopez(1996). The Global Burden of Disease and Injury Study also incorporates
the following key social preferences or values into the development of the indicator: (1)
the use of gender specific ‘standard’ expected years of life lost, derived from the life
expectancy at birth of 82.5 years for women, and 80 years for men, the highest national
life expectancies, those of the Japanese; (2) the use of age-weighting Cxe−βx, where
x denotes age and C and β are parameters indicating relative importance of healthy
life at different ages (or age groups); and (3) the use of time preference, discounting
health gains in the future at an annual rate of , say, 3% (commonly used in DALY
studies).
Since the age-weighting and future health discounting are two controversial value
choices that are seen considerable debates in the DALY literature, in this study and
without loss of generality we illustrate the methodology assuming 3% discounting rate
but no age-weighting. Let Uij and Vij represent the numbers of fatal and non-fatal
cases for a particular disease or injury to an age- and gender-specific population, where
i indexes age or age group and j indexes region; let Wi be the corresponding disability
weight, Di the duration of disability, Li the standard life expectancy at a particular age
or age group, Nij the ‘at risk’ population, and r the discount rate. One derives the sim-
plified version (Murray and Lopez, 1996) of DALYsij : DALYsij = YLLsij + YLDsij ,
where YLLsij = Uij(1 − exp(−rLi))/r and YLDsij = VijWi(1 − exp(−rDi))/r, with
YLLsij/Nij , YLDsij/Nij , and DALYsij/Nij being the corresponding YLLs, YLDs and
DALYs per capita.

2 Bayesian DALYs

In this study, we bring DALYs into the context of spatiotemporal disease and injury
surveillance and develop Bayesian DALY measures for small area burden of disease
and injury analysis and mapping. To facilitate joint modelling of non-fatal and fatal
disease or injury outcomes for small-area DALY estimation and inference, we utilize
the current state-of-the-art for the disease mapping methodology to build a consid-
erably rich Bayesian hierarchical model framework that enables ‘borrowing strength’,
accommodate shared latent risks, quantify cross-component correlation and observed
covariate effects, and account for overdispersion, spatial correlation, and measurement
errors. We develop a Bayesian DALY methodology that makes it possible to smooth,
describe and draw inference on small area burden of disease or injury. A Bayesian
DALY analysis will be presented using road traffic accident injury fatal and nonfatal
data from 1991 to 2000 in 84 local health areas in British Columbia (BC), Canada.
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In particular, the main feature of the Bayesian DALY methodology is that it incorpo-
rates DALY estimation into the statistical modelling of the observed epidemiological
data in order to facilitate exploration of spatial clustering of DALYs, to quantify DALY
uncertainty, and to offer DALY inference. Estimation of the YLLs, YLDs, and DALYs,
at the provincial and the local areal levels, requires the input of adequate epidemiologi-
cal statistics quantifying area-, age-, gender-, time-, and type-specific rates of non-fatal
and fatal outcomes. We develop a Bayesian DALY framework within which estimation
of YLLs, YLDs, and DALYs becomes part of the analysis of spatial and spatiotemporal
non-fatal and fatal disease or injury rates, with convergence monitoring and posterior
sample inference on the YLLs, YLDs, and DALYs.

2.1 Spatial models for DALYs: Shared component models

Taking the main ideas from Held and Best (2001), we introduce the following shared
component formulation, with Poisson likelihood, for joint spatial modelling of the non-
fatal and fatal injury outcomes:

log(µ1j |b) = log(n1j) + a1 + b0jγ + b1j , (1)

log(µ2j |b) = log(n2j) + a2 + b0j/γ + b2j , (2)

where µij |b is the expectation of Yij conditioning on the random effects b =
(b>0 , b>1 , b>2 )>; ai is the intercept with respect to non-fatal (i = 1) and fatal (i = 2)
outcomes; mi = exp(ai) is the corresponding global mean rate; b0 = (b01, b02, ..., b0J)>

is a random effects ensemble representing shared effects/component common to both
non-fatal and fatal outcomes; bi = (bi1, bi2, ..., biJ)> is a random effects ensemble that
only has relevance to the non-fatal (i = 1) or fatal (i = 2) outcome risk; γ > 0 is an
unknown scale parameter allowing for different ‘risk gradients’ for non-fatal and fatal
outcomes respectively.
The primary motivation for the model formulation (1)+(2) is that for a specific type
of injury such as road traffic accident, the non-fatal and fatal outcomes often share
similar risk factor(s). The method also enables us to examine and discover similarities
and dissimilarities in the geographical distributions of the non-fatal and fatal outcome
risks. In addition, the shared component modelling facilitates ‘borrowing strength’
between the two rates. This has particular appeal and can potentially improve YLLs
(and therefore DALY) estimation and inference, for to most injuries fatal outcome
rates are often much smaller and have higher chance variation in comparison with the
corresponding non-fatal rates. Note also that the model can be readily extended to
jointly model non-fatal and fatal outcomes of multiple diseases and injury categories,
the associated covariates effects, and to model data under Binomial likelihood (say, for
non-rare disease or health outcomes). Modifications to the model formulation (1)+(2)
and spatial prior formulations for the random effects bs will be presented and discussed.

2.2 Spatial models for DALYs: Bivariate CAR models

As an alternative, joint modelling of the non-fatal and fatal rates, as well as multivari-
ate disease or injury outcomes, may be carried out via bivariate (or multivariate) CAR
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modelling that models responses correlation and enables ‘borrowing strength’. In par-
ticular, recently developed multivariate CAR models (MacNab, 2007, and references
within), which enable us to account for and estimate cross-component correlation, can
be considered. For example, for a predefined spatial/neighborhood configurations of
the areal units (say, area adjacency), the following bivariate model may be considered
for bivariate modelling of the non-fatal and fatal injury outcomes:

log(µij |b) = log(nij) + ai + bij , i = 1, 2 (3)

with the second-level prior
b ∼ MVN(0,Ωb), (4)

where b = (b>1 , ..., b>J )>, bj = (b1j , b2j)>. In this study, we present a MCAR analysis
for the following MCAR formulations (MacNab, 2007):

Ωb = (L− λW )⊗ Γ; (5)

Ωb = (M − αW )⊗ Γ; (6)

Ωb = M ⊗ Γ−W ⊗ ΓRΓ; (7)

where λ ∈ (0, 1), α ∈ (0, 1), αi ∈ (0, 1), i = 1, 2, L = diag(1 − λ + λm1, ..., 1 − λ +
λmJ ), M = diag(m1, ..., mJ), R = diag(α1, α2); I2 is an identity matrix of dimension
2; Γ is a unstructured 2 by 2 symmetric positive definite matrix; W is a J by J
(neighbourhood) matrix with elements wll = 0 and wlm = 1 when the lth and mth
regions are neighbours and zero otherwise. Extension to multiple disease or injury
outcomes is straightforward and will be presented and discussed.

2.3 Separate modelling of spatial rates

It is worth noting that assuming the following second-level prior for model (3) enables
separate modelling of the non-fatal and fatal rates:

bi ∼ MVN(0, Ωbi), i = 1, 2, b1 ⊥ b2 (8)

where bi = (bi1, ..., biJ)>, i = 1, 2. Spatial or non-spatial (IID) priors may be considered
for b1 and b2 respectively.

2.4 Ecological regression with errors in covariates

Epidemiological investigations in which associations between disease occurrence and
potential risk factors are studied over aggregated groups (e.g. areas) have gained in-
creased popularity and recognition in recent years. This is mainly due to the recent
developments of Bayesian statistical methodologies that enable us to explore and ad-
dress important issues such as risk estimation, unmeasured confounding, spatial de-
pendence, measurement errors, and ecological bias. In this study, we will illustrate
how DALYs may be attributed to shared risks and shared risk factors via ecological
regression analysis. One potential utility of the resulting DALY investigation, for ex-
ample, is the evaluation of DALYs that attributable to regional characteristics and
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identification of regions to which injury prevention resources may be directed to re-
duce DALYs. To this end, the aforementioned spatial models were extended to include
covariates. Ecological models with errors-in-covariates were developed such that attri-
bution of regional characteristics to DALY variations and changes may be explored
and evaluated taking into consideration potential influence of measurement errors on
risk attribution.
In particular, our study has identified five ecological covariates (educational attain-
ment, neighbourhood socio-economic status, seatbelt violations, speeding charges, and
recent immigrants) that were associated with the road traffic accident(RTA) injury
rates to boys and girls aged 15 to 24 in British Columbia, Canada; and these regional
characteristics explained the majority of spatial and regional RTA rate variations. A
Bayesian hierarchical model framework with Binomial and Poisson measurement er-
ror submodels and spatial and non-spatial submodel priors have been developed for
regional variables of proportions and rare events.

3 Illustration and Discussion

To illustrate spatial DALY estimation and inference, we present a 10-year aggregated
regional analysis of non-fatal and fatal RTA occurrences to boys and girls aged 15-24
in BC’s 84 local health areas. Full Bayesian analyses were carried using WinBUGS.
Model assessment and selection were carefully carried out by comparing the DIC,
deviance, and the effective number of parameters for the fitted models. We also as-
sessed goodness-of-fit and model adequacy by visual inspection of the Bayesian cross-
validation residual plots.
Recent developments of the Bayesian disease mapping methodology, the DALY frame-
work, and geographic information system (GIS) technology present opportunities to
develop model- and GIS-based spatiotemporal disease and injury surveillance systems
for public health monitoring and evidence-based priority setting and health planning.
As exemplified herein, the Bayesian DALY analysis and mapping facilitate exploration
of patterns of DALYs, quantify DALY uncertainty and provide DALY inference. We
will illustrate a methodological framework within which the DALY and the Bayesian
disease mapping methodologies interface and intersect. The methodology presents a
new approach to DALY assessment for evidence-based disease and injury prevention
and surveillance, policy initiative, and service provision. The methods can also be
extended to facilitate cost-effectiveness analysis of health care interventions.
The Bayesian hierarchical spatial models presented herein have been extended to spa-
tiotemporal context for spatiotemporal DALY analysis, estimation and inference (Mac-
Nab, 2007). A brief outline of the spatiotemporal DALY methods will be presented.
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Abstract: When testing non-nested models, the asymptotic distribution theory of the or-
dinary likelihood ratio statistic is not valid anymore. Several test statistics, some of them
based on information criteria, have been proposed in order to test such non-nested hypothe-
ses. Concerning bootstrap approaches to simulate goodness-of-fit measures such as the likeli-
hood ratio value, have been elaborated as well. Based on these methods, we extend existing
bootstrap simulations towards out-of-sample bootstrap evaluation. As an application, a para-
metric bootstrap on simulated regression data is provided.

Keywords: Non-nested models; Out-of-sample bootstrap.

1 Introduction

In standard statistical theory, nested models are usually compared by using a likeli-
hood ratio (LR) statistic which is asymptotically χ2-distributed with the correspond-
ing difference in the degrees of freedom. However, in order to test hypotheses driven
by subject-matter knowledge, decisions between models which are non-nested can be
desirable. In this case, typically AIC or BIC are used to compare the models on a “de-
scriptive” level: The model which minimizes the corresponding IC is chosen. However,
this comparison does not allow for a statement that one model fits significantly better
than the other one.
Basically, statistical models can be non-nested in the likelihoods, in the regressors,
and in the link-function (e.g., linear against log-linear regressions). The estimated
parameters optimize a certain target function, typically the likelihood. An in-sample
evaluation of the target function may be too “optimistic” with respect to the generaliz-
ability of the results; an out-of-sample evaluation is more feasible. In addition, by using
the classical IC approach, a certain risk or goodness-of-fit functional is approximated
by in-sample calculations. A more modern approach is to estimate that risk functional
by resampling or bootstrap techniques. Thus, we present corresponding out-of-sample
bootstrap (OOB) evaluations on the differences in the log-likelihoods as target func-
tion which is applicable for nested as well as for non-nested model hypotheses. For
such non-nested models, a broad application spectrum has been shown, ranging from
econometrics to psychometrics.
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2 General Problem Formulation

Let Y = (Y1, Y2, . . . , Yn) denote a random vector with the corresponding observations
y = (y1, y2, . . . , yn). When testing non-nested hypotheses, it is not obvious, which
one should be considered as “null hypothesis” H0 and “alternative” H1, respectively.
Thus, for model Mf we state the hypothesis Hf that Mf fits the data, and that model
Mg fits the data is imposed in Hg. Pertaining to parameter notation, θf ∈ Θf is the
parameter vector for Mf and θg ∈ Θg is the parameter vector for Mg. It follows that
the LR statistic which tests the appropriateness of Mf (Cox, 1962) can be expressed
by

Tf =
(
Lf(y|θ̂f )− Lg(y|θ̂g)

)
− Ebθf

(
Lf (y|θ̂f )− Lg(y|θ̂g)

)
. (1)

In order to test the fit of Mg, Tg can be established straightforwardly by switching the
hypotheses. However, this way to state the hypotheses can lead to ambiguous results.
Hence, within the context of our bootstrap approach, we test that “Mf and Mg do
the same” (H0) vs. “one is better than the other” (H1). A formal representation is
given in the next section.
Further developments and generalizations emanating from Cox’s test statistic are nu-
merous. A recent overview of existing testing approaches can be found in Watnik,
Johnson, and Bedrick (2001).

3 Out-of-Sample Bootstrap Approach

3.1 Simulation Setting and DGP

Hinde (1992) accomplished a bootstrap simulation based on the LR-criterion in or-
der to make a decision between two non-nested GLM’s Mf and Mg. We extend this
approach with respect to a parametric OOB simulation following Hothorn, Leisch,
Zeileis, and Hornik (2005). The bootstrap sampling is carried out by repeatedly draw-
ing (i.e., from b = 1, . . . , B) with replacement samples of size n from the Monte Carlo
simulated data. When using subsampling, samples of size n/2 are drawn without re-
placement. Based on the resulting observations, each bootstrap sample is splitted
into a training and a test data set and the differences in the log-likelihoods, i.e.,
∆L = Lf (y|θ̂f ) − Lg(y|θ̂g), are computed using the training data and evaluated on
the test data.
As an application, we simulate data which are consistent with the following regression
model Mf (see also Watnik et al., 2001):

Y = V βv + Xβx + ǫx (2)

Y is the n× 1 vector of the dependent variables pertaining to the simulated observa-
tions, V is an n×2 matrix with the intercept vector and one regressor. The remaining k
regressors are defined in the n×k matrix X. The joint vector of regression parameters
is β

T = (βv, βx).
The alternative model Mg is expressed as

Y = V βv + Zβz + ǫz. (3)
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Z are k different regressors with respect to X. Thus, V is the vector of common
regressors, ǫx and ǫz are i.i.d. with mean µ = 0 and variance σ2 = 1, whereas βz = βx.
Pertaining to the data generation process (DGP), the regressor matrices are drawn
from a multivariate normal distribution N(0,Σ) and the similarity of Mf and Mg

is controlled by the correlation r(X , Z) in the VC-matrix Σ. The lower r(X , Z),
the larger the difference in model fit between Mf and Mg. As a consequence, ∆L =
Lf(y|βv, βx) − Lg(y|βv, βz) (i.e. the deviance without χ2 correction) becomes large
and the OOB test should detect this deviation.
In the simulation, for each bootstrap sample b on a particular data set, the observation-
wise out-of-sample likelihoods are computed and correspondingly the mean is taken.
Thus, the likelihood values L

(b)
f and L

(b)
g result. In order to obtain one deviance value

for each data set, again the mean is taken, i.e. ∆L = 1/B
∑B

b=1

(
L

(b)
f − L

(b)
g

)
. Thus,

a z-test can be carried out straightforwardly and, consequently, p-values and rejection
rates for each data set can be computed.

3.2 Simulation Conditions and Bootstrap Results

The correlation parameters for model similarity vary from .20 to .99, the sample size n
from 20 to 100. In order to examine effects with respect to the variations in goodness-
of-fit of Mf , different β-constellations from .20 up to 2.00 are provided. Within each
combination of these parameters, 500 data sets for k = 2 x- and z-predictors are
simulated. On each of these data sets B = 250 bootstrap samples are drawn and
evaluated out-of-sample. Finally the rejection rates of the hypothesis that ∆L = 0 is
determined.
By inspecting the resulting rejection rates in Table 1, several issues of test behavior
of the OOB test become obvious: For low β-values, which implies that neither of the
models fits the data, the test is not able to detect differences even for low model
correlations. With growing β-values, it is capable to discriminate between Mf and Mg

with respect to the goodness-of-fit. For large β’s and large n-values, the OOB test
becomes significant also for negligible model differences (i.e., high correlations). By
inspecting the sample size n for medium ranged regression coefficients, the decrease
in test power over the model correlations is striking. For n = 20, the rejection rate is
considerably low, whereas an increasing n leads to a noticeable gain in testing power.
However, further inspection of this bootstrap testing approach is needed, on the one
hand, from a formal point of view with respect to a bias due to finite samples and,
on the other hand, from an application point of view to compare the results to other
competing test statistics with respect to different model types.
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TABLE 1. Rejection rates for non-nested regression models

r(X , Y )
β n .20 .50 .70 .80 .85 .90 .95 .97 .99
.2 20 .31 .35 .32 .27 .27 .27 .34 .26 .28
.2 30 .39 .44 .30 .37 .35 .33 .35 .34 .34
.2 50 .52 .46 .47 .46 .46 .46 .48 .45 .44
.2 100 .71 .67 .70 .70 .57 .65 .60 .67 .54
.5 20 .40 .33 .36 .34 .32 .36 .31 .27 .36
.5 30 67 .69 .59 .52 .53 .46 .46 .46 .34
.5 50 .96 .92 .82 .79 .73 .72 .67 .62 .56
.5 100 1.00 .99 .99 .95 .94 .91 .80 .78 .73

1.0 20 .67 .57 .54 .49 .47 .45 .49 .36 .41
1.0 30 .95 .97 .90 .85 .78 .70 .60 .58 .49
1.0 50 1.00 1.00 1.00 .98 .98 .95 .81 .78 .68
1.0 100 1.00 1.00 1.00 1.00 1.00 .99 .96 .94 .81
2.0 20 .94 .90 .89 .79 .76 .72 .56 .42 .35
2.0 30 1.00 1.00 1.00 .98 .98 .98 .86 .80 .58
2.0 50 1.00 1.00 1.00 1.00 1.00 1.00 .96 .93 .81
2.0 100 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 .95
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1 Introduction

Compositional modelling is performed on chemical compositions of Martian surface
materials in order to understand weathering scenarios and the role of meteoritic ac-
cumulation. Compositional techniques are applied to elucidate the influence of remote
weathering by combined analysis of several soil forming branches. The results foster
evidence for the past activity of volcanic exhalation products along with that of liquid
water.
One of the most exciting results of the Mars Exploration Rover (MER-A and MER-B,
NASA) and Mars Express (ESA) mission is the clear indication for the presence of
liquid water as an agent of chemical weathering on ancient Mars. A comprehensive
interpretation of the available data is introduced in Kolb et al. (2006). In our com-
positional modelling we employ chemical data that were obtained in the course of
the Mars Pathfinder and the MER missions to identify the processes involved in the
degradation of primary planetary material and in sediment formation.
Aitchison (1986) defined a composition as a collection of D non-negative measure-
ments, which sum to unity per weight, volume, or abundance. Such constraints are
obeyed by the Simplex space geometry, which represents a D-dimensional analogue of a
triangle, in contrast to the D-dimensional orthogonal Euclidean space geometry. Cen-
tered log ratio clr transformation translates compositional data from the constrained
Simplex space to the Euclidean real space. The clr transformation of a compositional
vector C with components ci is defined as clr(C) = [ln c1

g(C)
, . . . , ln cD

g(C)
], where g(C)

is the geometric mean of the vector C. In this work we focus on visualization of data
variability by means of biplot techniques (Aitchison and Greenacre, 2002). Based on
the variability patterns, rock alteration and soil formation processes such as remote
weathering are modelled.

2 Compositional modelling

If in the course of an alteration process a subset of elements is mobile and is added or
lost from a given volume of rock, the concentrations of all components, the mobile ones
but also the immobile ones, will change merely due to the closure condition. Aitchison
(1986) proposed the so-called perturbation mechanism in order to model an exchange
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of chemical compositions by means of compositional vectors under consideration of
the Simplex geometry. The application of a compositional vector C on the chemical
composition C∗ to yield the chemical composition C∗∗ by means of the perturbation

operation ⊕, is defined as C∗∗ = C⊕C∗ =
[

c1c∗1∑
ckc∗

k

, . . . ,
cDc∗D∑

ckc∗
k

]
. The components of

the alteration vector C must be a measure of change for the same parts of individual
observations linked by this vector. An active change of compositions takes place if
values of the corresponding vector entries are not equal to the geometric mean. Vector
entries which are above this level are actively increasing, values which are below are
actively decreasing. However, a passive change of compositional values could occur,
although the corresponding values of vector entries equal the geometric mean.
Chemical compositions of Martian surface materials in terms of element wt% of 13 ele-
ments (Na, Mg, Al, Si, P, S, Cl,K, Ca, T i, Cr,Mn, Fe) were taken from the literature
(Kolb et al., 2006). Figure 1 represents a clr -biplot on Pathfinder and Mars Explo-
ration Rover data, which describes 74% of the variance. In the biplot the presumed
source rocks have been projected. The lines denote the distribution of clr transformed
variables across the chemical variability of Martian surface materials. Five classes of
sample suites are discernable: Domain of soil, MER-B evaporites, MER-B basalts,
MER-A basalts and Mars Pathfinder basalt-andesites. The soils plot close to the ori-
gin. The presumed source rocks are located in different more peripheral positions,
illustrating the chemical uniformity among soils as opposed to the rather heteroge-
neous nature of rock compositions. The trends allow discrimination between coated
and abraded rocks which are located proximal and distal to the region of soils, respec-
tively. The magmatic rocks plot on the side of clr(Si) and the evaporites are located in
the area spanned by clr(S), clr(Cl), and clr(Mg). MER-A basalts plot in the vicinity
of clr(Mg) and clr(Cr); basalt-andesites are shifted toward majority of clr(K) and
clr(Si); MER-B basalts are of intermediary character. Overall, these observations are
consistent with petrological models of Martian rocks. The shift between brushed MER-
A basalts and abraded MER-A basalts indicates the formation of chemical weathering
crusts different from fresh rocks (Fig. 1).
The alteration vector calculation is based on clr Principal Component Analysis (clr -
PCA) of fresh basalts (abraded) and their crusts (brushed rocks). We transform back
the first clr -PCA eigenvector to obtain the alteration vector C = (Na, Mg,Al, Si, P, S,
Cl,K, Ca, T i, Cr,Mn, Fe) = [7.2, 5.3, 6.4, 6.2, 6.8, 12.6, 12, 12.7, 6.2, 6.5, 6.2, 6, 5.9],
which has geometric mean equal to g(C) = 7.3. This vector explains 82% of variability.
The relation of vector entries to the geometric mean is a measure for their degree
of change. The element Na remains actively unchanged in the course of alteration,
the others change to different degree. S and Cl are incorporated in crust, while Mg
and Fe are removed from crust in relation to the fresh rock. This is consistent with
the formation pathway of Mg-, Fe-bearing sulfates and ferric oxides upon dissolution
of Mg-, Fe-bearing primary silicates. The element K in crusts stems most probably
from impurities, derived from remote weathering of basalt-andesitic or other K-bearing
rocks. This procedure based on clr -PCA analysis is applied to the others branches (Fig.
1). Applied to the entire MER-A basalt and soil data complex to derive soil formation
vectors, are capable to explain high levels of variability (94%). Application of clr -
PCA to the Mars Pathfinder (MPF) basalt-andesitic rock and soil branch provided
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FIGURE 1. clr -biplot of Martian samples. The abbreviation SFR and CFR stands for Soil
Free Rock and Crust Free Rock, respectively.

a vector with 92% explanation of variability. The vector along the MER-B basalt
branch by means of clr -PCA covers 99% of variability. In Kolb et al. (2006) detailed
interpretations are given.
Compositional data analysis by means of clr -biplot visualization techniques provides
a clear separation of Martian surface samples and allows to assign individual elements
to specific principal component characteristics: basalt-andesites are related to K, Si;
MER-A basalts are related to Mg, Cr; MER-B basalts are of intermediary nature and
MER-B evaporites are related to S, Cl, Mg. Overall, these findings are consistent with
existing petrological models of Martian rocks. Furthermore, chemical weathering rinds
are observed to be significant differently composed in relation to soil and fresh rock,
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but appear as intermediate stage of soil formation.
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1 Dept. Informàtica i Matemàtica Aplicada. Univ. de Girona, Catalonia

Abstract: The amalgamation operation is a non-linear operation in the simplex with the
Aitchison geometry but it is frequently used to reduce the number of parts of compositional
data. The concept of balances between groups could be an alternative to the amalgamation.
In this work we discuss and compare the two approaches using a real data set corresponding
to behavioural measures of pregnant sows
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1 Algebraic geometric structure of the simplex

Compositional data are parts of some whole which give only relative information. Typ-
ical examples are parts per unit, percentages, ppm, and the like. Their sample space is
the simplex, SD = {x = (x1, x2, . . . , xD) : x1 > 0, x2 > 0, . . . , xD > 0;

∑D
i=1 xi = κ},

where κ is a constant, generally 1 for proportions or 100 for percentages (Aitchi-
son,1986).
The simplex SD has a (D − 1)-dimensional Euclidean space structure (Billheimer et.
al., 2001; Pawlowsky-Glahn and Egozcue, 2001) with the following operations. Let
C(·) denote the closure operation which normalizes any vector x to a constant sum
(Aitchison, 1986), and let be x,x∗ ∈ SD, and α ∈ R. Then, the inner sum, called
perturbation, is defined as x ⊕ x∗ = C (x1x

∗
1, x2x

∗
2, . . . , xDx∗D)′; the outer product,

called powering, is defined as α¯ x = C(xα
1 , xα

2 , . . . , xα
D)′; the inner product is defined

as 〈x,x∗〉a = (1/D)
∑

i<j ln(xi/xj) ln(x∗i /x∗j ) and the associated squared distance is
d2

a(x,x∗) = (1/D)
∑

i<j(ln(xi/xj)− ln(x∗i /x∗j ))
2. The geometry here defined is known

as Aitchison geometry, and therefore the subindex a is used.
The Aitchison inner product and its associated norm ensure the existence of an or-
thonormal basis {e1, e2, . . . , eD−1}, which leads to a unique expression of a com-
position x as a linear combination, x = (〈x, e1〉a ¯ e1) ⊕ (〈x, e2〉a ¯ e2) ⊕ . . . ⊕
(〈x, eD−1〉a ¯ eD−1). In what follows, the vector of coordinates is denoted as h(x).
Note that h(x∗ ⊕ (α ¯ x)) = h(x∗) + α · h(x) and that standard real analysis can be
applied to the coordinates. It could be shown that any vector of coordinates h(x) is
formed by logratios. If we work with coordinates we preserve distances and our results
will be coherent from a compositional point of view (Pawlowsky-Glahn and Egozcue,
2006). Like in every inner product space, the orthonormal basis is not unique but
the important point is that, once an orthonormal basis has been chosen, all standard
statistical methods can be applied to the coordinates and transferred to the simplex
preserving their properties.
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1.1 Amalgamations

If the D parts of a composition are separated into C ≤ D mutually exclusive and
exhaustive subsets and the components of each subset are added together, the resulting
C-part composition is termed an amalgamation (Aitchison, 1986). An amalgamation
can be regarded as a composition in a simplex with fewer parts, and thus as a space of
lower dimension. For this reason, amalgamations of parts have been extensively used
to achieve reduced dimension.
Nevertheless, the amalgamation operation is a non-linear operation in the simplex
with respect to the Aitchison geometry described above. It can be interpreted as a
projection in a simplex of lower dimension. But the amalgamation operation does
not preserve Aitchison distances under perturbation (see Egozcue and Pawlowsky-
Glahn, 2005 for an illustrative example). The consequences might have important,
suppose for example that we perform a cluster analysis to a compositional data set;
the results might be completely different if we use the original parts or if we work with
amalgamations. Moreover, when the analysis of the amalgamated parts is performed
simultaneously with the analysis of the original and non-amalgamated parts, difficulties
in interpretation and incompatibilities might arise.
In some cases the nature of the sampling method or the particular characteristics of
our data leads to amalgamate some components. For example, Mart́ın.Fernández et.
al. (1997) try to perform a classification using a 8-part compositional data set from
the Darss Sill area with a large amount of zeros. As a first step an amalgamation is
proposed to reduce the number of zeros. In this particular case, the zeros are concen-
trated in a few components. This is interpreted as a sign of overdimension concerning
the number of components thus justifying the amalgamation.

1.2 Balances

The concept of balances between groups is introduced in Egozcue and Pawlowsky-
Glahn (2005) as a tool to design a particular basis on the simplex in order to the
corresponding coordinates are interpretable. They are based on a sequential binary
partition of a D-part composition into non-overlapping groups. At each step, a group
of parts is partitioned into two non-overlapping groups.
In practice, there is no need to know the exact expression of this basis, as the coordi-
nates can be computed using a one-to-one transformation, and for values of interest
the inverse transformation can be used. For example, at i-th step two groups of parts
are considered, denoted here as Gi1 and Gi2, then the balance is

bi =
√

ri · si

ri + si
ln

(
∏

xj∈Gi1
xj)1/ri

(
∏

x`∈Gi2
x`)1/si

.

In other terms, the balance is defined as the natural logarithm of the geometric parts
in each group, normalised by a coefficient to guarantee unit length of the vectors of
the basis. Remember that balances are coordinates with respect to an orthonormal
basis, h(x) = (b1, b2, . . . , bD−1), and behave like real random vectors, thus all standard
methods can be applied.
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Observe that using balances we could easily compare the relative behaviour between
two groups of variables and using the sequential binary partition we could design the
adequate groups. Thus Egozcue and Pawlowsky-Glahn (2005) propose the balances as
an alternative to the amalgamations because the analysis of the whole composition
and also of some lower-dimensional representations can be made. Using balances the
analysis is compatible and coherent with the Aitchison geometry, in particular we have
the invariance of distances under perturbation.

2 Data and methodology

The largest amount of information about the welfare of the sows is obtained from the
measures of behaviour, particularly measures of activity and stereotypies. Stereotypies
are related to poor welfare because they developed in situation of stress, frustration or
lack of control. They reflect a past or present difficulty to cope with the environment.
Therefore, the decrease in stereotypies level in group-housing systems could already
be considered as a welfare improvement.
The data used in this study are obtained from the comparison among two different
commercial group-housing systems and conventional stalls for pregnant sows. One hun-
dred and eighty pregnant sows were housed in conventional stalls (Stall), in groups
of 10 with trickle feeding (Trick) and in groups of 20 with an electronic sow feeder
(Fitmix). Sows were observed on 11 non-consecutive days during 4 h a day. General ac-
tivity and stereotypes were measured by scan-sampling observation (10-min intervals)
in all the system.
Our data are a 7-part compositions observed in 177 complete individuals, correspond-
ing to the observed frequencies of 6 oronasofacial behaviours: drinking (D), sham-
chewing (S), floor manipulation (T), bar manipulation (B) -only Stall and Trick-,
trough manipulation (C) -only Stall and Trick-, feeder interaction (I) -only Fitmix-
and one seventh residual part (H). This data are previously studied in Chapinal (2006)
and Daunis-i-Estadella et. al. (2006a).
Our data structure imposes the amalgamation of the components B, C and I; therefore,
a new category of behaviour called ”interaction with the equipment” (BCI) is created.
In a first step, the data are homogenized and the probability of each of behaviours
is estimated. The distribution of the observed behaviours may be thought of as com-
ing from a multinomial distribution, with unknown parameters. In order to correctly
estimate the probabilities, the presence of zeros have no sense, it is only related to a
small time periods of recording observations, and consequently a correction have to
be implemented (see Daunis-i-Estadella et al., 2006a). We have, thus, the estimated
composition (bci, t, d, s, h).

3 Balances vs amalgamation

Our objective is to compare the different activities between group-housing systems,
for example applying exploratory compositional data tools (Daunis-i-Estadella et al.,
2006b). But, in order to make the comparison easier, specialists suggest regrouping
some behaviour. Floor manipulation is highly associated to BCI behaviour. Thus,
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if t component has no difference for housing systems it may be regrouped with bci
component.
To analyze if t component discriminates, two different methodologies are applied. The
first one is based on balances and the second one is based on amalgamations.
Using balances we can easily compare the t component with the rest of components.
At first step our composition is partitioned into two groups {t} and {bci, d, s, h}. Thus,
the first balance is

2√
5

ln
t

(bci · d · s · h)1/4
.

The other balances depend on the groups formed in the following steps but they are
not used here. As balances are coordinates with respect to an orthonormal basis, the
standard real methodology could be applied and the analysis of variance (ANOVA)
could be used for testing the equality of the means using the housing system as the
factor variable. The value of the F statistic with 2 and 174 degrees of freedom is
6.40 and the corresponding p-value is 0.002. Thus our conclusion is that there are
significant differences among the 3 means, consequently there is significant evidence for
a housing effect in the t component. The assumptions of homogeneity of variances and
the normality of observations are checked using the Levene’s test (p-value=0.914) and
the Anderson-Darling test of normality (p-value=0.716). As a conclusion, we decide
not to amalgamate t component with bci component and to carry on the exploratory
analysis with the 5-part composition (bci, t, d, s, h).
Another often used approach is to study the logratio between t and 1− t. Observe that
1− t is obtained as the amalgamation bci + d + s + h, i.e. we work with composition
(t, bci+ d+ s+h). As the dimension is reduced, we could easily compare t component
with the rest. Now, following the standard compositional data analysis methodology,
we work with the logratio

1√
2

ln
t

(bci + d + s + h)
,

that is, the coordinates of composition (t, bci+d+s+h) with respect to the orthonormal
basis stated in Egozcue et al. (2003). As in the previous case, the analysis of variance
(ANOVA) could be applied.
The value of the F statistic with 2 and 174 degrees of freedom is 0.280 and the corre-
sponding p-value is 0.753. Thus our conclusion is that there is no significant difference
among the 3 means, that is there is no significant evidence for a housing effect in the t
component. The assumptions of homogeneity of variances and the normality of obser-
vations are checked using the Levene’s test (p-value=0.124) and the Anderson-Darling
test of normality (p-value=0.110). At this point we decide to amalgamate t component
with bci component and we follow our study with the 4-part composition (bcit, d, s, h).
Note that the previous amalgamation bci + d + s + h is no longer considered.

4 Conclusions

Using balances or amalgamations two completely opposite conclusions are obtained. In
both cases the standard compositional methodology is used, as we work with logratios
or coordinates with respect to an orthonormal basis. It is important to note that in the
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second case, the analysis is carried out with the amalgamated parts but a conclusion
in terms of the original and not amalgamated parts is finally obtained.
If the amalgamation has a clear sense and we are only interested in studying the rel-
ative variability of the parts of the new amalgamated composition, we will have no
problems. For example, in a first step, the component bci is created as an amalgama-
tion. Nevertheless, when the analysis of the amalgamated parts is performed before or
simultaneously with the analysis of the original and non-amalgamated parts, difficul-
ties in interpretation and incompatibilities could arise. In this case, a balance analysis
is the most appropriate technique to preserve the relationship between parts due to
its compositional coherence.
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Abstract: In the paper we discuss an extension of a linear model for data obtained in an
experiment set up in incomplete splot-plot design with respect to subsampling in subplots.
The considered incompleteness concerns whole plot treatments and/or subplot treatments.
The extension of the model changes its dispersion structure only what affects the statistical
analysis in the subplot stratum.
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1 Introduction

The paper deals with a problem of model building for observations obtained in experi-
ments set up in incomplete split-plot designs when we observe a trait on some number
of units on each subplot. Usually, the mean yield from the subplot or mean yield from
many plants, for example, is treated as the observation in agricultural experiments.
But there are some experiments when it is important to take into account measure-
ment on a plant as an observation. It means that multiple measurements are collected
for each subplot. Such group of experimental units within subplots will be called sub-
sample. Generally, we can assume that the sizes of subsamples within all subplots are
different but the same size of subsamples has many advantages. We consider such a
way of modelling observations that the linear model is strictly connected with a given
experiment, i.e. with a structure of its experimental material and with a method of
assigning whole plot or subplot treatments to the units.
The process of randomization plays a central role in the paper. The derivations of
linear models connected with different schemes of the randomization are based on the
ideas given by Neyman et. al. (1935) and Nelder (1965).
The considered schemes of the randomizations are strictly connected with the three
stage nested structure of plots in each experiment. So, the three-step randomization is
applied, i.e. the randomization of blocks, the randomization of whole plots within each
block, and the randomization of subplots within each whole plot inside each block and
randomization of units (sub-subplots) within each subplot.
In the model building the basic assumption refers to a meaning of an observed yield
in the experiment. In the paper we assume (Nelder, 1965) the observed yield is a sum
of three components, i.e. ”zero yield” (conceptual yield) due to a unit, a ”pure effect”
due to a treatment combination and ”technical error” connected with measurements
(additivity assumed).
Let us consider a two-factor experiment of split-plot type in which the first factor, A,
occurs on S levels A1, A2, . . . , AS (whole plot treatments) and the second factor, B,
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occurs on T levels B1, B2, . . . , BT (subplot treatments). Let a population of units be
divided into b blocks, and let each block be additionally divided into k1 ≤ S whole
plots, and let each whole plot be divided into k2 ≤ T subplots. Additionally each
subplot is divided into some units (sub-subplots).
The approach presented in the paper is applicable to incomplete split-plot designs or
complete split-plot designs (as a particular case), cf. Meta (1987, 1994).
Let D be the theoretical design of the experiment. In the paper, by a treatment we
mean treatment combination AhBk, h = 1, 2, ..., S, k = 1, 2, ..., T, while by an effect
of the treatment we mean

τhk = µ + αh + βk + (αβ)hk, (1)

h = 1, 2, ..., S, k = 1, 2, ..., T,

where µ denotes the general parameter, αh denotes the effect of the h-th whole plot
treatment, βk denotes the effect of the k-th subplot treatment and (αβ)hk stand for
interaction effects. All the treatment effects are considered to be fixed.
The linear model for the observed yield has then the form:

yrijt(hk) = µ + τhk + ρr + ηri + εrij + θrijt + erijt(hk), (2)

r = 1, 2, ...b, i = 1, 2, ..., k1, j = 1, 2, ..., k2,

h = 1, 2, ..., S, k = 1, 2, ..., T, t = 1, 2, ..., p

where yrijt(hk) denotes the t -th observation from the (r, i, j) unit (j-th subplot within
the i-th whole plot within the r-th block), on which occurs the (h, k)-th treatment
combination, τhk denotes the effect of the (h, k)-th treatment combination, ρr denotes
the effect of r-th block, ηri stands for the effect of the i-th whole plot in the r-th
block (whole plot error), εrij denotes the effect (subplot error) of the j-th subplot
within the i-th whole plot in the r-th block, θrijt denotes the error connected with
the t-th observation on the (r, i, j) unit, erijt denotes the technical error connected
with measurements on the (r, i, j, t)-th unit and p denotes the size of subsample in the
(r, i, j) -th unit. All the effects (apart from the treatment effects) are random in model
(2).
The statistical properties of the variables ρr, ηri, εrij , εrijt result from the random-
ization schemes applied while the assumptions concerning the technical errors, erhjt

are assumed. They all affect the expected value and the dispersion structure of the
observed yield as follows:

E(yrijt(hk)) = µ + τhk, (3)

Cov(yrijt(hk), yr′i′j′t′(hk)) =





σ2
ρ + σ2

η + σ2
ε + σ2

θrijt + σ2
e , r = r′, i = i′, j = j′, t = t′

σ2
ρ + σ2

η + σ2
ε − (p− 1)−1σ2

θrijt′ r = r′, i = i′, j = j′, t 6= t′

σ2
ρ + σ2

η − (k2 − 1)−1σ2
ε , r = r′, i = i′, j 6= j′,

σ2
ρ − (k1 − 1)−1σ2

η, r = r′, h 6= h′,
−(b− 1)−1σ2

ρ, r 6= r′,

(4)
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where the random variance components σ2
ρ, σ2

η, σ2
ε , σ2

θrijt, σ2
e denote the block vari-

ance, the whole plot variance (Error I), the subplot variance (Error II), the sampling
variance of the (rij) - th unit and the technical error variance, respectively.

2 Remarks on statistical analysis

In the experiments with subsamples it is necessary to take into account two kinds
of errors. The first error, say experimental error, is one appropriate for treatment
comparison while the second error, called observational error, measures variability
within the subplot. At the beginning it is necessary to check hypothesis that subsample
variances in all subplots are equal. This hypothesis can be written as follows:

H0 : σ2
θ111 = σ2

θ112 = ... = σ2
θbk1k2

.

The above hypothesis we can verify by Fmax statistic (cf. Winer, 1971). In the case
”fail to reject H0” we can check adequacy of the model by splitting the experimental
error into two parts, i.e. within sub-subplot error and a rest.
Let us assume that the incomplete split plot design has orthogonal block structure (cf.
Nelder, 1965). Applying appropriate analysis of variance for multistratum experiments
with orthogonal block structure the overall analysis can be split into the stratum
analyzes.
In this case, we have zero stratum (0) connected with mean estimation, inter-block
stratum (1), inter- whole plot (within the block) stratum (2), inter-subplot (within the
whole plot) stratum (3). The analyzes in the first and second strata do not depend
on sampling considered. So, they are based on proper experimental unit means. The
sampling has influence on the analysis in the third stratum only.
Let SSE3(= SSsamp + SSrest) denote the sum of squares in the subplot stratum
with ν3 degrees of freedom. The sum of squares for samples, SSsamp, we calculate
by summing the sums of squares for units within subplots. The SSsamp has νs =
bk1k2(p− 1) degrees of freedom. The sum of squares for the rest is equal to SSrest =
SSE3− SSsamp and it has νr = ν3 − νs degrees of freedom.
To check adequacy of the linear model it is necessary to calculate the F value as the
ratio of mean squares, Fc = MSrest/MSsamp, which we compare with tabular FT

value for νr and νs degrees of freedom. When Fc > FT we use the MSsamp, as the
denominator in the F statistic that tests hypothesis concerning treatment effects in
the inter-subplot stratum. In other case instead of MSsamp, we use MSE3 in the F
test.
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Abstract: The paper deals with the structuring the Genotype x Environmental Interaction in
an analysis of series of experiments. The analysis of regression is one of the most appropriate
methods in this problem. As in regression analysis we should have two sets of variables, one
characterizing genotypes while the second characterizing environments. The so-called adjusted
means for genotypes constitute usually observations of dependent variable. The problem is
how to model the environmental indexes being the observation of independent variable. In the
paper we examine two approaches to a modelling the environmental indexes, one is based on
so called adjusted means for environments while second method uses iterative (called zig-zag)
algorithm for estimation of the considering indexes.

Keywords: genotype indexes, environmental indexes, adjusted means, genotype x environ-
ment interaction, zig zag algorithm

1 Introduction

Let us consider data arranged in a two-way array with b rows and J columns. The
analysis of this data can be done without any reference to some applications. But in
the paper we will refer the data to the series of agricultural experiments in which a
set of the J genotypes were examined over the set of the b environments. The purpose
of such experiments is the selection of genotypes that are consistently high yielding
over the range of observed or potential environments. This is connected mainly with
the analysis of Genotype x Environment Interaction (GEI) although the other sources
of variation are statistically and agronomically important as well. The main problem
of inference from series of experiments is connected with modelling (structuring)the
GEI effects. Usually, the GEI are nonorthogonal. Hence, to its analysis it is necessary
to use very advances statistical tools (cf. e.g. Aastveit and Meta, 1992). In the paper
our interest to GEI analysis is limited to two cases. First one is some modification of
analysis of two-way table as we are doing in incomplete block designed experiments.
The second approach is based on some application of joint regression analysis.

2 Adjusted environmental effects

In this approach the GEI will be expressed by fixed additive model with fixed effects
of genotypes and environments and random error term.
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Let the Yij denote the observation obtained for the i-th environment and the j-th
genotype (treatment) which can be modelled as:

Yij = µ + τi + βj + eij , i = 1, 2, ..., b, j = 1, 2, ..., J,

where µ denotes the general mean τi - the effect of the i-th environment, βj - the effect
of the j-th genotype and finally, eij- denotes the error.
In the matrix notation the above model can be written as:

Y = 1µ + ∆′τ + D′β + e

where 1 denotes the vector of ones, ∆′ and D′ are design matrices for environments
and genotypes corresponding to the τ and β - vectors of environment and genotype
effects, e-denotes the vector of errors. In this approach the results know in the theory
of block designs are used. Then so called adjusted means for environments can be
calculated as:

β̃ = µ̃ + G−Q,

where µ̃ = n−1Y ′1- denotes the general mean, G = kδ−Nr−δN ′ - is the information
matrix for estimation the environmental effects, N = ∆D′ - denotes the environment
x genotype incidence matrix, k = N1, r = N ′1, n = r′1, kδ = diag(k1, k2, ..., kb),
r−δ = diag(1/r1, 1/r2, ..., 1/rJ), Q = T − Nr−δB, B = DY, T = ∆Y , G− -
denotes the generalized inverse of the matrix G

3 Environmental index

In this approach we use joint regression to structuring (modelling) GEI (multiplicative
model). The observation Yij is modelled as:

Yij = αj + βjxi + eij , i = 1, 2, ..., b, j = 1, 2, ..., J,

where the (αj , βj), j = 1, ..., J are the regression coefficients and the xi, i = 1, ..., b, are
the environmental indexes. The main problem in such modelling is how to estimate
the parameters. One can observe that the lately proposed so called zig-zag algorithm
is very efficient in finding the estimates of (αj , βj) and the xi (cf. Mexia et al., 1999,
Pereira and Mexia, 2002, 2003a, 2003b).
In this approach the following goal function is minimized

S(αJ , βJ , xb) =
b∑

i=1

J∑

j=1

pij(Yij − αj − βjxi)2.

Usually the weight pij is 1 [0] when cultivar j is present [absent] in the i-th environment.
In the zig-zag algorithm the minimization is carried out iteratively. At the beginning
it is recommended to start with some initial values for indexes. In the complete case,
i.e., when all genotypes occur in each environment, the average yield for environment
can be a good initial values (cf. Gusmao, 1985). In the worse case any initial values can
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be taken (cf. Pereira, 2004). Then the goal function is minimized with respect to other
parameters after fixing some of them in previous iteration. The process converge always
but its time depends on initial values. At the end of each iteration the environmental
indexes are rescaled so that the range of environmental indexes is kept unchanged.
Hence, the iteration procedure is called zig-zag algorithm.
The aim of the paper is to compare the above shortly described two approaches to
estimation of environmental indexes. It is impossible to compare them analytically.
The comparison, to some extend, will be based on a few examples.

4 Examples

Example 1.
The starting experiment includes 20 genotypes of rye observed in 32 environments
in Poland. In the paper we will compare the approaches on the basis of yield/plot
observed genotypes. The data are represented in matrix of 32 environments (rows)
and 20 genotypes (columns). It means that starting point experiment was complete.
Then from that data set we removed 1/5, 1/2 and 3/5 of observations. This made
structure of the data nonorthogonal. For these three data sets we have calculated
environmental indexes by both approaches. Then the coefficient of correlations were
calculated which were: 0.9999, 0.9977 and 0.9986 respectively. In this examples we
observe very high correlation.
Example 2.
In the second example we use the observations from series of experiments with rye in
which the yield of 20 genotypes was observed in 20 environments in Poland. In each of
the environment exactly 4 genotypes were observed. Together we had 80 observations.
The same genotypes were observed in the same environments but in two years. The
correlation coefficients between the environmental indexes calculated by two methods
considered were as follows: 0.827 and 0.418.
Let us note that all correlation coefficients are significant at the significance level 0.05
but in the last case the correlation coefficient is much smaller than in other cases.

5 Discussion

In the paper the examples with rye were considered only. Rye belongs to a quiet stable
variety over different environments. Hence, probably there is very good correspondence
between environmental indexes obtained by both methods. In the last case the GEI
was a little higher and immediately the correlation coefficient was smaller but still sig-
nificant at 0.05 significance level. Our observations suggest that this method is more
suitable in the case when the environments are non homogenous. Another comparison
can be connected with calculations. It seems to us that receiving the environmental
indexes (Section 3) is much easier and numerically more efficient. The calculation of
the generalized inverse, in the case of big number of environments is numerically dif-
ficult and it is biased by numerical errors. This is a very weak point of that method.
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Abstract: this paper examines the identification problem that arise when evaluating causal
treatment effects in observational studies with ignorable assignments to a binary treatment
and where the non-ignorability of the treatment is due to an imperfect compliance to the
assignments.

Keywords: causal inference; identifiability; ignorability.

1 The model

The concept of ignorability adopted in this paper is that characterizing the Rubin
Causal Model (Holland, 1986), that is an independence condition between the assign-
ment to a binary treatment and the couple of potential outcomes. We do not restrict
the assignment to have only treatment-mediated effects on the outcome as usually
done when evaluating causal non-ignorable treatment effects by the instrumental vari-
ables method. In order to characterize the likelihood function, other than supposing
the assignment to be ignorable, we assume: the Stable Unit Treatment Value Assump-
tion, a non-zero effect of the assignment on the outcome, and the absence of units
doing always the opposite of their assignments (Angrist et al., 1996). Under this set
of assumptions the likelihood is characterized by the presence of two mixtures of dis-
tributions; we consider the identifiability when the outcome distributions of various
compliance statuses are in the same class. In this case the distribution function is in
the parametric class, (Mercatanti, 2006):

F ′ :
{
f(yi, di, zi ; θ) : Iς(1, 0) · (1− π) · ωa · gi

a0 + Iς(0, 1) · π · ωn · gi
n1 + Iς(1, 1)

·π · (ωa · gi
a1 + ωc · gi

c1) + Iς(0, 0) · (1− π) · (ωn · gi
n0 + ωc · gi

c0)|θ ∈Θ
}

where

Θ :

{
θ : (π, ω, η)|

∑

t: a, n, c

ωt = 1; ωt > 0 , ∀t; 0 > π > 1

}

and where: I(·) is an indicator function; ς(d, z) is the group of the units assuming treat-
ment d and assigned to the treatment z; π is the probability P (zi = 1); ω : (ωa, ωn, ωc),
where ωt is the probability of an individual being in the t group, t : a (always-takers), n
(never-takers), c (compliers); the function gi

tz : gtz(yi; ηtz) is the outcome distribution
for a unit in the t group and assigned to the treatment z; η : (ηa1, ηa0, ηn1, ηn0, ηc1, ηc0).
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2 Identifiability

Mixture models can present particular difficulties with identifiability, consequently the
study of identifiability for the parametric class F ′, that involves two mixtures, is not
straightforward. In order to explain the reasons of these difficulties, let’s consider the
general class of distribution functions from which the two mixtures are to be formed:

G : {g(yi; η)| η ∈Υ, yi ∈ R} (1)

and the general class of distribution functions of two-components mixtures of (1):

F ′′ :
{

f(yi, θ) :
2∑

h=1

ωh · g(yi; ηh)| g(·; ηh) ∈ G, ∀h; yi ∈ R; θ ∈Θ

}
(2)

where

Θ : {θ : (ω1, ω2, η1, η2)| (ω1 + ω2) ≤ 1, ω1 > 0, ω2 > 0; η ∈Υ} .

In general a parametric family of densities E : {e(y; λ) : λ ∈ Λ, y ∈ R} is identifiable
if distinct members of the parameter space Λ always determine distinct members of
the family: e(y; λ′) ≡ e(y; λ′′) ⇔ λ′ = λ′′. It is well known (Titterington et al., 1985;
McLachlan and Peel, 2000) that (2) is not identifiable, since f(y; θ) is invariant under
the two permutations of the component labels h in θ. Indeed, the presence of two
densities in the same class, g(y; η1) and g(y; η2), implies that f(y; θ) ≡ f(y; θ∗) if the
component labels 1 and 2 are interchanged in θ∗ compared to θ. Titterington et al.
(1985) propose a weak definition of identifiability for finite mixtures of distribution
in the same parametric class by which a class of mixtures is identifiable if distinct
members of the parameter vector Θ always determine distinct members of the family
up to permutations of the label components. Under their definition, (2) is identifiable
if and only if G is a linearly independent set over the field of real number R.
However, and contrarily to an analysis of the mixture model f(yi, θ) ∈ F ′′ at cluster
purposes, we show the components labelling matters for f(yi, di, zi ; θ) ∈ F ′ at causal
inference purposes. In order to study the identifiability of F ′, the more general class
will be introduced:

M :
{
m(y,x; θ) : I(x∈A1) m1(y; θ) + I(x∈A2) m2(y; θ) + · ·+I(x∈Aj) mj(y; θ)

+ · · ·+I(x∈Ak) mk(y; θ)|y ∈ R, x ∈A ⊆ Rd, A = ∪jAj , ∩jAj = ∅} (3)

where the k distributions mj(y; θ) are not necessarily in the same parametric class. A
first useful result is proposed in the following proposition.

Proposition 1: a necessary and sufficient condition for parametric class (3) to be
identifiable is that set Ξ = ∩jΞj = ∅; where Ξj is the set of pairs (θ′, θ′′), θ′ 6= θ′′ ∈ Θ
such that mj(y; θ′) ≡ mj(y; θ′′)•
Proof (Necessity): suppose that Ξ = ∩jΞj 6= ∅, then mj(y; θ′) ≡ mj(y; θ′′), ∀j and
∀ (θ′, θ′′) ∈ Ξ. Consequently m(y,x; θ′)=

∑
jI(x∈Aj) mj(y; θ′) ≡ ∑

jI(x∈Aj) mj(y; θ′′)=
m(y,x; θ′′), ∀ (θ′, θ′′) ∈ Ξ, which implies that (3) is not identifiable.
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Proof (Sufficiency): if Ξ = ∩jΞj = ∅, then do not exist pairs (θ′, θ′′), θ′ 6= θ′′ ∈
Θ such that mj(y; θ′) ≡ mj(y; θ′′), ∀j. Consequently ∃ y such that m(y,x; θ′) =∑

j I(x∈Aj) mj(y; θ′) 6= ∑
j I(x∈Aj) mj(y; θ′′) = m(y,x; θ′′) which implies that (3) is

identifiable•
Parametric class F ′ is a particular case of (3), with k = 4. Proposition 2 identifies the
set Ξ for F ′ under the assumption that parametric class of the outcome distributions
is a linearly independent set over the field of real number R (we omit the simple but
tedious proof).

Proposition 2: if, in F ′, the parametric class of outcome distributions G is a linearly
independent set over the field of real number R, then one of the following conditions
holds for any pair (θ′, θ′′) ∈ Ξ 6= ∅, θ′ 6= θ′′ ∈ Θ:

ω′a = ω′c = ω′′a = ω′′c ,

or
ω′n = ω′c = ω′′n = ω′′c ,

or

ω′a = ω′c = ω′n = ω′′a = ω′′c = ω′′n•

3 Conclusions

Given Propositions 1 and 2, a distribution function f(yi, di, zi ; θ) in F ′ is identifiable
unless: ωa = ωc, or ωn = ωc, or ωa = ωn = ωc. This is a set of less restrictive
conditions compared to a simple mixture model analysis where identifiability is assured
only up to permutations of the label components. Furthermore this set of equality
conditions for the mixing probabilities are easily testable given the assumptions usually
adopted for identifying causal effects by the instrumental variables method.
It is worth to note the restriction on the parametric class of the outcome distributions
G, imposed in Proposition 2, rules out the case of a binary outcome. The parametric
class of binomials Bi(N, θ), 0 < θ < 1, is indeed a linearly independent set on R if and
only if N ≥ 2T − 1, where N is the number of independent trials for each observation
(Titterington et al., 1985). Given T = 2 for the two mixtures in F ′, the condition on
N is not satisfied for a binary outcome, where N = 1 < 2T − 1 = 3. This implies that
for a binary outcome Ξ could be greater than under N ≥ 2T − 1. This is confirmed by
an application to data from a randomized community trial of the impact of vitamin
A supplements on children’s survival (Imbens and Rubin, 1997). The authors made
a likelihood analysis of this randomized experiment with non-compliance, a binary
outcome, in absence of always-takers and removing the exclusion restriction. There
was no a unique solution, rather the resulting likelihood function had a set-valued
maximizer.

Acknowledgments: the author thanks Andrea Galassi for useful comments and sug-
gestions.
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Abstract: Nonparametric derivative estimation has never attracted much attention as one
gets the derivative estimates as “by-products” from a local polynomial or spline fit. However,
these estimates often suffer from boundary effects and are very sensitive to outliers. Apart
from this, the local polynomial estimators suffer from a systematic downward bias, as we will
demonstrate. This article is intended to re-establish research interest in derivative estimation,
and to guide the user who needs to work with one of the available packages.
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1 Motivation

Nonparametric estimation of derivatives is important in a variety of disciplines. Specif-
ically, when considering a regression problem of type yi = m(xi) + ei, one is often not
interested in m(·) itself, but rather in the relative change dm/dx of m when increasing
or decreasing x by a small value dx. An important special case is when x represents
time, in which the 1st derivative of m has the interpretation of a speed, and the 2nd
derivative of an acceleration, which is of interest in the analysis of growth curves.
However, the importance of estimating derivatives goes far beyond the end in itself.
Often one relies on asymptotic approximations in order to obtain bias and variance es-
timates, confidence intervals, optimal bandwidths, etc., and these expressions usually
involve derivatives of m(·), which are normally unknown and have to be estimated.
A further field of application for derivative estimators are change point problems. For
instance, when analyzing blood lactate data of elite athletes, one is interested in the
workload at which the lactate level suddenly rises, which can be detected by finding
the maximum of the 2nd derivative (Newell et al., 2005).

2 On nonparametric derivative estimation

There are two main approaches to nonparametric derivative estimation. Consider
firstly local polynomials of degree p. The estimator of the jth derivative m(j)(x)
(0 < j ≤ p) at point x is given by m̂(j)(x) = j!β̂j(x) according to Taylor’s theo-
rem, where β̂j(x) is obtained by minimizing

n∑

i=1

K

(
xi − x

h

) 

yi −
p∑

j=0

βj(x)(xi − x)j




2
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in terms of the vector (β0(x), . . . , βp(x)). Thereby K is a kernel function and h the
bandwidth controlling the degree of smoothing. Secondly, in spline smoothing, the
usual way of estimating derivatives is to take the derivatives of the spline estimate. In
other words, if m̂(x) is an estimate of m(x), one considers dj

dxj m̂(x) as an estimator
of m(j)(x). Several authors have pursued this idea, using splines with (Heckman &
Ramsay, 2000) or without penalization.
As these ideas are quite simple, several papers published in the mid-nineties, particu-
larly originating from the local polynomial smoothing community, gave the impression
that the entire issue of nonparametric derivative estimation is solved, and as a result
the research activity about this topic stalled to some extent. This is unfortunate, as
most problems are treated rather cursorily in the literature and many open questions
remain. For instance, Ramsay (1998) noted that ‘typically one sees derivatives go wild
at the extremes, and the higher the derivative, the wilder the behavior’, and that
further problems arise when it comes to smoothing parameter (bandwidth) selection,
where CV and GCV can be ‘poor guides’. In the sequel, we discuss some of these issues
in the framework of a comparative study.

3 Comparison of available routines

For illustration, we consider a data set generated by contaminating the function
m(x) = x + 2 exp(−16x2), x ∈ [−2, 2], with very small Gaussian noise (σ = 0.1).
A moderate outlier at the left boundary with coordinates (−1.97,−1.75) and a further
outlier at (0.95, 0) were added by hand, giving a total sample size n = 60.

3.1 Local polynomial methods

We start with considering the functions locfit (contained in the homonymous pack-
age) and locpoly in package KernSmooth. We use the usual default setting p = j+1
as theoretically motivated by Fan & Gijbels, 1996, p. 77ff. The bandwidths are chosen
such that the curves pass roughly equally well through the central part of the curve
(we used the result of locfit’s gcvplot for the 2nd derivative, but undersmoothed for
the first). Both functions produce a considerable bias there, which cannot be cured
by modifying the bandwidth as otherwise the outlier and boundary effects get even
worse. In fact, there is a systematic problem with this kind of estimators: Note that
the asymptotic bias of the derivative estimate based on a quadratic fit with bandwidth
h is given by

Bias(m̂′(x)|x1, . . . , xn) = c ·m′′′(x)h2 + oP (h2)

(c > 0 being a constant depending on kernel moments), which can be deduced from
Fan & Gijbels (1996), Thm 3.1. This implies that, where m′(·) is concave, the bias
is negative, and where m′(·) is convex, the bias is positive. Hence, concave parts of
the derivative will be pulled down and convex parts will be pulled up. As the concave
part will usually (but not necessarily in a mathematical sense) correspond to positive
and the convex part to negative derivatives, we can speak of a downward smoothing
bias similar as observed by Stoker (1993) for density derivative estimation. This bias,
clearly visible in the left panel of Figure 1, tends to increase with the derivative order
j; one reason is that the necessary bandwidth h (appearing in the bias generally as a
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FIGURE 1. Tutorial on behavior of derivative estimators (top: 1st deriv., bottom: 2nd de-
riv.), left: locpoly (dashed), locfit (dashed-dotted); right: smooth.Pspline (dashed), D1D2
(dashed-dotted).

factor hp+1−j) increases with j. The smoothing bias diminishes when setting p = j +2
as suggested by Ruppert (1997), at the expense of increased outlier and boundary
effects (not shown).

3.2 Spline based methods

We consider here for comparison the functions smooth.Pspline (R package pspline)
and D1D2 (sfsmisc), both using penalized smoothing splines. The latter is restricted
to cubic splines, whereas we use for the former a quintic and septic spline for the 1st
and 2nd derivative, respectively (Ramsay, 1998). The smoothing parameter is selected
for smooth.Pspline using the built-in GCV routine, and for D1D2 such that the fits
pass equally well through the central part. Both fits are much less biased than the
local polynomial estimators, and more stable at the left boundary.

4 Conclusion

In the poster, we extend this study to include comparisons of the R packages lokern,
lpridge (local), and SemiPar (splines). Given the overall stability, functionality, and
performance (assessed through a small simulation study), our favorites are rather
among the spline based methods; in particular pspline and SemiPar work generally
quite well and offer several interesting options (notably, SemiPar is, apart from locfit,
the only package featuring confidence bands). However, there is a general lack of robust
derivative estimators. Further, smoothing parameter selection tools are in all packages
based on optimizing the estimate of the regression function and not of the derivative,
which can lead to serious undersmoothing (Jarrow et al., 2004). Function D1D2 at
least addresses this problem by adding a ”fudge” offset to the GCV-selected smoothing
parameter. As a brief guide, the capacities of the packages investigated are summarized
below:
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Package version function jmax Smooth. Par.
locfit 1.5-3 locfit 2 GCV
KernSmooth 2.22-19 locpoly no limit —
lokern 1.0-4 glkerns 4* plug-in**

lpridge 1.0-3 lpridge 9 —
pspline 1.0-10 smooth.Pspline 4*** CV/GCV
sfsmisc 0.95-9 D1D2 2 GCV
SemiPar 1.0-2 spm 7*** RE(ML)

*if bandwidth selected automatically, then jmax = 2. **a variant lokerns featuring a variable
bandwidth is also implemented. ***no formal requirement, but from our experience it breaks
down computationally for higher orders.
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Abstract: This paper studies the relevant factors in the survival of Russian commercial
banks during the transition period. We propose a semiparametric AFT model that does not
require to assume a distribution for the survival time and represents a relevant alternative
to the PH model. Our proposal extends Stute’s (1993) method by considering a partial cen-
sored regression model. This methodology represents a very general, flexible and alternative
approach for this type of analysis.
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1 Introduction

The fast pace development of the Russian commercial banking industry has its origin in
1988, right after the banking reform. This rapid evolution of the market was the result
of the null entry barriers that caused high rates of entry and that were consequently
followed by a period of high rates of exit. As a consequence, many banks had to
exit the market without refunding their deposits. Therefore, both for the banks and
for the banks’ depositors, it is of interest to analyze which are the relevant factors
that motivate the exit or the closing of the bank. The survival of new firms has been
previously studied, specially in the manufacturing industry, for firms in the United
States by Audretsch and Mahmood (1995) and Dunne et al. (1989), Wagner (1994) for
the German industry, Mata (1994) for Portugal, Arrighetti (1994) for Italy, Audretsch
and Mahmood (2000) for the Netherlands, Segarra and Callejón (2002) and Esteve et
al. (2004) for Spain. In the context of the banking industry, Shumway (2001), Wheelock
and Wilson (2000), Whalen (1991) and Lane et al. (1986) used hazard models to
analyze the bank failure process in the United States, and Carree (2003) used the
same methodology for the Russian market. This paper proposes an alternative and
flexible approach to study the direct effects of relevant factors on the survival time
instead of on the hazard rate. In addition, and taking as a reference the analysis in
Carree (2003), we propose the use of a different methodology that allows us to estimate
the unknown functional form of a covariate’s effect and that does not require to make
any assumption on the probability distribution of the survival time.
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2 Methodology

We use a regression model to evaluate the effect of k covariates, zi = (zi1, . . . , zik)′,
on the survival time of the i-th bank, ti:

ln ti = z′iβ + ui, i = 1, . . . , N (1)

One of the main reasons to consider this alternative model is the clear and easy
interpretation of the results, because here we measure the direct effect of the covariates
on the survival time instead of on the conditional probability of exit of the market at
time t:

h(t | zi) = h0(t) exp(z′iβ), i = 1, . . . , N (2)

Our proposed estimation method is based on the weighted least squares (WLS) me-
thodology. Given that at the end of the study some banks do not leave the market,
their survival times are censored and, as is well known, in the presence of censorship,
the ordinary least squares methodology produces biased and inconsistent estimators.
In order to solve this problem, we use the WLS approach where the weights take into
account the effect of censorship:

β̂ =

[
N∑

i=1

z[i]z′[i]w[i]

]−1 [
N∑

i=1

z[i]y(i)w[i]

]
(3)

In this setting, and because of censorship, we have the observed duration variable Y .
If the observation is not censored, we observe the duration of the bank in the market,
Y = T . On the other hand, if the observation is censored, C, we only know that the
duration is larger than this value, i.e. T ≥ C. After ordering the observed duration, y(i)

represents the i-th ordered observed duration; z[i] is the (k× 1) vector that represents
the values of the k covariates corresponding to y(i); and w[i] is the weight assigned to
that bank that is calculated as the contribution of y(i) on the Kaplan-Meier estimator
of the distribution function (Kaplan and Meier, 1958). An easy way to compute the
weights w[i] can be described as:

1. Order the observed durations, y(1) < y(2) < . . . < y(N), and put the same weight,
1
N , on all observations.

2. Start with the smallest value of Y , y(1). If it is not censored, keep its weight;
otherwise, if it is censored, put zero weight on it and redistribute its weight
between the observed durations that are larger than this observation.

3. Repeat step 2 until the largest value of Y , y(N).

This estimation method has been studied in Stute (1993) for linear regression models
with censorship. In our case, we need a method that considers both linear and nonlinear
effects. The motivation for this lies on the specification of the effect of the covariate
representing the relative interest rate (intrel). Carree (2000) points out the possible
quadratic relationship for this covariate on the hazard, indicating that the higher the
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deposit interest rate offered by the bank, the higher its risk. In addition, banks which
are offering low interest rates may not be interested in attracting customers and, thus,
are trying to exit the market. Carree (2003) specified a quadratic relationship for this
covariate but the estimation of the effect was not statistically significant. This paper
allows for a general specification of the functional form of the effect of this covariate,
without assuming any parametric form for it. Besides, it does not need to assume any
distribution for the duration variable. Carree (2003) assumed a Gompertz basic hazard
function h0(t). Our proposal will avoid any incorrect specification of the model and
its consequences (see, e.g., Hollander and Schumacher, 2006). We use the technique of
penalized weighted least squares (PWLS) and, thus, the estimators are obtained by
minimizing

N∑

i=1

{y(i) − z′1[i]β − f(z2[i])}2w[i] + α

∫
f
′′
(z2)2dz2 (4)

with respect to β and f(·). In equation (4), z1[i] is a (k − 1) × 1 vector of (k − 1)
linear covariates for the i-th bank and z2[i] takes the value of the covariate intro-
duced in a nonparametric form (i.e., the nonlinear covariate). That is, there is no
functional assumption on f(·). Equation (4) contains a penalized term that considers
the “smoothness” of f(·), by using the integrated squared second derivatives. The pa-
rameter α controls for the relevance of the goodness-of-fit and for the smoothness of
f(·). The purpose is to have a reasonable goodness-of-fit together with a smooth f(·).
The effect of the censorship is handled with the w[i] weights. Orbs et al. (2003) studied
this estimation process and used a simulation study to check on the properties of the
proposed methodology.

3 Results and Conclusions

As can be seen in Table 3, the results are similar to Carree (2003); that is, smaller
banks exit sooner. In addition banks that enter the market in the last part of the
study have shorter durations. As expected, the more experienced banks have a longer
duration in the market.

TABLE 1. Estimates of the linear covariates effects

Covariate Coefficient estimate 95% Confidence Interval
invtam -0.0003 (-0.00046, -0.00017)
expe 0.0707 (0.05312, 0.11671)

tiempo -0.1053 (-0.15881, -0.07399)
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FIGURE 1. Estimate of the effect of the nonlinear covariate: intrel

The risk increases and the survival time decreases with the interest rate. This risk is
measured by using the ratio between the interest rate offered by the bank and the
mean interest rate offered at the market. This effect is captured in the nonparametric
term and we obtain a U inverted functional form effect on the duration (see Figure 1).
This agrees with the U quadratic effect (on the hazard function) obtained in Carree
(2003) but, in his case, it was not significant. Therefore, this functional form shows
that the mean survival time is lower for banks which offer extreme interest rates. It
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seems that banks which offer the highest interest rates have more risk and exit sooner,
and banks which offer the lowest rates are reflecting that they are not interested in
attracting customers and are trying to exit the market.
As a conclusion we have to add that the results obtained strengthen the ideas put for-
ward in Carree (2003) and add new insights to them. However, what is really important
is that these results have been derived by using an alternative approach and applying
a very general model. On the one hand, instead of assuming a quadratic form for the
functional form of the effect of interest ratio, we introduce it in a nonparametric form.
On the other hand, we do not assume any probability distribution for the survival
time. Therefore, this methodology is robust under any incorrect specification of the
functional form effects and also under the incorrect specification of the distribution
probability and its consequences.
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Abstract: In hazard assessment problems, events are assumed to occur as a Poisson process,
and these events are measured by some kind of random magnitude in which the interest
is focused. A problem of general concern is to describe dependence between two of these
magnitudes. This dependence is modelled using copula functions. The main goal is to find out
the transformation of such a copula when attention is restricted to excesses of the magnitudes
over some determined thresholds, one for each magnitude; and when maxima of each variable
are extracted in a fixed time.

Keywords: threshold; extremes; POT method

1 Introduction

Understanding relationships between multivariate events is a basic problem in Statis-
tics. Dependence of random variables has been often described using correlation, al-
though this parameter does not describe the full dependence of the variables and is
often misused in contexts where the normal distribution does not play the main role.
Copulas arise in this context (Nelsen 1999), characterizing joint (multivariate) distri-
butions independently of marginal distributions.
Hazard modelling often deals with extremal events which probability distributions are
skewed and non-normal and, consequently, their dependence is not fully represented
by correlation. Therefore, copula functions seem to be a proper representation of de-
pendence in this context (e.g. Coles and Tawn 1994; de Haan and de Ronde 1998).
Statistical methods dealing with hazardous phenomena are often affected by lack of
data. As the size of the events increases, the occurrence rate of events decreases. When
dealing with large size events, very few data are normally available to estimate the
dependence between two or more characteristics of the event and its estimations are
uncertain. A strategy to face this problem may be to study the dependence of such
characteristic magnitudes for small size events and, then, extrapolate those features
to larger sizes of events, provided they correspond to the same phenomenon. The key
point is to model how dependence of the considered magnitudes is transformed for
larger sizes.
The present aim is to study the change of the copula describing the dependence of
excesses over a threshold when the threshold is increased. Also the copula describing
dependence of maxima is transformed into a new copula when the time of extraction of
maxima changes. Both transformations have been called extremal. A standard model
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used in these situations is a Poisson point process. Each event is characterized by
two random variables, or magnitudes. Then, the process of events and their magni-
tudes constitute a doubly marked Poisson processes. The above mentioned extremal
transformations are studied in this context.

1.1 A model of extremes in marked Poisson processes

In the present approach, events are modelled as points in time. Interest is normally
centered in occurrence probabilities of a given number of events within a time t.
Particularly, attention is paid to certain classes of events whose magnitudes satisfy
some condition. For instance, rainfall events whose precipitation in 5 minutes was
more than 5mm per m2 or precipitation in 30 minutes was more than 20mm per m2.
Magnitudes X1, X2 are assumed to be identically distributed from event to event and
their joint cumulative distribution function (cdf) is FX1X2(x1, x2).
Moreover, these sizes are also assumed to be independent from event to event and
from time occurrence.
This model determines the occurrence probabilities of such a class of events in a
standard way. If A is an event in the (X1, X2) space, and N(A) the number of events
whose magnitudes X1, X2 are in A, the probability function is given by

P [N(A) = n | λ(A), t] =
[λ(A)t]n exp[−λ(A)t]

n!
, n = 0, 1, 2, . . . (1)

where λ(A) = λ0 P [A] , t is the observation time, and λ0 is the Poisson rate of events
in the underlying process.
As frequently done when dealing with hazard problems, special interest is centered
on the extremal behavior of magnitudes. Point over threshold (POT) methods (e.g.
Embrechts et al. 1997) define the excess of a variable over a given threshold. Similarly,
define bivariate excesses of the variables (X1, X2) over the bivariate threshold (h1, h2)
as (Y1 = X1 − h1, Y2 = X2 − h2), provided that X1 > h1 and X2 > h2. The change
distribution of Xi under change of threshold is well-known in the univariate case, and
the present approach uses an extension to the bivariate case.
For extraction of maxima from observations in a fixed time t, assume that N is the
random number of events in this time t, and define Zi , i = 1, 2, the maximum of the
Xi corresponding to those events. Again univariate expressions relating FXi and FZi

are well known; the present approach uses the bivariate extension of such relationship.

1.2 Copulas

Copulas are bivariate (multivariate) distributions with uniform marginals. Copula
functions are able to fully represent dependence between two or more variables, inde-
pendently of their marginal distributions. The use of copula functions allows to treat
separately marginal models and dependence of variables. The joint cdf of X1, X2 is
modelled by a copula CX1X2 [·, ·] (Nelsen, 1999), i.e.

FX1X2(x1, x2) = CX[FX1(x1), FX2(x2)] , (2)

where the subscript X denotes (X1, X2). This completes the model.
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2 Transformation of copulas

A first goal is to study the relationship between the copula in eq. (2) and copulas
of excesses over a given threshold. The copula corresponding to the joint cdf of the
excesses (Y1, Y2) is denoted CY(h), i.e.

FY1Y2(y1, y2|X1 > h1, X2 > h2) = CY(h)[FY1(y1), FY2(y2)] , (3)

where the subscript Y(h) points out that excesses, (Y1, Y2), are taken over the bivari-
ate threshold h = (h1, h2). The expression which relates dependence of excesses and
dependence of magnitudes is proved to be

CY(h)[v1, v2] =
CX[η1, η2] + CX[u1, u2]− CX[u1, η2]− CX[η1, u2]

1 + CX[u1, u2]− u1 − u2
, (4)

where ηi is an implicit function of ui and vi depend also on CX.
The second goal is to obtain the relationship between the copula of magnitudes and
the copula of their maxima of observed events within a time t. Denote Z1, Z2, the
maxima of the magnitudes X1, X2 respectively for events recorded in a fixed time t.
The joint cdf of Z1, Z2 is modelled by a copula CZ, i.e.

FZ1Z2(z1, z2) = CZ[FZ1(z1), FZ2(z2)] ,

where the subscript Z is used for (Z1, Z2). Transformation of CX[·, ·] into CZ[·, ·] is
given by two equivalent expressions:
For w1 ≥ w01 and w2 ≥ w02 ,

CZ[w1, w2] = exp
[
−λt

(
1− CX

[
1 +

ln w1

λt
, 1 +

ln w2

λt

])]
, (5)

and,

CZ[exp(−λt(1− u1))), exp(−λt(1− u2)))] = exp[−λt(1− CX[u1, u2])], (6)

using alternatively ui or wi as arguments, where wi = exp(−λt(1−ui)) or, conversely,
ui = 1+ln wi/(λt), for i = 1, 2. For w1 < w01 and w2 < w02, the copula can be chosen
arbitrarily just preserving monotonicity and uniform marginals.

3 Conclusions

Events in a Poisson process are sized by two random magnitudes, assumed identically
distributed and independent from event to event. Interest is set to bivariate excesses
over a threshold and maxima within an interval. The transformation of copulas de-
scribing the change of dependence between the two magnitudes for their excesses and
maxima under change of threshold or time of extraction respectively have been estab-
lished.

Acknowledgments: This research has been financially supported by the Spanish
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1 Introduction

Formally, a composition is a vector x = [x1, . . . , xD] such that xj > 0, j = 1, . . . , D,
subject to the constraint x1 + . . . + xD = 1. The sample space of compositions is the
unit simplex SD. Its peculiarities prevent us from applying the standard multivariate
statistical techniques designed for real spaces. Log-ratio methodology (Aitchison, 1986)
provides the one to one correspondences between the simplex and the real space,
opening up the whole of unconstrained real space multivariate data analysis. The
results can then be translated back into the compositions of the simplex.
Sometimes in practice some parts take rounded zero values or trace zeros, making it
impossible to use the log-ratio methodology. From a non-parametric point of view,
the multiplicative replacement (MR) method (Mart́ın-Fernández et al., 2003) replaces
the zeros by a small number provided by the analyst. In this work, a computationally
feasible parametric method based on a modification of the EM-algorithm is proposed.
Its performance is analyzed by Monte Carlo simulation.

2 aln : multivariate log-ratio normal model

Aitchison (1986) introduces the additive log-ratio transformation alr(x) =[
ln x1

xD
, . . . , xD−1

xD

] ∈ RD−1. Since the alr transformation is asymmetric in the compo-
nents, one must verify that the applied statistical technique is invariant under permu-
tations of the components. In addition, the alr transformation is not an isometry. To
avoid the above difficulties, an isometric log-ratio transformation (ilr) is introduced
(Egozcue et al., 2003)

ilr(x) = y = [y1, . . . , yD−1] ∈ RD−1, where yi =
1√

i(i + 1)
ln

(∏i
j=1 xj

(xi+1)i

)
,

which allows to apply any multivariate technique to the coordinates from an orthonor-
mal basis. In our strategy, the original zeros in the compositional data set X are trans-
formed in missing data in Y = alr(X). The main idea is to impute the missing part
of Y and transform back from RD−1 to SD. We select the alr transformation rather



464 Log-ratio normal model for replacing rounded zeros

than ilr transformation because with the alr transformation the information about the
detection limit can be easily incorporated to the alr-transformed data model. Further-
more, the consistency of results is guaranteed (Aitchison, 1986) when inference is based
on the likelihood of the additive logistic normal model. Recall that a random composi-
tion vector x ∈ SD is distributed according to an additive logistic-normal (aln) model
(Aitchison, 1986) when y = alr(x) is distributed according to a (D − 1)-dimensional
normal model with mean vector µ and covariance matrix Σ.

3 Modified EM-algorithm in combination with aln model

A rounded zero occurs when xij < γj , where γj denotes the detection limit for the
component xj . When this relationship is alr-transformed into the real space, a missing
data in Y is obtained when yij < ψij . Note that here ψij = ln(γj/xiD), being xD a
part without zero values. On the tth iteration of the modified EM-algorithm (mEM) a
missing value in the position (i, j) of Y is imputed (Palarea-Albaladejo et al., 2007a,
2007b) using the equation

E[yj |y−j , yj < ψj , θ
(t)] = yT

−jβ − σj

φ

(
ψj−yT

−jβ

σj

)

Φ
(

ψj−yT
−j

β

σj

) ,

where θ(t) denotes the tth estimated parameters vector θ = (µ, Σ) of the aln model; φ
and Φ the density and the distribution function, respectively, of the standard normal
distribution; σ2

j denotes the variance of yj , and β is the vector of coefficients of the
linear regression of yj on y−j . Note that imputing by this way the method takes into
account the information contained in the observed variables as much as the informa-
tion about the detection limit. The EM algorithm generates a sequence {θ(t)} which
converges iteratively (Dempster et al., 1977) to the maximum-likelihood estimate of
θ.

4 Simulation-based numerical results

Initially, 1000 data sets of size 300×5 are generated from a 5-part random composition.
The compositional geometric mean of the random composition c is given by g(c) =
[0.027, 0.045, 0.201, 0.605, 0.122], and its total variability, totvar(c), is equal to 3.996.
The value of the geometric mean ensures that the fourth part takes the highest values,
and parts 1 and 2 take the smallest values. In addition, the slightly high variability
introduced ensures that the simulated data sets not are too similar. These data sets
are free of zeros. Following that, small values in the compositions are changed by zero.
In this way, a range of 10 realistic detection limits is considered: from 0.25% to 2.5%
with increments of 0.25%. Thus, in total, 10 000 data sets of compositional data with
rounded zeros have been generated. Next, the data sets are sorted in ascending order
according to the proportion of zeros and the MR and mEM strategies to replace them
are applied. For multiplicative replacement, the zeros are replaced by the 65% of the
corresponding detection limit. MSD and the STRESS
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MSD =
∑300

i=1 d2
a(ci, ri)

300
and STRESS =

∑
i<j(da(ci, cj)− da(ri, rj))2∑

i<j d2
a(ci, cj)

,

evaluate the distortion between the data set C and the completed data set R. By da

we denote the Aitchison distance between two compositions x and x∗ defined as the
Euclidean distance between the vectors ilr(x) and ilr(x∗).
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FIGURE 1. Replacement methods distortion: (a) MSD. (b) STRESS.

Figure 1 shows the patterns followed by the MR and mEM methods in relation to
the proportion of zeros in the samples by means of the average of the MSD and
STRESS measures (continuous lines), ± their respective standard deviations (dotted
lines), for different intervals of percentages of zeros. When the number of zeros grown
the performance of mEM overcome that of MR. Since the MR method replaces all
zeros by the same value, it tends to underestimate the variability in the data sets
(figure 2). For all samples, the differences between the log-ratio total variabilities for
both, the completed data set R and the data set C, is plotted. The mEM method
also tends to underestimate the variability since it replaces zeros with an expected
value, but this effect is appreciably smaller. With compositions of higher dimensions
the expected result is that the mEM algorithm works better, since the information
available to replace zeros by suitable values will increase. The same result will happen
if the sample size is enlarged. Therefore, the yield of the mEM algorithm is bound by
the size of the data matrices, as is common in all parametric strategies.
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Abstract: When using Generalized Linear Models (GLMs), misspecification of
the link is very likely to occur due to the fact that the information, necessary to
correctly choose this distribution function, is usually unavailable. To overcome
this problem, new developments emerged which, simultaneously, gave rise to more
flexible models. As a result, survival analysis also derived benefit from this new
line of research. In fact, the gamma-logit model may be viewed as a GLM with
binary response and unknown link function belonging to the one-parameter family
of transformations, introduced by Aranda-Ordaz(1981). We suggest the use of
flexible parametric link families in Generalized Additive Models (GAMs) with
binary response and propose a generalization of the gamma-logit model, which we
will denote by additive gamma-logit model. Based on the local scoring algorithm,
the estimation procedure minimizes the deviance through the use of a deviance
profile plot. A simulation study was carried out and the proposed methodology
was applied to a real current status data set.

Keywords: Generalized additive model; unknown link function; survival analy-
sis; gamma-logit model; current status data.

1 Introduction

With the evolution of Statistics, there has been an emphasis on the deve-
lopment of models with greater flexibility. That is what happened with the
GLMs, in particular with the logistic model. In fact, several generalizations
of this model were developed to ensure a minimization of the errors resul-
ting from a bad choice of the link. Power transformation families were used
to control symmetric and asymmetric departures from the logistic model
and many parametric link classes were proposed (e.g. Pregibon (1980) and
Aranda-Ordaz (1981)). As a consequence, survival analysis also benefited
from these developments, due to the correspondence that can be established
between models in binary regression analysis and in survival analysis (Dok-
sum and Gasko, 1990). For instance, we may refer the gamma-logit model
that, from the inferential point of view, is equivalent to a binary response
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GLM, with unknown link function belonging to the Aranda-Ordaz (1981)
transformations family. However, considering a GAM instead of a GLM is
the natural extension of the gamma-logit model, in the sense that smooth
functions may be used to establish the relation between the covariates and
the response variable, often in a more realistic way. Some work has already
been done to extend GAMs to a broader class of models with unknown non-
parametric link function (Hastie and Tibshirani (1984) and Roca-Pardiña
et al. (2004)). In this paper we propose the introduction of parametric link
families in GAMs and, although the developed procedures may be applied
to any model with a response variable whose distribution belongs to the
exponential family, our paper will obviously focus the binary response case.
Our proposal lies somewhere between an additive model with a fixed link
and an additive model with a fully non-parametric link.
When using GAMs with flexible link, it is necessary to calculate an odds
ratio curve because, unlike the GLMs, the effect of a continuous covariate
on the response depends not only on the shape of the partial function but
also on the functional form of the link. In our case, we have derived an es-
timator of the odds ratio curve and also constructed pointwise confidence
intervals for the odds ratios, following Figueiras and Cadarso-Suárez (2001)
and Cadarso-Suárez et al. (2005).
A simulation study was conducted and the new methodology was applied
to a real current status data set.

2 GLMs with flexible parametric link and the
gamma-logit model

The idea of using GLMs with flexible parametric link emerged as a natural
consequence of the development of goodness of link tests for GLMs. In this
context, Pregibon (1980) suggested a procedure to examine the adequacy
of a particular hypothesized link function of a GLM, by embedding this
function and the correct, but unknown, link in a family of link functions.
Let Y be a response variable with a distribution belonging to the exponen-
tial family and (X1, ..., Xp) a vector of p covariates. A GLM with flexible
parametric link is defined by E(Y |X1, ..., Xp) = h(β0 +

∑p
j=1 βjXj , ψ),

where h, known as the link function, is a strictly monotone differentiable
function that belongs to the family H = {h(., ψ) : ψ ∈ Ψ}, ψ represents
the link parameter vector and β0, β1, ..., βp are the regression coefficients,
that must be estimated from the available data. This defines a broad class
of models but, at the present, we will only focus the particular case of a
model with binary response and parametric link belonging to the family
proposed by Aranda-Ordaz (1981), in order to obtain the existing gamma-
logit model. In a survival analysis context, this family is defined by

γ-logit(u) =

{
log

{
(1−u)−γ−1

γ

}
if γ > 0

log[− log(1− u)] if γ = 0.
(1)
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and h is the inverse of the function defined in (1).

3 GAMs with flexible parametric link and the
additive gamma-logit model

In this paper, we propose the introduction of GAMs with a flexible para-
metric link, in order to obtain an extension of the gamma-logit model which
we will denote by additive gamma-logit model. Let Y be a response variable
with a distribution belonging to the exponential family and (X1, ..., Xp) a
vector of p covariates. A GAM with flexible parametric link is defined by
µ = E(Y |X1, ..., Xp) = h(β0 +

∑p
j=1 fj(Xj), ψ), where h, the link function,

is a strictly monotone differentiable function that belongs to the family
H = {h(., ψ) : ψ ∈ Ψ} , where ψ represents the link parameter vector. The
partial functions fj(Xj), j = 1, ..., p, are arbitrary univariate functions that
must be estimated from the data and represent the effect of the covariates
on the response. As previously referred, we will only focus the particular
case of a model with a binary response and parametric link belonging to the
family proposed by Aranda-Ordaz (1981), in order to obtain the additive
gamma-logit model defined by F (t|x) = h

{
γ-logit [F0(t)] +

∑p
j=1 fj(xj)

}
,

where F0(t) represents the baseline distribution function.

In what concerns estimation, we added, to the Fortran program developed
by Hastie and Tibshirani (1990), new routines that allowed the estimation
of β0 and of the partial functions f1, ..., fp through the use of the iterative
modified backfitting (Buja et al., 1989) and local scoring algorithms (Hastie
and Tibshirani, 1990). Cubic smoothing splines were used to model indi-
vidual predictors. The amount of smoothing was defined, before fitting the
model, by the specification of the degrees of freedom. In order to estimate
the parameter vector ψ, we used a deviance profile plot.

To estimate the odds ratio curve we followed Cadarso-Suárez et al. (2005),
that proposed a generalization of the odds ratio curve suggested by Figueiras
and Cadarso-Suárez (2001) for the logistic GAMs. In fact, Cadarso-Suárez
et al. (2005) defined the generalized odds ratio curve for a continuous co-
variate Xj at point x, and taking x0 as the reference value, by

ORx0
j (x) = E(X1,...,Xp)

[
p(X1, ..., x, ..., Xp)/(1− p(X1, ..., x, ...,Xp))

p(X1, ..., x0, ..., Xp)/(1− p(X1, ..., x0, ..., Xp))

]
,

where p(X1, ..., Xp) = P (Y = 1|X1, ..., Xp) and E(X1,...,Xp) represents the
mean operator over the covariates {Xk}k 6=j . Thus, if we consider a GAM
with a link belonging to the Aranda-Ordaz (1981) transformations family,
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we obtain the following estimator of the odds ratio

ÔR
x0

j (x) =
1
n

n∑

i=1

(1 + ψ̂ × eβ̂0+f̂1(Xi1)+...+f̂j(x)+...+f̂p(Xip))1/ψ̂ − 1

(1 + ψ̂ × eβ̂0+f̂1(Xi1)+...+f̂j(x0)+...+f̂p(Xip))1/ψ̂ − 1
,

where ψ̂, β̂0 and f̂j are estimates obtained from fitting our GAM. In what
concerns the construction of pointwise confidence intervals for the odds ra-
tio curve, we used bootstrap techniques (Cadarso-Suárez et al., 2005).

A simulation study was carried out, not only to evaluate the quality of
the link parameter estimates, but also to compare the performance of the
proposed GAM with that of the GLM with the same parametric link. We
concluded that the estimation process was satisfactory and that a substan-
tial gain, in what concerns the deviance, may be achieved with our model.

4 A real case study

To apply the proposed methodology, we have studied the elapsed time from
first injecting drug use until HIV infection, using a data set of 361 drug
users who started using intravenous drugs between 1974 and 1997 and were
admitted to the detoxification unit of the Hospital Universitari Germans
Trias i Pujol in Badalona, Spain, between 1987 and 2000. For these indivi-
duals the moment of HIV infection is unknown. In fact, for 15% of the
cases, the only available information about this instant is limited to the in-
terval [instant of last negative HIV test, instant of first positive HIV test].
For the rest of the individuals, we only know their status (infected or not
infected) at the date of the last HIV test (monitoring instant). This means
that the data is mainly case I interval censored and so we decided to treat
all the observations as current status data.

From the available data we used the variables age of first intravenous
drug use, gender, the elapsed time (T ), in months, from the instant of
first intravenous drug use until the date of the last HIV test (monitoring
time) and the indicator variable Y that gives us information about the
result of the last HIV test (0 if the individual is seronegative or 1 if the
individual is infected). We considered the model µ = h{[β0 + f(T )] +
f1(age) + β1 × gender}. The estimate of the link parameter was obtained
through the minimization of the deviance, calculated for a grid of values
of ψ and we considered that ψ̂ = 5 was the best estimate, for a de-
viance of approximately 377.2. The resulting fitted model is given by µ̂ =

1−
(
1 + 5× e[5.18+f̂(T )]+f̂1(age)+2.61×gender

)−1/5

. For the variable age, we
refer to Figure 1 for a graphical representation of the odds ratio curve,
estimated for both genders and considering the mean age (19 years) as
the reference value. As we can see from these two figures, the graphics are
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FIGURE 1. OR(age) estimates and corresponding 95% confidence intervals, fe-
male and male genders.

very similar. It seems to exist a lower risk of infection for the individuals
who initiated their injecting drug addiction with an age of approximately
26 years old. Survival curves for both female and male were obtained and
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FIGURE 2. Estimates of the survival functions of time until HIV infection for
females and males who initiated their drug addiction with a mean age of 19 years.

from Figure 2 we can see that time until HIV infection is longer for men. It
also seems that the curves level off and the resulting plateau may indicate
the existence of immune individuals in the population. In fact, it is admis-
sible that some of the injecting drug users take the adequate precautions
and consequently an HIV infection is unlikely to occur.

Finally, to evaluate the goodness-of-fit of the proposed model, the deviance
residuals were examined and no serious trends, characteristic of a bad fit,
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were detected. To overcome the lack of global goodness-of-fit tests for these
kind of models, we used bootstrap techniques and concluded that the model
was reasonably adequate. The 95% bootstrap confidence interval for the
deviance (352.86, 425.69) was obtained. However, we are aware of the exis-
tence of unobserved heterogeneity among the individuals. So, we believe
that the introduction of a frailty term would certainly improve the fit of
the model.
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Abstract: Calculations of local influence curvatures have been well developed when the pa-
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1 Introduction

The aim of this paper is to derive local influence curvatures (Cook, 1986) under linear
equality parameter constraints with extensions to inequality constraints. The theory
of local influence has been largely applied under unrestricted parameters. However,
few has been developed when the parameters are subject to restrictions (see, for in-
stance, Paula, 1993; Kwan and Fung, 1998 and Paula, 1999). In this work we assume
a quadratic penalty function as suggested by Nyquist (1991) for the parameter esti-
mation under linear equality parameter constraints. Following the same procedures
given in Cook (1986) we express the normal curvature in an interpretable form for ar-
bitrary perturbation schemes. Extensions to inequality constraints are made by using
the Kuhn-Tucker conditions. The methodology is applied in generalized linear models
and an illustrative example is given.

2 Restricted normal curvature

For a given dataset let L(θ) be the log-likelihood function, where θ is a r×1 parameter
vector. The main interest is to maximize the log-likelihood function L(θ) subject to
the linear constraints Cθ − d = 0, where C = (C1, . . . ,Ck)T and d = (d1, . . . , dk)T ,
with C` being an r × 1 vector of constants and d` are scalars, ` = 1, . . . , k. Similarly
to Nyquist (1991) that investigated this problem in generalized linear models, we will
apply the methodology of penalty functions by considering the quadratic penalized
function P(θ, τ ) = L(θ)− 1

2

∑k
`=1 τ`(d`−CT

` θ)2. The procedure consists in finding the
solution of maxθ P(θ, τ ) for positive and fixed values of τ`, ` = 1, . . . , k. The derivative
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of P(θ, τ ) with respect to θ is calculated for fixed τ and the solution by setting the
derivative to zero will be denoted by θ(τ ). The unrestricted maximum likelihood
estimate is given by θ̂ = θ(0) and the equality restricted estimate is obtained as
θ̃ = limτ1→∞,...,τk→∞ θ(τ ). We define the perturbed penalty function by P(θ, τ |ω) =
L(θ|ω)− 1

2

∑k
`=1 τ`ω(d` −CT

` θ)2, where ω is the s× 1 perturbation vector.
Following the same steps given in Cook’s paper with L(θ) replaced by P(θ, τ ) we first
obtain the normal curvature for fixed τ and then by making τ1 →∞, . . . , τk →∞ we
find that the normal curvature for θ at the unitary direction ` is expressed as

C`(θ) = 2|`T ∆T (BU + BR)∆`|, (1)

where BU = L̈−1

θ̃θ̃
is the component corresponding to the unrestricted parameters

whereas BR = −L̈−1

θ̃θ̃
CT (CL̈−1

θ̃θ̃
CT )−1CL̈−1

θ̃θ̃
is the additional component in the Cook’s

curvature due to the linear equality constraints, ∆ is an r × s matrix with elements
∆ji = ∂2P(θ, τ |ω)/∂θj∂ωi, i = 1, . . . , s and j = 1, . . . , r, evaluated at θ̃ and ω0 (no
perturbation vector).
If the Kuhn-Tucker conditions are satisfied (see, for instance, Fahrmeir and Klinger,
1994) extensions to Cθ ≥ d are straightforward. Thus, the maximization of L(θ)
subject to Cθ ≥ d can be reduced to maximize L(θ) subject to CIθ = dI , where CI

is a submatrix of C and dI is the corresponding subvector.

3 Generalized linear models

Generalized linear models (McCullagh and Nelder, 1989) is a well known class of
nonlinear regression models which consists in assuming g{E(yi)} = ηi = xT

i β, where
β = (β1, . . . , βp)T , g(·) is the link function and yi, i = 1, . . . , n, are independent random
variables following some distribution in the exponential family indexed by the parame-
ters µi = E(yi) and φ−1 > 0 and whose density function assumes the form f(yi; µi, φ) =
exp[φ{yiνi − b(νi)}+ c(yi, φ)]. We will assume the constraints Rβ = d. Here one has
C = (R 0), θ = (βT , φ)T , r = p + 1 and s = n. In order to simplify the curvature
expressions suppose −L̈θθ replaced by its expected value Kθθ = blckdiag {Kββ , Kφφ},
where Kββ = φ(XT WX) and Kφφ = −E{c̈(yi, φ)} are, respectively, the Fisher in-
formation matrices for β and φ, W = diag{W1, . . . , Wn}, Wi = (dµi/dηi)2/Vi and
Vi is the variance function. Thus, the normal curvatures for β and φ at the unitary
direction ` reduce to C`(β) = 2|`T ∆T

1 Var(β̃)∆1`| and C`(φ) = 2|`T K−1

φ̃φ̃
∆2∆T

2 `|,
where Var(β̃) = φ−1(XT W̃X)−1 [Ip −RT {R(XT W̃X)−1RT }−1R(XT W̃X)−1], ∆1

is a p× n matrix and ∆2 is an n× 1 vector of constants.

3.1 Case-weight perturbation

Suppose the log-likelihood function expressed as L(θ) =
∑n

i=1 Li(θ), where Li(θ)
denotes the contribution of the ith observation. Under the case-weight perturbation
scheme the perturbed log-likelihood function takes the form L(θ|ω) =

∑n
i=1 ωiLi(θ),

0 ≤ ωi ≤ 1. Hence, the normal curvature for β at the unitary direction ` can be
expressed approximately as

C`(β) = 2|`T D(r̃P )(H̃− G̃)D(r̃P )`|, (2)
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where D(r̃P ) = diag{r̃P1 , . . . , r̃Pn} with r̃Pi =
√

φ̃(yi − ỹi)/
√

Ṽi being the ith Pear-
son residual, H = W1/2X(XT WX)−1XT W1/2 and G = Z(ZT Z)−1ZT , where Z =
W1/2X(XT WX)−1RT . For the particular case in which ` is an n × 1 vector of
zeros with one at the ith position, the total local influence for β takes the form
Ci(β) = 2r̃2

Pi
(h̃ii− g̃ii), where hii and gii are the diagonal elements of the matrices H

and G, respectively. Since M̃ = H̃ − G̃ is a leverage matrix (see Paula, 1999), then
0 ≤ m̃ii ≤ 1 so that h̃ii ≥ g̃ii. Thus, Ci(β) is large if r̃2

Pi
and (or) (h̃ii − g̃ii) are (is)

large.

4 Application

Applications of generalized linear models with linear inequality parameter constraints
are described by McDonald and Diamond (1990). This is for example the case of the
smelter workers study in which the Poisson regression model logE(yi) = logEi + xT

i β,
i = 1, . . . , 40, is proposed to analyze respiratory cancer deaths among a cohort of
smelter workers exposed to airborne arsenic trioxide (Breslow et. al, 1983), where
yi ∼ P(λiEi), logEi denotes an offset and β = (β1, . . . , β9) represents the birthplace
(U.S. or foreign), 5 levels of moderate arsenic and 4 levels of heavy arsenic. McDonald
and Diamond (1990) argue that the death rates for each exposure might form a non-
decreasing sequence. This implies imposing the inequality constraints 0 ≤ β3 ≤ β4 ≤
β5 ≤ β6 (moderate arsenic effects) and 0 ≤ β7 ≤ β8 ≤ β9 (heavy arsenic effects). It
may be showed that the inequality constrained maximum likelihood estimates can be
obtained for this data by fitting the Poisson model above subject to β3 = 0, β4 = β5

and β7 = β8.
From the index plot of Ci(β) (Figure 1) four groups appear with large influence, groups
#1, #10 and #4 (U.S.-born) with large SMR (standardized mortality ratio) and group
#21 (foreign-born) with an unexpected large SMR. Some restricted estimates present
large changes after dropping group #21. Inferences also change at the level of 5% for
the parameters β2, β7 and β8 indicating lack of robustness of the maximum likelihood
estimates against the perturbation scheme.
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FIGURE 1. Index plot of the total local influence Ci(β) for the Poisson model fitted to the
smelter works’ data. Dotted line corresponds to 2C̄.
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1 Introduction

A particular analysis of the reliability of Type I censored reliability data was given
by Finselbach & Watkins (2006). The form of the analysis suggested that the overall
approach may have some role in interim analysis. Thus, in a reliability experiment with
a fixed duration of time, c, we may wish to know whether it is possible to terminate
the experiment early, say at time, h < c, without loss of information. This of course
requires an evaluation of the costs of so doing - effectively we need information on the
effects of early stopping on the final decision-making process.
In order to develop our methods and compare findings with those in the original paper
we have mirrored the simple, expository, assumptions made there. However, we also
deal with a Negative Exponential survival time random variable with parameter θ, the
inverse parametrization.
Moreover, our perspective differs somewhat from the original authors. Their focus lay
in investigating the asymptotic properties of their scheme, that is, in comparing the
outcome at t = c with t = ∞. On the other hand, our interest centres on comparing
the outcome at t = h < c with t = c for a sensible range of h values.

2 The Basic Model

The model for our non-negative Exponential random variable, T , takes the form:

f (t; θ) = θ exp (−θt) t ≥ 0 (1)

whence E(T ) = 1/θ and V (T ) = 1/θ2, whereas Finselbach & Watkins (2006), hereafter
FW, considered the model with E(T ) = θ∗ = 1/θ.
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For our regression model we adopted

θi = exp(x′iβ) (2)

where x′i = (x0i, x1i), with x0i = 1 ∀i i = 1, . . . , n and x1i is a binary treatment indi-
cator = 1 for treatment and = 0 for control, leading to n/2 ones in a balanced trial
design. Here β′ = (β0, β1), whence β1 is the treatment effect.

In some ways their choice of parametrization (1) is more natural, but the alterna-
tive form is often used in simulation studies and one question is simply, does the
choice of parametrization matter?

2.1 Type I Censoring

Suppose at any given time, say c, the data are subject to Type I censoring and that
we only have the exact lifetimes t1,..., tM of the M (0 ≤ M ≤ n) items that have failed
before c, with the remaining n−M items having a censored operational life of c. Thus,
with M ≥ 0, we have

θ̂c =
M

SM + (n−M) c
(3)

where SM =
∑M

i=1 ti. Let the true lifetime data be t1,..., tM ,tM+1,...,tn, then Sn =
SM +

∑n
i=M+1 ti. Importantly, the link between θ̂ and θ̂c is

nθ−1 = Mθ̂−1
c +

c∑

i=M+1

(ti − c) (4)

Where tM+1 ,..., tn denote the lifetimes of items still operational at c, and M fol-
lows a Binomial distribution with parameters n and qc = 1 − exp (−θc) which is the
probability that any item fails in (0, c). We may proceed to show, after some algebra,
that

Corr
(
θ̂, θ̂c

) ' √
qc. (5)

The arguments leading to equation (4) follow the steps given in FW and depend
on exploiting the usual asymptotic relationships which hold with Fisher Information
(Watkins & John, 2004). FW also reached equation (4) but with qc = 1 − exp(−c

θ ).
We note that the correlation does not depend on n.

3 Simulation Studies

3.1 Inverse Parametrization

Overall, the results (not shown) were similar in both models and our final conclusion
is that the choice of parametrization is immaterial in practice and may be made on
the grounds of convenience.
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TABLE 1. Anova for the % concordance between tests of H0 for β1h and β1c

Effect df ss ms F-ratio p

β1 2 1597.07 798.54 239.14 0.000
n 2 231.06 115.53 17.30 0.000
p 2 225.51 112.76 16.88 0.000
h 2 366.42 183.21 27.43 0.000
β1 × n 4 1760.62 440.15 65.91 0.000
β1 × p 4 160.87 40.22 6.02 0.001
β1 × h 4 128.66 32.16 4.82 0.004
β1 × n× p 8 655.19 81.90 12.26 0.000
Residual 52 347.28 6.68
Total 80 5472.68

3.2 Effect of Early Stopping

In order to investigate the effects of early stopping we designed a simulation study
mimicking the effect of a two group randomised controlled trial using the exponential
regression model defined at (2). A full factorial experiment was organised to evaluate
effects of varying: h as h1 = 1c/2, h2 = 2c/3 and h3 = 3c/4; the sample size n =
100, 500 and 1000; the percentage censored (at c) p = 0.2, 0.5 and 0.7 and the parameter
β1 = 0.2, 0, 5 and 1. The intercept parameter β0 was set to zero throughout and xi was
as described above. Thus, in this preliminary investigation we have a 34 factorial design
covering 81 scenarios.

4 Discussion

We analysed the % concordance, c, between the tests of the null hypotheses that
H0 : βcj = 0 and H0 : βhj = 0 for j = 1, . . . ,m = 1000. Table 1 shows the
results for the same factorial design described above this time using the percent-
age concordance as the outcome summary measure, while Figure 1 shows the his-
togram of the % concordance obtained. Overall, the results are encouraging. From
Table 1 we see that the % concordance varies with several factors simultaneously and
the pattern of dependence is complex. Exploring the quadratic surface model space
led to: ĉ = 78.767(±4.685) − 7.864(±3.072)p − 0.009(±0.003)n + 0.963(±3.367)β +
20.402(±6.055)h + 0.012(±0.003)[β × n] which explained 55.8% of the variation.

The concordance analysis was encouraging, suggesting that it may be possible to isolate
scenarios in which early stopping was a viable option. However, further work is required
before a firm conclusion can be reached, including the extension to the case where the
data are subject to Type II Censoring and follow the Weibull distribution.
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FIGURE 1. % Concordance: tests of H0 : for βh & βc
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Abstract: In Vitro Fertilization (IVF) offers infertile couples the opportunity to have a
baby. Many of these couples have multiple attempts to try to achieve this goal. To model
the risk factors that affect the process at any of its stages, across the multiple attempts,
an ordinal response and an extended continuation ratio random effects model have been
used. This enabled the modelling of differential effects of covariates on different stages of the
process. A significant random effect suggests that there is a couple specific effect, which may
be interpreted as a fertility index.

Keywords: IVF; extended continuation ratio model; random effects model.

1 Introduction

Many couples experience fertility problems making it difficult for them to conceive a
child. IVF (in vitro fertilization) offers these couples the chance to have a baby.
Our aim is to develop a single model that looks at the risk factors for success for the
process as a whole. In previous work we have developed a model for a single attempt
using an extended continuation ratio model. In this paper we are extending that model
to include multiple attempts.
The IVF process consists of a number of sequential stages. The couple start the process
with the collection of the oocytes (or eggs) and the sperm (stage 1). The eggs are then
fertilized to produce embryos (stage 2), some of which are transferred to the uterus
(stage 3). This may result in pregnancy (stage 4), which may in turn result in the
birth of a baby (stage 5).
The couple must be successful at every stage to achieve the ultimate successful out-
come, the birth of a live baby. Therefore it is important to determine the risk factors
that affect each stage of the process. We can consider these stages as an ordinal re-
sponse, where the response is the maximum stage successfully achieved in a given
attempt, with values 0 (start the process) to 5 (birth of a baby). The collection of
sperm is not considered as a separate stage. If the collection of sperm is unsuccessful
then fertilization will not take place and, provided the collection of oocytes has been
successful, the couple will be classified as having reached stage 1.
Many couples have multiple attempts at IVF providing valuable additional informa-
tion. There are additional complications for second and subsequent attempts due to
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the use of frozen embryos. Embryos not used in one attempt are frozen for use in
future attempts. When a frozen embryo is used the couple effectively start the process
at the transfer stage. This needs to be taken into account in the model.
There is also a condition, known as OHSS, where it is dangerous for a subject to have
oocytes collected and an embryo transferred in a single attempt. For these subjects
the two attempts required to effectively complete an IVF cycle are combined and an
indicator variable is set up to indicate the presence of this condition.
The data used included a maximum of four attempts for each subject.

2 The Extended Continuation Ratio Mixed Effects Model

2.1 The continuation ratio model

The continuation ratio model is best suited to data where the interest is in the in-
dividual categories of the response, rather than a cumulative response. It is also rec-
ommended when the outcome is irreversible, that is the subject can only go forward
through the levels or stages. For these reasons this model is the most appropriate of
the ordinal models for the IVF data.
For the forward continuation ratio model, the continuation ratio δk(x) is the condi-
tional probability of being in category k, given that at least k is reached:

δk(x) = P (Y = k|Y ≥ k, X = x)
= πk(x)/[πk(x) + πk+1(x) + .... + πK(x)], k = 0, 1, .., K − 1

where K is the highest category and πk(x) is the probability of having response k,
given covariate vector x. We model the logit of the continuation ratio giving:

logit(δk(xi)) = log
δk(xi)

1− δk(xi)
= αk + x

′
iβ

=⇒ δk(xi) =
exp(αk + x

′
iβ)

1 + exp(αk + x
′
iβ)

where xi is the vector of covariates for subject i.
The advantage of the continuation ratio model is that by restructuring the data simple
binary logistic regression can be used to estimate these models. The data is restruc-
tured by creating a subset of the data for each ’cut-point’, where the cut-point cor-
responds to categories k = 0, 1, ...K − 1. The subset consists of all observations with
a response greater than or equal to that cut-point. Two new variables are created in
each subset, one to specify the cut-point and a binary variable that is 1 if the ordinal
response is equal to that cut-point and 0 otherwise. The subsets are then concatenated
into one data set and the new binary response is used as the response in a logistic
model. The cut-point is included as a factor in the model to give category specific
intercepts. The observations are conditionally independent given the cut-point.
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2.2 The extended continuation ratio model

Since the stages of the IVF process are different biological processes, stage specific
coefficients are needed. The continuation ratio model can be extended to allow different
coefficients for each stage by simply including interactions between the new cut-point
variable and the risk factors.
The model for the extended continuation ratio model is:

logit(δk(xi)) = αk + x
′
iβk .

2.3 The extended continuation ratio random effects model

Since we are analyzing multiple attempts per subject (couple) we cannot regard these
observations as independent. A random effect may be added to the model to account
for this correlation (or between-subject heterogeneity). This gives the following random
effects model for multiple attempts:

logit(δk(xij)) = αk + x
′
ijβk + bi

where bi ∼ N(0, σ2) and xij is the vector of covariates for subject i at their jth
attempt.
Let yij be the ordinal response for subject i at attempt j, and zijk be the binary
response for subject i at attempt j and cut-point k. The likelihood that subject i has
response k (k = 0, 1, . . . , 5 for the IVF data), at attempt j is:

fij(yij = k|β, bi) =

{ ∏k
`=0

exp(α`+x
′
ijβ`+bi)

zij`

1+exp(α`+x
′
ij

β`+bi)
k = 0, ..., 4

∏4
`=0

1
1+exp(α`+x

′
ij

β`+bi)
k = 5

The marginal likelihood for subject i over all attempts is:

fi(yi|β, σ2) =
∫ Ji∏

j=1

fij(yij |β, bi)g(bi|σ2)dbi

where Ji is the number of attempts for subject i (Ji = 1, 2, 3, 4). The total likeli-
hood is maximized using Dual Quasi-Newton optimization and non-adaptive Gaussian
Quadrature for the integration. SAS NLMIXED was used to implement this model.
Note: Since those subjects using frozen embryos start at the transfer stage, they are
not included in the data for the first two cut-points.

3 Results

The standard deviation of the random effect was found to be highly significant (σ̂ =
0.72, SE = 0.08), suggesting a significant subject-specific effect which may be inter-
preted as a fertility measure for the couple. This result must be treated with some
care due to possible boundary problems in the hypothesis. Empirical Bayes may be
used to estimate the random effects posthoc.
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The risk factors that were tested included BMI (Body Mass Index), female age, type
of treatment, OHSS and attempt number. All factors were significant at one or more
stages. The model was also adjusted for the year of treatment. This factor may have an
effect on the outcome due to changing technology but is not relevant as a risk factor.

TABLE 1. Results - Odds Ratios for Significant Risk Factors

Risk Factor Cut-point Stage OR CI
Attempt 4 1 Egg Collection 0.45 0.20 - 0.98
Attempt 4 3 Embryo Transfer 0.73 0.55 - 0.96
BMI < 20 0 No success 2.01 1.22 - 3.31
BMI > 30 4 Pregnancy 2.32 1.52 - 3.55
Age > 35 0 No success 2.45 1.68 - 3.58
Age > 35 1 Egg Collection 1.66 1.19 - 2.30
Age > 35 2 Fertilization 1.37 1.01 - 1.85
Age > 35 3 Embryo Transfer 1.94 1.60 - 2.35
Age > 35 4 Pregnancy 2.09 1.48 - 2.96
Treatment ICSI 0 No Success 0.68 0.47 - 0.99
Treatment ICSI 1 Egg Collection 0.63 0.45 - 0.88
Treatment ICSI 2 Fertilization 0.54 0.38 - 0.76
Treatment FER 3 Embryo Transfer 1.85 1.52 - 2.25
OHSS 3 Embryo Transfer 2.09 1.38 - 3.17

BMI was categorized into 4 groups, underweight (< 20), normal (20 - 25), overweight
(25 - 30) and obese (> 30). Subjects who are underweight are less likely to have
oocytes successfully collected than subjects with normal BMI. Subjects who are obese
are more likely to miscarry than subjects with normal BMI.
Age was categorized into 3 groups, < 30, 30 - 35 and > 35 with the 30 - 35 group being
used as the referent category. Older women (> 35) were less likely to be successful at
all stages of the process.
There were three treatments considered, the traditional IVF process, ICSI (Intra Cy-
toplasmic Sperm Injection), where the sperm is placed directly into the egg, and the
use of frozen embryos. Those subjects using ICSI were more likely to be successful
in the early stages of the process. Those using frozen embryos were less likely to fall
pregnant, that is were more likely to stop at the transfer stage, than those using fresh
embryos. However changes in technology since this data was collected have improved
the likelihood of falling pregnant when using frozen embryos.
Those subjects with OHSS were also less likely to fall pregnant. These subjects use
frozen embryos so this is consistent with the results when using frozen embryos.
There was no significant difference between attempt 1 and attempts 2 and 3 at any
stage. At attempt 4 subjects are more likely to have eggs successfully fertilized, and
more likely to fall pregnant than at attempt 1. This may be a result of the cohort
remaining at this attempt.
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4 Discussion

It is important to understand the risk factors that affect success at each stage of the
IVF process. This will improve the chances of success, provide information for further
research and inform subjects of their likelihood of success.
Using the stages of the process as an ordinal response in an extended continuation ratio
random effects model, enables us to model the whole process over multiple attempts
and determine which factors affect each stage. Further risk factors can be tested using
this model.
The posthoc estimates of the bi’s provide valuable information in understanding the
patterns of success in IVF.
Not all couples had 4 attempts. Couples may decide not to continue with IVF for many
reasons, such as having successfully had a baby, the financial or emotional costs of the
process or having fallen pregnant without the assistance of IVF. For this reason we felt
that the ’dropouts’ could be considered to be at random and consequently ignored.
Further consideration will be given to this issue.
There are a number of other issues still to be investigated. These include looking at
other distributions for the random effect, in particular a non-parametric distribution,
consideration of a random error term to model overdispersion (variance component
model) and further investigating a test for the significance of the variance of the
random effect.
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Abstract: Joint Regression Analysis (JRA) has been widely used to compare cultivars.
In this technique a linear regression is adjusted per cultivar. The slope of each regression
measures the ability of the corresponding cultivar to answer to variations in productivity.
Presently we are manly interested in cultivars with better responses to high productivity.
To extend the application range of JRA to connected series of designs in incomplete blocks,
thus going beyond the classic case of series of randomized blocks, we introduced the L2

environmental indexes. Nowadays, comparison trials for cultivars are mainly α-designs, which
have incomplete blocks. Moreover, the introduction of these indexes: enables the integration
of JRA into the statistical inference for normal models; allows a better approach to the
study of specific interactions. These interactions occur when a cultivar behaves abnormally
well or abnormally badly, for a (location , year) pair. We will also, use JRA to obtain and
update of lists of recommended cultivars. Appropriate algorithms have been developed for
the adjustments: the zig zag algorithm and the double minimization algorithm.

Keywords: Joint Regression Analysis, linear regressions, L2 environmental indexes, double
minimization, zig zag algorithm.

1 Introduction

Joint Regression Analysis (JRA), is a widely used technique for evaluation of cultivars,
integrating in a variable (the environmental index) the productive capacity for each
(location , year) pair.
A linear regression of the yields on the environmental index was adjusted per cultivar.
In the complete case, in which all cultivars are present in every block, the environmen-
tal indexes for blocks were measured by their average yields (cf. Gusmão, 1985, 1986).
When incomplete blocks are used, such as is the case with α-designs, an iterative zig
zag algorithm may be used to estimate simultaneously the regression coefficients and
the environmental indexes (cf. Mexia et al., 1999).
The upper contour defined by the adjusted regression is a convex polygonal. The cul-
tivars that partake in the upper contour, the dominant ones, have highest yields each
for a certain range of the environmental indexes. Non dominant cultivars must be
compared with dominant ones.
This technique was systematically studied by Pereira (2004) considering how to use it
in cultivar selection. Later Pinto (2005) showed that it is a useful guide for managing
plant breeding program.
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2 Zig zag algorithm

The goal function to be minimized will be

S(αJ , βJ , xb) =
b∑

i=1

J∑

j=1

pij(Yij − αj − βjxi)2

where the (αj , βj), j = 1, ..., J are the regression coefficients, the xi, i = 1, ..., b, are
the block environmental indexes and the Yij denote the yield of cultivar j in block i if
present. Usually the weight pij is 1 [0] when cultivar j is present [absent] from block
i. When the cultivar occurs we take pij = pi. These weights may differ from block to
block to express differences in representativity of the blocks.
In the zig zag algorithm the minimization is carried first for the coefficients and then
for the environmental indexes. At the end of each iteration the environmental indexes
are rescaled so that the range of environmental indexes is kept unchanged.
When we have α-designs the initial environmental indexes for a block will be the
average yield for the corresponding super-block.

3 Double minimization

The zig zag algorithm for these adjustments performs well, but it has not been estab-
lished that it converges to the absolute minimum of the goal function (cf. e.g. Mexia
et al., 2001, Mexia and Pereira, 2001) . We presented an alternative algorithm for
the adjustment of Joint Regression Analysis and showed that, in the complete case,
it converges to the absolute minimum (cf. Pereira and Mexia, 2007). Both algorithms
were applied to an example in which they display an excellent agreement. We also
analyzed the reason behind such agreement between both algorithms. When we ap-
ply the double minimization algorithm we obtain the conditional estimators (given
the environmental indexes x1, ..., xb ) of the regression coefficients and the conditional
minimum for the sum of squares of residuals S(xb) . To choose the environmental in-
dexes we minimize S(xb). We point out that the goal function keep unchanged (we get
an equivalent regression) if we make a linear transformation on the controlled variable.
We can restrict ourselves to vectors xb, such that






∑b
i=1 pixi = 0

∑b
i=1 pix

2
i = 1.

(1)

As we can see in Pereira and Mexia (2007) the vector xb which, satisfies constraints

(1), and minimizes S
1
(xb) =

∑b
i=1

∑J
j=1 pi

(
Yij −

∑b

i=1
piYij∑b

i=1
pi

)2

−− xbT

Zxb or equiv-

alently maximizes xbT

Zxb is the first eigenvector, γ2
1 , of matrix Z =

∑J
j=1 Y +b

j Y +bT

j

, with Y +b
j the vector with components

pi

(
Yij −

∑b

i=1
piYij∑b

i=1
pi

)
, i = 1, ..., b, j = 1, ..., J .
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4 Cultivar comparison

As stated above the dominant cultivars are associated to ranges for whose environ-
mental indexes they have the highest yields. When comparing a dominant cultivar
with a non dominant one we use the highest [lowest] index in the associated range
of the second cultivar has larger [lesser] adjusted slope than the dominant one. This
comparison may be carried out using one sided t-tests or multiple comparison meth-
ods. Of these the Bonferroni method was the one that performed better (cf. Pereira
and Mexia, 2002).

5 Method robustness and reproducibility

Recent unpublished work showed that the method is extremely robust. Thus using the
data from 17 α-designs with 20 cultivars missing observation were randomly ”placed”.
Starting with the complete data and then with incidences rates from 5% to 75%, for
missing observations in triplicate the technique was applied. Surprisingly the selection
results varied very little throughout all the study. Moreover, applying the technique to
two sets of yield trials in which the same cultivars of winter rye were used we arrived
at highly compatible results for both sets of field trials (cf. Pereira and Mexia, 2003a).

6 Recommended cultivars

The technique may be applied to manage lists of recommended cultivars (cf. Pereira
and Mexia, 2003b). Thus it may used to promote new selected cultivars to recom-
mended status and down-grade previously recommended cultivars.

Acknowledgments: The Research Centre for Cultivar Testing (Slupia Wielka,
Poland) is tanked for use of their data in this paper. The first author of this work
is member of the CIMA-UE, research center financed in the ambit of FEDER by
”Programa de financiamento Plurianual”, of the Science and Technology Foundation
- Portugal.

References

Gusmão, L. (1985). An adequate design for regression analysis of yield trials. Theor.
Appl. Genet. 71, 314-319.

Gusmão, L. (1986). Inadequacy of blocking in cultivar yield trials. Theor. Appl. Genet.
72, 98-104.

Mexia, J.T., Pereira, D.G., and Baeta, J. (1999). L2 Environmental indexes. Biomet-
rical Letters 36, 137-143.

Mexia, J.T., Pereira, D.G., and Baeta, J. (2001). Weighted linear joint regression
analysis. Biometrical Letters 38, 33-40.



D. Pereira and J.T. Mexia 489

Mexia, J.T. and Pereira, D.G. (2001). Joint regression analysis for winter rye culti-
vars using L2 indexes. Colloquium Biometryczne 31, 207-212.

Pereira, D.G., and Mexia, J.T. (2002). Multiple comparison in Joint Regression Ana-
lysis with special reference to variety selection. Scientific papers of the Agricul-
tural University of Poznan, Agriculture 3, 67-74.

Pereira, D.G., and Mexia, J.T. (2003a). Reproducibility of Joint Regression Analysis.
Colloquium Biometryczne 33, 279-299.

Pereira, D.G., and Mexia, J.T. (2003b). The use of Joint Regression Analysis in se-
lecting recommended cultivars. Biuletyn Oceny Odmian (Cultivar Testing Bul-
letin) 31, 19-25.

Pereira, D.G. (2004). Análise Conjunta Pesada de Regressões em Redes de Ensaios.
Ph’d Thesis. Universidade de Evora.

Pinto, I. (2005). Análise Conjunta de Regressões e Planos de Melhoramento. Ph’d
Thesis. Universidade Nova de Lisboa, Faculdade de Ciências e Tecnologia.

Pereira, D.G., and Mexia, J.T. (2007). Double minimization for complete series of ex-
periments in Joint Regression Analysis. Submitted to American Journal of Math-
ematical and Management Sciences.



Study of the 1st, 2nd and 3rd Guided Interruption
Periods in an HIV Clinical Trial
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1 Fundació de Lluita contra la SIDA, Badalona, Spain.
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Abstract: In an HIV clinical trial conducted to learn about the safety of an intermittent
antiretroviral therapy, the description of the longitudinally measured CD4 counts and the
duration time without therapy are of interest. Survival analysis methods and linear mixed
models are used to study the relationship between them and the baseline and retrospective
covariates. We conclude that the effect of previous immunological and virological markers
on the CD4 dynamics and on the times treatment-free diminishes over time. CD4 and VL
markers at the end of each stage, duration of previous stages and pharmacological history
are relevant for the subsequent times treatment-free.

Keywords: Cox Model; Linear Mixed Model; Guided Treatment interruption.

1 Introduction

The TIBET study is an open-label, comparative, randomized, prospective and mul-
ticenter trial conducted to learn about the safety of interrupting the Highly Active
AntiRetroviral Therapy (HAART). Patients are randomly allocated to either the con-
trol group on which the HAART therapy is maintained or to the experimental group on
which HAART is interrupted until one of the following situations occurs: i) an AIDS-
defining illness diagnosis; ii) CD4 ≤350/mm3 or iii) HIV-1 RNA ≥100,000 copies/mL.
When any of these events occurs, patients resumed HAART until CD4 >500 cells/mm3

and HIV RNA <50 copies/mL. Thereafter, antiretroviral therapy is interrupted again
and subsequent cycles of therapy interruption (OFF stage) and reinitiation (ON stage)
are followed according to the previously described parameters.
Our aim is to study the duration of the first, second and third period without treatment
and to describe the dynamics of the CD4 cell counts in these stages. Survival analysis
methods and linear mixed models are used to study the relationship between these
responses and the baseline and retrospective covariates, taking as well into account
the CD4 and Viral Load measurements in previous stages.

2 Methods

A Cox model is a well-recognized statistical technique that can be used to explore
the relationship between the survival of a patient and several explanatory variables.
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In this study we have used the Cox proportional-hazards model to assess the effect
of baseline, pretherapy, preHAART and retrospective variables on the duration of the
3 first periods from interruption to treatment resumption. The advantages of this
semiparametric model are that the regression coefficients are estimated independently
of the baseline hazard along as its flexibility to handle time varying coefficients or
staggered entry times. Schoenfeld residual plots are used to validate the multivariate
models for models with covariates which hold the hazards proportionality assumption.
A mixed effect model is used for the repeated measurements of CD4+ cells during the
elapsed time on which the patient is without therapy. This methodology, as opposed
to classical multivariate regression techniques, is applicable when the number of mea-
surements per patient is unbalanced and fairly small and has the additional feature
of allowing some of the parameters describing the CD4 dynamics to vary between
patients, and combining the information from all subjects in the estimation of com-
mon parameters. To elucidate about the significance of the fixed and random effects
parameters, Wald test and likelihood ratio test are used. To validate the model the
value of the likelihood together with the analyzes of the residuals are used.

3 Results

The analyzes are conducted for the 100 patients in the interruption group. An interim
administrative censoring in July 2004 has insured 96 weeks of follow-up.

3.1 Analyzes of the times from interruption until treatment resumption

Three independent multivariate Cox regression models are conducted for the first three
periods without therapy and the most significant covariates are chosen for each case.
A multivariate Cox regression model for the 1st interruption period is fitted for
all the predictive factors in the univariate analysis with p-value<0.20. Using a 5%
significance threshold, the final model is described via the CD4+ nadir (Hazard Rate
= 0.997; 95%CI =(0.996, 0.999)), the HIV-1 RNA levels before the initiation of any
antiretroviral therapy (Hazard Rate = 2.271; 95%CI =(1.514, 3.407)), and the fact
that the patient had received suboptimal regimen prior to HAART (Hazard Rate
= 0.517; 95%CI =(0.312, 0.856)). We conclude here that subjects with lower CD4+
nadir, higher HIV-1 RNA levels and who had received suboptimal regimen prior to
HAART were more likely to resume therapy.
The same strategy is used for the 2nd interruption period and the following covari-
ates are found statistically significant at a 5% level in the multivariate model: subjects
with higher HIV-1 RNA levels before the initiation of any antiretroviral therapy (Haz-
ard Rate = 2.57; 95%CI = (1.48,4.47)), with higher HIV-1 RNA levels at the starting
of the previous therapy (Hazard Rate= 2.83; 95%CI =(1.19, 6.72)) and who had to
restart therapy due to a decrease on CD4 counts (Hazard rate =2.51; 95%CI =(1.15,
5.51)) were related to shorter times without therapy.
Finally, for the 3d interruption period, female patients (Hazard Rate = 12.447; 95
%CI = 2.974, 52.094)), those subjects who had received suboptimal regimen prior to
HAART (Hazard Rate= 0.517; 95%CI =(0.312,0.856)) and have restarted therapy due
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to a decrease on CD4 counts (Hazard Rate= 3.259; 95%CI =(1.0668,9.55)) were more
likely to resume therapy.

3.2 Study of the CD4+ cells dynamics

The repeated measurements of the CD4+ cells during the 1st, 2nd and 3d periods
without treatment is modelled via a linear mixed model such as

log10 CD4ij = (α + bi0) + (β + bi1) ∗Weekj + γ ∗ CD4w0i + εij

where ij indicates the measurement done for the ith individual at week j; bi0 and bi1

are the random effects in the intercept and week slope associated with the ith individual
and distributed as normal mean 0 random variables and εij , the within-subject error
term, as a normal mean 0 random variable.
For the 1st period without treatment the model is summarized as

log10 CD4ij = (2.42 + bi0) + (−0.0024 + bi1)Weekj + 0.00041CD4w0i + εij

where bi0 and bi1 are N(0, 0.0942) and N(0, 0.0022) respectively; and εij is N(0,
0.0732).
A multivariate model is fitted extending the previous one with the retrospective and
baseline factors. The CD4 nadir, the log10 preHAART and the CD4 pretherapy inter-
acting with time effect are found significant at 5% level. The effect of having 100 CD4
cells/mm3 more at nadir or baseline imply have 1 cell/mm3 more in the studied CD4
evolution; on the contrary, the increase of 1 log10 preHAART VL entail a reduction of
1 CD4 cell/mm3.
Using analogous steps for the 2nd stage without therapy the equation is that

log10 CD4ij = (2.332 + bi0)− 0.006Weekj + 0.0006CD4w0i + εij

where bi0 ∼ N(0, 0.10482) and εij ∼ N(0, 0.08122).
CD4 at starting the 1st period on treatment and the CD4 preHAART are significantly
associated with the CD4 evolution in the multivariate model. The CD4 evolution
expected is 1 cell/mm3 larger per every 100 CD4 cells at starting the 1st period on,
the increase is of 1 CD4 cell per month when CD4 preHAART is 100 cells/mm3 larger.
Finally, for the 3d period without treatment, the model is summarized as

log10 CD4ij = (2.571 + bi0)− 0.0062Weekj + 0.00023CD4w0i + εij

where bi0 ∼N(0, 0.1452) and εij ∼N(0, 0.1092).
Once adjusting the multivariate model the following covariates are found statistically
significant at 5% level: if the CD4 at the starting the 1st period on treatment is 100
cells/mm3 larger the CD4 cells expected is 1 cell/mm3 larger. One month without ther-
apy and being female carries to 1.06 and 2 CD4 cells/mm3 less in the CD4 evolution,
respectively.
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4 Conclusion

Longitudinal data methods represent one of the principal research strategies employed
in medical and social research. The defining feature of such studies is that subjects
are measured repeatedly through time. In this paper Cox method to study the time
to an event and a mixed model to analyze correlated data have been used and lead to
the following clinical conclusion: the effect of previous immunological and virological
markers on the CD4+ dynamics and on the times treatment-free, diminishes over
time. CD4+ and VL markers at the end of each stage, duration of previous stages and
pharmacological history are relevant for the subsequent times without treatment. We
determine that treatment interruption was longer and with higher levels of CD4 cells in
HIV infected patients with persistent high CD4 and low viral load, for younger males,
and for those having a limited exposure to antiretrovirals. These subject and clinical
characteristics may confer additive likeliness of safety stay during this treatment-free
periods.
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1 Introduction

The analysis of binary data collected at successive time points to examine the relation-
ship between the probability of success and time dependent covariates can conveniently
be modelled using Markov chains. Under this approach, transition probabilities given
the past can be determined by a set of covariates. In this paper, we present a general
parametric class of transitional models of order p for binary longitudinal data. Specif-
ically, we extend the work of Raftery (1985), giving rise to an autoregressive mixture
model that allows for covariates.
In these models the conditional distribution of the current observation given the
present and past history is a mixture of conditional distributions, each of them corre-
sponding to the current observation given each one of the p-lagged observations. This
likelihood-based methodology is attractive to analyse longitudinal binary data since
it includes optimality of estimators under correct model specification, the availabil-
ity of inferential procedures such as likelihood ratio tests, the flexibility to allow for
unequally spaced observations, and the robustness of certain missing data structures.

2 Transition models for discrete data

To establish context, consider first-order discrete time stationary Markov processes,
also known as AR(1). If the state space of the process is a finite or countable set, the
transition distribution function is given by

F2|1(y2 | y1) =
∑

z≤y2

f(y1, z)
f1(y1)

,

where f(y1, y2) is a joint mass function with both marginal probability functions equal
to f1(·). Although, there are many bivariate discrete distributions in the literature,
few of these share the property of having the same marginal distributions.
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A conditional probability function can be obtained to define the transition distribution
of Yt | Yt−1 when both a copula function C and the distribution of Yt are given. If F (yt)
represents the marginal cdf of Yt, the family of transition distributions of {Yt} can be
characterized by the discrete transition density function f2|1(yt | yt−1) = Pr{Yt = yt |
Yt−1 = yt−1} as follows (Joe, 1996):

f2|1(yt | yt−1) = {C[F (yt), F (yt−1)]−
C[F (yt), F (yt−1 − 1)]− C[F (yt − 1), F (yt−1)] +
C[F (yt − 1), F (yt−1 − 1)]} /f(yt−1).

In principle, it is possible to extend the transition copula models described above to
higher-order representations. In practice, however, this can be quite cumbersome and
computationally expensive. A more parsimonious approach than a fully parametric
Markov chain can be the mixture transition distribution (MTD) model of order p in-
troduced by Raftery (1985) which is characterized by the following conditional density

f(yt | y[t,p]) =
p∑

k=1

ωk fk(yt | yt−k), (1)

where y[t,p] = (yt−1, ..., yt−p),
∑p

k=1 ωk = 1, ωk ≥ 0, k = 1, ..., p, and fk(yt | yt−k) de-
notes the one-step ahead transition density corresponding to lag yt−k. Raftery showed
that the lagged bivariate distributions satisfy a system of matrix equations similar
to the Yule-Walker equations, and that the past values Yt−1, ..., Yt−p do not interact
among them in their effect on the conditional distribution of Yt given the past.
To construct each of the one-step conditional densities in equation (1), we employ the
copula transition models described above by choosing both a family of copulas and a
family of distributions for the underlying marginals. In this study, we use the bivariate
distribution function belonging to the Gaussian copula, which has the form

Cρ(v1, v2) = Φ2[Φ−1(v1), Φ−1(v2)], (v1, v2)T ∈ (0, 1)2,

where Φ2(·, ·) is the cdf of a bivariate Gaussian distribution with mean (0, 0)T and co-
variance matrix R equal to an 2×2 non-singular matrix with the off-diagonal elements
equal to ρ, with ρ ∈ (−1, 1), and the diagonal elements equal to one, and Φ−1(·) is
the inverse function of the standard Gaussian cumulative distribution. The use of the
bivariate Gaussian copula is appealing since it encodes dependence in the same way
that the bivariate normal distribution does using the dependence parameter ρ, with
the difference that it does so for random variables with any arbitrary marginals.
A MTD model for a two-state Markov chain can straightforwardly be obtained by set-
ting the marginals Fk equal to Bernoulli distributions with probability of success pk,
and the copula functions C [k](u, v) equal to Gaussian copulas Cρk

(u, v) with depen-
dence parameter ρk. In the regression setting, it is possible to model the conditional
probability functions of Yt given the k-th lag as functions of covariates xt. Thus, a
more general MTD model assumes that the k-th marginal has the following conditional
cumulative distribution function of Yt with covariates xt

Fk(yt;xt) = qk(xt) I[0,1)(yt) + I[1,∞)(yt), yt ∈ (−∞,∞),
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where qk(xt) = 1 − pk(xt), pk(xt) is the probability of success given in terms of the
covariates at time t, and IA(y) is the indicator function of A, which equals 1 if y ∈ A
and equals 0 otherwise.
Using the properties of the copula, the resulting one-step transition probability func-
tions, given by

p
(k)
l|m = f( l | m) = Pr{Yt = l | Yt−k = m}, l, m ∈ {0, 1},

can be represented as

p
(k)
0|0 = Cρk

[qk(xt), qk(xt−k)]/qk(xt−k),

p
(k)
0|1 = {qk(xt)− Cρk

[qk(xt), qk(xt−k)]}/pk(xt−k),

p
(k)
1|0 = {qk(xt−k)− Cρk

[qk(xt), qk(xt−k)]}/qk(xt−k),

p
(k)
1|1 = {1− qk(xt−k)− qk(xt) + Cρk

[qk(xt), qk(xt−k)]}/pk(xt−k).

A convenient way to account for concomitant information in this model is to use
the probit link in the marginal probability model. This link implies that pk(xt) =
Φ(βT

k xt), where Φ is the standard normal cumulative distribution function and βk

is the vector of coefficients. Using the symmetry property of the standard normal
distribution, we find that qk(xt) = Φ(−βT

k xt), and thus, under the normal copula,
we obtain Cρk

[qk(xt), qk(xt−k)] = Φ2(−βT
k xt,−βT

k xt−k); here, Φ2 has dependence
parameter equal to ρk.

3 Inference and diagnostics

Consider m equally spaced responses for the i-th individual yi j , i = 1, ..., n, j =
1, ..., m. The contribution to the likelihood for the i-th subject can be written as

Li = f(yi 1; xi 1)
m∏

k=2

fk(yi k | H [k,j]
i ), (2)

where j = min(k − 1, p), and H
[k,j]
i = {yi k−1, ..., yi k−j ; xi k,xi k−1, ...,xi k−j}. The

mixture transition model is not linear, so numerical techniques need to be used in order
to find the maximum likelihood estimators. We used the function nlm of the R language
to minimize −2×∏n

i=1 Li, the deviance. For convenience we estimated the parameter
arctanh(ρk), which takes values in (−∞,∞) and guarantees that −1 < ρk < 1.
Our approach to applying the transition models is to determine the order of the Markov
chain prior to inference about the regression and dependence parameters. In this study
we consider the Bayesian information criterion (BIC) as our main model choice crite-
rion. Once the order of the model is fixed, the process of finding a parsimonious model
can follow standard ideas based on the likelihood ratio; for example, that used in the
theory of generalised linear models.
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The assumptions made about a particular transitional model may be checked by
calculating the conditional randomized quantile residuals proposed by Dunn and
Smyth (1996). Under the assumed model, such residuals are exactly normal and are
found by inverting the fitted conditional distribution function for each response val-
ues and finding the equivalent standard normal quantile. Thus, some simple plots for
checking that the randomized quantile residuals are observed values of independent
and normally standard distributed random variates should indicate the quality of the
fit.

4 A real-data illustration

We analyse data from a clinical trial designed to asses the reduction of sun exposure
in children. This data set is from the research of Lori A. Crane, Ph.D., University of
Colorado Health Sciences Center (NIH CA 74592). Infants were enrolled prior to 6
months of age, and were randomized into an intervention or a control group. Parents
of the treatment group received sun protection kits and advice at well-child visits
between 2 and 36 months of age. Annual parent surveys at 1, 2 and 3 years of age
were used to follow the intervention up. In this study, we categorize the response
“avoids mid-day sun exposure” as never or seldom (coded 0) and frequently or always
(coded 1). The two explanatory variables were the factor Treatment and the time of
the observation. There were 680 children in the follow-up study from which, in addition
to complete record cases, missing observations were obtained, so a child could have 1,
2 or 3 observations.
Using the Gaussian copula and a probit model in the Bernoulli distribution to construct
each of the k one-step transition functions described above, we proceed to fit the
discrete transition regression model to the sun exposure data. To handle cases where
observations are missing, we used the assumption that the data are missing at random
since the reason the data are missing at certain time points is independent of the
outcomes at those time points (Little and Rubin, 1987).
To cover all possible situations of missingness, the likelihood in Eq. (2) has to be
modified by taking into account only the indexes corresponding to observed data.
For instance, when only the second observation is missing, the likelihood replaces the
one-step probabilities by two-step probabilities Pr{Yi 3 = yi 3 | Yi 1 = yi 1}, which are
computed by multiplying the transition matrices corresponding to each step.
Employing the BIC criterion, we found that, in presence of both covariates and the
corresponding interaction, the best-fitting model is an AR(1). Since the change in
deviance was negligible when the interaction term was removed from the AR(1) model,
we concluded that such an interaction has no significant effects. The two remaining
effects, on the other hand, showed significant effects. Thus, we concluded that the most
parsimonious model includes both covariates.
The parameter estimates and their standard errors corresponding to the most parsimo-
nious model are shown in Table 1. The results indicate that the effects corresponding
to Treatment are significant (p-value=0.024), suggesting that the transitions between
avoiding midday sun and not avoiding the midday sun differs between the intervention
group and the control group. The negative coefficient corresponding to time and its sta-
tistical significance (p-value < 0.0001) indicates that, after accounting for Treatment,
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TABLE 1. Maximum likelihood estimates using the AR(1) model for the sun exposure data.

Parameter Estimate S.E.
Intercept 1.376 0.101
time −0.334 0.040
Treatment 0.184 0.081
arctanh(ρ) 0.642 0.066

the exposure tends to decrease as the number of parent interviews increases. The
one year lag serial dependence ρ is estimated as 0.564 with a 95% confidence band of
(0.469, 0.646), which represents an association between adjacent responses significantly
different from zero.
After carrying out a residual analysis, which consists of kernel density, normal Q-
Q plot, autocorrelation and partial autocorrelation functions of the randomized quan-
tile residuals, we found that the proposed model appears to fit the data reasonably
well.

5 Discussion

This paper introduces a flexible class of models for serial binary response data that
permits feasible likelihood-based Markov regression analysis. Our method is a natural
extension of the AR(p) model for Gaussian mixtures given by Le et. al. (1996). The
discretised-copula model introduced here constructs separate models for the marginal
response and for the dependence among longitudinal observations.
Families of copulas different from the Gaussian can also be used. Further, since there
can be considerable differences in the shapes of conditional distributions generated by
the discretised copula model, even when the fitted marginal distribution and estimated
correlations are similar, it is important to choose correctly a family of copulas and a
marginal distribution for each conditional distribution in the mixture model. How best
to do this remains an open question. Hence it is, as always, very important to check
the validity of a proposed model before any inferences are drawn.
Although the methods presented here are focused on equally spaced data, the discre-
tised Gaussian copula model lends itself to formulating growth curve analysis in the
form of a continuous-time autoregressive structure (e.g. Jones and Boadi-Boateng,1991)
to study longitudinal data when each subject is observed at different unequally spaced
time points. If the Markov dependence assumption remains plausible, the methodology
can be modified to permit general time spacing. This aspect warrants further research.

Acknowledgments: The second co-author wishes to thank CONACYT, Mexico, for
their financial support.
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1 Introduction

Detecting damages of structures in civil engineering (e.g. bridges) caused by environ-
mental influences has become of great importance in the last years. This can be done
by analyzing the vibration signals of structures. Using the vibration signals, there
are roughly two different proposals in order to recognize structural changes of build-
ings: One way is to observe the modal frequencies of the vibration signals applying
Fast Fourier Transform. Changes of modal frequencies can be seen as an indicator
for structural damages (changes of stiffness). Our proposal is to analyse embedded
time series of vibration signals. Changes of estimated time series parameters indicate
structural changes. In [1] simulated data of a steel frame structure were analyzed using
the time series approach. The authors report that damages of the structure have an
influence on the parameters. We confirm these observations using real data processed
in a slightly different way, supply theoretical background and compare with results of
simulations.

2 Continuous model

Engineering structures are usually modelled by finite elements. In the dynamic case,
this leads to the following linear differential equation:

Ẋt = AXt + ft, X0 = c (1)

where t, t ≥ 0, denotes time and Xt is a vector comprising the displacements and
velocities of the nodes. A denotes a matrix dependent on mass, stiffness and damping
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of the structure. The vector ft characterizes the external force input. In our case the
force vector is assumed to be of ambient type (such as wind, traffic, seismic activity)
and can be seen as a random input using white noise:

ft = BẆt (2)

where Ẇt is the derivative of a Wiener process. Thus equation (1) turns into a stochas-
tic linear differential equation and the solution can be written as a stochastic integral:

Xt = eAtc +
∫ t

0

eA(t−s)B dWs (3)

3 Embedded discrete stochastic process

In general it is not possible to observe the continuous stochastic process Xt, t ≥ 0.
Usually we make observations on equally spaced points of time jτ , j = 0, 1, 2, 3 . . ., τ
chosen freely. This leads to the embedded discrete process Yj :

Yj = Xjτ , j = 0, 1, 2, 3, . . . (4)

Xt is an asymptotically stationary Gaussian process if the eigenvalues of A have nega-
tive real parts [2]. As a consequence of this the discrete process Yj and its components
are stationary, too. This encourages us to take ARMA(p, q) time series models [3] into
consideration such as (p = 2, q = 1):

Yj = ϕ1Yj−1 + ϕ2Yj−2 + Zj + θ1Zj−1 (5)

where ϕ1, ϕ2 and θ1 denote the autoregressive and moving average parameters. More-
over, Zj denotes a sequence of iid Gaussian random variables with zero mean. In case
of a damped spring-mass oscillator the matrix A is of the form:

A =
(

0 1
−r/m −k/m

)
(6)

Here m denotes the mass, k the stiffness and r the damping factor of the spring.
For this simple case we can show that the embedded discrete process is equal to an
ARMA(2, 1) process according to (5) up to a small Gaussian error term with variance
of order τ2. The parameters ϕ1, ϕ2 and θ1 turn out to be:

ϕ1 = 2e−rτ/2m cos ωτ, ϕ2 = e−rτ/m, θ1 = −1 (7)

where ω =
√

k
m − r2

4m2 . As we can see the autoregressive parameters ϕ1 and ϕ2 are
dependent on the stiffness parameter k. This parameter may be used as an indicator of
damage of the system. However, things become more complex if we consider arbitrary
finite element models. A transformation of variables leads to simple subsystems as
described in (6).
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4 Real data example

In [1] time series analysis was done with simulated data generated by a Matlab-routine.
In contrast to this our calculations are based on data of a real small steel truss bridge
(span of the bridge 8 m). The vibration signals are the result of ambient excitations
(wind, traffic, seismic activity). Getting signals from high precision sensors we proceed
as follows:

• Choose time span τ and time points 0, τ, 2τ, . . . where samples Yj = Xjτ are
taken from the vibration signals.

• Split up raw data into N subsamples of length L (in our case L = 2500).

• Normalise each subsample according to x−x̄
σx

.

• Identify model orders p and q of an ARMA(p, q) process fitted to the normalized
data of the undamaged structure using the Akaike Information Criterion (AIC).

• Estimate autoregressive parameters for each subsample of the undamaged and
the damaged structure.

• Compare parameters of the undamaged case with parameters of the damaged
case.

In contrast to [1] we use the normalized data without any filtering (see theoretical
considerations above). It turned out that the choice of the time span τ has an influence
on the number of ARMA parameters. If we increase the time span τ , it seems to be that
the number of parameters is reduced. This observation is supported in the spring-mass
oscillator case, where the coefficient ϕ2 tends to zero much faster than ϕ1 as τ increases,
thus asymptotically reducing the ARMA(2, 1)-model to an ARMA(1, 1)-model.
Figure 1 shows results based on a vibration signal recorded in the middle of the bridge.
Using time span τ = 1

100 sec we choose (AIC) an ARMA(2,2) model in this case. In
Figure 1 (left hand side), boxplots of the first autoregressive coefficient ϕ1 dependent
on the damage level (from 0, undamaged, to 7, maximum damage level) are given.
The damage levels are supposed to be cumulative. In Figure 1 (right hand side),
results based on a finite element simulation model of a simple bridge are presented
for comparison. Choosing an ARMA(4,2) model for these data boxplots of the first
autoregressive coefficient ϕ1 dependent on damage levels (0-4), which are cumulative,
are given. We notice that differences of ϕ1 between damage levels are much smaller
in the real data case than in the simulation case. Indeed, in the real data case, there
are observable differences only in the highest damage levels. The differences in the
simulation case are highly significant with respect to all levels. For both cases ϕ1

turns out to be a monotone function of the damage level.
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Figure 1: Boxplots of first autoregressive coefficient ϕ1 dependent on damage level
for real data case (left) and simulation data case (right)

5 Conclusion

We have presented a method of fitting ARMA-models to discrete processes imbedded
in continuous stochastic systems. Changes of the coefficients in the continuous system
are seen to produce changes in the ARMA parameters. Thus damage of the structure
can be detected by observing the ARMA parameters. However, it turned out that the
influence of damage in the real data example was less noticeable than in the simulation
case.
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1 Problem description and notation

For simplicity, we admit that the random vector Y of response variables can assume R
values y corresponding to combinations of the levels of its components, Y1, Y2, . . . , Yk.
For instance, when Y = (Y1, Y2, Y3)′, and Y1, Y2, and Y3 may assume, respectively, 2,
3, and 5 different values, R = 2×3×5 = 30. Likewise, we assume that the vector X of
explanatory variables can take S values x, corresponding to the combinations of the
levels of its components, X1, X2, . . . , Xq. The R response categories are indexed by r
and the S subpopulations, by s.
We assume that each one of the ns++ sampling units randomly selected from the s-th
subpopulation can be independently classified into the r-th response category with the
same probability θr(s), r = 1, . . . , R, s = 1, . . . , S.
For several reasons, it may not be possible to completely observe the responses of all
variables from Y. In these cases, only part of the ns++ sampling units is classified
into one of the R originally defined response categories, while the remaining units are
associated to some type of missingness. For subpopulation s, s = 1, . . . , S, we define Ts

missingness patterns in the following way. The set of units with no missing data (i.e.,
complete classification) is represented by t = 1 and the sets that have some degree
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of missingness, by t = 2, . . . , Ts. We admit that the units corresponding to the t-th
missingness pattern, t = 2, . . . , Ts, are recorded in response classes Cstc, c = 1, . . . , Rst,
constituted by at least two of the R response categories, with Cstc ∩ Cstd = ∅, c 6= d
and ∪Rst

c=1Cstc = {1, . . . , R}. Thus, each one of the t = 2, . . . , Ts missingness patterns
form partitions Pst = {Cstc, c = 1, . . . , Rst} of the complete classification pattern
Ps1 = P1 =

{{r}, r = 1, . . . , R
}

and Rst denotes the number of response classes with
the t-th missingness pattern for the s-th subpopulation.
We assume that a sampling unit selected from the s-th subpopulation with the r-th
response category is classified into the t-th missingness pattern with probability λt(rs),
r = 1, . . . , R, s = 1, . . . , S, t = 1, . . . , Ts. The {λt(rs)} are the conditional probabilities
of missingness and the {θr(s)} are the marginal probabilities of categorization. We
assume that there are no missing values in X.

2 Probabilistic model and missingness mechanisms

We assume that the observable frequencies {nstc} have a product-multinomial distri-
bution expressed by the probability mass function

S∏

s=1

ns++!
∏Ts

t=1

∏Rst

c=1 nstc!

R∏

r=1

(
θr(s)λ1(rs)

)ns1r

Ts∏

t=2

Rst∏

c=1

(
∑

r∈C
θr(s)λt(rs)

)nstc

, (1)

where θ =
(
θ′s, s = 1, . . . , S

)′, θs =
(
θr(s), r = 1, . . . , R

)′,
∑R

r=1 θr(s) = 1, s = 1, . . . , S,
and

∑Ts

t=1 λt(rs) = 1, r = 1, . . . , R, s = 1, . . . , S. This factorization into a marginal
model for the measurements, {θr(s)}, and a conditional model for the missingness
process given the measurements, {λt(rs)}, corresponds to the so-called selection model
framework (Little and Rubin, 2002).
If it were possible to identify the response category of every observation in each of
the missingness patterns, ystr would be the hypothetical number of sampling units
from the sth subpopulation with the tth missingness pattern classified into the rth
response category, s = 1, . . . , S, t = 1, . . . , Ts, r = 1, . . . , R. Hence, {ystr} denote
the augmented frequencies, which are observed only under the missingness pattern
t = 1 (no missing data), where ns1r = ys1r, s = 1, . . . , S, r = 1, . . . , R. Under the
other patterns such frequencies are non-observable and we know solely the frequencies
associated to the response classes Cstc, namely nstc =

∑
r∈Cstc

ystr, s = 1, . . . , S, t =
2, . . . , Ts, c = 1, . . . , Rst. Therefore, the R

∑S
s=1 Ts−S linearly independent parameters

{θr(s), λt(rs)} (associated to the augmented frequencies {ystr}) when faced with the
S(R − 1) +

∑S
s=1 ls linearly independent observable frequencies {nstc} (associated to

the parameters
{∑

r∈Cstc
θr(s)λt(rs)

}
) highlight an overparameterization of (1) with

∑S
s=1[R(Ts − 1)− ls] non-identifiable parameters, where ls =

∑Ts

t=2 Rst.
As the interest usually lies in {θr(s)}, reduced structures are considered for {λt(rs)} to
render the model identifiable. The most common way to overcome this problem is by
assuming a non-informative missingness mechanism or, according to Little and Rubin
(2002), a missing at random (MAR) mechanism, expressed by

MAR : λt(rs) = αt(cs), s = 1, . . . , S, t = 1, . . . , Ts, c = 1, . . . , Rst, r ∈ Cstc,
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indicating that the conditional probabilities of missingness depend only on the ob-
served response classes and, conditionally on these, they do not depend on the unob-
served response categories. The missing completely at random (MCAR) mechanism,
a special case of the MAR mechanism, is defined by

MCAR : λt(rs) = αt(s), s = 1, . . . , S, t = 1, . . . , Ts, r = 1, . . . , R,

and implies that the conditional probabilities of missingness do not depend on the
response categories, being or not partially observed. The statistical model under the
MAR mechanism is saturated and, under the MCAR mechanism has S+

∑S
s=1(ls−Ts)

degrees of freedom. Both mechanisms lead to factorizations of the likelihood involving
one term depending on {θr(s)} but not on {λt(rs)} and another term depending on
{λt(rs)} but not on {θr(s)}. So, when {θr(s)} and {λt(rs)} are functionally independent,
we can ignore any of these mechanisms for likelihood inferences about {θr(s)}. In addi-
tion, under the MCAR mechanism, the inferences about {θr(s)} can be based only on
the distribution of {nstc} conditionally on {nst+} and, hence, this missingness mech-
anism can also be ignored for frequentist inferences. However, the MAR mechanism
is not ignorable for frequentist inferences on {θr(s)}. See Paulino (1991) for details in
the multinomial setting.
Missing not at random (MNAR) or informative missingness mechanisms can be for-
mulated by assuming that at least two conditional probabilities of missingness of re-
sponse categories pertaining to the same class are not equal, i.e., {a, b} ∈ Cstc and
λt(as) 6= λt(bs). Nevertheless, it is necessary to specify at least

∑S
s=1[R(Ts − 1) − ls]

parametric constraints to obtain an identifiable structure.

3 Inferences on structural models

We consider linear [Aθ = Xβ], log-linear [A ln(θ) = Xβ], and functional linear
[F(θ) = Xβ] models written in the form of freedom equations or, alternatively, ex-
pressed in the equivalent constraint formulations [UAθ = 0, U A ln(θ) = 0, and
UF(θ) = 0], where the elements of A and U are usually equal to 1, 0, or −1 and must
satisfy certain restrictions; X is the model specification matrix; and F(θ) is generally
expressed as composition of linear, logarithmic, and exponential functions or addition
of constants. See Koch et al. (1985) for further details in the context of complete data.
We obtain the score vector, the hessian and the Fisher information matrices under
the MAR and the MCAR mechanisms for the linear, log-linear, and saturated mod-
els allowing them to be fitted by maximum likelihood (ML). Weighted least squares
(WLS) methodology can be used to fit saturated and functional linear models under
the MCAR mechanism. We also use a hybrid methodology, where any missingness
mechanism is fitted by ML in a first step using a saturated model for θ, and the esti-
mates of θ and of its covariance matrix are used in a second stage to fit a functional
linear model via WLS, in the spirit of functional asymptotic regression methodol-
ogy described by Imrey et al. (1981, 1982) for complete data. Computational sub-
routines written in R were developed. The required computations are automatically
conducted by the designed functions when MAR or MCAR mechanisms are consid-
ered. For MNAR mechanisms, the first step must be programmed, by means of one of
the built-in optimization functions in R, in order to obtain the ML estimates.
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1 Introduction

The ”Spanish Bladder Cancer Study” is a multicenter study with 1356 newly diagnosed
bladder cancer cases. Recurrences of the tumour remain common among bladder cancer
patients, and efforts to reduce them are of paramount clinical importance. The aim of
the study is to characterize different courses of the disease. After the start of first-line
therapy, the evolution of the disease may lead to different scenarios of interest: (i)
recurrence, if the tumour reappears and is classified as superficial; (ii) progression,
if the new tumour is classified as invasive and (iii) death, if the subject dies due to
bladder cancer. Let T be the time from diagnose to the first failure, which may be
due to recurrence, progression or death due to bladder cancer. Let C be the cause of
failure. In order to identify distinct patterns of the disease it is necessary to explore
the joint distribution of (T, C).
This type of survival data belongs to what is known as competing risks data, which
usually arises in studies in which the event of interest of an individual may be classified
into one of k (k > 1) mutually exclusive causes of failure. For each individual, a time
to failure, T , and a cause of failure, C, are observed. The joint distribution of (T, C)
is completely specified through either the cause-specific hazards, λj(t), or through the
cumulative incidence functions, Fj(t). Modelling these two functions leads to different
types of regression models when covariates are present.
In this work we explore distinct methodologies for the regression modelling of com-
peting risks. Three methodologies are considered: Cox’s proportional hazards model
(Prentice et al., 1978), Aalen’s additive hazards model (Aalen, 1993) and Fine and
Gray’s model for the subdistribution function (Fine and Gray, 1999), which are briefly
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described in the next section. The three methodologies are applied to the Spanish Blad-
der Cancer Study and compared in terms of interpretation of the involved parameters
and diagnostic tools for model assumptions.

2 Regression modelling in competing risks

Define, for each individual, the pair (T, C), T being the failure time, and C the failure
cause. T is assumed to be a continuous and positive random variable, and C takes
values in the finite set {1, . . . , k}. We remark here that the individual fails from one
and only one cause. The cause-specific hazard function for the jth cause

λj(t) = lim
∆t→0

Pr
(

T < t + ∆t, C = j|T ≥ t
)

∆t
j = 1, . . . , k

represents the rate of occurrence of the jth failure in the presence of all the concurrent
causes. On the other hand, the subdistribution function from type j failure

Fj(t) = Pr(T ≤ t, C = j) j = 1, . . . , k

define the probability of the subject failing from cause j in the presence of all the
competing risks. The Fj ’s functions, which are typically of interest, are referred to as
cumulative incidence functions (CIF’s).
The following equations show how to compute the total hazard λ(t), and the survival
function S(t), and the relationship between the λj ’s and the Fj ’s:

λ(t) = lim
∆t→0

Pr
(

T < t + ∆t|T ≥ t
)

∆t
=

k
∑

j=1

λj(t),

S(t) = Pr(T > t) = e−
P

k
j=1

R
t

0
λj(t)

Fj(t) =

∫ t

0

λj(u)S(u)du j = 1, . . . , k.

Regression modelling for competing risks is undertaken by specifying models for the
cause-specific hazard functions λj(t|x) or for the cumulative incidence functions
Fj(t|x), given a vector of covariates x. In what follows, we present two methods based
on the cause-specific hazards and one method based on the cumulative incidence func-
tion.
The classical analysis establishes a Cox proportional hazards model (Prentice et al.

1978) for each of the cause-specific hazard:

λj(t|x) = λ0je
xtβj j = 1, . . . , k,

where βj is a p×1 vector of regression coefficients for each cause. We could analyse each
cause of failure separately, treating individuals failing from other causes as censored
observations. The effect of the covariates is assumed to act multiplicatively on an
unknown baseline hazard function. Estimation of the regression parameters βj is based
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on partial likelihood. The Cox methodology has been widely discussed, becoming the
standard analysis to perform in regression modelling (see Lawless, 2003, for example).
In long follow up studies, models with constant parameters along time, such as the
Cox model, may be inappropriate, since time may influence the effect of a covariate
in the hazard. An alternative is found in the methodology proposed by Aalen (1993,
2001), in which an additive hazards model for each cause-specific hazard is specified:

λj(t|Z(t)) = βj0(t) + Z(t)tβj(t) j = 1, . . . , k.

Unlike in the Cox setting, this model assumes that the covariates act in an additive
manner on the unknown baseline hazard function. This effect is assessed through the
time-dependent functions βj(t), so its evolution along time can be explored. Least-

squares techniques are employed here to derive estimates of Bj(t) =
∫ t

0 βj(u)du. Ad-
ditive models are a convenient option when proportional hazards do not hold. Though
these models are very flexible and easy to implement, they are less used than Cox
model since inference regarding its nonparametric terms is not fully developed.
The modelling of the cause-specific hazards applies when the goal is to assess if a
factor is associated with the risk of a specific cause of failure. However, when the goal
is to compare the observed incidence of events from a given cause between groups, the
cumulative incidence functions should be used. Estimates of these functions can be
obtained via F̂j(t|x) =

∑

ti≤t λ̂j(ti|x)Ŝ(t|x), where λ̂j(t|x) are the estimated hazards

resulting from Cox’s or Aalen’s analyses. The overall survivor function is Ŝ(t|x) =

exp
{

−
∑k

j=1

∑

ti≤t λ̂j(ti|x)
}

, and ti denotes the distinct failure times. Although the

effect of the covariates on the cause-specific hazard λj(t|x) is directly given by βj , the
effect on the cumulative incidence function Fj(t) combines the effect βj together with

the overall effect on Ŝ(t|x). Hence, no direct estimate for the effect of a covariate in
the cumulative incidence function Fj(t) is given. Some work has been done to obtain
such estimates.
Fine and Gray (1999) proposed a proportional hazards model to fit the hazard γj(t)
derived from the cumulative incidence or subdistribution function:

γj(t|x) = lim
∆t→0

Pr
(

T < t + ∆t, C = j
∣

∣ x, {T ≥ t or (T < t and C 6= j)}
)

∆t

=
fj(t|x)

1− Fj(t|x)
j = 1, . . . , k.

The conditional expression reflects two different scenarios: i) the event has not occurred
at time t, ii) the event has occurred from a different cause before t. Contrary to the
previous analyses, a patient failing from other causes would not be removed from the
risk set at his/her time of failure. The subdistribution functions are given then by

Fj(t|x) = 1 − exp(−
∫ t

0
γj(t|x)). A Cox model is assumed for γj(t|x) = γ0j(t)e

β′

jx,
j = 1, . . . , k, where the covariates are linear on a complementary log-log transformed
cumulative incidence function. When censoring is absent or is always observable, Fine
and Gray (1999) showed that the partial likelihood approach is valid for estimation.
In the case of right-censoring, they developed a weighted score function based on the
non-censored case.
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3 Application to the Spanish Bladder Cancer Study

We present the results of the three methodologies applied to the bladder cancer data.
The 1356 newly-diagnosed bladder cancer cases were recruited between 1997 and 2001
in 18 Spanish hospitals, and followed up to the end of 2005. In this paper, only 994
superficial bladder cancer cases, where tumour was confined to the lining of the blad-
der, are considered. One important question to consider is why some patients expe-
rience a progression as a first event after diagnosis instead of a recurrence. About
84% of failures are due to recurrence, 13% to progression and only 3% to death due
to bladder cancer. The median time to develop a recurrence or a progression as first
event is similar, 9.3 and 9.7 months, respectively suggesting that there exist distinct
courses/aggressiveness of the tumour development. Which prognostic factors charac-
terize and differentiate patients who progress from those experiencing a recurrence?
In this case, where the variable of interest is time until the first event, a model for
competing risks is needed.
Four factors are considered which may affect the risk of reappearance of the tumour:
stage+grade, tumour multiplicity, Spanish region and treatment. The analysis was
implemented in the freeware statistical package R. Modelling of each cause-specific
hazard involves censoring individuals failing from other causes. Proportional hazards
assumption was tested by graphical exploration of Schoenfield residuals and diagnostic
tests based on them. Validation of the additive model was assessed via graphical
exploration of the cumulative martingale residuals, as stated in Aalen (1993). The
parameter estimates within each model are given in Table 1. In both models, the
four factors considered resulted statistically significant for recurrence, whereas only
stage+grade and tumour multiplicity were so for progression. Stage+grade for death
due to bladder cancer was significant in the proportional hazards model, while its
significance was not clear in the additive model. Ta T1GII tumours are associated to
the risk of recurrence, while progression and death are more frequent in TaGIII and
T1GIII tumours.
In Cox’s model, the hazard ratio eβ̂j for covariate z is interpreted as the increase of
hazard relative to the reference level of the z. In Aalen’s model, β̂j(t) for z is the
increase on absolute risk relative to the baseline hazard at instant t. Since Bj(t) =
∫ t

0
βj(u)du, a graphical exploration of these parameter estimates can be obtained by

observing the slopes of B̂j(t) versus time, and how they can vary. As an example,

Figure 1 shows the cumulative regression functions B̂j(t) for covariates multiplicity
and Ta T1GII when studying recurrence. The slope for tumour multiplicity remains
constant for the first 60 months approximately, indicating that its effect on recurrence
is constant over time. The slope for Ta T1GII tumours varies over time, indicating a
non-constant effect.
Fine and Gray’s (1999) approach, to model the subdistribution hazard for cause j,
does not censor individuals failing from other causes. The same factors as in the above

models resulted significant, but now the subdistribution hazard ratio eβ̂j for covariate
z has a direct interpretation in terms of the cumulative incidence function. The effect
of T1GIII tumours over the incidence of recurrence is −0.343 while the effect of this
covariate on the rate of recurrence, censoring by other causes, is −0.1764. Though
similar estimates are found in our data, this situation may be dramatically different.
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TABLE 1. Parameter estimates for the three models of competing risks.

Recurrence

Cox PH for λj(t|Z) Additive for λj(t|Z) Cox PH for γj(t|Z)

Factor β̂ SE p−value β̂ SE p−value β̂ SE p−value

Stage+Grade Ref.level= TaGI
Ta T1GII 0.3987 0.135 0.003 0.165 0.064 0.004 0.408 0.133 0.002

TaGIII 0.1944 0.207 0.350 0.061 0.100 0.354 0.194 0.215 0.370
T1GIII -0.1764 0.247 0.480 -0.074 0.071 0.522 -0.343 0.247 0.170
Tumour multiplicity Ref.level= 1 tumour
>1 tumour 0.5358 0.128 <0.001 0.237 0.067 0.000 0.500 0.129 <0.001

Spanish Region Ref.level= Barcelona
Valles 0.5439 0.237 0.022 0.202 0.086 0.026 0.576 0.242 0.017

Alicante 0.1070 0.312 0.730 0.013 0.092 0.976 0.155 0.311 0.620
Tenerife 0.0497 0.260 0.850 0.000 0.079 0.834 0.097 0.263 0.710
Asturias 0.4009 0.221 0.007 0.157 0.071 0.061 0.436 0.228 0.055

Treatment Ref.level= TUR
TUR+BCG -0.5836 0.171 <0.001 -0.248 0.072 0.001 -0.584 0.176 0.001

TUR+Chemo -0.3125 0.157 0.046 -0.148 0.077 0.044 -0.292 0.154 0.058

TUR+BCG+Chemo 0.4139 0.316 0.190 0.157 0.152 0.332 0.421 0.319 0.190
Other -1.1193 0.592 0.059 -0.338 0.101 0.001 -1.080 0.570 0.058

Progression

Stage+Grade Ref.level= TaGI
Ta T1GII -0.128 0.540 0.810 0.002 0.015 0.768 -0.231 0.537 0.670
TaGIII 1.079 0.524 0.040 0.115 0.073 0.129 2812 0.524 0.048

T1GIII 1.999 0.423 <0.001 0.197 0.055 <0.001 2.001 0.428 <0.001

Tumour multiplicity Ref.level= 1 tumour
>1 tumour 0.764 0.321 0.017 0.044 0.028 0.038 0.689 0.324 0.034

Death due to bladder cancer

Stage+Grade Ref.level= TaGI
TaGI Ref Ref Ref
Ta T1GII -0.872 -0.755 0.450 -0.008 0.008 0.417 -0.987 1.153 0.390
TaGIII 0.355 0.308 0.760 0.013 0.026 0.768 0.213 1.150 0.850
T1GIII 1.784 2.442 0.015 0.050 0.029 0.068 1.678 0.724 0.020
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FIGURE 1. Cumulative regression functions for recurrence.
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Abstract: In this paper we present an iterative estimation procedure, valid to fit linear
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corresponding estimators are analyzed.

Keywords: Grouped data; Iterative estimation; Linear models; Unknown errors; Scale pa-
rameter.

1 Introduction

When we fit a linear model to a data set in which the dependent variable may be both
non-grouped or grouped the Ordinary Least Squares (OLS) estimate can not be used,
due to the grouped data. It is known that the direct application of the OLS estimate to
the non-grouped data may yield an undesirable bias and inefficiency on the parameter
estimate, as a result of the information loss, which increases as the grouping intervals
increase in length and as the percentage of grouped data grows.
Let us assume the linear model

yi = βtxi + vi, i = 1, 2, ..., n

where β is an unknown m-dimensional parameter that must be estimated, xi is a
m-dimensional vector of regressors and vi are independent and identically distributed
mean-zero perturbations. We will assume that yi may be observed or grouped (interval-
censored).
When the distribution of vi is known, methods based on Maximum Likelihood, as the
EM-type algorithms, may be used to estimate β. Rivero and Valdes (2004) introduced
a method, based on OLS, to estimate β, which notably reduced the awkward com-
putations involved in the EM algorithm and which can be seen as an alternative to
it.
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We propose a procedure to estimate β when vi depends on an unknown scale param-
eter. The aim of this paper is to show the good stochastic convergence properties of
the proposed algorithm.
It will be organized as follows. Section 2 presents notation, the statistical model, and
describes the problem. Section 3 is devoted to the antecedents of the proposed algo-
rithm, when the distribution of the errors in known. Section 4 presents the proposed
algorithm and, finally, the performance of the cited algorithm will be analyzed by
simulations in section 5.

2 Statistical model

Let us consider a usual regression model

yi = βtxi + σεi, i = 1, 2, ..., n (1)

where β is an unknown m-dimensional parameter which must be estimated, σ is an
unknown scale parameter, xi is a m-dimensional vector of regressors and the errors
εi are independent and identically distributed strongly unimodal perturbations with
mean zero and variance one (not necessarily normally distributed).
It will be assumed that the dependent variable yi may be grouped with positive prob-
ability. Then the index set I = {1, 2, ..., n} may be partitioned into Ig and Ing con-
taining those i´s whose values yi have been grouped and non-grouped, respectively.
The grouping classes of the grouped data are given by the following partition of the
real line

(−∞, c1] , (c1, c2] , ..., (cr−1,∞) .

If i ∈ Ing the value yi is observed. Otherwise yi is missing and only the classification
interval which overlaps yi is known, yi ∈ Ii = (csi , csi+1].
The existence of grouped data makes the OLS estimation and inference on β and σ
unapplicable (even assuming that the errors εi are normally distributed). Imputation
methods, as the EM algorithm or extensions, can be certainly used to estimate β
and σ (see McLachlan and Krishnan, 1997 or Watanabe and Yamaguchi, 2003). Our
algorithm is a computational procedure which may be conceived as an alternative to
the EM algorithm. Our proposal mainly avoids the complex computations of the M-
step of the EM algorithm, by which the unknown parameters β and σ are updated
(see Tanner, 1996 for details). Furthermore, the E-step of the EM algorithm is notably
simplified by our algorithm.

3 Antecedents of the algorithm

Assuming that σ is known, Rivero and Valdes (2004) proposed to estimate the true
vector parameter β in model (1) by means of an iterative algorithm, based on sin-
gle imputations of the grouped values and OLS estimations. The estimation of the
parameter β was obtained iterating the following algorithm:

INITIALIZATION
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a.1 Fix an arbitrary starting vector β0.
ITERATIONS
a.2 Assuming the current point βp to be known, the next point is defined by:

βp+1 = (X ′X)
−1

X ′Y (βp, σ).

where X ′ = (x1, ..., xn), Y (βp, σ) = (y1(β
p, σ), ..., yn(βp, σ))

′
and, for all i ∈ 1, ..., n,

yi(β
p, σ) =

{

yi,
xt

iβ
p + E (σεi|x′iβp + σεi ∈ Ii) ,

if i ∈ Ing

if i ∈ Ig, yi ∈ Ii.

a.3 Change βp to βp+1 and return to step a.2. Iterate until convergence.

Rivero and Valdes (2004) proved that for any starting vector β0, the sequence βp

generated by the algorithm converges, as p → ∞, to a vector ̂β, which does not
depend on the starting vector. Consequently, the point ̂β is taken as the estimate of
β for the fixed sample. Rivero and Valdes (2004) states that ̂β is a consistent and
asymptotically normal estimation of β, and proposed a consistent estimation of the
covariance matrix of the limit normal distribution.

4 Proposed algorithm

In this section, we propose an algorithm to estimate β in model (1) when σ is unknown.
The estimation of the parameters β and σ is obtained iterating the following algorithm:
INITIALIZATION
b.1 Fix arbitrary values β0 and σ0.
ITERATIONS
Assuming βr and σr are known:
b.2 Update βr by running steps a.1, a.2 and a.3 in the former section, assuming that
σr is the known variance, and taking βr+1 as the limit point of the iterative procedure.
b.3 Update σr by

σr+1 =
1

n

[

n
∑

i=1

(

ŷi − x′iβ
r+1

)2
+

∑

i∈Ig

v̂i

]

,

where ŷi = yi

(

βr+1, σr
)

was defined in the former section and v̂i is the within variance
of the grouped observation

v̂i = V
(

σrεi|x′iβr+1 + σrεi ∈ Ii

)

, for every i ∈ Ig.

b.4 Change σr by σr+1 and βr by βr+1, and return to step b.2. Iterate until conver-
gence.

5 Simulations and empirical convergence properties

We have simulated several linear models (where the error distributions, the percentage
of grouped data, the magnitude of σ and the sample size vary) and we have detected
the following to be the main properties:
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(1) For a fixed sample, the proposed algorithm is asymptotically globally stable. This
means that for any initial points β0 and σ0, the algorithm converges (as r → ∞) to

limit points, ̂β and σ̂, which do not depend on the initial points. Note that, a similar
property was proved in Rivero and Valdes (2004) for the convergence of β and σ
known.
(2) The limit points ̂β and σ̂ are consistent estimations (as n → ∞) of the unknown
parameters β and σ.
(3) The estimation ̂β is asymptotically normal. Although this property is beyond our
scope, given the limited length of this work, its plausibility is quite certain on seeing
the results of Rivero and Valdes (2004) and the consistency of σ̂ as an estimator of σ.
(4) The covariance matrix of the limit normal distribution can be consistently esti-
mated, thus inference on β can be carried out.
(5) Finally, we highlight the simplicity of our algorithm, regardless of the error dis-
tribution. The simulations show that the computer time required by our algorithm
reduces notably those of the EM-algorithm.
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Abstract: Many longitudinal studies generate both the time to some event of interest and
repeated measures data. This paper is motivated by a study on patients with a renal allograft,
in which interest lies in the association between longitudinal proteinuria (a dichotomous
variable) measurements and the time to renal graft failure. An interesting feature of the
sample at hand is that nearly half of the patients were never tested positive for proteinuria (≥
1 gr/day) during follow-up, which introduces a degenerate part in the random-effects density
for the longitudinal process. In this paper we propose a two-part shared parameter model
framework that effectively takes this feature into account, and we investigate sensitivity to the
various dependence structures (induced by a copula function) used to describe the association
between the longitudinal measurements of proteinuria and the time to renal graft failure.

Keywords: Joint Modelling; Random-Effects; Copulas; Sensitivity Analysis.

1 Introduction

Our research has been motivated by a study on 432 patients that underwent a primary
renal transplantation with a graft from a cadaver or living donor, and for whom the
new graft has survived for at least one year. The clinical interest lies in the long
term performance of the new graft, and especially in the graft survival for a ten year
period. Out of the 432 patients considered, 91 (21.1%) experienced a graft failure.
The corresponding Kaplan-Meier estimate for the time to graft failure is depicted in
the top-left panel of Figure 1. During the ten year follow-up period, the patients were
periodically tested for the performance of the graft. One of the outcomes recorded is
the presence of proteinuria. Proteinuria is the condition in which the urine contains
an abnormal amount of protein (≥ 1 gr in a 24 hours urine collection), which is an
indication of renal graft malfunctioning. An interesting characteristic of the sample at
hand is that for the 210 patients, proteinuria of more than 1 gr/day has never been
observed. Moreover, for the remaining patients with at least one positive diagnosis of
proteinuria during follow-up, the sample smooth average profiles, presented in the top-
right panel of Figure 1, show a steep increase for graft failure. This feature suggests
that exploration of the longitudinal evolution of the probability of proteinuria could
be insightful for the time to graft failure. Thus, our aim here is to investigate the
association structure between these two processes.
The setting described above connects to the framework of joint modelling of longitudi-
nal and time to event data (see Tsiatis and Davidian, 2004 for a review). Joint models
are constructed under the conditional independence assumption and posit that the
event process and the longitudinal responses are independent conditionally on a latent
process expressed by a set of, typically normally distributed, random-effects. However,
note that a normal or another smooth random-effects density might be unrealistic for
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FIGURE 1. Top left panel: Kaplan-Meier estimate (with associated 95% CI) for time to
graft failure, with superimposed Weibull fit. Top right panel: sample smooth average profiles
(obtained using a Nadaraya-Watson kernel regression estimate) for the probability of pro-
teinuria versus years since entry, for patients with at least one finding of proteinuria during
follow-up. Bottom left panel: empirical Bayes estimates under an ignorable random slopes
logistic regression for proteinuria, including all patients. The rectangle around zero contains
the patients with no proteinuria history and it is magnified in the third quadrant. Bottom
right panel: contour plots of the Normal, Student’s-t (df = 4), Clayton, and Frank copula for
standard normal marginals and association between the two marginals equal to 0.5 in terms
of Kendall’s τ .

our data, since nearly half of the patients never showed proteinuria during follow-up.
This feature, induces a bimodality in the random-effects density, which is also evident
in the plot of the Empirical Bayes estimates, obtained by the ignorable (i.e., ignor-
ing the survival process) mixed-effects logistic regression, presented in the bottom-left
panel of Figure 1. To overcome this problem, we propose a two-part extension of the
common joint models, which assumes that the distribution of the longitudinal process
is a two-component mixture with a degenerate component for patients with no pro-
teinuria history and a mixed-effects logistic regression component for the remaining
patients. This formulation allows to investigate separately the effect of first, the lon-
gitudinal evolution of proteinuria and second, the history of proteinuria, to the time
to graft failure.
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2 Two-Part Joint Model

Joint models typically consist of three submodels, namely the longitudinal, the sur-
vival, and the random-effects models. In our formulation however, we introduce a
degenerate part that accounts for the patients with no proteinuria history. In par-
ticular, let Ti be the observed failure time for the ith patient (i = 1, . . . , n), which
is the minimum of the true failure time T ∗i and the censoring time Ki. Set δi be
the censoring indicator, i.e., δi = I(T ∗i ≤ Ki), where I(·) is the indicator func-
tion. Let yi denote the ni × 1 vector of binary indicators for proteinuria, and let
di = I({yij = 1; for some j ∈ (1, . . . , ni)}) be the indicator of proteinuria history
(i.e., ever having proteinuria). The two-part shared parameter model, omitting covari-
ates in the notation, is defined as

p(yi, Ti; θ) =
∑

di

p(di; θ)p(yi, Ti | di; θ)

=
∑

di

p(di; θd)

∫ ∫

p̆(Ti | bti, di; θt)p(yi | byi, di; θy)p(byi, bti | di; θb)dbyidbti,

where θ> = (θ>d , θ>t , θ>y , θ>b ) is the vector of the parameters in each one of the submod-

els with A> denoting the transpose of A. Further, let p(·) denote the appropriate prob-
ability density functions (pdf) for the longitudinal and random-effects parts, whereas
for the event process we set p̆(Ti | bti, di; θt) = p(Ti | bti, di; θt)

δiS(Ti | bti, di; θt)
1−δi ,

i.e., equal to either the density for the event times or the survival function for cen-
sored observations. Finally, bti and byi denote subject-specific random-effects for the
two processes.
For the survival process we assume a mixed-effects accelerated failure time model
defined as

log Ti = w>i γ + diγd + bti + σtεi, εi ∼ P,

where θ>t = (γ>, γd, σt), and wi is a vector of baseline covariates. The errors εi are
assumed to follow the distribution function P, with corresponding survival function S
and density function p, and σt denotes a scale parameter (Kalbfleisch and Prentice,
2002, chpt. 3). In this work we consider parametric models for P; non-parametric
alternatives in the joint modelling framework have been proposed by Tseng et al.
(2005). Parameter γd measures the effect of proteinuria history in the logarithm of
time to graft failure, which is expected to be highly significant. The random-effect
bti represents a frailty term that captures unobserved heterogeneity induced, e.g.,
by omitted covariates (Keiding et al., 1997). The model for the longitudinal process
conditionally on di contains a degenerate part in order to account for the fact that
yij = 0, ∀j when di = 0. For the patients with proteinuria history, we model the
longitudinal evolution of proteinuria findings using a mixed-effects logistic regression.
In particular, we assume that

{

Pr(yij = 0, ∀j) = 1, if di = 0

Pr(yij = 1 | byi) = exp(x>ijβ + z>ijbyi)/
{

1 + exp(x>ijβ + z>ijbyi)
}

, if di = 1,

where θy = β is the vector of regression coefficients, yij equals one if the ith patient
had a proteinuria finding at the jth time, and zero otherwise, byi are subject-specific
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random-effects dictating patient’s longitudinal trajectories, and Xi and Zi are design
matrices for the fixed- and random-effects, respectively. Finally, for the random-effects
the common parameterization used in joint models postulates that bti = αbyi, where
α denotes an association parameter. That is, the longitudinal and survival processes
share the same random-effect byi, with α2 being a rescaling factor for the variance of
byi. However, this parameterization assumes perfect correlation between the underlying
random-effects, which may be unrealistic in many applications. Thus, for the random-
effects model we propose here a copula (Nelsen, 1999) representation for the joint
distribution of byi and bti, which has the following form

p(byi, bti | di; θb) =

{

p(bti; ωt), if di = 0
c(Hy(byi; ωy), Ht(bti; ωt); α) p(byi; ωy) p(bti; ωt), if di = 1,

where c(·) is the density of the copula C(·), Hy(·) and p(byi) are the marginal cu-
mulative distribution function and the pdf for byi, respectively, and Ht(·) and p(bti)
are defined analogously for bti. The parameter vector for the random-effects density
is θ>b = (α, ω>y , ω>t ), where α is the parameter of the copula, and ωy and ωt are
the parameter vectors for the two marginals. The advantage of the copula param-
eterization is that it allows for separate modelling of the association structure and
the marginals, thus facilitating exploration of dependence. This is illustrated in the
bottom-right panel of Figure 1, which depicts the contours of four copulas assuming
standard normal marginals. In particular, we observe that the copula function can
significantly alter the shape of the association, even though all the other components
of the bivariate densities remain the same.

3 Results

The maximum likelihood estimates for the model parameters θ are obtained using an
EM algorithm, in which byi and bti are treated as missing data. For the E-step, the ex-
pectations of the form E {A(byi, bti) | yi, Ti; θ}, i.e., the expected value of any function
A(·) of byi and bti with respect to the posterior distribution p(byi, bti | yi, Ti, di; θ), are
approximated using a Gauss-Hermite quadrature rule. For the M-step, unfortunately
the complete data log-likelihood for the two-part shared parameter model does not
have closed form solutions with respect to θ. Thus, the expected value of the complete
data log-likelihood is numerically maximized using a quasi-Newton algorithm.
The specification of the components of the two-part shared parameter model, pre-
sented above, is as follows. First, for the history of proteinuria a logistic regression
is used. Second, for the survival process a Weibull model is assumed, which seems to
provide a relatively appropriate fit, according to the top-left panel of Figure 1. Third,
for the longitudinal processes and based on the ignorable analysis (i.e., ignoring the
event process), a mixed-effects logistic regression is adopted, with random-intercepts
and -slopes. The covariate effects that are considered in all the above submodels are
gender, weight, tobacco habits (no-smoker, smoker, ex-smoker), age (older than 55),
and long dialysis (if dialysis before transplant). Finally, for the random-effects model
and in order to investigate the influence of parametric assumptions on the size of the
association between the two processes, we performed a sensitivity analysis under the
Gaussian, Student’s-t (df = 4), Frank, and Clayton copula functions assuming normal
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marginals. All computations have been performed in R (R Development Core Team,
2006).
The results showed that the choice of the copula function has a direct impact on
certain parameter estimates. For instance, the association between the survival and
longitudinal processes varies from −0.179 (std. error: 0.035) for the Clayton copula to
−0.535 (std. error: 0.074) for the Frank copula. Similar effects regarding the choice of
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FIGURE 2. Empirical Bayes estimates for the random-effects in the longitudinal processes
under the Gaussian, Student’s-t (df = 4), Frank, and Clayton copulas, for the patients with
proteinuria history.

the copula function were also apparent in the plots of the Empirical Bayes estimates for
the random-effects of the longitudinal process presented in Figure 2, and the marginal
survival function for the event process (figure not shown). In conclusion, the variability
we observe in the overall results under the different copulas could be regarded as
variability due to modelling assumptions, which is a clear indication that the common
normality assumption for the distribution of random-effects may prove difficult to
verify.
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Abstract: A set of electoral data is studied using Principal Component Analysis (PCA).
From the results of three approaches that were attempted we concluded that Logcontrast
PCA is a good choice for this type of Compositional Data (CD). It gave a useful insight to
the voting structure.
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1 Introduction

The motivation for doing this work grew up during the analysis of a set of electoral
data. Multiparty electoral data is essentially compositional (Katz, 1999), that is, each
vote proportion xij , of a party (“political group”) i in a district (country) j, i =
1, . . . , D; j = 1, . . . , n is such that 0 ≤ xij ≤ 1 and the sum of all the vote proportions
in that district (country) is 1,

∑

i xij = 1. These restrictions give rise to a particular
structure, the CD.
CD are not rare, they appear not only in political science but also in geo-chemistry, ge-
netics, ecology, food science and many other areas. The conventional statistical meth-
ods require that variables are independent, a condition that is not satisfied by CD
since each composition is formed by mutually dependent components. Moreover, most
basic concepts such as covariance and correlation of raw proportions do not have sim-
ple interpretation as they do when applied to data that is not compositional. This
has strong implications to most multivariate procedures that are based on the covari-
ance/correlation matrix, in particular to PCA which is the working method of this
paper.
In the following section a very brief summary of the PCA solutions provided in Aitchi-
son (1983, 1986) is included. The Section 3 contains the analysis of a real electoral
data set. The final discussion is presented in the last section.

2 Crude PCA and Logcontrast PCA

Direct PCA of CD faces the general difficulties mentioned above together with the
fact that CD often shows considerable curvature, which is not compatible with the
linearity hypothesis assumed by PCA, and leads to unsatisfactory results.
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Aitchison (1983, 1986) presents two methods for PCA of CD: (i) the Crude PCA,
which is a PCA of the CD and (ii) the Logcontrast PCA. The Logcontrast PCA is
based on the loglinear transformation

yij = log

[

xij

g(xi)

]

, where g(xi) = n
√

xi1 × . . .× xiD. (1)

The role of the transformation is to remove the constraints attached to the CD. The
constrained sample space associated with the CD gives way to a real multivariate
unconstrained space where multivariate methods can be applied in the usual manner.
The logcontrast principal components have the form a′ log (x), where a is the solution
of the standard equation

(Γ− λI)a = 0, (2)

where Γ is the logratio covariance matrix and λ is the eigenvalue associated with the
eigenvector a.

3 Application

The data are the results (number of votes) of the 2004 European Parliament elec-
tion in the 25 member states collected for 8 “political groups”: European People’s
Party - European Democrats (EPP-ED), Group of the Party of European Socialists
(PES), Alliance of Liberals and Democrats for Europe (ALDE), Union for Europe of
the Nations (UEN), European Greens - European Free Alliance (Greens-EFA), Eu-
ropean United Left - Nordic Green Left (GUE-NGL), Independence and Democracy
(IND/DEM) and Others.
To perform Logcontrast PCA the package “compositions” of the software R was used.
The results of the various analyses and their interpretations are now presented.

3.1 PCA

The biplot on the left side of Figure 1 relates to the PCA of the original raw data,
the number of votes. Although the first two principal components explain about 81%
of variance of the original data, Figure 1 does not help much to the understanding of
the structure of the data because the loadings have almost the same direction and the
countries overlap.

3.2 Crude PCA

The right side of Figure 1 presents the biplot for the first two crude principal com-
ponents.
Although the proportions of explained variance by the first crude principal components
are smaller than the proportions of explained variances by PCA (about 48.4% for the
first two and 64.6% for the first three principal components), the interpretation of the
right plot of Figure 1 is more illuminating. Actually we can see that the right wing
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FIGURE 1. Biplots for the first two Principal Components (on the left) and the first two
Crude Principal Components (on the right).

parties are on the right side, the center parties on the left and the left wing parties on
the center.
In the right bottom of Figure 1 we have, mainly, the ex-URSS countries influenced by
the loadings of the parties UEN and Others. On the left we have the countries that
distributed his votes by the parties EPP-ED and PES. If we analyze the studied CD
we can conclude that the group of countries that are in the north of Europe and in
the top of Figure 1 had proportions of votes distributed by the parties EPP-ED, PES,
ALDE and some influence of the left wing parties.
Although we think that this is a good interpretation of the partisan preferences of the
different countries, we had a big influence of the party Others. We now present the
solution of Logcontrast PCA where the importance of this variable decreases.

3.3 Logcontrast PCA

Figure 2 shows the biplot for the first two Logcontrast principal components. The
first two principal components explain 59.4% of the total variance and the first three
76.8%. Watching Figure 2 we can see, on the right side, two right wing parties (ALDE
and UEN) surrounded by ex-URSS countries, mainly. On the left side are the more
left wing parties (Greens-EFA and EUL-NGL) together with countries that are in the
north of Europe or belong to the more developed countries category. In the center of
Figure 2 lies the socialist and democratic parties (PES and EPP-ED) and Others. In
the bottom of the Figure 2 is the IND-DEM that incorporates EU-critics, eurosceptics
and eurorealists, people who do not follow any traditional partisan trend.

4 Discussion

The nature of Electoral data is essentially compositional since the proportion of the
election voting is of primary importance, rather than the number of votes.
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FIGURE 2. Biplot for the first two Logcontrast principal components.

Compositional data analysis techniques were used to study the 2004 European Parlia-
ment election results. Logcontrast PCA gives a clearer and more useful interpretation
of the data as compared with the Crude PCA.
Not surprisingly the results of the conventional PCA of the raw data are very poor.
In fact PCA is not adequate for CD.
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Abstract: Continuous biomarkers are often used to discriminate between diseased and
healthy populations. The Receiver Operating Characteristic (ROC) curve is a widely used
tool for characterizing the marker accuracy. To account for covariates that might influence
the test accuracy, various ROC regression methodologies have been proposed in the statistical
literature, namely the induced and the direct methodologies. In this work, we compare the
performance of the two methodologies, by applying the different methods to simulated data.
We also apply the proposed methods to a real data set from the endocrinology field.
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1 Introduction

The ROC curve is a fundamental technique in the characterization of the accuracy of
continuous diagnostic tests. The performance of diagnostic tests is potentially influ-
enced by the effect of covariates. Thus, the ROC curve (or summary indices like the
area under the curve, AUC) may be of little value if important covariates are neglected.
Regression modelling of either the test results or the ROC curve itself is becoming the
usual method for the assessment of covariate effects.
The induced ROC methodology (Pepe, 1998; Faraggi, 2003) assumes that the test result
Y can be expressed as a regression model on covariates X:

Y = µ(D,X) + σ(D)ε, (1)

where D is an indicator variable denoting the true disease status (D = 0, healthy;
D = 1 diseased), µ(D,X) is the mean function, depending on D and X, σ2(D) is the
variance, depending on D, and ε is a random variable with zero mean, unit variance
and survival function S. From expression (1) the covariate-specific ROC curve can be
obtained:

ROCX(t) = S

(

µ(0, X)− µ(1, X)

σ(1)
+

σ(0)

σ(1)
S−1(t)

)

.
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Here, we are concerned with the method of Faraggi (2003), which assumes that Y
(possibly after a transformation) is normally distributed. We refer to this method as
the ‘Normal Method’.
On the other hand, the direct ROC methodology assumes the following regression
model for the ROC curve

ROCX(t) = g (h(t) + η(X)) , (2)

where t ∈ (0, 1), g denotes a known link function, η is a function of the covariates
and h is a monotonic function on (0, 1). Different proposals for h have been suggested:
in Alonzo and Pepe (2002) a parametric form is specified (‘Parametric ROC-GLM
Method’); in Cai (2004) it remains unspecified (‘Semiparametric ROC-GLM Method’).

2 Simulation studies

We have conducted a simulation study to compare the performance of the induced
and direct ROC methodologies. Different simulation schemes with respect to (i) the
regression model specified for either the test result or the ROC curve itself, and (ii)
sample size have been considered.
The simulated data, including both a continuous covariate X and a categorical covari-
ate Z, were drawn from the following linear models

YD̄ = XZ + εD̄,

YD = .5 + Z + 4X − 4XZ + 2(X − .6)2(X − 3)Z + εD,

where X ∼ U(0, 1), Z ∼ Bern(.5), εD̄ ∼ N(0, 1) and εD ∼ N(0, 1.5). The correspond-
ing induced ROC curve is

ROC(X,Z)(t) = Φ

(

.5 + Z + 4X − 5XZ + 2(X − .6)2(X − 3)Z + Φ−1(t)

1.5

)

,

where Φ(t) is the standard normal distribution function.
We simulated 500 datasets with sample sizes nD = nD̄ = 50 and 200. As to the
regression models in (1) and (2), three schemes (schemes I, II and III) were considered.
In scheme I, η(X, Z)=µ(D,X, Z)=β0 + β1Z + β2X + β3XZ. In order to allow for
greater flexibility, in scheme II, µ(D, X,Z) and η(X, Z) were modelled parametrically
by means of natural cubic regression splines with 1 knot, at uniform quantiles of X. In
scheme III, the same procedure was used, but with 4 knots. The interaction between
continuous and categorical covariates was included in all cases. For direct methodology,
we took g(t)=Φ(t), and h(t) = α0Φ

−1(t) for the Parametric ROC-GLM Method.
For the covariate-specific ROC curve, Cramer-Von-Mises criterion was used to assess
the goodness-of-fit of the estimates. In the case of AUC, we computed the mean squared
error. We found that the three methods had a similar behaviour. Scheme II performed
best with the first level of the categorical covariate and scheme I with the second.
This is likely due to the fact that, in both schemes, the proposed regression models for
(1) and (2) are closer to the true relationship between test response and covariates.
Our study suggests that, in general, the Semiparametric ROC-GLM Method provides
estimates with smaller variance, for both ROC curve and AUC.
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3 Application to Endocrinology data

The ROC methodologies presented here have been applied to an endocrinological study
aimed at the assessment of the accuracy of the Body Mass Index (BMI), adjusted by
age and gender, for detecting patients with high risk of cardiovascular disease. BMI was
calculated as weight (in kilograms) divided by height (in meters) squared. The study
was carried out with a random sample of Galician adult population (2945 subjects,
46.2% men; age range 18-85 years). Subjects having two or more cardiovascular disease
risk factors (raised triglycerides, blood pressure and plasma glucose, and reduced HDL-
cholesterol) were considered as diseased.
As a first step, an exploratory analysis of the data, using non-parametric regression
techniques, was done. Due to the non-linear relationship of BMI and age, and to allow
enough flexibility for models (1) and (2), four knots were selected for the natural
cubic splines basis. The age and gender-specific ROC and AUC estimates are shown
in figure 1 and figure 2, respectively.
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FIGURE 1. ROC estimates for BMI, by age and gender. From left to right: Normal Method,
Parametric ROC-GLM Method and Semiparametric ROC-GLM Method.

From Figure 2, it is evident the good accuracy of the BMI for youngest women, with
values greater than 0.7. It decreases progressively, until losing significance for the oldest
women. For men, the differences between young and old people are not as important
as in women. In this case, the BMI has a similar behaviour along age for detecting
patients with high risk of cardiovascular disease.
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Method.
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Abstract: A local maximum likelihood estimator based on logistic regression is presented.
This semiparametric estimator is intended to be an alternative to the parametric logistic
regression estimator that does not depend on regularity conditions and model specification
accuracy. The use of the local likelihood procedure is illustrated on one example from the
literature. This procedure is found to perform well.
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metric regression

1 Introduction

The logistic regression model is the basic framework for binary data regression anal-
ysis. Its statistical properties like asymptotic efficiency, consistency and normality
depend on regularity conditions and on the accuracy of the model specification. This
is a shortcoming of the logistic regression and more broadly of parametric regression
models.
In this work we present a semiparametric estimator for dichotomous data regression
analysis, namely a local maximum likelihood estimator based on logistic regression.
Its bias, variance and asymptotic distribution are not presented here but the authors
would provide them for those interested in. This model has the advantage that its
statistical properties do not depend on regularity conditions and model specification
accuracy.

2 A Local Maximum Likelihood Model For The Logistic

Regression

Tibshirani and Hastie (1987) suggested the local likelihood concept. Staniswalis (1989)
and Fan, Heckman and Wand (1995) extended this concept to the kernel smoothing
and local polynomial kernel regression framework.
Instead of considering the global, parametric specification of the logistic regression
model one fits this model locally estimating a polynomial in a neighborhood of each
x value of interest within the support of the covariate, and the model parameters are
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estimated through weighted maximum local likelihood, whose weights are given by a
particular kernel function and bandwidth. Note that if the bandwidth is suitably large
the local likelihood estimator would be close to the parametric model estimator. This
would be a good option if the specified parametric model is almost the true model.
Otherwise, if the bandwidth is properly small the local likelihood estimator would not
hang to the parametric model estimator. This would be a good option if the specified
parametric model is far from the true model. See Eguchi, Kim and Park (2003) for a
discussion on this topic.
For simplification purpose consider only one continuous covariate, X. The local neigh-
borhood is selected by the bandwidth h and the kernel function K. Consider Y as a
binary random variable with support {0, 1}. In the context of the logistic regression,
the conditional mean of Y is:

E[Y |X = xi] = pi =
exp {m(xi)}

1 + exp {m(xi)} , (1)

where m(xi) is an unknown function of interest to be estimated through local polyno-
mial smoothing.
Considering a Taylor development of degree one as an approximation to m(xi), where
xi is in a neighborhood of x, we have:

λ(xi) ≈ exp [β0 + β1(xi − x)] . (2)

In the logistic regression framework the logarithm of the local likelihood function is:

L1(β0, β1|x,y, x, h) = (3)

h−1
n

∑

i=1

{(yi log pi + (1− yi) log(1− pi))K{(x− xi)/h}} ,

where the subscript 1 in L1 shows that we have chosen the degree one of the polyno-
mial used for the local smoothing.
It is easy to see that the local maximum likelihood logistic regression estimator is ob-
tained from solving the first order conditions for the log-likelihood function maximum:

n
∑

i=1

{(

yi − exp [β0 + β1(xi − x)]

1 + exp [β0 + β1(xi − x)]

)

K{(x− xi)/h}
}[

1
xi − x

]

=

[

0
0

]

.

There is the problem of bandwidth selection. It could be done by sample splitting or
by cross-validation (Gyorfi, Kohler, Krzyzak and Walk, 2002), which means the use of
part of a sample to achieve information about the other.
The bias, variance and asymptotic distribution of this estimator were obtained (see
Santos, 2005). Estimation and inference procedures can be seen in Fan, Farmen and
Gijbels (1998).

3 A Real Data Example

The logistic local maximum likelihood estimator was applied to model one data set
from the literature. This procedure was found to perform well.
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FIGURE 1. HIV data training sample (black lozenge) and curve estimate (4).

The data set concerned HIV data from van den Broek (1995). The binary variable
relates to the ocorrence of urinary tract infection concerning 98 (HIV)-infected men
and the explanatory variable is the CD4+ cell counts. There is a high frequency of
zero episodes (82.7%). Only 17 out of 98 men had an infection. The CD4+ cell counts
ranged from 5 to 1585.
The local likelihood smoother was based on the Epanechnikov kernel function K(z) =
3
4

(

1− z2
)

1{z∈[−1,1]} and the bandwidth was selected by sample splitting according to
the criteria:

ĥopt = arg min
h

m
∑

i=1

(yi − ŷi)
2
, (4)

where ŷi = λ̂i = exp(β̂0)/(1 + exp(β̂0)) and m is the dimension of the testing sample.
This sample was obtained from a random choice of about 20%, m = 19, observations
of the whole sample. The reminding 79 observations comprise the training sample.
The bandwidth ĥopt was used in the training sample to smooth the local likelihood
logistic regression to the data.
The HIV data training sample curve estimates appear in Figure 1. The optimal band-
width was ĥopt = 16 and the mean squared error was 0.069.
One can get a better fit with the whole sample. This happens because there is a loss of
valuable information when some observations are put off. The HIV data whole sample
curve estimates appear in Figure 2.
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FIGURE 2. HIV data whole sample (black lozenge) and curve estimate (4).
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Abstract: On one hand, we analyze the existing references on joint models for longitudinal
and survival data and we discuss their advantages and drawbacks, in particular the compu-
tational aspects referring to perform the estimation. On the other hand, we propose a shared
parameters selection model and we develop all the procedures to apply it to an ongoing clin-
ical trial, called TIBET, in which an intermittent therapeutic strategy has been assigned to
each patient. Of special clinical interest is the lifetime that a patient needs before restarting
treatment given the progression of biological markers recorded during the followup period.
We conclude with a comparative analysis and the interpretation of the results.

Keywords: Joint Modelling; Longitudinal Data; Survival Analysis.

1 Joint Models in the Literature

Likelihood and Bayesian approaches rely on the specification of an appropriate likeli-
hood for the joint model parameters; for both, much of the early literature focuses on
models without autocorrelation structure for longitudinal model. Good reviews can be
found in Hogan and Laird (1997), and in Tsiatis and Davidian (2004).
Analysis of the likelihood approach is recently made in Hsieh et al. (2006). Among
others, Henderson et al. (2000) and Tseng et al. (2005) proposed joint modelling for
survival times and longitudinal data. In Bayesian framework, Chi and Ibrahim (2006)
give a model for multivariate longitudinal and multivariate survival data by using
MCMC techniques.
In the computational field, Guo and Carlin (2004) give procedures for the estimating
of joint modelling using standard computer packages, in both frameworks, Bayesian
and Frequentist.

2 Notation

The idealized data for each subject i = 1, ..., n followed over an interval [0, τ ] are
{Xi, Ti, Ri(u), 0 ≤ u ≤ τ}, where Xi is a vector of baseline covariates, Ti is event time,
and {Ri(u), 0 ≤ u ≤ τ} is the longitudinal response trajectory.
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For some set of times tij , j = 1, ..., ni, instead of the true values Ri(tij) we observe
Zi(tij). The event time may be right censored by Ci, which is independent of Ti.
For subject i, observed data on the event time process consist of (Yi, δi), where Yi =
min{Ti, Ci} and δi = I(Ti ≤ Ci) indicates whether Yi is an uncensored value of
Ti. The observed data Oi = {Xi, Yi, δi, Zi, t̃i}, where t̃i = (ti1, ...tini)

T and Zi =
(Zi(ti1), ..., Zi(tini))

T , are taken to be independent across i.

3 Random Effects Selection Models

Joint models can be broadly classified as either selection models or mixture models.
In a selection model, the joint density function fZ,T is modelled as fT |ZfZ , and in a
mixture model as fZ|T fT . Both types of models are applicable in either longitudinal or
survival studies, although mixture models appear to be used primarily for longitudinal
studies with informative dropout.
If we model Zi only with random effects, under certain assumptions, a proposal to
estimate the set of Ψ = (ΨT |Z ,ΨZ) parameters is maximizing the likelihood function
with censored Ti:

L(ψT |Z , ψZ) =
n

∏

i=1

∫

bi

fY (yi, δi | bi; ψT |Z)fZ(zi | bi;ψZ)fb(bi; Γ)dbi, (1)

where,

fY (yi, δi | bi;ψT |Z) = [fT |b(yi | bi;ψT |Z)]δi [1− FT |b(yi | bi; ψT |Z)]1−δi . (2)

Due to the fact that bi appears in both models, the model for Zi and Ti also is known
as shared parameter selection model.

3.1 A Particular Shared Parameters Selection Model

For the longitudinal response process, a standard approach is to characterize Ri(u),
u ≥ 0, only in terms of random effects b0i and b1i like

Ri(u) = b0i + b1iu. (3)

However, alternatively to (3), a model for Ri(u) that allows the trend to vary with
time and induces a within-subject autocorrelation structure is:

Ri(u) = b0i + b1iu + Qi(u). (4)

where Qi(u) is a zero-mean stochastic process, usually taken to be independent of
bi = (b0i, b1i)

T . The process Qi(u) describes local deviations whereas the term b1iu
represents a constant trend.
Associations among the longitudinal and time to event processes and covariates, is
characterized by the following semi-parametric model:

λi(u) = limdu→0 Pr(u ≤ Ti < u + du | Ti ≥ u,RH
i (u), Xi)/du

= λ0(u) exp(ηT Xi + βRi(u)),
(5)



538 Joint Modelling for Longitudinal and Survival Data

where RH
i (u) = {Ri(t), 0 ≤ t < u} is the history of the longitudinal process up to time

u, and the parameters are represented in β and the η vector.
If the model in (5) was expressed as λ0(u) exp(ηT Xi + βb1i), then it reflects the belief
that the hazard, conditional on the longitudinal history and covariates, is mainly
associated with the assumed constant rate of change of the underlying smooth trend.
If model takes βRi(u) as β1b0i + β2b1i + β3(b0i + b1iu), the parameters β1, β2 and
β3 measure the association induced through the intercept, slope and current R value,
respectively.

4 Estimating a Joint Model

A package with a direct procedure to estimate joint models does not exist, however
it is possible to approximate the estimations with standard software, although the
procedures do not cover the majority of the studies and have convergence problems.
The procedures included in public or commercial software can only be adapted to
the estimation of fully joint parametric models. While SAS has a procedure that
directly approximates the joint estimations, the other packages may be used adapting
their general optimization procedures. In addition to the proposal by Guo and Carlin
(2004), the maximization of the likelihood in (1) is also possible with maximization
procedures included in packages like R, SPLUS or MATLAB and numerical methods
programming to approximate multiple integrals. On the Bayesian side, the WinBugs
is a good alternative that can be applied to the joint modelling. A growth model
for longitudinal and a Cox model for survival are estimated jointly by means of an
EM algorithm proposed by Wulfsohn and Tsiatis (1997), which must be done by
means of some programming tool. We have implemented the respective procedures
for the estimation using standard packages for fully parametric models as well as the
EM algorithm for the semiparametric approach. All the programming codes will be
available at http://www-eio06.upc.es/grass.

5 Application

We apply the described techniques to the TIBET clinical trial. The trial contemplates
the incorporation of interruption periods in the administration of an intensive ther-
apy HAART (Highly Active Antiretroviral Therapy). A cohort of 100 patients enters
the study with suspension of the treatment (state OFF ). Basal and retrospective in-
formation is gathered, and every 4 weeks there is registered information of the CD4
cell count and the viral load. If the patient’s conditions deteriorate, the therapy is
restarted (state ON ), and so on. The longitudinal variable is the evolution of the CD4
in 96 weeks. The survival time is the reinitiation time of therapy due to the Viral Load
increase. The baseline covariate is “viral load pre-therapy” (V L).
We have estimated three joint models with the same growth model for the longitudinal
part and different specifications for the hazards: a fully Weibull parametric model (FP)
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and two semiparametric models (SP1 and SP2) according to the following expressions.

Zi(tij) = b0i + b1itij + ei(tij)

FP: λi(t) = 1
σs

t
1

σs
−1 exp(η0 + η1V Li + β1b0i + β2b1i),

SP1: λi(t) = λ0(t) exp{β(b0i + b1it)}
SP2: λi(t) = λ0(t) exp(η1V Li + β1b0i + β2b1i),

(6)

Tables including the results for these models and the respective comparisons and
interpretations will be included.
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Abstract: Frailty models have been proposed in order to investigate other sources of variation
when the observed covariates do not fully explain the dissimilarities of the individuals in study.
The frailty term can be partitioned into two or more terms in order to assess various types
of frailty within the same individual. For instance, the frailty associated with a person may
be divided into two random effects describing separately genetic and environmental factors,
which are actually shared with other people such as mother, father, etc. The aim is to present
a Bayesian analysis of additive survival models with shared or correlated frailty terms. An
analysis of the adoption data described by Sørensen et al. (1988) motivates and illustrates the
frailty models developed, using Markov Chain Monte Carlo methods for estimating quantities
of interest.
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1 Introduction

In regression analysis for survival data, as the observed covariates are not fully ex-
plain the variation from individual to individual, a random effect (frailty) is included
into the hazard function to take account that unobserved heterogeneity, e.g., genetic
predisposition within families. In addition, the frailty can be partitioned into two or
more terms in order to assess various types of frailty within the same individual. For
example, the frailty of a person may be divided into two random effects describing
separately genetic and environmental factors, which are shared with other people such
as mother, father, etc.
Shared or correlated frailty models are herein analyzed for additive survival models
(Aalen, 1980) from a Bayesian perspective (Silva and Amaral-Turkman, 2004). The
additive hazards models have been presented both as a diagnostic tool and as a useful
alternative to multiplicative hazards models, especially when the hazard functions are
not proportional.
This work is organized as follows. Section 2 describes Aalen’s additive model based
on counting processes, as well as an additive frailty model with shared and correlated
frailty terms. Section 3 deals with the Bayesian analysis of the additive frailty model
by using Markov chain Monte Carlo (MCMC) methods for estimating quantities of in-
terest. In section 4, we illustrate the methodology introduced here through the analysis
of the adoption data described by Sørensen et al. (1988).
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FIGURE 1. Graph of a frailty model for genetic data.

2 A shared frailty additive model

Aalen (1980) introduced an additive survival model defining the intensity of a counting
process N(t) - number of occurrences of a particular event up to time t - as

I(t|z) = Y (t)

(

α0(t) +

p
∑

q=1

αq(t)zq

)

, (1)

where Y (t) indicates whether the individual is in risk at time t, α0(t) is the baseline
intensity for individuals, and αq(t) is the regression function that may reveal changes
in the influence of the covariate zq over time, q=1, . . . , p.
In order to account for the unobserved heterogeneity, a random effect (w) is introduced
into the intensity (1) additively (Rocha, 1996). Silva and Amaral-Turkman (2004)
proposed a Bayesian approach for that new model that is therein so-called additive
frailty model. Note that α0(t) in that new intensity is interpreted as the baseline
intensity for individuals with “null” frailty (w=0).
The frailty term w for each individual may be partitioned into two or more terms,
e.g., w = w1 + · · · + wk, where wj are (correlated) frailty terms shared with other
individuals, j = 1, . . . , k. For genetic setting, the frailty of a child may be associated
with genes shared with mother and father (see Figure 1).
Assuming a multivariate counting process N(t) = (N1(t), . . . , Nn(t)) for n right-
censored individuals (under a history Ft−), shared frailty additive models are here
defined by intensity function of Ni(t), i.e.,

Ii(t|zi,w) = Yi(t)

(

α0(t) +

p
∑

q=1

αq(t)ziq + a′iw
)

, (2)

where w = (w1, . . . , wk)′ is the frailty vector and ai = (ai1, . . . , aik)′ is the vector
of frailty indicator functions for the i-th individual, i = 1, . . . , n (Silva and Amaral-
Turkman, 2004). Petersen (1998) also showed a version of the model (2) for multi-
plicative frailty intensities.
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3 An Bayesian approach of the current model

Partitioning the time axis into m disjoint intervals Bj = [tj−1, tj), j = 1, . . . , m, in-
dependent gamma prior processes are assumed for the increments of the cumulative
functions Ωq(t) =

∫∞
0

αq(u)du, i.e., the increment Ωqj ≡ dΩq(t) in Bj has gamma
distribution with shape and scale parameters cqΩ

∗
qj and cq, j =1, . . . , m, q =0, . . . , p.

Notice that Ω∗qj is interpreted as a prior guess of Ωqj with degree of precision cq.
Let D = {(Ni(t), Yi(t), zi)} be the survival data with n right-censored individuals.
Assigning independent gamma priors for Ωq(t), the posterior of the frailty model (2),
denoted by π(Ω,w, δ|D), is proportional to

m
∏

j=1

[

n
∏

i=1

(

I
Nij

ij e−Iij

)

p
∏

q=0

(

Ω
cqΩ∗qj−1

qj e−cqΩqj

)

]

τ(w|δ) τ(δ), (3)

where Iij ≡ Ii(tj)dtj = Yij(t)(z
′
iΩj + a′iw dtj), Nij ≡ dNi(tj), Ω = (Ω11, . . . , Ωpm)′,

Ω∗qj = rq dtj , rq is a proposed value for αq(t), dtj = tj− tj−1, τ(w|δ) is the frailty
distribution and τ(δ) is a prior for hyperparameter δ.
The frailty distribution is traditionally gamma with hyperparameter δ, which measures
the degree of unobserved heterogeneity through, e.g., via its standard deviation (σW ).
The posterior (3) is awkward to work with, since the marginal posterior distributions
of Ω and δ are not easy to obtain explicitly. Nevertheless, these posteriors can be
evaluated using Markov chain Monte Carlo (MCMC) methods.

4 Illustration

Using the model (3) for the adoption data (Sørensen et al., 1988) with 125 families
1924-1987, the intensities of death by infection (e.g., pneumonia) for biological mother,
son and adoptive mother are, respectively,

Ii1(t|w) = Yi1(t)[α01(t) + wi1 + wi2]
Ii2(t|w) = Yi2(t)[α02(t) + wi1 + wi3 + wi4]
Ii3(t|w) = Yi3(t)[α03(t) + wi3 + wi5].

(4)

For simplicity, the posterior (3) is here associated with gamma frailties (1, δl), non-
informative priors for δl, 65 intervals Bj ’s, cq =0.001 and rq =0.1, q=1, 2, 3, l=1, . . . , 5.
After 6000 iterations simulated, including 1000 for burn-in period, some quantities of
interest were estimated for the shared additive frailty model (4).
The estimates in Table 1 indicate little unobserved heterogeneity both shared genetic
(σ̂Gs) and environment (σ̂Es) factors, shared environment factors explain 20.3% more
of the variability than the shared genes, while non-shared effects have 10.5% less
importance than genes.
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TABLE 1. Estimates of variance components for frailties.

parameter mean s.d. CI(2.5%) CI (97.5%)
σGs

0.022 0.0021 0.0178 0.0261
σEs 0.023 0.0023 0.0191 0.0281
σ2

Es
/σ2

Gs
1.203 0.3337 0.6772 1.9830

σ2
EGns

/σ2
Gs

0.895 0.2633 0.4796 1.4970
σ2

EGns
/(σ2

Gs
+ σ2

Es
) 0.407 0.1058 0.2397 0.6564
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1 Motivation

We are devising latent variable models for the analysis of complex multivariate re-
peated measurement data in which the sampling distributions associated with the in-
dividual measurements may take non-standard forms. This work has been motivated
by a recent study carried out by Prof. C. Lewis and Dr. K. Shimmon (Shimmon, 2004)
who investigate the development of executive control in young children. Children in the
study were presented with a battery of executive function tests. Lewis and Shimmon
considered four domains of executive function, namely inhibitory control, attentional
flexibility, working memory and planning. At each time-point, they measured each
of the above domains by repeatedly administering to children two versions of a given
task, specifically designed to represent the relevant domain. The repeated measurement
character of the resulting data therefore manifests itself on two different time-scales:
tests were administered at three different times over an 18 month period; and at each
of the three times, each test involves a sequence of trials.
The data set thus generated is large and complex and contains a mixture of discrete
and continuous measures. The main aims of the study are a) to examine the effects of
task modifications on the performance of children; b) to assess changes on performance
within sequences of repeated trials; c) to explore interrelationships between executive
tasks and d) to model performance of children over time.

2 Statistical inference

Data are in the form of two or more series of outcomes (typically, binary and continu-
ous) gathered for each domain of executive function, at three time-points. Initially, we
explore child-specific patterns of cognitive development within each domain at a single
time-point. This involves joint modelling of two or more series of dependent outcomes,
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not necessarily of the same type, within each domain. For each child, it will be as-
sumed that there is an underlying development profile which is not observable. More
specifically, at this stage, we assume that the series of outcomes, corresponding to
different versions of each task, are conditionally independent given an individual-level
latent variable. In addition, we look at the dynamic development of the series of trials
by conditioning on covariates that are functions of previous observations as defined by
Aalen et al., 2004. The results of this stage will allow comparison of performance of
children on the different versions of tasks and prediction of child’s underlying devel-
opment profiles for each domain. Once a multivariate representation of each domain
has been attained, we investigate the extrapolation of results over time.

3 Example

In the Lewis and Shimmon study, working memory was measured by three different
tasks. The boxes tasks (scrambled and stationary) were administered to 115 children
at three time periods, and the digit span task at two time periods. The latter task
yielded scores that can be assumed to follow a Gaussian distribution. We elaborate on
the boxes tasks to exemplify modelling of executive function data generated from a
non-standard sampling distribution. For simplicity of exposition, we here restrict our
attention to data collected at a single time.
For the boxes tasks, six boxes were decorated with different colours and designs. While
the child was watching, a sweet was placed in each box and all lids closed. A 10 second
delay was imposed (a black screen was lowered to hide the boxes from the child’s sight),
after which the child was allowed to select one of the boxes and retrieve its content.
The lid on that box was closed and another delay imposed. The child was again allowed
to open one of the boxes. This continued until the child had retrieved the six sweets. In
the scrambled version of the this task, the boxes were randomly switched to different
positions behind the screen during the delay. Thus participants must try to remember
the design of the boxes already selected in order to be successful on subsequent trials.
The stationary version of the box task was identical to the scrambled version, except
that the boxes were left in the same position.
We denote by zi = (zi1, . . . , zini) a vector with binary entries that represent failure
(0) or success (1) of child i at each of the ni trials that the participant took in order

to retrieve all sweets. Let sij = 5 −∑j
l=1 zil be the number of sweets that remain to

be retrieved at trial jth. The probability of finding a sweet at the first trial is one,
hence we model the probability of success given that there are five or less sweets to be
retrieved.
Let Pik ≡ Pr(zij = 1 | sij = k), for k = 1, . . . , 5, the probability of success given that
k sweets remain to be found. Conditional on the degree of difficulty to find a sweet
as reflected by the number of sweets remaining to be retrieved, we assume Pik to be
of logistic form. In addition we assume that the probability of success is affected by
the participant’s working memory ability. We introduce this effect as a latent variable.
Therefore we model the probability of success as

logit(Pik) = αk + x′iβ + Ui, (1)
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where αk is a fixed effect that accounts for the increasing difficulty of finding a sweet at

trial jth as sij decreases; Ui is a latent variable that represents the participant’s exec-
utive ability, and xi is a vector of covariates which include the type of task (scrambled
or stationary).
Statistical inference for the fixed effects in (1) can be based on the likelihood function

L ({αk}, β; zi) =
115
∏

i=1

∫ 5
∏

k=1

[

∏

Ai

(1− Pik)

]

Pikf(Ui; θ)dUi, (2)

where Ai = {zij ∈ zi | zij = 0 & sij = k} and f(Ui; θ) is the density function of the
latent variable Ui.
One of the questions of scientific interest in this study involves prediction of the child’s
underlying working memory development. As noted earlier, performance on working
memory was also measured through the digit span task. Under the assumption that
performance on this task and on the two boxes tasks are conditionally independent
given Ui, we can build a joint likelihood function based on the combined scores. This
likelihood function will be the integral of the product of the three conditional densities
and the latent variable density f (Ui).

4 Relationships between executive functions

We use the approach of Wermuth and Cox (2006) to investigate causal relationships
amongst the four executive functions. Each of these components are part of a core
structure that can be expressed through graphical models. Consider for example the
following two competing models:

I. Inhibitory control and attentional flexibility are closely related skills that form
the basis of planning and are underpinned by working memory.

II. Planning is the superordinate executive skill requiring inhibitory control, atten-
tional flexibility and working memory.

The four nodes in the centre of Figures 1 and 2 represent latent variables for inhibitory
control, attentional flexibility, planning and working memory. The nodes outside the
square represent the outcome variables from the tasks. Each model induces a particular
pattern of inter-dependence amongst the individual measurements on each child. We
are currently developing likelihood-based methods of inference for fitting and compar-
ing models of this kind, in which the latent variable structure is specified graphically
whilst the observed measurements conditional on the latent structure are modelled
according to sampling distributions which respect the experimental protocols for the
various tests.
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1 Introduction

Spatial analysis is routinely used for the analysis of plant variety evaluation trials
in Australia. The key to the efficient estimation of variety effects is the appropriate
choice of the plot error variance model. Gilmour, Cullis and Verbyla (1997) presented
a sequential approach to modelling and acknowledged the presence of three main types
of spatial variation. The sample variogram plays a key role in this approach but may
be difficult to interpret. We review the use of diagnostic tools described in Gilmour et
al. (1997) and present an enhanced graphical representation based on the use of 95%
coverage intervals.

2 Statistical Methods

2.1 Spatial Linear Mixed Model

In this section we present a model for the data from small plot field experiments which
encompasses extra sources of variation other than that caused by natural variation.
The model decomposes error variation into three components, namely global (spatial)
variation, local (spatial) variation and extraneous variation. We assume there are yield
data for n=rc plots, where r and c are the numbers of rows and columns respectively.
In these trials the plots are contiguous, that is, they consist of a single array. Denote
the vector of plot yields yi(si), i = 1, 2, ..., n, where si is a two cell vector of the
Cartesian coordinates of the (row, column) plot centroid. The model for y is

y = Xτ + Zu + e

where e = ξ + η is the vector of plot errors, τ (t×1) is the vector of fixed effects with
X(n×t) design matrix, u(b×1) is the vector of random effects with Z(n×b) design matrix,
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ξ(n×1) is a spatially dependent random error vector and η(n×1) is a zero mean random
vector whose elements are pairwise independent. The latter is often referred to as a
measurement error. We assume that the joint distribution of (u, e) is Gaussian with
zero mean and variance matrix

σ2

[

G(γ) 0

0 R(φ)

]

where γ and φ are vectors of variance parameters. The marginal distribution of y is
then

y ∼ N((Xτ , σ2(ZGZ′ + R)).

2.2 Diagnostics and Tests Used in the Modelling Process

The spatial modelling process commences by assuming that the variance model for
local trend ξ is a separable process involving a first order autoregressive model for
both rows and columns. The residuals from this model then provide the basis for
identification of global and extraneous variation, as well as assessing the adequacy of
the variance structure for local trend. Apart from the usual diagnostic tools relevant
for the examination of the distributional assumptions in a standard linear model, the
adequacy of the assumed variance (or correlation) model for the errors is examined.
The key issues we focus on are: the presence of global variation and/or non-stationarity;
the presence of extraneous variation; the adequacy of the correlation model for local
trend and the need for the measurement error component. Firstly we examine a trellis
plot of residuals, which is a plot of residuals against row (column) number conditional
on column (row) number. Examination of this plot often reveals data anomalies and the
presence of global trend. The next graphical diagnostic involves the sample variogram.
We also present enhancements to the sample variogram by the implementation of
95% coverage intervals. We consider the two ”faces” of the sample variogram, the
slices corresponding to zero row/column displacement, augmented with approximate
95% coverage intervals. They are obtained via simulations of the current model in an
analogous manner to Atkinson(1985), who constructed envelopes for half normal plots.
The sample variogram is calculated for each simulation, then the mean, the 2.5% and
97.5% percentiles are obtained for each displacement. This assists with appropriate
model selection reducing the risk of overfitting. Formal tests of models with nested
variance structures but the same fixed effects model are provided by REML likelihood
ratio tests (REMLRTs).

3 Example

The data relate to a field experiment conducted at Wongan Hills (WH-W trial), West-
ern Australia. The field trial comprising 25 rows and 12 columns was a uniformity
trial planted to one genotype with a harvested area for each plot of 3m × 1.25m.
Management practices are usually aligned with rows and columns. For example, the
trials were sown with a cone seeder which sows two plots at once and is driven in one
direction until reaching the end of the row. It then returns in the opposite direction.
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TABLE 1. Overview of models fitted to the WH-W trial

Model Variation Variance REMLLL‡
Global/Extraneous† Local Parameters Pr(D)

1 AR1×AR1 3 317.3

2 lin(row) AR1×AR1 3 318.0
3 lin(row) + ran(row) AR1×AR1 4 330.4 < .001

4 lin(row) + cone AR1×AR1 3 341.8
5 lin(row) + cone + AR1×AR1

ran(col) 4 355.3 < .001

†lin(row) represents the linear regression of yield on the row index, lin(row) and cone
are included in X, ran(col) represents a factor based on the column index and is
included in Z.
‡REMLLL indicates REML log-likelihood and D = −2 times the change in REMLLL
between two nested models. The REMLRTs may not be used to compare models
separated by a horizontal line.

Covariates were defined for sowing/harvesting direction and cone side. The analyzes
were performed using the statistical software ASREML. Table 1 presents an overview
of the sequence of models for the WH-W trial. We begin by modelling the spatial vari-
ation with a separable process involving a first order autoregressive model for both
rows and columns. Figure 1 presents the sample variograms for three of the models
presented in Table 1. The variogram from model 1 depicted in Figure 1(a) shows clear

xy

v

(a)

xy

v

(b)

xy

v

(c)

FIGURE 1. Wireframe plot of sample variograms for three models for the WH-W trial: (a)
model 1, (b) model 4 and (c) model 5

departure from the theoretical variogram,which is smooth and increases exponentially
in both the x and y directions to a common sill (asymptote). A key feature is the
steady increase in semi-variance as the displacement in the row direction (x) increases
(Figure 1(a)), which implies that a linear drift is present in the residuals (see Model
2). Moreover, the sample variogram looks very different from the mean from the 100
simulations of model 1 and falls outside the 95% coverage interval at several displace-
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FIGURE 2. Trellis plot of faces of the sample variogram (solid line) and mean (dashed) and
approximate 95% coverage interval (dotted) for three models for the WH-W trial: (a) model
1, row face (b) model 4, row face (c) model 5, row face (d) model 1, column face (b) model
4, column face (c) model 5, column face

ments, Figure 2(a). There is also a distinctive saw-tooth appearance to the variogram
in Figure 1(a), therefore a cone covariate is included in Model 4, Figure 1(b). The final
model (Figure 1(c)) is reasonably consistent with the theoretical variogram.
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1 Introduction

The estimation of event counts using various Poisson-related models has attracted
considerable attention, not least due to problems associated with overdispersion in the
observed data. In this paper we consider an efficient and accurate approximate Markov
chain Monte Carlo (MCMC) methodology for full Bayesian analysis in a Poisson/log-
normal model, which can be used in the analysis of insurance claims (Streftaris and
Worton, 2006). We investigate its efficiency and Bayes risk performance (e.g. Carlin
and Louis, 2000) in comparison with other hierarchical and empirical Bayes approaches
under various loss functions and prior assumptions, through suitably designed Monte
Carlo simulation studies. Empirical Bayes methodology has traditionally been attrac-
tive in actuarial work due to its computational convenience and also because of the
difficulty in specifying prior distributions in hierarchical Bayes models (e.g. Makov et
al, 1996; Pai, 1997).

2 The model

In an actuarial context, we assume that given the parameters θ1, θ2, . . . , θm, the counts
Yi represent the number of actual claims in group i = 1, . . . , m, and are conditionally
independent Poisson variables with respective means θiEi, i.e.

Yi|θi ∼ Poisson(θiEi), i = 1, . . . ,m,

where Ei, i = 1, . . . , m, is the total exposure of group i to a specific policy. The pa-
rameters θi give the rate of occurrence of claims and depend on p covariates xT

i =
(x1i, x2i, . . . , xpi), related to group i (e.g. age), in a regression structure modelled
through a log-normal prior distribution, i.e. λi = log(θi) ∼ N(xT

i b, σ2), i = 1, . . . , m,
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where b = (b1, b2, . . . , bp)
T is a vector of unknown coefficients. Vague hyperprior dis-

tributions are employed to reflect the uncertainty associated with the log-normal pa-
rameters when little prior knowledge is available. Our approach may also be extended
to a larger class of related models, where other prior distributions are assumed for the
Poisson parameters, as for example in compound Poisson sampling models or mixed
Poisson models (e.g. Grandell, 1997).

3 Approximate hierarchical Bayes methodology

We employ an efficient and accurate methodology for approximate posterior anal-
ysis under a hierarchical Bayesian framework (Streftaris and Worton, 2006). It in-
volves a close approximation to the conditional distribution of the Poisson rates θi

given all other model parameters and the data. The approximation is based on a log-
normal/gamma mixture density which matches the first three moments of the original
distribution. For the computation of the moments of the target distribution we use a
method relying on entropy distance (Kullback-Liebler divergence) minimization. The
resulting density is then employed in a Gibbs sampling scheme for inference. Effec-
tive sample size calculations (e.g. Brooks et al, 2003) are illustrated in Figure 1, and
demonstrate that this approach mixes more efficiently than an exact algorithm, while
providing the same posterior estimates.
For comparison purposes we evaluate the risk of the hierarchical Bayes (HB) estimator
resulting from an exact MCMC algorithm, and two empirical Bayes (EB) estimators
which are based on a linear shrinkage rule. The first EB estimator is derived in a way
such that it minimizes the Bayes risk among all linear estimators of the same form,

and is given by ̂θi

EB
= (1 − c) yi + c ȳ, where ȳ denotes the sample mean of the

data, and c ∈ [0, 1] is given as E(θi)

var(θi)+E(θi)
and is estimated in the EB context by

min{ (m−1)ȳ
∑m

i=1
(yi−ȳ)2

, 1}. The second EB estimator multiplies the coefficient c by a factor

of m−3
m−1 , and is a modification to the above estimator, proposed by Morris (1983) to

resemble the shrinkage behaviour of a HB approach.

4 Risk performance of estimators

We investigate the performance of the considered estimators in terms of Bayes risk,
given as EθEY |θ{L(̂θ, θ)}, where L(̂θ, θ) is a loss function of the estimator ̂θ. We con-

sider loss functions of the form L(̂θ, θ) = 1
m

∑m
i=1

(̂θi−θi)
2

θk
i

for k = 0 (squared error loss)

and k = 1 (normalized squared error loss). We also investigate a similar loss function,
where averaging over the m components in the form above form is replaced by their
maximum (maximum component squared error loss). Various prior specifications are
considered. The results are shown in Table 1, and demonstrate that the risk proper-
ties of the approximate hierarchical estimator (AHB) are often better than those of
the exact HB algorithm; this can be explained by the faster convergence of the ap-
proximate method. Additionally, it is shown that the AHB estimator has smaller risk
than the EB methods, although additional simulations (not presented here) suggested
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FIGURE 1. Minimum effective sample size (ESS) for the approximate Gibbs sampling ap-
proach (solid line) and an exact MCMC algorithm (dashed line). A logarithmic scale has been
used on the x axis.

that for small m (e.g. m = 10) this result holds mainly when the true variance of
θi, i = 1, . . . , m, is large (as expected due to the vague hyperpriors used). Simulations
with alternative models also showed that our method is robust under the assumption
that the data come from other distributions, e.g. a Poisson/gamma model.

5 Extensions

In current work we investigate the development and performance of exact EB estima-
tors using various possibilities regarding the specification of the parameters of prior
distributions. These include algorithms involving the expectation-maximization (EM)
and importance sampling (IS) techniques that provide efficient estimation when ana-
lytical results are not available.
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TABLE 1. Estimated Bayes risk under squared error loss (k = 0), normalized squared error
loss (k = 1) and maximum component squared error loss. Number of observations is m = 30
and N = 104 Monte Carlo simulations were used.

E(θi) 5.0 10.0
var(θi) 2.5 10.0 5.0 20.0

Squared error loss
Approximate HB 1.907 3.431 3.810 6.954
Exact HB 1.948 3.436 3.864 6.934
Empirical Bayes 1.973 3.499 3.931 7.014
EB (Morris) 1.967 3.483 3.917 6.991

Normalized squared error loss
Approximate HB 0.379 0.686 0.382 0.694
Exact HB 0.387 0.684 0.386 0.694
Empirical Bayes 0.397 0.710 0.395 0.709
EB (Morris) 0.394 0.703 0.393 0.704

Max. component squared error loss
Approximate HB 13.095 28.397 23.857 49.812
Exact HB 13.292 28.289 24.090 49.371
Empirical Bayes 13.368 28.852 24.441 49.954
EB (Morris) 13.227 28.345 24.255 49.297
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1 Model selection criteria

Model selection is one of the most important statistical problems, therefore the study
of performance of model selection criteria is a useful task. In this work we compare the
performance of two penalized likelihood criteria, the estimated Bayesian information
criterion and the deviance information criterion, and two versions of the log-score
criterion, namely the full-sample version and the cross-validated version.
Consider a model mi and let θi be the vector of model parameters and pi the number
of parameters in the model. We represent the likelihood by L(θi|y, mi), where y is the
observed data vector, with n observations.
Advocating that penalized likelihood measures are easy to obtain, Carlin and Louis
(2000, p. 220) suggest the use of an estimated Bayesian information criterion. This
criterion consists in selecting the model mi that minimizes

̂BICmi(y) = −2ˆ̀
i + pi ln n , (1)

where ˆ̀
i = E [ln f(y|θi,mi)|y] is the posterior expectation of the log-likelihood. The

first term in the second member of equation (??) is an overall measure of model fit
and the second term is a penalty for model complexity.
In the case of complex hierarchical models the number of parameters is not well de-
fined, making it difficult to use the Bayesian information criterion. Hence, Spiegel-
halter et al. (2002) propose the use of deviance information criterion. Let Dmi(θi) =
−2 ln f(y|θi,mi) + 2 ln g(y|mi) be the “Bayesian deviance”, where f(y|θi,mi) is the
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likelihood function for the observed data y and g(y|mi) is a function of the data y. In
model selection context it is usual to consider g(y|mi) = 1.
The deviance information criterion consists in selecting the model mi that minimizes

DICmi
(y) = Dmi

+ pD,mi
, (2)

where Dmi represents the posterior expectation of the deviance, that summarizes the
fit of the model, and pD,mi

is a measure of model complexity, defined as the difference
between the posterior expectation of the deviance and the deviance calculated at the
posterior expectation of parameter vector.
Besides these two penalized likelihood criteria, we also consider the two scoring rule
based criteria (e.g., Draper and Krnjajić, submitted). One of them is the full-sample
log-score criteria that consists in selecting the model mi that maximizes

LSFSmi(y) =
1

n

n
∑

j=1

ln p?(yj |y, mi) , (3)

where p?(·|y, mi) is the posterior predictive distribution for a future observation, based
on the vector y. The other criterion is the cross-validated log-score criterion that
consists in selecting the model mi that maximizes

LSCVmi(y) =
1

n

n
∑

j=1

ln p(yj |y(−j),mi) , (4)

where p(·|y(−j),mi) is a posterior predictive distribution for a future observation, based
on the vector y(−j), obtained removing yj from the vector y.

2 Simulation study

We compare the performance of DIC, ̂BIC, LSFS and LSCV criteria in the context of
variable selection in Bayesian linear regression model.

2.1 Bayesian linear regression model

Consider the linear regression model, Y |β, σ2, X ∼ Nn(Xβ, σ2In), where Y =
(Y1, . . . , Yn)′, β = (β0, β1, . . . , βp)

′, X is a n× (p+1) design matrix, ε = (ε1, . . . , εn) ∼
Nn(0, σ2In) and In is the n× n identity matrix.
We consider a non informative prior distribution for the parameter vector, h(β, σ2) =
(σ2)−1, for β ∈ Rp+1 and σ2 > 0. Therefore the joint posterior distribution for β
and σ2 can be factorized as h(β, σ2|y) = h(β|σ2, y)h(σ2|y). The conditional posterior

distribution of β, given σ2, is Np+1(β̂, σ2Vβ), where β̂ = (X ′X)−1X ′y and Vβ =
(X ′X)−1. The marginal posterior distribution of σ2 is χ2-Inv (k, s2), where k = n−p−1

and s2 = 1
k (y −Xβ̂)′(y −Xβ̂) (e.g., Gelman et al., 1995).
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2.2 Details of the simulation study

In this simulation study we consider four potential predictors, x1, . . . , x4, that are
obtained as independent standard normal vectors. The dependent variable is generated
according to the model

Y = δ1x1 + δ2x2 + δ3x3 + δ4x4 + ε , (5)

where ε is a vector of independent normal observations with zero mean and standard
deviation equal to 2.5, and δj is a binary indicator variable determining if the predictor
xj is included or not included in the model, for j = 1, 2, 3, 4. The 16 possible models are
indicated by m1, . . . , m16: m1 for the model that includes all predictors; m2, . . . , m5

for models that include three predictors; m6, . . . , m11 for models that include two
predictors; m12, . . . , m15 for models that include one predictor and, finally, m16 for
the model that only includes a constant. The predictors included in each model mi

can then be identified by the vector δ = (δ1, δ2, δ3, δ4).
The dependent variable is generated according to the model mi, for i = 1, . . . , 16, and
all possible models are adjusted; the DIC, ̂BIC, LSFS and LSCV criteria are used to
select the best model. This procedure is replicated 100 times in the cases n = 200 and
n = 100.

2.3 Results and discussion

The performance of DIC, ̂BIC, LSFS and LSCV criteria are compared using the fre-
quency of correct classification of the data generated from the 16 possible models. The
results are presented in Table ??.
In the case n = 200, it seems that ̂BIC is, in general, the method with the best
performance, while DIC has a weak performance for the data generated from the
models with smaller number of predictors. On the other hand, the two log-score criteria
have a weak performance for the data generated from the models with more predictors.
The LSCV has in general worse performance than the LSFS.
The main difference in the results achieved in the case n = 100 is the small frequency
of correct classification for all criteria, and the more similar performances of DIC and
̂BIC.
Besides the results presented in Table ??, we also observed, with our simulation study,
that: (i) DIC usually leads to overfitted models; (ii) ̂BIC is the criterion that leads
to more parsimonious models; (iii) LSFS and LSCV favor models with less predictors
than the predictors considered in the model that gave raise to the data. The results
observed with LSCV can be explained by the unstability of the harmonic mean used
to estimate (??) (Carlin and Louis, 2000, p. 207).
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TABLE 1. Frequency of correct classification.

n = 200 n = 100

model δ DIC ̂BIC LSFS LSCV DIC ̂BIC LSFS LSCV

m1 (1, 1, 1, 1) 100 98 44 8 96 74 21 0

m2 (1, 1, 1, 0) 92 98 34 0 71 78 10 0
m3 (1, 1, 0, 1) 87 97 33 0 83 67 5 0
m4 (1, 0, 1, 1) 84 99 38 2 75 77 10 0
m5 (0, 1, 1, 1) 87 98 28 1 84 74 7 1

m6 (1, 1, 0, 0) 59 97 68 17 60 83 32 5
m7 (1, 0, 1, 0) 73 97 76 26 63 88 56 14
m8 (1, 0, 0, 1) 64 95 65 17 61 85 37 8
m9 (0, 1, 1, 0) 71 94 59 11 72 84 44 2
m10 (0, 1, 0, 1) 66 94 62 10 68 72 32 6
m11 (0, 1, 0, 1) 74 98 69 13 62 80 53 10

m12 (1, 0, 0, 0) 60 96 98 98 65 89 92 80
m13 (0, 1, 0, 0) 49 95 95 97 49 84 85 73
m14 (0, 0, 1, 0) 56 96 96 96 52 94 93 84
m15 (0, 0, 0, 1) 64 94 87 93 55 86 91 81

m16 (0, 0, 0, 0) 58 97 13 25 44 92 18 29
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Abstract: Indicator kriging results, obtained applying conventional linear techniques to in-
dicator transformations of the observed data, are usually interpreted as approximations to
the conditional probability distribution (cdpf) of a regionalized variable at an unsampled
location. The method is widely used in spite of the fact that results are quite commonly
impossible probability vectors. This contribution proposes a Bayesian alternative to estimate
the discrete cpdf (i.e. a probability vector parameter), where the interpolations are inter-
preted as the log-likelihood of a multinomial variable, updating a Jeffreys Dirichlet prior.
The Dirichlet distribution is characterized using the Aitchison measure, which is compatible
with the geometry for probability vectors.

Keywords: Dirichlet distribution; simplex; compositional data.

1 Motivation

The delineation of the border of an oil field in an area shared by several owners is
a complex issue, where available information is typically sparse, and its results may
imply very significant differences in the way the income is distributed among owners.
In our motivation example, several wells in the Lyons West oil field, Kansas (USA),
are available: we know which wells intersect the oil column (i.e., are productive) and
which are dry. The goal is the estimation, at every location, of the probability of being
within or outside the oil field.

2 Classical indicator kriging

Indicator kriging (IK) is a geostatistical technique born to approximate the conditional
probability density function (cpdf) at every node x of a grid, based on the correlation
structure of indicator transformed data (Journel, 1983). The IK algorithm applied to
our case study is as follows: (i) encode the available information in two complementary
Bernoulli variables

Js(x) =
{

1 productive
0 otherwise

and Jf (x) =
{

0 productive
1 otherwise

; (1)
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with probability of success, ps, the sought probability; (ii) estimate the semivariogram
of Js(x) (or Jf (x), being complementary) and fit a valid semivariogram model; here,
the isotropic hole effect variogram has been used,

γ(h) = c0 + c ·
(

1− cos

(

h

αr

)

· exp

(

−h

r

))

, (2)

with parameters c0 = 0.005 (nugget), c = 0.245 (sill), r = 1.2 (range in miles), and
α = 1 (period) (Figure 1); (iii) apply simple kriging to estimate Js(x0) at every
node x0 of a grid (Figure 2, left); (iv) interpret the obtained result as the probability
that x0 is a productive location. The major drawback of IK in this fashion is that
it might yield impossible estimates, such as negative probabilities (as in Figure 2),
and probabilities not summing up to one. Several methods exist to reduce or correct
the occurrence of such non-sense estimations. To our knowledge, the only one that
avoids them by construction is simplicial IK (Tolosana-Delgado, 2006). To use this
alternative, one needs to define a probability of error b in the determination of failure
or success at sampled locations, which is here estimated as twice the nugget effect.
Then, the classical and simplicial IK estimators, denoted respectively with the vectors
jc0 and j∗0, are related by

j∗0 =
[

j∗s , j∗f
]

= C
(

exp

(

ln
1− b

b
· jc0

))

, (3)

where C(·) is the closure operation, forcing its argument to sum up to one.

3 A bayesian interpretation

Instead of taking the simplicial IK results as estimates of the probability of being within
the field, one might interpret them as the equivalent number of successes/failures (be
within/outside the field) of a Bernoulli variable. Then, for every location, one might
take a prior distribution for the pair of probabilities p = (ps, pf = 1 − ps). This is
classically a beta (i.e. 2-part Dirichlet) distribution, with a vector of positive param-
eters (α1, α2). We choose the Jeffreys prior (characterized by α1 = α2 = 1/2), due
to its invariance properties (Leonard and Hsu, 1999). Taking the likelihood from the
simplicial IK results (Eq. 3), the posterior is also a beta distribution, with parameters
(α1+j∗s , α2+j∗f ). From this posterior, we choose as characteristic value the expectation
with respect to the Aitchison measure of the simplex (as explained in the next sec-
tion). Results are included in Figure 2, showing that obtained probabilities are always
valid and reasonable, given the data configuration (Figure 1, right). But not only so:
we have available the full distribution at any location, thus we could obtain an uncer-
tainty measure with its variance, or a risk assessment with some high-order quantiles.
Note that the proposed methodology easily extends to more than two categories, by
using the multinomial-Dirichlet distributions.

4 The Dirichlet distribution

Let SD denote the D-part simplex, i.e. the set of D-component real vectors x ∈
RD fulfilling xi ≥ 0 and

∑

xi = 1. The D-part Dirichlet distribution is classically
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FIGURE 1. Experimental variogram, and fitted model for the indicator Js(x) (left), and
data configuration (right, with filled circles corresponding to Js(x) = 1 and empty ones to
Js(x) = 0).
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FIGURE 2. Estimates of the probability of being within the field, with classical indicator
kriging (left), and with the proposed Bayesian alternative (right), using a Jeffreys prior dis-
tribution and the expectation in the simplex as representative criterion. Note the negative
estimates in the left figure, which would require a correction to become valid probabilities.



R. Tolosana-Delgado et al. 563

defined as the closure of D independent, equally scaled Gamma distributions. If a
vector x ∼ Di(α1, . . . , αD), then its density is f(x) ∝ xα1−1

1 · · ·xαD−1
D I(x ∈ SD)

with respect to the Lebesgue measure of R. Its mode is C(α1 − 1, . . . , αD − 1), and
its mean E [X] = C(α1, . . . , αD). Mateu-Figueras and Pawlowsky-Glahn (2005) give
the density of the Dirichlet distribution with respect to the Aitchison measure of
the simplex as f(x) ∝ xα1

1 · · ·xαD

D I(x ∈ SD). Its mode is C(α1, . . . , αD), and its
mean ESD [X] = C(exp ψ(α1), . . . , exp ψ(αD)), where ψ(·) is the digamma function.
The Aitchison measure of the simplex is equivalent to the Lebesgue measure on the
coordinates of the simplex, when the Aitchison geometry is considered for this sample
space. The choice of which reference measure to use for the Dirichlet has in general a
slight influence, except if some of the parameters αi are small. This is the case of this
contribution.
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Abstract: A new Shared Parameter Model is proposed to analyze incomplete ordinal re-
sponses subject to non-ignorable non-monotone missingness where marginal interpretation of
the model parameters can be derived. Usually strong distributional assumptions are made for
the shared random effects that can compromise inference when they are violated. To avoid
the impact of parametric assumptions for the random effects distribution to estimates and
standard errors we propose to leave this unspecified and estimate it using non-parametric
maximum likelihood.
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1 Introduction

In this work we are concerned with the analysis of longitudinal ordinal responses
subject to informative non-monotone missingness. In particular, these longitudinal
profiles arise from a randomized study on 895 patients suffering from Rheumatoid
Arthritis who have been randomized to five treatment groups. Here we concentrate
on one of the primary endpoints, which is the evaluation of the disease activity by
the clinician using an ordinal scale with four categories. During a four month followup
period five visits have been planned, but 48% of the patients failed to show up resulting
in 19% non-monotone missingness.
Common modelling approaches for handling informative missingness are the Selection
and Pattern mixture models. However, the use of such models for non-monotone miss-
ingness can prove computationally intensive due to either the high dimensional integra-
tions involved or the large number of missingness patterns. An alternative modelling
framework is the Shared parameter model (SPM), which provides a computationally
convenient method for analyzing longitudinal data subject to non-monotone missing-
ness. In SPMs a random effects component is assumed to account for the dependence
between the longitudinal responses and the stochastic mechanism that describes the
missingness. Such a postulation is often scientifically justifiable since e.g., in biomed-
ical studies the patient’s health status can affect both his longitudinal responses and
his visiting behavior.
However, with SPMs there are mainly two issues that should be carefully considered.
First, certain assumptions about the random effects distribution can possibly affect the
inference. Second, when categorical responses are considered the use of a random ef-
fects model leads to a conditional interpretation of the model parameters, which is not
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desirable in our study. In this work, we propose a new SPM that simultaneously deals
with the above issues. In particular, to avoid the impact of parametric assumptions
for the random effects distribution to parameter estimates and standard errors, we
leave this distribution completely unspecified. In addition, to achieve marginal inter-
pretation for the model parameters we extent the work of Heagerty and Zeger (2000)
on marginalized multilevel models to the analysis of incomplete longitudinal ordinal
responses. Thus, the proposed model produces valid likelihood-based inferences for the
study population under a Missing Not At Random (MNAR) mechanism while the un-
specified random effects distribution protects against model misspecification that can
arise by violations of the assumptions for the random effects distribution or omitted
covariates.

2 The Marginalized Shared Parameter Model

Suppose that Yi, (i = 1, . . . , n) with elements yij (j = 1, . . . , ni), denotes the vector
of ordinal longitudinal responses for the ith individual, and Ri is the corresponding
sequence of response indicators rij ∈ {0, 1}, with 1 denoting that yij is observed and
0 otherwise. The SPM that is proposed here assumes that a set of random effects bi

induces the association between the Y and R processes, and is formulated as

f(Yi, Ri) =

∫

f(Yi | bi)f(Ri | bi)dG(bi), (1)

where bi ∼ G and f(.) denotes a probability density function. Typically, G is taken
to be the normal distribution but here we make no parametric assumption for G and
leave it unspecified.
To complete the definition of the marginalized SPM, the following three regression
models are considered. Regarding the measurement process f(Yi | bi), we assume that
the ordinal response yij is associated with a continuous latent variable uij such that
yij = k if γk−1 < uij < γk, where k = 1, . . . , K with K the number of ordered
categories and γ = (γ1, . . . , γK−1) is a set of threshold values with γ0 = −∞ and
γK = ∞. A marginal model is defined for the latent response uij by

uij = xT
ijβ

M + εij , (2)

where βM denotes the marginal regression coefficient vector, xij is the jth row of the
fixed effects design matrix Xi, εij are the model residuals with εij ∼ fL, where fL is
the standard logistic density, and the superscript T denotes the matrix transpose. This
implies that the marginal probability Pr(yij ≤ k | xij) = FL(γk − xT

ijβ
M ) with FL

the standard logistic cdf. The second model describes the conditional on the random
effects probability and is given by Pr(yij ≤ k | xij , bi) = FL(∆ijk − zT

ijbi), where

∆ijk = γC
k − xT

ijβ
C with γC

k and βC denoting the conditional on the random effects
thresholds and regression parameters respectively, zij the jth row of the random effects
design matrix Zi and bi is the q-dimensional random effects vector. Finally, to link the
marginal with the conditional parameters we use the deconvolution equation

FL(γk − xT
ijβ

M ) =

∫

FL(∆ijk − zT
ijbi)dG(bi), (3)
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i.e., the marginal mean parameters are expressed as the expectation of the conditional
mean model over the random effects. Thereby, regression parameters with a population
averaged interpretation are derived.
For the missingness process R, the probability of response, pij = Pr(rij = 1 | bi), is
modelled using a mixed effects logistic regression

log{pij/(1− pij)} = wT
ijα + δzT

ijbi,

where wij is the jth row of the fixed effects design matrix Wi, α the regression coef-
ficient vector and zij the jth row of Zi. The measurement and missingness processes
are linked through the random effects term and their association is quantified by the
parameter vector δ.

3 Estimation

An iterative two-step procedure is proposed for obtaining the optimal set (θ, G) that
maximizes the observed data log-likelihood `n(θ,G) of (1) with θ = (β, γ, α, δ). In the
first step, for fixed θ, `n(G) is maximized with respect to G, whereas in the second
step for the estimated G of the first step, θ is updated.
To proceed with the estimation of G we use the theoretical results of Laird (1978)
and Lindsay (1983) stating that the non-parametric maximum likelihood estimate
(NPMLE) of a distribution in the class of all distributions is a discrete distribution
with finite support (i.e., at most equal to the number of distinct likelihood contri-
butions). Thus the random-effects distribution can be assumed to be a discrete dis-
tribution with unknown but finite support. However, estimating simultaneously the
support points and size is susceptible to numerical difficulties due to flat likelihood
surfaces. To overcome this problem we follow the proposal of Böhning (1999) who
showed that an approximate NPMLE of G can be found by prespecifying a dense
grid for its support points µ = (µ1, µ2, . . .), and `n(G) is then maximized in the set
ΩM = {(π1, µ1), . . . , (πC , µC)} where π = (π1, . . . , πC) denote weights and C is large,
by means of the Vertex-Exchange algorithm (VEM). The VEM is a gradient based
algorithm that is built on the idea of searching at each iteration the direction, among
a prespecified grid of support points, that increases the likelihood. More precisely, the
VEM at each iteration exchanges weights between the support points that contribute
the least and the most to the likelihood increase. These points are identified as the
points that respectively minimize and maximize the gradient function that is given by

d(µ, Ĝ∗) =
1

n

n
∑

i=1

f(Yi, Ri; µ, θ̂∗)

f(Yi, Ri; Ĝ∗, θ̂∗)
, (4)

where Ĝ∗ and θ̂∗ denote the estimated mixing distribution and parameter vector of
the previous iteration, respectively. However, in the proposed model estimating both
γC
1 and the mean of the random effects leads to identifiability difficulties. Thus, a

constrained VEM step is adopted to estimate G subject to the constraint E(G) = 0.
To achieve this we use the penalized log-likelihood, for fixed penalty λ

`P (θ, G) = `(θ, G)− λ ‖φ(G)− h‖2,
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where `(θ, G) is the log-likelihood of model (1), and in our case φ(G) =
∑

c πcµc and
h = 0. Accordingly the gradient function (4) takes the form

d(µ, Ĝ∗) =
1

n

n
∑

i=1

f(Yi, Ri; µ, θ̂∗)

f(Yi, Ri; Ĝ∗, θ̂∗)
− 2

n
λ (µ−

∑

c

πcµc)
∑

c

πcµc.

In the second step, and for the estimated G of the first step, θ is estimated using
the Newton-Raphson algorithm, which requires the computation of partial derivatives
of `n(θ, G). These partial derivatives are easily computed for α, δ, but for γ and βM

involve an application of the chain rule, i.e.,

∂`(∆ijk(θ))

∂θ
=

∂`(∆ijk(θ))

∂∆ijk
· ∂∆ijk

∂FL(ηijk)
· ∂FL(ηijk)

∂ηijk
· ∂ηijk

∂θ
,

where ηijk = γk−xT
ijβ

M . In the above equation, ∆ijk needs to be estimated as a func-

tion of the marginal mean parameters βM , γ, and the random effects parameters π by
solving numerically (3). These two steps are repeated until convergence. The algorithm
has converged when both conditions: (1) maxµd(Ĝ, µ) < 1 + ε, which guarantees that

`(Ĝ | θ̂∗)− `(Ĝ∗ | θ̂∗) < ε, and (2) `(Ĝ, θ̂)− `(Ĝ∗, θ̂∗) < ε′ for small ε, ε′ (i.e., 10−3 and
10−8, respectively), have been satisfied.

4 Conclusion

We have extended the work of Heagerty and Zeger (2000) in the ordinal case while
allowing for valid likelihood-based inferences under a MNAR mechanism. The proposed
SPM effectively handles non-monotone missingness and is robust to misspecifications
of the random effects component since its distribution is left unspecified. This is also
corroborated by a set of simulation studies with varying distributional assumptions for
the random effects. Finally, the proposed model is exemplified on the ordinal outcome
of the randomized study on patients with Rheumatoid Arthritis. The scientific interest
lies in estimating the marginal treatment effect while adjusting for the informative
non-monotone missingness.
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Abstract: The use of models to borrow information from neighbouring regions smoothing
the crude mortality risks is necessary in disease mapping. One of the most common models is a
mixed Poisson model which incorporates spatial dependence. The main objective of this work
is to estimate the MSE of the relative risk predictor obtained from this model. In particular,
second-order approximations to the MSE are brought from the small area literature. The final
interest is to check if second order approximations of the prediction error improve confidence
intervals for the relative risks. The well-known Scottish lip cancer data is used for illustrative
purposes. A simulation study is also conducted indicating that there is no much gain in
efficiency when using second order corrections.
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1 Introduction

Disease mapping is a small area problem and models are essential to produce reliable
estimates by borrowing information from neighbouring areas. There is a huge amount
of research in small area estimation, but disease mapping has been approached some-
what differently from other small area applications because sampling is not involved.
More precisely, the focus is on making predictions of the relative risks, and assessing
the prediction error, which is of great relevance to build confidence intervals for the
relative risks. Later, one may decide whether the regions exhibit extreme risks and
recover the “true” risk surface. That is, if the lower (upper) bound of the interval is
greater (smaller) than 1, the region is classified as a high (low) risk region.
The estimation of the prediction errors is always a challenge in small area applica-
tions. Several authors have developed different techniques to assess the prediction er-
ror. Prasad and Rao (1990) provide an asymptotic approximation to the mean squared
error (MSE) under a linear mixed model, and also obtain a second order correct esti-
mator. Petrucci and Salvati (2006) extend the Prasad and Rao formula to applications
with spatial linear models. Bootstrap estimators have been also provided (see, for ex-
ample, González Manteiga et al., 2007 and Hall and Maiti, 2006). Ainsworth and Dean
(2006) consider a first order Empirical Bayes (EB) variance estimator and MacNab et
al. (2004) propose a bootstrap method (bootstrap-adjusted variance estimator).
In this work, prediction error estimators, used in EB disease mapping, are compared
with alternative proposals from the small area estimation literature to determine
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whether second order approximations are necessary in this framework. The perfor-
mance of the above cited estimators is assessed in terms of coverage probabilities of
the corresponding confidence intervals for the relative risks via a simulation study. The
well-known Scottish lip cancer data will be used for illustrative purposes.

2 Model and estimation technique

Let us suppose that the area under study is divided into I contiguous regions labelled
i = 1, . . . , I. Conditional on the random region effects ri, the number of deaths in
each area, Ci, is assumed to be Poisson distributed with mean µi = eiri, where ri

represents the unknown relative risks of mortality from a rare disease, and ei is the
expected number of deaths. Then

Ci|ri ∼ Poisson(µi = eiri), (1)

and
log µi = log ei + bi, bi = log ri = α + ui. (2)

Here, α plays the role of the logarithm of the overall risk. The vector of random effects
u = (u1, . . . , uI)

′ is assumed to follow a multivariate normal distribution, u ∼ N(0,D),
where D = σ2(λQ− + (1 − λ)I), the matrix Q is determined by the neighbourhood
structure, I is the identity matrix, and the parameter λ determines the relative weight
between the spatial and the unstructured variation. To estimate the model parameters,
the PQL technique, popularized by Breslow and Clayton (1993), is considered.

3 Alternative measures for the prediction error

3.1 The MSE

The prediction error can be measured through the mean squared error, defined as

MSE[b̂i(θ)] = E[(b̂i(θ)− bi)
2] = E[(b̃i(θ)− bi)

2] + E[(b̂i(θ)− b̃i(θ))2], (3)

where θ = (σ2, λ)t, b̃i(θ) is the predictor of bi(θ) assuming that the variance com-

ponents are known, and b̂i(θ) is the corresponding predictor when the variance com-
ponents are unknown. The first term in the right hand side of Equation (3) is easy
to calculate, but the second one is usually untractable and approximations must be
given. Prasad and Rao (1990) derived an approximation for this term leading to the
final MSE approximation

MSE[b̂i(θ)] ≈ g1i(θ) + g2i(θ) + g3i(θ).

An analytical MSE estimator Petrucci and Salvati (2006) develop a second order
correct MSE estimator for spatially correlated data extending the results of Prasad
and Rao (1990). They propose the following MSE estimator

̂MSE[b̂i] = g1i(σ̂
2, λ̂) + g2i(σ̂

2, λ̂) + 2g3i(σ̂
2, λ̂) := msePS , (4)

where the terms g1, g2 and g3 are calculated considering the spatial correlation.
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A simple bootstrap MSE estimator A small area wild bootstrap approximation
to the MSE (proposed by González-Manteiga et al., 2007), correct up to first order, is
given by

̂MSE
∗
[b̂i] =

1

J

J
∑

j=1

(b̂
∗(j)
i − b

∗(j)
i )2 := mse1, (5)

where J is the number of bootstrap populations, and for the jth bootstrap population,

b̂
∗(j)
i is the predictor of b

∗(j)
i , and b

∗(j)
i is the corresponding true bootstrap value.

Double bootstrap MSE estimators Hall and Maiti (2006) proposed the following
double bootstrap estimators

mseH1 =

{

mse1 + arctg{I(mse1 −mse2)}/I if mse1 ≥ mse2

(mse1)
2/[mse1 + arctg{I(mse2 −mse1)}/I] if mse1 < mse2

,

(6)

mseH2 =

{

2mse1 −mse2, if mse1 ≥ mse2

(mse1)exp{−(mse2 −mse1)/mse2}, if mse1 < mse2

.

(7)

where mse2 is defined as

̂MSE
∗∗

[b̂i] =
1

J

J
∑

j=1

1

K

K
∑

k=1

(b̂
∗∗(jk)
i − b

∗∗(jk)
i )2 := mse2. (8)

Here, K is the number of second bootstrap populations for the jth first bootstrap

population, and b̂
∗∗(jk)
i and b

∗∗(jk)
i are similarly defined as b̂

∗(j)
i and b

∗(j)
i but applying

the bootstrap twice.

3.2 The EB variance

The EB variance is given by

var(bi|C) = Eα,θ|C[var(bi|C, α, θ)] + varα,θ|C[E(bi|C, α, θ)], (9)

and the PQL variance estimate v̂ar(bi|C, α̂, θ̂) = g1i(σ̂
2, λ̂) + g2i(σ̂

2, λ̂) only approxi-
mates the first term.

An analytical EB variance estimator Ainsworth and Dean (2006) consider the
following first order variance estimator for the first and second terms in Equation (9)

v̂ar(bi|C) = v̂ar(bi|C, α̂, θ̂) + mt
i

(∂û

∂θ̂

)t

v̂ar(θ̂)
(∂û

∂θ̂

)

mi := varD, (10)

where mt
i = (0, . . . ,

i
1, . . . , 0) is a 1 × I vector with 1 in the ith component and 0

elsewhere.
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FIGURE 1. Coverage probabilities by relative risks size.

A bootstrap-adjusted EB variance estimator To estimate the EB variance, Mac-
Nab et al. (2004) propose a different bootstrap method. They consider the following
bootstrap estimator of the EB variance (9)

v̂ar
∗
(b̂i) =

∑J
j=1 v̂ar(b̂

∗(j)
i )

J
+

∑J
j=1(b̂

∗(j)
i − b̄∗i )

2

J − 1
, (11)

where, for the ith local area, v̂ar(b̂
∗(j)
i ) is the PQL variance for the jth bootstrap log-

risk estimate, and b̄∗i =
∑J

j=1 b̂
∗(j)
i /J . To estimate the standard error of one particular

region i, a bootstrap sample set for the area consists of the observed data for the whole
neighbourhood and generated samples for the rest of areas.

4 Illustration

In this section the different techniques are applied to the well known Scottish lip cancer
data. Militino et al. (2001) showed that a full spatial autocorrelation model (Models
(1) and (2) with λ = 1, so D = σ2Q−) is appropriate. The parameters estimates (using
PQL) are α̂ = 0.126 (0.051) and σ̂2 = 0.737 (0.233), where the values in brackets are
the standard errors. The different prediction error estimators described in Section 3
have been used to build confidence intervals for the relative risks. In general, for regions
with a high estimated relative risk, the confidence intervals based on the bootstrap
MSE estimators (single and double bootstrap) (5), (6) and (7) are wider than those
based on the analytical expressions (4) and (10) and on the bootstrap-adjusted variance
estimator given by (11). On the contrary, for regions with low estimated relative risks,
the confidence intervals based on the bootstrap estimators are narrower than those
based on the analytical expressions and the bootstrap-adjusted estimator.
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5 Simulation study

To assess the performance of the different prediction error estimators, in terms of
coverage probabilities of the corresponding confidence intervals for the relative risks,
a simulation study has been conducted. M = 100 data sets have been generated
under the spatial model given by (1) and (2) with λ = 1. For each data set we have
computed the analytical prediction error estimators (4) and (10). We have also assessed
the bootstrap MSE estimator (5) and the bootstrap-adjusted variance estimator (11)
based on J = 100 bootstrap samples. To obtain the double bootstrap estimators (6)
and (7), K = 50 bootstrap samples have been generated for each of the 100 first
bootstrap replicates. The analytical and the bootstrap-adjusted estimators lead to
mean coverage probabilities practically equal to the nominal value. The bootstrap
(single and double) MSE estimators yield mean coverage probabilities slightly below
the nominal value. However, it is interesting to display the coverage rates by true
relative risk size. Figure 1 displays the 90%, 95% and 99% coverage probabilities by
true relative risks size for the six estimators. It is remarkable that the coverage rates
for the 25% lowest risks fall typically below the nominal rates for all the estimators.
This undercoverage is more severe for the simple and double bootstrap MSE estimators
mse1, mseH1 and mseH2 . On the other hand, for the 25% highest risks, the coverage
rates are near the nominal values for the estimators varD, v̂ar

∗
and msePS . However,

the coverage probabilities of the confidence intervals based on the bootstrap MSE
estimators mse1, mseH1 and mseH2 are above the nominal values 90% and 95%. This
is problematic because a region with relative risk significantly greater than 1 can be
classified as a region with relative risk equal to 1 (a false negative). From our empirical
results, we highlight that, with spatially correlated data, the analytical estimators and
the bootstrap-adjusted variance estimator are more appropriate than the bootstrap
(simple and double) MSE estimators. Nevertheless, further research about theoretical
properties of the single and double bootstrap MSE estimators for spatially correlated
data seems to be needed.

Acknowledgments: We gratefully acknowledge support from the Spanish Ministry
of Science and Education (project MTM2005-00511)
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Abstract: We propose here an EM algorithm for computing the maximum likelihood and
residual maximum likelihood for linear and non-linear mixed effects models with censored
response. In contrast with previous developments, this EM uses closed-form expressions for
the mean and variance of a truncated multi-normal at the E-step as opposed to Monte
Carlo simulation, which leads to an improvement in the speed of computation of an order of
magnitude. The statistical problem is motivated by an AIDS application.

1 Introduction

Modeling censored observations using linear and non-linear mixed effects models
(N/LME) occurs often in biomedical applications, in particular in pharmacokinet-
ics (PK) and for viral load data, where left-censored observations occur below the
limit of quantitation of the assay. Hughes (1999) proposed a Monte Carlo EM al-
gorithm (MCEM) for LME with censored response (LMEC). Vaida, Fitzgerald and
DeGruttola (2007) proposed a Monte Carlo EM (MCEM), and extended it to NLME
with censored data (NLMEC). However, by its nature MCEM is an expensive propo-
sition, due to the combination of Monte Carlo simulation with the iterative procedure
(Ruppert, 2005). In this paper we propose an implementation of the EM algorithm for
N/LMEC with greatly improved speed and precision. We show that the E-step reduces
to computing the first two moments of certain truncated multinormal distributions.
The needed formulas were derived by Tallis (1961) and Finney (1962). They require
the multinormal CDF, for which we use the mvtnorm package in R (Genz, 1992). The
likelihood function is easily computed as a bi-product of the E-step and is used for
monitoring convergence and for model selection (AIC, likelihood ratio test). We apply
the algorithm to modelling HIV viral load data occurring in a clinical study of acute
and early HIV-1 infection.

2 Linear mixed effects with censored response

The EM algorithm for LMEC was proposed by Hughes (1999), with computational
improvements given in Vaida et al. (2007). To summarize, consider the Laird-Ware
model

yi = Xiβ + Zibi + ei, bi ∼ N(0, σ2D), eij ∼ N(0, σ2), (1)
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i = 1, . . . , m where ei = (ei1, . . . , eini
)> and bi, ei are independent for all i and

independent of each other. D is a positive definite matrix depending on a vector of
parameters γ. Put n =

∑m
i=1 ni, σ2D = Ψ and Vi = var(yi) = ZiΨZ>i + σ2I. The

response yij is not fully observed for all i, j. Assuming left censoring, let the observed
data for the ith subject be (Qi, Ci), where Qi represents the vector of uncensored
readings or censoring levels, and Ci the vector of censoring indicators:

yij ≤ Qij if Cij = 1; yij = Qij if Cij = 0. (2)

In the EM we update β, σ2 with {yij : Cij = 1} as missing data, and Ψ using {yij :
Cij = 1} and bi as missing data (Vaida et al., 2007). Decompose D−1 = ∆>∆ and
write: δ = (β>, b>1 , . . . , b>m)>, ỹ = (ỹ>1 , . . . , ỹ>m)>,

(

ỹi X̃i Z̃i

)

=

(

yi Xi Zi

0 0 ∆

)

, and M =







X̃1 Z̃1

...
. . .

X̃m Z̃m






. (3)

The M-step updates are:

δ̂ = (M>M)−1M>E(ỹ) (4)

σ̂2 =
1

n
||E(ỹ)−Mδ̂||2 +

1

n

m
∑

i=1

tr{var(yi)} − 1

n

m
∑

i=1

tr{WiZ
>
i var(yi)Zi} (5)

Ψ̂ =
1

m

m
∑

i=1

E(bi)E(bi)
> +

1

m

m
∑

i=1

var(bi) (6)

where Wi = (Z>i Zi + D−1)−1, E(bi) = WiZ
>
i {E(yi) − Xiβ}, var(bi) = σ2Wi +

WiZ
>
i var(yi)ZiWi, and E(yi), var(yi) are the mean and variance conditional on

{Ci, Qi; i = 1 . . .m}, taken at the current parameter value θ = (β, σ2, D). The up-
date for unstructured Ψ is given by (6). If Ψ is diagonal the right-hand side of (6) is
replaced by the diagonal matrix with same diagonal elements as (6).
The computations use dimension reduction based on QR decomposition which take
advantage of the sparse nature of the matrix M (Pinheiro and Bates, 2000). The key
feature is that the number of columns of the matrices to be decomposed does not
increase with the number of clusters m or the number of data points N .
From (4)-(6) it is clear that the E-step reduces to the computation of E(yi|Qi, Ci, θ)
and var(yi|Ci, Qi, θ). These are determined as follows. Partition yi into the observed
and censored parts: y>i = (yo>

i , yc>
i ), i.e. Cij = 0 for all elements in yo

i , and 1 for all
elements in yc

i ; write accordingly Qi = (Qo>
i , Qc>

i ). Ignoring censoring for the moment,
we have that marginally yi ∼ N(Xiβ, Σ = σ2(I + ZiDZ ′i)). Then yo

i ∼ N(Xo
i β, Σoo),

yc
i |yo

i ∼ N(µi, Si), where

µi = Xc
i β + ΣcoΣ

−1
oo (yo

i −Xo
i β)

Si = Σcc − ΣcoΣ
−1
oo Σoc

and Σ =

(

Σoo Σoc

Σco Σcc

)

. It follows that E(yi|Qi, Ci, θ) = (yo>
i , µc>

i )>,

var(yi|Qi, Ci, θ) =

(

0 0
0 Sc

i

)

, where µc
i = E(U), Sc

i = var(U) and U = (yc
i |Qc

i , y
o
i )
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follows a multinormal distribution N(µi, Si) left-truncated at Qc
i . Let Bi be a di-

agonal matrix with diagonal elements the square roots of the corresponding diagonal
elements in Si. Put X = B−1

i (U−µi). Then X has a multinormal distribution N(0, Ri)
left-truncated at ai = B−1

i (Qc
i − µi) and Ri = B−1

i SiB
−1
i is the correlation matrix

corresponding to Si. Then µc
i = BiE(X) + µi, Sc

i = Bivar(X)Bi and calculation of
µi, S

c
i reduces to computing the mean and variance of X.

Formulas for E(X), var(X) were developed by Tallis (1961) and Finney (1962), and
are available in close form, depending on the multinormal CDF. The latter is available
in R through the pmvnorm() function from the mvtnorm package (Genz, 1992). (This
package, in turn, uses numerical integration for the computation of the CDF.)

The variance of the MLE θ̂, estimated at convergence, is adjusted for the censored
information using Louis’ formula (Louis, 1982).

The likelihood function. Put Φn(u; A) and φ(u; A) be respectively the left-tail
probability (component-wise) and the probability density function of the N(0, A) dis-
tribution, computed at u. Let αi = P (yc

i < Qc
i |yo

i ) = Φnc
i
(ai; Ri). The log-likelihood

function for the observed data is given by

l(θ) =
m

∑

i=1

{log αi + log φno
i
(Qo

i −Xo
i β; Σoo)}.

This can be computed at each step of the EM algorithm without additional compu-
tational burden, since αi’s are computed at the E-step, and it is used to monitor the
convergence of the algorithm.

2.1 Nonlinear case

The NLME (Lindstrom and Bates, 1990) is given by yij = f(β, bi)+eij where f(β, bi) =
f(β, bi, xij) is a non-linear function of the fixed β and random effect bi; xij is a vector

of covariates, and bi and eij are given by (1). The approximate MLE (β̂, σ̂2, γ̂) and

predictors for the random effects b̂i are computed by iterative linearization (L) of
the conditional mean function. The L-step yields the LME wi = X∗

i β + Z∗i bi + ei,
i = 1 . . . m, where

wi = yi − {f∗i −
(

∂f∗i
∂β

)

β∗ −
(

∂f∗i
∂bi

)

b∗i }, (7)

X∗
i =

∂f∗i
∂β , Z∗i =

∂f∗i
∂bi

, yi is the ni-vector dependent variable for the ith subject, fi,
ei are respectively the corresponding mean function and error ni-vectors , and the
starred terms are computed at the current parameters (β∗, b∗i ). For censored response
the linearized model is an LME with censored data, which is solved as in the previous
section. More precisely, the algorithm iterates to convergence between L, E and M
steps.

Comparison with MCEM. Figure 1 illustrates the convergence of the proposed
algorithm in comparison with the MCEM. Notice the smooth convergence of the log-
likelihood and the much improved computation time.
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FIGURE 1. Comparison of convergence of MCEM (jagged line) and the proposed EM (smooth
line). The convergence times were respectively 120 and 12 seconds in this example.

TABLE 1. Analysis of primary HIV infection. The parameters are from the random-intercept
logistic model and logistic model with random intercept and random linear decrease after 50
days, respectively.

Setpoint model Five-parameter model
Estimate SE Estimate SE

β1 1.575 0.014 1.609 0.014
β2 0.4240 0.0933 0.1441 0.0950
β3 3.561 0.034 3.526 0.024
β4 1.547 0.228 1.060 0.267
β5 −3.48 · 10−3 1.43 · 10−3

σ 0.554 0.512
σb1 0.139 0.133
σb5 7.10 · 10−3

ρb12 0.17

3 Modeling HIV-1 RNA viral load

Our application concerns 320 untreated individuals with acute HIV infection from the
AIEDRP Program, a large multi-center observational study. Of the 830 recorded obser-
vations, 185 (22%) were above the limit of quantification of the assay (right-censored).
In absence of treatment, following acute infection the HIV RNA decreases and then
varies around a setpoint value. This setpoint value may differ between individuals, and
is of central interest here. The viral setpoint characterizes the severity of infection, it
may relate to the strength of the subject’s immune system and it may predict clinical
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progression of the disease. Our analysis considers three models for these data, starting
with a four-parameter logistic model

yij = α1i + α2[1 + exp{(tij − α3)/α4}]−1 + eij (8)

where yij is the log10 HIV RNA for subject i at time tij . This is an inverted S-shaped
curve, with the constant value for the later times representing the subject-specific
setpoint. The setpoint α1i was taken to be random. The results of the analysis show
evidence of further viral decay after reaching the setpoint and will be presented. The
parameter values are reported in Table 1. The individual profiles, together with the
mean model fits are shown in Figure 2.
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FIGURE 2. AIEDRP data and model fits from (i) random intercept logistic model (– –); (ii)
random intercept logistic model with linear decrease after 50 days (- -); (iii) logistic model
with random intercept and random linear decrease after 50 days (− ·−). Solid line: a smooth
fit of the observed data, with censored observations excluded.
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Abstract: Guirra ewe milk is used in the elaboration of cheese. In order to study its tech-
nological characteristics, a principal components analysis was carried out to summarize the
variables of milk composition in a reduced number of factors, which will be used in a linear
mixed model with random effects and repeated measures in order to compare the qualities of
the milk of two breeds of ewe: Guirra and Manchega.

Keywords: principal components; mixed model; random effects; repeated measures.

1 Introduction

Guirra ewe breed is historically associated to the Comunidad Valenciana’s coastal
region. Its milk is usually used in the elaboration of some traditional types of cheese
which have specific denominations in each region. Although information about the pro-
duction and composition of the milk of the Guirra ewe breed already exists (Rodŕıguez
et al., 2002), very little is known about the technological characteristics of this milk and
the evolution of its composition and coagulation capability during lactation. Manchega
ewe breed is raised for milk production in the semiarid, region of central Spain and
is composed of 1.3 million adults in about 3300 herds. Its milk is mainly used in the
production of ”Manchego” cheese, a legally registered name and highly appreciated
by consumers.

The main objective of the paper is to compare the results of the technological charac-
teristics of Guirra ewe milk with those obtained from Manchega ewe milk.

2 Data

The study was carried out with 43 ewes, 30 Guirras and 13 Manchegas. The measured
variables were: fat (F), protein (P), true protein (TP), casein (C), lactose (L), dry
matter (DM), cheese yield (Y), cheese whey (W), somatic cells counts (SC), time of
coagulation (TC), gel hardness (G), aggregation rate (AR) and pH. Each ewe was
measured from the 9th to the 21st week of lactation, having between one and four
repeated measures per ewe, a total of 113 observations. The parity effect was also
taken into account, differentiating whether it was the first one or not.
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3 Reduction of dimensionality

A principal components analysis was carried out to study the variables together with
the objective of reducing the initial number of variables. This analysis tends to ex-
plain a set of observed variables X with a set of unobserved variables, the factors,
enabling to transform the original variables into new unrelated variables and making
the interpretation of the data easier.

Neither variable pH nor SC were included in the analysis due to its low correlation
with the rest of the variables (lower than 0.4). The principal components were cal-
culated with the rest of the variables (Peña, 2002). Varimax rotation was used with
the objective of finding factors with more meaning when indicating a clear negative
or positive association between the variables and the factors.

4 Modelization

A linear mixed model was established to compare Guirra ewe milk with that of
Manchega for each of the factors defined by the factorial analysis, and for pH and
SC variables. The set of covariates used were: breed, parity (first birth or subsequent)
and lactation week, included as a random effect (because ewes were observed in dif-
ferent weeks). Repeated measures in each ewe was taken into account (Verbeke and
Molenberghs, 1997). The model is:

Yij = Xi + Zibi + εi j = 1, ..., 5

bi ∼ N(0, D), εi ∼ N(0,Σi), b1, ..., bN , ε1, ..., εN independent

where Yij is the ni dimensional response vector for subject i, Xi and Zi are (ni x 2)
and (ni x 1) dimensional matrices of known covariates (breed and parity, and lactation
week), β is the 2 dimensional vector containing the fixed effects, bi is the 1 dimensional
vector containing the random effects, and εi is the ni dimensional vector of residual
components. Σ was chosen as an unstructured matrix of dimension ni.

5 Results

The multivariate analysis reduced the initial variables into three components, which
provides the optimal linear prediction of the initial variables’ set. With these compo-
nents, 80.9% of the initial variability was explained. Table 1 shows the correlations
between the variables used in the factorial analysis and the three obtained factors, and
manages to interpret these components (correlations lowers than 0.4 were suppressed
and varimax rotation was used to make the interpretation easier).
The first factor is highly correlated with fat, lactose (negatively), dry matter and cheese
yield, so it can be interpreted as milk’s performance. The second factor is correlated
with cheese whey, time of coagulation (negatively), gel hardness and aggregation rate,
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TABLE 1. Correlations between rotated components and factors.
F P TP C L DM Y W TC G AR

F1 0.95 -0.62 0.87 0.90
F2 0.88 -0.81 0.84 0.89
F3 0.85 0.85 0.66

so it summarizes the coagulation. The third and last factor has a high correlation with
both protein variables and with casein, so it represents milk’s quality.

Using these three factors in the models we obtained that first factor, which refers
to milk’s performance, depends on parity and lactation week: the performance was
smaller for the first ewe’s parity, and it increased throughout time (Figure 1). For milk
coagulation the result obtained is that Guirra milk is higher than Manchega’s, and it
decreases with the weeks (Figure 2). The third model showed that Guirra milk quality
is higher than Manchega, and that it rises throughout the weeks (Figure 3). For the
two response variables pH and SC, week and breed were respectively significant. Then
the number of somatic cells was higher in Guirra milk than in Manchega’s.

FIGURE 1. Caption text BELOW the figure.

6 Conclusions

Through the combination of multivariate analysis with linear regression with repeated
measures the reduction of initial dimensionality into three factors was achieved, making
the final analysis of comparison between Guirra milk and Manchega’s easier, and
finding statistical differences which were not found in the individual analyzes: Guirra
ewe milk has better qualities than Manchega ewe milk.
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FIGURE 2. Caption text BELOW the figure.

FIGURE 3. Caption text BELOW the figure.
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Abstract: Longitudinal data with ordinal outcomes routinely appear in medical applica-
tions. An example is the analysis of clinical diaries where patients are asked to score the
severity of their symptoms. In this contribution, we consider pseudolikelihood inference for
dynamic ordinal models motivated by a study on the dependence between migraine and
weather characteristics.
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1 Migraine data

This work is motivated by the desire to evaluate if the migraine is sensitive to weather
conditions. Studies reported in the medical literature lead to contradictory conclusions
on possible relationships (Prince et al., 2004). Here, we analyze a longitudinal study
conduced by the psychologist T.Kostecki-Dillon on clinical records of 120 Canadian
migraine sufferers who enrolled in a non-drug program on how to cope with pain.
Patients were asked to keep a diary where to score four times per day - morning,
noon, afternoon and bedtime - their migraine severity on a ordinal scale. This involves
six categories ranging from absence of symptoms to the most invalidating headache.
The data set is characterized by different and irregular observation periods for each
patient, which recorded his symptoms from few days up to some months. Weather
conditions have been independently collected from the closest weather station. They
include sunshine, humidity, wind direction and speed, pressure, precipitation levels,
and many others. A generous list of personal and clinical covariates is available as
well. There is also information regarding the kind of headache, e.g. with or without
aurea or tensive migraine. It is plausible that different dynamic patterns are associated
with different kind of headache, as well as with the sex of the patient. The data involves
a total amount of 16,473 observations, 1,262 of which are missing, and 50 covariates.

2 Dynamic models for ordinal outcomes

Most studies on migraine severity diaries in the medical literature ignore correlation
among measurements on the same patient, see Prince et alt. (2004) and references
therein. This seems unmotivated. A more appropriate approach is given by gener-
alized estimating equations (Piorecky et alt., 1996). Alternatively, one may consider
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likelihood based regression time series. The benefit from a complete statistical model
specification is the usage of standard model comparison techniques and forecasts in dy-
namic models. Unfortunately, dynamic extensions of classical cumulative probit mod-
els (e.g. Liu and Agresti, 2005), as the autoregressive ordinal probit model of Czado
and Müller, (2005), appear impossible to handle because of the large dimensional
intractable integrals involved.
Motivated by the increasing interest around composite likelihood methods (e.g. Molen-
berghs and Verbeke (2005), Varin and Vidoni, 2005), we propose instead a pairwise
modelling approach, where only models for bivariate margins are specified, leaving
the joint distribution of the data unspecified. This has evident advantages in terms of
robustness against model assumptions, since the specification of bivariate aspects of
the data may be driven by exploratory tools, differently from a difficult to assess full
model construction.
Our model assumes that a pairs of ordinal outcomes is obtained by clipping a bivari-
ate hidden Gaussian variable. The margins of the proposed model correspond to the
cumulative ordinal probit model, while the correlation follow an autoregressive pro-
cess of order one. The model includes a patient-specific random effect for modelling
hetereogenity factors not described by the covariates, as well as the possibility to in-
clude different autoregressive coefficients depending on different groups of patients.
This seems appropriate since the persistence of symptoms varies accordingly to the
different types of headache and the gender.
Parameters estimates are obtained through the pairwise likelihood of order m (Varin
and Vidoni, 2006). This composite likelihood is constructed from the marginal proba-
bilities of observed pairs of outcomes far apart not more than m units. In fact, several
simulations contained in Varin and Vidoni (2006, 2007) suggest that the inclusion in
the pseudolikelihood of pairs formed from excessively distant observations not only
increase the computational cost, but may also reduce the statistical efficiency.
Another advantage from our likelihood-type strategy is the availability of formal model
selection criteria similar to the standard Akaike information criterion (Varin and Vi-
doni, 2005).

3 Results

Our analysis suggest that weather conditions have a very small effect on severity.
Neither Seasons and the non-drug program on how to cope with pain seem having any
effect. We find instead that education, job and the clinical story have an impact on
the migraine. Our model suggests also the presence of different dynamics patterns for
headache type and gender.

Acknowledgments: The authors would like to thank T. Kostecki-Dillon for provid-
ing the migraine data.
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Abstract: We present a new MCMC method which allows Bayesian estimation of several
generalized linear models, in particular models for discrete observations as Poisson counts,
binary and multinomial data and for survival data. The method is based on two steps of
data augmentation, where the goal of the first step is to eliminate non-linearity of the orig-
inal model. In the second step the density of the error term in the resulting linear model is
approximated by a mixture of normal distributions, and the component indicators of these
mixtures are introduced as further latent variables. This leads to a convenient auxiliary
mixture sampler requiring only draws from standard distributions like normal or exponen-
tial distributions and, in contrast to Metropolis-Hastings approaches, needs no tuning. The
method is particularly useful for models with latent variables, e.g. random effects models,
state space models and models involving variable selection as it renders multi-move-sampling
of all effects feasible. Application of the method is illustrated by a data set from road safety.

Keywords: MCMC, generalized linear models, finite mixture approximation, discrete data,
random effects model, state space model, variable selection

1 Introduction

Applied statisticians often have to deal with non-normal data, e.g. count data, bi-
nary or multinomial variables or survival data. The effect of exogenous variables on
non-normal response variables is usually modelled using a generalized linear model.
To account for dependency which occurs e.g in repeated measurements, longitudinal,
spatial or time series data, parameter-driven models can be used where correlation is
modelled via a latent process. This latent process might be independent random effects
as in generalized linear mixed models or a correlated process as in state space models.
Estimation of parameter-driven models for non-normal data is a challenging problem
as in contrast to the respective models for normal data, the marginal likelihood where
the latent process is integrated out, often is not available in closed form.
In this paper we present an auxiliary mixture sampler for Bayesian estimation of gen-
eralized linear models for several types of non-normal data. Extensions to generalized
linear mixed effects models with or without variable selection as well as to generalized
linear state space models are easily included in the modelling framework.
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The method is based on two steps of data augmentation: In the first step non-linearity
of the original model is eliminated. The density of the error term in the resulting
linear model is approximated by a mixture of normal distributions, and the compo-
nent indicators of this mixture are introduced as further latent variables. Thus the
original model can be represented as an equivalent partially Gaussian model where
straightforward Gibbs sampling of all effects is possible.
The rest of the paper is organized as follows. We start by defining the regression
models for which our sampler can be applied in section 2 and then describe the data
augmentation steps and the sampling scheme for fixed effects models in sections 3-5.
More complex model specifications are discussed in section 6. Finally an application
of the auxiliary mixture sampler using a Poisson state space model is presented in
section 7.

2 Regression Models for Non-normal Data

The auxiliary mixture sampling method presented in this paper can be applied to
generalized linear regression models for Poisson, binary and exponential data, y =
(y1, . . . , yn). Data yi follow one of these distributions with parameter µi. A link func-
tion links µi to a linear predictor λi. For the moment let us assume a standard regres-
sion model with covariates Xi and model parameters α so that we obtain the linear
predictor

λi = Xiα.

For Poisson and exponential data we use the log-link-function

µi = exp(Xiα),

whereas for binary data we consider the logit regression model

µi =
exp(Xiα)

1 + exp(Xiα)
.

The regression effects are assumed to have a normal prior distribution.

3 Auxiliary Mixture Sampling for Poisson Data

3.1 Data Augmentation Steps

Poisson count data yi can be regarded as the number of jumps of an unobserved
Poisson process with intensity µi, in the time interval [0,1]. In the first step of our data
augmentation scheme we introduce, for each observation yi, the inter-arrival times τij ,
j = 1, . . . , yi + 1 of this Poisson process as missing data. As these inter-arrival times
are distributed as Exp(µi), the original Poisson regression model can be transformed
into the linear model

− log τij = Xiα + εij ,
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where the error distribution is a type I extreme value distribution. To obtain a model
that is conditionally Gaussian, this non-normal density can be approximated by a mix-
ture of ten normal components with densities fN (ε; mr, s

2
r) as in Frühwirth-Schnatter

and Wagner (2006):

pε(ε) = exp(−ε− e−ε) ≈ qR,ε(ε) =
10
∑

r=1

wrfN (ε; mr, s
2
r).

Since the parameters for the means mr, the variances s2
r and the weights wr are fixed

we only have to introduce the component indicators ri for each observation in the
second data augmentation step. Thus the non-normal, nonlinear Poisson regression
model reduces to the linear, Gaussian model

− log τij = Xiα + mri
+ εri

, εri
∼ N(0, s2

ri
).

3.2 Auxiliary Mixture Sampling Steps

The Gibbs type sampling scheme for Poisson regression models involves the following
steps:

(I) Linear predictor: sample α from the multivariate normal posterior p(α|τ, R),
where R = (r1, . . . , rn), τ = (τ11, . . . τn,yn+1)

(II) Latent variables coming from first data augmentation step: sample τ conditional
on the data y and α.

(III) Indicators coming from second data augmentation step: sample R conditional
on τ and α from the respective discrete distribution with 10 categories.

Note that step (I) and (III) will be identical for all types of non-normal data that
can be dealt with the auxiliary mixture sampler. Step (II) is specific to the respective
data distribution, however for all types of data considered here, the full conditional
distribution of the auxiliary variables from the first data augmentation step will only
depend on the data y and the model parameters α but not on the component indicators
R.
To sample the interarrival times τ from the conditional distribution p(τ |y, α) we in-
terpret each count yi as the number of jumps of a separate Poisson process in the unit
time interval and use well-known properties of the Poisson process. Given there are yi

jumps in the unit time interval, the waiting times are distributed as the order statis-
tics of yi random variables with uniform U[0,1]-distribution. Sampling the interarrival
times τi1, . . . , τi,yi

therefore is accomplished by drawing yi U[0,1]- random variables,
sorting them and building the differences between two subsequent order statistics.
Given yi jumps in the time interval [0, 1], the waiting time to the yi + 1-th jump
is greater than 1, which implies that conditional on τi1, . . . , τi,yi

, the last inter-arrival
time τi,yi+1 is truncated at 1−∑yi

j=1 τij and thus is drawn from a truncated exponential
distribution with mean 1/µi.
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4 Auxiliary Mixture Sampling for Logit Models

For binary data yi ∈{0, 1} auxiliary mixture sampling is based on the interpretation
of logit models in terms of utilities: Let u0

i be the utility of choosing category 0 and
ui be the utility of choosing category 1, which is modelled as depending on covariates
Xi as

ui = Xiα + εi.

Then category 1 is observed, i.e. yi = 1, iff ui > u0
i , otherwise yi = 0. The binary logit

regression model results as the marginal distribution of yi, if u0
i and εi follow a type I

extreme value distribution. Thus in our first data augmentation step we introduce the
latent utilities as missing variables. Introducing the component indicators ri for each
εi as in the Poisson regression model leads to a normal regression model for the latent
utilities with heteroscedastic errors but known variances

ui = Xiα + mri + εi, εi ∼ N(0, s2
ri

).

We obtain a similar Gibbs type sampling scheme as in Section 3.2, where in step (II)
the latent utilities ui have to be sampled. This however requires only draws Vi and
Wi from the standard exponential distribution as conditional on exp(Xiα) and yi, the
latent utility ui is given as

ui = − log

(

Vi

1 + exp(Xiα)
+

Wi

exp(Xiα)
I{yi=0}

)

Extension to multinomial logit models, where yi take a value in one of m+1 unordered
categories is straightforward. For each observation yi, however m + 1 latent utilities
(u0

i , u
1
i , . . . , u

m
i ) have to be introduced as missing data, see Frühwirth-Schnatter and

Frühwirth (2006).

5 Auxiliary Mixture Sampling for Exponential Survival Data

Obviously the auxiliary mixture sample can also be applied to analyse regression mod-
els for exponential survival data. Actually for completely observed exponential survival
times, i.e. yi ∼ Exp(µi) only the second data augmentation step is necessary to obtain
the normal regression model

− log(yi) = Xiα + mri + εi, εi ∼ N(0, s2
ri

).

This means that only steps (I) and (III) in the Gibbs sampling scheme of Section 3.2
have to be carried out.
Usually however survival times are not completely observed but are subject to right
censoring. For right censored observations therefore in a first data augmentation step
the unobserved complete survival times are introduced as missing data. Due to the
no-memory property of the exponential distribution, unobserved survival times τi for
censored observations yi, can be generated as

τi = yi + ξi

where ξ ∼ Exp(µi), see Wagner (2006). In this case step (II) of the Gibbs sampling
scheme again only requires draws from the exponential distribution. Extensions to
other types of missing information, e.g. interval-censored data are straightforward.
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6 Extensions to More Complex Models

The data augmentation scheme for standard regression models is easily extended to
deal with more complex models: In Frühwirth-Schnatter and Frühwirth (2006) random
effects are included in logit models, where

λi = Xiα + Ziβi βi ∼ N(0, Q). (1)

In Tüchler (2007) a stochastic search variable approach is introduced into a logit
model with linear predictor (1). This allows us to select a subset of variables form Xi.
Furthermore covariance selection yields a sparse structure for Q and makes it possible
to determine fixed versus random effects.
A linear predictor with state space form for time series observations where parameters
are allowed to change over time is included for Poisson data in Frühwirth-Schnatter
and Wagner (2006):

λi = Xiα + Ziβi

βi = βi−1 + ωi, ωi ∼ N(0, Q), β0 ∼ N(b0, B0).

As – conditional on the latent variables introduced in the data augmentation steps
– we are dealing with a linear Gaussian model, multi-move sampling of all effects α
and βi, i = 1, . . . , n can be accomplished as for the corresponding linear Gaussian
random effects or state space model. One further step has to be added in the Gibbs
sampling scheme if the covariance matrix Q of the random effects βi respectively the
innovations ωi is treated as a parameter. Using a conjugate inverted Wishart prior for
Q this requires only draws from an inverted Wishart distribution.
In general, our data augmentation scheme allows to estimate models for non-Gaussian
data for any form of the linear predictor where Gibbs sampling for the equivalent
model with Gaussian errors is feasible.

7 Application to Road Safety Data

Auxiliary mixture sampling was applied to analyze a time series of monthly counts
of killed or injured children aged 6-10 in Linz from 1987-2005. A new law intended
to increase road safety came into force in Austria on October 1, 1994, since when
pedestrians who want to use a pedestrian crossing have to be allowed to cross. To
analyze the effect of this law on the risk µt of being killed or seriously injured as
a child living in Linz state space modelling as in Harvey and Durbin (1986) seems
quite natural but as counts are small, not exceeding 5, an analysis using normal state
space models is clearly inappropriate. We fitted a basic structural model including an
immediate intervention effect and found a pronounced decrease for the children’s risk
after the change in law. The seasonal pattern turned out to be constant over time
with significantly lower risk than the annual average in the holiday months of July
and August and higher in June and October.
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1 Introduction

Longitudinal data pose substantive challenges to linear regression analyses (De Stavola
et al., 2006). A common problem is that different study participants are measured at
different intervals or on a different number of occasions. Also, the repeated measure-
ments on each study participant are often highly correlated. Traditional approaches
often involve excluding participants or summarizing data across time periods, thereby
reducing statistical power. Multilevel modelling accommodates the clustering of mea-
surements within individuals, but cannot address large serial correlation of observa-
tions as covariates: colinearity.
One potential solution to these problems – one that not only recognizes the serial
correlation involved but actually requires this – is ‘functional data analysis’. This ap-
proach reduces the multiple measurements made on any given individual to a single
temporal ‘function’ observed over time. Analyses are then conducted on these ob-
servational ‘functions’ rather than the separate measurements involved (Ramsay and
Silverman, 1997). Functional data analysis is not however common for longitudinal
data (De Stavola et al., 2006), and the aim here is to demonstrate how it might ad-
dress the challenges posed by such data using, as an example, a ‘lifecourse’ analysis
exploring the developmental origins of health and disease (DOHaD).
Research into DOHaD evolved from two complementary strands of research. The first
focused on the foetal origins of adult disease (FOAD) and drew on evidence linking
growth retardation in utero with chronic diseases in later life (Barker et al., 1989).
The second sought to explore the independent, additive and/or interactive effects of
events throughout the lifecourse on subsequent variation in morbidity (Kuh and Ben-
Shlomo, 1997). Combined, these two strands aim to establish the relative importance
of different types of events (genetic, ontogenetic and pathological) at different peri-
ods of the lifecourse (prenatal, childhood, adolescence, adulthood and old age) and
thereby identify ‘critical periods’ when therapeutic or prophylactic interventions are
best targeted.
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1.1 Example data

To demonstrate how functional data analysis and longitudinal latent class analysis
might be combined, the following analyses draw on a data set deposited in the public
domain for the 3rd International Congress on the developmental origins of Health and
Disease. This data set was based on a sample of 1000 30-year old men and provided
measurements of birth weight (kg), current weight (kg) and current height (m) –
subsequently used to calculate current body mass index (BMI: kg/m2). Additional
postnatal measurements of body weight had been recorded for each participant up
until the age of 10, and data were also provided on ‘2-hour glucose concentration in
mmol/l’ after ‘a standard glucose tolerance test’.

2 Methods

2.1 Functional data analysis

The package ‘fda’ in the statistical package ‘R’ (see R Development Core Team, 2005)
was used to fit fourth-order B splines to the participants’ weight measurements, with
knots placed at each measurement and a penalty term imposed on the second derivative
to ensure that the curves produced were smooth. As the first derivative of the function
was to be modelled, the smoothness penalty was applied to the second derivative.
The first derivatives of the weight curves (that is the slopes or rate of weight gain) were
then calculated at intervals of 250 days from birth onwards. This provided interpolated
data on the rate of weight gain at regular spacings so that the fda package could be re-
applied and its full range of techniques exploited. One of the most powerful is functional
principal component analysis, see Ramsay and Silverman (1997). The impact of the
first, second and third functional principal components on the mean function was
then summarized using graphs of weight gain against age. These graphs were used
to identify key periods during childhood when each of the principal components had
their strongest impact on the variance in weight gain.

2.2 Longitudinal latent class analysis

Longitudinal analysis will now proceeded with data only from these key periods, the
important values being interpolated childhood weights and fitted weight derivatives.
An important step in the clinical analysis of this population is to identify phenotypes,
especially any phenotype that is susceptible to disease later in life.
The values at key periods cannot in general be considered to be uncorrelated, but
since they were derived from functional PCA stronger correlations were avoided. Thus
colinearity was reduced.

2.3 Regression on latent classes

The outcome from the glucose tolerance test (GTT) is a continuous variable. Rather
than regress upon the values at key periods, regression is performed simply on the
latent classification weighted by probabilistic assignment. This identifies those latent
classes/potential phenotypes for which elevated GTT identify insulin resistance or
diabetes.
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FIGURE 1. Fitting smooth functions to a sample of boys weight trajectories.

3 Results

Figure 1 shows the fitting of smooth functions to a sample of boys weight trajectories.
Note the variable number of measurements. There were a number of boys for which
measurements beyond 2500 days were not available. Rather than extrapolate the data
or reduce the number of boys used in the analysis, fitting was only considered up to
2500 days (around age 7 years).
Some of the boys had very few measurements and again a pragmatic decision was
needed as to inclusion criteria. It was decided that weight measurements were required
at least at three time points which restricted the dataset from 100 boys to 861. Data
inspection revealed no obvious bias in applying this criterion.
From functional PCA on the weight derivative, the key periods were identified as 0
(birth), 1250, 2250, and 2500 days. In addition the weight height and BMI data at
age 30 years was also considered. These are currently being analysed with latent-class
software (Latent GOLD and Mplus). Initial results reveal interesting classes: those with
small and large birth weights, but more importantly those who gain weight rapidly
later in childhood (2500 days). Regression on probabilistic latent class membership
reveals those classes for whom the individuals have raised GTT outcomes and so are
more likely to suffer insulin resistance or diabetes.
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4 Conclusions

The dataset analysed is typical in lifecourse epidemiology and raises key issues. This
work demonstrated the benefits of combining FDA with LLCA: variable numbers of
measurements made at differing time points were accommodated, colinearity issues
were reduced and important latent classes/potential phenotypes were identified.
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Abstract: Compared to tests for nested models, little attention has been given to methods
that test the log-likelihood ratios of non-nested models. We outline two such methods, Cox’s
and Vuong’s, highlighting the advantages and disadvantages of both. We propose a hybrid
test that combines the advantages both methods, without their disadvantages.

Keywords: Non-nested models; Cox’s test; Vuong’s test; model discrimination.

1 Introduction

Standard statistical theory provides us with a range of tools for choosing between
nested models. However, in many practical data analysis problems we wish to choose
between non–nested models, i.e. models where neither model is a special case of the
other. The problem of choosing between non-nested models arises in many areas of
scientific research. Recent examples include, in environmental science, Dobbie and
Welsh (2001); in agricultural science, Allcroft and Glasby (2003); and in political
science, Smith (1999).
This problem was first considered by Cox (1961,1962), who developed an analytic
test; a further analytic test was later considered by Vuong (1989). Williams (1970)
and Hinde (1992) have proposed simulation based alternatives to Cox’s approach.

2 Cox’s Method

Let Mf and Mg be non-nested models for observations Yt, t = 1, 2, . . . , n, conditional

on covariates Xt and Zt, and with parameters θ and γ, respectively. Let θ̂ and γ̂ be
the maximum likelihood estimators of θ and γ, and let γ̂θ be the maximum likelihood
estimator of γ if, in fact, Mf is the correct model. Let LRn(θ̂n, γ̂n) be the log–likelihood

ratio:
∑n

t=1 log
f(Yt|Xt;θ̂n)
g(Yt|Zt;γ̂n) .

Cox’s test is based on the statistic:

Tf =
{

LRn(θ̂n, γ̂n)− Ef

(

LRn(θ̂n, γ̂θn)
)}

(1)

i.e. the difference between the observed and the expected values of the log-likelihood
ratio of the data where the null hypothesis, Hf , is that Mf is the true model, as
opposed to Mg.
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Cox (1962) shows that under Hf , Tf is asymptotically normally distributed with ap-
proximate mean zero and variance

n
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(2)

where Vf is the expected value of the variance under Hf , Cf is the expected value

of the covariance under Hf , and ∂
∂θ log f

(

Yt|Xt; θ̂n

)

is the score statistic under Hf .

We may therefore calculate the p-value associated with a given value of Tf , “small”
p-values indicating rejection of Tf .
Similarly, reversing the roles of f and g and θ and γ in the above we may calculate
the p-value associated with a given value of Tg. Combining these two results we obtain
the range of conclusions summarised by Table 1.

TABLE 1. Possible outcomes of Cox’s test

H0 : Mf is the true model

p-value small medium large

small Neither Mf Neither

H0 : Mg medium Mg Both Mg

large Neither Mf –

Cox’s method may be performed both analytically or by simulation. Analytic evalua-
tion can be complicated, while simulation requires the refitting of the model for each
resample and this can be very time-consuming.

3 Vuong’s Test

Vuong’s test considers the null hypothesis:

H0 : E
[

LRn

(

θ̂n, γ̂n

)]

= 0 (3)

i.e. that the expected value of the log–likelihood ratio under H0 is zero, (and hence
models Mf and Mg are equivalent). The alternative hypotheses are thus that Mf

is “better” than Mg and vice-versa. The variance of LRn can be estimated by the
empirical variance:

ω2
n ≡

1

n

n
∑

t=1



log
f

(

Yt|Xt; θ̂n

)

g (Yt|Zt; γ̂n)





2

−




1

n

n
∑

t=1

log
f

(

Yt|Xt; θ̂n

)

g (Yt|Zt; γ̂n)





2

(4)
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Vuong shows that, under fairly general conditions,
LRn(θ̂n,γ̂n)

ωn
√

n

D−→ N(0, 1) under the

null hypothesis, and to ±∞ otherwise.
Vuong’s test is undoubtedly quick and simple to execute. It is however very conser-
vative, (see, for example, Table 2), and in those cases where the null hypothesis is
rejected, this only indicates that, say, Mf is preferable to Mg, not necessarily that Mf

is suitable. (See Tables 3 and 4).

4 The Hybrid Test

Clearly it would be advantageous to develop a hybrid of Cox’s and Vuong’s test that
combines the ease of use of the latter with the accuracy of the former. We do this by
replacing the single null hypothesis of Vuong with the double null hypotheses of Cox,
and adjusting equation (4) to be the expected value of the variance under each null
hypothesis respectively. This is equivalent to applying the analytic version of Cox’s
test with the right-hand term of (2) omitted when calculating the variance, or ap-
plying a simulation–based Cox’s test where the model parameters are not refitted at
each resample. Given that the requirement to refit the parameters of each resample
is by far the most time consuming aspect of simulation-based versions of Cox’s test,
the practical benefits of not having to do so are enormous. Such a “resampling with-
out refitting” approach has been used by Allcroft and Glasby(2003). Given that the
variance of the hybrid test is greater than that of Cox’s test, it is necessarily more
conservative than Cox’s test. Clearly the larger the right-hand term of equation (2)
relative to the left-hand term, the greater the conservatism of the hybrid test when
compared to Cox. Note that the ratio of the right and left hand terms of (2) is the
ratio of the expected value of the covariance of the log-likelihood ratio and the score
statistic under Hf to the product of the expected values of their variances. We denote
the value of this correlation coefficient type statistic by r2

f for H0 : Mf and r2
g for

H0 : Mg. In general, these two values are different, indicating that the conservatism
of the hybrid test is not symmetrical. Note that for the example of Table 4 below r2

g

(H0:geometric) is more than five times greater than r2
p (H0:Poisson), and hence the

hybrid test is more conservative when rejecting a geometric distribution than it is when
rejecting a Poisson distribution, in relation to Cox’s test. Tables 2 to 4 each show the
results obtained when the three tests were each used to classify 1,000 samples of size
50 taken from data that followed a geometric distribution with mean 0.8, a binary dis-
tribution consisting of equal numbers of zeros and ones, and a geometric distribution
with mean 6, respectively. For example, Cox’s test classified 35 of the 1, 000 samples
taken from geometric(0.8) data as Poisson, 764 as geometric, 158 as possibly both,
and 43 as neither. We see that the hybrid test performs well in relation to Cox’s test,
and considerably better than Vuong’s test.

5 Examples

We further illustrate the usefulness of the hybrid test by comparing its performance
with that of the simulation-based version of Cox’s test, (1,000 resamples), and Vuong’s
test, when applied to two “real life” data sets. Please note that the purpose of these
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TABLE 2. Classification of 1,000 samples drawn from Geometric(0.8)

Test Pois Geom Both Neither
Vuong 5 223 768 –

Cox 35 764 158 43
Hybrid 24 755 181 40

mean value of r2
p = 0.105

mean value of r2
g = 0.147

TABLE 3. Classification of 1,000 samples drawn from binary distribution

Test Pois Geom Both Neither
Vuong 1000 0 0 –

Cox 4 0 0 996
Hybrid 4 0 0 996

mean value of r2
p = 0.092

mean value of r2
g = 0.109

TABLE 4. Classification of 1,000 samples drawn from Geometric(6)

Test Pois Geom Both Neither
Vuong 0 995 5 –

Cox 0 907 0 93
Hybrid 0 962 0 38

mean value of r2
p = 0.061

mean value of r2
g = 0.309

examples is to emphasise the merits of the hybrid test for comparing models, not to
determine a suitable model.
Firstly, we consider data from Leroux and Puterman (1992) that gives the number of
movements made by a fetal lamb in each of 240 consecutive 5-second intervals (Table
5). Clearly this data is overdispersed, hence two possible “candidate” models are the
negative-binomial (Poisson-Gamma) and the Neyman-A (Poisson-Poisson). Due to
the presence of infinite sums in its probability density function, algorithms for fitting
Neyman-A models are slow, even in the absence of covariates. As shown in Table 5,
the (elapsed) time taken to complete the hybrid test is over 150 times less than that
of Cox’s test, both tests concluding that, at α = 0.05, we may reject the Neyman-A
model in favour of the negative binomial. Note that whilst Vuong’s test is practically
instantaneous, it fails to distinguish between the models.
Secondly, we look at data from Ridout, Demétrio, and Hinde (1998) describing the
number of roots produced by 270 micropropagated shoots of the apple cultivar Trajan.
Two covariates were present. Period, at 2 levels, and Hormone at 4. Ridout et al. show
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TABLE 5. p-values for Fetal Lamb Data

Vuong (< 1 second) Cox (143 minutes) Hybrid (52 seconds)
Neyman–A Neg–Bin Neyman–A Neg–Bin Neyman–A Neg–Bin

0.183 0.817 0.019 0.863 0.025 0.828
r2
NA = 0.101 r2

NB = 0.082

that hormone has little effect. In general, the presence of covariates increases the time
taken for model-fitting. This is not of major consequence if the number of covariates
in the model is small and efficient algorithms for fitting the model in question exist.
For example, a comparison of two zero-inflated negative-binomial models:
roots ∼ period and roots ∼ hormone, (where both the mean and the over–inflation
parameter are fitted by the given covariate), where both models were fitted by the
R-package Zicounts, took approximately 12 minutes to complete for Cox’s test, as
opposed to approximately 11 seconds using the hybrid test. If many covariates are
present, or efficient model-fitting algorithms do not exist, then Cox’s test may prove
impractical. An example is that of Table 6 which illustrates the results obtained when
the three tests were used to compare Neyman-A and zero-inflated Poisson models of
the form roots ∼ period, (all parameters varying over period). Vuong’s test failed to
reject either model. Cox’s test proved impractical: less than a quarter of the 1,000
resamples had occurred after two days, and the test was abandoned, whereas the
hybrid test completed in under 2 minutes, rejecting both models.

TABLE 6. p-values for Trajan Apple Data, (roots∼period)

Vuong (< 1 second) Cox (estimate: 9 days) Hybrid (117 seconds)
Neyman–A ZIP Neyman–A ZIP Neyman–A ZIP

0.506 0.494 — — 0.018 0.000
r2
NA = 0.101 r2

ZIP = 0.082

6 Conclusion

The hybrid test is a suitable alternative to Cox’s test and Vuong’s test, being much
quicker than the former, and more decisive than the latter. The results above are
dependent upon models being non–nested, and the extension of the hybrid test to
models where this is not the case is a possible area of future research.
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