Proceedings of the

28th International
Workshop

on Statistical Modelling

July 8-12, 2013
Palermo, ltaly

Vito M.R. Muggeo, Vincenza Capursi

Giovanni Boscaino, Gianfranco Lovison

(editors)



Proceedings of the 28th International Workshop on Statistical Modelling,
Palermo, July 8—12, 2013,

Vito Muggeo, Vincenza Capursi, Giovanni Boscaino, Gianfranco Lovison,
(editors),

Palermo, 2013.

Editors:

Vito M.R. Muggeo, vito.muggeo@unipa.it
Vincenza Capursi, vincenza.capursi@unipa.it
Giovanni Boscaino, giovanni.boscaino@unipa.it
Gianfranco Lovison, gianfranco.lovison®@unipa.it

Dipartimento di Scienze Statistiche e Matematiche, ‘Vianelli'
viale delle Scienze, edificio 13

Universita di Palermo

90128 Palermo, ltaly



Scientific Programme Committee

e Vito M.R. Muggeo (Chair)
University of Palermo, Italy

e Ruggero Bellio
Unwversity of Udine, Italy

e Stefano Campostrini
University of Venezia, Italy

e Maria Durban
University Carlos 111 of Madrid, Spain

e Paul Eilers
Erasmus Medical Centre Rotterdam, Netherlands

e Herwig Friedl
Graz University of Technology, Austria

e Thomas Kneib
Georg-August-University Gottingen, Germany

e Arnost Komarek
Charles Unwversity in Prague, Czech Republic

e Kenan Matwie
University of Western Sydney, Australia

e Mikis Stasinopoulos
London Metropolitan Unwversity, UK

Gerhard Tutz
Ludwig-Mazimilians- Universitat, Minchen, Germany

e Florin Vaida
University of California, San Diego, USA



Local Organizing Committee

e Vito M.R. Muggeo (Chair)
University of Palermo, Italy

e Giada Adelfio
University of Palermo, Italy

e Giovanni Boscaino
University of Palermo, Italy

e Vincenza Capursi
University of Palermo, Italy

e Marcello Chiodi
University of Palermo, Italy

e Andrea Consiglio
University of Palermo, Italy

e Gianfranco Lovison
University of Palermo, Italy

e Antonella Plaia
University of Palermo, Italy

e Mariangela Sciandra
University of Palermo, Italy



Preface

This year, to celebrate its 28th edition, the INTERNATIONAL WORKSHOP
ON STATISTICAL MODELLING (IWSM) goes South, holding its 2013 con-
ference in Palermo, Sicily, the southernmost region of Italy. We are partic-
ularly honoured to host this conference, renewing and strengthening a tra-
dition which makes Palermo one of the oldest and well-established schools
of Statistics in Italy.

This is going to be a particularly well-attended, and hopefully successful,
edition of IWSM, with a total of 172 initial submissions for either oral
presentation or poster, and a final outcome of 68 contributions accepted
for oral presentation and 80 for poster presentation, probably the largest
number in the history of IWSM. Of course, the success of a conference
cannot be measured only in quantitative terms; the remarkable number
of contributions is complemented by their quality and the variety of areas
of statistical modelling covered by the submitted papers, a result which
the whole IWSM community should be proud of and for which we must
thank the authors and the members of the Scientific Committee, who made
a great job selecting the best papers. The diversity and liveliness of our
discipline is also witnessed by the invited plenary talks, for which we thank
Ciprian Crainiceanu, Torsten Hothorn, Stefano M. Iacus, Geoff McLachlan
and Hein Putter, and by the short course on Structural Equation Modelling
taught by John Fox.

Notwithstanding the large number of contributions and the richness and
variety of topics and areas involved, the conference has been able to main-
tain its almost unique feature of scheduling one plenary session for the
whole week, an organisational choice which has always helped the IWSM
to have a stimulating atmosphere, encouraging exchange of ideas and cross-
fertilisation among different areas of statistics.

According to the workshop tradition, in this edition student participation
has been strongly encouraged: we award three students for the best paper,
the best oral presentation, and the best poster; furthermore, two student
travel grants have been kindly provided by the Statistical Modelling Soci-
ety.

So, it is time to begin! We welcome you in Palermo, and really hope you will
be enriched by the scientific experience of taking part in the 28th TWSM,
without forgetting to also enjoy some of the other delights Palermo can
offer you: a sunny day at the beach, a visit to its ancient streets, buildings,
markets and gardens and ... its unforgettable food!!

Vito Muggeo
Vincenza Capursi
Giovanni Boscaino
Gianfranco Lovison

Palermo, May 2013
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Science to data to statistical models
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Abstract: Due to emerging technologies data have become abundant and ubiqg-
uitous with rapidly changing size, structure, and complexity. This paper intro-
duces two new major data structures: 1) longitudinal ultra high dimensional brain
imaging; and 2) multivariate high density wearable computing. We will argue that
these types of data open entirely new areas of research. We will then follow the
argument to its tautological conclusion: statistical research should start from
science, ask the right questions about the data, and then do modeling.

Keywords: High resolution structural imaging; Wearable computing.

1 Diffusion tensor imaging along the corpus callosum

Multiple sclerosis, an autoimmune disease characterized by neuronal de-
myelination and white matter lesions, leads to significant disability in pa-
tients. A hallmark of MS is damage to and degeneration of the myelin
sheaths that surround and insulate nerve fibers in the brain. Such damage
results in sclerotic plaques that distort the flow of electrical impulses along
the nerves (Raine et al., 2008). Other manifestations of the disease includes
accelerated brain atrophy and lesion formation. Magnetic Resonance Imag-
ing (MRI) is a first line scientific approach that could help quantify these
changes. Diffusion tensor imaging (DTI) is a magnetic resonance imaging
(MRI) based modality that traces the diffusion of water in the brain. Be-
cause water has specific anisotropic diffusion characteristics in brain white
matter, DTT is used to generate detailed images of the white matter (Basser
et al., 1994, 2000; LeBihan et al., 2001, Mori and Barker, 1999). Several
measurements of water diffusion are provided by DTI, including fractional
anisotropy (FA), mean and parallel diffusivity. Here we will focus on FA of
the corpus callosum, the large white matter fiber tract connecting the two
brain hemispheres. FA is thought to be a measure of tissue integrity and be
sensitive to both axon fiber density and myelination in white matter (Mori,
2007). To build up intuition Figure 1 displays a cuboid (transparent blue
hue) surrounding the corpus callosum, which bears a slight resemblance to
a carpet with the ends folded. The figure contains FA measurements for
more than 30,000 voxels (three dimensional version of a pixel), where mea-
surements correspond to various colors. FA is a measure between 0, which
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FIGURE 1. Fractional anisotropy (FA) along the Corpus Callosum. Darker
shades of red: higher values of FA (FA=1 is the highest value and corresponds to
perfect anisotropic movement of water molecules.) Darker shades of green: smaller
values of FA (FA=0 is the smallest value and corresponds to perfect anisotropic
movement of water molecules.)

corresponds to perfectly isotropic movement of water molecules (Brown-
ian motion), and 1, which corresponds to perfectly anisotropic movement
of water molecules. Darker shades of red represent higher values of FA,
while darker shades of green correspond to smaller values of FA. This is
one FA image at one visit for one subject. We are interested in studying
the structure of the FA data across subjects and visits and its association
with health outcomes.

Consider the following on-going study of multiple sclerosis (MS) pa-
tients (Reich et al., 2010). Data are derived from a natural history study
of 176 MS cases drawn from a wide spectrum of disease severity. Subjects
were scanned over a 6-year period up to 10 times per subject, for a total
of 466 scans. The scans have been aligned using a 12 degrees of freedom
transformation, meaning that we accounted for rotation, translation, scal-
ing, and shearing, but not for nonlinear deformation. In addition to DTI
data the study collected demographic and health data, including cognitive
outcomes. In particular, at every visit the Paced Auditory Serial Addition
Test (PASAT) was collected. PASAT is a commonly used examination of
cognitive function affected by MS with scores ranging between 0 and 60.

To better understand the problem, Figure 2 displays the structure of
the study where subjects are observed longitudinally and both brain DTI
(see displayed 3D FA maps) and outcomes are obtained at the same visits.
The study contains all the problems associated with longitudinal stud-
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FIGURE 2. Fractional anisotropy (FA) along the Corpus Callosum observed
longitudinally for 176 subjects. At each visit covariates and cognitive out-
comes,including PASAT, are measured.)

ies: visits are at different subject-specific time intervals, a-priori unknown
cross-sectional and dynamic behavior of variables, and heterogeneous noise
structure. The major difference from standard longitudinal problems is that
the exposure variable, in our case DTI imaging, is ultra-high dimensional.
This type of structure has become increasingly common, while Statistical
methods have lagged behind.

The data structure is of the type [Yi;, Tij, Zij, {Wi;(v) :v € 1,...,V}],
where Yj; is the outcome collected at time Tj; for subject i = 1,...,1 at
visit 7 = 1,...,J. At every visit a p x 1 vector of covariates is collected
in addition to ultra high dimensional data, {W;;(v):v e 1,...,V}. In our
case we only look at one high-dimensional exposure, though, in general,
there may be several. Here we work with the vectorized image, that is the
image obtained by unfolding the cuboid in Figure 1 according to the same,
pre-specified, unfolding rule for all subjects and visits. In our study V is
very large (> 30,000) and {W;;(v) : v € 1,...,V} is highly structured.

1.1 Models for longitudinal high dimensional data

We first focus on modeling the longitudinal structure of the ultra-high
dimensional (UHD) process {W;;(v) : v € 1,...,V} and start with the
general longitudinal UHD model (Greven et al., 2010; Zipunnikov et al.,
2013)

Wij(v) = n(v, Tij, Ziz) + Xio(v) + Ti Xi 1 (v) + Uiz (v), (1)

where n{v, T};, Z;; } is the fixed effects function, X; ¢(v) is the image random-
intercept, X, 1(v) is the image random slope, and U;;(v) is the visit-to-
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visit exchangeable variability. More complex structures could be considered,
though here we are primarily concerned with interpretability and ease of
presentation.

The fixed effects part of model (1) contains many practically relevant
models. For example, 1(v, Tij, Zij) = o + T;;8 + Z;j;y assumes that the
function does not depend on the voxel location, v, and is a linear function
in the covariates (7T};, Z;;). This is the exact linear form of the fixed effects
part of a standard hnear mixed model. A slightly more complex model is

n(v, Tij, Zij) = p(v )—|—T”5+Z”7, where (v) is the overall mean response.
In the case when there is treatment or group indicator variable, say D;, the
model can be expanded as (v, T;;, Z;;) = p(v) + d(v)D; + Tmﬁ + Zy to
include the treatment effect, d(v), which is allowed to vary with v. In splte
of the importance of the fixed effects function there is very little work on
general and robust methods for estimation and inference. Here we follow
the simple recipe introduced by Crainiceanu et al. (2012) for estimating the
difference in the means of two correlated processes. More specifically, we
suggest to estimate n(v,T;;, Z;;) under the independence assumption and
obtain the distribution of the estimator using a bootstrap of subjects. We
found this approach to often outperform joint inferential or pre-whitening
methods that use covariance operators estimators.

Once an estimator of n(v,T;;, Z;;) is available, we suggest focusing on

the residuals WZJ (v) = Wij(v) — (v, Tij, Z;5). The model for the residuals
is, approximately, Wij (v) = Xi0(v) + T;; X 1(v) + Uij(v). This model has
the same form as the longitudinal functional principal component analysis
(LFPCA) model introduced by Greven et al. (2010), which was a general-
ization of the multilevel functional principal component analysis (MFPCA)
introduced by Di et al. (2009) for replicated functional data. This is the
direct generalization of random intercept random slope models to the case
when the observed data are UHD. It can also be viewed as an extreme case
of multivariate mixed effects models. Given the difficulties associated with
fitting mixed effects models, there is a need to better understand what such
models can reveal about the data and exactly how to estimate them.

One can interpret X; o(v) as the true baseline image. The proxy mea-
surement, Wil(v), is corrupted by the visit-to-visit measurement error,
Ui1(v), which can be very large. Indeed, U;1 (v) contains technical and bio-
logical variability including normal changes between replications, registra-
tion errors, changes in protocol, unexpected interactions between new data
and pre-processing software, etc. Note that the relative temporal change in
images between visits

(Wi (0)= Wiy ()} (Tijs1=Tig) = Xia (0)+{Us1 (0)=Usy (0)}/ (T =Tiy),

is a proxy of the unknown subject-specific slope X, 1(v). However, these
differences are considerably noisier proxies of the slope, as for a one unit in
time change, T;;11 — T;; = 1, the covariance of U;j41(v) — U;;(v) is equal
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to 2Ky, where Ky is the covariance of U;;(v).

Greven et al. (2010) provided a principal component approach to fit-
ting this type of data. More precisely, they considered the mutually in-
dependent processes X;(v) = {X; 0(v), X;0(v)} and U;;(v) and estimated
their covariance operators Kx and Ky. The Karhunen-Loéve expansion
can then be used to expand the processes X;(v) = > po &ndi (v) with

K () = {67 "(v), 01 T (0)} and Uij(v) = 37 Guef (v), where ¢ (v)
and qSlU(v) are the eigenvectors of Kx and Ky, respectively. The LFPCA
model can thus be written as

Zézk 1 T,J ¢k +ZCz]l¢l ’U ) (2)

where &1, ;51 are zero-mean mutually independent random variables with
variance )\f and )\ZU, respectively. This model is reasonable in the case
when there are a small number of principal components that explain the
observed variability at the two levels. In these cases the two sums in the
equation (2) are truncated to K and L, respectively. The truncation values
are chosen using different approaches, though here we focus on thresholds
on cumulative variance explained. We contend that model (2) has at least
three important applications. First, it provides a structured decomposition
of variability that respects the known structure of the data. Second, it
provides a starting point for clustering algorithms for longitudinal high
dimensional data using principles similar to those used in standard mixed
effects models. Third, it provides a powerful dimensionality reduction that
allows simple plug-in approaches to outcome regression.

A brute force approach to LFPCA would require calculation and diag-
onalization of V' x V dimensional matrices. This “small detail” can derail
even the best written models for UHD. Zipunnikov et al. (2012) and Zipun-
nikov et al. (2013) proposed a simple approach to diagonalize these opera-
tors without storing or calculating them. Here we describe the fundamental
idea, henceforth referred to as the lossless projection approach (LPA). T
better understand LPA, consider the vectorized form of the model

Wi; = Xio + ;X1 + Uy,

where the vectors (in bold) are simply obtained by binding the correspond-
ing observations at all voxels v = 1, ...,V all these vectors are of dimension
V x 1. Consider now any M x V matrix A. By pre-multiplication to the
left by A the model becomes

AW;; = (AX;0) + T3 (AXq1) + (AU;),

which has exactly the same the form because the model is linear. The
main difference is that the vectors are M x 1 dimensional and if M <<
V then we have reduced a linear model for UHD to a low dimensional
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linear mixed effects model. Note that the parameters are unchanged in the
low dimensional model, which can be used for estimation and inference
irrespective to the choice of A.

An extreme case is M = 1, though this could oversimplify the data
structure when the dimension of the subspace spanned by the data columns
V/\\Q-j is much larger. Thus, it makes sense to consider the V' x N dimensional
matrix W obtained by column binding all the vectors V/\\QJ Here N is the
total number of visits for all subjects and N << V; for example, in our
DTTI application N = 466 and V' > 30,000. Consider now the singular
value decomposition W = SVDT™, where S is the V' x N matrix containing
the left-singular eigenvectors corresponding to non-zero eigenvalues. With
the choice A = S™ the projection is lossless in the sense that data vectors
SSTW”— = V/Vij in spite of the fact that SS™ # I . Since the singular value
decomposition can be done in linear time in V' the entire fitting procedure
is very fast (Zipunnikov et al., 2012; Zipunnikov et al., 2013).

1.2 Statistical models for scalar-on-image regression

Another very important problem in this context is to study the associa-
tion between outcomes, Y;;, scalar covariates, Z;;, and UHD covariates,
W;j(v). Probably the easiest approach is to use the high-dimensional LF-
PCA decomposition discussed in Section 1.1 and use the scores &;;, and (;j;
as regressors. In the case when imaging data is not observed longitudinally
one can use principal component regression. Another class of regression
approaches starts from voxel-wise regression, that is perform V' indepen-
dent mixed effects regressions, one for every voxels. An improved version of
these regressions is the locally optimal voxel estimation (LOVE) regression
approach (Sweeney et al., 2013a,b), which considers small neighborhoods
around the voxel as a multivariate exposure model. LOVE accounts for the
local correlations, though it does not account for long range correlations,
brain homotopy (symmetry), or biological correlations.

A different approach was introduced for cross-sectional scalar-on-image
regression by Goldsmith et al. (2013). Consider the baseline data [Y;, Z;,
{W;i(v) : v € 1,...,V}] (note the absence of the time variable and in-
dex j.) One could conceptualize the scalar-on-image model as a massively
multivariate regression model

|4
Yi=a+Ziv+> W), +e,
v=1

where 8 = (B1,...,8v)" is a vector of coefficients for the image predictor
W,;. The main advantage of this conceptual framework is that it estimates
the effect of data at every voxel while correcting for the effect of all the
other vozels; the voxel-wise regression conducts V regressions with the ef-
fect of each voxel not being corrected for the effect of the other voxels.
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While appealing, fitting the multiple linear regression model is an ill-posed
problem. Indeed, the dimension of the matrix Wis I x V with I << V. A
standard way to make the solution identifiable is penalized regression, that
is minimize a penalized least squares criterion of the type

I
(@9, B) = argmin,, ., 5{> (Vi —a— Z{y - W8> + P(B)},  (3)

i=1

where the penalty P(8) is chosen to yield a solution to equation (3) with
desirable properties. As shown in Huang et al. (2013), model (3) is statisti-
cally equivalent to the following model where the 3 coefficients are treated
as random
B~ exp{-P(5)/2).

The second line of the model means that 5 has a density function pro-
portional to exp{—P(83)/2}, where the normalizing constant is omitted.
For specific forms of the penalty the distribution exp{—P(5)/2} may not
be integrable (i.e. the integral of the prior values may not be finite); this
need not be a problem if the posterior distribution [§|data] is proper. Gold-
smith et al. (2013) used a Casing (CAR + Ising) prior which combines an
“activation map” controlled by the spatial Ising prior with a Condition-
ally Autoregressive (CAR) prior for the 8 coefficients that induces spatial
smoothing among the § coefficients declared to be non-zero.

2 Wearable computing

We now change focus to a completely different type of technology, wear-
able computing, which is re-shaping our daily life and has the potential
to change public health research. Indeed, understanding public health is
fundamentally linked to environmental exposures “that go in” (e.g. food,
water, air, social interactions) and “that come out” (e.g. activity, perspira-
tion, urine) the human body. Ironically, we do not have good measurements
of any of these processes. Wearable computing holds the promise to change
this. For example, in the search for objective measurements of physical
activity, researchers have increasingly relied on accelerometers in observa-
tional studies and clinical trials (Bai et al., 2012; Culhane et al., 2005; Grant
et al., 2008; Troiano et al., 2008). A triaxial accelerometer is a wearable
electromechanical sensor that records ultra-high density real-time dynamic
accelerations in three mutually orthogonal directions. Accelerometers are
relatively small in size and can be attached to different parts of the human
body. A fundamental question is how to decipher and interpret the acceler-
ation signals into meaningful information such as duration, intensity, and
type of physical activity.

To get an idea about the complexity and richness of the signal, Figure 3
displays the raw data from a three-axial accelerometer worn at the hip.
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FIGURE 3. Raw data obtained from a three-axial accelerometer worn at the
hip. Each axis produces a different time series (shown in black, green and red).
First panel: data for normal walking followed by turning around and walking back
during a roughly one minute interval. Second panel: three repetitions of resting
sitting followed by standing up, resting standing, and sitting down periods.

The sampling frequency is 10Hz and the acceleration along each of the
three orthogonal axes is shown in a different color (black, red, and green).
Data were collected in the lab and annotated by a human observer. The
first panel displays an activity period of roughly 1.5 minutes that starts
with the person resting standing, walking, turning around, walking back,
and resting standing. The second panel displays data for three repetitions
of the following sequence of activities: resting sitting, standing up from
sitting, resting standing, sitting down on a chair.

Consider the problem of recognizing such types of movements when
they are not labeled by a human observer. Inspection of the data suggests
that this should be possible. Indeed, it is reassuring that visual inspection
of the data does not reveal any obvious problems: that is, what we know
and what the accelerometer shows do not disagree in any fundamental way.
Moreover, the repetitive, higher frequency characteristic of walking seems
to be well represented in the data; note that one can visually identify each
step taken. The slower frequency movement associated with standing up
from a chair also does not exhibit any big surprises and shows a great level
of consistency across the three repetitions. Most interestingly, a human
observer inspecting these plots should be able to spot these patterns in
the data. A fundamental problem that we face is to instruct the computer
to do the “spotting” for us. This prediction problem is conceptually easy,
though far from trivial. It may be seductive to think about the parallels with
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speech recognition, though this is a much harder problem because: 1) speech
has evolved to transmit information whereas body movement has evolved
to get humans to their destination and out of trouble’s way; 2) sound
data patterns are virtually the same in all directions, whereas acceleration
depends both on accelerometer placement, orientation as well as human
body geometry; and 3) speech happens at much higher frequencies (in the
kilohertz range) versus movement (in the hertz range) and has much higher
signal-to-noise ratios.

Movelets, is a simple idea for prediction within the same subject pro-
posed by Bai et al. (2012). The idea has two parts: 1) take the subject
specific data, partition it into all possible overlapping 1-second intervals;
and 2) for every 1-second interval predict the type of activity as the activity
type of the 1-second interval whose time series is closest. Once the library
of annotated movements is available at the subject level, prediction is very
fast. There are many open problems that are related to this new types of
data. Here we provide a non-exhaustive list.

1. Extend movelets to multiple accelerometers and devices; a first paper
on this topic is available online (He et al., 2013).

2. Develop subject-level prediction without same-subject annotated data.

3. Normalization of measurements with specific emphasis on interpretabil
ity and signal extraction; moving away from black-box definitions
such as “activity counts” to open source, reproducible definitions,
algorithms, and software.

4. Parameterize accelerometer data corresponding to activities like “stand-
ing up from a chair” and “walking” with the ultimate goal of devel-
oping biomarkers that are sensitive to subtle changes in the ability
to move.

5. Develop population level analytic methods for high density “activity
intensity” and “activity type” data.

3 Discussion

The most important message of our paper is not how to analyze the types of
data that we have introduced here. In fact, a critical view of our approaches
is healthy and, ultimately, rewarding. In fact, here we would like to turn the
table and ask the reader: how would you analyze the data? We believe that
these are hard problems and principled, skeptical, and simple approaches
to inference will ultimately be the most productive.
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Abstract: The ultimate goal of regression analysis is to obtain information about
the conditional distribution of a response given a set of explanatory variables.
This goal is, however, seldom achieved because most established regression mod-
els only estimate the conditional mean as a function of the explanatory variables
and assume that higher moments are not affected by the regressors. The un-
derlying reason for such a restriction is the assumption of additivity of signal
and noise. This common assumption can be relaxed in the framework of trans-
formation models. A novel class of semiparametric regression models proposed
by Hothorn et al. (2013, JRSS-B) allows transformation functions to depend
on explanatory variables. These transformation functions are estimated by regu-
larised optimisation of scoring rules for probabilistic forecasts. Conditional trans-
formation models are potentially useful for describing possible heteroscedasticity,
comparing spatially varying distributions, identifying extreme events, deriving
prediction intervals and selecting variables beyond mean regression effects. Here,
we’ll illustrate conditional transformation models by applications from different
domains.

Keywords: Boosting, proper scoring rules, conditional distributions, transfor-
mation models

1 A Primer on Conditional Transformation Models

Hothorn et al. (2013b) proposed a new class of conditional transformation
models that allow the conditional distribution function P(Y < v|X = x) to
be estimated directly and semiparametrically under rather weak assump-
tions. Here, we will illustrate this class of regression models by reanalysing
regression problems from different research domains.

To fix ideas, let Y; = (Y|X = x) ~ Py|x—, denote the conditional dis-
tribution of response Y given explanatory variables X = ax. We assume
that Py|x—, is dominated by some measure p and has the conditional
distribution function P(Y < v|X = ). A regression model describes the
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distribution Py | x_g, or certain characteristics of it, as a function of the ex-
planatory variables . We estimate such models based on samples of pairs
of random variables (Y, X) from the joint distribution Py x. It is conve-
nient to assume that a regression model consists of signal and noise, i.e. a
deterministic part and an error term. In the following, we denote the error
term by Q(U), where U ~ U[0, 1] is a uniform random variable independent
of X and @ : R — R is the quantile function of an absolutely continuous
distribution.

An attractive feature of transformation models is their close connection
to the conditional distribution function. With the transformation function
h(Yz|x) = Q(U), one can evaluate the conditional distribution function of
response Y given the explanatory variables x via

P(Y < 0|X = ) = P(h(Y]a) < h(vle)) = F(h(v]a))

with absolute continuous distribution function F = Q~'. For additive
transformation functions h = hy + hg, the conditional distribution func-
tion reads F'(h(v|x)) = F(hy (v)+hy(x)), i.e. the distribution is evaluated
for a transformed and shifted version of Y. Higher moments only depend
on the transformation hy and thus cannot be influenced by the explana-
tory variables. Consequently, one has to avoid the additivity in the model
h = hy + h, to allow the explanatory variables to impact also higher
moments. Hothorn et al. (2013b) therefore suggest a novel transformation
model based on an alternative additive decomposition of the transformation
function h into J partial transformation functions for all x:

J
h(v|e) = Zhﬁ (v]|x), (1)
j=1

where h(v|x) is the monotone transformation function of v. In this model,
the transformation function h(Yg|2x) and the partial transformation func-
tions h;(-|z) : R — R are conditional on « in the sense that not only the
mean of Y, depends on the explanatory variables. For this reason, Hothorn
et al. (2013b) coined models of the form (1) Conditional Transformation
Models (CTMs).

Conditional transformation models are fitted by direct minimization of a
proper scoring rule. The loss function ¢ for estimating conditional transfor-
mation models is defined as integrated loss p with respect to a measure pu
dominating the conditional distribution P(Y < v|X = @):

WY, X),h) = / (Y < v, X), h(v] X)) dpu(v) > 0.

In the context of scoring rules, the loss ¢ based on pyye is known as the
continuous ranked probability score (CPRS) or integrated Brier score and
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is a proper scoring rule for assessing the quality of probabilistic or distri-
butional forecasts (see Gneiting and Raftery, 2007, for an overview). The
risk function now reads

Bvxt((Y,X).0) = [ [ ol(y < v.2).h(vl) du(o) Py x(w.2) 2 0. (2

The corresponding empirical risk function defined by the data is

mmamxmﬁ=//M@3ummmwmmwmyﬂ%wza

Based on an i.i.d. random sample (Y;, X;) ~ Py, x,i=1,..., N of N obser-
vations from the joint distribution of response and explanatory variables,
we define I@’y, x as the distribution putting mass w; > 0 on observation 4
(w; = N~! for the empirical distribution). For computational convenience,
one approximates the measure p by the discrete uniform measure [i, which
puts mass n~! on each element of the equi-distant grid v; < --- < v, € R
over the response space. The empirical risk is then

N n
Ey x(((Y,X),h) = Zwm*zp((mgvl,Xi),h(vlei))

N n
= p! Zzwm((Yi <, Xi), h(v,| X))

i=11=1

This risk is the weighted empirical risk for loss function p evaluated at the
observations (Y; <wv,, X;) fori=1,...,N and : = 1,...,n. Consequently,
one can apply algorithms for fitting generalised additive models to the
binary responses Y; < v, under loss p for estimating model (1).

For conditional transformation models, Hothorn et al. (2013b) parameterise
the partial transformation functions for all j =1,...,J as

hj(U|$) = (bj(ilI)T ® bo(’u)T) v; € R, v, € RK_y‘Ko7

where bj(z)" @ by(v)" denotes the tensor product of two sets of basis
functions b; : x — R%i and by : R — R0, Here, by is a basis along the
grid of v values that determines the functional form of the response trans-
formation. The basis b; defines how this transformation may vary with
certain aspects of the explanatory variables. The tensor product may be
interpreted as a generalised interaction effect. For each partial transforma-
tion function h;, one typically wants to obtain an estimate that is smooth
in its first argument v and smooth in the conditioning variable &. There-
fore, the bases are supplemented with appropriate, pre-specified penalty
matrices P; € RE*Kj and Py € R¥0*Ko inducing the penalty matrix
Pyj = (MP; @1k, +Ajlg, ® Pg) with smoothing parameters \g > 0 and
Aj > 0 for the tensor product basis.
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Conditional transformation models are then fitted by component-wise boost-
ing where the base-learners are Ridge-type linear models corresponding to
these partial transformation functions (the algorithm is given in Hothorn
et al., 2013b). The basis functions by and b; determine the form of the
fitted model, and their choice is problem specific. In the simplest situa-
tion, in which the conditional distribution of Y given only one numeric
explanatory variable z; shall be estimated, one could use the basis func-
tions by(v) = (1,v) " and by (z) = (1,z;)". The corresponding base-learner
is then defined by the linear function

((1’1:1) ® (1>U))’71 = (171),1'15371"})71'

For each 1, the transformation is linear in v with intercept v; + y3x; and
slope v2 + v4x1, i.e. not only the mean may depend on x; but also the
variance. Restricting, for example, by(v) to be constant, i.e. by(v) = 1,
allows the effects of explanatory variables to be restricted to the mean
alone. Assuming b;(x) = 1, on the other hand, yields a transformation
function that is not affected by any explanatory variable. More flexible
basis functions, e.g. B-spline basis functions, allow also for higher moments
to depend on the explanatory variables. We illustrate appropriate choices
of basis functions in the following, where we present analyses with special
emphasis on higher moments of the conditional distribution, which have
received less attention in previous analyses of these problems. We show
that semiparametric regression using conditional transformation models is
a valuable tool for detecting interesting patterns beyond the conditional
mean.

2 Italian Gross-domestic Product

Here we follow Hayfield and Racine (2008) and consider Giovanni Baiocchi’s
Baiocchi (2006) Ttalian gross domestic product growth panel for 21 regions
covering the period 1951 — 1998 (millions of Lire, 1990 being the baseline).
The data consist of 1008 observations for two variables, gdp (gross domestic
product) and year. We first fit the conditional distribution by a conditional
transformation model of the form

P(gdp < v|year = z) = ®(h(v|year = x)).

The base-learner is the tensor product of B-spline basis functions bg(v)
for the gross domestic product and B-spline basis functions for time. The
penalty matrices Py and P, penalise second-order differences, and thus h
will be a smooth bivariate tensor product spline of gross domestic product
and time. Since the number of observations is relatively small we used the
bootstrap to determine an appropriate number of boosting iterations. Fig-
ure 1 shows the estimated conditional distribution functions on the quantile
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FIGURE 1. Italian Gross Domestic Product (GDP). Quantile functions obtained
from a conditional transformation model (left) and a kernel estimator (right) for
several quantiles.

scale. The function fitted by the kernel procedure is a little rougher than
the estimate obtained from the conditional distribution model but, overall,
the depicted quantiles are rather close.

3 Head Circumference Growth

The Fourth Dutch Growth Study (Fredriks et al., 2000) is a cross-sectional
study that measures growth and development of the Dutch population
between the ages of 0 and 22 years. The study measured, among other
variables, head circumference (HC) and age of 7482 males and 7018 females.
Stasinopoulos and Rigby (2007) analysed the head circumference of 7040
males with explanatory variable age using a GAMLSS model with a Box-
Cox t distribution describing the first four moments of head circumference
conditionally on age. The models show evidence of kurtosis, especially for
older boys. We estimate the whole conditional distribution function via the
conditional transformation model

P(HC < v]age = z) = ®(h(v]age = x)).

The base-learner is the tensor product of B-spline basis functions by (v) for
head circumference and B-spline basis functions for age'/2. The root trans-
formation just helps to cover the data better with equidistant knots. The
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FIGURE 2. Head Circumference Growth. Observed head circum-
ference and age for 7040 boys with estimated quantile curves for
7 =0.04,0.02,0.1,0.25,0.5,0.75,0.9,0.98,0.996.

penalty matrices Py and P; penalise second-order differences, and thus
h will be a smooth bivariate tensor product spline of head circumference
and age. It is important to note that smoothing takes place in both dimen-
sions. Consequently, the conditional distribution functions will change only
slowly with age, which is a reasonable assumption. Since the number of ob-
servations is also large, we stopped the algorithm based on the in-sample
empirical risk.

Figure 2 shows the data overlaid with quantile curves obtained via inversion
of the estimated conditional distributions. The figure can be directly com-
pared with Figure 16 of Stasinopoulos and Rigby (2007) and also indicates
a certain asymmetry towards older boys.

4 Deer-vehicle Collisions

Collisions of vehicles with roe deer are a serious threat to human health
and animal welfare. In Bavaria, Germany, more than 40,000 deer-vehicle
collisions (DVCs) take place every year. Hothorn et al. (2012) investigated
the spatial distribution of the risk of deer-vehicle collisions; here we focus
on the temporal aspect of the risk for two years, 2006 and 2009. For all
74,650 collisions reported to the police in these two years, we attributed
each accident to the specific day of the year.
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FIGURE 3. Deer-vehicle Collisions. Number of deer-vehicle collisions (DVCs) per
day in 2006 and 2009 in Bavaria, Germany, with estimated quantile curves for
7 =0.05,0.1,0.25,0.5,0.75,0.9, 0.95.

Although the number of DVCs is a discrete random variable, the distri-
bution of the number of DVCs conditional on the day of the year can be
estimated by means of an appropriate base-learner using the model

P(DVCs < v|day = x1,year = x3) = ®(hy(v|day = 1)
+ho(v|day = x1, year = x2)).

Here, (i is the counting measure with support vy,...,vyx equal to the sup-
port of the empirical distribution of the response. Conceptually, the basis
function by should allow for n = N parameters (one for each v,), whose
first-order differences should not become too large. To restrict the number
of parameters in the base-learners, we use B-splines to approximate such
a discrete function on the v-grid. It should further be noted that the day
of year is a discrete cyclic random variable. Therefore, we chose by (1) as
cyclic B-splines of the day, which are obtained by a simple modification
of the B-spline design matrix and the difference penalty that results from
fusing the two ends of the co-domain. In analogy, a cyclic B-spline is ap-
plied to the varying coefficient term ba(x1,22) = by(z1) x I(z2 = 2009),
which captures temporal differences between the two years and yields a
cyclic B-spline of the days in 2009. Since the data are discrete, we only
penalise first-order differences in both base-learners.

Figure 3 shows three risk peaks. The first one occurs early in May — the
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beginning of the growing and buck hunting season — and ends mid-June.
A second and sharper peak is observed in the first week of August and
corresponds to the mating season of roe deer. After a low-risk period of
approximately six weeks, the risk starts to increase again at the beginning
of October and slowly decreases until April for reasons yet unknown. Note
that the distribution in 2009 has a larger median than that in 2006 but
also shows less extreme peaks.

5 Beyond Mean Boston Housing Values

The Boston Housing data, first published by Harrison and Rubinfeld (1978)
and later corrected and spatially aligned by Gilley and Pace (1996), have
become a standard test-bed for variable selection and model choice. Almost
exclusively, the 13 explanatory variables have been selected with respect
to their influence on the mean or median of the conditional median house
value in a certain tract. Assuming a conditional transformation model,
we attempt to detect dependencies of higher moments of the conditional
median house value from the explanatory variables. We focus on the 12
numeric explanatory variables and ignore the binary variable coding for
Charles River boundary in the conditional transformation model

P(MEDV <v|X =x) =
12 12
D | Atract + ho(v|1) + Z hji(1)z;) + Z hj(vlx;)

Jj=1 Jj=1

In this model, aract i a tract-specific, spatial random effect, whose correla-
tion structure is determined by a Markov random field defined by the neigh-
bouring structure of the tracts capturing spatial autocorrelation and het-
erogeneity. The term hg(v|1) is an unconditional transformation of the me-
dian house value, i.e. this transformation is independent of the explanatory
variables. The explanatory variables may influence the mean of the trans-
formed median house value ho(MEDV|1) via hgy(x) = 232:1 hj(1|z;) only
or may also affect higher moments via the interaction terms Z;il hj(v|z;).
The latter term extends the transformation model ho(MEDV|1) + Zjil hj(1|z;)
to a conditional transformation model. The base-learners for the trans-
formation function ho(v|1), the effects hj(1|z;) and the interaction terms
hj(vlx;) are constructed based on cubic B-spline basis functions supple-
mented with second-order difference penalty. More specifically, b,(x) and
bo(v) are both represented in terms of a reparameterisation of the B-spline
basis functions that allows separation of the non-linear terms into a con-
stant, a linear effect and the non-linear (orthogonal) deviation from the
linear effect, i.e.

bj(x) =1+z; +bj(z;) and by(v) =1+v+bo(v),
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FIGURE 4. Beyond Mean Boston Housing Values. Conditional transformation
model for the three selected variables per capita crime (CRIM), average numbers
of rooms per dwelling (RM) and percentage values of lower status population
(LSTAT). Each panel depicts the data as scatter plots along with the corre-
sponding negative absolute values of the estimated transformation function at
the probit scale. The explanatory variables were standardised prior to analysis.

where b;(x;) and by(v) are the non-linear deviation effects. Taking the ten-
sor product after applying the decomposition yields a decomposition into
linear and non-linear main effects of x; and v as well as linear and non-
linear interaction terms (see Fahrmeir et al., 2004; Kneib et al., 2009, for
technical details of this decomposition). The advantage of this expanded pa-
rameterisation is that the automatic model choice capabilities of the boost-
ing algorithm allow us to flexibly determine whether linear or non-linear
effects are required and whether there actually is an interaction between
the transformation function and specific effects of explanatory variables.

Censored observations were dealt with by choosing inverse probability of
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censoring weights w; for the empirical risk function (2) derived from the
Kaplan-Meier estimate of the censoring distribution. The stability selec-
tion procedure (Meinshausen and Biithlmann, 2010) selected three variables
that have an influence on the conditional distribution of the median hous-
ing value (MEDV), namely per capita crime (CRIM), average numbers of
rooms per dwelling (RM), and percentage values of lower status population
(LSTAT). After variable selection, we refitted a conditional transformation
model of the simpler form

P(MEDV < o|CRIM, RM, LSTAT)
=0 (hCRIM (U|CRIM) + hrM (U|RM) + ArsTAT (U‘LSTAT)) s

where the base-learners are tensor products of B-spline bases. The fitted
functions can be conveniently depicted in the observation space. For ex-
ample, a scatter plot of MEDV and CRIM and a grey-level image of the
bivariate function ECRIM(MEDV\CRIM) can be viewed in the same coor-
dinate system. We show negative absolute values of the fitted functions h
for easier interpretation.

Figure 4 indicates that the percentage values of lower status population
(LSTAT) lead to smaller values of the median housing value at almost
constant variance. However, the conditional distribution will be skewed to-
wards higher MEDYV values. For tracts with small average numbers of rooms
per dwelling (RM), the median housing value is small and increases with
increasing numbers of rooms. The same applies to the variability, since the
estimated function hgy(MEDV|RM) shows more spread for larger values
of RM. Per capita crime seems to have an effect on variability and skew-
ness, since for larger crime values, the distribution will be heavily skewed
and less variable than small per capita crime values. However, compared
to the other two variables, the influence is only of marginal value due to
small absolute contributions of this model term to the full model.

6 Summary

Conditional transformation models extend the class of the classical (un-
conditional) transformation models by allowing interactions between the
response and explanatory variables. The resulting regression models can
describe the whole conditional distribution of the response as a function of
the explanatory variables. Thus, if the data scientist is not only interested in
studying effects on the conditional mean, conditional transformation mod-
els are an potentially interesting and helpful alternative to kernel-based
methods or to GAMLSS models.



Computational Details

Conditional transformation models were fitted using an implementation
of component-wise boosting in package mboost (version 2.2-2, Hothorn
et al., 2013a). Kernel distribution estimation was performed using pack-
age np (version 0.50-1, Hayfield and Racine, 2013). All computations were
performed using R version 3.0.0 (R Development Core Team, 2013). For
further computational details we refer the reader to the R code that imple-
ments the analyses presented here, which is available in an experimental
R package ctm at http://R-forge.R-project.org/projects/ctm. The
results presented in this paper can be reproduced using this package.
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Abstract: The simplicity and power of matching methods have made them an
increasingly popular approach to causal inference in observational data. Existing
theories that justify these techniques are well developed but either require exact
matching, which is usually infeasible in practice, or sacrifice some simplicity via
asymptotic theory, specialized bias corrections, and novel variance estimators;
and extensions to approximate matching with multicategory treatments have not
yet appeared. As an additional option for researchers, we show how conceptualiz-
ing continuous variables as having logical breakpoints (such as phase transitions
when measuring temperature or high school or college degrees in years of ed-
ucation) is both natural substantively and can be used in some applications to
construct a relatively simple theory of causal inference. The result is a finite sam-
ple theory that is simple to understand and easy to implement by using matching
to preprocess the data, after which one can use whatever method would have been
applied without matching. The theoretical simplicity also allows for binary, mul-
ticategory, and continuous treatment variables from the start and for extensions
to valid inference under imperfect treatment assignment. In applications where
the existing theory of matching is difficult to apply, the new approach added
to the existing toolkit may help some researchers in these situations make valid
causal inferences, or at least better understand why they cannot.

Keywords: Causal Inference; Matching; Observational Study.

1 Introduction

Matching is a powerful nonparametric approach to improve causal infer-
ences in observational data, that is where assignment of units to treatment
and control groups is not under the control of the investigator and not nec-
essarily random. The basic idea involves pruning observations to improve
balance between the treated and control groups (solely as a function of
measured pre-treatment covariates so as to avoid inducing selection bias)
and then estimating the causal effect from the remaining sample.
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The most prevalent theory justifying matching requires data with a large
number of exact matches between the treated and control groups which
may not be available. An alternative approximate matching approach works
under asymptotic theory, requiring specialized bias corrections and novel
variance estimators (Abadie and Imbens, 2006). We add an alternative
matching theory to the existing approaches. The basic idea behind our al-
ternative theory is to recognize that observational data often comes or can
be though as coming from stratification of the original population. The al-
ternative offered here is simpler in theory and practice, enabling researchers
to use whatever estimation method they would have without matching. The
approach is valid for approximate matching in finite samples; applies to bi-
nary, multicategory, or continuous treatments; and can be easily extended
to allow the true and observed treatment status to diverge. Although sim-
pler to understand, the real question is whether it is applicable to the data
set at hand.

2 Statistical Framework

Consider a sample of n observations where subject ¢ (i = 1,...,n) has been
exposed to treatment T; = ¢, for t € T, where T is either a subset of R
or a set of (ordered or unordered) categories, T is a random variable, and
t one possible value of it. Then Y = {Y;(¢),t € T,i = 1,...,n} is the set
of potential outcomes, the possible values the outcome variable has when
T takes on different values. For each observation, we observe one and only
one of the set of potential outcomes, for which the treatment was actually
assigned: Y; = Y;(T;). We also observe a p x 1 vector of pre-treatment
covariates X; for subject 7, and for some purposes consider this to be a
random variable drawn from a superpopulation, where X € X.

Let ¢; and ¢y be distinct values of T that happen to be of interest, re-
gardless of whether T' is binary, multicategory, or continuous (and which,
for convenience we refer to as the treated and control conditions, respec-
tively). Define the treatment effect for each observation as the difference
between the corresponding two potential outcomes, TE; = Y;(t1) — Y;(¢2),
of which at most only one is observed. The object of statistical infer-
ence is usually an average of treatment effects over a given subset of
observations. One example is the sample average treatment effect on the
treated, where inference is for all treated units in the sample at hand:
SATT = m Zie{n:tl} TE;. The control units are used to help esti-
mate this quantity.

2.1 Classes of Matching Methods

There exist two classes of matching methods: EPBR and MIB. In the Equal
Percent Bias Reducing (EPBR) class of matching methods, the percent
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reduction in expected imbalance over repeated samples from matching on
one variable is intended to be the same for all variables (Rubin, 1976).
The number of observations matched in EPBR methods is determined ex
ante, whereas the level of imbalance achieved is not guaranteed and so
must be checked ex post. In the Monotonic Imbalance Bounding (MIB)
class of matching methods, reducing in-sample imbalance on one variable
has no effect on the ex ante choice for the maximum in-sample imbalance
on any of the other variables (Iacus et al, 2011). In MIB, the maximal
level of imbalance is chosen ex ante, whereas the number of observations
matched is a result of the method. The most relevant example in the EPBR
is Propensity Score Matching (PSM) while for the MIB class is Coarsened
Exact Matching (CEM).

2.2 Example of matching methods: PSM and CEM

The promise of PSM is to make matching easier by allowing a match on a
lower dimensional quantity — the propensity score — rather than the orig-
inal p covariates in X and still, under certain conditions described below,
to produce balance on X in expectation. The generalized propensity score
(function) is the probability of receiving a particular level of the treat-
ment ¢ given the pre-treatment variables e(t,z) = Pr(T = t|X = z) =
E{D(t)|X = z}, where D(t) is an indicator function for the event T' = ¢
(Imbens, 2000). Under CEM, each variable is temporarily coarsened as
much as the analyst is willing (this is nothing but “stratification on covari-
ates”, e.g., years of education might be coarsened into grade school, high
school, college, and graduate school). Then, treated and control groups are
matched exactly on the coarsened variables, and finally the uncoarsened
values of the matched units are passed to the analysis stage. Since CEM
is a member of the class of MIB matching methods, it inherits all the sta-
tistical properties of this class, including in-sample properties (Iacus et al,
2011, 2012). In contrast, EPBR is a class that applies only in expectation
and only if certain assumptions about the data generation process are met,
and so, to be precise, PSM is best described as only potentially EPBR.

2.3 Basic Assumptions for Identification

Scholars typically make three assumptions to justify causal inferences under
exact matching.

Assumption 1 [SUTVA: Stable Unit Treatment Value Assumption (Ru-
bin, 1991)] The values of the potential outcomes {Y (t),t € T} are inde-
pendent of the treatment status T'.

Assumption 2 [Weak unconfoundedness (Imbens, 2000)] The treatment
assignment T is unconfounded, given covariates X, if D(t) LY (t)|X = « for
each t € T and almost every X = x.
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Assumption 3a [Common Support] There exists n € (0,1), such that for
all measurable sets B € T and almost every X = z: n < p(T € B|X =
x)<1l—mn.

Assumption 2 (or “no omitted variable”) ensures that the pre-treatment
covariates are sufficient to adjust for any biases that may be induced by
the lack of random assignment. Therefore one can use a matched control
unit to fill in for an unobserved potential outcome and this yields to the
relation: E{Y (¢)|X = z} = E{Y|T = t,X = z}, which makes the mean
of the potential outcomes identified. As a result, one can average over the
observations with different X = z, yielding E(Y (t)) = E(E{Y(t)|X}).
Assumption 3 means that for any unit with observed treatment condition
T; = t1 and covariates X;, it is also possible to observe a unit with the
counterfactual treatment, T; = t5, and the same covariate values. Taken
together, Assumptions 1, 2 and 3 ensure that the treatment effect is cor-
rectly identified under exact matching.

2.4 Additional Assumptions for Propensity Score Matching

PSM allows (exact) matching on the scalar propensity score instead of the
multidimensional X, but requires three additional assumptions to achieve
identification (in addition to Assumptions 1, 2, and 3).

Since the propensity score function is not known in practice and sensi-
tive to specification choices when estimated, users of PSM must make two
assumptions about the existence of, knowledge about, and uniqueness re-
garding the true propensity score function e, (-|X) and one that helps make
it feasible.

Assumption 4 [Uniquely Parametrized Propensity Score (Imai and van
Dik, 2004)]For each X € X, there exists a unique finite-dimensional param-
eter § € ©, such that e (-|X) = e(:|04(X)) and [ ey (t|0)dt = [ ey (t|0")dt
for all measurable sets B C T imply 6 = 6. That is, 6 uniquely represents
e(-104(X)), which we may therefore write as e(:]6).

This assumption implies that ey (-|X) depends on X only through 6, (X),
i.e. 0 is sufficient for T'. In this case, the propensity function is effectively
summarized by the parameter 6, which is typically of much lower dimension
than X (and scalar when T is binary), therefore matching can be done by
subclassifying on 6 (Imai and van Dik, 2004).

The second assumption goes beyond the existence of the propensity score
in Assumption 4 to require that the specification and the specific parameter
values of the specification are known as well:

Assumption 5 [Known Propensity Score|:The propensity score ey(-, X)
has (i) a known functional form and (ii) known value of the parameter .
The veracity of Assumption 5(i) is more difficult to test than the usual
problem of model selection in statistical analysis, since the objective func-
tion of the chosen propensity score model is optimized based on fit rather
than balance.
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Finally, propensity score theory requires exact matching on the (contin-
uous) propensity score. To make this possible in finite samples, an ad-
ditional assumption is routinely made (Rosenbaum and Rubin,1983), al-
though rarely stated formally — that the propensity score function is con-
stant over given known subsets. Let II(X) be a finite partition of the co-
variate space X, and let A, € II(X) (k=1,..., K < 00) be one generic set
of the partition, i.e. UpAr = X and 4; N A,, = 0 for | # m.

Assumption 6 [Constant Propensity Score Intervals] The propensity score,
e(t,x) = ¢k, is constant for all x € Ay, with Ay, € II(X) and t € T.

If this assumption holds, matching within blocks generated by Ay removes
all bias and approximate matching on the propensity score is justified in
terms of sample variability of the propensity score estimate. This is the
unstated assumption behind the blocking-on-the-propensity-score approach.

3 An alternative approach

Assumptions 1, 2, and 3 enable the power of matching with simple point and
variance estimators — in particular, letting researchers use after matching
almost exactly what they would have without matching — but they only
work under rare applications where treated units have exact matches. Un-
der approximate matching, corrections for estimators and variances are
available under the asymptotic theory. We present here a set of alternative
assumptions that, when substantively appropriate, make simple estimators
possible in finite samples under approximate matching.

It is well known to researchers that in observational studies repeated sam-
pling from a given (super)population is just a convenient fiction to justify
the results. Our idea is that observations belong to some strata A of the
partition II(X) and what we observe are different replicates from these
strata. The strata are defined ex-ante and remain fixed.

We now construct alternative versions of Assumptions 2 and 3 that work
under approximate matching. The basic intuition is that instead of condi-
tioning on values of the vector X, we assume that we only need to condition
on an observation being in one of a set of given strata A C X.
Assumption 2b [Set-wide Weak Unconfoundedness] Assignment of the
treatment variable T possesses the property of set-wide weak unconfound-
edness, given pre-treatment covariate values in A, if D(t) LY (t)|A, for all
t € T and each A € TI(X).

Apart from the sampling framework, Assumption 2b happens to be a de-
generate version of the Conditioning At Random (CAR) assumption in-
troduced in (Heitjan and Rubin, 1991) in that conditioning is now fixed.
Here A represents only a stratification of the reference population and is
not random and so does not change from sample to sample. Assumption
2b is uncounfoundedness with respect to the set A instead of X = x and
hence is more stringent than Assumption 2.
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Assumption 3b [Set-wide Common Support] For all measurable sets B €
T and all sets A € TI(X), set-wide common support requires that 0 <
p(TeB|X e A)<1.

Assumption 3b makes the search for counterfactuals easier since those in
the vicinity of, rather than exactly equal to, a given covariate vector X € A
are now acceptable. Identification for treatment effect is now possible as
we have E{Y (t)|A} = E{Y|T = t, A}. Therefore, in a single stratum A,
7'}"2 = FE{Y(t1) = Y(t2)|A} = E{Y|T = t;, A} — E{Y|T = ta, A}, for any
ty1 #ta € T. Then, Ti,’Q is estimated taking the difference in means among
treated and control units within each stratum A and the global treatment
effect estimator is obtained by averaging over II(X'). The estimator is now
unbiased also in finite samples without any further assumption 4—6.
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Abstract: The finite mixture model has become an important tool in statisti-
cal modelling and analysis. In recent years, mixtures of skew distributions have
emerged as a powerful extension to the traditional normal and ¢-mixture models.
They have been effectively applied to model heterogeneous data with asymmetric
features. We shall discuss some of the more commonly used skew symmetric dis-
tributions, in particular, the skew normal and skew ¢-models. Examples involving
the analysis of real data sets will be given.
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1 Introduction

Finite mixture distributions have become increasingly popular in the mod-
elling and analysis of data due to their flexibility. This use of finite mixture
distributions to model heterogeneous data has undergone intensive devel-
opment in the past decades, as witnessed by the numerous applications in
various scientific fields such as bioinformatics, biostatistics, environmetrics,
financial sciences, genetics, image analysis, and medical sciences. Compre-
hensive surveys on mixture models and their applications can be found,
for example, in the monographs by Everitt and Hand (1981), Tittering-
ton, Smith, and Markov (1985), McLachlan and Basford (1988), Lind-
say (1995), Bohning (2000), McLachlan and Peel (2000), and Frithwirth-
Schnatter (2006), and the edited volume of Mengersen, Robert and Tit-
terington (2011); see also the papers by Banfield and Raftery (1993) and
Fraley and Raftery (1999).

Let Y = (Y1,...,Y,)T be a p-dimensional random vector. For continuous

features Y ;, the density of Y can be modelled by a mixture of a sufficiently
large enough number g of multivariate normal component distributions,

fly; @) = Zm bp(Ys ;5 i), (1)

where ¢,(y; pu, ) denotes a p-variate normal density function with mean
p and covariance matrix 3. The mixing proportions m; are nonnegative
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and sum to one. Here the vector ¥ of unknown parameters consists of the
mixing proportions 7;, the elements of the component means p;, and the
elements of the component-covariance matrices ¥; (i = 1,...,¢g) known a
priori to be distinct. Maximum likelihood estimation (MLE) of the model
parameters can be obtained via the expectation-maximization (EM) algo-
rithm (Dempster et al., 1977); see also McLachlan and Krishnan (2008).

Mixtures of multivariate ¢-distributions, as proposed by McLachlan and
Peel (1998, 2000), provide extra flexibility over normal mixtures; see also
Peel and McLachlan (2000). The thickness of tails can be regulated by
an additional parameter — the degrees of freedom, thus enabling it to ac-
commodate outliers better than normal distributions. However, in many
practical problems, the data often involve observations whose distributions
are highly asymmetric as well as having longer tails than the normal; for
example, datasets from flow cytometry (Pyne et al., 2009).

Mixture distributions are often used in practice to provide a probabilistic
clustering of a data set into a number of clusters. An outright cluster-
ing is obtained by assigning a data point to the component to which it
has the greatest posterior probability of belonging. There is the question
of how many components to include in the mixture model. In the typi-
cal application of normal mixture models to clustering, clusters are taken
to correspond to the normal components in the mixture model. But in
cases where the clusters are not elliptically symmetric, this correspondence
will not hold if additional normal components are needed to allow for the
asymmetry in the data and the presence of outliers. One way to enable
the number of components to correspond to the number of clusters in such
situations is to fit mixture models with skew normal components or skew
t-components. As an illustration, we consider the Lymphoblastic cell line
(LCL) data set studied by Pyne et al. (2009). Figure 1(a) shows a heatmap
of two markers on some cells that were cultured in a laboratory and were
known to belong to the one population. It can be seen in Figure 1(b) in
modelling the density of these bivariate data by a normal mixture, we need
g = 2 components, whereas a single skew t-distribution suffices (Figure

1(c)).

The skew normal distribution was introduced in Azzalini (1985) as an ex-
tension of the normal distribution with an additional parameter to regu-
late the skewness, allowing the density to take asymmetric shapes. More
recently, there has been renewed interest in the development of non-normal
distributions. We shall discuss some of the several proposals that have been
put forward for multivariate skew distributions (Lee and McLachlan, 2011,
2013a), including software for the fitting of mixtures of them (Lee and
McLachlan, 2013b). Examples involving the analysis of real data sets will
be given.
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FIGURE 1. Modelling a lymphoblastic cell line (LCL) dataset derived from a
single population of B cells. (a) Data contours plotted over the hue intensity of
the LCL data, revealing single unimodal asymmetric population in the presence
of some outliers. (b) Fitting normal mixture model results in two distinct clus-
ters. (c) The single-component multivariate skew ¢-distribution can capture the
asymmetry in the data and correctly identify the modes location (cyan dot).

2 Multivariate Skew distributions

The rich literature of skew distributions was initiated by the pioneering
work of Azzalini (1985), who introduced the univariate skew normal distri-
bution. Following its generalization to the multivariate case in Azzalini and
Dalla Valle (1996), the number of contributions have grown rapidly. The
majority of these distributions belong to the class of skew symmetric dis-
tribution, which can be further classified into four subclasses, namely, the
restricted, unrestricted, extended and generalized forms (Lee and McLach-
lan, 2013c).

To begin, note that an asymmetric density can be generated by pertur-
bation of symmetry (Azzalini and Capitanio, 2003). Consider a density
f(y— p) symmetric around 0, that is, f(—y) = f(y), where p is a location
vector in RP. Then a skew symmetric density can be formulated by manip-
ulating f(-) through a perturbation function h(-), such that the product of
the symmetric function and the perturbation function is a valid density;
that is,

f(y) =2f(y — w)h(y — p), (2)

where h(-) is a function that maps R? into the unit interval [0, 1] (Wang et
al., 2004). The density f is known as the symmetric component of (2) and
h is the skewing component. A typical example of h(-) is the distribution
function corresponding to f(-), denoted by F(-).

We shall discuss several proposals of multivariate skew-symmetric distri-
butions used in model-based clustering, in particular the multivariate skew
normal (MSN) distribution and multivariate skew ¢ (MST) distribution.
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Using the terminology of Lee and mcLachlan (2013c), a random variable
Y has an unrestricted multivariate skew normal (uMSN) distribution, if
its density takes the form

where A is a diagonal matrix with diagonal elements given by 6, A = I, —
AX A d(y) = (y—pu)TZ 7 (y — p) is the squared Mahalanobis distance
between y and p with respect to 3, and ®,(y; p, X) is the distribution
function corresponding to the p-variate normal density ¢,(y; p,%). The
vector & € RP is a skewness parameter. In a similar way, an unrestricted
multivariate skew ¢ (uMST) distribution can be defined as

[y, X,6,v) = 2Pt,(y;p, %, v)
vV+p

T, ATS Ny - ——0,Av+p), (4
 (ars iy - [0 b). @
where t,(y; p, 3, v) denotes the p-dimensional ¢-density, and T, (y; p, X, v)
is the corresponding distribution function.

The terms ‘restricted’ and ‘unrestricted’ used here were introduced by Lee
and McLachlan (2012), as follows. The density (4) can be characterized
by two parallel forms of stochastic representations, one via a conditioning
mechanism and the other by a convolution approach. Let Yy and Y1 be
jointly distributed as

HEAHIFED] o

Then the distribution of Y = (Y1 | Y > 0) takes the form of (4), where
we let (Y1 | Yo > 0) be the vector Y if all elements of Yy are positive,
and —Y; otherwise. An equivalent stochastic representation of (4) is given
by the convolution of a multivariate t-variable and the absolute value of
another multivariate ¢t-variable; that is,

Y =pu+A|Yo| +Yy, (6)

where |Yg| is the vector whose kth element is equal to the absolute value
of the kth element of Yy (k=1, ..., p), and where

Y, 0 I, 0
(0] e s]) g
and 3 = 3 — A% Note that the uMSN distribution can also be generated
by (5) and (7) by replacing the joint distribution of Yo and Y1, and of Y

and Y'; by a multivariate normal distribution.
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In order to simplify the fitting of mixtures of these distributions, Pyne et al.
(2009) imposed the restriction that the elements of Y are the same. That
is, the latent variable Y in (7) can be replaced by a scalar Yj. Hence, the
convolution-type representation of a restricted MST (rMST) distribution
can be simplified to } ~

Y =p+6|Yo|+ Y7, (8)

{2}”%([3]’“ ‘;T]) (9)

Note that this restriction corresponds to replacing Y with a scalar Y} in
the conditioning-type representation (5).

where

With this characterization, the density of the rMST distribution reduces
to
f(y;)u'7276?l/) = Qtp(y,[ll,z,l/)
_ +p
T 5T§] 1 - Viv 07 )\7 + )
(10)

where A=1—- 672716 and d(y) = (y — N)Tz_l(y —n).

Analogously, the density of the restricted MSN (rMSN) distribution is given
by

fysm,2,8) = 2¢,(y; p, X) &y (5T§3_1(y—u);0,k)- (11)

Note that with the restriction that all the elements of Y in (6) be the
same (that is, it is effectively replaced by a univariate random variable),
the skewing component in (2) is no longer given by the p-dimensional dis-
tribution function corresponding to the symmetric component, but by a
univariate distribution function.

The restricted skew normal and ¢-distributions given by (11) and (10),
respectively, are the same, after reparametrization, as the MSN and MST
distributions of Azzalini and Dalla Valle (1996), Branco and Dey (2001),
and Lachos et al. (2010). Further discussion of these distributions and their
characterizations can be found in Lee and McLachlan (2013a, 2013c).

3 Fitting finite mixtures of skew distributions

Adopting (11), (10), (3) and (4) as the component density of a finite mixture
model (1) leads to the FM-rMSN, FM-rMST, FM-uMSN, and FM-uMST
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models. The restricted and unrestricted skew normal and skew ¢ mixture
distributions admit convenient hierarchical characterizations which facili-
tate the computation of maximum likelihood (ML) estimates of the un-
known model parameters via the EM algorithm. These E- and M-steps
can be carried out in closed-form, as described by Lin (2009), Pyne et al.
(2009), Lee and McLachlan (2011), and Lee and McLachlan (2013a), and
their software implementations are available from the R package EMMIX-
skew (Wang et al., 2009) and EMMIX-uskew (Lee and McLachlan, 2013b).

4 Other finite mixtures of skew distributions

A number of other asymmetric models have been put forward in recent
years, including the multivariate normal-inverse Gaussian (MNIG) distri-
bution (Karlis and Santourian, 2009), the multivariate shifted asymmetric
Laplace (MSAL) distribution (Franczak et al., 2012), and the (restricted)
multivariate skew ¢t-normal (rMSTN) distribution (Lin et al., 2013).

The MNIG distribution is a flexible parametric family with four param-
eters. Like the skew t-distribution, the MNIG distribution can accommo-
date skewness and heavy tails in the data. Computation of the ML esti-
mates of the parameters of the model is carried out by the EM algorithm,
with closed-form E- and M-steps involving modified Bessel functions. The
MSAL distribution is another alternative to the skew normal and skew
t-distribution. As a three-parameter distribution, the MSAL distribution
has parameters that controls its location, scale, and skewness. The EM
algorithm for fitting mixtures of MSAL distributions is computationally
straightforward compared to that for the FM-MNIG model and skew mix-
ture distributions. The rMSTN distribution was introduced as a computa-
tional more feasible alternative to the MST distribution, where the skewing
component of MST distribution is replaced by a (univariate) normal distri-
bution function. The rMSTN distribution shares the same set of parameters
as the rMST and uMST distributions, but considerable time is saved when
implementing the E-step of the EM algorithm.

5 Model-based clustering with skew mixture models

5.1 Clustering the AIS data

Our first example on real data concerns the clustering of male and female
athletes in Australian Institute of Sport (AIS) data. For illustration, we
consider a bivariate subset of the data (Cook and Weisberg, 1994), consist-
ing of the variables body mass index (BMI) and lean body mass (LBM). We
fitted two component mixtures of MN, MT, rMSN, rMSTN, uMST, MSAL
and MNIG distributions to the data. Table 1 list the number of misclassified



McLachlan and Leemaqz 39

observations against the true clustering (male and female) for each model.
Figure 2 shows the contours of the fitted density of each model. It can be
observed from Table 1 that the mixtures with skew component distribu-
tions performed much better than the symmetric mixture models. Both the
FM-uMST and FM-MSAL models have misallocated 17 observations, the
smallest number among the seven models in this case. The FM-rMSN and
FM-rMSTN models achieved comparable results in this example.

TABLE 1. Clustering performance of various multivariate mixture models on
the AIS dataset.

Model number of misclassified observations
FM-MN 93
FM-MT 51
FM-rMSN 18
FM-rMSTN 18
FM-uMST 17
FM-MSAL 27
FM-MNIG 17

FIGURE 2. AIS dataset: Modelling the distribution of Australian male and female
athletes. (a) Scatter plot of body mass index (BMI) and lean body mass (LBM)
in two colours, red dots for make and blue triangles for female; (b) the fitted
contours of the FM-MN model; (¢) contour plot of the fitted FM-MT model;
(d) the density contours of the fitted FM-rMSN model; (e) the contours of the
densities of the fitted FM-rMSTN model; (f) the density contours of the fitted
FM-uMST model; (g) the contours of the densities of the fitted FM-MSAL model;
(h) contour plot of the fitted FM-MNIG model.
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5.2 Automated gating of a DLBCL sample

We consider now the clustering of a trivariate Diffuse Large B-cell Lym-
phoma (DLBCL) dataset provided by the British Columbia Cancer Agency.
The data contain fluorescent intensities of multiple conjugated antibodies
(known as markers) stained on a sample of over 8000 cells derived from the
lymph nodes of patients diagnosed with DLBCL. Each sample was stained
with three markers CD3, CD5, and CD19. The task is to automatically
gate the cells by clustering the data into four groups. Hence we fit four-
component mixture models to the data.

FIGURE 3. DLBCL dataset: Automated gating results of DLBCL sample using
five different finite mixture models. The population of 8149 cells were stained
with three fluorescence reagents - CD3, CD5, CD19. (a) manual expert cluster-
ing of the DLBCL into four groups; (b) the fitted component contours of the
four-component FM-uMST model; (¢) the contours of the component densities
of the fitted restricted (FM-rMST) model; (d) the component contours of the
fitted FM-rMSTN model; (e) the fitted component contours of the FM-MSAL
model; (f) the contour plot of the fitted FM-MNIG model.

A scatterplot of the data is shown in Figure 3(a), where the dots are
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coloured according to the clustering provided by human experts, which
are taken as the ‘true’ class labels. Figure 3(b)-(e) shows the density con-
tours of the components of the fitted FM-uMST, FM-rMST, FM-rMSTN,
FM-MSAL, and FM-MNIG models respectively, which are displayed with
matching colours to Figure 3(a). To assess the performance of these algo-
rithms, we calculated the rate of misclassification against the ‘true’ results,
given by choosing among the possible permutations of the cluster labels
the one that gives the lowest value. A lower misclassification or error rate
indicates a closer match between the true labels and the cluster labels given
by the candidate algorithm. Note that dead cells were removed before eval-
uating the misclassification rate.

TABLE 2. Misclassification rates for various multivariate mixture models on the
DLBCL dataset. Cells identified as dead cells were not included in the calculation
of error rate.

FM-uMST | FM-rMST | FM-rMSTN | FM-MSAL | FM-MNIG
0.0464 0.0689 0.0688 0.3303 0.05948

From Table 2, it can be seen that the multivariate skew t-mixture mod-
els outperform the other methods in this dataset. This is also evident in
Figure 3, where the component contours of the FM-uMST model resemble
quite well the shape of the clusters identified by manual gating; see, for
example, the density of the blue and pink cluster. The results from Table
2 reveal that the unrestricted model is more accurate than the restricted
variant and the other three models. The FM-MNIG model also gave quite
reasonable clustering results, but does not appear to be able to capture the
shape of the blue cluster as well as the FM-uMST model. The FM-rMSTN
model give an error rate comparable to that of the FM-rMST model. How-
ever, the FM-MSAL model does not perform as well, having difficulty in
separating the lower two (blue and pink) clusters.
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