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Preface

This year, to celebrate its 28th edition, the International Workshop
on Statistical Modelling (IWSM) goes South, holding its 2013 con-
ference in Palermo, Sicily, the southernmost region of Italy. We are partic-
ularly honoured to host this conference, renewing and strengthening a tra-
dition which makes Palermo one of the oldest and well-established schools
of Statistics in Italy.

This is going to be a particularly well-attended, and hopefully successful,
edition of IWSM, with a total of 172 initial submissions for either oral
presentation or poster, and a final outcome of 68 contributions accepted
for oral presentation and 80 for poster presentation, probably the largest
number in the history of IWSM. Of course, the success of a conference
cannot be measured only in quantitative terms; the remarkable number
of contributions is complemented by their quality and the variety of areas
of statistical modelling covered by the submitted papers, a result which
the whole IWSM community should be proud of and for which we must
thank the authors and the members of the Scientific Committee, who made
a great job selecting the best papers. The diversity and liveliness of our
discipline is also witnessed by the invited plenary talks, for which we thank
Ciprian Crainiceanu, Torsten Hothorn, Stefano M. Iacus, Geoff McLachlan
and Hein Putter, and by the short course on Structural Equation Modelling
taught by John Fox.

Notwithstanding the large number of contributions and the richness and
variety of topics and areas involved, the conference has been able to main-
tain its almost unique feature of scheduling one plenary session for the
whole week, an organisational choice which has always helped the IWSM
to have a stimulating atmosphere, encouraging exchange of ideas and cross-
fertilisation among different areas of statistics.

According to the workshop tradition, in this edition student participation
has been strongly encouraged: we award three students for the best paper,
the best oral presentation, and the best poster; furthermore, two student
travel grants have been kindly provided by the Statistical Modelling Soci-
ety.

So, it is time to begin! We welcome you in Palermo, and really hope you will
be enriched by the scientific experience of taking part in the 28th IWSM,
without forgetting to also enjoy some of the other delights Palermo can
offer you: a sunny day at the beach, a visit to its ancient streets, buildings,
markets and gardens and ... its unforgettable food!!

Vito Muggeo
Vincenza Capursi

Giovanni Boscaino
Gianfranco Lovison

Palermo, May 2013
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Gwenaël G.R. Leday, Aad W. Van der Vaart, Mark A. Van
de Wiel: An empirical Bayesian ridge approach to modeling the
transcriptional effects of DNA copy number aberrations . . . . . . . . . 227
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Maŕıa Xosé Rodŕıguez - Álvarez, Dae-Jin Lee, Thomas
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Modelling Occupational Stress and Burnout in Portuguese Uni-
versity Teachers by using Structural Equation Models. . . . . . . . . . . 577



xiv Contents

Susana Faria, Gilda Soromenho: Measuring the component
overlapping in mixtures of linear regressions . . . . . . . . . . . . . . . . . . . . 581
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Science to data to statistical models
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Abstract: Due to emerging technologies data have become abundant and ubiq-
uitous with rapidly changing size, structure, and complexity. This paper intro-
duces two new major data structures: 1) longitudinal ultra high dimensional brain
imaging; and 2) multivariate high density wearable computing. We will argue that
these types of data open entirely new areas of research. We will then follow the
argument to its tautological conclusion: statistical research should start from
science, ask the right questions about the data, and then do modeling.

Keywords: High resolution structural imaging; Wearable computing.

1 Diffusion tensor imaging along the corpus callosum

Multiple sclerosis, an autoimmune disease characterized by neuronal de-
myelination and white matter lesions, leads to significant disability in pa-
tients. A hallmark of MS is damage to and degeneration of the myelin
sheaths that surround and insulate nerve fibers in the brain. Such damage
results in sclerotic plaques that distort the flow of electrical impulses along
the nerves (Raine et al., 2008). Other manifestations of the disease includes
accelerated brain atrophy and lesion formation. Magnetic Resonance Imag-
ing (MRI) is a first line scientific approach that could help quantify these
changes. Diffusion tensor imaging (DTI) is a magnetic resonance imaging
(MRI) based modality that traces the diffusion of water in the brain. Be-
cause water has specific anisotropic diffusion characteristics in brain white
matter, DTI is used to generate detailed images of the white matter (Basser
et al., 1994, 2000; LeBihan et al., 2001, Mori and Barker, 1999). Several
measurements of water diffusion are provided by DTI, including fractional
anisotropy (FA), mean and parallel diffusivity. Here we will focus on FA of
the corpus callosum, the large white matter fiber tract connecting the two
brain hemispheres. FA is thought to be a measure of tissue integrity and be
sensitive to both axon fiber density and myelination in white matter (Mori,
2007). To build up intuition Figure 1 displays a cuboid (transparent blue
hue) surrounding the corpus callosum, which bears a slight resemblance to
a carpet with the ends folded. The figure contains FA measurements for
more than 30, 000 voxels (three dimensional version of a pixel), where mea-
surements correspond to various colors. FA is a measure between 0, which
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FIGURE 1. Fractional anisotropy (FA) along the Corpus Callosum. Darker
shades of red: higher values of FA (FA=1 is the highest value and corresponds to
perfect anisotropic movement of water molecules.) Darker shades of green: smaller
values of FA (FA=0 is the smallest value and corresponds to perfect anisotropic
movement of water molecules.)

corresponds to perfectly isotropic movement of water molecules (Brown-
ian motion), and 1, which corresponds to perfectly anisotropic movement
of water molecules. Darker shades of red represent higher values of FA,
while darker shades of green correspond to smaller values of FA. This is
one FA image at one visit for one subject. We are interested in studying
the structure of the FA data across subjects and visits and its association
with health outcomes.

Consider the following on-going study of multiple sclerosis (MS) pa-
tients (Reich et al., 2010). Data are derived from a natural history study
of 176 MS cases drawn from a wide spectrum of disease severity. Subjects
were scanned over a 6-year period up to 10 times per subject, for a total
of 466 scans. The scans have been aligned using a 12 degrees of freedom
transformation, meaning that we accounted for rotation, translation, scal-
ing, and shearing, but not for nonlinear deformation. In addition to DTI
data the study collected demographic and health data, including cognitive
outcomes. In particular, at every visit the Paced Auditory Serial Addition
Test (PASAT) was collected. PASAT is a commonly used examination of
cognitive function affected by MS with scores ranging between 0 and 60.

To better understand the problem, Figure 2 displays the structure of
the study where subjects are observed longitudinally and both brain DTI
(see displayed 3D FA maps) and outcomes are obtained at the same visits.
The study contains all the problems associated with longitudinal stud-
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FIGURE 2. Fractional anisotropy (FA) along the Corpus Callosum observed
longitudinally for 176 subjects. At each visit covariates and cognitive out-
comes,including PASAT, are measured.)

ies: visits are at different subject-specific time intervals, a-priori unknown
cross-sectional and dynamic behavior of variables, and heterogeneous noise
structure. The major difference from standard longitudinal problems is that
the exposure variable, in our case DTI imaging, is ultra-high dimensional.
This type of structure has become increasingly common, while Statistical
methods have lagged behind.

The data structure is of the type [Yij , Tij ,Zij , {Wij(v) : v ∈ 1, . . . , V }],
where Yij is the outcome collected at time Tij for subject i = 1, . . . , I at
visit j = 1, . . . , J . At every visit a p × 1 vector of covariates is collected
in addition to ultra high dimensional data, {Wij(v) : v ∈ 1, . . . , V }. In our
case we only look at one high-dimensional exposure, though, in general,
there may be several. Here we work with the vectorized image, that is the
image obtained by unfolding the cuboid in Figure 1 according to the same,
pre-specified, unfolding rule for all subjects and visits. In our study V is
very large (> 30, 000) and {Wij(v) : v ∈ 1, . . . , V } is highly structured.

1.1 Models for longitudinal high dimensional data

We first focus on modeling the longitudinal structure of the ultra-high
dimensional (UHD) process {Wij(v) : v ∈ 1, . . . , V } and start with the
general longitudinal UHD model (Greven et al., 2010; Zipunnikov et al.,
2013)

Wij(v) = η(v, Tij ,Zij) +Xi,0(v) + TijXi,1(v) + Uij(v), (1)

where η{v, Tij ,Zij} is the fixed effects function,Xi,0(v) is the image random-
intercept, Xi,1(v) is the image random slope, and Uij(v) is the visit-to-
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visit exchangeable variability. More complex structures could be considered,
though here we are primarily concerned with interpretability and ease of
presentation.

The fixed effects part of model (1) contains many practically relevant
models. For example, η(v, Tij ,Zij) = α + Tijβ + ZT

ijγ assumes that the
function does not depend on the voxel location, v, and is a linear function
in the covariates (Tij ,Zij). This is the exact linear form of the fixed effects
part of a standard linear mixed model. A slightly more complex model is
η(v, Tij ,Zij) = µ(v)+Tijβ+ZT

ijγ, where µ(v) is the overall mean response.
In the case when there is treatment or group indicator variable, say Di, the
model can be expanded as η(v, Tij ,Zij) = µ(v) + d(v)Di + Tijβ + ZT

ijγ to
include the treatment effect, d(v), which is allowed to vary with v. In spite
of the importance of the fixed effects function there is very little work on
general and robust methods for estimation and inference. Here we follow
the simple recipe introduced by Crainiceanu et al. (2012) for estimating the
difference in the means of two correlated processes. More specifically, we
suggest to estimate η(v, Tij ,Zij) under the independence assumption and
obtain the distribution of the estimator using a bootstrap of subjects. We
found this approach to often outperform joint inferential or pre-whitening
methods that use covariance operators estimators.

Once an estimator of η(v, Tij ,Zij) is available, we suggest focusing on

the residuals Ŵij(v) = Wij(v)− η̂(v, Tij ,Zij). The model for the residuals

is, approximately, Ŵij(v) = Xi,0(v) + TijXi,1(v) + Uij(v). This model has
the same form as the longitudinal functional principal component analysis
(LFPCA) model introduced by Greven et al. (2010), which was a general-
ization of the multilevel functional principal component analysis (MFPCA)
introduced by Di et al. (2009) for replicated functional data. This is the
direct generalization of random intercept random slope models to the case
when the observed data are UHD. It can also be viewed as an extreme case
of multivariate mixed effects models. Given the difficulties associated with
fitting mixed effects models, there is a need to better understand what such
models can reveal about the data and exactly how to estimate them.

One can interpret Xi,0(v) as the true baseline image. The proxy mea-

surement, Ŵi1(v), is corrupted by the visit-to-visit measurement error,
Ui1(v), which can be very large. Indeed, Ui1(v) contains technical and bio-
logical variability including normal changes between replications, registra-
tion errors, changes in protocol, unexpected interactions between new data
and pre-processing software, etc. Note that the relative temporal change in
images between visits

{Ŵij+1(v)−Ŵij(v)}/(Tij+1−Tij) = Xi,1(v)+{Uij+1(v)−Uij(v)}/(Tij+1−Tij),

is a proxy of the unknown subject-specific slope Xi,1(v). However, these
differences are considerably noisier proxies of the slope, as for a one unit in
time change, Tij+1 − Tij = 1, the covariance of Uij+1(v) − Uij(v) is equal
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to 2KU , where KU is the covariance of Uij(v).
Greven et al. (2010) provided a principal component approach to fit-

ting this type of data. More precisely, they considered the mutually in-
dependent processes Xi(v) = {Xi,0(v), Xi,0(v)} and Uij(v) and estimated
their covariance operators KX and KU . The Karhunen-Loéve expansion
can then be used to expand the processes Xi(v) =

∑∞
k=1 ξikφ

X
k (v) with

φXk (v) = {φX,0k (v), φX,1k (v)} and Uij(v) =
∑∞
l=1 ζijlφ

U
l (v), where φXk (v)

and φUl (v) are the eigenvectors of KX and KU , respectively. The LFPCA
model can thus be written as

Ŵij(v) =

∞∑
k=1

ξik(1, Ti,j)φ
X
k (v) +

∞∑
l=1

ζijlφ
U
l (v), (2)

where ξik, ζijl are zero-mean mutually independent random variables with
variance λXk and λUl , respectively. This model is reasonable in the case
when there are a small number of principal components that explain the
observed variability at the two levels. In these cases the two sums in the
equation (2) are truncated to K and L, respectively. The truncation values
are chosen using different approaches, though here we focus on thresholds
on cumulative variance explained. We contend that model (2) has at least
three important applications. First, it provides a structured decomposition
of variability that respects the known structure of the data. Second, it
provides a starting point for clustering algorithms for longitudinal high
dimensional data using principles similar to those used in standard mixed
effects models. Third, it provides a powerful dimensionality reduction that
allows simple plug-in approaches to outcome regression.

A brute force approach to LFPCA would require calculation and diag-
onalization of V × V dimensional matrices. This “small detail” can derail
even the best written models for UHD. Zipunnikov et al. (2012) and Zipun-
nikov et al. (2013) proposed a simple approach to diagonalize these opera-
tors without storing or calculating them. Here we describe the fundamental
idea, henceforth referred to as the lossless projection approach (LPA). To
better understand LPA, consider the vectorized form of the model

Ŵij = Xi0 + TijXi1 + Uij ,

where the vectors (in bold) are simply obtained by binding the correspond-
ing observations at all voxels v = 1, . . . , V ; all these vectors are of dimension
V × 1. Consider now any M × V matrix A. By pre-multiplication to the
left by A the model becomes

AŴij = (AXi0) + Tij(AXi1) + (AUij),

which has exactly the same the form because the model is linear. The
main difference is that the vectors are M × 1 dimensional and if M <<
V then we have reduced a linear model for UHD to a low dimensional
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linear mixed effects model. Note that the parameters are unchanged in the
low dimensional model, which can be used for estimation and inference
irrespective to the choice of A.

An extreme case is M = 1, though this could oversimplify the data
structure when the dimension of the subspace spanned by the data columns

Ŵij is much larger. Thus, it makes sense to consider the V ×N dimensional

matrix Ŵ obtained by column binding all the vectors Ŵij . Here N is the
total number of visits for all subjects and N << V ; for example, in our
DTI application N = 466 and V > 30, 000. Consider now the singular

value decomposition Ŵ = SVDT, where S is the V ×N matrix containing
the left-singular eigenvectors corresponding to non-zero eigenvalues. With
the choice A = ST the projection is lossless in the sense that data vectors

SSTŴij = Ŵij in spite of the fact that SST 6= IV . Since the singular value
decomposition can be done in linear time in V the entire fitting procedure
is very fast (Zipunnikov et al., 2012; Zipunnikov et al., 2013).

1.2 Statistical models for scalar-on-image regression

Another very important problem in this context is to study the associa-
tion between outcomes, Yij , scalar covariates, Zij , and UHD covariates,
Wij(v). Probably the easiest approach is to use the high-dimensional LF-
PCA decomposition discussed in Section 1.1 and use the scores ξik and ζijl
as regressors. In the case when imaging data is not observed longitudinally
one can use principal component regression. Another class of regression
approaches starts from voxel-wise regression, that is perform V indepen-
dent mixed effects regressions, one for every voxels. An improved version of
these regressions is the locally optimal voxel estimation (LOVE) regression
approach (Sweeney et al., 2013a,b), which considers small neighborhoods
around the voxel as a multivariate exposure model. LOVE accounts for the
local correlations, though it does not account for long range correlations,
brain homotopy (symmetry), or biological correlations.

A different approach was introduced for cross-sectional scalar-on-image
regression by Goldsmith et al. (2013). Consider the baseline data [Yi,Zi,
{Wi(v) : v ∈ 1, . . . , V }] (note the absence of the time variable and in-
dex j.) One could conceptualize the scalar-on-image model as a massively
multivariate regression model

Yi = α+ ZT

i γ +

V∑
v=1

Wi(v)βv + εi,

where β = (β1, . . . , βV )T is a vector of coefficients for the image predictor
Wi. The main advantage of this conceptual framework is that it estimates
the effect of data at every voxel while correcting for the effect of all the
other voxels; the voxel-wise regression conducts V regressions with the ef-
fect of each voxel not being corrected for the effect of the other voxels.
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While appealing, fitting the multiple linear regression model is an ill-posed
problem. Indeed, the dimension of the matrix W is I × V with I << V . A
standard way to make the solution identifiable is penalized regression, that
is minimize a penalized least squares criterion of the type

(α̂, γ̂, β̂) = argminα,γ,β{
I∑
i=1

(Yi − α− ZT

i γ −Wiβ)2 + P (β)}, (3)

where the penalty P (β) is chosen to yield a solution to equation (3) with
desirable properties. As shown in Huang et al. (2013), model (3) is statisti-
cally equivalent to the following model where the β coefficients are treated
as random {

Yi ∼ N(α+ ZT
i γ + Wiβ, σ

2
ε );

β ∼ exp{−P (β)/2}. (4)

The second line of the model means that β has a density function pro-
portional to exp{−P (β)/2}, where the normalizing constant is omitted.
For specific forms of the penalty the distribution exp{−P (β)/2} may not
be integrable (i.e. the integral of the prior values may not be finite); this
need not be a problem if the posterior distribution [β|data] is proper. Gold-
smith et al. (2013) used a Casing (CAR + Ising) prior which combines an
“activation map” controlled by the spatial Ising prior with a Condition-
ally Autoregressive (CAR) prior for the β coefficients that induces spatial
smoothing among the β coefficients declared to be non-zero.

2 Wearable computing

We now change focus to a completely different type of technology, wear-
able computing, which is re-shaping our daily life and has the potential
to change public health research. Indeed, understanding public health is
fundamentally linked to environmental exposures “that go in” (e.g. food,
water, air, social interactions) and “that come out” (e.g. activity, perspira-
tion, urine) the human body. Ironically, we do not have good measurements
of any of these processes. Wearable computing holds the promise to change
this. For example, in the search for objective measurements of physical
activity, researchers have increasingly relied on accelerometers in observa-
tional studies and clinical trials (Bai et al., 2012; Culhane et al., 2005; Grant
et al., 2008; Troiano et al., 2008). A triaxial accelerometer is a wearable
electromechanical sensor that records ultra-high density real-time dynamic
accelerations in three mutually orthogonal directions. Accelerometers are
relatively small in size and can be attached to different parts of the human
body. A fundamental question is how to decipher and interpret the acceler-
ation signals into meaningful information such as duration, intensity, and
type of physical activity.

To get an idea about the complexity and richness of the signal, Figure 3
displays the raw data from a three-axial accelerometer worn at the hip.
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Resting
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Resting
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(Standing)

Resting
(Standing)

Standing
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Sitting
Down

Resting
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Resting
(Sitting)

Resting
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FIGURE 3. Raw data obtained from a three-axial accelerometer worn at the
hip. Each axis produces a different time series (shown in black, green and red).
First panel: data for normal walking followed by turning around and walking back
during a roughly one minute interval. Second panel: three repetitions of resting
sitting followed by standing up, resting standing, and sitting down periods.

The sampling frequency is 10Hz and the acceleration along each of the
three orthogonal axes is shown in a different color (black, red, and green).
Data were collected in the lab and annotated by a human observer. The
first panel displays an activity period of roughly 1.5 minutes that starts
with the person resting standing, walking, turning around, walking back,
and resting standing. The second panel displays data for three repetitions
of the following sequence of activities: resting sitting, standing up from
sitting, resting standing, sitting down on a chair.

Consider the problem of recognizing such types of movements when
they are not labeled by a human observer. Inspection of the data suggests
that this should be possible. Indeed, it is reassuring that visual inspection
of the data does not reveal any obvious problems: that is, what we know
and what the accelerometer shows do not disagree in any fundamental way.
Moreover, the repetitive, higher frequency characteristic of walking seems
to be well represented in the data; note that one can visually identify each
step taken. The slower frequency movement associated with standing up
from a chair also does not exhibit any big surprises and shows a great level
of consistency across the three repetitions. Most interestingly, a human
observer inspecting these plots should be able to spot these patterns in
the data. A fundamental problem that we face is to instruct the computer
to do the “spotting” for us. This prediction problem is conceptually easy,
though far from trivial. It may be seductive to think about the parallels with
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speech recognition, though this is a much harder problem because: 1) speech
has evolved to transmit information whereas body movement has evolved
to get humans to their destination and out of trouble’s way; 2) sound
data patterns are virtually the same in all directions, whereas acceleration
depends both on accelerometer placement, orientation as well as human
body geometry; and 3) speech happens at much higher frequencies (in the
kilohertz range) versus movement (in the hertz range) and has much higher
signal-to-noise ratios.

Movelets, is a simple idea for prediction within the same subject pro-
posed by Bai et al. (2012). The idea has two parts: 1) take the subject
specific data, partition it into all possible overlapping 1-second intervals;
and 2) for every 1-second interval predict the type of activity as the activity
type of the 1-second interval whose time series is closest. Once the library
of annotated movements is available at the subject level, prediction is very
fast. There are many open problems that are related to this new types of
data. Here we provide a non-exhaustive list.

1. Extend movelets to multiple accelerometers and devices; a first paper
on this topic is available online (He et al., 2013).

2. Develop subject-level prediction without same-subject annotated data.

3. Normalization of measurements with specific emphasis on interpretabil-
ity and signal extraction; moving away from black-box definitions
such as “activity counts” to open source, reproducible definitions,
algorithms, and software.

4. Parameterize accelerometer data corresponding to activities like “stand-
ing up from a chair” and “walking” with the ultimate goal of devel-
oping biomarkers that are sensitive to subtle changes in the ability
to move.

5. Develop population level analytic methods for high density “activity
intensity” and “activity type” data.

3 Discussion

The most important message of our paper is not how to analyze the types of
data that we have introduced here. In fact, a critical view of our approaches
is healthy and, ultimately, rewarding. In fact, here we would like to turn the
table and ask the reader: how would you analyze the data? We believe that
these are hard problems and principled, skeptical, and simple approaches
to inference will ultimately be the most productive.
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Abstract: The ultimate goal of regression analysis is to obtain information about
the conditional distribution of a response given a set of explanatory variables.
This goal is, however, seldom achieved because most established regression mod-
els only estimate the conditional mean as a function of the explanatory variables
and assume that higher moments are not affected by the regressors. The un-
derlying reason for such a restriction is the assumption of additivity of signal
and noise. This common assumption can be relaxed in the framework of trans-
formation models. A novel class of semiparametric regression models proposed
by Hothorn et al. (2013, JRSS-B) allows transformation functions to depend
on explanatory variables. These transformation functions are estimated by regu-
larised optimisation of scoring rules for probabilistic forecasts. Conditional trans-
formation models are potentially useful for describing possible heteroscedasticity,
comparing spatially varying distributions, identifying extreme events, deriving
prediction intervals and selecting variables beyond mean regression effects. Here,
we’ll illustrate conditional transformation models by applications from different
domains.

Keywords: Boosting, proper scoring rules, conditional distributions, transfor-
mation models

1 A Primer on Conditional Transformation Models

Hothorn et al. (2013b) proposed a new class of conditional transformation
models that allow the conditional distribution function P(Y ≤ υ|X = x) to
be estimated directly and semiparametrically under rather weak assump-
tions. Here, we will illustrate this class of regression models by reanalysing
regression problems from different research domains.
To fix ideas, let Yx = (Y |X = x) ∼ PY |X=x denote the conditional dis-
tribution of response Y given explanatory variables X = x. We assume
that PY |X=x is dominated by some measure µ and has the conditional
distribution function P(Y ≤ υ|X = x). A regression model describes the
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distribution PY |X=x, or certain characteristics of it, as a function of the ex-
planatory variables x. We estimate such models based on samples of pairs
of random variables (Y,X) from the joint distribution PY,X . It is conve-
nient to assume that a regression model consists of signal and noise, i.e. a
deterministic part and an error term. In the following, we denote the error
term by Q(U), where U ∼ U [0, 1] is a uniform random variable independent
of X and Q : R → R is the quantile function of an absolutely continuous
distribution.
An attractive feature of transformation models is their close connection
to the conditional distribution function. With the transformation function
h(Yx|x) = Q(U), one can evaluate the conditional distribution function of
response Y given the explanatory variables x via

P(Y ≤ υ|X = x) = P(h(Y |x) ≤ h(υ|x)) = F (h(υ|x))

with absolute continuous distribution function F = Q−1. For additive
transformation functions h = hY + hx, the conditional distribution func-
tion reads F (h(υ|x)) = F (hY (υ)+hx(x)), i.e. the distribution is evaluated
for a transformed and shifted version of Y . Higher moments only depend
on the transformation hY and thus cannot be influenced by the explana-
tory variables. Consequently, one has to avoid the additivity in the model
h = hY + hx to allow the explanatory variables to impact also higher
moments. Hothorn et al. (2013b) therefore suggest a novel transformation
model based on an alternative additive decomposition of the transformation
function h into J partial transformation functions for all x:

h(υ|x) =

J∑
j=1

hj(υ|x), (1)

where h(υ|x) is the monotone transformation function of υ. In this model,
the transformation function h(Yx|x) and the partial transformation func-
tions hj(·|x) : R → R are conditional on x in the sense that not only the
mean of Yx depends on the explanatory variables. For this reason, Hothorn
et al. (2013b) coined models of the form (1) Conditional Transformation
Models (CTMs).
Conditional transformation models are fitted by direct minimization of a
proper scoring rule. The loss function ` for estimating conditional transfor-
mation models is defined as integrated loss ρ with respect to a measure µ
dominating the conditional distribution P(Y ≤ υ|X = x):

`((Y,X), h) :=

∫
ρ((Y ≤ υ,X), h(υ|X)) dµ(υ) ≥ 0.

In the context of scoring rules, the loss ` based on ρsqe is known as the
continuous ranked probability score (CPRS) or integrated Brier score and
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is a proper scoring rule for assessing the quality of probabilistic or distri-
butional forecasts (see Gneiting and Raftery, 2007, for an overview). The
risk function now reads

EY,X`((Y,X), h) =

∫ ∫
ρ((y ≤ υ,x), h(υ|x)) dµ(υ) dPY,X(y,x) ≥ 0. (2)

The corresponding empirical risk function defined by the data is

ÊY,X`((Y,X), f) =

∫ ∫
ρ((y ≤ υ,x), h(υ|x)) dµ(υ) dP̂Y,X(y,x) ≥ 0.

Based on an i.i.d. random sample (Yi,Xi) ∼ PY,X , i = 1, . . . , N of N obser-
vations from the joint distribution of response and explanatory variables,
we define P̂Y,X as the distribution putting mass wi > 0 on observation i
(wi ≡ N−1 for the empirical distribution). For computational convenience,
one approximates the measure µ by the discrete uniform measure µ̂, which
puts mass n−1 on each element of the equi-distant grid υ1 < · · · < υn ∈ R
over the response space. The empirical risk is then

ÊY,X`((Y,X), h) =

N∑
i=1

win
−1

n∑
ı=1

ρ((Yi ≤ υı,Xi), h(υı|Xi))

= n−1
N∑
i=1

n∑
ı=1

wiρ((Yi ≤ υı,Xi), h(υı|Xi)).

This risk is the weighted empirical risk for loss function ρ evaluated at the
observations (Yi ≤ υı,Xi) for i = 1, . . . , N and ı = 1, . . . , n. Consequently,
one can apply algorithms for fitting generalised additive models to the
binary responses Yi ≤ υı under loss ρ for estimating model (1).
For conditional transformation models, Hothorn et al. (2013b) parameterise
the partial transformation functions for all j = 1, . . . , J as

hj(υ|x) =
(
bj(x)> ⊗ b0(υ)>

)
γj ∈ R, γj ∈ RKjK0 ,

where bj(x)> ⊗ b0(υ)> denotes the tensor product of two sets of basis
functions bj : χ → RKj and b0 : R → RK0 . Here, b0 is a basis along the
grid of υ values that determines the functional form of the response trans-
formation. The basis bj defines how this transformation may vary with
certain aspects of the explanatory variables. The tensor product may be
interpreted as a generalised interaction effect. For each partial transforma-
tion function hj , one typically wants to obtain an estimate that is smooth
in its first argument υ and smooth in the conditioning variable x. There-
fore, the bases are supplemented with appropriate, pre-specified penalty
matrices P j ∈ RKj×Kj and P 0 ∈ RK0×K0 , inducing the penalty matrix
P 0j = (λ0P j ⊗1K0 +λj1Kj ⊗P 0) with smoothing parameters λ0 ≥ 0 and
λj ≥ 0 for the tensor product basis.
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Conditional transformation models are then fitted by component-wise boost-
ing where the base-learners are Ridge-type linear models corresponding to
these partial transformation functions (the algorithm is given in Hothorn
et al., 2013b). The basis functions b0 and bj determine the form of the
fitted model, and their choice is problem specific. In the simplest situa-
tion, in which the conditional distribution of Y given only one numeric
explanatory variable x1 shall be estimated, one could use the basis func-
tions b0(υ) = (1, υ)> and b1(x) = (1, x1)>. The corresponding base-learner
is then defined by the linear function

((1, x1)⊗ (1, υ))γ1 = (1, υ, x1, x1υ)γ1.

For each x1, the transformation is linear in υ with intercept γ1 + γ3x1 and
slope γ2 + γ4x1, i.e. not only the mean may depend on x1 but also the
variance. Restricting, for example, b0(υ) to be constant, i.e. b0(υ) ≡ 1,
allows the effects of explanatory variables to be restricted to the mean
alone. Assuming b1(x) ≡ 1, on the other hand, yields a transformation
function that is not affected by any explanatory variable. More flexible
basis functions, e.g. B-spline basis functions, allow also for higher moments
to depend on the explanatory variables. We illustrate appropriate choices
of basis functions in the following, where we present analyses with special
emphasis on higher moments of the conditional distribution, which have
received less attention in previous analyses of these problems. We show
that semiparametric regression using conditional transformation models is
a valuable tool for detecting interesting patterns beyond the conditional
mean.

2 Italian Gross-domestic Product

Here we follow Hayfield and Racine (2008) and consider Giovanni Baiocchi’s
Baiocchi (2006) Italian gross domestic product growth panel for 21 regions
covering the period 1951− 1998 (millions of Lire, 1990 being the baseline).
The data consist of 1008 observations for two variables, gdp (gross domestic
product) and year. We first fit the conditional distribution by a conditional
transformation model of the form

P(gdp ≤ υ|year = x) = Φ(h(υ|year = x)).

The base-learner is the tensor product of B-spline basis functions b0(υ)
for the gross domestic product and B-spline basis functions for time. The
penalty matrices P 0 and P 1 penalise second-order differences, and thus ĥ
will be a smooth bivariate tensor product spline of gross domestic product
and time. Since the number of observations is relatively small we used the
bootstrap to determine an appropriate number of boosting iterations. Fig-
ure 1 shows the estimated conditional distribution functions on the quantile
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FIGURE 1. Italian Gross Domestic Product (GDP). Quantile functions obtained
from a conditional transformation model (left) and a kernel estimator (right) for
several quantiles.

scale. The function fitted by the kernel procedure is a little rougher than
the estimate obtained from the conditional distribution model but, overall,
the depicted quantiles are rather close.

3 Head Circumference Growth

The Fourth Dutch Growth Study (Fredriks et al., 2000) is a cross-sectional
study that measures growth and development of the Dutch population
between the ages of 0 and 22 years. The study measured, among other
variables, head circumference (HC) and age of 7482 males and 7018 females.
Stasinopoulos and Rigby (2007) analysed the head circumference of 7040
males with explanatory variable age using a GAMLSS model with a Box-
Cox t distribution describing the first four moments of head circumference
conditionally on age. The models show evidence of kurtosis, especially for
older boys. We estimate the whole conditional distribution function via the
conditional transformation model

P(HC ≤ υ|age = x) = Φ(h(υ|age = x)).

The base-learner is the tensor product of B-spline basis functions b0(υ) for
head circumference and B-spline basis functions for age1/2. The root trans-
formation just helps to cover the data better with equidistant knots. The
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FIGURE 2. Head Circumference Growth. Observed head circum-
ference and age for 7040 boys with estimated quantile curves for
τ = 0.04, 0.02, 0.1, 0.25, 0.5, 0.75, 0.9, 0.98, 0.996.

penalty matrices P 0 and P 1 penalise second-order differences, and thus
ĥ will be a smooth bivariate tensor product spline of head circumference
and age. It is important to note that smoothing takes place in both dimen-
sions. Consequently, the conditional distribution functions will change only
slowly with age, which is a reasonable assumption. Since the number of ob-
servations is also large, we stopped the algorithm based on the in-sample
empirical risk.
Figure 2 shows the data overlaid with quantile curves obtained via inversion
of the estimated conditional distributions. The figure can be directly com-
pared with Figure 16 of Stasinopoulos and Rigby (2007) and also indicates
a certain asymmetry towards older boys.

4 Deer-vehicle Collisions

Collisions of vehicles with roe deer are a serious threat to human health
and animal welfare. In Bavaria, Germany, more than 40, 000 deer-vehicle
collisions (DVCs) take place every year. Hothorn et al. (2012) investigated
the spatial distribution of the risk of deer-vehicle collisions; here we focus
on the temporal aspect of the risk for two years, 2006 and 2009. For all
74, 650 collisions reported to the police in these two years, we attributed
each accident to the specific day of the year.
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FIGURE 3. Deer-vehicle Collisions. Number of deer-vehicle collisions (DVCs) per
day in 2006 and 2009 in Bavaria, Germany, with estimated quantile curves for
τ = 0.05, 0.1, 0.25, 0.5, 0.75, 0.9, 0.95.

Although the number of DVCs is a discrete random variable, the distri-
bution of the number of DVCs conditional on the day of the year can be
estimated by means of an appropriate base-learner using the model

P(DVCs ≤ υ|day = x1, year = x2) = Φ(h1(υ|day = x1)

+h2(υ|day = x1, year = x2)).

Here, µ̂ is the counting measure with support υ1, . . . , υN equal to the sup-
port of the empirical distribution of the response. Conceptually, the basis
function b0 should allow for n = N parameters (one for each υı), whose
first-order differences should not become too large. To restrict the number
of parameters in the base-learners, we use B-splines to approximate such
a discrete function on the υ-grid. It should further be noted that the day
of year is a discrete cyclic random variable. Therefore, we chose b1(x1) as
cyclic B-splines of the day, which are obtained by a simple modification
of the B-spline design matrix and the difference penalty that results from
fusing the two ends of the co-domain. In analogy, a cyclic B-spline is ap-
plied to the varying coefficient term b2(x1, x2) = b1(x1) × I(x2 = 2009),
which captures temporal differences between the two years and yields a
cyclic B-spline of the days in 2009. Since the data are discrete, we only
penalise first-order differences in both base-learners.
Figure 3 shows three risk peaks. The first one occurs early in May – the
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beginning of the growing and buck hunting season – and ends mid-June.
A second and sharper peak is observed in the first week of August and
corresponds to the mating season of roe deer. After a low-risk period of
approximately six weeks, the risk starts to increase again at the beginning
of October and slowly decreases until April for reasons yet unknown. Note
that the distribution in 2009 has a larger median than that in 2006 but
also shows less extreme peaks.

5 Beyond Mean Boston Housing Values

The Boston Housing data, first published by Harrison and Rubinfeld (1978)
and later corrected and spatially aligned by Gilley and Pace (1996), have
become a standard test-bed for variable selection and model choice. Almost
exclusively, the 13 explanatory variables have been selected with respect
to their influence on the mean or median of the conditional median house
value in a certain tract. Assuming a conditional transformation model,
we attempt to detect dependencies of higher moments of the conditional
median house value from the explanatory variables. We focus on the 12
numeric explanatory variables and ignore the binary variable coding for
Charles River boundary in the conditional transformation model

P(MEDV ≤ υ|X = x) =

Φ

αtract + h0(υ|1) +

12∑
j=1

hj(1|xj) +

12∑
j=1

hj(υ|xj)

 .

In this model, αtract is a tract-specific, spatial random effect, whose correla-
tion structure is determined by a Markov random field defined by the neigh-
bouring structure of the tracts capturing spatial autocorrelation and het-
erogeneity. The term h0(υ|1) is an unconditional transformation of the me-
dian house value, i.e. this transformation is independent of the explanatory
variables. The explanatory variables may influence the mean of the trans-
formed median house value h0(MEDV|1) via hx(x) =

∑12
j=1 hj(1|xj) only

or may also affect higher moments via the interaction terms
∑12
j=1 hj(υ|xj).

The latter term extends the transformation model h0(MEDV|1) +
∑12
j=1 hj(1|xj)

to a conditional transformation model. The base-learners for the trans-
formation function h0(υ|1), the effects hj(1|xj) and the interaction terms
hj(υ|xj) are constructed based on cubic B-spline basis functions supple-
mented with second-order difference penalty. More specifically, bj(x) and
b0(υ) are both represented in terms of a reparameterisation of the B-spline
basis functions that allows separation of the non-linear terms into a con-
stant, a linear effect and the non-linear (orthogonal) deviation from the
linear effect, i.e.

bj(x) = 1 + xj + b̃j(xj) and b0(υ) = 1 + υ + b̃0(υ),
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FIGURE 4. Beyond Mean Boston Housing Values. Conditional transformation
model for the three selected variables per capita crime (CRIM), average numbers
of rooms per dwelling (RM) and percentage values of lower status population
(LSTAT). Each panel depicts the data as scatter plots along with the corre-
sponding negative absolute values of the estimated transformation function at
the probit scale. The explanatory variables were standardised prior to analysis.

where b̃j(xj) and b̃0(υ) are the non-linear deviation effects. Taking the ten-
sor product after applying the decomposition yields a decomposition into
linear and non-linear main effects of xj and υ as well as linear and non-
linear interaction terms (see Fahrmeir et al., 2004; Kneib et al., 2009, for
technical details of this decomposition). The advantage of this expanded pa-
rameterisation is that the automatic model choice capabilities of the boost-
ing algorithm allow us to flexibly determine whether linear or non-linear
effects are required and whether there actually is an interaction between
the transformation function and specific effects of explanatory variables.
Censored observations were dealt with by choosing inverse probability of



24 CTM Examples

censoring weights wi for the empirical risk function (2) derived from the
Kaplan-Meier estimate of the censoring distribution. The stability selec-
tion procedure (Meinshausen and Bühlmann, 2010) selected three variables
that have an influence on the conditional distribution of the median hous-
ing value (MEDV), namely per capita crime (CRIM), average numbers of
rooms per dwelling (RM), and percentage values of lower status population
(LSTAT). After variable selection, we refitted a conditional transformation
model of the simpler form

P(MEDV ≤ υ|CRIM,RM,LSTAT)

= Φ (hCRIM(υ|CRIM) + hRM(υ|RM) + hLSTAT(υ|LSTAT)) ,

where the base-learners are tensor products of B-spline bases. The fitted
functions can be conveniently depicted in the observation space. For ex-
ample, a scatter plot of MEDV and CRIM and a grey-level image of the
bivariate function ĥCRIM(MEDV|CRIM) can be viewed in the same coor-

dinate system. We show negative absolute values of the fitted functions ĥ
for easier interpretation.
Figure 4 indicates that the percentage values of lower status population
(LSTAT) lead to smaller values of the median housing value at almost
constant variance. However, the conditional distribution will be skewed to-
wards higher MEDV values. For tracts with small average numbers of rooms
per dwelling (RM), the median housing value is small and increases with
increasing numbers of rooms. The same applies to the variability, since the
estimated function ĥRM(MEDV|RM) shows more spread for larger values
of RM. Per capita crime seems to have an effect on variability and skew-
ness, since for larger crime values, the distribution will be heavily skewed
and less variable than small per capita crime values. However, compared
to the other two variables, the influence is only of marginal value due to
small absolute contributions of this model term to the full model.

6 Summary

Conditional transformation models extend the class of the classical (un-
conditional) transformation models by allowing interactions between the
response and explanatory variables. The resulting regression models can
describe the whole conditional distribution of the response as a function of
the explanatory variables. Thus, if the data scientist is not only interested in
studying effects on the conditional mean, conditional transformation mod-
els are an potentially interesting and helpful alternative to kernel-based
methods or to GAMLSS models.



Computational Details

Conditional transformation models were fitted using an implementation
of component-wise boosting in package mboost (version 2.2-2, Hothorn
et al., 2013a). Kernel distribution estimation was performed using pack-
age np (version 0.50-1, Hayfield and Racine, 2013). All computations were
performed using R version 3.0.0 (R Development Core Team, 2013). For
further computational details we refer the reader to the R code that imple-
ments the analyses presented here, which is available in an experimental
R package ctm at http://R-forge.R-project.org/projects/ctm. The
results presented in this paper can be reproduced using this package.
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Abstract: The simplicity and power of matching methods have made them an
increasingly popular approach to causal inference in observational data. Existing
theories that justify these techniques are well developed but either require exact
matching, which is usually infeasible in practice, or sacrifice some simplicity via
asymptotic theory, specialized bias corrections, and novel variance estimators;
and extensions to approximate matching with multicategory treatments have not
yet appeared. As an additional option for researchers, we show how conceptualiz-
ing continuous variables as having logical breakpoints (such as phase transitions
when measuring temperature or high school or college degrees in years of ed-
ucation) is both natural substantively and can be used in some applications to
construct a relatively simple theory of causal inference. The result is a finite sam-
ple theory that is simple to understand and easy to implement by using matching
to preprocess the data, after which one can use whatever method would have been
applied without matching. The theoretical simplicity also allows for binary, mul-
ticategory, and continuous treatment variables from the start and for extensions
to valid inference under imperfect treatment assignment. In applications where
the existing theory of matching is difficult to apply, the new approach added
to the existing toolkit may help some researchers in these situations make valid
causal inferences, or at least better understand why they cannot.

Keywords: Causal Inference; Matching; Observational Study.

1 Introduction

Matching is a powerful nonparametric approach to improve causal infer-
ences in observational data, that is where assignment of units to treatment
and control groups is not under the control of the investigator and not nec-
essarily random. The basic idea involves pruning observations to improve
balance between the treated and control groups (solely as a function of
measured pre-treatment covariates so as to avoid inducing selection bias)
and then estimating the causal effect from the remaining sample.
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The most prevalent theory justifying matching requires data with a large
number of exact matches between the treated and control groups which
may not be available. An alternative approximate matching approach works
under asymptotic theory, requiring specialized bias corrections and novel
variance estimators (Abadie and Imbens, 2006). We add an alternative
matching theory to the existing approaches. The basic idea behind our al-
ternative theory is to recognize that observational data often comes or can
be though as coming from stratification of the original population. The al-
ternative offered here is simpler in theory and practice, enabling researchers
to use whatever estimation method they would have without matching. The
approach is valid for approximate matching in finite samples; applies to bi-
nary, multicategory, or continuous treatments; and can be easily extended
to allow the true and observed treatment status to diverge. Although sim-
pler to understand, the real question is whether it is applicable to the data
set at hand.

2 Statistical Framework

Consider a sample of n observations where subject i (i = 1, . . . , n) has been
exposed to treatment Ti = t, for t ∈ T , where T is either a subset of R
or a set of (ordered or unordered) categories, T is a random variable, and
t one possible value of it. Then Y = {Yi(t), t ∈ T , i = 1, . . . , n} is the set
of potential outcomes, the possible values the outcome variable has when
T takes on different values. For each observation, we observe one and only
one of the set of potential outcomes, for which the treatment was actually
assigned: Yi ≡ Yi(Ti). We also observe a p × 1 vector of pre-treatment
covariates Xi for subject i, and for some purposes consider this to be a
random variable drawn from a superpopulation, where X ∈ X .
Let t1 and t2 be distinct values of T that happen to be of interest, re-
gardless of whether T is binary, multicategory, or continuous (and which,
for convenience we refer to as the treated and control conditions, respec-
tively). Define the treatment effect for each observation as the difference
between the corresponding two potential outcomes, TEi = Yi(t1)− Yi(t2),
of which at most only one is observed. The object of statistical infer-
ence is usually an average of treatment effects over a given subset of
observations. One example is the sample average treatment effect on the
treated, where inference is for all treated units in the sample at hand:
SATT = 1

#{Ti=t1}
∑
i∈{Ti=t1} TEi. The control units are used to help esti-

mate this quantity.

2.1 Classes of Matching Methods

There exist two classes of matching methods: EPBR and MIB. In the Equal
Percent Bias Reducing (EPBR) class of matching methods, the percent
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reduction in expected imbalance over repeated samples from matching on
one variable is intended to be the same for all variables (Rubin, 1976).
The number of observations matched in EPBR methods is determined ex
ante, whereas the level of imbalance achieved is not guaranteed and so
must be checked ex post. In the Monotonic Imbalance Bounding (MIB)
class of matching methods, reducing in-sample imbalance on one variable
has no effect on the ex ante choice for the maximum in-sample imbalance
on any of the other variables (Iacus et al, 2011). In MIB, the maximal
level of imbalance is chosen ex ante, whereas the number of observations
matched is a result of the method. The most relevant example in the EPBR
is Propensity Score Matching (PSM) while for the MIB class is Coarsened
Exact Matching (CEM).

2.2 Example of matching methods: PSM and CEM

The promise of PSM is to make matching easier by allowing a match on a
lower dimensional quantity — the propensity score — rather than the orig-
inal p covariates in X and still, under certain conditions described below,
to produce balance on X in expectation. The generalized propensity score
(function) is the probability of receiving a particular level of the treat-
ment t given the pre-treatment variables e(t, x) = Pr(T = t|X = x) =
E{D(t)|X = x}, where D(t) is an indicator function for the event T = t
(Imbens, 2000). Under CEM, each variable is temporarily coarsened as
much as the analyst is willing (this is nothing but “stratification on covari-
ates”, e.g., years of education might be coarsened into grade school, high
school, college, and graduate school). Then, treated and control groups are
matched exactly on the coarsened variables, and finally the uncoarsened
values of the matched units are passed to the analysis stage. Since CEM
is a member of the class of MIB matching methods, it inherits all the sta-
tistical properties of this class, including in-sample properties (Iacus et al,
2011, 2012). In contrast, EPBR is a class that applies only in expectation
and only if certain assumptions about the data generation process are met,
and so, to be precise, PSM is best described as only potentially EPBR.

2.3 Basic Assumptions for Identification

Scholars typically make three assumptions to justify causal inferences under
exact matching.
Assumption 1 [SUTVA: Stable Unit Treatment Value Assumption (Ru-
bin, 1991)] The values of the potential outcomes {Y (t), t ∈ T } are inde-
pendent of the treatment status T .
Assumption 2 [Weak unconfoundedness (Imbens, 2000)] The treatment
assignment T is unconfounded, given covariates X, if D(t)⊥Y (t)|X = x for
each t ∈ T and almost every X = x.
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Assumption 3a [Common Support] There exists η ∈ (0, 1), such that for
all measurable sets B ∈ T and almost every X = x: η < p(T ∈ B|X =
x) < 1− η.
Assumption 2 (or “no omitted variable”) ensures that the pre-treatment
covariates are sufficient to adjust for any biases that may be induced by
the lack of random assignment. Therefore one can use a matched control
unit to fill in for an unobserved potential outcome and this yields to the
relation: E{Y (t)|X = x} = E{Y |T = t,X = x}, which makes the mean
of the potential outcomes identified. As a result, one can average over the
observations with different X = x, yielding E(Y (t)) = E(E{Y (t)|X}).
Assumption 3 means that for any unit with observed treatment condition
Ti = t1 and covariates Xi, it is also possible to observe a unit with the
counterfactual treatment, Ti = t2, and the same covariate values. Taken
together, Assumptions 1, 2 and 3 ensure that the treatment effect is cor-
rectly identified under exact matching.

2.4 Additional Assumptions for Propensity Score Matching

PSM allows (exact) matching on the scalar propensity score instead of the
multidimensional X, but requires three additional assumptions to achieve
identification (in addition to Assumptions 1, 2, and 3).
Since the propensity score function is not known in practice and sensi-
tive to specification choices when estimated, users of PSM must make two
assumptions about the existence of, knowledge about, and uniqueness re-
garding the true propensity score function eψ(·|X) and one that helps make
it feasible.
Assumption 4 [Uniquely Parametrized Propensity Score (Imai and van
Dik, 2004)]For each X ∈ X , there exists a unique finite-dimensional param-
eter θ ∈ Θ, such that eψ(·|X) = e(·|θψ(X)) and

∫
B
eψ(t|θ)dt =

∫
B
eψ(t|θ′)dt

for all measurable sets B ⊂ T imply θ = θ′. That is, θ uniquely represents
e(·|θψ(X)), which we may therefore write as e(·|θ).
This assumption implies that eψ(·|X) depends on X only through θψ(X),
i.e. θ is sufficient for T . In this case, the propensity function is effectively
summarized by the parameter θ, which is typically of much lower dimension
than X (and scalar when T is binary), therefore matching can be done by
subclassifying on θ (Imai and van Dik, 2004).
The second assumption goes beyond the existence of the propensity score
in Assumption 4 to require that the specification and the specific parameter
values of the specification are known as well:
Assumption 5 [Known Propensity Score]:The propensity score eψ(·, X)
has (i) a known functional form and (ii) known value of the parameter ψ.
The veracity of Assumption 5(i) is more difficult to test than the usual
problem of model selection in statistical analysis, since the objective func-
tion of the chosen propensity score model is optimized based on fit rather
than balance.



Iacus and King 31

Finally, propensity score theory requires exact matching on the (contin-
uous) propensity score. To make this possible in finite samples, an ad-
ditional assumption is routinely made (Rosenbaum and Rubin,1983), al-
though rarely stated formally — that the propensity score function is con-
stant over given known subsets. Let Π(X ) be a finite partition of the co-
variate space X , and let Ak ∈ Π(X ) (k = 1, . . . ,K <∞) be one generic set
of the partition, i.e. ∪kAk = X and Al ∩Am = ∅ for l 6= m.
Assumption 6 [Constant Propensity Score Intervals]The propensity score,
e(t, x) = ck, is constant for all x ∈ Ak, with Ak ∈ Π(X ) and t ∈ T .
If this assumption holds, matching within blocks generated by Ak removes
all bias and approximate matching on the propensity score is justified in
terms of sample variability of the propensity score estimate. This is the
unstated assumption behind the blocking-on-the-propensity-score approach.

3 An alternative approach

Assumptions 1, 2, and 3 enable the power of matching with simple point and
variance estimators — in particular, letting researchers use after matching
almost exactly what they would have without matching — but they only
work under rare applications where treated units have exact matches. Un-
der approximate matching, corrections for estimators and variances are
available under the asymptotic theory. We present here a set of alternative
assumptions that, when substantively appropriate, make simple estimators
possible in finite samples under approximate matching.
It is well known to researchers that in observational studies repeated sam-
pling from a given (super)population is just a convenient fiction to justify
the results. Our idea is that observations belong to some strata A of the
partition Π(X ) and what we observe are different replicates from these
strata. The strata are defined ex-ante and remain fixed.
We now construct alternative versions of Assumptions 2 and 3 that work
under approximate matching. The basic intuition is that instead of condi-
tioning on values of the vector X, we assume that we only need to condition
on an observation being in one of a set of given strata A ⊂ X .
Assumption 2b [Set-wide Weak Unconfoundedness] Assignment of the
treatment variable T possesses the property of set-wide weak unconfound-
edness, given pre-treatment covariate values in A, if D(t)⊥Y (t)|A, for all
t ∈ T and each A ∈ Π(X ).
Apart from the sampling framework, Assumption 2b happens to be a de-
generate version of the Conditioning At Random (CAR) assumption in-
troduced in (Heitjan and Rubin, 1991) in that conditioning is now fixed.
Here A represents only a stratification of the reference population and is
not random and so does not change from sample to sample. Assumption
2b is uncounfoundedness with respect to the set A instead of X = x and
hence is more stringent than Assumption 2.
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Assumption 3b [Set-wide Common Support] For all measurable sets B ∈
T and all sets A ∈ Π(X ), set-wide common support requires that 0 <
p(T ∈ B|X ∈ A) < 1.
Assumption 3b makes the search for counterfactuals easier since those in
the vicinity of, rather than exactly equal to, a given covariate vector X ∈ A
are now acceptable. Identification for treatment effect is now possible as
we have E{Y (t)|A} = E{Y |T = t, A}. Therefore, in a single stratum A,
τ1,2
A = E{Y (t1) − Y (t2)|A} = E{Y |T = t1, A} − E{Y |T = t2, A}, for any

t1 6= t2 ∈ T . Then, τ1,2
A is estimated taking the difference in means among

treated and control units within each stratum A and the global treatment
effect estimator is obtained by averaging over Π(X ). The estimator is now
unbiased also in finite samples without any further assumption 4–6.
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Abstract: The finite mixture model has become an important tool in statisti-
cal modelling and analysis. In recent years, mixtures of skew distributions have
emerged as a powerful extension to the traditional normal and t-mixture models.
They have been effectively applied to model heterogeneous data with asymmetric
features. We shall discuss some of the more commonly used skew symmetric dis-
tributions, in particular, the skew normal and skew t-models. Examples involving
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1 Introduction

Finite mixture distributions have become increasingly popular in the mod-
elling and analysis of data due to their flexibility. This use of finite mixture
distributions to model heterogeneous data has undergone intensive devel-
opment in the past decades, as witnessed by the numerous applications in
various scientific fields such as bioinformatics, biostatistics, environmetrics,
financial sciences, genetics, image analysis, and medical sciences. Compre-
hensive surveys on mixture models and their applications can be found,
for example, in the monographs by Everitt and Hand (1981), Tittering-
ton, Smith, and Markov (1985), McLachlan and Basford (1988), Lind-
say (1995), Böhning (2000), McLachlan and Peel (2000), and Frühwirth-
Schnatter (2006), and the edited volume of Mengersen, Robert and Tit-
terington (2011); see also the papers by Banfield and Raftery (1993) and
Fraley and Raftery (1999).

Let Y = (Y1, . . . , Yp)
T be a p-dimensional random vector. For continuous

features Y j , the density of Y can be modelled by a mixture of a sufficiently
large enough number g of multivariate normal component distributions,

f(y; Ψ) =

g∑
i=1

πi φp(y;µi,Σi), (1)

where φp(y;µ,Σ) denotes a p-variate normal density function with mean
µ and covariance matrix Σ. The mixing proportions πi are nonnegative
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and sum to one. Here the vector Ψ of unknown parameters consists of the
mixing proportions πi, the elements of the component means µi, and the
elements of the component-covariance matrices Σi (i = 1, . . . , g) known a
priori to be distinct. Maximum likelihood estimation (MLE) of the model
parameters can be obtained via the expectation-maximization (EM) algo-
rithm (Dempster et al., 1977); see also McLachlan and Krishnan (2008).

Mixtures of multivariate t-distributions, as proposed by McLachlan and
Peel (1998, 2000), provide extra flexibility over normal mixtures; see also
Peel and McLachlan (2000). The thickness of tails can be regulated by
an additional parameter – the degrees of freedom, thus enabling it to ac-
commodate outliers better than normal distributions. However, in many
practical problems, the data often involve observations whose distributions
are highly asymmetric as well as having longer tails than the normal; for
example, datasets from flow cytometry (Pyne et al., 2009).

Mixture distributions are often used in practice to provide a probabilistic
clustering of a data set into a number of clusters. An outright cluster-
ing is obtained by assigning a data point to the component to which it
has the greatest posterior probability of belonging. There is the question
of how many components to include in the mixture model. In the typi-
cal application of normal mixture models to clustering, clusters are taken
to correspond to the normal components in the mixture model. But in
cases where the clusters are not elliptically symmetric, this correspondence
will not hold if additional normal components are needed to allow for the
asymmetry in the data and the presence of outliers. One way to enable
the number of components to correspond to the number of clusters in such
situations is to fit mixture models with skew normal components or skew
t-components. As an illustration, we consider the Lymphoblastic cell line
(LCL) data set studied by Pyne et al. (2009). Figure 1(a) shows a heatmap
of two markers on some cells that were cultured in a laboratory and were
known to belong to the one population. It can be seen in Figure 1(b) in
modelling the density of these bivariate data by a normal mixture, we need
g = 2 components, whereas a single skew t-distribution suffices (Figure
1(c)).

The skew normal distribution was introduced in Azzalini (1985) as an ex-
tension of the normal distribution with an additional parameter to regu-
late the skewness, allowing the density to take asymmetric shapes. More
recently, there has been renewed interest in the development of non-normal
distributions. We shall discuss some of the several proposals that have been
put forward for multivariate skew distributions (Lee and McLachlan, 2011,
2013a), including software for the fitting of mixtures of them (Lee and
McLachlan, 2013b). Examples involving the analysis of real data sets will
be given.
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FIGURE 1. Modelling a lymphoblastic cell line (LCL) dataset derived from a
single population of B cells. (a) Data contours plotted over the hue intensity of
the LCL data, revealing single unimodal asymmetric population in the presence
of some outliers. (b) Fitting normal mixture model results in two distinct clus-
ters. (c) The single-component multivariate skew t-distribution can capture the
asymmetry in the data and correctly identify the modes location (cyan dot).

2 Multivariate Skew distributions

The rich literature of skew distributions was initiated by the pioneering
work of Azzalini (1985), who introduced the univariate skew normal distri-
bution. Following its generalization to the multivariate case in Azzalini and
Dalla Valle (1996), the number of contributions have grown rapidly. The
majority of these distributions belong to the class of skew symmetric dis-
tribution, which can be further classified into four subclasses, namely, the
restricted, unrestricted, extended and generalized forms (Lee and McLach-
lan, 2013c).

To begin, note that an asymmetric density can be generated by pertur-
bation of symmetry (Azzalini and Capitanio, 2003). Consider a density
f(y−µ) symmetric around 0, that is, f(−y) = f(y), where µ is a location
vector in Rp. Then a skew symmetric density can be formulated by manip-
ulating f(·) through a perturbation function h(·), such that the product of
the symmetric function and the perturbation function is a valid density;
that is,

f(y) = 2f(y − µ)h(y − µ), (2)

where h(·) is a function that maps Rp into the unit interval [0, 1] (Wang et
al., 2004). The density f is known as the symmetric component of (2) and
h is the skewing component. A typical example of h(·) is the distribution
function corresponding to f(·), denoted by F (·).
We shall discuss several proposals of multivariate skew-symmetric distri-
butions used in model-based clustering, in particular the multivariate skew
normal (MSN) distribution and multivariate skew t (MST) distribution.
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Using the terminology of Lee and mcLachlan (2013c), a random variable
Y has an unrestricted multivariate skew normal (uMSN) distribution, if
its density takes the form

f(y;µ,Σ, δ) = 2pφp(y;µ,Σ)Φp

(
∆TΣ−1(y − µ); 0,Λ

)
, (3)

where ∆ is a diagonal matrix with diagonal elements given by δ, Λ = Ip−
∆Σ−1∆, d(y) = (y−µ)TΣ−1(y−µ) is the squared Mahalanobis distance
between y and µ with respect to Σ, and Φp(y;µ,Σ) is the distribution
function corresponding to the p-variate normal density φp(y;µ,Σ). The
vector δ ∈ Rp is a skewness parameter. In a similar way, an unrestricted
multivariate skew t (uMST) distribution can be defined as

f(y;µ,Σ, δ, ν) = 2ptp(y;µ,Σ, ν)

Tp

(
∆TΣ−1(y − µ)

√
ν + p

ν + d(y)
; 0,Λ, ν + p

)
, (4)

where tp(y;µ,Σ, ν) denotes the p-dimensional t-density, and Tp(y;µ,Σ, ν)
is the corresponding distribution function.

The terms ‘restricted’ and ‘unrestricted’ used here were introduced by Lee
and McLachlan (2012), as follows. The density (4) can be characterized
by two parallel forms of stochastic representations, one via a conditioning
mechanism and the other by a convolution approach. Let Y 0 and Y 1 be
jointly distributed as[

Y 0

Y 1

]
∼ t2p

([
0
0

]
,

[
Ip ∆
∆ Σ

]
, ν

)
. (5)

Then the distribution of Y = (Y 1 | Y 0 > 0) takes the form of (4), where
we let (Y 1 | Y 0 > 0) be the vector Y 1 if all elements of Y 0 are positive,
and −Y 1 otherwise. An equivalent stochastic representation of (4) is given
by the convolution of a multivariate t-variable and the absolute value of
another multivariate t-variable; that is,

Y = µ+ ∆|Ỹ 0|+ Ỹ 1, (6)

where |Ỹ 0| is the vector whose kth element is equal to the absolute value
of the kth element of Ỹ 0 (k = 1, . . . , p), and where[

Ỹ 0

Ỹ 1

]
∼ t2p

([
0
0

]
,

[
Ip 0

0 Σ̃

]
, ν

)
, (7)

and Σ̃ = Σ−∆2. Note that the uMSN distribution can also be generated
by (5) and (7) by replacing the joint distribution of Y 0 and Y 1, and of Ỹ 0

and Ỹ 1 by a multivariate normal distribution.
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In order to simplify the fitting of mixtures of these distributions, Pyne et al.
(2009) imposed the restriction that the elements of Ỹ 0 are the same. That
is, the latent variable Ỹ 0 in (7) can be replaced by a scalar Y0. Hence, the
convolution-type representation of a restricted MST (rMST) distribution
can be simplified to

Y = µ+ δ|Ỹ0|+ Ỹ 1, (8)

where [
Ỹ0

Ỹ 1

]
∼ t1+p

([
0
0

]
,

[
1 δT

δ Σ̃

]
, ν

)
. (9)

Note that this restriction corresponds to replacing Y 0 with a scalar Y0 in
the conditioning-type representation (5).

With this characterization, the density of the rMST distribution reduces
to

f(y;µ,Σ, δ, ν) = 2tp(y;µ,Σ, ν)

T1

(
δTΣ−1(y − µ)

√
ν + p

ν + d(y)
; 0, λ, ν + p

)
,

(10)

where λ = 1− δTΣ−1δ and d(y) = (y − µ)TΣ−1(y − µ).

Analogously, the density of the restricted MSN (rMSN) distribution is given
by

f(y;µ,Σ, δ) = 2φp(y;µ,Σ)Φ1

(
δTΣ−1(y − µ); 0, λ

)
. (11)

Note that with the restriction that all the elements of Ỹ 0 in (6) be the
same (that is, it is effectively replaced by a univariate random variable),
the skewing component in (2) is no longer given by the p-dimensional dis-
tribution function corresponding to the symmetric component, but by a
univariate distribution function.

The restricted skew normal and t-distributions given by (11) and (10),
respectively, are the same, after reparametrization, as the MSN and MST
distributions of Azzalini and Dalla Valle (1996), Branco and Dey (2001),
and Lachos et al. (2010). Further discussion of these distributions and their
characterizations can be found in Lee and McLachlan (2013a, 2013c).

3 Fitting finite mixtures of skew distributions

Adopting (11), (10), (3) and (4) as the component density of a finite mixture
model (1) leads to the FM-rMSN, FM-rMST, FM-uMSN, and FM-uMST
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models. The restricted and unrestricted skew normal and skew t mixture
distributions admit convenient hierarchical characterizations which facili-
tate the computation of maximum likelihood (ML) estimates of the un-
known model parameters via the EM algorithm. These E- and M-steps
can be carried out in closed-form, as described by Lin (2009), Pyne et al.
(2009), Lee and McLachlan (2011), and Lee and McLachlan (2013a), and
their software implementations are available from the R package EMMIX-
skew (Wang et al., 2009) and EMMIX-uskew (Lee and McLachlan, 2013b).

4 Other finite mixtures of skew distributions

A number of other asymmetric models have been put forward in recent
years, including the multivariate normal-inverse Gaussian (MNIG) distri-
bution (Karlis and Santourian, 2009), the multivariate shifted asymmetric
Laplace (MSAL) distribution (Franczak et al., 2012), and the (restricted)
multivariate skew t-normal (rMSTN) distribution (Lin et al., 2013).
The MNIG distribution is a flexible parametric family with four param-
eters. Like the skew t-distribution, the MNIG distribution can accommo-
date skewness and heavy tails in the data. Computation of the ML esti-
mates of the parameters of the model is carried out by the EM algorithm,
with closed-form E- and M-steps involving modified Bessel functions. The
MSAL distribution is another alternative to the skew normal and skew
t-distribution. As a three-parameter distribution, the MSAL distribution
has parameters that controls its location, scale, and skewness. The EM
algorithm for fitting mixtures of MSAL distributions is computationally
straightforward compared to that for the FM-MNIG model and skew mix-
ture distributions. The rMSTN distribution was introduced as a computa-
tional more feasible alternative to the MST distribution, where the skewing
component of MST distribution is replaced by a (univariate) normal distri-
bution function. The rMSTN distribution shares the same set of parameters
as the rMST and uMST distributions, but considerable time is saved when
implementing the E-step of the EM algorithm.

5 Model-based clustering with skew mixture models

5.1 Clustering the AIS data

Our first example on real data concerns the clustering of male and female
athletes in Australian Institute of Sport (AIS) data. For illustration, we
consider a bivariate subset of the data (Cook and Weisberg, 1994), consist-
ing of the variables body mass index (BMI) and lean body mass (LBM). We
fitted two component mixtures of MN, MT, rMSN, rMSTN, uMST, MSAL
and MNIG distributions to the data. Table 1 list the number of misclassified
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observations against the true clustering (male and female) for each model.
Figure 2 shows the contours of the fitted density of each model. It can be
observed from Table 1 that the mixtures with skew component distribu-
tions performed much better than the symmetric mixture models. Both the
FM-uMST and FM-MSAL models have misallocated 17 observations, the
smallest number among the seven models in this case. The FM-rMSN and
FM-rMSTN models achieved comparable results in this example.

TABLE 1. Clustering performance of various multivariate mixture models on
the AIS dataset.

Model number of misclassified observations

FM-MN 93
FM-MT 51

FM-rMSN 18
FM-rMSTN 18
FM-uMST 17
FM-MSAL 27
FM-MNIG 17

FIGURE 2. AIS dataset: Modelling the distribution of Australian male and female
athletes. (a) Scatter plot of body mass index (BMI) and lean body mass (LBM)
in two colours, red dots for make and blue triangles for female; (b) the fitted
contours of the FM-MN model; (c) contour plot of the fitted FM-MT model;
(d) the density contours of the fitted FM-rMSN model; (e) the contours of the
densities of the fitted FM-rMSTN model; (f) the density contours of the fitted
FM-uMST model; (g) the contours of the densities of the fitted FM-MSAL model;
(h) contour plot of the fitted FM-MNIG model.
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5.2 Automated gating of a DLBCL sample

We consider now the clustering of a trivariate Diffuse Large B-cell Lym-
phoma (DLBCL) dataset provided by the British Columbia Cancer Agency.
The data contain fluorescent intensities of multiple conjugated antibodies
(known as markers) stained on a sample of over 8000 cells derived from the
lymph nodes of patients diagnosed with DLBCL. Each sample was stained
with three markers CD3, CD5, and CD19. The task is to automatically
gate the cells by clustering the data into four groups. Hence we fit four-
component mixture models to the data.

FIGURE 3. DLBCL dataset: Automated gating results of DLBCL sample using
five different finite mixture models. The population of 8149 cells were stained
with three fluorescence reagents - CD3, CD5, CD19. (a) manual expert cluster-
ing of the DLBCL into four groups; (b) the fitted component contours of the
four-component FM-uMST model; (c) the contours of the component densities
of the fitted restricted (FM-rMST) model; (d) the component contours of the
fitted FM-rMSTN model; (e) the fitted component contours of the FM-MSAL
model; (f) the contour plot of the fitted FM-MNIG model.

A scatterplot of the data is shown in Figure 3(a), where the dots are
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coloured according to the clustering provided by human experts, which
are taken as the ‘true’ class labels. Figure 3(b)-(e) shows the density con-
tours of the components of the fitted FM-uMST, FM-rMST, FM-rMSTN,
FM-MSAL, and FM-MNIG models respectively, which are displayed with
matching colours to Figure 3(a). To assess the performance of these algo-
rithms, we calculated the rate of misclassification against the ‘true’ results,
given by choosing among the possible permutations of the cluster labels
the one that gives the lowest value. A lower misclassification or error rate
indicates a closer match between the true labels and the cluster labels given
by the candidate algorithm. Note that dead cells were removed before eval-
uating the misclassification rate.

TABLE 2. Misclassification rates for various multivariate mixture models on the
DLBCL dataset. Cells identified as dead cells were not included in the calculation
of error rate.

FM-uMST FM-rMST FM-rMSTN FM-MSAL FM-MNIG

0.0464 0.0689 0.0688 0.3303 0.05948

From Table 2, it can be seen that the multivariate skew t-mixture mod-
els outperform the other methods in this dataset. This is also evident in
Figure 3, where the component contours of the FM-uMST model resemble
quite well the shape of the clusters identified by manual gating; see, for
example, the density of the blue and pink cluster. The results from Table
2 reveal that the unrestricted model is more accurate than the restricted
variant and the other three models. The FM-MNIG model also gave quite
reasonable clustering results, but does not appear to be able to capture the
shape of the blue cluster as well as the FM-uMST model. The FM-rMSTN
model give an error rate comparable to that of the FM-rMST model. How-
ever, the FM-MSAL model does not perform as well, having difficulty in
separating the lower two (blue and pink) clusters.
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Abstract: In an ageing society, it is crucial to be able to estimate healthy life
expectancy and expected life years spent in disability, also conditional on the
current age and health/disability status of an individual. Moreover, it is im-
portant to be able to assess the effects of individual characteristics, like gender
and socio-economic status, and of behavioral characteristics, like dietary habits
and smoking, on these quantities. This paper proposes a simple and effective
regression method, based on pseudo-observations, to address this question. An
illustration based on the AHEAD study is provided.
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1 Introduction

Over the 20th century, from the 1920’s onward, the life expectancy of hu-
mans has increased an incredible 2.5 years every decade (Oeppen & Vaupel,
2002). The increase has been remarkably steady with no signs as yet that
this trend is disappearing in the 21st century. Clearly this increased life
expectancy will have a profound effect on modern society.
Among demographers there is a heavy debate, whether these additional life
years are being spent in health (compression) or in disability (expansion).
A distinction between life years spent in health or in disability is impor-
tant, both for the well-being of individuals and for health resources. An
important question is then how background characteristics of individuals,
like gender and socio-economic status, and behavioral characteristics, such
as dietary habits and smoking, influence expected (remaining) life spent in
health or in disability. In a paper studying the effects of these factors on
healthy life expectancy and expected life in disability, Reuser et al. (2009)
summarized the most striking behavioral effects as “Smoking kills, obesity
disables”. To contribute to this debate there is a need for methods to as-
sess and model expected remaining life in health and in disability for older
people.
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3. Death

1. Healthy 2. Disability

FIGURE 1. The healthy-disability-death multi-state model.

The typical approach used to address these questions is to view this in the
context of a multi-state model (Putter et al., 2007). A reasonable multi-
state model for the above healthy-disability debate is shown in Figure 1.
It is an example of an illness-death model, with disability as the “illness”
state. The illness-death model of Figure 1 is reversible, since recovery from
disability is possible. Such multi-state models enable estimating the effect
of explanatory factors on the transition intensities, but they do not give a
direct quantification on the effect of these factors on healthy life expectancy.
The objective of this paper is to propose regression models that directly
quantify the effect of explanatory factors on healthy life expectancy and
expected life in disability, while taking into account censoring.

2 Data

To illustrate our methods, the Asset and Health Dynamics Among the Old-
est Old (AHEAD), now part of the wider US Health and Retirement Study
(HRS), will be used (Juster & Suzman, 1995). The AHEAD survey includes
a nationally representative sample of initially non-institutionalized persons
born before 1923, aged 70 and older in 1993. The outcome of interest is
survival (irrespective of the cause); the time scale is age. Table 1 shows the
frequency in the AHEAD data of the time-fixed covariates considered in
the illustration (body-mass index (BMI) and smoking status are assessed
at entry into the study). Disability status is defined according to the Basic
Activities of Daily Living (ADL) scale by Katz et al. (1963), which includes
items for walking, bathing, dressing, toileting and feeding. A subject is de-
fined to be ADL disabled here if he/she responds ”with difficulty” for at
least one of the ADL items.
In Section 3 we will study the dynamics of disability and recovery in the
healthy-disability-death multi-state model of Figure 1. In this data, for
a total of 4032 subjects, 1929 transitions from healthy to ADL disabled
occurred and 679 recoveries (transitions from ADL disability to healthy).
A total of 1994 deaths were observed, 922 from the healthy state and 1072
from ADL disability.
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TABLE 1. Baseline covariates of the AHEAD study.

Covariate N (%)

Gender
Male 1564 (39%)
Female 2468 (61%)

Education
Less than high school 1736 (43%)
High school 1212 (30%)
Some college 1084 (27%)

BMI
≤ 25 2244 (56%)
25 – 30 1388 (34%)
> 30 390 (10%)
Missing 10

Smoking
Never 1997 (50%)
Past 1683 (42%)
Current 324 ( 8%)
Missing 28

3 Expected length of stay in multi-state models

Multi-state models, transition hazards and transition
probabilities

A multi-state model is a random process X(t) taking values in a finite state
space, generally taken to be K = 1, . . . ,K, with X(t) = g meaning that the
subject is in state g at time t. The multi-state model of Figure 1 has three
states: 1=Healthy, 2=ADL disability, 3=Death. The two central quantities
in multi-state models are the transition intensity or transition hazard from
state g to state h, given as

λgh(t) = lim
dt→0

P (X(t+ dt) = h|X(t) = g)/dt,

and the transition probability from state g to state h, given as

Pgh(s, t) = P (X(t) = h|X(s) = g).

Note that these quantities are only really meaningful in Markov multi-
state models; otherwise the conditional probabilities will also depend on
the further past.
It is straightforward to estimate transition intensities non-parametrically,
by

dΛ̂gh(t) =
dNgh(t)

Yg(t)
.
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FIGURE 2. Nelson-Aalen estimates of the transition intensities in the healthy-dis-
ability-death multi-state model.

At each observed transition time t from g to h, the estimated cumulative
transition hazard Λ̂gh makes a jump, the size of which is the number of
observed g to h transitions, dNgh(t), divided by the number of individuals in
state g, Yg(t). Figure 2 shows the Nelson-Aalen estimates of the transition
intensities in the healthy-disability-death multi-state model of Figure 1,
based on the AHEAD data.
From these estimated transition hazards, transition probabilities may be
estimated using the Aalen-Johansen (1978) estimator. The estimator is
implemented in the R package mstate (de Wreede et al., 2010). Figure 3
shows the transition probabilities P1h(75, t) on the left (a) and P2h(75, t)
on the right (b), for the different states h, for t between 75 and 110. The
probabilities are shown in three shades of grey; the lightest corresponds to
the healthy state (h = 1), the middle to the ADL disability state (h = 2),
and the darkest to the death state (h = 3).

Expected length of stay

In this paper we are interested in the expected length of stay (ELoS) in a
certain state h, when it is known that a subject is in state g at a certain
time s. This expected length of stay is denoted by Egh(s, τ), and can be
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FIGURE 3. Transition probabilities in the healthy-disability-death multi-state
model, given healthy at age 75 (a) and given ADL disabled at age 75 (b).

expressed as a functional of the transition probabilities Pgh(s, t), as follows:

Egh(s, τ) = E

∫ τ

s

1{X(t) = h|X(s) = g}dt (1)

=

∫ τ

s

P{X(t) = h|X(s) = g}dt =

∫ τ

s

Pgh(s, t)dt.

A technical point should be mentioned. Since (estimates of) the transition
probabilities Pgh(s, t) may be positive for all t larger than some t∗, the inte-
gral to∞ may be infinite. It is therefore common to consider the restricted
ELoS instead; τ is some large value, for instance the last observed time
point. The expected length of stay is an extension of expected (residual)
life; the latter appears as a special case for the multi-state model with two
states, alive and death.
Estimates of the (conditional) expected length of stay immediately present
themselves by Equation (1), namely

Êgh(s, τ) =

∫ τ

s

P̂gh(s, t)dt,

with P̂gh(s, t) the Aalen-Johansen estimate of the transition probabilities
(or indeed, some other estimate).
For illustration, we estimated the Egh(s, τ), based on the AHEAD data
and using the Aalen-Johansen estimates of the transition probabilities of
Figure 3; we chose τ = 110. Conditional on being healthy at age s = 75,
the expected remaining healthy life until the age of τ = 110 years, equals
Ê11(s, τ) = 9.69. Likewise, the expected remaining number of years in
disability is much lower, as Ê12(s, τ) = 3.47. Finally, the expected remain-
ing number of years spent in the death state equals Ê13(s, τ) = 21.84.
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These corresponds to the areas of lightest grey (healthy), middle grey
(ADL disabled) and the darkest grey (dead) parts in Figure 3(a). The
total remaining life expectancy at age 75 for a healthy individual equals
Ê11(s, τ) + Ê12(s, τ) = 35 − Ê13(s, τ) = 13.16. Conditional on being ADL
disabled at age 75, we obtain for the expected remaining years in health, dis-
ability, and death, Ê21(s, τ) = 3.52, Ê22(s, τ) = 7.16, and Ê23(s, τ) = 24.32,
respectively. These numbers now correspond to the areas of lightest grey
(healthy), middle grey (ADL disabled) and darkest grey (dead) parts in Fig-
ure 3(b). The total expected remaining life years at age 75 for an individual
who is ADL disabled equals Ê21(s, τ) + Ê22(s, τ) = 35− Ê23(s, τ) = 10.68,
a difference of 2.5 years, compared to the individual who was healthy at
age 75.

4 Regression models for ELoS

Covariates and ELoS in multi-state models

So far we have considered non-parametric estimates of the expected length
of stay in a state, Egh(s, τ). The real interest is in how certain charac-
teristics of the subject and their behavior influence Egh(s, τ). Interesting
questions in the context of the AHEAD study are: is there a difference in
expected healthy life between males and females and between lower and
higher education? Also of interest is: can we confirm the findings of Reuser
et al. (2009), “smoking kills” (life expectancy is shorter for smokers) and
“obesity disables” (expected life in disability increases with higher BMI)?
One way to assess the effect of covariates is to include covariates in the
models for the transition intensities of the multi-state model. This may be
done along the lines of the tutorial Putter et al. (2007). The basic idea is
to fit a Cox model on the transition intensities

λgh(t |Z) = λgh,0(t) exp(βT

ghZ),

with separate (non-parametric) baseline hazards λgh,0(t) and separate ef-
fects βgh of the covariates Z for each transition. This model was fitted to
the AHEAD data, with the additional proportionality constraint λ23,0(t) =
exp(γ)λ13,0(t) between both baseline transition hazards into the death
state. The hazard ratio exp(γ) quantifies the increase in death rate of an
ADL-disabled individual, compared to a healthy individual with the same
values of the other covariates. The results of this modeling approach are
described in Tables 2 and 3. With respect to the disability and recovery
rates in Table 2, it can indeed be seen that obesity disables, and that fe-
males have both a higher disability rate and a lower recovery rate (albeit
not significant). The lower death rate of females compared to males is ap-
parent from Table 3, as well as (at least the trend for) lower death rates
of higher educated individuals. Very clear is also (smoking kills) the higher
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TABLE 2. Covariate effects for the disability/recovery transitions in the multi-
-state model.

Healthy → ADL ADL → Healthy
HR 95% CI HR 95% CI

Gender
Female 1.28 1.16 – 1.42 0.88 0.73 – 1.05

Education
High school 1.08 0.97 – 1.20 1.18 0.98 – 1.41
College 1.01 0.91 – 1.13 1.30 1.08 – 1.57

BMI
25–30 1.18 1.07 – 1.30 1.22 1.03 – 1.43
> 30 1.38 1.18 – 1.62 0.92 0.72 – 1.17

Smoking
Ever 1.08 0.98 – 1.20 1.02 0.86 – 1.22
Present 1.45 1.22 – 1.72 0.94 0.69 – 1.27

TABLE 3. Covariate effects for the death transitions in the multi-state model.

Healthy → Death ADL → Death
HR 95% CI HR 95% CI

Gender
Female 0.67 0.58 – 0.72 0.56 0.48 – 0.65

Education
High school 0.87 0.75 – 1.02 0.93 0.81 – 1.07
College 0.77 0.66 – 0.91 0.86 0.74 – 1.00

BMI
25–30 0.75 0.65 – 0.87 0.65 0.57 – 0.75
> 30 0.92 0.72 – 1.18 0.67 0.55 – 0.83

Smoking
Ever 1.24 1.07 – 1.44 1.14 0.99 – 1.31
Present 1.82 1.46 – 2.28 1.37 1.09 – 1.72

ADL 3.11 2.45 – 3.95

death rate for (ever and present) smokers. Finally, ADL disability itself
increases the death rate with a factor of more than 3. Interesting is that
individuals with high BMI have lower death rates, compared to low BMI.
It is possible that underlying disease is a confounder; subjects with severe
disease both have higher death rates and tend to have very low BMI.
Interesting though these results are, it is not straightforward to extract the
effect of a covariate on expected length of stay, for instance on healthy life
expectancy. In case of a single covariate, if that covariate is categorical, one
can estimate all model-based transition hazards, from those the transition
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probabilities for each value of the covariate, and estimate ELoS based on
these transition probabilities. If that covariate is continuous, however, the
effect on ELoS will not be linear and difficult to assess. The situation is
even harder in multivariate models. In that case the effect of a covariate of
interest depends on the values of other covariates. All in all, the effect of a
covariate on expected length of stay is difficult to assess and quantify.

5 Pseudo-observations

In the absence of censoring, the situation would be very simple. In that case
one would actually observe yi, the length of stay in the state of interest,
for each subject i. In that case one would probably use a linear model,
specifying

yi = βTZi + εi,

where εi is an error term with a certain (for instance normal) distribution.
The problem is how to deal with censoring.
In such cases, pseudo-observations are very useful. They have been used
to model probabilities in competing risks and multi-state models and to
model (restricted) mean survival, by Andersen et al. (2003) and further

papers. The basic idea is as follows: we have an estimator θ̂ = Êgh(s, τ)
of θ = Egh(s, τ). For each subject i in the sample, we can also define

the leave-one-out estimator θ̂−i, i.e., the same estimate, but based on the
whole sample except observation i. The pseudo-observation of Egh(s, τ) for
subject i is then defined as

θ̂i = n · θ̂ − (n− 1) · θ̂−i.

It is not hard to show that, in the absence of censoring, where yi = LoS of
subject i can be observed, we have θ̂i = yi.
In the presence of censoring the incompletely observed yi are replaced by
θ̂i, and θ̂i is used as outcome variable in a generalized linear model (GLM)
for θi = Egh(s, τ |Zi),

θi = g−1(βTZi) = µi(β),

Estimates of β may be obtained using generalized estimating equations
(GEE). The estimating equations are given by

U(β) =
∑
i

(
∂µi(β)

∂β

)T

V −1
i (θ̂i − θi) = 0, (2)

where Vi is a working variance matrix. After having obtained an estimate β̂
from solving (2), the covariate matrix of β̂ may be obtained by a sandwich
estimator. For more details see Andersen et al. (2003). The method can be



Putter and Klinten Grand 53

Histogram of E[1,1]

D
en

si
ty

0 10 20 30 40 50

0.
00

0.
04

0.
08

Histogram of E[1,2]

D
en

si
ty

0 10 20 30 40 50

0.
00

0.
02

0.
04

0.
06

Histogram of E[1,3]

D
en

si
ty

0 10 20 30 40 50

0.
00

0.
02

0.
04

Histogram of E[2,1]

D
en

si
ty

0 10 20 30 40 50

0.
00

0.
04

0.
08

Histogram of E[2,2]

D
en

si
ty

0 10 20 30 40 50

0.
00

0.
02

0.
04

0.
06

Histogram of E[2,3]

D
en

si
ty

0 10 20 30 40 50

0.
00

0.
02

0.
04

FIGURE 4. Pseudo-observations of E1h(s, τ) and E2h(s, τ) in the AHEAD data.

implemented in standard statistical software (for instance PROC GENMOD in
SAS and the geepack package in R).
Based on the AHEAD data, pseudo-observations were calculated for E1h(s, τ)
and E2h(s, τ), i.e., for expected remaining life years in state h, given healthy
at age s, and given ADL disabled at age s, respectively, with s = 75,
τ = 110, and h = 1 (healthy life), h = 2 (life in disability) and h = 3
(death). Figure 4 shows histograms of these pseudo-observations.
The results of the linear modeling procedure, taking the identity link, are
shown in Tables 4 and 5. An individual who is healthy at age 75 (Ta-
ble 4) spends more remaining life years in health than in disability. Females
spend more life years in disability, compared to males. Higher education,
especially college education, is associated with more life years, mostly in
health. Higher BMI is associated with more life years in disability (obe-
sity disables), and smoking with fewer life years in health and in disability.
These same general trends can be observed in Table 5, for individuals who
are ADL disabled at age 75. Notice the larger standard errors in Table 5,
caused by the fact that the majority of person-time is spent in health in
the AHEAD data. The most striking difference with respect to the result of
Table 4 is the intercept. Individuals who are ADL disabled at age 75 spend
far fewer years in health and more years in disability; their total remaining
life time is lower than for individuals who are healthy at age 75.
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TABLE 4. Covariate effects for the expected length of stay in health E11(s, τ)
and disability E12(s, τ), given healthy at age s = 75.

ELoS in health ELoS in disability
B SE P B SE P

Intercept 9.71 0.39 < 0.0001 1.42 0.30 < 0.0001
Gender

Female 0.51 0.32 0.11 2.14 0.23 < 0.0001
Education

High school 0.05 0.34 0.89 0.24 0.27 0.37
College 1.25 0.32 0.0001 0.58 0.26 0.028

BMI
25–30 0.51 0.31 0.099 1.67 0.26 < 0.0001
> 30 -0.95 0.51 0.064 1.84 0.38 < 0.0001

Smoking
Ever -1.04 0.31 0.0007 -0.39 0.24 0.11
Present -3.77 0.67 < 0.0001 -0.80 0.42 0.054

TABLE 5. Covariate effects for the expected length of stay in health E21(s, τ)
and disability E22(s, τ), given ADL disabled at age s = 75.

ELoS in health ELoS in disability

B SE P B SE P

Intercept 1.47 0.74 0.046 4.63 0.71 < 0.0001
Gender

Female 1.63 0.57 0.004 3.38 0.58 < 0.0001
Education

High school 1.05 0.60 0.082 -0.65 0.67 0.33
College 1.20 0.62 0.055 -0.10 0.62 0.87

BMI
25–30 1.01 0.55 0.066 2.81 0.59 < 0.0001
> 30 1.53 1.24 0.220 2.92 1.01 0.0039

Smoking
Ever -0.07 0.55 0.90 -1.01 0.55 0.065
Present -0.35 1.23 0.77 -1.38 1.04 0.19

6 Discussion

In this paper we have proposed the use of pseudo-observations to obtain
direct regression models for expected length of stay in health and in disabil-
ity. We applied the method to the AHEAD data. The analysis presented in
this paper is not comprehensive; it is only meant to illustrate the method.
The use of pseudo-observations allows direct modeling of remaining life in
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health/disability. It circumvents modeling of transition intensities.
We have only considered a single value of s, namely s = 75. Dynamic
versions, evaluating how Egh(s, τ) varies with s, will be investigated in
future work. These models are extensions of the proportional mean residual
life model (Oakes & Dasu, 1990).
Other useful measures may also be studied in much the same way. One of
the possibilities is regression models for quality-adjusted (remaining) life
years. A utility qh (per time unit spent in state) is then assigned to each
state h, and one is interested in

∑
h qhEgh(s, τ). In another application, qh

could be (medical) costs associated with being in state h. Another useful
measure may be the proportion of remaining life spent in health; in our
setting that would be Eg1(s, τ)/(Eg1(s, τ) + Eg2(s, τ)).
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Abstract: High-dimensional data refers to the case in which the number of pa-
rameters is of one or more order greater than the sample size. Penalized Gaussian
graphical models can be used to estimate the conditional independence graph in
high-dimensional setting. In this setting, the crucial issue is to select the tuning
parameter which regulates the sparsity of the graph. In this paper, we focus on
estimating the “best” tuning parameter. We propose to select this tuning param-
eter by minimizing an information criterion based on the generalized information
criterion and to use a stability selection approach in order to obtain a more stable
graph. The performance of our method is compared with the state-of-art model
selection procedures, including Akaike information criterion and Bayesian infor-
mation criterion. A simulation study shows that our method performs better than
the AIC, BIC.
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1 Penalized Gaussian Graphical Models

A graph consists in a set of V nodes and a set of E ⊂ V × V links. A link
is undirected if (j, k) ∈ E and (k, j) ∈ E whereas a link is directed from
link j to vertex k if (j, k) ∈ E and (k, j) /∈ E. In a graphical model, the
nodes of the graph are in one-to-one correspondence with a set of random
variables (X(1), . . . , X(d)) ∼ P . The links represent conditional dependence
relationships between random variables. The pair (G,P ) is referred to as
a graphical model. Consider a multivariate normal distribution for the set
of random variables (X(1), . . . , X(d)) ∼ Nd(0,Σ), that defines a Gaussian
graphical model. The most important property of the GGMs which make
their use appealing in order to analyse conditional independence between
random variables is that the links in a GGM are given by the inverse of the
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covariance matrix:

(j, k) and (k, j) /∈ E ↔ X(j) ⊥ X(k)|X(V \{(j,k)}) ↔ Σ−1
jk = 0.

Consider n i.i.d samples from Nd(0,Σ). The negative log-likelihood for data
x = (x(1), . . . , x(d))T is

l(Σ; x) =
n

2
[log (det(Θ)) + tr (SΘ) +D] , (1)

where S = (1/n)
∑n
i=1 xix

T
i , Θ = Σ−1, and D is a constant with re-

spect to Θ. The maximum likelihood estimator for Θ cannot be obtained
when the sample size is smaller than the number of variables. However,
high-dimensional data refers to this situation. In order to deal with high-
dimensional data, we adopt a penalized maximum likelihood approach.
Specifically, we add an `1-norm term ||Σ−1||1 =

∑
j<k |Σ

−1
j,k| to the nega-

tive log-likelihood (1). The estimator is found as follows:

Σ̂(λ) = argmin
Σ−1�0

[
−log(det

(
Σ−1)

)
+ tr(SΣ−1) + λ||Σ−1||1

]
. (2)

The minimization is taken over the set of positive definite matrix, i.e.
Σ−1 � 0. The `1-penalized GGM has the property that it shrinks some
of the elements in the precision matrix to zero, so it is related to a sparsity
assumption of the precision matrix. The minimization problem is convex
and fast algorithms have been proposed to find a solution of (2). In this
paper, we use the graphical lasso algorithm (glasso) proposed by Friedam
et al (2008).

2 Model selection for penalized GGMs

Model selection for penalized Gaussian graphical model is referred to as
the choice of the tuning parameter λ. The tuning parameter λ must be
a positive number from zero to infinity. Specifically, we are interested in
estimating the set of present links for the conditional independence graph:

E0 = {(j, k) ∈ V × V : Θjk 6= 0}.

For estimating the edge set E0, we can use the estimator:

Ê(λ) = {(j, k) ∈ V × V : Θ̂jk(λ) 6= 0}.

where Ê(λ) depends on the tuning parameter λ which regulates the sparsity
of the graph. The greater is this tuning parameter the sparser is the graph.
The most used methods for choosing the regularization parameter are the
k-fold cross-validation and measures based on information criteria such AIC
and BIC (Yuan et al., 2007). Though these methods have good theoretical
properties in low dimensions, they are not suitable for high-dimensional
problems. Recently, Liu et al. (2010) proposed a new approach (StARS) to
model selection, based on sub-sampling.
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2.1 Generalized Information Criterion for penalized GGM

In this subsection, we derive a criterion to select the regularization pa-
rameter for penalized GGMs, whose penalty term can be approximated by
function (3), based on the generalized information criterion (GIC) (Konishi,
1996).
In order to derive the GIC, the penalized likelihood function (2) should be
twice differentiable with respect to Σ. However, the `1-norm function is not
differentiable. We overcome this problem by using the smooth approxima-
tion in (3) (Schmidt et al., 2007) as penalty term instead of ||Σ−1||1. The
smooth approximation is:

Pα(Θ) =
∑
i<j

|Θij |α, (3)

where |Θ−1
ij |α = (1/α)[log{1 + exp(−αΘij)} + log{1 + exp(αΘij)}]. Then,

we write our minimization problem as:

Θ̂(λ, α) = argmin
Θ�0

[−log(det (Θ)) + tr(SΘ) + λPα(Θ)] , (4)

which is what will be referred to as the approximated problem. This quan-
tity depends on α which approximates the `1 solution when it becomes
large enough, i.e.

lim
α→∞

Θ̂(λ, α) = Θ̂(λ). (5)

Estimator Θ̂(λ, α) of Θ belongs to the class of M -estimators, since it can
be defined as a solution of the equation

n∑
k=1

ψ(xk, Θ̂(λ, α)) = 0, (6)

where ψ(xk,Θ) = vec{Dlk(Θ; xk) − λDPα(Θ)} and 0 is vector of zeros of
dimension p2. The GIC for M -estimators is given by:

GIC(λ, α) = −2

n∑
k=1

lk(Σ̂(λ, α); xk) + 2tr{R(α)−1Q(α)}, (7)

where R(α) and Q(α) are square matrices of order p2

R(α) = − 1

n

n∑
k=1

{Dψ(xk,Θ)}T
∣∣
Θ=Θ̂(λ,α)

, Q(α) =
1

n

n∑
k=1

ψ(xk,Θ(λ, α))Dlk(Θ)
∣∣
Θ=Θ̂(λ,α)

.

Applying (7) to the approximated problem, and using formula (5) we find
a closed-form expression for the GIC which is given by:

GIC(λ) = −n
[
log(det(Θ̂(λ)))− tr(SΘ̂(λ))

]
+ 2tr(R−Q). (8)
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where Q and R− are square matrices of order d2:

R− = 2
[
Θ̂⊗ Θ̂

]
, Q =

1

4

[
1

n

n∑
i=1

vecSivecS
T
i − vecSvecST

]
.

After some algebra the trace term can be re-written as:

tr(R−Q) =
1

2

[
1

n

n∑
k=1

[
⊕(Sk � Θ̂SkΘ̂)

]
−
[
⊕(S � Θ̂SΘ̂)

]]
,

where � is the componentwise product, and ⊕ is the componentwise sum.
The calculation of GIC is feasible for high-dimensional data.

2.2 Combining stability selection with Generalized Information
Criterion for penalized GGM

In this subsection, we propose to use a two steps procedure in order to
increase the performance of our estimation for the precision matrix Θ. The
first step is to select a tuning parameter λ by minimizing the GIC proposed
in (8). The second step consists of using the StARS approach in order
to obtain a more stable graph. In particular, we do a stability selection
for a single regularization parameter λ̂GIC , i.e. the best tuning parameter
according to GIC. When we do stability selection for a single parameter we
obtain as many graphs as the number of sub-samplings we consider. For
example, if we consider 20 sub-samples we obtain 20 estimated precision
matrix. For each of the precision matrix we obtain a set Ê = {(j, k) ∈
V × V : Θ̂−1 6= 0}. By counting the number of times a link is present
in the set Ê and by dividing this number by the number of sub-samples
we obtain an empirical probability of the presence of a link. Let A be the
adjacent matrix of the empirical probability, then an element Ajk is 1 if
the empirical probability of the presence of the link (j, k) is greater than
a threshold δ and zero otherwise. In order to incorporate the threshold in
our method we indicate it as GICSδ.

3 Simulation Study

In a simulation study, we evaluate the performance of AIC, BIC, StARS,
GIC, and GICSδ, with respect to five measures: Precision, true positive
rate (TPR), false positive rate (FPR), F1score and Accuracy. We have
conducted an extensive simulation study in which we take under control
the sample size n, and the number of nodes d in the graph. In this paper,
we present the results only for d = 30 and n = 44, 87, 130, 174 due to lack
of space. Note that, the total number of possible parameters in a Gaussian
graphical model is given by d× (d− 1)/2 which means that for d ≥ 30 we
have already to deal with more than 435 parameters. Moreover, the total
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number of present links is around d/3 so that the simulated graphs are
sparse. In Table 1, we show the mean and standard deviation (numbers
between brackets) after 50 runs.

TABLE 1. Mean and standard deviation in brackets of Precision, true positive
rate (TPR), false positive rate (FPR), F1score and Accuracy after 50 runs where
the number of nodes is d = 30 and the sample size is n = 87.

Precision TPR FPR F1score Accuracy

AIC 0.15(0.01) 0.98(0.02) 0.85(0.01) 0.27(0.02) 0.27(0.06)
BIC 0.88(0.19) 0.14(0.20) 0.12(0.19) 0.19(0.15) 0.87(0.01)
GIC 0.25(0.02) 0.93(0.03) 0.75(0.02) 0.39(0.03) 0.60(0.04)

StARS 0.14(0.01) 0.99(0.01) 0.86(0.01) 0.25(0.01) 0.18(0.01)
GICS 0.85 0.42(0.04) 0.80(0.05) 0.58(0.04) 0.55(0.04) 0.82(0.03)
GICS 0.90 0.46(0.05) 0.76(0.06) 0.54(0.05) 0.57(0.05) 0.85(0.02)
GICS 0.95 0.54(0.06) 0.67(0.06) 0.46(0.06) 0.60(0.05) 0.88(0.02)

The best results in terms of F1score and Accuracy measures were obtained
by GIC-StARS-0.95. GIC has higher TPR and FPR so that it performs
overall poorer than GICS. In fact, by using GICS with a threshold fixed at
0.95 we are able to reduce the FPR. Obviously, the TPR is also reduced but
this reduction is acceptable as shown by the higher scores both in F1score
and Accuracy. When we reduced the threshold (0.90 and 0.85) both the
TPR and FPR increase. The results, in terms of F1score and Accuracy, are
still much better than AIC, BIC, StARS and GIC. These results confirm
that the GIC is a good method to select the tuning parameter λ and that
the second step in which we use StARS is necessary to reduce the FPR.
Note that, StARS needs a double loop in order to find the best λ which
makes it computationally intensive. Whereas GIC reduces this computa-
tional burden.

4 Conclusion

High-dimensional data arises in many fields of science. The study of the
structure, in terms of conditional independence graph, can be carry out
with penalized Gaussian graphical models. These models allow us to visu-
alize with a graph the conditional independence among the set of random
variables. In this paper, we presented penalized GGM in order to model
high-dimensional data. These models make use of the sparsity assumption,
i.e. many parameters are not statistically significant. In this setting, we
proposed to approximate the `1 term with a smooth and convex function
in order to find a closed-form expression for the generalized information
criterion (GIC). We select the tuning parameter that minimize the GIC.
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Then, we combined the GIC with a stability selection approach which al-
low us to obtain a more stable graph. In a simulation study, we showed
the performance of GICSδ with respect to, AIC, BIC and StARS, in terms
of five measures: Precision, TPR, FPR, F1score and Accuracy. The results
of GICSδ look very promising and help us to improve the number of links
correctly estimated.
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1 Introduction

Prediction of large earthquakes is often complicated by the presence of clus-
ters of aftershocks, superimposed to the persistent background seismicity.
Indeed, earthquake clusters, formed by the main event of each sequence, its
foreshocks and its aftershocks, may complicate the statistical analysis of the
background seismic activity that might be related to changes in the tectonic
field. Since the seismogenic features controlling the kind of seismic release
of background and clustered seismicity are not similar, sometimes a pre-
liminary subdivision or declustering of a seismic catalog is useful to study
separately the features of independent events and triggered ones (Adelfio
et al., 2006).
In previous works (Adelfio, 2010; Adelfio et al., 2010) we proposed a clus-
tering technique to separate and find out the two main components of
seismicity, i.e. the background seismicity and the triggered one.
Adelfio et al. (2010) presented a seismic sequences detection technique
based on MLE of parameters, that identifies the conditional intensity func-
tion of a model describing the seismic activity as a clustering-process, like
ETAS model (Epidemic Type Aftershocks-Sequences model; Ogata, 1988).
In Adelfio (2010) nonparametric methods are used to estimate the inten-
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sity function of a space-time point process and clustering results are in-
terpreted by a second-order diagnostic approach (Adelfio and Schoenberg,
2009). Zhuang et al. (2002) proposed a stochastic method associating to
each event a probability to be either a background event or an offspring
generated by other events. A probabilistic clustering approach, providing
an uncertainty about an object’s class membership, can be provided by
latent clustering analysis (Fraley and Raftery, 2002).
In this paper, we propose an estimation of the space-time intensity of
the generating point process of the different components, that accounts
simultaneously for the estimation of parametric and nonparametric com-
ponents applying a forward predictive likelihood estimation approach to
semi-parametric models (Chiodi and Adelfio, 2011). According to this ap-
proach we estimate, for each event, the probability of being a background
event or one belonging to a seismic sequence.
In section 2 some formal definitions of point processes are recalled. A new
method for nonparametric estimation is introduced in section 3; the simul-
taneous approach for nonparametric and parametric estimation is proposed
in section 4.

2 Intensity function in point processes and ETAS
model

Point process is a random collection of points, each one representing the
time and space coordinates of a single event.
Let Zd = Sd−1 × T be a general d−dimensional closed region, with Sd−1

a two or three dimensional space. Any analytic space-time point process
is uniquely characterized by its associated conditional intensity function
(Daley and Vere-Jones, 2003) defined as the frequency with which events
are expected to occur around a particular location in time and space, con-
ditional on the prior history Ht of the point process up to time t, i.e.:

λ(z) = λ(s, t|Ht) = lim
∆t,∆s→0

E [#(t+ ∆t, s + ∆s|Ht)]

∆t∆s

where Ht is the space-time occurrence history of the process up to time
t, ∆t,∆s are time and space increments, E [#(t+ ∆t, s + ∆s|Ht)] is the
history-dependent expected number of events occurring in the volume {[t, t+
∆t)× [s, s+ ∆s]}. Generally, intensities λ(z) depend on some unknown pa-
rameter ψ, so that we have λ(z,ψ). For example, in a semi-parametric
context, ψ could contains smoothing parameters.
Let denote a generic estimator of ψ, based on observations until tk, by
ψ̂(Htk) ≡ ψ̂((z1, z2, ..., zi, ..., zk).
Assume that a realization of the process is observed in the space region
Ωs and the time interval (T0;Tmax). The log-Likelihood for the point pro-
cess, given the k observed values zi and computed using the estimator



Adelfio and Chiodi 67

ψ̂(z1, z2, ..., zi, ..., zk) is:

logL(ψ̂(Htk);Htk) =

k∑
i=1

log λ(zi; ψ̂(Htk))−
∫ Tmax

T0

∫
Ωs

λ(z; ψ̂(Htk)) ds dt

(1)
In seismological context, the Epidemic Type Aftershocks-Sequences (ETAS)
model is widely used (Ogata, 1988). The conditional intensity function of
the ETAS model is defined as the sum of a term describing the spontaneous
activity (background) and one relative to the induced seismicity:

λθ(x, y, t,m|Ht) = µf(x, y) + τφ(t, x, y) (2)

with θ = (φ, µ)T, that is the vector of parameters of the induced intensity
(φ) together with the parameter of the background general intensity (µ)
and

τφ(t, x, y) =
∑
tj<t

g(t− tj ;φ)s(x− xj , y − yj |m,φ).

In the ETAS model, background seismicity is assumed to be stationary
in time, while the occurrence rate of aftershocks at time t, following the
earthquake of time tj and magnitude mj , is described by the following
parametric model:

g(t− tj |mj) =
κ e(α−γ) (mj−m0)

(t− tj + c)p
, with t > tj

where p is useful for characterizing the pattern of seismicity, indicating the
decay rate of aftershocks in time.
For the spatial distribution, conditioned to magnitude of the generating
event, the following distribution is often used:

s(x− xj , y − yj |mj) =

{
(x− xj)2 + (y − yj)2

eγ (mj−m0)
+ d

}−q
It relates the occurrence rate of aftershocks to the mainshock magnitude
mj , through the parameters α, γ. m0 is a given lower threshold of magni-
tude, d and q two parameters related to the spatial influence of the main-
shock.
The simultaneous estimation of the background intensity and triggered in-
tensity components of ETAS model is a crucial statistical issue. While the
first component f(x, y) is usually estimated by nonparametric techniques,
θ is estimated by ML approach. Zhuang et al. (2002) estimated the prob-
ability for each event of being a background event (ρi, i = 1, ..., n) in order
to provide a random classification of events and obtain a thinned catalog,
that includes events with a bigger probability of being mainshock, which
spatial intensity is described by nonhomogeneous Poisson process.
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In this paper, according to Console et al. (2010), we use ρi as weights for
the kernel estimation of the background seismicity to get a simultaneous
estimate of the intensity components of the ETAS model (2). For nonpara-
metric estimation we propose the use of an estimation procedure based
on the subsequent increments of likelihood obtained adding an observation
one at a time, reported in the next section.

3 Forward predictive likelihood (FLP)

To estimate the nonparametric component we use an approach proposed
in Chiodi and Adelfio (2011) to measure the ability of the observations and
estimation until tk to give information on the next observation.
Let ψ̂(Htk) be smoothing constants in a nonparametric context, based on

the observed history up to tk. Let logL(ψ̂(Htk);Htk+1
) be the likelihood

computed on the first k+ 1 observations, but using the estimates based on
first k. We measure the predictive information of the first k observations
on the k + 1-th as:

δk,k+1(ψ̂(Htk);Htk+1
) = logL(ψ̂(Htk);Htk+1

)− logL(ψ̂(Htk);Htk),

This leads to a technique similar to cross-validation, but applied only on
future observations. Therefore, we choose ψ̃(Htk) which maximizes:

FLPk1,k2(ψ̂) ≡
k2∑
k=k1

δk,k+1, (3)

where k1 =
[
n
2

]
and k2 = n− 1.

In previous applications (Adelfio and Chiodi, 2011), on the basis of the
measure in (3), we observed that the bandwidths estimated by FLP ap-
proach produced better kernel estimates (in terms of MISE) of space-time
intensity functions than classical methods.

4 Alternating estimation of components

In order to estimate the different components of the ETAS model (2),
we here propose to alternate the standard parametric likelihood method
(to estimate the parameters of the offsprings component) with the FLP
approach (to estimate the background intensity).
Given a catalog of n seismic events and set v = 1, let f (1)(x, y) be a starting
estimation of the background seismicity, obtained by kernel estimators.
The v − th iteration of the simultaneous estimation of nonparametric and
parametric components proceeds as follows:

1. Get the ML estimator θ̂
(v)

of the parameters of the ETAS model,
numerically maximizing the likelihood (1).
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2. Estimate ρ
(v)
i = µf(v)(xi,yi)

λ
θ̂(v)

(xi,yi,ti,mi|Ht) , i = 1, ..., n, for each point of the

catalog, on the basis of the estimated parameters. ρ
(v)
i is used as a

vector of weights for the nonparametric estimation of the background
seismicity.

3. Update the estimation of the background seismicity f (v+1)(x, y), through

weighted kernel estimator with weights ρ
(v)
i .

• Compute the estimated triggered intensity τ
φ̂

(v)(ti, xi, yi) for

each point of the catalog.

• Estimate an optimal smoothing vector ψ(v) of the kernel esti-
mator, maximizing the (3) and holding τ

φ̂
(v)(ti, xi, yi) fixed for

the whole iteration.

4. Update v and start a new iteration, until some convergence rule is
reached. Convergence is judged comparing the values of ETAS com-
ponents in consecutive iterations, checking also the increase in the
overall likelihood function.
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FIGURE 1. Estimated triggered intensity of Italian seismicity (2005-2012).

As an example of application we apply the proposed approach to the catalog
of Italian seismic events recorded from 2005 to 2012. The estimate of the
only triggered intensity function for a restricted area, reported in figure 1,
shows high picks of intensity in correspondence of focal areas of the Italian
seismicity, i.e. L’Aquila and Reggio Emilia, where two big sequences of
events occurred in 2009 and 2012, respectively. The estimated model seems
to follow adequately the seismic activity of the observed area, characterized
by highly variable changes both in space and in time. Indeed, because
of its flexibility, the estimation approach provides a good fitting to local
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space-time changes, to analyze possible correlation between the estimated
intensity function and particular distributions of some structural features
(i.e. geological structures) of the studied region.

References

Adelfio, G. (2010) An analysis of earthquakes clustering based on a second-
order diagnostic approach. Data Analysis and Classification. Springer-
Verlag Berlin Heidelberg, pp. 309 – 317.

Adelfio, G. and Chiodi, M. (2011). Kernel intensity for space-time point
processes with application to seismological problems. Classification
and multivariate analysis for complex data structures. Springer-Verlag
Berlin Heidelberg, pp. 401 – 408.

Adelfio, G., Chiodi, M., De Luca, L., Luzio, D. and Vitale, M. (2006) Sou-
thern-Tyrrhenian seismicity in space-time-magnitude domain. Annals
of Geophysics, 49, 1245 – 1257.

Adelfio, G., Chiodi, M. and Luzio, D. (2010) An algorithm for earthquake
clustering based on maximum likelihood. Data Analysis and Classi-
fication.. Springer-Verlag Berlin Heidelberg, pp. 25 – 32.

Adelfio, G. and Schoenberg, F. P. (2009) Point process diagnostics based
on weighted second-order statistics and their asymptotic properties.
Annals of the Institute of Statistical Mathematics, 61, 929 – 948.

Chiodi, M. and Adelfio, G. (2011) Forward Likelihood-based predictive ap-
proach for space-time processes. Environmetrics, 22, 749 – 757.

Console, R., Jackson, D. D. and Kagan, Y. Y. (2010). Using the ETAS mo-
del for Catalog Declustering and Seismic Background Assessment.
Pure Applied Geophysics 167, 819 – 830.

Daley, D. J. and Vere-Jones, D. (2003). An introduction to the theory of
point processes. New York: Springer-Verlag.

Fraley, C. and Raftery, A. E. (2002). Model-based clustering, discriminant
analysis and density estimation, Journal of the American Statistical
Association, 97, 611 – 631.

Ogata, Y. (1988). Statistical models for earthquake occurrences and resid-
ual analysis for point processes. Journal of the American Statistical
Association, 83, 9 – 27.

Zhuang, J., Ogata, Y. and Vere-Jones, D. (2002). Stochastic declustering
of space-time earthquake occurrences. Journal of the American Sta-
tistical Association, 97, 369-379.



A Topological Approach to the Statistical
Estimation of Random Field Thresholds

Robert J. Adler1, Kevin Bartz2, Samuel C. Kou3, Anthea
Monod1

1 Technion – Israel Institute of Technology, Haifa, Israel
2 Renaissance Technologies, New York, USA
3 Harvard University, Cambridge, USA

E-mail for correspondence: anthea@ee.technion.ac.il

Abstract: We outline a new regression method to produce accurate (1 − α)
thresholds for signal detection in random fields that does not require knowledge
of the spatial correlation structure. The idea is to fit the observed empirical Euler
characteristics to the Gaussian kinematic formula via generalized least squares,
which quickly and easily provides statistical estimates of Lipschitz-Killing curva-
tures — complex topological quantities that are otherwise extremely challenging
to compute, both theoretically and numerically. With these estimates we can
then make use of a powerful parametric approximation via Euler characteristics
for Gaussian random fields to generate accurate (1−α) thresholds and p-values.
We demonstrate our approach on neuroimaging fMRI data.
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1 Motivation

Random field models are widely used in many scientific applications, such
as the statistical analysis of brain imaging and of cosmological studies. An
important problem common to most of these applications is the determi-
nation of threshold levels for the random field, which indicate that regions
with values above the level are significant, while regions with values below
are not. Under the setting of random fields, there is the major challenge
that values are correlated in space, which makes accurate determination of
threshold levels more difficult than under the simpler setting of independent
observations.
The application of interest and data under study is a language priming
experiment of functional magnetic resonance imaging (fMRI) carried out
by Dehaene-Lambertz et al. (2006), which also appeared in the functional
image analysis contest (FIAC). In this experiment, fMRI responses were
measured twice for 16 subjects after each heard a sentence spoken under
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two different conditions: once with the same speaker both times, and once
with different speakers. After each repetition, hemodynamic activity was
measured at every point (voxel) in a 64×64×30 grid that encompasses the
brain for each subject. The fMRI scan for the first subject is shown in Figure
1: the light and dark red domains represent mid- and high-activation regions
of the brain, respectively, under same-speaker (upper left) and different-
speaker conditions (lower left).

Subject 1 Subject 1 Subject 1
Same-speaker Difference Studentized Residual

Subject 1 All Subjects All Subjects
Different-speaker Average Difference t Statistic

FIGURE 1. Example of fMRI brain scans from the FIAC. Responses were mea-
sured for 16 subjects after hearing the same sentence spoken twice under two
conditions: both spoken by the same speaker (top left) and each by a different
speaker (lower left). The grey shell gives the outline of the brain, while the light
and dark red domains represent the contours at the hemodynamic activity levels
(12, 000, 15, 000). The difference brain (upper middle) shows the pointwise dif-
ference of these two scans. The pointwise average of these differences across the
16 experimental subjects is less noisy (lower middle). The residual brain (upper
right) gives the difference between the first subject and the experimental average.
The t brain (lower right) shows paired t statistics.

This study inspires two important research questions: Firstly, are there any
significant differences at all? Secondly, if there are, where do these signifi-
cant differences lie? A natural way to look for differences is to compare the
two conditions at every voxel in the brain. Figure 1 (lower right) shows the
result of voxelwise paired t tests: in red regions, different-speaker activity
exceeds same-speaker activity; in blue regions, the opposite is true. The
light- and dark-colored regions show areas where the t statistics exceed the
nominal single-test 95% and 99% levels of 2.13 and 2.95, respectively. The
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multiplicity of comparisons of 24,759 voxels in the brain, each with its own
t test, poses a challenge in establishing significance. Using the 95% thresh-
old, 1,273 voxels indicate significant differences, which, as a proportion of
24,759, amounts to roughly 5% and thus, comprise excessive false positives.
In contrast, using the 95% Bonferroni bound of 7.23, there are no signifi-
cant differences at all. This bound is known to be very conservative, and
according to neurological theory, the resulting conclusion is not likely to be
credible.
These preliminary exploratory results underline the importance of the mo-
tivating research questions and provide the impetus for a sound method to
determine and characterize significance.

2 Method

The problem of determining thresholds can be posed as a statistical test:
Let the null hypothesis H0 assert that both brain scans under both con-
ditions are, on average, equivalent. Under this H0, the grid of t-statistics
becomes a smooth random field T (·) over a region S of the brain. Since
high values of T usually indicate deviation from H0, a natural test statistic
to propose is the maximum:

MS := sup
s∈S

T (s).

Using MS as a test statistic, however, requires its precise null distribution,
which is practically never known. In the FIAC data, MS = 6.08; testing H0

requires the p-value, P (MS ≥ 6.08|H0). To identify the activated regions
of T , we require a (1− α) threshold t such that P (MS > t|H0) = (1− α).
Neither the null distribution nor the threshold are easy to compute because
they both depend on the correlation structure of T , which itself is also
unknown.
In Adler et al. (2013), we introduce Lipschitz-Killing curvature (LKC) re-
gression, a new method to produce accurate (1−α) thresholds for random
fields without knowledge of the correlation structure. The method borrows
from the Euler characteristic heuristic (ECH) (Adler, 2000), a powerful
parametric technique to determine null tail probabilities of MS for a wide
class of Gaussian and Gaussian-related random fields. It provides an ac-
curate approximation (of the order of 1% to 2% error) of the exceedance
probability P (MS ≥ u) for large u (of the order of 5% or smaller).
The ECH is based on the Euler characteristic (EC) ϕ, an important topo-
logical invariant for many general classes of well-behaved sets. For a 3D
Euclidean volume V , it counts the number of each of the three types of
topological features of a manifold (solid, simply connected regions of the
manifold, or connected components; visible, open holes, or handles; and
invisible, closed holes, or voids) in an alternating sum. It remains invariant
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under homeomorphisms of the topological space and is given by (Adler,
1981)

ϕ(V ) = # connected components in V −# handles in V + # voids in V .

The ECH considers the ECs ϕ of excursion sets Au := {s ∈ S : T (s) ≥ u}
and provides the following result:

P (MS ≥ u) ≈ E[ϕ(Au)]. (1)

Thus, we have an approximation for the tail probability for high u, which
provides the required p-value to test H0. Inverting (1) provides the thresh-
old uα corresponding to a (1− α) confidence level:

ûα := max{u : E[ϕ(Au)] ≥ α}. (2)

The applicability of the ECH becomes apparent when considering random
fields with constant mean and variance (Adler & Taylor, 2007), where the
expected EC E[ϕ(Au)] takes on an explicit parametric closed form given
by the Gaussian kinematic formula (GKF) (Taylor, 2006),

E[ϕ(Au)] =

dim(S)∑
i=0

Li(S)ρi(u). (3)

For Gaussian random fields, the ρi have simple representations involving
Hermite polynomials, while the Li are the LKCs — complex topological
quantities that are often extremely difficult to evaluate analytically as well
as numerically. The idea of LKC regression is then to fit the observed
empirical ECs to the GKF (3) using generalized least squares (GLS), which
provides statistical estimates of the LKCs that then allow us to generate
p-values by the ECH (1), and (1− α) thresholds by (2).

3 Application

Figure 2 provides an illustration of our method fitted to the FIAC data.

The left panel shows the empirical EC ϕ(A
(i)
u ) profiles for the 16 observed

random fields of the FIAC data (thin grey lines) and their sample aver-
age (dashed thick line) for different values of u. We find the best-fitting
LKCs through a GLS regression of (3). The fitted LKCs then produce the
best-fitting profile: the solid black line. The intersection of this fitted pro-
file and the 0.05 line yields the 95% confidence threshold as u∗95% = 4.19
(black dot). This threshold can then be applied to the brain of t statistics
to identify significantly activated regions. The method concludes that there
are only 7 voxels activated beyond 4.19, which is consistent with neurolog-
ical hypotheses, and a striking contrast to the 1,273 found using the naive
multiple t-test 95% threshold of 2.13, as well as the 0 found using the 95%
Bonferroni bound of 7.23.
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FIGURE 2. Illustration of our proposed regression method to fitting LKCs. The
light grey lines show the observed EC profiles for each of the 16 observed fields
from the FIAC data. The dashed line is their average. The solid black line is
the expected EC estimated by our regression method. The black dot is the point
where the expected EC intersects with the dotted grey line at 0.05, which denotes
the 5% threshold u∗95%. The plots are displayed both over a broad range of levels
(left) and zoomed in near the threshold (right).

4 Discussion

As a tool for hypothesis testing, our LKC regression method is powerful be-
cause it overcomes the need for the complete specification of the covariance
structure of the random field. Very few assumptions about the covariance
are made; even isotropy is not required. The random fields need only to be
Gaussian or Gaussian-related, which is often a natural consequence of the
data generating process.
The validity of the GKF (3) for all u forms the foundation of the effec-
tiveness of our LKC regression method. For p-value and threshold cal-
culation, one typically encounters large values of u, which correspond to
small-probability events, making direct estimation unreliable. Our regres-
sion approach, instead, is grounded on the observation that when u is small
or moderate, the expected EC E[ϕ(Au)] can be well estimated from the
data, since these cases do not correspond to small-probability events, and
so well-established statistical estimation methods are applicable. These re-
liable estimates then translate, via our regression, into reliable estimates of
the LKCs Li that do not depend on u. The L̂i in turn yield good approxi-
mations for p-values and threshold levels for large u. LKC regression thus
leverages the precision of estimation at low levels of u to obtain accurate
approximation at high levels of u.
In summary, our proposed LKC regression method features easy implemen-
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tation, conceptual accessibility, and facilitated diagnostics. Furthermore,
LKC regression achieves large gains over its main competitor, warping
(Taylor & Worsley, 2006), without compromising accuracy. For 2D and
3D random fields, the gain in speed ranges from a factor of two to a factor
of eight; for high-resolution fields, which are commonly found in practice, as
well as for higher dimensional cases, this proves to be a clear advantage. A
detailed numerical comparison of the two methods under simulation stud-
ies as well as under application to the FIAC data is provided in Adler et
al. (2013).
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Abstract: We describe an approach to the analysis of discrete longitudinal data
based on acyclic probabilistic finite automata models, propose a modified model
selection method, and illustrate application to a set of social science data.
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1 Introduction

An approach to the analysis of discrete longitudinal data using acyclic
probabilistic finite automata (APFA) was described by Ron et al (1998).
APFA may be represented as directed graphs, with possibly multiple edges
between vertices. The methodology has been further developed in a se-
ries of papers in the computer science and machine learning literatures.
The models have been used with great success in a variety of applications,
but appear to have passed unnoticed in the mainstream statistical litera-
ture. They underlie the BEAGLE program (Browning and Browning, 2007)
which is widely used for phasing and imputation of DNA chip data. The
class of chain event graph models (Smith and Anderson, 2008) is closely
related to APFA but appears to have been developed independently.
The structure of this paper is as follows. First we give a brief sketch of
APFA in statistical terms, and then propose use of a model selection algo-
rithm based on a penalized likelihood criterion. Finally we illustrate how
covariates may be included in the framework and demonstrate the practical
utility of the approach by applying it to a set of social science data.

2 APFA

Automata are essentially machines that output (or input) strings of sym-
bols. For example, Figure 1 represents a simple acyclic probabilistic finite
automaton. One node (the initial state, or root) has only outgoing edges
(out-edges), another node (the final state, or sink) has only incoming edges
(in-edges), and the remaining nodes have at least one in-edge and at least



78 Analysis of discrete longitudinal data using APFA

●

●

●

●

●

●

●

●0

1

2

3

4

7

9

13

0 1 2 3 4
Level

FIGURE 1. A simple APFA model.

one out-edge. All out-edges from a node have different colours: these indi-
cate the symbols generated: for example, red for ’1’ and blue for ’2’. Each
edge has a real number associated that specifies the probability of choosing
that edge (generating that symbol) having arrived at the node. All paths
from the root to the sink have the same length. The nodes of the graph fall
into groups 0, 1, . . . p called levels, where the root has level 0, the children
of the root have level 1, and so on. All edges go from one level to the next.
In statistical terms, such a graph specifies a probability distribution over
p discrete random variables, say X = (X1, . . . , Xp), corresponding to the p
levels. For example, in Figure 1 X1 corresponds to nodes 2 and 3, and the
edges from the root node 1 to 2 and 3, to the events X1 = 1 and X1 = 2.
The joint probabilities are given by

Pr(X) = Pr(X1) Pr(X2|X1) Pr(X3|X1, X2) Pr(X4|X1, X2, X3)

and the graph implies certain constraints in the probabilities: for example,
Figure 1 implies that

Pr(X3 = 1|X1 = 1, X2 = 2) = Pr(X3 = 1|X1 = 2, X2 = 2) = 1.

Whenever a node at level i < p has several in-edges, this implies that,

X>i⊥⊥X≤i|X≤i ∈ C (1)

where C is the set of paths C = {Xj
≤i} from the root to the node. Thus the

graph expresses a set of conditional independence constraints on Pr(X),
and is a type of graphical model. But unlike conventional graphical mod-
els (Lauritzen, 1996) here the conditional independences are given events
rather than variables. Maximum likelihood estimation given a data sample
is trivial: the conditional probabilities are simply estimated as the relative
frequencies of the corresponding counts.
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FIGURE 2. The left plot shows the sample tree, and the right plot is the result
of merging nodes 4 and 6 in the second level of the sample tree

3 Model selection

Ron et al (1998) described a simple and powerful algorithm to select APFA.
Suppose we have observed N observations of p discrete random variables
X = (X1, . . . , Xp). The algorithm first constructs the sample tree of the
data, and then simplifies this in a series of state-merging operations. The
idea is to merge two nodes n1 and n2 at level i whenever (1) is judged to
hold, i.e. whenever

Pr(X>i|X≤i ∈ C1) = Pr(X>i|X≤i ∈ C2) (2)

where C1 and C2 are the sets of paths from the root to n1 and n2, respec-
tively. Figure ?? illustrates a sample tree in which the two nodes labelled 4
and 6 are merged, together with the corresponding descendent nodes, and
the edge counts are summed. Observe that the model shown in Figure 1
could be obtained by further merging nodes 4 and 6 at level 2, and nodes
8 and 7 at level three, in Figure ??.
The algorithm proceeds from level 1 to level p− 1. At each level nodes for
which (2) is judged to hold are merged, resulting in a partition of the set
of nodes at that level. All nodes at level p are merged. To judge whether
(2) holds, Ron et al (1998) proposed use of a similarity measure

S = max
X>i
|Pr(X>i|X≤i ∈ C1)− Pr(X>i|X≤i ∈ C2)|

where the maximum is taken over X>i of the form (xi+1, . . . xi+k), for k =
1 . . . p−i. Merging occurs when S is less than a fixed threshold µ. Browning
and Browning (2007) modified the threshold µ to depend on input counts
to n1 and n2. Other authors have proposed alternative criteria for state-
merging in various classes of probabilistic automata, for example based on
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multinomial tests (Kermorvant and Dupont, 2002) and on Kullback-Leibler
divergence (Thollard et al,2001).
We propose instead use of a penalized likelihood approach, that trades off
likelihood with model dimension:

IC = −2 log(L) + k dim(m) (3)

where log(L) is the log-likelihood, dim(m) is the model dimension (number
of free parameters), and k is a penalizing constant: common choices are k =
2 for Akaike’s information criterion (AIC) and k = log(N) for the Bayesian
information criterion (BIC). It is well-known that under reasonable assump-
tions, model choice by minimizing BIC is consistent (Ripley, 1996). In the
present context we need to compute the change in the criterion when merg-
ing nodes, for example by calculating ∆BIC = deviance + log(N)df. The
deviance (likelihood ratio test statistic) and degrees of freedom can conve-
niently be calculated using standard expressions (Højsgaard et al 2012) for
the deviance and adjusted degrees of freedom associated with certain r× c
contingency tables: we omit the details.

4 An application

The biofam data set was constructed by Müller et al. (2007) from data
obtained in a retrospective biographical survey carried out by the Swiss
Household Panel (SHP) in 2002. The data describe family life courses of
N = 2000 individuals born between 1909 and 1972, including only individ-
uals who were at least 30 years old at the time of the survey. It contains
sequences of family life states recorded once a year from age 15 to 30 and a
series of covariates. Family life state is classified into 8 categories: (i) living
with parents, (ii) left home, (iii) married, (iv) left home and married, (v)
have children, (vi) left home and have children, (vii) left home, married
and have children, and (viii) divorced. In addition, a large number of co-
variates were recorded. Here for the sake of simplicity we only include sex
and religion, the latter coded as ’catholic’, ’protestant’ or ’other’.
To illustrate the method we apply it to the biofam data. To include the
covariates in the model we construct a single factor with six levels encoding
the possible combinations of sex and religion and include this in the model
framework as the first variable. The following 16 variables are the family
life states from age 15 to 30, so p = 17.
The sample tree of the data begins with the root node, which forms the
parent node for the 6 covariate nodes at level one. Starting from this level,
the algorithm looks for nodes at the same level to merge. At each level, the
algorithm checks the all possible combinations of node pairs, and two nodes
at a level are merged if they are sufficiently similar, using the BIC criterion
(3). The selected model is shown in Figure 3. Each path from root to sink
node represents an individual life course, that is, a sequence of family life
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FIGURE 3. APFA model for biofam data. The width of the edges indicates the
size of the counts.

states. The legend shows the colour-coding of the life state variables, and
the width of the edges is proportional to the corresponding sample counts.
The x-axis shows the ages corresponding the different levels in the graph.
The three most common states are: staying with parents, left home, and
got married.
We first note that all the 6 covariate nodes in the sample tree are merged
into one node in the graph. This implies that sex and religion do not af-
fect the future life courses. The red edges represent children staying with
their parents. We observe that a large number of children remain living
with their parents until the age of 20 and from then the number gradually
decreases. The blue edges, indicating those who left home, increase corre-
spondingly. The different parts of the plot show the life courses of those
that left home without getting married (blue edges), got married (green
edges), got divorced (purple edges) and got married, left home and had
children (orange edges).
The R package TraMineR implements other useful methods for the analysis
of this type of data: see Gabadinho et al. (2011).

5 Conclusion

As the example illustrates, APFA constitute a rich and expressive class
of models for longitudinal data. They may be represented as graphs that
are easily interpretable (although for high-dimensional data these may be
very complex). We believe that they may useful for the analysis of discrete
longitudinal data arising in a variety of application areas.
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Abstract: Markov mixture models are considered for assessing the progression
of chronic kidney disease in children. The observational process consists of re-
peated measurements of the estimated filtration glomerular rate (eGFR). In our
models, the distribution of eGFR depends on a latent continuous-time process
that describes transitions amongst three different states of the disease process:
crisis; recovery; stability.
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1 Introduction.

Chronic kidney disease (CKD) is characterized by a progressive loss of
renal function which ends in the so-called end-stage renal disease, at which
point the subject needs life-saving renal replacement therapy (dialysis or
transplantation). CKD in children has a strong influence on their physical,
psychological, social and intellectual growth as well as reducing their life
expectancy.
The evolution of this disease in children, despite its importance for Public
Health, is poorly understood because most studies have focused on adult
populations. The main goal of this study is to assess the progression of this
disease in children through a longitudinal study of the estimated glomerular
filtration rate (eGFR), the most widely used variable for quantifying renal
function.

2 The longitudinal data.

Data for our analysis come from ReVaPIR, a study of CKD in València,
Spain. The study includes all patients (n=168) living in the Comunitat
Valenciana from 1st January 2005 until 31st December 2010 who had been
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diagnosed with the disease during this period or before. The data-base in-
cludes for each patient eGFR measurements and other information at the
time of diagnosis and at consecutive follow-up visits. The data are unbal-
anced: follow-up times are not common to all patients, and the number
of follow-up visits on which data are available varies between one and 13.
The time-origin for each patient’s sequence of measurements is their date
of diagnosis. The response variable is the logarithm of eGFR.
Figure 1 shows time-plots of log(eGFR) values against time since diag-
nosis, with consecutive observations on each child connected through line
segments. Interesting features of Figure 1 include the wide variation in the
initial values of log(eGFR) and in the subsequent trajectories for different
children.
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FIGURE 1. Response profiles of log(eGFR) against time since diagnosis. Colours
indicate results for different children.

3 First longitudinal models.

We have considered different longitudinal models for explaining the pro-
gression of log(eGFR), using a parametric approach to accommodate the
unbalanced nature of the data (Diggle, 2002):

• A mixed effect lineal model (MLM) with a random intercept for each
child.

• A MLM with a random intercept and a random slope.

• A MLM with a random intercept and an Ornstein-Uhlenbeck (OU)
process to capture serial correlation between repeated measurements
on the same child.
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• A MLM with a random intercept, a random slope and an OU process
for serial correlation.

All these models include gender, etiology of the disease and age of the child
at diagnosis time as baseline covariates, and hypertension medication as a
time-varying covariate registered at each follow-up examination.
The models were fitted using Bayesian methods with conventional non-
informative priors using the WinBUGS software (Lunn et al., (2000)). Un-
fortunately, none of the models seems able to capture the heterogeneity in
the log(eGFR) data, especially for children whose eGFR sequences show
high variability.

4 Markov mixture models.

We have noticed, and also discussed with the medical team, some different
patterns in the evolution of the disease, not only between different children
but also within the same child in different time-periods. For example, there
are some children who maintain a stable renal function for a time before
experiencing an unstable period. In some cases, this situation represents a
crisis from which the child subsequently recovers and returns to a period of
relative stability. In others, an irreversible decline in renal function leads to
a requirement for long-term renal replacement therapy, ideally transplan-
tation.
We assume that the progression of the disease depends on a latent disease
state, ant it would be desirable to examine a model that takes into account
this element in the log(eGFR) measurement process. For this reason we
move towards Markov mixture models (Rabiner and Juang, 1986; Cappé
et al., 2005; Frühwirth-Schnatter, 2006) which are better able than linear
models to capture the full range of heterogeneity that we see in our data.
The basic structure of this class of models includes a bivariate process
whose components are a hidden categorical-valued Markov chain and a
continuous-valued measurement process. In our application we define these
elements as follows.

The hidden process:

A continuous-time Markov chain describing the state of the disease
of a child at time t, where t is time since CKD diagnosis. The chain
has three states: stable; crisis; recovery.

The measurement process given the hidden process:

A mixed linear model for the longitudinal observations of log(eGFR)
for which:

• The trend is defined in terms of the state of the disease, baseline
and temporal covariates, and a piecewise-linear function with
slope-changes at the times of transition between states;
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• Random variation includes:

– a random intercept and an OU process realised indepen-
dently for each child, both depending on the hidden disease-
state;

– a measurement error term to account for the imprecision in
measured eGFR, independent of the disease-state.

Bayesian computation is based on data augmentation and requires proper
prior distributions (Frütwirth-Snatter, 2006). In particular, we are using
Markov Chain Monte Carlo methods and are currently exploring some dif-
ferent approaches introduced by Hahn and Sass (2009) and Hahn et al.,
(2010), including: a continuous-time state process; a discrete-time version;
and a combination of the two.

Acknowledgments: This work was partially supported by the research
grant MTM2010-19528 from the Spanish Ministry of Education and Sci-
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Abstract: A common hypothesis in the analysis of survival data is that any
observed unit will experience the monitored event if it is observed for a suffi-
cient long time. Alternatively, one can explicitly acknowledge that an unknown
and unidentified proportion of the patient population under study is cured and
will never experience the event of interest. The promotion time model, which is
motivated using biological mechanisms in the development of cancer, is one of
the survival models taking this feature into account. The promotion time model
assumes that each subject is exposed to N carcogenic cells. Given this number of
carcogenic cells, we define latent event times (Y1, ..., YN ), which are independent
with a common distribution F (t) = 1 − S(t) independent of N and that can be
seen as incubation time. Since we assume that 1 out of N latent factors needs to
be activated, the observed failure time is defined as the minimum of the latent
event times.
In this work, we propose an extension which allows the covariates to influence
simultaneously the probability of being cured and the latent distribution F (t).
We estimate the latent distribution F (t) using a flexible Cox proportional haz-
ard model where the logarithm of the baseline hazard function is specified using
Bayesian P-splines. The identification issues of the related model are also in-
vestigated. A simulation study evaluating the accuracy of our methodology is
presented.

Keywords: Survival analysis; Cure fraction; Promotion time model; Cox Model;
Poisson Generalized Linear Model; Bayesian P-splines.

1 Introduction

A common hypothesis in the analysis of survival data is that any observed
unit will experience the monitored event if it is observed for a sufficient long
time. For example, in a cancer clinical trial, one implicitly assumes that all
patients will be observed to have a relapse if their follow up is long enough.
Hopefully, this is not always a realistic assumption and the consequences
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of such a wrong hypothesis on the results of the analysis is more and more
questioned in the survival literature.
Alternatively, one can explicitly acknowledge that an unknown and uniden-
tified proportion of the patient population under study is cured and will
never experience the event of interest. Such models are refered as cure sur-
vival models. There are two well known families of cure survival models.
The first one, often refered as the standard mixture cure models, was in-
troduced by Berkson and Gage (1952). The population survival function
of such models is obtained as a mixture of contributions due to suceptible
and cured individuals :

Sp(t) = pSu(t) + (1− p) (1)

where p is the probability of being suceptible and Su(t) is the survival func-
tion of the suceptible individuals. The estimating procedures and the way
to enter covariates in the model were discussed by many authors, see for
example Wang, Du and Liang (2012).
The second family, refered as the promotion time (cure) model, is motivated
using biological mechanisms in the development of cancer as explained in
Chen, Ibrahim and Sinha (1999). The model argues that each subject is
exposed to a number N ∼ P (θ) of carcogenic cells. For each cell, Y is de-
fined as the time necessary for it to yield a detectable cancer mass. The
Y ′i s are often refered as the latent event times. We assume that the cancer
mass in each cell is detected independently from each other and that only
one cell needs to be activated for a subject to fail. The latent event times
{Y1, ..., YN} are independent with a common proper distribution F (t) inde-
pendent of N and the observed failure time is defined as T = mini{Yi}. If
the subject is not exposed to carcogenic cells (if N = 0), (s)he is considered
as cured. Using the biological derivation of the model, one can show that
the population survival function is given by :

Sp(t) = exp [−θF (t)] = exp [−θ(1− S(t))] . (2)

Note that, since F (t) is a proper cumulative distribution function, the prob-
ability of being cured is given by P (N = 0) = limt→∞ Sp(t) = exp(−θ).
A mathematical motivation of the model was first proposed by Tsodikov
(1998). It has been studied by many authors, see for example Ibrahim,
Chen and Sinha (2001) in a Bayesian framework.
Starting from model (2), we propose an extension which allows the co-
variates to influence simultaneously the probability of being cured and the
latent distribution F (t).

2 Model Specification

Let x and z be two sets of covariates (they can share some components or
be identical). When the covariates influence only the probability of being
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cured in the promotion time model, it is usual to use the following link on
the parameter θ :

θ(x) = exp(β0 + xTβ)

Since the covariates might jointly influence the probability to be cured
and the time necessary for a cell to yield a detectable tumor, we suggest
in addition a Cox proportional hazard model for the latent distribution
F (t|z) :

1− F (t|z) = S0(t)exp(zTγ)

where S0(t) is the baseline survival function.
Introducing these two covariates structures in (2), the population survival
function becomes :

Sp(t|x, z) = exp [−θ(x)F (t|z)]

= exp
[
− exp (β0 + xTβ)

(
1− S0(t)exp(zTγ)

)]
(3)

3 Identification issues

When working with a Cox proportional hazard model, the two following
assumptions are usual :

i) The vector z of covariates does not include an intercept to ensure the
identifiability of the Cox proportional hazard model.

ii) The baseline cumulative distribution function F0(t) = 1 − S0(t) is
proper : limt→∞ F0(t) = 1.

Under i) and ii) we have shown that :

1) If the follow up of the study is sufficently long, then model (3) is
identifiable.

2) If the follow up of the study is not sufficently long, then model (3)
is not identifiable, except if vectors x and z do not share the same
components.

4 Flexible estimation of the baseline distribution

In order to estimate the baseline survival function S0(t) in (3), we suggest
to use a linear combination of cubic B-splines on the baseline log-hazard
function:

h0(t) = exp

(
K∑
k=1

bk(t)φk

)
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where (bk(.), k = 1, . . . ,K) denotes the cubic B-splines basis associated to
a predefined number of equidistant knots on [0, tRcens], where tRcens is the
upper bound of the follow up.
As suggested by Eilers and Marx (1996), we choose a large number of
B-splines and counterbalance the flexibility by introducing a (roughness)
penalty on finite differences of adjacent B-spline parameters : τ

∑
k(∆rφk)2 =

τφ′DTDφ, where τ is the penalty parameter.

5 Bayesian Model

5.1 Prior distributions

In a Bayesian setting, the roughness penalty is translated into a prior dis-
tribution for the spline parameters (Lang and Brezger (2004)):

π(φ|τ) ∼ τ
ρ(P )

2 exp
(
−τ

2
φ′Pφ

)
where ρ(P ) is the rank of P = DTD and D is the rth difference penalty
matrix. For the penalty parameter τ , we use a common non-informative
gamma prior distribution and an improper uniform prior distribution is
specified for all regressors.

5.2 Posterior distribution of the spline parameters

The posterior distribution of the spline parameters is not related to a well
known family. In order to generate a sample from the posterior, we will use
an adaptive univariate Metropolis step as recommended by Haario and al.
(2001). Lambert (2007) shows that if we apply the adaptive Metropolis step
on a reparametrized posterior distribution then the mixing of the chains will
be improved. To reach that goal, an estimation of the correlation structure
of the spline parameters is derived using the link between survival data and
the Poisson GLM.

6 Simulation study

We evaluate the accuracy of our methodology when the sufficiently long
follow up assumption is (and is not) respected (see Section 3). Differ-
ent percentages of cured and (random) right censored individuals were
investigated. For each setting, two covariates are taken into account :
W1 ∼ N(0, 1) and W2 ∼ Bin(1, 0.5) and the baseline distribution is re-
lated to a Weibull distribution with mean 10.8 and standard deviation 5.64.
In this paper, we report only the results when 20% of cured subjects are
present in the data without and with 18% of random right censoring and
when the assumption of sufficient follow up is respected. Since the follow
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TABLE 1. Simulation results. For S = 200 replications and sample size n = 500.
20% of cured subjects are present in the data. The biais, the coverage of the 90%
and 95% credible intervals, the posterior standard deviation and the RMSE of
the posterior median of the regression parameters are presented.

Random cens. True value Biais CV 90 CV 95 Sdpost RMSE

β0 = 0.65 -0.022 91.5 94.5 0.124 0.017
β1 = 1.2 -0.048 89 92 0.119 0.017

0% β2 = 0.5 0.011 93 97 0.151 0.021
γ1 = −1 0.079 83.5 89 0.122 0.114
γ2 = 2.5 -0.104 86.5 92.5 0.219 0.236

β0 = 0.65 -0.017 92 97.5 0.143 0.020
β1 = 1.2 -0.021 91.5 94.5 0.132 0.018

18% β2 = 0.5 0.020 93 96 0.169 0.026
γ1 = −1 0.049 90.5 95 0.135 0.139
γ2 = 2.5 -0.085 89 94.5 0.237 0.251

up is sufficiently long, x and z can share the same components. We define
x = (W1,W2) = z. The values of β0 = 0.65 and β = (β1, β2) = (1.2, 0.5)
were chosen to ensure 20% of cured subjects in the data. The choice of the
values of γ = (γ1, γ2) = (−1, 2.5) suggests to set the upper bound of the
follow up at tRcens = 25. The censoring distribution is related to an expo-
nential distribution with mean 40. Other scenarios will be discussed during
the oral presentation. Simulations were performed on 200 replications of
size 500.
Table 1 summarizes the simulation results for the regression parameters.
One can see that the posterior medians (as estimators) of the regression co-
efficients have similar (small) biaises in both settings with a sligh decrease
of the biais for γ1 and γ2 when random right censoring is introduced. The
posterior standard deviations and the RMSE increase slighly with the in-
troduction of random right censoring. The coverage probabilities of the
90% and 95% credible intervals are close to their nominal value with even
better results for γ1 and γ2 when random right censoring is introduced.
We expect that the biais of the coefficient estimates will increase when the
percentage of cured subjects increases. This can lead to some deterioration
of the coverage probabilities.
The estimations of the baseline survival function (grey curves) are plotted
on Figure 1. The introduction of random right censoring does not affect
the estimation of the baseline distribution except in the right tail of the
distribution where the uncertainty is getting larger.
These are promising results. More research is needed to understand the
favourable effect of right censoring on the estimation of the regression co-
efficients in the Cox model.
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FIGURE 1. Estimation of S0(t) (One grey curve per data set). For S = 200 repli-
cations and sample size n = 500. 20% of cured subjects are present in the data.
The solid line is the true survival function and the dashed line is the pointwize
median of the 200 obtained curves. Left : without random right censoring. Right
: With 18% of random right censoring.
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Abstract: The proportional hazards (PH) assumption in survival analysis may
not always be appropriate. If data do not obey the assumption then we will
reach incorrect conclusions by making it. For example we may find a covariate
to be statistically insignificant when in fact it is important, but on a non-PH
scale. Even if a PH model does pick up the statistical significance of such a
covariate, the nature of the effect of the covariate on survival, as determined by
this simplistic model, will clearly be incorrect. We introduce a regression-based
extension of parametric PH modelling which we call multi-parameter regression,
MPR, modelling

Keywords: Multi-parameter regression survival models, non-PH models, shape
and scale regression, time-dependent hazards

1 Introduction

Generally, when modelling data parametrically we will have multiple pa-
rameters. Typically, we choose only to regress one of these parameters on
covariates. For example, in GLMs (McCullagh and Nelder, 1989) the loca-
tion parameter, g(µ) = Xβ, is regressed whilst the dispersion parameter,
σ, is often treated as a nuisance parameter. In more recent times, models
have been developed in which multiple parameters are regressed simulta-
neously on covariates, for example, in structural dispersion (Lee & Nelder,
2001), generalized additive models for location, scale and shape (Rigby
& Stasinopoulos, 2005) or joint mean-covariance modelling in longitudinal
data analysis (Pan & MacKenzie, 2003). We refer to models such as these
as “multi-parameter regression” (MPR) models.
In survival analysis the most widely used model is the proportional hazards,
PH, model. The routine use of this model has inevitably led to it being im-
posed on data which do not obey the PH assumption. The PH model is
equivalent to regressing the scale parameter, say λ, in a model which pos-
sesses the proportional hazards property. We propose a multi-parameter
regression approach whereby the shape parameter, say γ, is regressed si-
multaneously with the scale parameter. This innovation thus generalizes
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the PH model to non-PH status and affords much more flexibility. The in-
fluence of covariates on the hazard ratio, which is constant in a PH model,
is now time-dependent. The ability to relate covariates to the shape of
the hazard will give rise to scientific insights previously unavailable in PH
analyses which may be of interest in their own right.

2 MPR Weibull

We focus on the Weibull model for illustrative purposes, although the
methodology can easily be applied to other models. The particular form
of the Weibull distribution we will use is that presented in Collett (2003)
which has hazard function λ(t) = λγtγ−1 where λ,γ > 0. The hazard is
decreasing for γ < 1, constant for γ = 0 and increasing for γ > 1.
We propose the following multi-parameter regression:

log(λ) = xTβ, log(γ) = zTα, (1)

where the log-link is used to ensure positivity of both parameters, x =
(1, x1, . . . , xp)

T and z = (1, z1, . . . , zq)
T are covariate vectors which may

or may not contain covariates in common and β = (β0, β1, . . . , βp)
T and

α = (α0, α1, . . . , αq)
T are unknown regression coefficients The hazard ratio

for a binary covariate, common to both regressions, say, x∗ = x1 = z1, is

λ(t |x∗ = 1)

λ(t |x∗ = 0)
= exp(β1 + α1)texp(z̃Tα){exp(α1)−1}. (2)

where z̃Tα = zTα− x∗α1. When α1 = 0, the hazard ratio is exp(β1) which
is the familiar PH case. Thus the MPR directly generalizes the PH model.

3 Hypothesis Testing in MPR Models

We may ask if a certain covariate, x∗, has an effect on the scale, or the shape
or on both the scale and shape parameters leading to three null hypotheses,
namely: (i) H0 : β1 = 0, (ii) H0 : α1 = 0 and (iii) H0 : β1 = α1 = 0.

However, due to correlation between β̂1 and α̂1, it is inadequate to consider
testing (i) and (ii) separately using the standard Wald test approach. We
must test hypothesis (iii) first. To do this, we can assume a bivariate normal
distribution for the two parameters (based on standard maximum likelihood
theory) from which joint confidence regions for the two parameters can
be computed. Variable selection methods must also take this parameter
correlation into account, i.e. we cannot consider variable selection for the
each regression (scale and shape) separately.
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FIGURE 1. Comparison of PH and MPR Weibull Models

4 Example

We can see the flexibility of the MPR model compared with the PH model
using a lung cancer data set collected in Northern Ireland between October
1991 and September 1992 (Wilkinson, 1995), in which we find some non-
PH covariates, thus invalidating a PH analysis. For example, in Figure 1 we
see that the treatment covariate (a factor with five levels) does not seem
to obey the PH assumption based on the Kaplan Meier survivor curves.
Comparing the model fits to these Kaplan Meier curves, it is visually clear
that the PH model (γ constant) does not fit the data as well as the MPR

model (γ = ez
Tα). More formally, this can be confirmed by performing a

likelihood ratio test (p-value < 0.001) or some selection criterion e.g. AIC
or BIC. The example here is only a one factor model. In a multi factor
model the improvement in fit for the MPR over the PH model, in terms
of AIC for example, will be even greater because the MPR model is more
general than the PH model and in the worst case just reduces to the PH
model.

5 Discussion

It has been found that the multi-parameter regression Weibull model indeed
affords great flexibility and leads to better fits when compared with the
standard proportional hazards model. This can be verified both graphically
or more formally using likelihood theory. The extra generality leads of
course to additional hypothesis testing and model selection considerations.
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Abstract: We propose a new technique to summarize several distributions par-
simoniously by employing ideas from Exponential Tilting (ET). We assume that
the observed data are generated by densities that can be derived from a single
(latent) reference distribution by ET, i.e., while preserving the sample means
they have minimal Kullback-Leibler distance to the reference distribution. We
show how the reference density and the resulting Lagrange multipliers can be es-
timated by penalized likelihood in a GLM setting. We also suggest an extension
of the model, if simple ET does not lead to a satisfactory summary. We illustrate
the methodology by two applications.

Keywords: Exponential Tilting; Lagrange multipliers; Latent density; Smooth-
ing.

1 Introduction

Exponential Tilting (ET) results if, for a given reference distribution g, we
look for the density f that has the shortest Kullback-Leibler distance to g
and has a given expected value. ET has found applications in bootstrapping
and statistical testing, but here we use the idea of ET in an exploratory
setting.
We reverse the question of ET in the following way: If we have samples from
a sequence of n distributions fj , j = 1, . . . , n, which we assume to evolve
over j (which may, for example, be time or another ordered index), then we
would like to identify a common latent reference distribution g, so that the
f̂j are ET estimates of g, preserving the sample means. The reference distri-
bution g together with the resulting Lagrange multipliers summarize the fj
parsimoniously, and we call the resulting method Exploratory Exponential
Tilting (EET).
As may be expected, the problem can only be solved if some restrictions
are put on g. If we assume that g is smooth, we can estimate the reference
density and the Lagrange multipliers by penalized likelihood in a GLM
setting.
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In situations where the simple EET fit is not satisfactory, we propose to
extend the model by adding another sequence of constraints, which adds
a bilinear component to the model and leads to extended exploratory ex-
ponential tilting (E3T). We show the approach in two applications which
demonstrate that EET and E3T lead to interesting and useful results.

2 Background and Model

2.1 Exponential Tilting for Discrete Distributions

Let X be a discrete random variable taking values xi, i = 1, . . . ,m, and de-
note by gi a probability function on the values xi. Exponential tilting (ET)
estimates a new probability function f = (f1, . . . , fm)′, which minimizes
the Kullback-Leibler distance to g = (g1, . . . , gm)′ and has a specified ex-
pected value a =

∑m
i=1 xi fi. This constrained optimzation problem

min
f

KL(f, g) = min
f

m∑
i=1

fi ln
fi
gi

s.t.

m∑
i=1

fi = 1 and

m∑
i=1

xi fi = a

can be solved by a Lagrange multiplier approach. If we let ηi = ln fi and
ui = ln gi we can write the Lagrangian as

L(η, λ0, λ1) =

m∑
i=1

eηi(ηi − ui) + λ0

(
1−

m∑
i=1

eηi

)
+ λ1

(
a−

m∑
i=1

xi e
ηi

)
,

where λ0 and λ1 are the Lagrange multipliers. If we take the partial deriva-
tives with respect to the ηk, k = 1, . . . ,m, we obtain

∂L

∂ηk
= eηk {ηk − uk + 1− λ0 − λ1xk} . (1)

Stationary points of L(η, λ0, λ1) hence need to solve the system

η = u+X λ, (2)

where u = ln g, and X ∈ Rm×2 is

X =

(
1 . . . 1
x1 . . . xm

)′
. (3)

The vector λ = (λ0, λ1)′ holds the Lagrange multipliers; for simplicity λ0

absorbed the −1 in (1).
To estimate η from a sample of counts y = (y1, . . . , ym)′, we consider the
yi as realizations of Poisson variates with means µi, and the constraints
become ∑

i

µi =
∑
i

yi and
∑
i

µixi =
∑
i

yixi, (4)
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respectively. Again we obtain

lnµi = ηi = ui + (1 , xi)λ

or as vector equation
lnµ = η = u+Xλ, (5)

which can be estimated in a standard GLM setting.
If n distributions fj = (fj1, . . . , fjm)′, j = 1, . . . , n, are to be estimated, for
the same reference distribution g, then the resulting n independent systems
(5) can be collected in a single large system

ln(µ) = η = u+X λ (6)

with appropriately concatenated offset vector u, holding the same u = ln g
for each sample, a design matrix X that replicates (3) n times, and a
vector λ that combines the n pairs of Lagrange multipliers (λ0j , λ1j), j =
1, . . . , n. Collecting the n independent systems in a single equation may
look superfluous, but will become useful in the following section.

2.2 Exploratory Exponential Tilting

If we observe a sequence of samples yj = (yj1, . . . , yjm)′, j = 1, . . . , n,
we can ask whether the n distributions may be generated by ET from a
common (latent) reference distribution g. If the resulting fit is good, this
would allow us to summarize the n distributions parsimoniously by g and
the sequence of Lagrange multipliers λ1 = (λ1j). We call this novel tool for
exploring data the exploratory exponential tilting (EET) model.
To make the problem identifiable, we have to introduce constraints on u =
ln g, namely

∑
i ui = 0 and

∑
i xiui = 0. Also, we assume that u = ln g is

smooth. If we denote by Y = (yij) and let y = vec(Y ), we can rewrite (6)
as

ln(µ) = η = V β (7)

where β = [u,λ0,λ1]′ ∈ Rm+2n, and λ0 = (λ0j) and λ1 = (λ1j) are the
sequences of Lagrange multipliers. The design matrix V is constructed ap-
propriately by Kronecker products. Smoothness is enforced by a difference
penalty on the elements of u.
The resulting constrained iteratively re-weighted least-squares (IRWLS)
algorithm is given by:(

V TW̃V + P HT

H 0

)(
β̂
ω̂

)
=

(
V TW̃z
κ

)
,

where W̃ = diag(µ̃) and z̃ = W̃
−1

(y− µ̃)+η . The penalty matrix P has
a block-diagonal structure and it measure the roughness of u by dth order
differences, multiplied by a positive regularization parameter. The matrix
H implements the two constraints.
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2.3 Extended Exploratory Exponential Tilting

It can easily be anticipated that simple EET, as described in the previous
section, will not provide a satisfactory fit in all situations. Therefore we
consider the following extension. We imagine that, besides (4), a third
constraint applies across the n distributions:∑

i

φiyji =
∑
i

φiµji. (8)

The values φi vary smoothly across the range of xi. The n Lagrange mul-
tipliers are collected in the vector c = (c1, . . . , cn)′. Equation (7) becomes

η = V β + φc, (9)

which is a bilinear extension of the simple EET. To make the model iden-
tifiable we constrain the elements of φ to

∑
i φi = 0 and of c to

∑
j c

2
j = 1.

Again a penalized likelihood can be maximized by an appropriately adapted
constrained IRWLS algorithm.
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FIGURE 1. Weight distribution for Dutch children in 1997 in five different
age-groups ranging from 10 to 20 years. A simple EET mode provides a good fit
to these data.
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3 Applications

3.1 Weight data

Figure 1 presents our first example: The weight (in kg) of Dutch children
for different age-groups (in 1997; data from Fredriks et al., 2000). There is
a clear shift to higher weights during puberty and an increasing variance
as well as a tendency toward a normal distribution. Despite these several
changing features a simple EET model provides a good fit. These data can
be summarized well by a reference density g and five additional parameters
(Lagrange multipliers λ1).

3.2 Dutch fertility

In the second example we look at the age at first birth for Dutch women
born between 1938 to 1953. The data were taken from the Human Fertility
Database (2013) and selected cohorts are shown in Figure 2. While the
quantum of fertility has clearly decreased, the associated variability around
the modal age at first birth has increased over time.
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FIGURE 2. Age at first birth for selected cohorts of Dutch women (ages 12-54,
cohorts born between 1938 and 1953). Fit of simple and extended EET model.

The simple EET model presented in (7) is not able to capture the de-
velopment of fertility over the cohorts properly (dotted lines). Therefore
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FIGURE 3. Estimated bilinear component of the E3T model, see equation (9),
for the age at first birth distributions.

we fitted the extended model (9), which improves the results considerably
(solid lines). Figure 3 shows the estimated values of φ over age and of c
across the birth cohorts.
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Abstract: Estimating age-specific contact rates from social contact surveys has
proven valuable for modelling infectious disease spread via the respiratory or
close-contact route. Here, we present a smoothing constrained approach to es-
timate these contact rates between people of possibly different ages. We use a
two-dimensional approach where contact rates are assumed smooth from a cohort
perspective as well as from the age distribution of contacts. The proposed method
uses a combination of penalized likelihood for rectangular arrays for smoothing
the contact rates and linear constraints to ensure reciprocity of contacts. We
illustrate our approach using Belgian social contact data.

Keywords: Smoothing; Social Contact Data; Constraints; Symmetry.

1 Introduction

Mathematical modelling of infectious diseases transmitted by the respira-
tory or close-contact route (e.g. influenza) is increasingly being used to de-
termine the impact of possible interventions. More recently, several authors
have shown that informing mathematical models with social contact data
is of great value avoiding making a priori contact assumptions with little or
no empirical basis (Wallinga et al. 2006, Ogunjimi et al. 2009, Goeyvaerts
et al. 2010). Goeyvaerts et al. (2010) have also shown that estimating mix-
ing patterns from social contact data is not without difficulties and model
choice is likely to effect the mathematical model outcome substantially.
In this paper we focus on modelling social contact data from a population-
based contact survey that has been carried out in Belgium over the period
March-May 2006 as part of POLYMOD, a European Commission project
funded within the sixth framework programme (Mossong et al. 2008). Par-
ticipants kept a paper diary with information on their contacts over one
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day. A contact was defined as a two-way conversation of at least three
words in each other’s proximity. The contact information included the age
of the contact, gender, location, duration, frequency, and whether or not
touching was involved. Our interest goes to estimating the age-specific per
capita contact rates nonparametrically while taking the reciprocal nature
of contacts into account.

2 The model

Let Y = (yij) denote the total number of contacts by all participants of age
i, i = 1, . . . ,m with contacts of age j, j = 1, . . . , n = m as measured in the
sample. The vector ě = (ěi) is the total number of participants at age i. We
arrange the matrix of contacts by column order into a vector y. Likewise
we arrange the matrix of exposures e = vec(E), where E = ě 11,m.
The actually observed contacts are assumed to be realizations from a Pois-
son distribution: y ∼ P(µ) . The expected values µ are the product of
the exposure e and the actual contact rates, γij , which are assumed to be
smooth.
Additional to smoothness, we need to account for the reciprocal nature of
contacts which acts at the population level. Let p denote the age-structure
of the population in which the survey is conducted. When estimating the
social contact matrix, we will enforce symmetry as follows:

γij pi = γji pj , (1)

which means that the total number of contacts from age i to age j must
equal the total number of contacts from age j to age i.
The contact rate matrix Γ = (γij) should be interpreted from a cohort
perspective: people age through time and we assume contact rates for con-
secutive time points to be similar. Thus we aim to model our data over the
diagonal component (so including all sub-diagonals). Unlike for the age of
respondents, it does make sense to smooth over the dimension of the con-
tacts’ ages, e.g. children will meet their parents and grandparents who are
± 28 and ± 56 years older. The distribution of the age of (grand)parents
is assumed smooth.
Figure 1 offers a graphical representation of the original data (left panel)
and the equivalent scheme for the re-structure data over the age of contacts
and cohort of the respondents.
Changing the coordinates allows us to reproduce a rectangular grid and
take advantage of computational methods for rectangular arrays. We only
need to create dummy data for the points missing from the grid and use
a weight matrix to remove the dummy data from influencing the fitting
procedure.
We define y̆, ĕ and w̆ contacts, exposure and weights (equal zero at dummy
data), respectively, over the new co-ordinates in a column vector. We aim
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FIGURE 1. Schematic representation of the original data structure over ages of
respondents and ages of contacts (left panel) and the re-arranged structure over
cohort of the respondents and ages of the contacted person (right panel). Missing
points are depicted with gray squares.

to smooth ln(γ̆) = η̆ given the mentioned constraints. We can express
these constraints as follows

H η̆ = κ , (2)

where the constraints matrix H allocates the vector η̆ to suit the con-
straints in (1) with

κT = (p2 − p1, p3 − p1, . . . , pm − p1,

p3 − p2, p4 − p2, . . . , pm − p2, . . .

pm − pm−1) .

The unique solution for η̆ subject to (2) is given by solving(
W + P HT

H 0

)(
η̆
ω

)
=

(
Wz
κ

)
, (3)

where W = diag(γ̆ ∗ ĕ ∗ w̆) and z = η̆ + (y̆/(γ̆ ∗ ĕ)− 1). Here, ∗ and /
indicate element-by-element multiplication and division, respectively.
The penalty term is given by

P = λ1 In ⊗DT

d,1Dd,1 + λ2D
T

d,2Dd,2 ⊗ Im+n−1 ,

where λ1 and λ2 are the smoothing parameters for the two new dimen-
sions. The matrices Dd,1 and Dd,2 calculate d-th order differences for the
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domains of η̆ (Currie et al., 2004). In the following, we use second order
differences and smoothing parameters were chosen based on minimization
of the Bayesian Information Criterion:

BIC(λ1, λ2) = DEV(y̆|γ̆) + ln
(∑

w̆i

)
ED ,

where DEV(y̆|γ̆) is the deviance of the Poisson model. We take the trace
of the hat-matrix for the estimated linearized smoothing problem in (3).

2.1 Computational note

Our model does not employ any regression basis such as B-splines because
we need an exact link between constraints and linear predictor. This leads
to the number of coefficients equal to the length of y̆. For instance, in the
following application we will have (m + n − 1) × n = 153 × 77 = 11781
coefficients.
This is practically intractable on a regular personal computer. The system
of equations in (3) is thus programmed within the sparse matrix R-package
Matrix (Bates and Maechler, 2011).
Furthermore, the computation of the effective dimension of the model in-
volves the inverse of an extremely huge matrix which leads to storage issues
also in a sparse-matrix environment. Since the diagonal of the hat-matrix
is the only object needed, we opted to save space by repeating the inverse
for each column of an identity matrix with suitable dimensions and entries,
and store the relevant elements of the result.

3 Belgian Contact Data

Figure 2 presents the outcomes of the proposed approach on the Belgian
social contact data over the original domains. We analyze data from age
0 to 76 and both sexes. In the upper-left panel, we see the actual contact
rates. Although it is rather noisy, the surface shows a general tendency
of meeting coeval people, especially during school ages. Additional high
rates are evident for inter-generational contacts (e.g. parents with children,
teachers with pupils).
The top-right panel of Figure 2 shows the results of the smoothing con-
strained approach: we simultaneously smooth the per-capita expected num-
ber of contacts, retaining the symmetry at the population level. These es-
timates were obtained from the optimal combination of (λ1, λ2) as picked
from the BIC-profile shown in the bottom-left panel. The image of the
bottom-right panel finally presents the per-capita expected number of con-
tacts for the Belgian population, which is symmetric around the main di-
agonal.
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4 Discussion

We used a two-dimensional approach to smooth age-specific contact rates.
Smoothing was done from both a cohort perspective as well as from the age
distribution of contacts. The proposed method uses a combination of penal-
ized likelihood for rectangular arrays for smoothing and linear constraints
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to ensure reciprocity of contacts at the population level. We illustrate our
approach using Belgian social contact data.
Compared to existing methods our method is computationally efficient and
facilitates taking contact reciprocity into account. The resulting contact
surface shows clear like-with-like and between generation mixing. Further
research focuses on using a negative binomial distribution to account for
overdispersion, relaxing smoothness for school-aged children and including
covariates within the algorithm, e.g. sex and duration.
Finally population-based contact surveys present two common features:
contacts may be reported in age-groups and often people tend to round the
age of their contacts. We intend to explore these issues in future work.
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Abstract: We propose to parameterize the two components of a hidden Markov
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parameters.
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1 Introduction

In several applications involving time series, it is of interest to describe how
the evolution of variables over time depends on latent characteristics or the
focus may be on the dynamics of unobservable characteristics measured by
variables observed at consecutive time occasions. These issues are addressed
by hidden Markov models (e.g. MacDonald and Zucchini, 1997, Cappé et
al., 2005).
Basically, a hidden Markov model (HMM) assumes that an observed time
series depends on an unobservable Markov chain in such a way that the
joint process is also Markovian. The main assumption of HMMs is that the
observable variables, at different times, are independent given the latent
states of a first order Markov chain with a finite state space.
In this work, we focus on discrete hidden Markov models with a multivariate
categorical observable process and a multivariate latent chain, so we observe
more variables at each time and assume that their distributions can be
affected by one or more latent variables.
Our aim is to parameterize both observation and latent models as marginal
models and then verify hypotheses which make these models more parsi-
monious by constraining marginal interactions.
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2 Multivariate Hidden Markov models

Let EU be a r-variate first order Markov chain, EU = {EU (t) : t ∈ N} =
{Eit : t ∈ N, i ∈ U}, U = {1, ..., r}, N = {0, 1, 2, ..., } and let FV be a
s-dimensional process of categorical variables FV = {FV(t) : t ∈ N} =
{Fjt : t ∈ N, j ∈ V}, V = {1, ..., s}. We assume that the joint process (EU ,
FV) is a hidden Markov process where FV is the observed process and EU
is the latent Markov chain.
The marginal components {Eit}, {Fjt} take values in finite sets Ei and Fj ,
i ∈ U , j ∈ V.
One realization of the process FV at a given time is denoted by f =
(f1, f2, ..., fs) ∈ F = ×j∈VFj , and one state of the Markov chain EU is
e = (e1, e2, ..., er) in E = ×i∈UEi. For every subset T ⊂ U and R ⊂ V,
marginal processes of the latent Markov chain and the observed variables
are represented by ET = {Eit : i ∈ T , t ∈ N} and FR = {Fjt : j ∈ R, t ∈
N} taking values on the sets ×i∈T Ei and ×j∈RFj .
The time-homogeneous joint transition probabilities are denoted by φ(e|e′)
for every pair of states e′ ∈ E , e ∈ E .
Moreover, ϕ(f|e) indicates the conditional probabilities of the observable
variables given the latent state e and fR denotes the vector with com-
ponents fj : j ∈ R ⊂ V. Furthermore, ϕR(fR|e) represents the marginal
probability of the observable variables in the set R given the latent state e .
Finally, φT (eT |e′) is the marginal transition probability from state e′ ∈ E
to state eT with components ei : i ∈ T ⊂ U .

3 Constrained HMMs

Two components of a HMM should be distinguished, the observation model
and the latent model, concerning the distribution of observable variables
given the latent states and the transition probabilities of the chain, respec-
tively.
We use the marginal parameterization (Bergsma and Rudas, 2002, Bar-
tolucci et al., 2009) to model the probabilities of the observable variables
given the latent states and the transition probabilities of the latent process.
We will show that many interesting hypotheses on observable and latent
components of the HMM can be verified by testing constraints on marginal
parameters.
We now briefly outline the basic concepts of complete hierarchical marginal
models.
Consider c categorical variables denoted by the first c integers. The set of
all variables is C = {1, 2, ..., c}.
A marginal distribution is identified by a subset of C. The set M, that
identifies a marginal distribution, is called marginal set.
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In the complete hierarchical marginal models, the parameters are called
marginal interactions. In particular, marginal interactions are log-linear pa-
rameters defined in different marginal distributions in Bergsma and Rudas
models, while Bartolucci et al. (2009) use more generale marginal interac-
tions which are meaningful when the variables have an ordinal nature.
As in log-linear models, a family of interactions is defined for every subset
S of variables, S ⊂ C, which is called interaction set.
For every interaction set S, the marginal interactions are defined within
a marginal distribution identified by a marginal set M(S) belonging to a
family of non-decreasing sets H = {M1, . . . ,Mk}, Mk = C.
More specifically, in complete hierarchical marginal models, the interac-
tions, involving all the variables in S, are defined in one and only marginal
distribution M(S) (completeness) and M(S) is the first marginal set of
H which contains S (hierarchy), see Bergsma and Rudas, 2002, Bartolucci
et al., 2009. For every interaction set S, the marginal interactions are de-
noted by ηS;M(S)(iS), where iS is the vector of indexes of variables which
the interactions depend on. When M(S) = S the symbol ηS(iS) is used.

3.1 Marginal parameterizations of HMMs

For every observable or latent categorical variable, the first category is
called baseline. Any observation f = (f1, f2, ..., fs) which includes cate-
gories at the baseline level for variables j /∈ J , J ⊂ V, is denoted by
(fJ , f*V\J ). A similar notation holds for the latent state e = (e1, e2, ..., er).
For every non-empty subset P of the observable variables V and for every
fP ∈ ×j∈PFj , the baseline interactions ηP;M(P)(fP |e), M(P) ∈ Hobs, of a
marginal model for the observable variables are contrasts of logarithms of
the marginal probabilities of the observations given the latent states

ηP;M(P)(fP |e) =
∑
K⊆P

(−1)|P\K| logϕM(P)(fK, f*M(P)\K|e).

In order to model the dependence of the distribution of the observable
variables on the states e, we adopt the usual factorial expansion

ηP;M(P)(fP |e) =
∑
Q⊆E

θP,Q(fP |eQ). (1)

The Möbius inversion theorem ensures that θP,Q(fP |eQ) =
∑
K⊆Q

(−1)|Q\K| ηP,M(P)(fP |eK, e*E\K).
When M(S) = S = {j} is a singleton, the marginal parameters are
marginal logits, which will be denoted by η{j}(fj |e).
Analogously, in the marginal model for the latent component of HMMs,
we define the marginal parameters λP;M(P)(eP |e′) for every P ⊆ U ,
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M(P) ∈ Hlat, on the marginal transition probabilities φM(P)(eP |e′) and
the factorial expansion

λP;M(P)(eP |e′) =
∑
Q⊆U

δP,Q(eP |e′Q). (2)

3.2 Constrained observation and latent models

In the framework of hidden Markov models with several latent and observ-
able variables, several interesting hypotheses on the latent and the observ-
able models can be easily formulated.
These hypotheses reduce the number of parameters needed to parameterize
the transition and observation probabilities.
We illustrate some hypotheses for the observation model using a marginal
parametrization whose interactions are defined in the univariate distribu-
tions or in the joint distribution.
A useful restriction that considerably simplifies the observation model is
the hypothesis of additivity of the effects of the latent variables on the
marginal logits of the observable variables.
This marginal additive dependence allows the logits η{j}(fj |e), j ∈ V, to
be expressed by the factorial expansion

η{j}(fj |e) = θ{j}(fj) +
∑
k∈U

θ{j},{k}(fj |ek). (3)

Note that under this hypothesis, the parameters θP,Q(fP |eQ) described in
(1) are null if P = {j} and |Q| > 1.
Another hypothesis is that of invariant association corresponding to the
constraints ηP;V(fP |e) = ηP;V(fP), if |P | = 2 and ηP;V(fP) = 0 if |P | > 2.
According to this hypothesis the odds ratios of two observable variables do
not depend on the states of the latent variables and on the levels of the
other observable variables.
Finally constraining to zero some of the remaining parameters ηP;V(fP),
|P | = 2, it is possible to allow the probability functions of the observations
given the states to satisfy a list of conditional independencies.
Other relevant hypotheses can be formulated using different marginal pa-
rameterizations as the Gloneck-McCullagh one according to whichM(S) =
S for each S ⊆ V.
It is possible to simplify also the latent model by constraining the param-
eters δP,Q(eP |e′Q) defined in (2).
Under the Granger noncausality hypothesis for first order Markov chains:
ET (t)⊥⊥EU\T (t−1)|ET (t−1), the marginal process ET is a Markov chain
(see Colombi and Giordano, 2012) and if M(P) ⊆ T , for all P ⊆ T ,
this condition is satisfied when δP,Q(eP |e′Q) = 0 for all P ⊆ T , Q 6⊆ T ,
eP ∈ ×i∈PEi, e′Q ∈ ×i∈QEi.
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Another interesting hypothesis is that of conditional contemporaneous in-
dependence which corresponds to the constraints λP;M(P)(eP |e′) = 0, if
|P | ≥ 2, according to which the transition probabilities φ(e|e′) factorize in
the product of marginal transition probabilities φ{i}(ei|e).

4 Example

In this section, constraints on marginal parameters in latent and observa-
tion models of HMMs are tested on the data set of a soft-drink company
(available in the R-package hmmm by Colombi et al., 2012).
The data consists of a one-year time series of daily sales of soft-drinks:
lemon tea, orange juice and apple juice, all with categories: low, medium,
high level.
Changes in sale outcomes over time can depend on time-varying unobserved
factors and we consider a HMM with two dichotomous latent variables to
model these data.
Table 1 reports the likelihood ratio tests (LRT), degrees of freedom (df)
and p-values for models restricted under the hypotheses of additivity (3),
invariant association and Granger noncausality.
The EM algorithm used in this context is described in Colombi and Gior-
dano (2011) and implemented in the R-package hmmm.

TABLE 1. Constrained latent and observation models for soft-drink data

latent model obs. model LRT df p-value

noGranger saturated 3.6478 4 0.4557

noGranger + inv ass saturated 11.023 7 0.1376

saturated addit 14.897 26 0.959

noGranger addit 17.767 30 0.862

noGranger + inv ass addit 18.969 33 0.976

saturated addit + inv ass 56.241 74 0.939

noGranger addit + inv ass 76.490 78 0.527

noGranger + inv ass addit + inv ass 81.735 81 0.456
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1 Introduction

Clustering structures in binary responses are often found in epidemiological
and biological studies, requiring a more sophisticated approach to statisti-
cal modeling. When the structure of the association is the scientific focus,
Prentice (1988), Lipsitz, et al. (1991), Liang, et al. (1992) extended the idea
of GEE (Liang and Zeger, 1986) introducing a second estimation equation
for the parameters of association. However, numerical methods proposed
can be computationally infeasible if the amount of measures within the
cluster is large. Carey, et al. (1993) proposed the ALR (Alternating Lo-
gistic Regression) and Zink (2012) proposed the ORTH (Orthogonalized
Residuals) as a solution to the problems related to computational meth-
ods. ALR is structurally different from other approaches, since to avoid the
computationally burdens of other methods, the second estimation equation
is definded in terms conditional residuals. The ORTH model is a new ap-
proach for the second estimation equation, replacing the strategy of condi-
tional residuals to orthogonalized ones.

2 Real Data Motivation

This paper was motivated by a study related to fungal endophytes distri-
bution where the association structure is of primary research interest. The
data set presents four levels of hierarchical clustering: fragment, leaf, in-
dividual host tree and collection site. Presence or absence in five different
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collection sites, two in Brazil and three in Argentina, was used to mea-
sure fungal endophytes distribution. At each collection site a transect was
obtained and twenty individual host trees were selected each one approx-
imately five meters from the next one. For each individual host tree five
leaf were selected, and the sample of fungal was carried out in six different
fragments of the leaf: one from the base (C, near petiole), two from the
middle vein (E and F), one from the left margin (D), one from the right
margin (B) and one from the tip (A). Thus, it has 600 measures within
each collection site, a total of 3000 measurements for the whole study.
Main goal of the study is to estimate measures related to fungal endophytes
association, within site, within individual host tree, within leaf and within
fragment. It is also of interest to test the hypothesis that as you increase
the distance between individual host tree of the same site collection, the as-
sociation of the fungal endophytes decreases. A secondary goal of the study
is related to the mean prevalence of the fungal endophytes in comparing
Brazil and Argentina.

3 Marginal Models

Suppose N independent clusters, each one with ni observations. Consider
the index i identifies the i-th cluster, i = 1, ..., N , and j and k identifying
two observations within the same cluster, with 1 ≤ j < k ≤ ni. For the i-th
cluster the response vector is given by Yi = (Yi1, Yi2, ..., Yini)

′
, such that

Yij follows a Bernoulli distribution with mean µij = pr(Yij = 1). GEE1
estimator proposed by Liang and Zeger (1986) for the marginal model is
obtained by solving the following equation

S(β) =

N∑
i=1

∂µ
′

i

∂β
V −1
i (Yi − µi(β)) = 0, (1)

where µi = (µi1, ..., µini), Vi = A
1
2
i Ri(α)A

1
2
i , Ri(α) is a working correlation

matrix ni × ni and Ai is a diagonal matrix with the elements of diagonal
given by V ar(Yij) = µij(1−µij). Mean function µi(β) depend on a p-vector
of covariates Xij through a link function g as µij(β) = g−1(X ′ijβ). Quanti-
ties α’s are taken as nuisance parameters and estimated by the method of
moments (Diggle et al., 2002).
On the other side, when α is the scientific focus, Prentice(1988) extended
the idea of GEE1 introducing the second estimation equation given by

S(α) =

N∑
i=1

∂ρi(α)
′

∂α
W−1
i (Zi − ρi(α)) = 0, (2)

where Zi = {Zijk} is the correlation between Yij and Yik
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Zijk =
(Yij − µij(β))(Yik − µik(β))√

µij(β)(1− µij(β))(µik(β)(1− µik(β))

and ρi = {ρijk} is a vector of dimension mi = ni(ni − 1)/2. Wi is a
working matrix of Zi, usually assumed Wi = diag(wi12, ..., wi1ni , wi23, ...),
where wijk = V ar(Zijk) is expressed as

wijk = 1 + (1− 2µij)(1− 2µik)[(µij(1− µij))(µik(1− µik))]
−1
2 ρijk − ρ2

ijk.

Taking Xijk as a matrix mi × q where q is the number of covariates used
to model the correlation structure, the E(Zijk) = Corr(Yij , Yik|Xijk) =
ρijk(α), can depend on covariates through a link function h(ρijk) = X ′ijkα.
However, for binary responses the correlation coefficient as a measure of
association is not widely used, mainly due to the difficulty in interpretation.
Lipsitz, et al. (1991) and Liang, et al. (1992) proposed modifications in the
second estimation equation proposed by Prentice (1988) using the odds
ratio to account for the association.
Let’s denote µijk = E(YijYik), 1 ≤ j < k ≤ ni. Marginal probability
Yij assumes a logistic link function and the association between the pairs
Yij , Yik is defined as

logOR(Yij , Yik) = log

(
µijk(1− µij − µik + µijk)

(µij − µijk)(µik − µijk)

)
= X

′
ijkα, 1 ≤ j ≤ k ≤ ni.

Defining ξijk = E(Yij |Yik = yik), we have that:

ξijk = µij +
σijk
σikk

(yik − µik),

where σijk = Cov(Yij , Yik) = µijk − µijµik and σikk = V ar(Yik) = µik(1−
µik).
Denoting the mi-vector of conditional residuals by Ci with elements Yij −
ξijk and Si a diagonal matrix with elements ξijk(1 − ξijk), we have that
the ALR estimator for θ = (β, α) is the simultaneous solution of the first
estimating equation given in (1) and

Sα,ALR =

N∑
i=1

∂ξ
′

i

∂α
S−1
i Ci = 0. (3)

However, the stochastic nature of Si and ∂ξi/α does not allow a theoretical
investigation of (3) through the standard theory of estimation equation.
Another drawback is that Sα,ALR is invariant to permutations of the vector
Yij (Kuk, 2004) whereas the robust variance estimator is not.
Zink (2003) presented the ORTH model as an alternative one to the ALR.
Orthogonalized residuals approach, again keeps the same equations to es-
timate the parameters of the mean and for the construction of the second
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estimaton equation. In general, the latter equation is based on pairwise
residuals and a weighted combination of these quantities. An approximate
covariance matrix is then built in a way that is very computationally fea-
sible for larger clusters (Qaqish, et al, 2012).
Let’s define Uijk = (Yi1Yi2, ..., Yini−1Yini). Orthogonalized residuals are
defined as linear regressions of Uijk on Yij and Yik specifying:

Qijk = Uijk − [µijk + bijk:j(Yij − µij) + bijk:k(Yik − µik)], (4)

such that bijk:j = µijk(1−µik)(µik−µijk)/dijk, bijk:k = µijk(1−µij)(µij−
µijk)/dijk, dijk = σijjσikk − σ2

ijk.
After the definition of orthogonalized residuals Qijk, the second estimation
equation is given as

Sα,ORTH =

N∑
i=1

−∂Q′i
∂α

P−1
i Qi, (5)

where Pi is a diagonal matrix with elements νijk = V ar(Qijk) =

µijk(µij − µijk)(µik − µijk)(1− µij − µik + µijk)

µijµik(1− µij − µik + µijk)− µ2
ijk

.

4 Numerical Results

It was used the following linear predictors for the mean and association for
the four levels fungal endophytes study

logitPr(Y = 1) = β0 + β1I(Country = Brazil),

LogOR(Yj , Yk) =

=



α1I(within collection site) + α5Distancejk + α4I(within fragment),

If j and k are different individual host tree in the same collection site,

α1I(within collection site) + α2I(within host tree) + α4I(within fragment),

If j and k are different leaf in the same individual host tree,

α1I(within collection site) + α2I(within host tree) + α3I(within leaf),

If j and k are different fragments in the same leaf,

(6)

where distance is measured in decameter (Minimum = 0, Maximum =
11.4).
Table 1 presents the estimates of ALR and ORTH models. There is a signif-
icant association of fungal endophytes at the collection site, individual host
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tree and leaf levels. The association in site collection depends on the dis-
tance between individual host tree. As the distance between trees increases,
association of fungal endophytes decreases significantly. There isn’t a sig-
nificant association within-fragment level for the ALR model. On the other
hand, p-value for this term is very close to significance in ORTH model
might showing an increase of efficiency. In the mean structure, it can be
observed that the chance of presence of fungal endophytes in Brazil is about
4 times the chance in Argentina.

TABLE 1. Results of ALR and ORTH models.
Models ALR ORTH

Mean β ep(β) P-value β ep(β) P-value

Intercept -3.343 0.364 0.000 -3.344 0.363 0.000
Country=Brazil 1.461 0.367 0.000 1.464 0.366 0.000

Association α ep(α) P-value α ep(α) P-value

Within site 0.025 0.205 0.904 0.031 0.059 0.599
Within host tree 1.277 0.392 0.001 1.293 0.398 0.001

Within leaf 0.918 0.351 0.009 0.898 0.340 0.008
Within fragment 0.075 0.048 0.117 0.077 0.040 0.055

Distancejk -0.033 0.013 0.011 -0.035 0.007 0.000
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1 Introduction

In the analysis of spatial data, the quantification of spatial associations
between two variables is an important issue, and considerable effort has
been devoted to the construction of appropriate coefficients and tests for
the association between two correlated variables.
The codispersion coefficient (Matheron, 1965) is a measure of association
between two spatial variables and has been used in several applications
(Chilés and Delfiner, 1999; Vallejos, 2012). Such a measure is a normalized
version of the cross-variogram, being a crucial instrument for multivariate
spatial prediction (Ver Hoef and Barry, 1998). Rukhin and Vallejos (2008)
studied the codispersion coefficient from both theoretical and applied view-
points, and established, for arbitrary lags, the consistency and limiting dis-
tribution of the sample coefficient. Recently, Vallejos (2012) studied some
extensions of the codispersion in a time series context, while Ojeda et al.,
(2012) used the codispersion coefficient to assess the similarity between two
digital images.
The goal of the work is to use a nonparametric version of the codispersion
coefficient to assess the spatial association between several pairs of forest
variables. Such extensions of this nature have previously been considered
in the spatial statistics literature (Garćıa-Soidán et al., 2004).
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The study of the forest variables is based on a data set of Pinus radiata
plantations in the south of Chile. Through the use of codispersion maps,
we explore the spatial association of these variables.

2 Methods

Throughout the paper we shall consider intrinsically stationary random
fields {X(s), s ∈ D ⊂ Rd} with semi-variogram defined as

γX(k) =
1

2
var{X(s+ k)−X(s)}, (1)

where k ∈ Rd denotes the spatial lag. For n sampling sites s1, s2, . . . , sn,
a natural and unbiased estimator based on the method of moments is the
empirical semi-variogram given by

γ̂X(k) =
1

2|N(k)|
∑
N(k)

(X(si)−X(sj))
2, (2)

where N(k) = {(si, sj) : ||si−sj || ∈ T (k), 1 ≤ i, j ≤ n}, T (k) is a tolerance
region around k, and where | · | denotes cardinality of a set. Garćıa- Soidán
(2007) proposed a Nadaraya-Watson type estimator for the semi-variogram
defined as

γ̆Xh(k) =

∑n
i=1

∑n
j=1K

(
k−(si−sj)

h

)
(X(si)−X(sj))

2

2
∑n
i=1

∑n
j=1K

(
k−(si−sj)

h

) , (3)

where h represents a bandwidth parameter and K : Rd −→ R is a symmet-
ric and strictly positive density function. For such an estimator, Garćıa-
Soidán (2007) establishes, under regularity conditions, consistency and
asymptotic normality, and addresses the inadequate behavior of estima-
tor (3) near the endpoints.
Let {(X(s), Y (s)) : s ∈ D ⊂ Rd} be a bivariate intrinsically stationary
random field on D with cross-variogram 2γXY (·) : Rd → R defined through

2γXY (k) = E[(X(s+ k)−X(s))(Y (s+ k)− Y (s))], (4)

for all s, s + k ∈ D, and with marginal variograms 2γX , 2γY as defined
through Equation (1). The codispersion coefficient (Matheron, 1965) is a
normalized version of (4) and defined through

ρXY (k) =
γ
XY (k)√

γX(k)γY (k)
.

Rukhin and Vallejos (2008) and Vallejos (2008) found a closed form for
the coefficient ρXY (·) for spatial autoregressive processes under particular
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assumptions on the correlation structure of the errors and when considering
a rectangular lattice.
The analogue of Matheron’s estimator for the cross-variogram is obtained
through

γ̂XY (k) =
1

2|N(k)|
∑
N(k)

(X(si)−X(sj))(Y (si)− Y (sj)), (5)

where N(k) is defined as in Equation (2). The corresponding empirical
estimator of the codispersion based on (5) is given by

ρ̂XY (k) =
γ̂XY (k)√
γ̂X(k)γ̂Y (k)

. (6)

The analogue of the Nadaraya-Watson type estimator for the cross-
variogram is instead given by

γ̆XY h(k) =

∑n
i=1

∑n
j=1K

(
k−(si−sj)

h

)
(X(si)−X(sj)) (Y (si)− Y (sj))

2
∑n
i=1

∑n
j=1K

(
k−(si−sj)

h

) ,

(7)

where K(·) is a kernel function as in Equation (3).
A kernel type estimator of the codispersion coefficient is

ρ̆XYh
(k) =

γ̆XY h1 (k)√
γ̆Xh2 (k)γ̆Yh3 (k)

, (8)

where h = (h1, h2, h3), γ̆XY h1 (k) is as in (7) and γ̆Xh2 (k) is as in (3).
Cuevas et al., (2013) established the consistency of estimator (8). In ad-
dition, asymptotic expressions for the bias and mean square error were
derived for estimator (7). A bandwidth selection rule for the variogram
and the cross-variogram was also provided.

3 An Application

Here, we present an example of an issue that motivated the present work.
Pinus radiata is one of the most widely planted species in Chile; it is planted
on a wide array of soil types and in a variety of regional climates. Two im-
portant measures of plantation development are the dominant tree height
and the basal area. Snowdon argues convincingly that both measures are
correlated with regional climate and local growing conditions (Snowdon,
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2001). The variogram was used to characterize the spatial dependence of
each variable. However, the assessment of the spatial association between
tree height, tree basal area and other regional climate variables is of great
interest for the quantification of spatial dependence and the detection of
those directions in which there is either high or low degree of spatial asso-
ciation.
In the present article, we consider the relationship among the tree height,
basal area, elevation and slope of Pinus radiata plantations. The study site
is located in the sector Escuadrón, south of Concepción in the southern
portion of Chile (36◦ 54’ S, 73◦ 54’ O) and has an area of 1244.43 hectare.
In addition to more mature stands, we were also interested in the area con-
taining young (i.e., four year old) stands of Pinus radiate, with an average
density of 1600 trees per hectare. The basal area and dominant tree height
at the year of plantation establishment (1993, 1994, 1995, and 1996) were
used to represent the stand attributes. The three variables were obtained
from 200 m2 circular sample plots and point-plant sample plots. For the
latter type of sample, four quadrants are established around the sample
point; the four closest trees in each quadrant (16 trees in total) are then
selected and measured in a clockwise direction. The samples were located
systematically using a mean distance of 150 meters between samples. The
total number of plots available for this study was 468. In addition to the tree
height and basal area, the coordinates, elevation and slope were recorded
for each site.
In this talk, we will discuss the construction of a codispersion map based on
Equation (8) to provide better insight into the spatial associations between
all pairs of variables in several different directions on a two-dimensional
space. Figure 1 shows the codispersion maps that were created from the
variables of interest using a rectangular grid. We provide a full descrip-
tion of the findings. In particular, we find those directions for which the
codispersion coefficient is maximum or minimum for the forest data.

Acknowledgments: This work was supported in part by Fondecyt, Grant
1120048, Chile.

References

Chilés, J. P. and Delfiner, P. (1999). Geostatistics: Modeling Spatial Un-
certainty. New York: Wiley.

Cuevas, F., Porcu, E., Vallejos, R. (2013). Study of spatial relationships
between two sets of variables: A nonparametric approach. Submit-
ted.
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FIGURE 1. Codispersion map between all pairs of variables of interest.



126 Spatial association between forest variables
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1 Introduction

Any counting or register system is prone to errors in recording as not all
events may be reported for various reasons. In epidemiology and public
health, errors in disease classification and recording failures due to patients
avoiding any diagnosis lead to incomplete register systems. Thus, it is of
particular interest to account for underreporting in disease rate regression.
In a Bayesian approach, we consider Poisson regression based on underre-
ported counts where the probability of recording an event itself is related
to a set of potential covariates.

2 Model specification

We assume that the total number ni of events in category i is generated
by a Poisson process with rate Eiλi where Ei is the amount of study time
contributed by the subjects (e.g. person-years) in category i (i = 1, . . . , I).
However, the occurrence of an event is correctly reported only with proba-
bility pi, thus yi|ni, pi ∼ Binomial(ni, pi), leading to underreported counts

yi|pi ∼ Poisson(Eiλipi),

with log-link log(λi) = µβ + xiβ for the true occurrence rate.
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The reporting probability itself is related to a set of covariates wi by spec-
ifying a logit model for pi with log(pi/(1 − pi)) = µα + wiα, where wi

and xi might be equal or one might be a subset of the other. Validation
data containing information on the reporting error is necessary to obtain
parameter identification. We therefore assume to have a small validation
sample where mi cases are diagnosed and the number of correctly classified
cases ci has a Binomial(mi, pi) distribution.
Bayesian variable selection is performed to identify those regressors that
have a non-negligible effect and should be included in the final model. Thus,
prior distributions have to be assigned to all model parameters µβ ,β, µα
and α. We use spike and slab priors as in Wagner and Duller (2012) for
the parameters subject to selection with Dirac spikes for both β and α
where the spike is defined as a point mass at zero, pspike(βi) = I{0}(βi) and
pspike(αi) = I{0}(αi), respectively. The spike and slab priors are specified
hierarchically by introducing indicator variables δi and ηi for the elements
of β and α as

p(βi|δi) = (1− δi)pspike(βi) + δipslab(βi)

p(αi|ηi) = (1− ηi)pspike(αi) + ηipslab(αi)

where p(δi|ωδ) = ωδ and p(ηi|ωη) = ωη with hyper-priors ωδ ∼ Beta(a0, b0)
and ωη ∼ Beta(a0, b0). We use a normal prior for the slab, a flat but
proper prior for the means µβ and µα and an uninformative prior for the
mixture weights ωδ and ωη. For the parameters in the logit model, the prior
distributions are chosen appropriately in order to achieve regularization
when separation is present.

3 Bayesian inference

Bayesian model selection and parameter estimation is based on MCMC
sampling. Augmenting the data with the unreported occurrences

di = (ni − yi) ∼ Poisson(Eiλi(1− pi))

leads to a Gibbs sampling scheme as the complete data likelihood

p(y, c,d|α,β) ∝
I∏
i=1

(Eiλi)
yi+die−Eiλipyi+cii (1− pi)mi−ci+di

is the product of a Poisson likelihood for ni = yi + di with parameter Eiλi
and a binomial likelihood with parameters ni + mi and pi with yi + ci
successes and ni+mi− (yi+ ci) failures. Conditional on di, the parameters
of λi can therefore be estimated from a Poisson model for ni under the
model ni ∼ Poisson(Eiλi) and the parameters of pi are estimated from the
corresponding binomial logit model.
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Posterior inference for a Poisson model as well as for a binomial logit model
can be accomplished by MCMC sampling methods where the parameters
(µβ ,β, δ, ωδ) and (µα,α,η, ωη) are sampled from their posterior distribu-
tions. Using Dirac spikes, the indicator variables δ and η have to be drawn
from the marginal likelihoods p(δ|y) and p(η|y) integrating over the re-
spective model parameters subject to selection. As the computation of the
marginal likelihoods in each sampling iteration is computationally demand-
ing except for normal regression models under conjugate priors, we use aux-
iliary mixture sampling for Poisson models as in Frühwirth-Schnatter et al.
(2009) and data augmentation involving latent utilities in the binomial logit
model to obtain a normal regression model in each case. Using an individ-
ual random utility model representation of the binomial logit model based
on binary observations turned out to be rather time-consuming. Therefore,
data augmentation in the binomial logit model is implemented as in Fussl
et al. (2013) where the random utilities are aggregated for each binomial
observation.
Based on the auxiliary mixture representations of the respective selection
model, MCMC sampling for the model parameters from the posterior dis-
tribution involves the following steps:

(1) Sample the number of unreported cases di ∼ Poisson(Eiλi(1 − pi))
and compute the total number of cases ni = yi + di.

(2) Variable selection and parameter estimation in the binomial logit
model with yi+ci successes and ni+mi−(yi+ci) failures to estimate
the reporting probability pi.

(3) Variable selection and parameter estimation in the Poisson model for
ni to estimate the true occurrence rate λi.

4 Cervical cancer death rates

We consider a data set analyzed previously in Powers et al. (2010) and
Whittemore and Gong (1991) containing the number of cervical cancer
deaths as well as the number of woman-years at risk for different age (four
age groups: 25-34, 35-44, 45-54, 55-64) and country (four countries: Eng-
land, Belgium, France, Italy) categories. Additionally, validation data is
available that contains information on how likely physicians from differ-
ent countries are to identify and correctly report a true cervical cancer
death. In a case study, a sample of physicians in each country diagnosed a
specimen death certificate for a specific female patient who had died of a
cervical cancer and the number of correct death certificates was recorded.
Thus, validation data is available on country level but does not provide any
information on the probability of reporting errors specific for age.
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The MCMC method is applied to these data to investigate the effect of
country-specific reporting errors on the death rates in the various coun-
tries. The model for the reporting probabilities therefore contains three
covariates, whereas the estimation of the Poisson rates is based on country
as well as age effects. Interaction effects of country and age are additionally
included in the Poisson model to allow for deviations of the Poisson rates
from the model with only country and age effects.
As all death certificates in the validation sample were correctly coded as
cervical cancer in England and thus, separation occurs, the lowest age cat-
egory in Belgium is used as a reference category for the cancer death rates
and Belgium is the reference category for the reporting probabilities instead
of England improving convergence in the logit model. MCMC was run for
12000 iterations after a burn-in of 4000 iterations and the first 2000 draws
of the burn-in period were drawn from the model including all regressors
without selection.

TABLE 1. Posterior means and estimated posterior inclusion probabilities
p̂(δi = 1|y) and p̂(ηi = 1|y) for the cervical cancer data (results for non-zero
effects are given in bold).

Covariate Post. mean Post. prob.

Poisson model β̂0 Intercept 2.094 -

β̂1 England 0.418 1.00

β̂2 France -0.010 0.10

β̂3 Italy -0.949 1.00

β̂4 35-44 1.605 1.00

β̂5 45-54 2.675 1.00

β̂6 55-64 2.801 1.00

β̂7 England 35-44 -0.003 0.07

β̂8 England 45-54 0.001 0.06

β̂9 England 55-64 -0.008 0.11

β̂10 France 35-44 0.035 0.25

β̂11 France 45-54 -0.141 0.70

β̂12 France 55-64 -0.070 0.37

β̂13 Italy 35-44 0.004 0.07

β̂14 Italy 45-54 -0.002 0.07

β̂15 Italy 55-64 0.231 0.94

Logit model α̂0 Intercept 1.862 -
α̂1 England 3.691 1.00
α̂2 France -1.026 0.93
α̂3 Italy -0.121 0.40
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Table 1 reports the model selection results for the parameters of the cancer
death rates as well as for the parameters of the reporting probabilities.
For the Poisson rates, all main effects of age and country except for France
are selected based on a posterior inclusion probability larger than 0.5. Com-
pared to Belgium, death rates are higher in England but lower for Italy.
Death risk increases for higher age groups except for France in the third
age group where the interaction has a negative, non-zero effect. For Italy,
the rate in age group 55-64 is even higher than estimated only by the main
effects. Figure 1 gives the estimated cancer death rates when accounting
for underreporting compared to the original death rates based on the raw
data.
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FIGURE 1. Model averaged country- and age-specific cervical cancer death rates
when accounting for underreporting (bold lines) and original rates (gray lines).

The selected model for the reporting probabilities contains all country vari-
ables except for Italy. Thus, the estimated reporting probabilities differ
between the countries with the highest probability obtained for England
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(p̂E = 0.996), followed by Belgium and Italy (p̂B = 0.866 and p̂I = 0.851)
and the lowest in France (p̂F = 0.698).

5 Conclusion

Poisson regression for underreported counts is considered assuming a logit
model for the reporting probability. Bayesian variable selection is performed
both in the Poisson and logit model to identify those regressors that should
be included in the final model. Accounting for underreporting in the Poisson
model is feasible using MCMC methods if validation data on the reporting
error is available. Depending on the data, the logit model can be extended
by random effects to account for heterogeneity among clusters (e.g. physi-
cians or laboratories). Moreover, the model can be modified to allow for
misclassification when over- and underreporting is considered.
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1 Introduction

Penalties are useful tools for building smooth semi-parametric models.
Commonly they are based on second order derivatives or differences. As
a consequence a heavy penalty leads to a straight line fit. Often this is rea-
sonable, but not for circular data. There a cosine (with the right amplitude
and phase) is a desirable limit. This paper shows how to achieve that when
smoothing (grouped) histograms of circular data.
Circular data occur in many places: minutes within an hour, hours within
a day, days within a week and months within a year are example when we
are dealing with time. In the natural sciences many examples of physical
directions are known. See Fisher (1993) and the R package circular. A
circular scale has an arbitrary origin and wherever we place it, at the left
and right boundaries a curve should smoothly connect to itself.
As will be shown in the next section, it is not hard to design a penalty that
gives a fitted curve the desired properties. It will be used for smoothing
a high-resolution circular histogram. However, sometimes the data are not
given with a high resolution and so we only have a histogram with wide
bins. We can adapt the penalized composite link model (Eilers 2007, 2012)
to estimate a more detailed density for such data.
The proposed smoother has as limit the von Mises distribution, the equiv-
alent of the normal distribution on the circle.
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FIGURE 1. Directions of movements of turtles. Top: histogram and direct density
estimate using best λ. Bottom: profile of AIC. The best value of λ (giving the
lowest AIC) is marked with the vertical broken line.

2 Theory and examples

We will first consider smoothing of a non-circular histogram. An example
is shown in Figure 1. It shows the directions taken by 76 turtles, see data
set B.3 in Fisher (1993).
Let yi, i = 1, . . . , n be the counts in a histogram with relatively narrow
bins. We are going to fit a smooth vector µ. It is assumed that yi is drawn
from a Poisson distribution with expectation µi = exp ηi. If we did neglect
the circularity, we would maximize the penalized Poisson log-likelihood

L =

n∑
i

(yiηi − exp ηi)− λ
n∑
i

(∆dηi)
2/2. (1)

Here the operator ∆d forms d-th order differences. Common values of d
are 2 or 3. The second term of L is the penalty and its influence is tuned
by the parameter λ. It is convenient to introduce the matrix D such that
Dη = ∆dη. Then setting the derivatives of L wrt to η equal to zero, we
arrive at the penalized likelihood equations

y − µ = λD′Dη. (2)
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FIGURE 2. Directions of movements of turtles. Top: histogram with wide bins
and PCLM density estimate using best λ. Bottom: profile of AIC. The best value
of λ (giving the lowest AIC) is marked with the vertical broken line.

This is a non-linear system, because µ = exp η. A Taylor expansion leads
to the following first order approximation, which is solved repeatedly (a
tilde indicates the current approximation to the solution)

(M̃ + λD′D)η = y − µ̃+ M̃η̃, (3)

with M = diag(µ). Good starting values are η̃ = log(y + 1). With this
choice only a handful of iterations are needed to achieve convergence.
When λ is large, it follows from (2) that Dη has to be close to zero. When
d = 2 (d = 3), this is the case when η is a linear (quadratic) function of i.
The polynomial limit and the fact that there is nothing that forces η to
smoothly connect at left and right ends of the domain of the histograms,
makes the proposed smoother unsuitable for circular data. However, that
can be corrected by replacing D by the matrix Q∗, which has a structure
that is illustrated by the following example

Q∗ =


2φ −1 0 0 −1
−1 2φ −1 0 0

0 −1 2φ −1 0
0 0 −1 2φ −1
−1 0 0 −1 2φ

 . (4)
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Here φ = cos(2π/n). One can show that Q∗η = 0 when η = a cos(2iπ/n) +
b sin(2iπ/n), for arbitrary values of a and b. Thus the limit of strong
smoothing is periodic with period n.
Actually this penalty is not enough, because it pushes towards a (co)sine
with zero mean. Generally we will need a non-zero mean. This can be
solved by multiplying Q∗ by a circular differencing matrix, D∗ which has
the pattern -1 1 in the first n− 1 rows, with the -1 on the diagonal. It has
an extra last row with 1 in the first column and -1 in the last column. With
Q = D∗Q∗ the likelihood equations become

y − µ = λQ′Qη. (5)

To find a suitable value of λ automatically, we use AIC, with the effective
model dimension, ED, computed as

ED = trace[(M̂ +Q′Q)−1M̂ ]. (6)

Figure 1 shows the profile of AIC for a series of values of λ and the smooth
histogram obtained using the λ that minimizes AIC.
Now we turn to grouped data and the penalized composite link model.
Assume that there exists a smooth density γ = exp η, with length n on a
fine grid (with steps of 1 degree, say). The grouping can be described by a
matrix C, with m rows and n columns. Here m is the number of groups.
In row i, C has a 1 in each column that contributes to group i; all other
elements are zero. Then if y gives the counts in the groups, µ = E(y) = Cγ.
This is an example of the composite link model of Thompson and Baker
(1981). They present an algorithm to handle it as a GLM, with a working
design matrix V = M−1CΓ, where M = diag(µ) and Γ = diag(γ). Notice
that V is recomputed in each iteration of the familiar iterative weighted
regression algorithm for GLMs. We want γ to be smooth and so we put a
penalty, based on Q, on η. The bottom line is that we have to iteratively
solve

(Ṽ ′M̃Ṽ +Q′Q)η = Ṽ ′(y − µ̃+ M̃Ṽ η̃). (7)

To automatically determine a reasonable value for λ we use AIC as before,
where now ED, the effective model dimension, is the trace of (V̂ ′M̂V̂ +
λQ′Q)−1(V̂ ′M̂V̂ ) after convergence.
Figure 2 shows the turtle data again, but using histogram bins with a width
of 30 degrees. The proposed algorithm appears to work well.
The motivation for this works came from a data set that was kindly pro-
vided by Rosa Crujeiras. It consists of 580 azimuths of cross-beds in the
Kamthi river; see Oliveira et al. (2012). The data as given are rounded to
multiples of 20 degrees. If we form a histogram with bins of 5 degrees, we
get a repeating pattern of three empty and one non-empty bins. AIC or
any other procedure for finding the right of smoothing would get fooled. In
fact this is visible for cross-validation in Figure 2 of the mentioned paper.
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FIGURE 3. Azimuth data. Top: histogram with wide bins and PCLM density
estimate using best λ. Bottom: profile of AIC. The best value (giving the lowest
AIC) is marked with the vertical broken line.

Working with bins of 20 degrees and the composite link model solves this
issue, but only partially. Apparently the data do not agree with a very
smooth density and Poisson distributions. As Figure 3 shows, AIC indicates
rather light smoothing. Actually, direct visual inspection already points in
this direction. The third bin from the left contains a very low number
of counts, compared to its neighbors. It is interesting to speculate about
the source of the over-dispersion. A possible explanation might be digit
preference in the raw data, before rounding took place.
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3 Discussion

Smoothing of circular data calls for a “designer penalty”, which does not
have a polynomial as its limit but a cosine function with proper amplitude
and phase. This can easily be achieved by replacing the usual second or-
der differences by a slightly modified contrast. This penalty can be easily
combined with a (Poisson) generalized linear model to build a circular his-
togram smoother. When combined with the composite link model it works
well on grouped data too.
An underlying assumption is that we really are dealing with Poisson data,
generated by smoothly varying expected values. When this is the case, AIC
works well to tune the amount of smoothing. But as the last example made
clear, it goes astray when there is over-dispersion. It will be interesting to
study what can be achieved with quasi-likelihood here (Eilers at al., 2008).
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1 Introduction

The analysis of event count data showing over/under-dispersion and/or too
many zero counts has become very common in the literature. Popular mod-
eling approaches are the zero-inflated (Lambert, 1992) or zero-altered (also
said hurdle) Poisson regression models (Mullahy, 1986), or their negative
binomial counterpart if further overdispersion is present. Additionally, the
family of count data models needs adjustments in order to accommodate
for non-ignorable missingness. In fact, it is common to deal with official
statistics data whose feature is the limited disclosure due to privacy and
confidentiality reasons. Masking is the most common technique to protect
data. In Italy a common masking procedure is to fix a data truncation
threshold at two, that is tables with less than three cell counts cannot be
released. In this case, the fitting of the zero-inflated model or the hurdle
model can be misleading. In fact, estimates could be biased if the amount
and the mechanism of missingness is non-ignorable.
In this work, in order to reduce the amount of bias, we suggest to es-
timate two models separately, a binomial model for the zero part and a
two-truncated negative binomial model for the non-zero part.
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As a motivating dataset having the above outlined characteristics, we ana-
lyze the 2010/2011 cohort of the Italian freshmen in 58 Italian Universities
to detect the determinants of SM within the Italian territory. The data
come from the Italian university students’ register (ANSU is the Italian
acronym). Such data are provided in aggregate form and some information
on students’ characteristics is available, such as the region of origin and
destination. Here the focus is on the moving freshman defined as a student
who has moved from a region to another to enroll at the University. Un-
likely from other European countries, mobility rates of students in Italy are
intrinsically very low. From the dataset, about 173000 resident and about
19000 non-resident students are recorded, but their true number is greater
because of the masking mechanism (about 240000 freshmen also including
foreign students and private universities). Three regions, Sardegna, Valle
d’Aosta and Trentino Alto Adige, were not considered as regions of destina-
tion. Two universities are present in Sardegna but these have no observed
counts of incoming students greater than 2. The other two regions are so
small that not all the study fields are represented. Thus they have been
aggregated with their neighboring larger regions Piemonte and Veneto, re-
spectively. There were no observed non-resident students in six Universities
i.e. Benevento, Palermo, NapoliSeconda, NapoliParthenope, Catania and
Catanzaro. Table 1 describes the covariates used in the analysis.

TABLE 1. Description of the covariates. The first category is the baseline

Variable Categories/Range Description

RRes Abruzzo,...,Veneto Origin region (20 cat.)

RUni Abruzzo,...,Veneto Destination region (17 cat.)

University Bari,...,Verona University (58 cat.)

Sex Female, Male Gender

HSgrade 100-; 90-99; 80-89; High school final grade
70-79; 60-69;

HStype liceo; magistrale; High school type
vocational; technical;

Field Health6; Health3; Social5; Study field and course duration (in years)
Social5; Scientific5;
Scientific3; Humanistic3;

INC.res -4.5, 4.1 Per-capita average income (centered) of the
origin region, in thousands of euros

NU.res 1 - 7 No. of Universities in the region of residence

Censis -18.3, 16.9 University ”quality” score (centered)
according to CENSIS-Repubblica

The records are “depicted” by the covariates described above. For each
record the number of non-resident students is observed. The count distri-



Enea et al. 141

bution is reported in Figure 1. For graphical reasons, the pick of zeroes
representing the resident students is not shown. The skewness of the dis-
tribution suggests a non-ignorable missingness for counts one and two.
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FIGURE 1. Observed non-resident freshmen records.

2 Hurdle mixed model

We first introduce the hurdle negative binomial mixed model and then we
introduce the modification we suggest to accommodate for non-ignorable
missingness. The choice of the negative binomial rather than the Poisson
distribution is due to the likely presence of overdispersion into the non-zero
part of the model. Let Y ′ijk ∼ NB(µijk, σ) with type I parameterization as
in GAMLSS (Rigby and Stasinopoulos, 2005), with i (i = 1, ..., nj) indexing
students grouped by covariate profiles, j (j = 1, ...,mk) the universities and
k (k = 1, ...,K) the regions, respectively. Under the hurdle model, a new
variable Yijk is introduced whose distribution is:

P (Yijk = 0) = 1− πijk, (1)

P (Yijk = y|y > 0) =
πijkP (Y ′ijk = y)

P (Y ′ijk > 0)
, (2)

where πijk is the probability to be non-resident and P (Y ′ijk = y)/P (Y ′ijk >
0) is the truncated-at-zero NB. In practice Yijk is zero-altered negative
binomial (ZANB) distributed. The hurdle mixed regression model is a two-
equation system:
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logit(πijk) = β10 + Sexijkβ11 + FieldT

jkβ12 + HStypeT

ijkβ13 +

HSgradeT

ijkβ14 + RRuniTkβ15 + INC.reskβ16 +

NU.resijkβ17 + Censisjkβ18 + b1j , (3)

log(µijk) = log(nijk) + β20 + Sexijkβ21 + FieldT

jkβ22 + HStypeT

ijkβ23 +

HSgradeT

ijkβ24 + RResT

ijkβ25 + RRuniTkβ26 + INC.reskβ27 +

NU.resijkβ28 + Censisjkβ29 + b2j , (4)

where b1j and b2j are the random effects of the universities. It is assumed
that b1j ∼ N(0, σ2

b1
), b2j ∼ N(0, σ2

b2
). Equation (3) uses a binomial mixed

model for the zero part, whereas a zero-truncated negative binomial mixed
model is employed in (4) to model the non-zero part. The offset log(nijk)
implies we are modeling the ratio between the number of incoming stu-
dents and the number nijk of “local” students in the kth region. Estima-
tion in (3) and (4) is usually performed via maximum likelihood. For non-
longitudinal data, b1j and b2j are independent and the log-likelihood de-
composes into the sum of the log-likelihood pertaining to the binomial part
and the log-likelihood of the truncated negative binomial part. Thus both
log-likelihoods can be maximized separately (Molas and Lasaffre, 2010).
However, maximizing the log-likelihood under the zero-truncated negative
binomial using the SM data can be misleading, since the missing data ap-
pear to be nonignorable. Since missing counts belong to the non-zero part
(2), this leads to underestimate πijk and, in addition, the truncated-at-
zero negative binomial does not fit well. To reduce the bias, at least for the
non-zero part, we fit (4) using a two-truncated negative binomial.
Of course, that implies there is not an underlying “true” probability dis-
tribution of Yijk, and two analyses must be carried out separately, ac-
cordingly. On the other hand, the advantage is that the relationship (4)
between the linear predictor and the expected value of the untruncated
NB does not change. The expected value of the two-truncated distribution

is E(Y ′ijk = y|y > 2) = µijk + µijk(1 + 2σ)
P (Y ′ijk=y|µijk,σ)

1−P (Y ′ijk≤2|µijk,σ) . We adopt a

GAMLSS framework to estimate (4).

3 Application to the SM dataset

Tables 2 and 3 show the fixed-effects estimates from the binomial mixed
model and the two-truncated negative binomial mixed model, respectively.
Due to lack of space we prefer to report results regarding just the fixed
effects. Table 2 shows that the odds ratios of the non-resident students as
opposed to the resident ones are larger in the wealthier North-Central re-
gions. These odds ratios become larger for regions of origin with a smaller
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number of universities, and “ more” larger if they are considered “presti-
gious” (Censis). In general non-resident students have a high school diploma
(liceo) while is not statistically significative the high school grade. They
mainly attend five/six-year degree courses in the social and health fields.
These results seem to be consistent with the literature (Bruno and Gen-
ovese, 2010).

TABLE 2. Fixed effects from the binomial mixed model.
Estimate Std. Error Pr(>|z|)

Intercept -1.71 0.79 0.03
SexMale -0.32 0.08 0.00
HSgrade

60 69 0.03 0.14 0.85
70 79 0.23 0.14 0.10
80 89 0.15 0.14 0.29
90 99 -0.26 0.16 0.10

HStype
Magistrale -1.08 0.14 0.00
Vocational -1.29 0.19 0.00
Technical -0.78 0.10 0.00

Field
Health3 -0.62 0.19 0.00
Scientific5 -1.47 0.30 0.00
Scientific3 0.03 0.16 0.86
Social5 1.04 0.19 0.00
Social3 -0.12 0.16 0.44
Humanistic3 -0.18 0.17 0.28

RRuni
BASILICATA -3.11 1.56 0.05
CALABRIA -6.99 1.17 0.00
CAMPANIA -6.51 1.05 0.00
EMILIA 5.01 1.04 0.00
FRIULI 4.29 1.25 0.00
LAZIO 1.68 0.97 0.09
LIGURIA 2.47 1.57 0.12
LOMBARDIA 3.85 0.94 0.00
MARCHE 0.92 1.06 0.39
MOLISE -1.46 1.59 0.36
PIEMONTE 1.86 1.11 0.10
PUGLIA -5.10 1.05 0.00
SICILIA -5.10 1.05 0.00
TOSCANA 1.78 1.10 0.11
UMBRIA 0.28 1.56 0.86
VENETO 3.21 1.01 0.00

INC.res -1.18 0.01 0.00
NU.res -0.29 0.01 0.00
Censis 0.11 0.04 0.00

The two-truncated negative binomial mixed model in Table 3 is fitted on
data including only the non-resident students. From the estimates it re-
sults that, after Sicily, the region of destination Abruzzo (at the baseline)
is the one with the higher average ratio between non-resident and resident
students. However one should consider that, in this model, Sicily is rep-
resented only by the University of Messina, which takes students almost
exclusively from the neighboring region Calabria, since the universities of
Palermo and Catania have not non-resident students. In conclusion, the
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proposed approach seems to work well in presence of non-ignorable missing
data via modeling a truncated distribution. Further developments of this
approach may lead to construct imputation procedures which take into
account the distribution following an EM-like algorithm.

TABLE 3. Estimates from the two-truncated negative binomial mixed model.

Est. S.E. P(>|t|)

Intercept -2.42 0.33 0.00
SexMale -0.01 0.05 0.77
HSgrade

60 69 -0.24 0.09 0.01
70 79 -0.25 0.08 0.00
80 89 -0.24 0.08 0.00
90 99 -0.18 0.09 0.05

INC.res -0.38 0.14 0.01
Censis 0.05 0.00 0.00
RRes

BASILICATA -1.08 0.18 0.00
CALABRIA -0.64 0.27 0.02
CAMPANIA -0.67 0.36 0.07
EMILIA 2.90 0.88 0.00
FRIULI 2.08 0.79 0.01
LAZIO 1.81 0.58 0.00
LIGURIA 1.57 0.76 0.04
LOMBARDIA 2.34 0.74 0.00
MARCHE 1.66 0.49 0.00
MOLISE -0.77 0.17 0.00
PIEMONTE 3.15 0.71 0.00
PUGLIA -0.15 0.26 0.57
SARDEGNA -1.43 0.26 0.00
SICILIA -0.56 0.28 0.05
TOSCANA 1.32 0.67 0.05
TRENTINO 1.04 0.85 0.22
UMBRIA -0.08 0.48 0.87
VDAOSTA 1.73 0.89 0.05
VENETO 2.58 0.64 0.00

Est. S.E. P(>|t|)

RRuni
BASILICATA -0.65 0.38 0.09
CALABRIA -0.97 0.50 0.05
CAMPANIA -2.20 0.24 0.00
EMILIA -1.40 0.10 0.00
FRIULI -0.85 0.17 0.00
LAZIO -1.25 0.09 0.00
LIGURIA -2.24 0.21 0.00
LOMBARDIA -2.54 0.12 0.00
MARCHE -1.18 0.16 0.00
MOLISE 0.36 0.30 0.23
PIEMONTE -1.60 0.16 0.00
PUGLIA -0.70 0.19 0.00
SICILIA 1.00 0.16 0.00
TOSCANA -1.56 0.11 0.00
UMBRIA -1.76 0.16 0.00
VENETO -1.57 0.14 0.00

HStype
Magistrale 0.40 0.10 0.00
Vocational 0.52 0.18 0.00
Technical 0.01 0.06 0.83

Field
Health3 0.23 0.12 0.05
Scientific5 -0.50 0.31 0.10
Scientific3 -0.43 0.08 0.00
Social5 -0.27 0.12 0.02
Social3 -0.42 0.09 0.00
Humanistic3 -0.30 0.10 0.00
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Abstract: This paper describes the application of a novel model-based cluster-
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1 Introduction

Lakes are sensitive to large-scale environmental pressures, such as regional
weather patterns, and so can frequently show temporal coherence (Maberly
& Elliott, 2012), defined as the degree to which lake time series’ behave
similarly through time. Understanding the spatial extent of coherence, both
within and between lakes, for different lake characteristics is a valuable tool
to extrapolate from measured to unmeasured lakes.
The five year research programme GloboLakes (Global Observatory of Lake
Responses to Environmental Change, www.globolakes.ac.uk) investigates
the state of lakes and their response to climatic and other environmental
drivers of change at a global scale through processing of remotely sensed
ecological and lake temperature data, and supported by linked auxiliary
data on catchment land-use and meteorological forcing. The aim of this pa-
per is to propose a methodology for modelling the pixel variability within
lakes in order to identify homogeneous surface areas with respect to tempo-
ral coherence. Lake surface water temperature (LSWT) will be the focus of
this paper. However, the methodology will be extended to water quality pa-
rameters such as chlorophylla and phycocyanin, as part of this programme
of research.
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2 Case study - Data

The lake surface water temperature (LSWT) for Lake Victoria (Africa,
1S 33E) is considered in this paper. Lake Victoria has an approximately
rectangular shape of 250×337 km and it has a surface of 68, 800 km2. Data
from the ARC-Lake project (http://www.geos.ed.ac.uk/arclake/) are
considered and in particular the data product PLOBS9D TS024SR which,
for each lake, provides spatially-resolved (0.05 grid) 20-year long time series
of the LSWT observed twice-monthly. The dataset related to Lake Victoria
consists of 2210 time series (one for each grid pixel) and each time series is
characterized by 479 timepoints (there are however missing data). The lake
is large enough to exhibit variability in the spatial pattern of its LSWT and
the aim of this analysis is to understand if the lake surface can be classified
into homogeneous areas which differ in terms of their temporal coherence.

3 Model-based clustering

Let y (t) be the N × 1 observation vector at time t = 1, ..., T , with N the
number of pixels at which the LSWT is observed and T the total number
of time steps. In order to cluster the N time series with respect to their
temporal coherence, the following state-space model is considered

y (t) = Kz (t) + ε (t) (1)

z (t) = Gz (t− 1) + η (t)

where z (t) is the p×1 latent state vector, K is a N×p matrix of coefficients,
ε (t) ∼ N

(
0, σ2

εIN
)

is the N × 1 measurement error vector, G is a p ×
p stable transition matrix and η (t) ∼ N (0,Ση) is the p × 1 innovation
vector. Assuming z (0) ∼ N (µ0,Σ0) with Σ0 a known variance-covariance
matrix, the model parameter set is Ψ =

{
K, σ2

ε ,G,Ση, µ0

}
. In general, if

restrictions are not imposed on Ψ, model (1) is not identifiable. Since the
aim is to use model (1) for clustering, the coefficients of the matrix K are
restricted to be only 0 or 1, with the additional constraint that each row ki
of K, i = 1, ..., N must contain exactly a single 1. These restrictions ensure
model identifiability and allow the cluster membership to be determined
directly from K. In particular, the i-th time series belongs to the j-th
cluster, j = 1, ..., p , if the j-th element of ki is equal to 1.
The model parameter set Ψ is estimated using maximum likelihood by
means of a modified version of the Expectation Maximization (EM) algo-
rithm which is able to provide an estimated matrix K̂ subject to the above
mentioned constraints (Finazzi et al., 2013). Since the EM algorithm is
not guaranteed to converge to a global maximum of the likelihood func-
tion, the model is estimated M times randomizing the starting values of
the model parameters each time. The estimation related to the highest
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FIGURE 1. Lake Victoria standardized LSWT time series (grey line) and average
time series (black line)

observed-data likelihood is retained. In particular, the elements of the ma-
trix K are randomly generated from the uniform distribution U (0, 1) and
they are normalized so that each row of K sums to one.
Model (1) is estimated starting from p = 1 (one cluster) and the num-
ber of clusters is incremented progressively until a stopping criterion is
satisfied. In this work, the number of clusters is increased by one until an
empty cluster is identified, that is, the matrix K̂ contains a column of zeros
for cluster p. If the best solution (with respect to the smallest change in
observe-data log-likelihood) includes an empty cluster, then the optimum
number of clusters is given by p− 1.

4 Case study - Results

Due to the high percentage of missing data in some series, any spatial
pattern in LSWT is not identifiable by simply looking at the spatial maps
of the observed data and the temporal variability complicates the task.
Moreover, the average standard deviation of the LSWT at each observation
time is only 0.59 K, namely the difference in temperature between any two
pixels is very low. Figure 1 shows the 2210 time series, each time series
standardized with respect to its own average and standard deviation. Note
that the time series exhibit a seasonal pattern but, due to the small seasonal
signal in LSWT for lakes near the equator, the pattern is not very regular.
The estimation procedure described in Section 3 is applied in order to
estimate both the number of clusters and the cluster membership of each
time series. Model (1) is a special/particular case of the more general space-
time model at the basis of D-STEM (Finazzi and Fassò, 2012) and hence
the D-STEM software available at http://code.google.com/p/d-stem/
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FIGURE 2. Lake Victoria LSWT clustered with respect to temporal coherence

has been used to estimate the model parameters.
Table 1 reports, for each value of p, the observed data log-likelihood and
the number of empty clusters, from which it can be noted that the optimum
number of clusters is 7.
The clustering result for p = 7 is reported in Figure 2 in terms of the spatial
location of each time series. Note that the pixels (directly related to the
time series) are clearly clustered in geographic space although model (1)
does not include any information about the relative spatial location of the
pixels. Finally, Figure 3 shows the smoothed average time series related
to the seven clusters. Looking at the mean curves for each cluster, the
differences are in terms of timing and amplitude of the seasonal peaks, this
can vary year to year and so future work will also involve clustering year by
year and following the temporal dynamic of the clustering spatial pattern.

TABLE 1. Observed data log-likelihood vs number of clusters
Clusters (p) 1 2 3 4
log-likelihood 6, 398 33, 886 46, 065 66, 969
Empty clusters 0 0 0 0

Clusters (p) 5 6 7 8
log-likelihood 80, 271 88, 517 96, 032 96, 094
Empty clusters 0 0 0 1
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FIGURE 3. Smoothed cluster mean time series

5 Conclusions

The model-based clustering approach considered in this paper has been
shown to be a valid statistical tool for the analysis of the within lake tem-
poral coherence of time series for Lake Victoria even in the presence of
missing data.
Further studies will now be conducted to explore the nature of the within
lake coherence. Within the GloboLakes programme, the clustering ap-
proach will be used to study water quality parameters of more than 1, 000
lakes at a global scale.
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1 Introduction

The L-curve criterion was proposed by Hansen (1992) and Hansen
and O’Leary (1993) for selection of the regularization parameter in il-
conditioned inverse problems. Frasso and Eilers (2012) have shown that
it is an efficient and robust method to select the penalty parameter in
smoothing applications. The L-curve does not require the computation of
the effective model dimension and is insensitive to correlated noise.
We propose a generalization, the L-surface, for non-isotropic two-
dimensional smoothing. It is a plot of the logarithm of the residual sum of
squares against the logarithms of the sizes of the penalty terms, parameter-
ized by the smoothing parameters. It appears as a surface with a nook and,
in analogy with the L-curve, the optimal pair of smoothing parameters is
located in the deepest point of the nook. This is the point of maximum
Gaussian curvature, as defined in differential geometry. Unfortunately, lo-
cating this point is a non-trivial computational task.
On the other hand, in the nook changes of parameters lead to small dis-
placements on the L-surface. We compute the surface for a grid of values
of the two smoothing parameters. Over this grid we search for the points
on the surface that are closest to each other. If we do this for the the L-
curve, in the case of one-dimensional smoothing, a curve with a U-shape is
obtained. Shahrak et al. (2013) already coined the name U-curve, although
with a different definition. To avoid confusion, we christened our procedure
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the V-valley. We describe it for two dimensions, but it works as well in one
too.

2 The L-surface

Consider 2D non-isotropic smoothing with tensor product P-splines (see
Eilers and Marx, 2003 and Eilers et al., 2006). We have data vectors x,
y and z, where the latter is the dependent variable. Define the following
quantities:

ψ = log(‖z −Bβ‖2); φx = log(‖Pxβ‖2); φy = log(‖Pyβ‖2),

B is the tensor product basis, based on x and y and β the vector of spline
coefficient; Px and Py are penalty matrices, working on the coefficients in
x and y direction. Although not shown explicitly here, these quantities are
parameterized by λx and λy (which get chosen value on a 2D grid). Plotting
these quantities in a 3D Cartesian system we obtain points on a surface with
a nook (see figure 1, second panel). The profiles of the surface represent L-
curves. Each L-curve shows a corner region and all curves together define a
non-regular grid. The points are closest in the corner (upper right panel of
figure 1). Plotting the distances between these adjacent points, a V-shaped
curve is obtained (lower right panel of figure 1). All V-curves combined
define the ”V-valley” shown in the lower right panel of figure 1. The optimal
pair (λx, λy) is located at the bottom of the valley. So we search for the
minimum of

D(λx, λy) =
√

(∇λψ)2 + (∇λφx)2 + (∇λφy)2. (1)

3 A real data example

We use the well known ethanol data as an example for the application of
the proposed procedure. It contains 88 observations of three variables: con-
centration of nitrogen oxides (NOx, the dependent variable), compression
ratio of the engine and equivalence ratio (C and E ).
Figure 2 shows results for the V-valley and for cross-validation. The cross-
validation surface does not show a clear minimum and suggests small λs
leading to a wiggly surface. We suspect that this caused by serial correlation
of the errors, along the E direction. The V-valley shows a clear minimum
and leads to a smooth surface with intuitive appeal.

4 Discussion

We have shown how the concept of the L-curve can be extended to two-
dimensional smoothing with tensor product P-splines. The L-surface has
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FIGURE 1. The top right panel shows the L-surface and the bottom left right
panel shows the surface defining the function D(λx, λy) computed on it. The left
panels show the L and U curves obtained taking log10(λ2) = −2 and varying
log10(λ1) over the surfaces in the right part of the figure.
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FIGURE 2. Smoothing of the ethanol data. Top left: the smooth surface obtained
after selecting the λ parameters on the L-surface (upper right panel) using the
V-valley criterion. The lower left panel shows the smoother estimated using cross
validation while the panel on the left shows the cross validation function com-
puted for the grid of smoothing parameters. 23 Cubic B-splines and third order
penalties have been used for each dimension.
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a nook in which the right balance between the residual sum of squares
and two penalties is found. Instead of using local curvature to locate the
right spot, we use a derived measure, based on distance, leading to simple
computations.
It appears that our approach opens the road to smoothing in more dimen-
sions, e.g. space and time. More research is needed. A more minimization
method will be needed then, because brute-force exploration of a three-
dimensional grid of smoothing parameters locating is time-consuming.
The example of the ethanol data suggests that the L-surface seems to be
quite insensitive to serial correlation. This has to be investigated more
thoroughly on real and simulated data.
There are many opportunities for further research like smoothing of non
Gaussian data and penalty terms defined by vector norms different from
L2.
As a final remark we emphasize the crucial role of (the size of) penalties.
Smoothing methods like kernels and local likelihood do not have an equiv-
alent and so they cannot profit from the L-curve and its extensions.
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1 Introduction

Modern data collection techniques have increasingly given rise to data for
which measurements are functions, or images, rather than scalar values.
Examples of such measurements include electroencephalography (EEG)
signals of the brain or images based on magnetic resonance (MR) or com-
puted tomography (CT). Additionally, any longitudinal measurement, such
as weather data or the value of a biomarker over time, may be thought of
as a functional measurement. In this case, the domain of the function is
the time axis, and the observations are considered to be finite sample real-
izations of an underlying stochastic process.
In recent years much research has been devoted to analysis techniques for
such data, giving birth to the field known as functional data analysis. Much
of this work has been aimed at the development of regression models for
which a scalar outcome is regressed on one or more functional covariates,
a technique referred to as scalar-on-function regression. These models have
been extended to account for simple, gaussian-distributed outcomes to any
outcome type in the exponential family.
Nonetheless, we are unaware of any methods that have been developed to
account for time-to-event outcomes with functional covariates in the pres-
ence of censoring. Such a model would certainly have important clinical
applications. For example, we may be interested in relating a brain scan
or EEG signal conducted in stroke patients to their time to subsequent
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stroke, or death. For our application, we relate a longitudinally collected
biomarker, collected during a patient’s hospitalization, to their risk of mor-
tality after hospitalization. In this paper, we propose an extension of the
classical Cox proportional hazards model to allow for functional covariates.
We now briefly review existing functional regression techniques that are
relevant to this article. Scalar-on-function regression models the relation-
ship between a scalar outcome and a functional covariate. Suppose that
{Yi} are a set of scalar outcomes, {Xi(t)} are functional covariates de-
fined on the interval [0, 1], and {Zi} are non-functional covariates, where
i ∈ {1, 2, . . . , N}. Then the generalized functional linear model that relates
Yi to Zi and Xi(t) is

g(µi) = α+Ziγ +

∫ 1

0

Xi(t)β(t) dt (1)

where Yi follows an exponential family distribution with mean µi, and g(·) is
an appropriate link function (Cardot et al., 1999; James, 2002; Cardot and
Sarda, 2005; Müller and Stadtmüller, 2005; Ramsay and Silverman, 2005;
Reiss and Ogden, 2007; James et al., 2009).The key feature of this model
that differentiates it from a standard (non-functional) generalized linear

model is the integral term,
∫ 1

0
Xi(t)β(t) dt, which captures the contribution

of the functional covariate Xi(t) towards g(µi).
In the next section, we propose an extension of the Cox proportional haz-
ards model that incorporates a similar integral term for functional covari-
ates, and describe how the parameters in such a model may be estimated.
Section 3 assesses the performance of our model in a simulation study. We
conclude with a discussion of our findings in Section 4.

2 Cox Model with functional covariates

2.1 Proportional hazards model

Let Ti be the survival time for subject i, and Ci the corresponding censoring
time. Assume that we observe only Yi = min(Ti, Ci), and let δi = I(Ti ≤
Ci). We also assume that for each subject, we have a collection of covariates
Zi = {Zi1, Zi1, . . . , Zip}. The Cox proportional hazards model (Cox, 1972)
that relates the survival times {Ti} to the covariates Zi is given by

log hi(t;γ) = log h0(t) +Ziγ

where hi(t;γ) is the hazard at time t given covariates Zi and h0(t) is a
non-parametric baseline hazard function.
Suppose now that in addition to Zi, we have also collected a functional
covariate, Xi(s) ∈ L2[0, 1], for each subject. For convenience, we assume
without loss of generality that Xi(s) is centered by subtracting an estimator
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of the population mean function from the observed data. We propose the
following functional proportional hazards model.

log hi(t;γ, β(·)) = log h0(t) +Ziγ +

∫ 1

0

Xi(s)β(s) ds (2)

Our method of estimating the functional parameter β(s) follows the pe-
nalized functional regression procedure of Goldsmith, et al. (2011), which
consists of two steps. The first step is a functional principal components
decomposition of the predictor functions {Xi(s)}, and the second step
approximates the coefficient function β(s) using a spline basis. Define
ΣX(u, v) = cov [Xi(u), Xi(v)], and let ψ = {ψ1(s), ψ2(s), . . . , ψKX (s)} be
the collection of the first KX eigenfunctions of the smoothed version of
ΣX(u, v). Then based on the Karhunen-Loéve decomposition, we can ap-

proximate Xi(s) by Xi(s) =
∑KX
k=1 cikψk(s), where cik =

∫ 1

0
Xi(s)ψk(t) ds.

Additionally, let φ(s) = {φi(s), φ2(s), . . . , φKb(s)} be a spline basis over

the s-domain, so that β(s) =
∑Kb
k=1 bkφk(s). Then (2) becomes

log hi(t;γ, b) = log h0(t) +Ziγ +

∫ T

0

Xi(s)β(s) ds

= log h0(t) +Ziγ +

∫ 1

0

c′iψ(s)Tφ(s)b ds

= log h0(t) +Ziγ + c′iJψφb (3)

where ci = {ci1, ci2, . . . , ciKX}, b = {b1, b2, . . . , bKb}, and Jψφ is a KX ×
Kb dimensional matrix with (u, v)th element given by

∫ 1

0
ψu(s)Tφv(s) ds

(Ramsay and Silverman, 2005). Note that Jψφ is based only on the

(known) basis functions, and can be solved by numerical integration.

2.2 Penalized partial likelihood approach

For notational convenience, let θ =
[
γ b

]
and ηi(θ) = Ziγ + c′iJψφb.

Then the partial likelihood for this model is

L(p)(θ) =
∏
i:δi=1

{
elog h0(ti)+ηi(θ)∑

j∈R(ti)
elog h0(ti)+ηj(θ)

}

=
∏
i:δi=1

{
eηi(θ)∑

j∈R(ti)
eηj(θ)

}

In order to maintain smoothness of the coefficient function β(t), we impose
a penalty on the spline coefficients, b. The penalized partial log-likelihood
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(PPL) is thus

`
(p)
λ (θ) =

∑
i:δi=1

ηi(θ)− log

 ∑
j:Yj≥Yi

eηj(θ)

− λP (b)

where P (b) is an appropriate penalty term for the spline coefficients b, and
λ is a smoothing parameter. The PPL has been introduced by Gray (1992)
to allow for smoothing splines in the Cox model, by Verweij and Houwelin-
gen (1994) to stabilize parameter estimates, and by Therneau et al. (2003)

in frailty models. For a given λ, we may obtain parameter estimates θ̂ by
maximizing the PPL using a Newton-Raphson procedure. The smoothing
parameter λ may be optimized by maximizing its profile likelihood, using
the procedure of Ripatti and Palmgren (2000).

2.3 Inference

Gray (1992) suggested that V = H−1IH−1 be used as the covariance ma-
trix of the parameter estimates, where H is the penalized Hessian of the
PPL and I is the Fisher’s information from the unpenalized Cox model.
Thus, a pointwise 95% confidence interval for β(s0) = φ(s0)b may be con-

structed as β̂(s0)±1.96
√
φ(s0)′V φ(s0). The utility and limitations of this

confidence interval will be explored in the simulation exercise below.

3 Simulation Study

In order to assess the performance of our model under a variety of condi-
tions, we conducted a simulation study. Of interest was our model’s ability
to accurately identify the coefficient function β(s). For simplicity, we con-
sider only the scenario where there are no non-functional covariates Z, and
only a single functional predictor Xi(s).
Our model for simulating functional predictors is based on the procedure
employed by Goldsmith et al. (2011), which was in turn adapted from
Müller and Stadtmüller (2005). Let

{
sj = j

10 : j = 0, 1, . . . , J = 100
}

be a
grid of time points over the interval [0, 10]. For each subject i ∈ 0, . . . , N ,
we generate the survival time Ti and functional predictor Xi(s) based on
the model:

hi(t) = h0(t) exp(ηi)

ηi =
1

J

J∑
j=1

Xi(sj)β(sj)

Xi(sj) = ui1 + ui2sj +

10∑
k=1

{
vik1 sin

(
2πk

10
sj

)
+ vik2 cos

(
2πk

10
sj

)}
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where hi(t) is the hazard of T for subject i, h0(t) is the baseline hazard,
ui1 ∼ N(0, 25), ui2 ∼ N(0, .04), and vik1, vik2 ∼ N(0, 1/k2). Random sur-
vival times are generated from this model using the procedure of Bender,
et al. (2005). All subjects are censored at Ci = 730 days (2 years).
Additionally, we introduce possible measurement error into the simula-
tion by assuming that we only observe Wi(sj) = Xi(sj) + δi(sj), where
δi(sj) ∼ N(0, σ2

X). Our simulation considers two possibilities for σ2
X (0

or 1), corresponding to no measurement error and moderate measurement
error. We also consider three different sample sizes N ∈ {200, 500, 1000}.
We generate data from three coefficient functions: β1(s) = 10 sin(πs/5),
β2(s) = 10(s/10)2, and β3(s) = −10p(s|2, .3) + 30p(s|5, .4) + 10p(s|7.5, .5),
where p(s|µ, σ) indicates the normal density with mean µ and standard
deviation σ. These coefficient functions are similar to those used by Gold-
smith, et al. (2011). Performance of our model is measured by the average
mean squared error (AMSE) for each of the R = 1000 datasets, defined as

AMSE(r)
(
β̂b(·)

)
= 1

J+1

∑J
j=0

{
β̂

(r)
b (sj)− βb(sj)

}2

, where β̂
(r)
b (sj) is the

estimated coefficient function from dataset r at time sj . We also measure
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FIGURE 1. Simulation Results. The top row of figures depicts Tufte box plots of the average

mean squared error (AMSE) across the 500 simulated datasets, for each combination of N ,

σ2
X , and β(s). For each box plot, the dot in the center indicates the median AMSE, while

the upper line spans the 3rd quartile to the largest non-outlying point, and the lower line

spans the smallest non-outlying point to the first quartile. In the lower row of figures, we

plot the estimated β̂1(s), β̂2(s), and β̂3(s) for the estimate with the median AMSE, for each

combination of N and σ2
X . The dark, solid line indicates the true coefficient function, and

color indicates the sample size. Estimates corresponding to σ2
X = 0 are solid lines, while those

corresponding to σ2
X = 1 are dashed lines.
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the coverage probability of the pointwise confidence interval defined in Sec-
tion 2.3.
Simulation results appear in Figure 1. We see that it is much easier to
estimate the coefficient function in the absence of measurement error (i.e.,
σ2
X = 0). Additionally, estimation improves with increasing sample size, as

expected. We also see that the regions of the coefficient function that are
most difficult to estimate are the regions where the curvature of the true
coefficient function has the highest magnitude, especially in the presence of
measurement error. More specifically, measurement error appears to atten-
uate the estimates. β3(s), which contains sharp peaks that fall in regions
where the variability in {Xi(s)} is low, is much more difficult to estimate
than the other two coefficient functions.
The performance of our proposed confidence interval is assessed by examin-
ing the average coverage probability of the 95% confidence intervals under
each scenario (Table 1). Overall, our method underestimates the variabil-
ity of our estimates, as evidenced by all mean coverage probabilities being
below 95%. When σ2

X = 0, the confidence interval performs worst in the es-
timation of β3(s). On the other hand, when σ2

X = 1, the confidence interval
performs very poorly in all scenarios, especially for β1(s).

TABLE 1. Mean coverage probability of the pointwise 95% confidence intervals,
defined in Section 2.3 above.

σ2
X N β1(s) β2(s) β3(s)

200 93.8% 92.9% 72.6%
0 500 93.2% 94.1% 81.9%

1000 93.5% 93.8% 82.5%

200 44.7% 81.3% 49.5%
1 500 28.3% 66.1% 56.6%

1000 21.2% 49.6% 56.1%

4 Discussion

We develop new methodology to account for functional covariates in a Cox
proportional hazards model. This model uses a spline basis to approximate
the functional coefficient, and produces estimates by maximizing the penal-
ized partial log likelihood. A simulation exercise confirms that the model
does accurately identify the functional coefficient. The coefficient function
is most difficult to estimate in regions with high curvature, when measure-
ment error is present, and when the sample size is small. Our proposed
confidence interval tends to underestimate the variability of our parameter
estimates; thus we suggest that it should not be used. Instead, a bootstrap
procedure may be used to obtain more reliable confidence intervals.
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Abstract: Rockova and George (2012) proposed EMVS, a new approach for iden-
tifying sparse high posterior models under a Bayesian spike-and-slab formulation
for variable selection uncertainty for the Gaussian linear model. An alternative
to stochastic search, this approach is based on a deterministic closed form EM
algorithm. In this paper we propose a version of a stochastic dual coordinate
ascent algorithm which substantially speeds up a key step in the already fast EM
algorithm further enhancing its potential for dynamic posterior exploration.
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1 Introduction

Bayesian approaches to variable selection for the normal linear model un-
der spike-and-slab priors typically use some form of Monte Carlo stochas-
tic search to find high posterior probability models. For problems with
many variables, such approaches are simply not fast enough to be practical.
EMVS, an alternative approach proposed by Rockova and George (2012),
avoids this problem by using a closed form EM algorithm to quickly iden-
tify sparse modal models. With this faster algorithm, it becomes feasible to
conduct dynamic posterior exploration by widening the spike distribution
to more clearly expose and identify sparse high probability models.
In this paper, we describe and illustrate the implementation of a stochas-
tic dual coordinate ascent (SDCA) algorithm that substantially speeds up
the key M-step of the algorithm. This M-step, which must be iterated at
least several times, is the main computational burden of the algorithm.
Essentially, each iteration entails computing a generalized ridge regression
estimate of the regression coefficient vector, a computation that involves the
inversion of a potentially large matrix. The SCDA algorithm replaces this
inversion by a much faster iteration of single coordinate updates, substan-
tially increasing the overall speed of EMVS, especially on large problems.
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2 EMVS

EMVS is formulated for data which consists of y, an n×1 response vector,
andX = [x1, . . . , xp], an n×p matrix of p potential standardized predictors
that are related by a Gaussian linear model

f(y | α,β, σ) = Nn(1nα+Xβ, σ2 In), (1)

where 1n is a n × 1 vector of 1’s, α is an unknown scalar intercept, β is
a p × 1 vector of unknown regression coefficients, and σ is an unknown
positive scalar.
The cornerstone of the prior formulation for EMVS is the “spike-and-slab”
Gaussian mixture prior on β

π(β | σ,γ, v0, v1) = Np(0,Dσ,γ), (2)

where γ = (γ1, . . . , γp)
′, γi ∈ {0, 1} is a vector of binary latent variables

and Dσ,γ = σ2diag(a1, . . . , ap) with ai = (1 − γi)v0 + γiv1 for 0 ≤ v0 <
v1. George and McCulloch (1993) introduced this prior and recommended
setting the hyper-parameters v0 and v1 to be small and large, respectively,
so that those xi for which γi = 1 are to be included in the model.
Combining (2) with suitable priors on γ, α and σ, the induced posterior
distribution π(γ|y) provides a useful summary of post-data variable selec-
tion uncertainty. For illustration, we consider the following choices here. On
γ, we consider the exchangeable beta-binomial prior obtained by coupling
the iid Benoulli form π(γ | θ) = θ|γ|(1 − θ)p−|γ| with a uniform prior on
θ ∈ [0, 1]. On α, we consider a uniform improper prior, proceeding from
here on with the induced marginal likelihood f(y |β, σ). On σ2, we consider
the relatively noninfluential inverse gamma prior. π(σ2 |γ) = IG(ν/2, νλ/2)
with ν = 1 and λ = 1.
EMVS is based on a fast EM algorithm alternative to stochastic search of
π(γ|y) which, when v0 > 0, quickly finds posterior modes of π(β, θ, σ2|y)
that are then thresholded to identify high posterior γ models under the
posterior for which v0 = 0. As described in detail in Rockova and George
(2012), the EMVS algorithm proceeds by iteratively maximizing the objec-
tive function

Q
(
β,θ, σ |ψ(k)

)
=− ||y −Xβ||

2

2σ2
− log σn−1+p+ν − νλ

2σ2

− 1

2σ2

p∑
i=1

β2
i Eγ|·

[
1

v0(1− γi) + v1γi

]
+

p∑
i=1

log

(
θ

1− θ

)
Eγ|·[γi], (3)

where ψ(k) = (β(k), θ(k), σ(k)) and Eγ|·[·] denotes expectation conditionally

on [ψ(k),y]. At the kth iteration, an E-step is first applied, which computes
the expectations in (3), followed by an M-step that maximizes over (β, θ, σ)

to yield the values of ψ(k+1) = (β(k+1), θ(k+1), σ(k+1)).
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The E-step expectations are obtained quickly from the closed form expres-
sions

Eγ|·[γi] =
π(β

(k)
i | σ(k), γi = 1)θ(k)

π(β
(k)
i | σ(k), γi = 1)θ(k) + π(β

(k)
i | σ(k), γi = 0)(1− θ(k))

≡ p?i

(4)
and

Eγ|·

[
1

v0(1− γi) + v1γi

]
=

1− p?i
v0

+
p?i
v1
≡ d?i . (5)

For the M-step maximization, the β(k+1) value that globally maximizes Q
is obtained by the generalized ridge estimator

β(k+1) = (X ′X +D?)−1XTy (6)

where D? = diag{d?i }
p
i=1 is the p× p diagonal matrix with entries d?i > 0,

the well-known solution to the ridge regression problem

β(k+1) = argminβ∈Rp{||y −Xβ||2 + ||D?1/2β||2}. (7)

In problems where p >> n, the calculation of (6) can be enormously re-
duced by using the Sherman-Morrison-Woodbury formula to obtain an ex-
pression which requires a n×n matrix inversion rather than a p×p matrix
inversion. The maximization of Q is then completed with the simple up-

dates σ(k+1) =
√
||y−Xβ(k+1)||2+||D?1/2β(k+1)||2+νλ

n+p+ν and θ(k+1) = 1
p

∑p
i=1 p

∗
i .

3 Stochastic Dual Coordinate Ascent for EMVS

The key to the efficiency of the EMVS implementation is the expeditious
updating of the ridge regression solutions in (6), by far the most expensive
operation in the EM algorithm because of the costly matrix inversion, es-
pecially when both n and p are large. To mitigate this cost, approximate
solutions to ridge and other regularized loss minimization problems can
be obtained with conjugate gradient descent methods or dual coordinate
ascent algorithms at only a fraction of the runtime. For this purpose, we
here propose the stochastic version of the dual coordinate ascent algorithm
(SDCA) of Shalev-Shwartz and Zhang (2012), which they show to possess
strong theoretical guarantees. In conjunction with the already fast E-step,
SDCA further enhances the potential of the EMVS procedure.
To motivate and tailor the SDCA algorithm for our context, denote the
original data by y, a (n × 1) response vector, and X∗ = (x∗1, . . . ,x

∗
n)T, a

(n × p) regression matrix, where x∗i , the ith row of X∗ has been rescaled
so that maxi ||x∗i || ≤ 1. The constrained loss function (7) to be minimized
in the M-step of EMVS is the special case of

P ∗(β∗) =

[
n∑
i=1

φi(x
∗T
i β

∗) + ||D?1/2β∗||2
]
, (8)
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where φ(a) = (a − yi)2. The optimizer of this generalized ridge regression
problem can be obtained from a solution to a classical ridge regression
after reweighing the columns of the regression matrix X = X∗D?−1/2 so

that β = D?1/2β∗. Thus the minimizer β̂∗ of P ∗(β∗) corresponds to the

minimizer β̂ of the ridge regularized loss function with unit penalty

P (β) =

[
n∑
i=1

φi(x
T

i β) + ||β||2
]
. (9)

Rather than minimize P (β), SDCA operates by maximizing the dual for-
mulation obtained by rewriting (9) in terms of ηi = φi(x

T
i β) and introduc-

ing Lagrange multipliers αi for every one of the corresponding constraints
ηi − φi(xTi β) = 0. Augmenting (9) by the weighted sum of the constraint
functions obtains

L(β,η,α) =

[
n∑
i=1

η2
i + ||β||2 +

n∑
i=1

αi[φ(xT

i β)− ηi]

]
(10)

and the associated dual Lagrange function D(α) = infβ,η L(β,η,α). Dif-
ferentiating the Lagrangian (10) in β and η, we obtain conditions

β(α) =
1

2

n∑
i=1

αixi and ηi(α) =
αi
2
,

which after substitution in (10) give the dual Lagrangian

D(α) =

 n∑
i=1

−φ∗i (−αi) +

∥∥∥∥∥1

2

n∑
i=1

αixi

∥∥∥∥∥
2
 (11)

where φ∗i (u) = maxz(zu − φi(z)) is the convex conjugate of φi(·). Let

α̂ denote a maximizer of D(α). Then it is known that β(α̂) = β̂ and

P (β̂) = D(α̂). It also holds that P (β) ≥ D(α) for all β and α, which
implies that the duality gap P [β(α)] −D(α) constitutes an upper bound
of the sub-optimality measure P [β(α)]− P (α).
In the following, we restrict the attention to squared loss in the linear
regression setting, where the dual function takes the form

D(α) =

 n∑
i=1

yiαi −
1

4

n∑
i=1

α2
i +

∥∥∥∥∥1

2

n∑
i=1

αixi

∥∥∥∥∥
2
 . (12)

A nearly optimal value α̂, and hence nearly optimal β̂, can be found with
a coordinate descent algorithm (CDA) on the dual Lagrangian function.
SDCA is the stochastic version of this algorithm where the coordinate to
be updated at each iteration is chosen at random. Initializing β(0) = β(0),
the steps of the SDCA algorithm are
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(1) Iterate for t = 1, 2, . . . , T

(a) Select i randomly from {1, . . . , n}

(b) Set ∆αi =
2(yi−xTi β

(t−1))−αt−1
i

1+||xi||2

(c) α(t) ← α(t−1) + ∆αiei

(d) β(t) ← β(t−1) + 1
2∆αixi

(2) Output ᾱ = 1
T−T0

∑T
t=T0α

(t) and β̄ = 1
T−T0

∑T
t=T0 β

(t)

For the γ-smooth loss functions (differentiable with γ-Lipschitz deriva-
tive), Schwartz and Zhang (2012) show that SDCA requires at least
T = 2(n + nγ/2) log(1/ε) iterations in order the to have an expected du-
ality gap E[P (β̄) − D(ᾱ)] ≤ ε for β̄ and ᾱ averaged over last T0 = T/2
iterations. Since squared loss is 2-smooth, it suffices to perform at least
T = 4n log(1/ε) iterations.

4 Timing Comparisons

We consider simulated datasets on p = 1 000 explanatory variables, where
only the first three are predictive with a corresponding regression vector
β = (2, 3, 4, 0, . . . , 0)T. We generated three datasets with n = 100, 500, 2 000
and compared computational times to obtain a single generalized ridge re-
gression solution by (a) calculation of (6) via inversion of a p×p matrix, (b)
calculation of a Woodbury-Sherman (W-S) equivalent of (6) via inversion
of an n × n matrix, (c) SGDA minimization of (7) via an implementa-
tion in R, and (d) SGDA minimization of (7) via an implementation in C.
The regression matrices are generated with rows drawn independently from
Np(0,Σ), where Σ =

(
0.6|i−j|

)p
i,j=1

. The predictor matrices were rescaled

so that ||xi||2 ≤ 1, a requirement for the SGDA theoretical guarantees. The
response vector for each of the three sample sizes was created according to
the generating model Nn(Xβ, In) and further normalized so that ||y||2 = 1.
The vector of penalty coefficients was generated through random sampling
from a Gamma distribution with shape 1 and scale 0.5. Table 1 reports
runtimes in seconds obtained on a 3GHz server as well as distances between
the exact and approximate solutions. A stopping rule T = 4n log(1/ε) was
implemented to obtain an expected duality gap of at most ε = 0.1.
A feature of EMVS made feasible by the speed of the EM algorithm is dy-
namic posterior exploration as the spike variance v0 is gradually increased
to expose sparse high probability models. To illustrate how SCDA enhanced
EMVS would perform on this task, we applied it to the second dataset
(n = 500) with v1 = 10 and v0 ∈ {0.1 + k× 0.25; 0 ≤ k ≤ 20}. We obtained
the EMVS regularization plot in Figure 1a displaying the evolution of the
posterior modal estimates as v0 is increased. The log-posterior model prob-
abilities of subsets obtained after screening out coefficients that are small
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TABLE 1. Computational time of the generalized ridge regression solutions

p = 1 000 Classical W-S SGDA(R) SGDA(C) ||β̄ − βridge||2
n = 100 2.44 0.38 0.17 0.02 0.004
n = 500 4.41 3.69 1.27 0.16 0.005
n = 2 000 9.93 10.24 5.28 0.66 0.002

FIGURE 1. (a) Exact EMVS regularization plot, (b) model exploration based
on the exact regularization plot, (c) approximated EMVS regularization plot

in magnitude (outside the threshold boundary depicted in red) are plot-
ted in Figure 1b. The approximate regularization plot obtained using the
SGDA procedure (T = 4n log(10)) in the M-step is depicted in Figure 1c.
The disagreement between Figures 1a and c is slight, especially for larger
v0 where sparse models are better identified.
Under the convergence criterion max |β(k) − β(k−1)| < 0.05, the exact eval-
uation of the whole regularization plot required 80 iterations taking 295
seconds using the Woodbury-Sherman updates with an R-implementation.
The SGDA approximation required 94 iterations, taking 119 seconds with
the R-implementation and merely 15 seconds with the C-implementation.
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1 Introduction

Forecasting, ranking or analysing sports teams and players’ performance
is often of interest, mainly for assessing the efficiency of betting markets,
sometimes as a specific research topic. The aim of this work is to study the
performance of women’s professional tennis (WPT), using an extension of
a Bradley-Terry model (Bradley and Terry, 1952) including random effects.
Several studies analysed tennis match results by different points of view.
Among others, McHale and Morton (2011) present a Bradley-Terry kind
model to forecast men’s professional tennis, together with an extended
review on the topic.
The Bradley-Terry (hence BT) model has been utilized for paired compar-
isons in many contexts. Applied to sports as tennis, the model assumes
that the probability of a victory for a player i on a player j depends on
the comparison of players’ abilities, measured by specific parameters of the
model. See Cattelan (2012) for an updated review and some examples of
application of BT models. Covariates can be included to better explain
individual abilities (Dittrich et al., 1998, Firth, 2005; Turner and Firth,
2012), together with random effects taking into account for unobserved
heterogeneity. The resulting model can be viewed as a multiple member-
ship model (see Hill and Goldstein, 1998; Rasbash and Browne, 2001a;
Browne et al., 2001), in which each match is a unit and each player is a
gruop.
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In including random effects, an important aspect has to be taken into ac-
count. Typically, ordinary models for clustered data assume that the num-
ber of observations in a cluster is independent of the response variable.
However, in some particular situations, cluster size may provide important
information about the distribution of the response variable. In these situa-
tions, the cluster size is informative and has to be adequately modelled. In
fact, as shown by Neuhaus and McCulloch (2011), ignoring an informative
cluster size may result in biased estimates.
Tennis tournaments are knockout tournaments, with players competing
head-to-head in each round, the winners advancing to the next round and
the losers being eliminated from the tournament. The knockout design
often assumes that matches between top players occur at the end of the
tournament. Consequently, one can figure that the number of times a tennis
competitor plays at a tournament, which is related to cluster size in a
random effect BT model, depends on his/her ability, influencing also the
response of interest.
Several models have been proposed to incorporate informative cluster sizes
for both continuous and binary variables. For example, Dunson et al. (2003)
propose a Bayesian model for jointly modeling the cluster size and the
subunit-level outcomes, assuming a latent variable taking into account the
association between the outcomes and cluster size.
In this work, we propose to jointly model the probability of victory of
each contest and the number of times each contender plays at each tour-
nament. The data utilized, for the 2012 WTP season, are available from
the http://www.tennis-data.co.uk/data.php web site. The data con-
tain details on the date of the match, location and tournament name, sur-
face (hardcourt, carpet, clay or grass) and series (Grand Slam, Premier,
etc.), participants’ names and match results in games and sets. Only the
top women players are included in the study. As the likelihood involves
a high dimensional integral, to obtain the maximum likelihood estimates,
the Data Cloning (Lele et al., 2007; Lele et al., 2010) algorithm has been
utilized.
The paper is organized as follows. In Section 2, the proposed model for
tennis tournaments taking into account the possibly informative cluster
size is presented. Section 3 briefly presents the Data Cloning algorithm for
estimating the proposed model. The final section includes comments and
remarks.

2 A Bradley-Terry model for tennis tournaments

Considering each match as a statistical unit, BT models can typically be
viewed as generalized linear models in which the response variable is a
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binary variable assuming value 1 if the first contender wins the comparison:

Y kij =

{
1 if player i beats player j in the match k
0 if player j beats player i in the match k

with i, j = 1, . . . , I, and k = 1, . . . N . Denoting with πkij the probability

that Y kij = 1, the BT model can be then written as

logit(πkij) = λki − λkj

where λl measure the logarithm of the ability of player l, with l = i, j. To
include player–specific explanatory variables, such as for example player
age (say X), the player log-ability of player l can be modelled as

λkl = λl + β1xl + ulk

where ulk is a residual unobserved variability specific for player l in the
tournament of the match k. The effect on the logit(πkij) of a player–specific
explanatory variable is β1(xi−xj). To include contest-specific explanatory
variables, such as for example the tournament surface (Z), the player log-
ability can be modelled as

λkl = λl + γlzk + ulk

including a parameter specific for each player. In this case, the effect on
the logit(πkij) of a contest–specific explanatory variable is (γi − γj)zk.
Jointly to the BT model, we can specify a model for the number of matches
played in a tournament by a player. For example, a Negative Binomial
model could be adequate, being more flexible than a Poisson model.
Let t = 1, . . . T be the tournament indicator. Then, we can assume that
the number of matches for unit i in tournament t, say nit is distributed as
Negative Binomial distribution with parameters

(
α, exp(ηit)

)
, where, for

instance,
ηit = λi + δxi + vi

with vi being a latent quantity for unobserved heterogeneity, potentially
correlated with the corresponding latent variable in the BT part.

3 Data Cloning

As a multiple membership model, the proposed model has a non-
hierarchical structure of the random effect, with the likelihood function
obtained after integrating out the latent components. The dimension of
this integral makes the likelihood function analytically intractable.
Data Cloning (DC) procedure computes maximum likelihood estimates and
the inverse of the Fisher information matrix, by utilizing as an instrument
the Bayesian paradigm and MCMC procedures.
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FIGURE 1. Example of pseudo–posterior distribution behaviour at increasing
values of h.

Denote by θ the entire vector of model parameters, by L(θ; y) the likelihood
function of the data and by π(θ) an arbitrarily chosen prior distribution for
the model parameters. To obtain maximum likelihood estimates, DC uses
the so called pseudo–posterior distribution. This is the posterior distribution
that is obtained by applying the Bayesian paradigm to cloned data, that is
to data duplicated h times

π(h)(θ | y) ∝ L(θ; y)hπ(θ). (1)

Under certain regularity conditions (see the Appendix A.1 in Lele et al.,
2010), the pseudo–posterior distribution degenerates towards maximum
likelihood estimates when h tends to infinity. Moreover, for large h, the
pseudo–posterior distribution tend to distribute normally, with mean equal
to the maximum likelihood estimates of the model parameters and variance
1/h times the inverse of the Fisher information matrix. Therefore, the pro-
cedure allows the construction of asymptotic confidence intervals and the
implementation of asymptotic hypothesis tests.
The DC estimates are invariant to the assumptions on the prior distribu-
tion, which can be chosen for computation convenience. Figure 1 shows an
example of pseudo–posterior distribution for a logit model on simulated
data of size 1 000. Note that the DC estimates converges to the maximum
likelihood estimates and not to the true value of the parameter, which, in
this example, was set at one.
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4 Concluding remarks

The work focuses on measuring players’ ability by jointly modelling matches
results and number of matches played. Players’ ability is conceived as not
changing over time and tournaments are not modelled longitudinally. Fur-
ther development of the proposal could include dynamic abilities (Cattelan
et al., 2012).

Acknowledgments: Special thanks to Alan Agresti and David Firth for
interesting discussions on the topic.
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Abstract: A Self Organizing Map (SOM) approach was adapted for time series
and used for visualisation and clustering of differing patterns of sleep in a unique
set of sleep/duty/work break time series profiles of 69 railway drivers (RDs)
with 14 days of complete activity graph records. SOMs identified four groups
of RDs with different patterns, timing and amount of attained sleep at every
sleep episode. Clustering and Generalized Additive Models for Location, Scale
and Shape (GAMLSS) of sleep with respect to the RD’s stochastic profiles of
break, sleep, duty and next duty characteristics, 1-2 sleep episodes prior and
cluster membership, confirm that both the timing of sleep, break and next duty,
duration of break, and hours to next duty significantly influence attained sleep.
Break and sleep onset times, break duration and hours to next duty are significant
effects which operate similarly across the groups. Although RDs have different
sleep patterns, the amount of sleep is generally higher at night and when break
duration is 2 or more days. Sleep increases for next duty onset between 10am -
4pm, and when hours since break onset exceeds 1 day - these 2 factors are found
to be significant factors determining current sleep, which have differential impacts
across the clusters. Some drivers catch up sleep after the night shift, while others
do so before the night shift. Sleep is governed by the RD’s anticipatory behaviour
of next scheduled duty onset and hours since break onset.

Keywords: SOM clustering; multivariate episodic series; GAMLSS; railway
drivers.

1 Introduction

Fatigue in the rail industry is an important health and safety issue in
Australia and world-wide. Fatigue is affected by many factors with sleep
and circadian rhythms, two of the fundamental physiological factors. For
railway drivers many factors such as environmental, physical conditions,
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and type of work also impact fatigue. The Australian railways shift work
and workload study report (Dawson et al., 1997) suggested that RDs tend
to have similar sleep patterns despite differing work schedules and personal
attributes - sleeping during the night and awake during the day. Adequate
sleep (5-6 hours) were reported only by RDs whose breaks began between
6 pm and 4 am, suggesting that drivers with breaks commencing outside
these hours may need a longer break. The report also suggested that RDs do
not tend to adapt physiologically to irregular work schedules, with alertness
and performance lowest at 2.15 am if on early morning shift.

2 Data

A series of 14 field-based studies were chosen by the Rail consortium be-
tween June 1996 to June 1997. For each study drivers wore an activity
monitor (actigraph) 24 hours/day for 14 days to record sleep diary de-
tails. Australia wide 253 RDs of an average age and shiftwork experience
of 39.7 and 19.8 years, respectively, participated. Of these, 190 RDs with
no missing sleep, wake, duty, break data, and a full 14 day sleep record
were analysed in this study (n=69). This record of 69 sleep time series
constitutes > 1000 sleep episodes (4-23 per RD) with sleep duration from
1 to 35 hours. Six variables were calculated from the diaries: Break dura-
tion (total hours off-duty); Hours Since Break Onset; Hours To Next Duty;
Next Duty, Break and Sleep onset times (on a 24-hour clock). Sleep dura-
tion (hrs) was calculated per sleep episode and socio-demographics (marital
status, number of dependents, RD age and driver experience) collected.

3 Model and Methods

The Self Organizing Map (Kohonen, 2001), known as the Kohonen feature
map, converts complex, nonlinear statistical relationships between high-
dimensional data into simple geometric relationships on a low-dimensional
display, usually a 2D map. The SOM as such is a topological map which
organises itself based on the input patterns that it is trained on. A non-time
series SOM approach was used recently by Nguyen et al. (2009) to map liv-
ing standards in Viet Nam and for accident risk classification of Australian
railway crossings (Sleep and Hudson, 2008), which developed a SOM with
mixtures approach where the SOM best mapping units were clustered using
model based clustering (MCLUST) of Fraley et al. (2013). The aim of this
current study is to cluster and model the profiles using a SOM approach
adapted recently for multivariate time series data to analyse flowering series
and to derive a new metric for species synchronisation of flowering (Hud-
son et al., 2011b). We adopt a feature-based approach which uses SOMs
to cluster the most frequently occurring patterns of profiles of episodic
events. Clustering of the sleep hours is performed via VANTED (Junker
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FIGURE 1. SOM clusters of sleep: clusters 4, 2, 3, and 1 from left to right.

et al., 2006). Generalized Additive Models for Location, Scale and Shape
(GAMLSS) (Rigby and Stasinopoulos, 2005) of attained sleep are then used
to model RDs’ sleep with respect to resultant SOM cluster membership and
the following predictors: hours to next duty and since break onset, sleep
onset, next duty and break onset times, and break duration; and their inter-
actions with cluster, along with sleep hours 1 or 2 episodes prior. GAMLSS
models were recently used to investigate climatic effects and thresholds on
the intensity of Eucalypt flowering (Hudson et al., 2011c; Hudson et al.,
2010). Similarly we aim to establish which levels/thresholds of work/break
and timing of sleep/break/next duty trigger fatigue. GAMLSS model opti-
mality is based on the AIC criterion, RD is treated as a random effect and
cubic splines used. Circularity of time is accommodated for. Two GAMLSS
Models 1 and 2 are fitted using both stepwise and non-stepwise procedures;
where Model 1 (M1) contains the predictors lag 1-2 sleep; and group factor,
sleep, break and next duty onset, break duration, hours to next duty (and
their interactions with group). Model 2 (M3) is Model 1 plus an additional
covariate, hours since break onset.

4 Results and Discussion

SOM clustering found 4 clusters of size 18, 13, 12 and 26 across which sleep
patterns are significantly different (Figure 1). RDs in cluster 1 (n = 18) had
minimum sleep/episode (average = 6.96 hrs), cluster 2 (n = 13) maximum
sleep (average = 7.71 hrs), cluster 3 (n = 12) and 4 (n = 26) RDs average
hours sleep is 7.44 and 7.35 hours, respectively. Cluster 4 is the baseline
contrast. Current sleep is highly positively related to attained sleep one
episode prior (P < 0.001), but not at lag 2. The highly significant main
effects of sleep onset time (P < 0.000003), break onset (P < 0.03), break
duration (P < 0.03) and hours to next duty onset (P < 0.0005) are the
same across groups. Sleep is highly significantly related to next duty onset
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FIGURE 2. Term plots of effect of hours to next duty (P = 0.005) and sleep
onset time (P = 0.000003).
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FIGURE 3. Interaction plots for next duty onset time (P = 0.000006) and hours
since break onset (P = 0.08).

time (P < 0.000006), but hours since break onset is not a significant main
effect (Figure 2). GAMLSS found significant differential effects on attained
sleep of the following factors by group: next duty onset time (group 4 vs 1;
P < 0.005) and hours since break onset (group 4 vs 1; P < 0.08, significant
at 10%). Stepwise variants of M1 and M2 found cluster as a significant
main effect, group 1 with least sleep. When hours since break onset is
included (M2), break duration has a significant impact on attained sleep
- not the case for M1 where break onset is a significant main effect, not
break duration, as is hours to next duty (M1 stepwise) (Figure 3).
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5 Conclusion

Break and sleep onset times, break duration and hours to next duty are
significant effects which operate similarly across the groups. Adequate sleep
(5-6 hours) is reported only by RDs with breaks between 6 pm and 4 am.
Next duty onset time and hours since break onset are found to be signif-
icant factors in determining current sleep, which have differential impacts
on current sleep across groups. Generally sleep increases for next duty on-
set between 10am - 4pm and when hours since break onset exceeds 1 day.
Group 2 RDs, with maximum sleep, rapidly increase sleep as their next
duty onset is later than 12 noon, group 1, with minimum sleep, have re-
duced sleep hours when next duty onset occurs between midnight and 6am,
or from 4 pm to midnight. Group 2 and 1 RDs increase sleep as their hours
since break exceeds 1 and 2 days, respectively. Group 3 and 4’s sleep is
decreased when hours since break onset exceeds 1 day. Generally RDs in-
crease sleep for break duration from 1-2 days. As far as the authors are
aware, this is the first study to find that sleep patterns are governed by an-
ticipatory behaviour in relation to next duty onset time and retrospectively
to hours since break onset. There was no evidence that social predictors
- the presence of a partner and young kids, RD age and experience are
significantly different between the identified clusters.
The results of our study reflect those from a multivariate Gaussian Hid-
den Markov Model analysis of the same dataset (Nur et al., 2012) and of
a study using a hybrid of SOMs and model-based clustering (MCLUST)
of sleep/wake/duty feature parameter vectors, obtained via a transitional
state process approach - a multivariate extension of the mixture transition
distribution model, which accommodates covariate interactions (Kim et al.,
2009).
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1 Introduction

In categorical data analysis it is often found that data exhibit greater
variability than predicted by the implicit mean-variance relationship. This
phenomenon mentioned as overdispersion has been widely considered in
literature, particulary in relation to Binomial and Poisson distributions.
Failure to take account of this process can lead to serious underestimation
of standard errors and misleading inference for the regression parameters.
Consequently, a number of models and associated estimation methods have
been proposed for handling such problem (McCullagh and Nelder, 1989).
Cox (1983), for instance, showed that the heterogeneity factor usually pro-
vides an adequate correction, without further modelling, unless the data are
highly unbalanced, whereas Finney (1971) took a more cautious approach,
warning against corrections as a global remedy.
Models using a single parameter to account for extravariation in categorical
data have been widely considered (Crowder, 1978; Altham 1976; Williams,
1982; Moore, 1987; Haseman and Kupper 1979, and Cox and Snell 1989,
among others). However, only few papers concern the analysis of overdisper-
sion in ordinal data for which a generalization of binary logistic regression
is usually introduced.
In this context the possible causes of overdispersion could be the variability
of experimental design (this can be thought of as individual variability of
the experimental units and may give an additional component of variabil-
ity which is not accounted for by the basic model), the correlation between
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individual responses, cluster sampling, aggregated data (the aggregation
process can lead to compound distributions). It could be also generated by
scale usage heterogeneity, subjective interpretation of wording or modali-
ties, etc.
Other mixing distributions can be used, such as the normal distribution
(Hinde, 1982) and also overdispersed distributions without a mixture in-
terpretation are also available.
In this work we assume a finite mixture distribution for ordinal variables
proposed in order to emulate the process of selection of subjects’ responses
in rating analyses (Iannario and Piccolo, 2012; Iannario 2012a). This mix-
ture is able to introduce the ability to take account of a possible overdis-
persion within the same framework.
We test the ability of the approach by means of a real case study. We apply
such a model on the Survey on Household Income and Wealth (SHIW)
conducted by the Bank of Italy. Since the observations in this study are
not a simple random sample, overdispersion due to design effects is expected
to be present. Furthermore, this extra variability might also be induced on
account of random variation in response probabilities due, for example, to
interview effects or, more generally, to rater’s selection for each response.
The paper is organized as follows. Section 2 describes the mixture for or-
dinal data analysis with basic notations and inferential issues. Section 3
summarizes some empirical results. Few comments end the paper.

2 Model and statistical inference

The finite mixture model introduced by Piccolo (2003) is based on the
psychological process of selection among m ordered alternatives. He pro-
posed the presence of two main components: feeling and uncertainty. To
model the pattern of the responses, he considers a shifted Binomial (for
feeling component) and Uniform (for uncertainty) distributions (cub mod-
els). Then, the basic model has been extended by means of a logistic link
on parameters in order to capture a possible effect of subject covariates on
the responses.
When observed data exhibit overdispersion, the replacement of Beta Bi-
nomial for the feeling component leads to cube models (Iannario, 2012b).
Specifically, to study the pattern of an ordinal trait (rating response) in
which data consist of an ordinal vector response ri = (ri1, ri1, . . . , rin)′ for
a given number m > 4 of categories and covariates ti, i = 1, 2, . . . , n be-
longing to a matrix T , we define the probability mass function of a cube
model:

Pr(R = ri) = πi βe(ξi, φi) + (1− πi)U , (1)

where βe(ξi, φi) is the Beta Binomial distribution implied for the feeling
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component and defined for i = 1, 2, . . . , n by:

(
m− 1

ri − 1

) ri∏
k=1

[1− ξi + φ(k − 1)]

m−ri+1∏
k=1

[ξi + φi(ri − 1)]

[1− ξi + φi(ri − 1)] [ξi + φi(m− ri)]
m−1∏
k=1

[1 + φi(k − 1)]

,

and U = 1
m is the discrete Uniform distribution assumed for the uncer-

tainty. Parameters θ = (πi, ξi, φi)
′ are related to each respondent’s covari-

ates may be by means of the relationships:

πi = 1/[1 + exp(−yiβ)] ; ξi = 1/[1 + exp(−wiγ)] ;φi = 1/[1 + exp(−xiα)] ;

where β,γ,α are parameter vectors to be estimated and the rows yi, wi ,xi
are subset of ti (here t0 = 1).
For this class of models it is possible to consider the same covariates for
the three components (feeling, uncertainty, overdispersion) without running
into multicollinearity problems.
The parameter space is the positive octant in R3 bounded over the unit
square. Moreover, cub models are nested in cube models when φ ≡ 0. Gen-
erally, it is worth to say that a substantial overdispersion may be obtained
with small values of the corresponding parameter (φ < 0.3, say).
Indeed, a difference with respect to cub models (which have a unique
modal value) is the possibility to explain two opposite modes at R = 1
and R = m, respectively. Given the shape of the Beta Binomial distribu-
tion, it is immediate to observe that unimodal (bimodal) cube models with
an intermediate mode arise when φ < 0.5 (φ > 0.5).
From an inferential point of view, given a sample of ordinal data, the log-
likelihood function is expressed by:

` (θ) =

n∑
i=1

log

{
πi

[
βe(ξi, φi)−

1

m

]
+

1

m

}
. (2)

Asymptotic inference on the parameter vector θ for a cube model has
been implemented (Iannario, 2012b) and an effective procedures for ML
estimates has been obtained by the EM algorithm (available in the R envi-
ronment).
Specifically, in order to check the significance of the estimates, we refer
to the asymptotic theory of ML estimators and derive the asymptotic
variance-covariance matrix V (θ) of ML estimators θ̂ of the parameter vec-
tor θ. This matrix is obtained by inverting the opposite of the expectation
of the second derivatives matrix of the log-likelihood function `(θ). This is
based on the expected information matrix I(θ).
Predictive and likelihood-based local/global fitting measures are gener-
ally based on likelihood ratio statistics or some omnibus measures as the
Bayesian Information Criterion (BIC).
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3 Empirical evidence of overdispersion

We check the proposed model for assessing a possible overdispersion on the
SHIW data. The survey collects data on the economic behavior of Italian
households. It also gathers other information regarding job, such as the level
of specialization, of work experience and of qualification required from the
activity, a set of questions concerning health, perceived happiness, economic
perceived conditions and so on. The number of available observations for
the empirical analysis consists of 1290 individuals.
More details about these data and some results obtained by means of alter-
native models for the analysis of ordinal data (ordinal probit and standard
cub models) are in Gambacorta and Iannario (2013), whereas details on
the survey design and on the content of the questionnaire can be found in
Faiella et al. (2008).

TABLE 1. Estimated cub and cube models with covariates.

Covariates cub model cube model

Constant β0 = −1.824(0.324) β0 = −1.607(0.442)
Education β1 = 1.446(0.130) β1 = 1.656(0.195)
Constant γ0 = −1.593(0.023) γ0 = −1.536(0.025)
Gender γ1 = 0.133(0.033) γ1 = 0.139(0.036)
Constant α0 = −3.541(0.259)
Health α1 = 0.284(0.096)

`(θ̂) −6737.1 −6660.5
BIC 13507.0 13387.0

At the end of each interview, the interviewer answers to some topics about
the quality of the interview. In this context, we model the response to
Global comprehension of questions (ranging from 1=low comprehension to
10=high comprehension) by considering the impact of education (for uncer-
tainty), gender (for feeling) and perceived health status (for overdispersion)
of the respondents. The results of estimated cub and cube models with
covariates are reported in Table 1.
The inclusion of the overdispersion improves the global fitting of the model:
we summarize these results in Figure 1 (left panel) by comparing cub
and cube model on parameter space (for cube models, the size of the

circle is proportional to φ̂). Moreover, cube model reduces the uncertainty
(measured by 1−π) of cub model but it does not substantially modify the
degree of feeling (measured by 1 − ξ). Actually, this analysis stresses the
crucial role of overdispersion.
It is also possible to create profiles (right panel) in which we compare in-
terviewer’s profile for given levels of covariates. Specifically, we compare
the perception of responses of a high educated woman who considers for
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FIGURE 1. cub and cube models for Global comprehension of questions.

herself an higher level of perceived health status (Gender=1, Education=
post graduate, Health=8-9-10) with a low educated man who manifests a
low level of perceived health (Gender=0, Education=compulsary educa-
tion, Health=1-2-3). The right panel of Figure 1 shows how these profiles
are different since the effect of covariates noticeably changes the degree of
comprehension of questions.
In this way, the sample results are summarized with a direct interpretation
of parameters. For instance, the perceived health reduces the overdispersion
in the global perception of the quality of interview.

4 Discussion

As a final comment, we notice that the introduction of cube models allows
for a unique framework for explaining different behaviours with a limited
number of parameters.
Obviously, some critical issues arise from the circumstance that a further
parameter requires a finer splitting of possible ordinal choices. Moreover,
the model requires a more complex estimation procedure if we consider
further extensions with the inclusion of covariates, hierarchical contexts and
shelter effect. These improvements are to be pursued in future researches
in order to fully exploit the capability of the class of cube models for
interpreting and predicting data with a possible overdispersion.

Acknowledgments: This research has been partly supported by FIRB
2012 project “Mixture and latent variable models for causal-inference and
analysis of socio-economic data” at University of Perugia.
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Abstract: Antimicrobial resistance has become one of the main public health
burdens of the last decades, and monitoring the development and spread of
non-wild-type isolates has therefore gained increased interest. Monitoring is per-
formed, based on the Minimum Inhibition Concentration (MIC) values, which
are collected through the application of dilution experiments. A semi-parametric
mixture model is presented, which is able to estimate the full continuous MIC
distribution. The model is based on an extended and censored-adjusted version
of the penalized mixture approach often used in density estimation. A data ap-
plication and simulation study are presented in which the promising behaviour
of the new method is illustrated.
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1 Introduction

Antimicrobial resistance (AMR) is the main undesirable side effect of an-
timicrobial use in both humans and animals. Due to the continuous positive
selection of resistant bacterial clones, the population structure of microbial
communities is modified. AMR has become one of the main public health
burdens of the last decades and it is therefore extremely important to
study and monitor the emergence of isolates with reduced susceptibility
against antimicrobials. This may be performed by determining the mini-
mum inhibition concentration (MIC), which is commonly measured via a
broth dilution method. A standardized amount of the isolate is exposed
to successive two-fold concentrations of the antimicrobial and the MIC is
defined as the smallest concentration of the antimicrobial substance that
inhibits the visible growth of the microorganism. Figure 1 shows an MIC
distribution determined for 5190 isolates of E. coli tested for susceptibility
against nalidixic acid. Note that, as a result of the dilution type laboratory
experiments, MIC data are censored.
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Our interest is in identifying the full continuous MIC distribution. In this
regard, mixture models are ideally suited as they offer a natural framework
for modelling unobserved population heterogeneity. In our context, a two-
component mixture

f(x) = πf1(x|θ1) + (1− π)f2(x|θ2) (1)

is assumed, in which f1 and f2 respectively represent the wild-type and
non-wild-type component of the MIC distribution and the prevalence of
wild-type isolates is denoted by π. The first component, representing the
wild-type isolates, is assumed to be of a fixed parametric form and can
hence be modelled parametrically. The second component, representing the
non-wild-type isolates, is often multi-modal, and in this case, it is itself a
mixture of different non-wild-type subpopulations. In order to impose as
little constraints as possible, the second component will be left completely
unspecified and a non-parametric estimate will be considered.

2 The semi-parametric mixture model

2.1 Estimation of the first component

Denoting by Yi the number of times MIC value i was observed over the
n trials, the observed MIC groupings can be seen as possible outcomes of
Y = (Y1, . . . , Yk) ∼ Mult(n,p), where k represents the number of different
MIC categories and p = (p1, . . . , pk) such that p1 + . . .+ pk = 1. The max-
imum likelihood estimates for the multinomial probabilities pi are just the
observed relative frequencies Yi

n . Nevertheless, the main interest remains in
identifying the most suited parameters of the continuous wild-type distri-
bution rather than those of the discrete multinomial distribution. This can
be achieved by exploiting the fact that the observed groupings are actu-
ally the result of the censored readings of the dilution experiment. Hence
the multinomial probabilities corresponding to a certain outcome i can be
rewritten as {

p̃i = π ∗ F (ui; θ) if i = 1,

p̃i = π ∗ [F (ui; θ)− F (li; θ)] otherwise,
(2)

where ui and li are the respective upper and lower values of the ith MIC
category and F (.) represents the cumulative distribution function under
consideration, with θ its corresponding parameters. In addition, the un-
known parameter π accounts for the fact that the true MIC distribution is
a mixture of the wild-type and non-wild-type component.
The idea is to replace an increasing number of the multinomial probabilities
with their parametric counterparts in (2). The probabilities of the remain-
ing outcomes are left unchanged and are thus to be estimated similar to
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those of the saturated model (i.e. the observed relative frequencies). The
resulting sequence of likelihoods is specified by

lj(p̃1, . . . , p̃kj , pkj+1, . . . , pk) =

kj∑
i=1

yi log p̃i +

k∑
i=kj+1

yi log pi, (3)

with j = 1, . . . , k − 2 and where kj indicates how many of the original
multinomial probabilities are replaced: kj = j + length of φ, with φ =
(θ, π). This sequence can be maximized to obtain several proposal estimates
for the parameters of interest. Note that as a result of the parametric
assumption, less parameters are used in the construction of the likelihood
when j increases. The AIC criterion can be applied to select the most
appropriate parameter estimates or averaged estimates can be considered
using the Akaike weights.

2.2 Estimation of the second component

The second component will be estimated using a censored-adjusted version
of the penalized mixture approach by Schellhase and Kauermann (2012).
Let X denote the univariate random variable of interest (i.e. the MIC
value), with true density function f . The main idea is to approximate f as
a mixture of densities:

fK(x) =

K∑
k=−K

ckφk(x), (4)

where the φk(x) are the basis densities and the ck are called the weights. In
order to avoid constrained maximization, the weights are reparametrized:

ck(β) =
exp(βk)∑K

k=−K exp(βk)
,

with β0 ≡ 0 for identifiability. The basis densities are assumed to be Gaus-
sian density functions, which are located at a fixed number of knots, cor-
responding to their respective means.
The number of knots plays an important role in terms of bias and variance.
A compromise between smoothness and unbiasedness is obtained through
the approach of Eilers and Marx(1996): a large number of basis functions is
considered, but the log-likelihood is penalized for overfitting via a penalty
term based on the finite differences of adjacent coefficients.
Assuming an independent sample xi, i = 1, . . . , n, the final log-likelihood
to be optimized can be written as

lp(β, λ) =

n∑
i=1

log

K∑
k=−K

ckφk(xi)−
1

2
λβTDmβ,
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where Dm is the penalty matrix and λ is the smoothing parameter. In
order to obtain estimates for the β parameters, Newton-Raphson scoring is
performed, while the penalty parameter λ is updated using an estimating
equation. For further details, see Schellhase and Kauermann (2012).
In order to take the censoring into account, the original basis density func-
tions are replaced by their corresponding distribution functions:

l(β) =

n∑
i=1

log

K∑
k=−K

[ckΦk(xi)I(xi ∈MICmin)+

ck{Φk(xi)− Φk(xi − 1)}I(xi /∈MICmin)] .

Penalization and optimization of the likelihood are done similar to the
original procedure.

2.3 The semi-parametric mixture model

The idea is to fix f1 to the estimate obtained in the initial phase, using the
method in Section 2.1. Information on the second component is then in-
troduced through the censored-adjusted penalized mixture approach. More
specifically, the estimator for the density of the MIC values is based on (4),
to which one additional component is added:

fK(x) = πf1(x; θ1) + (1− π)

K∑
k=−K

ckφk(x) =

K∑
k=−(K+1)

c̃kφ̃k(x). (5)

The additional component represents the wild-type component and will
not be penalized as it is assumed to be fixed. Regarding the placement of
the knots for the second component, recall that the model based on the
likelihood in (3) is fitted to increasing subsets of the data. The fit with the
smallest AIC value identifies the subset of the data that most likely belongs
to the wild type component. In addition, due to the interval censoring, the
highest MIC value in this subset identifies a possible lower bound for the
MIC values of the non-wild-type isolates and will hence be used as the
first knot of the basis. Finally, the estimator in (5) is used to construct
the penalized likelihood. The adjustment for censored observations and the
optimization occur in full similarity as above.

3 Application to real data

The two-stage procedure described in Section 2 is applied to MIC data
obtained from the EUCAST website. The data concern the susceptibility of
E. coli against nalidixic acid. Both a log-normal and a gamma distribution
were assumed for the first component. The optimal mean and standard
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deviation for the former were (on the log2-scale) 1.04 (se = 0.01) and 0.58
(se = 0.01), respectively. In case of a gamma first component, the shape and
scale were 8.32 ( se = 0.31) and 0.25 (se = 0.01), respectively. Figure 1 shows
the result of the semi-parametric mixture model. The fixed gamma first
component results into the lowest AIC and the estimated mixing weight
(π̂) is 0.87 (se = 0.01).
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FIGURE 1. Barplot and estimates of the distribution of Minimum Inhibitory
Concentrations (MIC) in E. coli isolates tested for susceptibility against nalidixic
acid - source: EUCAST website.

4 Simulation study

Samples are taken from a mixture distribution with two main components.
The wild-type component is assumed to be log-normally distributed with
mean 2 and standard deviation 0.8. The non-wild-type component is a
50:50 mixture of two log-normal densities with (on the log2-scale) means
equal to 4.5 and 7.5, respectively, and standard deviations equal to 0.7
and 0.6, respectively. The prevalence of wild-type isolates is taken to be
0.6. The multinomial based method is compared to the semi-parametric
mixture model, assuming both a log-normal and gamma first component.
The performance of the methods are compared based on the MSE values
for the estimate of the prevalence of wild-type isolates. In addition, the
Kullback-Leibler distance indicates the performance of the semi-parametric
mixture model when estimating the entire mixture density. The considered
sample sizes are 500, 1000 and 5000.
Since in real-life applications, the true underlying distribution of the first
component is unknown, the averaged estimates of the two approaches
should be regarded. From Table 1, it is seen that the semi-parametric mix-
ture model outperforms the multinomial based method when estimating
the prevalence of wild-type isolates. This is most pronounced in case of the
larger sample size. The KL distance also indicates a promising behaviour
of the semi-parametric mixture model.
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TABLE 1. Summary of the simulation study. Presented are the averaged
Kullback-Leibler distance (KL) and the MSE values when estimating π using
the multinomial-based method (MSE1) and the semi-parametric-mixture model
(MSE2), when assuming a log-normal and gamma first component, as well as for
the most optimal fit using AIC.

Sample size Assumed f1 KL (s.e.) MSE1 MSE2

500 Log-normal 0.022 (0.008) 0.0027 0.0020
Gamma 0.023 (0.011) 0.0021 0.0022
AIC 0.022 (0.008) 0.0028 0.0023
Averaged - 0.0017 0.0015

1000 Log-normal 0.012 (0.005) 0.0014 0.0010
Gamma 0.015 (0.006) 0.0020 0.0024
AIC 0.013 (0.005) 0.0016 0.0013
Averaged - 0.0010 0.0009

5000 Log-normal 0.004 (0.001) 0.0002 0.0002
Gamma 0.009 (0.002) 0.0075 0.0094
AIC 0.004 (0.001) 0.0018 0.0003
Averaged - 0.0014 0.0003

5 Discussion

A two-stage semi-parametric mixture model to estimate a continuous MIC
distribution from censored observations was presented. In addition to an
estimate for the prevalence of wild-type isolates, the model also provides an
estimate for the non-wild-type distribution. Regarding the susceptibility of
E. coli isolates against nalidixic acid, the prevalence of wild-type isolates
was estimated to be 0.87 (0.01). Finally, a simulation study indicated a
promising behaviour of the new method. Our ongoing research includes
the simultaneous estimation of the first and second component.
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Abstract: When a univariate response such as the hemoglobin level resulting
from iron intake are collected over a period of time, the repeated responses become
correlated. Also it frequently happens that a few responses from an individual
may be intermittently missing, making it difficult to compute the correlations of
such non-patterned available responses. If one, however, ignores the correlations
and uses independence assumption based likelihood approach, the resulting esti-
mates would be inefficient. In this paper by considering a class of autocorrelations
for the complete data, we demonstrate how to compute the correlations of the
available responses and construct a likelihood function by pooling the unbalanced
multivariate distributions of the individuals caused by the intermittent missing
mechanism. This likelihood methodology is used to analyse a hemoglobin data
set collected over 3 months interval for 5 time periods from 42 infants from a
children hospital in St. John’s, Canada.

Keywords: Correlations of repeated responses; Intermittently missing responses;
Likelihood for incomplete data; Regression effects.

1 Introduction

Infants of very low birth weight (less than 1500g) are at high risk for iron
deficiency because of low stores of iron at birth (Gortem and Cross (1964)).
Friel et al (1990) examined the iron status of very-low-birth-weight infants
fed with iron-fortified formula during early infancy. But this study did not
accommodate the longitudinal correlations among the repeated hemoglobin
responses of the same infant. Further problems arise when such data are col-
lected repeatedly but a portion of observations are missing intermittently.
To address these two issues clearly, we develop a likelihood approach by
blending such missing mechanism and correlation structure of the repeated
data and reanalyse the longitudinal hemoglobin data. This we will do fol-
lowing Krisnamoorthy and Pannala (1996) except that these authors dealt
with a non-regression setup whereas we deal with a linear regression model
involving several covariates such as the gender, gestational age, and BHGB
of the infants.
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2 Incomplete Gaussian Model

Let yit be the hemoglobin level recorded at the tth(t = 1, 2, . . . , T ) occa-
sion for the ith(i = 1, . . . ,K) infant. In the present data set, T = 5 and
K = 42. Also let xit = (xit1, . . . , xitu, . . . , xitp)

′ be the p × 1 covariate
vector corresponding to yit. For the present hemoglobin data, there are
p = 5 covariates, namely (i) intercept covariate (xit1), (ii) gender (xit2),
(iii) formula (or treatment) (xit3), (iv) gestation week (xit4), and (v) base-
line hemoglobin (BHGB) (xit5), and these covariates are time independent.
Let β = (β1, . . . , βp)

′ be the p × 1 regression effects of xit on yit, for all
i = 1, . . . ,K; t = 1, . . . , T. It is of interest to estimate this β parameter
using all available responses and by accommodating the correlations among
the available repeated responses for all 42 infants. Among 42 infants, all
together there are 25 infants with complete responses for 5 time points.
The remaining 17 infants have at least one missing response. Let g denote
the gth group and ng denote the number of infants in that gth group for
g = 1, . . . , 6.
Let yi(1) be the T1 dimensional vector containing all T = T1 = 5 repeated

observations for the ith(i = 1, . . . , 25) infant of the first group. In general,
let yi(g) denote the Tg dimensional vector of responses for the ith infant of

the gth group. Here Tg ≤ T1(= T ). Let µi(g) and Σi(g) denote the expec-
tation and covariance matrix of yi(g), respectively. Suppose that yi(1), the
full dimensional response vector, follows the Gaussian distribution as

Yi(1) ∼ NT1(µi(1),Σi(1)), (1)

where, for T1 = T,

µi(1) = (µi1, . . . , µit, . . . , µiT )′ and

Σi(1) = (σiut, u, t = 1, . . . , T ) = A
1
2

i(1)Ci(1)A
1
2

i(1), (2)

with
µit = x′itβ, for t = 1, . . . , T ; Ai(1) = σ2

i IT ,

σ2
i being the variance of the repeated responses for the ith individual, IT

being the T × T identity matrix, and Ci(1) is the full dimensional (T × T )
general auto-correlation matrix defined as

Ci(1)(ρ) =


1 ρ1 ρ2 · · · ρT−1

ρ1 1 ρ1 · · · ρT−2

...
...

...
...

ρT−1 ρT−2 ρT−3 · · · 1

 , (3)

[Sutradhar (2011, eqn. (2.44), p. 20)] where for ` = 1, . . . , T, ρ` is known to
be the `th lag auto-correlation. Note that there is no need of assuming any
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particular correlation structure such as AR(1) (auto-regressive of order 1)
and MA(1) (moving average of order 1, and so on.
For other groups g = 2, . . . , 6,, the Tg dimensional mean vector µi(g) may be
computed by deleting the rows of the µi(1) = (µi1, . . . , µit, . . . , µiT )′ vector
corresponding to the missing responses. Similarly, the Tg × Tg covariance
matrix Σi(g) and/or the correlation matrix Ci(g)(ρ) may be computed by
deleting the rows and columns of the T × T matrices Σi(1) and/or Ci(1)(ρ)
corresponding to the missing responses. Note that the normality for yi(g)
is still valid, i.e.,

Yi(g) ∼ NTg (µi(g),Σi(g)), for g = 2, . . . , 6. (4)

For example, for the aforementioned third group of the hemoglobin data
set, the T3 = 4 dimensional vector yi(3) = (yi1, yi2, yi4, yi5)′ has the 4 di-
mensional normal distribution with mean vector µi(3) = (µi1, µi2, µi4, µi5)′

and correlation matrix

Ci(3)(ρ) =


1 ρ1 ρ3 ρ4

ρ1 1 ρ2 ρ3

ρ3 ρ2 1 ρ1

ρ4 ρ3 ρ1 1

 . (5)

3 Incomplete Likelihood Estimation

In a simpler non-regression setup, a multivariate model similar to that of
the last section was fitted by Krishnamoorthy and Pannala (1999) by using
a likelihood approach. We use this approach in the present regression setup.
Also note that unlike in Krishnamoorthy and Pannala (1999), we deal with
a univariate problem in a longitudinal setup which lead to a specialized form
of correlation structure (3) as opposed to an open multi-normal correlation
structure. By denoting the total number of groups with G (where G = 6 for
the hemoglobin data) and the number of individuals in the gth group with

ng, one may write the likelihood function for all
∑G
g ng = 42 individuals

as
L(β, ρ) = ΠG

g=1Π
ng
i=1N(yi(g)|µi(g),Σi(g)). (6)

Now for known correlations, the maximization of the likelihood function (6)
with respect to β is, in fact, equivalent to minimization of the quadratic
function Q =

∑G
g=1

∑ng
i=1

(
yi(g) − µi(g)

)′
Σ−1
i(g)

(
yi(g) − µi(g)

)
, where µi(g) =

Xi(g)β with Xi(g) as the Tg × p covariate matrix for the ith individual

belonging to the gth group. This minimization yields the incomplete data
based likelihood estimator of β as

β̂ML,inc =

[
G∑
g=1

ng∑
i=1

X ′i(g)Σ
−1
i(g)Xi(g)

]−1 [ G∑
g=1

ng∑
i=1

X ′i(g)Σ
−1
i(g)yi(g)

]
, (7)
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with its variance computed by

var[β̂ML,inc] =

[
G∑
g=1

ng∑
i=1

X ′i(g)Σ
−1
i(g)Xi(g)

]−1

. (8)

Note that the lag correlations and variances involved in Σi(g) for all
g = 1, . . . , G, in (7) are unknown. Also note that Ci(1) contains all lag
correlations, namely ρ1, . . . , ρ`, . . . , ρT−1, whereas Ci(g) for g = 2, . . . , G,
will contain only a portion of these auto-correlations. For convenience we
provide a general moment estimator for ρ` for all ` = 1, . . . , T − 1, and use
them as needed to construct Ci(g) for all g = 1, . . . , G. Consider the indi-
cator variable rit defined as rit = 1, if yit is present; otherwise rit = 0, for
all i = 1, . . . ,K; t = 1, . . . , T. For known β and σi, the `th lag correlation
estimate ρ̂` for the larger correlation matrix Ci(1) is given by

ρ̂` =

∑K
i=1

∑T−`
t=1 ritri,t+`[

(
yit−x′itβ

σi

)(
yi,t+`−x′it,t+`β

σi

)
]/
∑K
i=1

∑T−`
t=1 ritri,t+`∑K

i=1

∑T
t=1 rit[

yit−x′itβ
σi

]2/
∑K
i=1

∑T
t=1 rit

,

(9)
[Sutradhar (2011, eqn. (2.40), p. 18)], where for rit = 0, it is not necessary
to compute zit = [(yit − x′itβ)/σi] as this quantity does not contribute
toward ρ` computation. Instead, for simplicity one can use zit = 0 without
any loss of generality. Furthermore, the variance σ2

i is computed by using
the moment formula

σ̂2
i,inc =

∑T
t=1 ritz

2
it∑T

t=1 rit
. (10)

4 An Application to the Hemoglobin Data

We apply the likelihood method discussed in the previous sections to obtain
the effects of the covariates on the incomplete hemoglobin data with G = 6.
The results are reported in Table 1. The autocorrelations are also displayed
in the same table. The lag 1 correlation 0.232 is considerably high which
makes a significant contribution in regression estimation, more importantly
to the standard errors of the regression estimates. Now to interpret the
effects of the main covariates, it is clear that the iron intake (treatment),
in general, affect the hemoglobin level over time significantly with positive
coefficient 0.646. Because treatment is coded as 1, this positive value shows
that the larger amount of iron intake increases the hemoglobin level as
expected. The positive gender effect (2.395) indicates that the hemoglobin
levels of the male infants are more than the female infants.
Note that unlike other covariates, gestation week was found to have neg-
ative regression effect (−0.265) on the hemoglobin level. This however
does not mean that the infants with larger gestation week had smaller
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Table 1: Estimates for regression and autocorrelation parameters for in-
complete hemoglobin data

Estimation Approach
Incomplete Lik. Complete Lik.

(K = 42) (K = 25)
Param. Est. St.Err. Est. St.Err.

Interc. 123.3 0.937 117.2 0.170
Gender 2.395 0.142 4.697 0.177
Treat. 0.646 0.144 1.850 0.176
GestWeek -0.265 0.030 -0.215 0.048
BHGB 0.004 0.003 0.008 0.004
ρ1 0.232 0.149
ρ2 0.008 0.005
ρ3 -0.118 -0.178
ρ4 -0.380 –0.401

hemoglobin level. To understand this we first notice from the raw data
that the BHGB is more for infants with larger gestation week. Now it is
seen by using this negative effect that the predicted hemoglobin for the
infants with smaller gestation week has increased (as compared to BHGB)
to a large extent, whereas the increase in hemoglobin level is moderate or
small for the infants with higher gestation week. This explains the role of
the negative effects of the gestation weeks. Finally, the small positive value
(0.004) of baseline hemoglobin indicates that the predicted hemoglobin was
higher for the infants with higher baseline hemoglobin.
In the same Table 1, we also report the regression effects computed from
the first group (G = g = 1), that is, based on the complete data from
25 individuals. The standard errors of the estimates are generally larger
as compared to the corresponding standard errors computed based on the
incomplete but larger data from 42 individuals, indicating less efficiency for
the complete data based estimates. Note that the aforementioned regression
estimates based on more data (from all 42 individuals) are naturally more
reliable than their counterparts computed from only 25 individuals.

5 Conclusion

We have developed a likelihood approach to analyze incomplete longitu-
dinal data and implemented this approach to analyse an incomplete lon-
gitudinal hemoglobin data. For other existing approaches mainly for lon-
gitudinal monotonic missing data analysis, one may, for example, refer to
Birmingham et al (2003), Sutradhar and Mallick (2010) and the references
therein. As a future work, this likelihood approach can be compared with
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the existing approaches.
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Abstract: The standard estimation of voter transition is based on individual sur-
vey data. It is not only expensive, but also problematic due well known sources of
bias. On the contrary, exact aggregate data are available for the level of electoral
districts. Due to the well known ecological fallacy, direct estimates of individ-
ual voter transition is not possible without further assumptions. We present a
comparison of different strategies of so-called ecological inference. We show how
Bayesian methods work in this context. Further, prior knowledge and the possi-
bilities of using extra information in this context is discussed.
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1 Introduction

In addition to the gross results of elections, a main topic of interest is voter
transitions: How many voters remained loyal? How many voters chose the
exit option, i.e. decided to vote for a different party, or abstained alto-
gether? Such considerations are part of the news coverage of elections in
Germany. Despite the public interest, only one big German institute, In-
fratest dimap, provides this information based on exit polls. Other smaller
institutes also provide voter transitions using aggregated data.
Collecting individual data for estimating voter transitions in appropriate
size and quality is expensive and the data may not be error free and reli-
able. Potential sources of bias are well known, e.g. recall bias, non response
bias, false reporting and abstention. Such biases are also indicated by dif-
ferences between recall data and panel data. But also with a sufficient and
reliable data set for the entire election area, analysis of voter transitions
for subregions can be problematic. In contrast, aggregated election data are
cheap. In democratic systems such data is often provided by the statistical
offices. The data include the voting behavior of all individuals. While this
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data is exact and complete for each election, it lacks a direct link between
both elections. Only the margins of a voter transition table are known.
In situation, when only the table margins are known, but the inner cells are
the properties of interest, strategies of so-called ecological inference must
be used. Estimating voter transitions using aggregated data is such a case:
only the margins, the elections results for each election independently, are
known, but the inner cells of the table, the combined elections behavior of
the voters, are the quantities of interest. Additional assumption are neces-
sary to perform this task and the crucial liability of them has already been
highlighted in the literature. (Tam Cho 1998, Tam Cho, Manski 2008) Eco-
logical inference is not only used for the analysis of electoral volatility and
the voting behavior of social groups, but also in the context of epidemiology
and consumer studies.
The presented results are from a project sponsored by the city of Mu-
nich. It had the aim to examine existing methods for ecological inference
to estimate voter transitions only with aggregated data. To compare the
different methods, we used the real aggregated election data from the fed-
eral elections 2005 and 2009 for Munich. Because the proposed model must
be usable in the election night, the feasibility in this context was also an
important factor.

2 Considered Methods for Ecological Inference

The following approaches were selected for the comparison because of their
past usage, methodological developments and readiness for implementation:
Goodman’s Ecological Regression is a linear regression using the shares of
the parties in election one as independent variable and the share in election
two as dependent variable. To ensure identifiability, constancy of the pa-
rameters over the districts is assumed. The coefficients can be interpreted
as the share of voters, which voted for a respective party in election one
and the party represented with the covariable in election two. It is common
that some estimates are not within the logical bounds, therefore usually ad-
justments of the raw parameters are necessary.(Tam Cho, Manski 2008 and
King 1997)
Thomsen’s logit approach proposes the usage of the ecological correlation
as estimate for the individual tetrachoric correlation. Thomsen derives this
result from an individual logit model and an ecological logit model. His
model is suitable for the 2x2 case, but Thomsen also provides an iterative
algorithm, which allows inference in the RxC case. As part of this iterative
algorithm, a reference party must be chosen.(Thomsen 1987)
More recently hierarchical models for ecological inference have been pro-
posed. One of them is the Multinomial-Dirichlet model proposed by Rosen,
Jiang, King and Tanner (2001). Instead of assuming constancy of the pa-
rameters over all districts, the models assumes a joint dirichlet distribution.



Klima et al. 205

A multinomial distribution is assumed for the individual level. An R im-
plementation of the model is available in the package eiPack.(Lau, Moore,
Kellermann 2007)
Andreadis and Chadjipadelis (2009) proposed an iterative algorithm using
2x2 methods for the estimation of RxC voter transitions. In each iteration
a fraction of the voters is explained, the considered 2x2 table is chosen by
the correlation weighted by the number of voters. For their implementation,
they use a 2x2 method proposed by Grofman and Merrill (2004). Thomas
Kellermann proposes a slight adjustment of the algorithm: He recommends
to force the algorithm to estimate all loyalty rates in the first steps one
time before estimating other combinations.(Kellermann 2011)

3 Analysis using the Munich Elections results

A first objective is an assessment of the impact of the model parameters
on the estimates. A second aim was the evaluation of the consequences of
different ways of data pre-processing. In this first step we rely on aggregate
data only. Thus, the assessment is based on a cross-model comparison and
a plausibility check.
We observe a strong effect of the chosen adjustment method for the out
of bounds estimates of the Goodman regression. We compared a cut off
method - only the values out of bounds are cut, and a relative scaling
method - all parameters are scaled relative to their extrema. Thomsen
method exhibits a strong reference party dependency. The Multinomial-
Dirichlet model requires high figures for burnin and thinning in the MCMC.
Even with 1000 as thinning value there was still a moderate autocorre-
lation identifiable in some chains. The chains itself are quite stable, but
sometimes a temporarily departure from the general trend is visible. Using
the Multinomial-Dirichlet model in Andreadis and Chadjipadelis iterative
algorithm dramaticly changes the estimates, indicating a sensitivity with
regards to the chosen 2x2 method.
We also compared two easy methods treating differences in the number
of eligible voters and handling of postal voters. We are able to show that
the data handling impacts the estimation. Additional analyses, including
the usage of higher order aggregations of the data, were also performed.
While a moderate higher aggregation only influenced the estimation by
the Multinomial-Dirichlet model clearly negative, a strong aggregation im-
pacted all considered models.
Comparing the different methods, we found that the results from Good-
man’s regression and Thomsen’s logit approach are different from the other
methods, with Thomsen a bit closer to the rest. Some of the estimated loy-
alty rates with the iterative models were considered too high to be plausible.
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4 Simulation Study

The second step of our analysis was the simulation of individual data us-
ing the original election results from 2005 and the federal voter transition
published by Infratest dimap. We considered four different scenarios: Our
first scenario follows the Goodman assumption and uses fixed parameters
for all districts, the second follows a Multinomial-Dirichlet structure and
draws the district parameter from a joint dirichlet distribution, the third
assumes three subpopulation in each district differing slightly in their elec-
tion behavior 2005 and their party loyalty and the last assumes a connection
between the loyalty of the voters of the two big parties (SPD and CSU)
and the election results 2005.
In the first scenario the Goodman regression outperforms all other models
with the lowest overall error, but with exception of Thomsen’s method all
models have acceptable estimates. In the second scenario the best model is
the Multinomial-Dirichlet model, followed by both iterative methods. The
Goodman regression and Thomsen are inferior, with the latter being the
worst model. In the third and fourth simulation, the Multinomial-Dirichlet
model again is superior. The Goodman regression and both iterative ap-
proaches show similar performance, while Thomsen only shows in the fourth
scenario comparable results. The second and the fourth scenario are the
ones where all methods showed lowest performance.
With additional simulations we tested the dependency of the estimates on
the aggregation level, the handling of the postal voters and changes in the
electorate. The base data for this consideration were simulation two and
four. The major results are that the used aggregation level has an impact,
postal voters should not be ignored and changes in the electorate do not
exclude sensible estimates.

5 Prior Knowledge and Survey Data

In situations with an identification problem, as in our case, the usage of
prior knowledge seems suitable and justified, therefore an additional focus
was the inclusion of prior knowledge to the preferred Multinomial-Dirichlet
model. One option is the specification of the starting values for the dirichlet
level of the model using prior knowledge. If no district knowledge is avail-
able, the starting values at the multinomial level have been specified using
the same values. The performance of the models without specified starting
values and the models with ”true” starting values for the parameters at
the dirichlet level are quite similar, no real improvement was visible.
In a second step, we also added prior knowledge at a lower level and pro-
vided ”true” values for ten percent of the districts. As starting values for
the remaining districts, we used the average of the known ten percent. This
time there are differences, the model with used district level prior knowledge
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has a much better performance, clearly outperforming the model with no
prior knowledge. Additional tests with deliberately selected wrong starting
values at the dirichlet level showed that such wrong prior knowledge can
influence the results negatively. Adding the ”truth” for ten percent of all
districts while still maintaining the wrong prior knowledge at the dirichlet
level lead again to results closer to the ”truth”.
Of course, such district prior knowledge will be more difficult to collect.
But usage of external knowledge, e.g. polling data, is possible. Making use
of polling data as prior knowledge for the specification of starting values is
one option to incorporate individual data to ecological inference. Other al-
ternatives are to utilize the prior knowledge for choosing informative priori
distributions, which is subject to further research, or to include the indi-
vidual information in so called hybrid models (e.g. Greiner, Quinn, 2010).

6 Discussion

Choosing the right method for the election night estimation of voter tran-
sitions is a difficult task. The ”truth” is in general unknown and a lot of
potential tables are plausible. We therefore analyzed the methods with the
original data and with simulated data.
Our analysis using the original data showed strong difference between the
different approaches, but the real performance of the methods could not be
estimated. Some unrealistic high loyalty rates already indicated that some
models do not hit the truth, but without individual data a further evalu-
ation was not possible. The second step therefore used simulated data, in
this case we knew the ”truth” and could therefore evaluate the performance
of the methods. The Multinomial-Dirichlet model is superior compared to
the other candidate models in our simulations.
Using additional prior knowledge can boost the performance and lead to
drastically improved results. If this prior knowledge is gathered through
individual data, combined models can also be evaluated. But of course
individual data will not always be available, be it because of financial limi-
tations or because of the impossibility to gather such data. The former will
be most likely the case for subregions while the latter is typical in historical
elections analyses.

Acknowledgments: Special thanks to the town of Munich for the
project and the funding of the analysis. Additional thanks go to Thomas
Schlesinger and Christoph Molnar for their help conducting the simulation
study.
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Abstract: Recent interest in the development of flexible regression specifications
has had a specific focus on describing more complex features of the response distri-
bution than only the mean. The standard instrument in this situation is quantile
regression where conditional quantiles are related to a regression predictor. Com-
putationally this is achieved by minimizing an asymmetrically weighted absolute
residuals criterion which induces additional complexity compared to standard
least squares optimization. As a consequence, expectile regression that relies
on asymmetrically weighted squared residuals has gained considerable interest
since expectile regression estimates can be obtained by iteratively weighted least
squares fits. In this abstract, we introduce a Bayesian formulation of expectile re-
gression that relies on the asymmetric normal distribution as auxiliary response
distribution. Suitable proposal densities for the resulting Markov chain Monte
Carlo simulation algorithm are proposed and the potential of the approach for
extending the flexibility of expectile regression towards complex semiparametric
regression specifications is discussed.
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1 Expectile Regression

Suppose that regression data (yi, zi), i = 1, . . . , n, on a continuous response
variable y and a covariate vector z are given and shall be analyzed in a
regression model of the form

yi = ηiτ + εiτ

where ητ is a predictor formed by the covariates and ετ is an appropriate er-
ror term. Unlike in mean regression where regression effects on the mean are
of interest, we focus on situations where specific outer parts of the response
distribution shall be studied. We will denote the extremeness of these outer
parts by the asymmetry parameter τ ∈ (0, 1) where τ = 0.5 corresponds to
the central part of the distribution while τ → 0 and τ → 1 yield the lower
and upper part of the distribution, respectively. The standard approach
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for implementing such regression models is quantile regression where we
assume that the τ -quantile of the error distribution equals zero, i.e.

P (εiτ ≤ 0) = τ.

This implies that the predictor ηiτ corresponds to the τ -quantile of the
response yi and the regression model can be estimated by minimizing

n∑
i=1

wτ (yi, ηiτ )|yi − ηiτ |

with asymmetric weights

wτ (yi, ηiτ ) =

{
1− τ yi ≤ ηiτ
τ yi > ηiτ .

To avoid numerical difficulties associated with the absolute deviations in
the quantile regression specification, we will instead focus on the criterion

n∑
i=1

wτ (yi, ηiτ )(yi − ηiτ )2 (1)

that yields expectile regression estimates. This criterion has the advantage
to be differentiable with respect to the regression predictor so that estimates
can be obtained by iteratively weighted least squares estimation. Basically,
expectiles are an alternative possibility to characterize the distribution of a
continuous random variable where τ indexes the “extremeness” of the part
of the distribution that shall be studied, see Newey and Powell (1987).
A usual objection against expectiles as compared to quantiles is their lack
of an immediate interpretation. While for quantiles, the property that τ100
percent of the data lie below the regression line and (1− τ)100 percent of
the data lie above the regression line is easy to understand, the extreme-
ness of expectiles is hard to transfer to such an easy statement. However,
interpretation of expectiles is still possible in the following ways:

• For i.i.d. data y1, . . . , yn, the resulting expectile estimate will be a
weighted average

êτ =

n∑
i=1

wiyi

where the weights wi depend on the estimated expectile. As a con-
sequence, regression expectiles can also be considered such weighted
average conditioned on a specific covariate vector.

• Expectiles are tail expectations, i.e. the τ expectile fulfills

τ =

∫ eτ
−∞ |y − eτ |f(y)dy∫∞
−∞ |y − eτ |f(y)dy

showing that eτ is characterised by a partial moment condition.
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• Usually, one would not only estimate one single expectile but a whole
set of expectiles for various values of τ . The collection of all estimates
then gives an intuitive impression about the shape of the conditional
distribution of the response and in particular allows to detect fea-
tures such as heteroscedasticity, asymmetry or skewness. Moreover,
conditional quantiles can still be calculated from a set of expectiles if
quantile estimates are of ultimate interest.

In summary, albeit having a different (and may be less intuitive) interpre-
tation than quantiles, expectiles are probably not more difficult to interpret
than a variance.

2 Asymmetric Normal Distribution

To make expectile regression accessible in a Bayesian formulation, we re-
quire the specification of an auxiliary response distribution that yields a
likelihood that is equivalent to the optimization criterion (1). For Bayesian
quantile regression, this can be formalized based on the asymmetric Laplace
distribution, see for example Waldmann et al. (2013). For expectile regres-
sion, the analogous distribution is an asymmetric normal distribution

yi ∼ AN(ηi, σ
2, τ)

with density

p(yi) =
2√
σ2π

(√
1

1− τ
+

√
1

τ

)
exp

(
− 1

2σ2
wτ (yi, ηiτ )(yi − ηiτ )2

)
.

Maximising the likelihood arising from this distributional specification is
then equivalent to minimizing (1).

3 Semiparametric Regression

Instead of only considering linear regression specifications, we are interested
in applying expectile regression in the context of general semiparametric
regression models with predictor

ηi = β0 +

p∑
j=1

fj(zi)

where we suppressed the index τ for notational simplicity, β0 is an inter-
cept representing the overall level of the predictor, and the functions fj(zi)
reflect different types of regression effects depending on subsets of the co-
variate vector zi. For the regression functions fj , we make the following
assumptions:
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• The functions fj are approximated in terms of basis function repre-
sentations

fj(z) =

K∑
k=1

βjkBk(z)

where Bk(z) are the basis functions and βjk denote the corresponding
basis coefficients.

• The prior for the vector of basis coefficients βj = (βj1, . . . , βjK)′ is a
multivariate normal distribution with density

p(βj |δ2
j ) ∝ exp

(
− 1

2δ2
j

β′jKjβj

)
where the precision matrix Kj represents different types of structural
assumptions about the function fj such as smoothness. Note that the
prior may be partially improper if the precision matrix Kj is not of
full rank.

This framework covers, among others, penalized splines, Markov random
fields, individual-specific random effects, interaction surfaces based on ei-
ther radial basis function or tensor product splines, and varying coefficient
terms as special cases and therefore provides a convenient generalization of
additive (mixed) models, see Fahrmeir, Kneib and Lang (2004).

4 Bayesian Inference

We complete the Bayesian specification by assuming inverse gamma priors
for the error variance and the smoothing variances, i.e.

σ2 ∼ IG(a0, b0) δ2
j ∼ IG(aj , bj).

Given the model specification, this implies that the full conditionals are also
inverse gamma with updated parameters. In contrast, the full condition-
als for the regression coefficients βj are not available in closed form since
unfortunately a normal prior in combination with an asymmetric normal
observation models does not induce an asymmetric normal full conditional.
We therefore construct proposal densities based on the penalized iteratively
weighted least squares updates that would have to be performed to com-
pute penalized expectile regression estimates in a frequentist backfitting
procedure, i.e.

β̂
[t+1]

jτ = (B′jW
[t]
τ Bj + λjKj)

−1B′jW
[t]
τ (y − η−j,τ ),

where Bj is the design matrix associated with the j-th model term, y
is the vector of responses, η−j,τ = ητ − Bjβj is the complete predictor
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without the jth component and W τ = diag(wτ (y1, η1τ ), . . . , wτ (yn, ηnτ )).
More precisely, we propose a new state for βj from the normal distribution
N(µj ,Σj) with expectation and covariance matrix given by

µj = ΣjB
′
jW τ (y − η−j,τ ) and Σj = (B′jW τBj + λjKj)

−1

where λj = σ2/δ2
j is the smoothing parameter obtained as the ratio of error

scale parameter and smoothing variance.

5 Discussion

The Bayesian formulation of expectile regression outlined in this abstract
provides both the Bayesian counterpart to frequentist expectile regression
and the expectile analogue to Bayesian quantile regression. While stan-
dard semiparametric regression specifications in expectile regression can
already be handled in a frequentist setting based on iteratively weighted
least squares estimation, the Bayesian formulation opens up the possibility
to include more complex regression specifications such as Dirichlet process
mixture priors for random effects or Bayesian regularisation priors using
a conditional Gaussian prior structure as suggested for Bayesian quantile
regression in Waldmann et al. (2013). Moreover, Bayesian expectile re-
gression comprises the determination of the smoothing variances δ2

j as an
integral part of the inferential procedure and provides measures of uncer-
tainty also for complex functionals of the model parameters. However, the
asymmetric normal likelihood will usually induce a model misspecification
and the impact of this misspecification will have to be studied in detail in
simulations.
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1 Multi-dimensional Rasch models

The current methodological work is motivated by an attempt to place the
members of the US House of Representatives on a “liberality” scale, us-
ing multi-dimensional Rasch models and data on the voting behaviour of
S = 435 representatives on I = 20 roll-calls selected by Americans for
Democratic Action (ADA, for short). There were an extra 4 representa-
tives that did not vote to at least a quarter of the roll calls and have been
left-out of the analysis as essentially uninformative. A vote against ADA’s
position is noted with 0 and a vote for the ADA’s position is noted with 1.
Rasch models are popular models in Item Response Theory (IRT) for
analysing binomial outcomes in a subject-item arrangement. Specifically,
consider observations y11, . . . , y1S , . . . , y1S , . . . , yIS on independent random
variables Y11, . . . , Y1S , . . . , Y1S , . . . , YIS where Yis has a Binomial distribu-
tion with probability πis and index nis (i = 1, . . . , I; s = 1, . . . , S). An
m-dimensional Rasch model has the form

log
πis

1− πis
= ηis = αi +

m∑
j=1

βjiγjs (i = 1, . . . , I; s = 1, . . . , S) . (1)

Here πis can be thought of as the probability that member s votes for the
ADA’s position on roll-call i (i = 1, . . . , I; s = 1, . . . , S). The vectors of un-
known parameters β represents the roll-calls’ discrimination and, if all βs
have the same sign then the vector of parameters γ represents the members’
“liberalities”. In this representation each of the discrimination and liberal-
ity parameters are decomposed into m dimensions. For example if m = 2,
a potential analysis is to make a plot of the estimates of γ11, . . . , γ1S ver-
sus the estimates of γ21, . . . , γ2S , in order to obtain a visualization of the
liberality of the members in two dimensions.
If m = 1 in (1) then the log-odds is equated to αi + βiγs which is the
two-parameter logistic model (2PL), and if βi = 1 (i = 1, . . . , I) then the
simple one-parameter logistic (1PL) model results.
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2 Estimating liberality

Fitting the one-dimensional model (2PL) using maximum likelihood results
to infinite parameter estimates because there are representatives voting for
or against the ADA position in all roll calls. A solution would be to add
a small positive constant to the responses and twice that constant to the
totals and then treat the adjusted data as actual. While this can result in
finite estimates i) it is then hard to quantify the effect of the adjustment to
the fitted model, and ii) the choice of the constant adjustment is generally
arbitrary and different choices of constants would generally give different
results (see Kosmidis, 2013, for a thorough discussion).
Simulation studies on models for categorical responses illustrate that the
bias reduction method in Firth (1993) offers a solution to the problems
relating to boundary estimates; see, for example, Heinze & Schemper
(2002), Kosmidis & Firth (2011) and Kosmidis (2013) for binomial and
multinomial-response generalized linear models. The method proceeds via
the adjustment of the log-likelihood derivatives (score functions).

3 The reduced-bias estimator

Let δ = (αT , βT , γT )T be the p-vector of parameters of model (1), where
p = I + m(I + S) is the number of model parameters. It is necessary to
have m(m+1) particular constraints for making the model identifiable. Let
pE = I + m(I + S −m − 1) denote the number of effective parameters in
the model. For notational simplicity, the dependence of quantities on the
model parameters is suppressed. Furthermore, for generality of the results
with respect to the many possibilities in choosing the required constraints,
a set of p adjusted score functions is derived from which only the pE that
correspond to unconstrained parameters are effective. The inverse of the
Fisher information on the pE estimable parameters is extended to a p× p
matrix by adding zero rows and columns for the constrained parameters.
We denote the extended inverse of the Fisher information by F−1. Then,
using the results in Kosmidis & Firth (2009) and after some algebra, the
t-th bias-reducing adjusted score function (t = 1, . . . , p) is

U∗t =

I∑
i=1

S∑
s=1

{
yis +

1

2
his − (nis + his)πis + cisvis

}
zist . (2)

In the above expression his is the s-th diagonal element of the S×S projec-
tion matrix Hi = ZiF

−1ZTi Σi where Zi is the S × p matrix with elements
zist = ∂ηis/∂δt, and Σi is a diagonal matrix, with i-th diagonal element
vis = Var(Yis) = nisπis(1 − πis). Also, cis =

∑m
j=1 AsCov(βji, γjs), where

the asymptotic covariances AsCov(βji, γjs) are obtained by the appropriate
components of F−1 (i = 1, . . . , I; s = 1, . . . , S). For the 1PL model m = 1
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and β1 = . . . = βI = 1 and cis = 0. Hence, the adjusted score functions
result by adding his/2 to yis and his to nis (i = 1, . . . , I; s = 1, . . . , S),
which is exactly the result obtained in Firth (1993) for the reduction of
bias in logistic regressions.
Comparing the form of U∗t in (2) with the tth derivative of the log-likelihood

Ut =
∑I
i=1

∑S
s=1(yis−nisπis)zist (t = 1, . . . , p), reduction of bias results by

replacing the responses yis and totals nis with their adjusted counterparts

y∗is = yis +
1

2
his + niscisπisI(cis ≥ 0) ,

n∗is = nis + his + niscis {πis − I(cis < 0)} (i = 1, . . . , I; s = 1, . . . , S) ,

with I(A) taking value one if condition A is satisfied, and 0 else.
Noting that the above adjustments satisfy 0 ≤ y∗is ≤ n∗is and that y∗is
and n∗is depend on the model parameters (i = 1, . . . , I; s = 1, . . . , S), an
convinient iterative scheme for solving the adjusted-score equations involves
the following two steps at each iteration:

1. Evaluate the adjusted responses and adjusted totals at the current
estimates.

2. Fit model (1) to the adjusted data using maximum likelihood.

The reduced-bias estimates are a stationary point of the above procedure.
The second step of each iteration can be conveniently performed using the
gnm R package.
The maximum likelihood estimates are good starting values provided that
they are finite. If at least one of those turns out being infinite then the
binomial data can be adjusted by small constants and use the resultant
finite estimates as starting values.

4 Liberality scales

The one-dimensional Rasch model is fitted on the voting records using the
fitting procedure in Section 3. The necessary for bias reduction identifiabil-
ity constraints are set by randomly selecting one of the βs and one of the
γs and fixing them at their maximum likelihood estimates based on data
that have been adjusted by small constants in order to ensure finiteness.
All the estimates of the discrimination parameters turn out being negative.
Hence, the smaller each of the liberality parameters γs is the larger the
probability of voting for the ADA’s position is and the more liberal is the
representative.
Figure 1 shows the liberality estimates in increasing order along with the
corresponding comparison intervals (Firth & De Menezes, 2004). In this
case, the quasi-variance approximation is reasonable with relative errors
ranging from −3% to 3.6%. So the depicted comparison intervals can safely
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FIGURE 1. Liberality estimates with accompanying comparison intervals.

be used to check whether the difference in liberality between any two mem-
bers is significant; if the comparison intervals for any pair of members are
non-overlapping then there is a significant difference in their liberality. The
colouring of the points and intervals is chosen according to the party in-
formation, which is also available in the data: blue is used for Democrats,
red for Republicans and black for other. As is apparent, except for a few
representatives, the one-dimensional Rasch model does well in placing the
representatives in their respective parties.
Bias reduction is also used to fit a two-dimensional model to check whether
an enhanced liberality scale can be produced. Identifiability constraints are
set through the parameters β1i, β2i, β1k, β2k, γ1s, and γ2s for randomly
chosen i, k ∈ {1, . . . , 20}, i 6= k and for a randomly chosen s ∈ {1, . . . , 435}.
These parameters are then fixed to their maximum likelihood estimates
based on data that have been adjusted by small constants in order to ensure
finiteness. Each point in Figure 2 represents the reduced-bias estimates of
the pair (γ1s, γ2s) (s = 1, . . . , S). The two-dimensional model also performs
rather well in placing the representatives into their respective parties. In
fact, the two-dimensional model seems to be a better fit than the one-
dimensional one; the reduction in deviance when moving from the one-
dimensional model to the two-dimensional model is 850.7 on 451 degrees
of freedom.
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FIGURE 2. Liberality estimates from a two-dimensional Rasch model.

Some interesting points which seem to stand out from their party groups
have been highlighted by printing the respective member name on the top
right of each point. For example, Larsen is the only representative who was
recorded as a Republican and who lies well within the group of Democrats;
Larsen is actually a Democrat and ADA recorded Larsen’s party incor-
rectly. Sanders is an independent representative who in most cases in his
terms in the House of Representatives voted for Democrats. Sanders voted
for ADA’s poisition on all 20 roll-calls and the corresponding point over-
laps perfectly with the points of all Democrats who did so. Correspondingly,
Armey is placed on the other extreme of the liberality scale along with all
other Republicans who voted against the ADA’s position on all 20 roll calls.
Goode is neither Democrat nor Republican but his is placed well within
the group of Republicans in the liberality scale. Goode was a Democrat
before 2000 and after 2002 he became a Republican. Between 2000 and
2002 he was independent. His position on the liberality scale according
to his voting record in 2001 clearly reflects the later transitional period.
Greenwood, Leach and Shays are positioned within the Republicans group
but are located far from the main cloud of the points for the Republicans.
Greenwood is well-known for being a Republican with moderate-to-liberal
views on social matters and conservative views on economic matters.
For the specific constraints chosen and using the fact that the reduced-bias
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estimator is equivariant under affine transformations, the picture in Fig-
ure 2 can be arbitrarily scaled, rotated and translated without affecting the
improved bias properties of the estimators. Hence, one of the two dimen-
sions of the plot seems to roughly capture the overall political orientation
of the representative. The interpretation of the second dimension can be
inferred noting the extreme position for Greenwood within the Republicans.
After grouping the 20 roll calls into economic and into social matters based
on their descriptions in ADA, the difference between the percentages of
votes for the ADA’s position on social matters and on economic matters is
used to characterize the balance of the social and economic views of each
representative. A large negative difference provides evidence of a represen-
tative that is quite conservative on economic matters and quite liberal on
social matters, a large positive difference provides evidence for the inverse,
and a zero difference refers to a representative who is as conservative/liberal
on economic matters as is on social matters. The sizes of the points in Fig-
ure 2 depend on the size of that difference. Hence the plot reveals that one
of the dimensions roughly captures the overall political orientation of the
representative and the other the “balance” between the social and economic
views of the representative.
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Abstract: A new family of conditional Archimedean copula is presented. It can
be used to describe how the association between variables changes with another
covariate. Flexible specifications based on splines are proposed with properties
investigated using simulations. Inference is made within the Bayesian paradigm
with posterior distributions explored using adaptive MCMC algorithms. The
modelling strategy is illustrated with the study of the association between height
and weight in young boys.
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1 Introduction

Sklar (1959) has proved that any distribution H(y1, . . . , yp) with marginal
distributions Fj(yj) (j = 1, . . . , p) can be written as

H(y1, . . . , yp) = C(F1(y1), . . . , Fp(yp)), (1)

where C denotes a distribution function (named copula) on (0, 1)p with uni-
form margins. If the margins are continuous, then C is unique. Conversely, if
C is a copula and Fj(·) are distribution functions, then Equation (1) defines
a multivariate distribution with marginal distributions Fj (j = 1, . . . , p).
In most practical applications where copula are used, the marginal distri-
butions and their potential link with covariates x are investigated in a first
step, yielding marginal fitted quantiles, ûj|x = F̂j(yj |x) (j = 1, . . . , p). A
parametric copula is then selected to describe the dependence structure of
the fitted quantiles. That copula is usually assumed to be independent of
the covariates as if the strength of association between the margins did not
change with subject characteristics. Then, Equation (1) becomes

H(y1, . . . , yp|x) = C(F1(y1|x), . . . , Fp(yp|x)), (2)
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FIGURE 1. Conditional plot showing the decreasing association between weight
and height as age increases.

2 Conditional copula

Unfortunately, the previous modelling assumption is not always realistic, as
shown on Fig. 1 where the scatterplot of weight and height of young boys
is given for different age classes. Indeed, one easily notice that the link
between the marginal quantiles is getting looser as age increases. When
the selected copula Cθ is parametric, one can let the copula parameter
(and, hence, the underlying Kendall’s tau) change with covariates, yielding

H(y1, . . . , yp|x) = Cθ(x)(F1(y1|x), . . . , Fp(yp|x)), (3)

An early example of that can be found in Lambert & Vandenhende (2002)
where the effect of an antidepressant on blood pressures and heart rate were
studied in a longitudinal setting. Besides the effects of covariates on the
marginal distributions of these 3 responses, their strengths of association
were also allowed to change with sex and the presence of drug in the plasma.
The same idea was used in a financial context by Patton (2006) where the
name conditional copula for Cθ(x) was coined.
Nonparametric versions are desirable to suggest or to validate parametric
specifications, or even as a substitute for these models.
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3 The flex-power Archimedean family

We made a first nonparametric proposal in Lambert (2012). There, the
copula was assumed Archimedean (Genest & MacKay, 1986). Such copulas
are specified by the choice of a decreasing and convex function ϕ(·) (named
the generator) taking values on (0, 1) and such that ϕ(0+) = +∞ and
ϕ(1) = 0. Kendall’s tau can be computed from the generator using

τ = 1 + 4

∫ 1

0

λ(s)ds,

where λ(·) = ϕ(·)/ϕ′(·). It directly connects Kendall’s tau to θ when the
generator is parametric (ϕ = ϕθ).
A (spline based) nonparametric estimate of ϕ(·) was proposed in Lambert
(2007). An alternative version with superior properties and embedding the
proposal made by Vandenhende & Lambert (2005) can be written as

ϕ(u) = exp {−g(S(u)|θ)} (4)

where S(u) = − log(− log(u)) and g′(s) =
∑
k bk(s)θk is a linear combina-

tion of cubic B-splines associated to a large number of equidistant knots
on (S(ε), S(1− ε)).
That flexible form for the generator can be generalized by letting the spline
coefficients change smoothly with covariates. A first extension was consid-
ered in Lambert (2012) by taking

θk(x) = eη(x)θk (5)

with η(x) expressed as a linear combination of B-splines {b∗k(x)}Kk=1 on
the domain X of the covariate values. It directly affects Kendall’s tau and
relates it to the covariate by

1− τ(x)

1− τ(x0)
= eη(x0)−η(x).

Simulations suggests that it is not flexible enough with a limited ability to
deal with settings where Kendall’s tau oscillates between large and small
values when the covariate changes.
It motivated the introduction of a new set of conditional copulas that we
name the power Archimedean family. It relies on the following result (see
e.g. Nelsen, 1999): if ϕ(·) is an Archimedean copula generator, then

1. ϕα,1(t) = ϕ(tα) is also a generator if α ∈ (0, 1] ;

2. ϕ1,β(t) = (ϕ(t))
β

is also a generator if β ≥ 1.
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Let us name these two operations internal and external transforms, respec-
tively. The conditional model in Eq. (5) turns to be an external transform
of the reference generator ϕ(·) where β = β(x) = eη(x).
We suggest to consider both transforms to model changes of the copula
generator with covariates, i.e. to take

ϕα,β(t|x) =
[
ϕ(tα(x))

]β(x)

(6)

with flexible forms for

• the reference generator ϕ(·), see Eq. (4) ;

• the internal power

α = α(x) =

1 +

(∑
k

b∗k(x)αk

)2
−1

;

• the external power

β = β(x) = 1 +

(∑
k

b∗k(x)βk

)2

.

4 Applications

Simulations studies were performed to assess the ability of the flex-power
Archimedean family to capture changes in the dependence structure of
bivariate responses. The data pairs were generated using a parametric
Archimedean copula with parameter θ forced to change with a covariate x
in (0, 1) to ensure that the conditional Kendall’s tau is

τ(x) = .5 + .3 sin(3πx) . (7)

A Metropolis-within-Gibbs algorithm with adaptive proposals was used
to explore the joint posterior of the spline parameters appearing in the
reference copula and in the internal and external powers. One can see from
Fig. 2 that the fitted Kendall’s tau is a good estimate of the functional
used in the simulation, even with modest sample sizes. Not surprisingly,
the precision and the uncertainty respectively increases and decreases with
sample size. Similar results were obtained for data generated using other
Archimedean copulas.
The flex-power Archimedean copula model was also applied on the growth
data mentioned in Section 1 (see also Fig. 1). The margins were first mod-
elled using the nonparametric additive location-scale model described in
Lambert (2013). The proposed conditional copula was then applied on the
fitted quantiles. The resulting estimated conditional Kendall’s tau is plot-
ted with a 95% credible region in Fig. 3. It confirms and quantifies the
decreasing association between weight and height suspected from Fig. 1.
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FIGURE 2. Fitted (dashed line) conditional Kendall’s tau (with 95% credible
region, in grey) for n pairs of data (n = 100, 200, 400, 600, from upper-left to
bottom-right) simulated using Joe’s copula with τ(x) given by Eq. (7) (solid
red line). The stars show the observed values of tau for values of x between
consecutive deciles.
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1 Model

Consider gene expression and aCGH profiling of n independent tumor sam-
ples and the availability of the following data:

yj the vector of normalized mRNA expression values for gene j
xj the vector of segmented DNA copy number values for gene j
sj the vector of copy number states (“double loss”, “loss”, “normal”,

“gain” and “amplification”, coded by -2, -1, 0, 1 and 2) for gene j .
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Then, for gene j ∈ {1, · · · , p}, the model is

yj = fαj (xj ; θj,s) +

p∑
k=1
k 6=j

βj,kyk + εj (1)

θj,s ∼ N (µj,s, γ
2
j,sI2) (2)

βj,k ∼ N (0, τ2
j ) (3)

εj ∼ N (0, σ2
j In) (4)

τ−2
j ∼ Γ (a1, b1) (5)

σ−2
j ∼ Γ (a2, b2) (6)

Gene-wise, the model contains two parts: a low-dimensional vector of co-
variates for the cis-effects and a high-dimensional one for the trans-effects.
Cis-acting effects are modeled by piecewise linear regression splines (Leday
et al., 2013) as follows (gene index j is removed for clarity reasons):

fα(x; θs) = θ0,0 + θ0,1x+
∑

s∈S\{0}

1∑
d=0

θs,d sign(s) (x− αs)d+. (7)

Here S = {−2,−1, 0, 1, 2}, θs is a vector of 2 × |S| unknown parameters,

{αs} are |S|−1 known knots and (a)
d
+ represents the positive part max(a, 0)

of a raised to the power d. This class of models combines copy number data
from various steps of the preprocessing (namely the continuous segmented
and discrete called data) and hence allows the effect of DNA on mRNA
to differ across types of aberrations (e.g. loss, normal, gain and amplifica-
tion). The model thus provides good interpretability as to how the gene
copy number affects its expression. Below, Figure 1 illustrates four asso-
ciations modeled by piecewise linear regression splines using Glioblastoma
data from The Cancer Genome Atlas (http://cancergenome.nih.gov/; Ver-
haak et al., 2010).,
For the modeling of indirect trans-effects, we impose ridge priors (βj,k ∼
N (0, τ2

j Ip−1)) to the high-dimensional vectors of parameters. Note that the
amount of regularization is gene-dependent. In the next section, we describe
the empirical Bayesian approach of van de Wiel et al. (2013), which we use
to estimate parameters of priors.

2 Estimation of prior parameters

To estimate ω = {µj,s, γj,s, a1, b1, a2, b2} we adopt the empirical Bayesian
approach of van de Wiel et al. (2013). This consists in estimating ω by the
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FIGURE 1. Examples of DNA-mRNA associations for four genes (top left: MET,
top right: ERCC2, bottom left: AGAP2 and bottom right: CDKN2B) in the
TCGA Glioblastoma data set (160 samples). X-axis: Gene dosage (segmented
values), y-axis: mRNA gene expression. Copy number states are indicated by
symbols: loss (5), normal (©), gain (4) and amplification (×). The “continuous”
lines represent the fit of a regression spline after model selection (see Leday et
al., 2013).

value for which the following approximation is most accurate.

πωk(.) ≈ 1

p

p∑
j=1

πωk(.|yi) (8)

Providing yi, i = 1, · · · , p are independent, van de Wiel et al. (2013) showed
this is an approximate solution to the likelihood equations that ensure
maximization of the marginal likelihood (conventional empirical Bayes).
Equation (1) is attractive as it only depends on marginal posteriors. To
approximate those we use the Integrated Nested Laplace Approximation
(INLA) of Rue et al. (2009).,
The problem of estimating prior parameters is solved iteratively by an EM-
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type algorithm, which is briefly sketched as follows:

1. Initiate ` = 0 and ω
(0)
k

2. Apply INLA to estimate posteriors π
ω

(`)
k

(θ|Yi)

3. Obtain new estimate ω
(`+1)
k by best approximation of parametric

prior πωk(θ) to empirical mixture of posteriors.

4. Reiterate from step 2 until convergence.

3 Computational efficiency

We use INLA as a fast alternative to MCMC to approximate marginal pos-
teriors. However, if too many predictors are present, this is (still) computa-
tionally prohibitive. To overcome this, we use an SVD decomposition of the
high-dimensional component in model (1). In our experience, the resulting
orthogonality of the components can better accommodate multi-parameter
shrinkage than the original setting (faster convergence of the above al-
gorithm). The SVD results can then be back-transformed to the original
parameter space (at least in INLA setting with approximately Gaussian
posteriors).

4 Conclusion

In all, our model can be seen as a Bayesian graphical ridge that accounts
for perturbation effects (DNA copy number). The amount of regularization
is learned empirically, and may vary across genes. Sparsity is determined a
posteriori through a model selection procedure (Bondell and Reich, 2012).
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2005.
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1 Introduction

In recent years, modelling spatio-temporal data has been an area of increas-
ing interest. A particular case is when there is a seasonal trend component,
and the seasonality effect might have different characteristics for each loca-
tion, then, it is necessary to incorporate this effect, not only as an overall
effect, but also in the space-time interaction. Lee and Durbán (2011) ana-
lyzed monthly averages of air pollution by ground-level ozone (in µg/m3

units) over Europe. The data were collected in 43 monitoring stations in 15
EU countries from January 1999 to December 2005 (see Figure 1). Given
the response vector yi,t of O3 levels measured at the i = 1, ..., n monitoring
stations, at t = 1, ..., t time points. Lee and Durbán (2011) proposed an
ANOVA-Type decomposition of the spatio-temporal process given by:

yij = fs(si) + ft(tj) + fs,t(si, tj) + εij , (1)

where si is the bivariate vector of spatial geographical coordinates (i.e.
si = (lat, lon)), tj is the temporal dimension and εij is a vector of iid un-
correlated errors ε ∼ N (0, σ2) (this assumption can be easily relax within
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FIGURE 1. O3 concentration levels data from 01/1999 to 12/2005. Left: Mon-
itoring stations. Right: Raw times series data of three stations (number 10, 25,
and 30).

the mixed model framework), and fs(·), ft(·), fs,t(·) a set of smooth func-
tions for space, time, and space-time interaction respectively. Each of these
smooth functions are modelled with Tensor products of B-splines and
penalties (Eilers and Marx, 1996) for each component such that identi-
fiability constraints are imposed.
Lee and Durbán (2011) showed how the mixed model reparameterization
of the spatio-temporal model allows for the estimation of the smoothing
parameters by restricted maximum likelihood (REML).

yij = Xβ +Zα+ ε, and α ∼ N (0,G), (2)

with fixed and random effects matrices

X = [1nt : xs ⊗ 1t : 1n ⊗ xt : xs ⊗ xt] and (3)

Z = [xs ⊗Zt : Zs ⊗ xt : Zs ⊗Zt], (4)

where xs = (lat, lon, lat · lon), Zs is the bivariate spatial random effect
matrix, xt = 1, ..., t, and Zt the temporal random effect matrix. Symbol
⊗ denotes the Kronecker product of two matrices. Note that, for notation
simplicity, we consider a 2nd order penalty matrix, although higher penalty
orders are also possible. It is straight forward to show that the random
effects covariance matrix G is a multiple of the identity matrix and de-
pends on a set of variance components for each component of the ANOVA
decomposition.
As shown in Figure 1, data presents a seasonal pattern with highest
peaks during summer months (June-August) and lowest peaks in winter
(December-January). If no seasonal effect is included, then, a large basis
for the time component has to be used, and this yields computational prob-
lems when the interaction part of the model is estimated. Here, we propose
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an extension of the model in Eq. (1), were the time component is decom-
posed as trend and seasonality using smooth modulation models in Eilers et
al. (2008). Our main contribution is the inclusion of the smooth modulation
component in the interaction, allowing for a higher level decomposition of
the space-time interaction into: space-trend and space-modulation compo-
nents, and the use of this model for forecasting future observations.

2 Smooth modulation model for spatio-temporal
seasonal data

Eilers et. al. (2008) proposed a smooth model for seasonal univariate times
series data, where trend and seasonality are modelled as penalized splines
(P -splines). Seasonality is accounted for by trigonometric terms based on
Fourier series, combined with a varying-coefficients model (Hastie and Tib-
shirani, 1993). Hence, the main temporal effect in model Eq. (1) can be
decomposed as the sum:

ft(xj) = s(xi) +

K∑
k=1

{gk(xj) cos(kωxj) + hk(xi) sin(kωxj)}, (5)

where for monthly data, ω = 2π/12, s(·) accounts for the smooth trend,
and g(·) and h(·) are smooth series that describe the local amplitudes of
cosine and sine waves. The number of harmonicsK required for the seasonal
component is usually taken as 1 or 2 to reduce the number of parameters
to be estimated. In this paper and for notation simplicity, we use K = 1.
Modelling and forecasting for univariate seasonal times series as mixed
models were shown in Lee and Durbán (2012).
Using this formulation, the mixed model matrices in Eq. (3) include the
new terms for the seasonal modulation, i.e. now xt and Zt are replaced by:

x̆t = [xt : cos(ωxt) : sin(ωxt)], and (6)

Z̆t = [Zt : CZt : SZt], (7)

where C = diag {cos(ωxt)}, and S = diag {sin(ωxt)} are varying-coefficent
terms. Hence, the modulation component can be easily included in the
space-time interaction, fst(·).

3 Efficient estimation and forecasting

3.1 Estimation

Including a seasonal modulation term result in a considerable increase in
the number of parameters, therefore, a fast algorithm is needed to speed
up calculations. Lee et al. (2013) proposed a new algorithm for estimating
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variance components in bivariate smooth-ANOVA models, their method is
based on the results in Schall (1991), and the used of lower rank B-spline
basis for the interactions. We use their approach to estimate our model:

ŷij = Xβ + fs(si) + (Fixed effects + smooth space)

+ strend(tj) + smod(tj)+ (smooth time trend + modulation)

+ fs(si) ∗ strend(tj) + fs(si) ∗ smod(tj), (space-time interactions)

where symbol ∗ denotes “interaction”. Note that, Xβ is the fixed part,
and space and time interaction terms include all possible interactions i.e.
linear-by-smooth, and smooth-by-smooth interactions of space and time,
i.e. xs⊗Zt, xs⊗ [CZt : SZt], Zs⊗xt, Zs⊗ [cos(ωxt) : sin(ωxt)], Zs⊗Zt,
and Zs ⊗ [CZt : SZt]. Using this approach, we have a total of 9 variance
components to estimate (a single parameter for the space, two for temporal
trend and modulation, and six for all the interaction terms). To further
reduce the computational burden (compared to the approach in Lee and
Durbán (2011)), we also take advantage of reduced rank nested B-spline
basis for computational efficiency. The proposed algorithm is much more
efficient than the existing methods in R for this type of models (see Lee et
al. (2013) for further details).

3.2 Forecasting

We use the approach of Currie et al. (2004) for fitting and forecasting si-
multaneously with P -splines models, where extrapolation can be viewed as
a missing value problem and future observations are considered as missing
data. We adapt this method to extrapolate smooth modulation models by
extending the temporal B-spline basis and the penalty (in the main effect
and interactions) to include future observations. For the univariate case,
in Lee and Durbán (2012) we showed that using a simple diagonal weight
matrix W is equivalent to forecasting in the mixed model framework. In
the spatio-temporal context, this matrix is the Kronecker product of two
weight matrices, W n for the spatial component, and the weight matrix W t

for the time component, i.e. W = W n ⊗W t of dimensions nt× nt, where
W n and W t are diagonal matrices with diagonal elements w = 1 if the
data is available and w = 0 if the data is missing or to be forecasted.

4 Application

We apply the methodology proposed to the analysis of air pollution by
ozone levels in Europe for the period 1/1999-12/2005. We also forecast 12
months (1/2006 to 12/2007). Figure 2 (top) shows the main effects fits
for the spatial and temporal components. The time component is decom-
posed into a trend (for this data the resulting time trend was linear), and
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FIGURE 2. Top left: Fitted spatial main effect. Top right: Fitted time main ef-
fect (decomposed as trend and modulation). Bottom left: Fitted and forecasted
values of selected stations considering the main effects of the Spatio-temporal
Smooth-ANOVA model. Bottom right: Fitted and forecasted values of selected
stations considering all the main effects and interaction terms of the Spatio-tem-
poral Smooth-ANOVA model.

the seasonal component. The forecasted time main effect is also shown in
the shaded area. Figure 2 (bottom left), shows the main effects fits (i.e.
only spatial and temporal components), and their forecasts for the next 12
months. It can be noticed that considering only the main effects, the fit
is not able to capture the particular characteristics of each station. This
is also extended for the extrapolation. Indeed, model fits and forecasts of
stations 10 and 30 are undistinguishable, showing the lack of flexibility of
ignoring the space-time interaction. Figure 2 (bottom right) shows the com-
plete spatio-temporal model fits and forecasts. Now it can be shown that
the space-time interaction terms allows for accounting for the different sea-
sonal patterns across the stations. Hence, we illustrated the need of the
space-time modulation, and how the interaction terms are also considered
for extrapolation.
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5 Concluding remarks and further work

A new Smooth-ANOVA model for spatio-temporal data is proposed in this
paper. The model takes advantage of the seasonal pattern of the data,
modelling the seasonal component as a varying-coefficient term of sine and
cosine waves. This new model reduces the computational cost of the model
in Lee and Durbán (2011), where a large basis function for the temporal
component was needed to model the temporal main effects and the space-
time interaction. The new model also incorporates additional flexibility
through the incorporation of meaningful interaction terms, and allowing
for different variance components for each term of the space-time decom-
position. The main contribution is the extension of the model to forecast
new observations. Further work to be considered is the evaluation of the
forecast method for a validation set using different criteria for times series
forecasting.
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1 Introduction

Hypothesis testing is ubiquitous in contemporary statistical practice. We
are aware of its deficiencies, such as the impossibility of finding support for
the (null) hypothesis and its inability to reflect the consequences of the two
kinds of error that can be committed. We present an alternative in which
these two issues are addressed comprehensively, although they require input
additional to the problem formulation in the established frequentist setting.
Our approach is an application of decision theory; for background, see
Berger (1985), Lindley (1985) and DeGroot (2004).
We consider the standard statistical task of deciding whether the value of a
parameter θ is smaller or greater than a given value θ0 . In the established
approach, the hypothesis A: θ < θ0 is tested against the alternative B: θ >
θ0 . We are never justified to continue as if the hypothesis were valid because
a test can never confirm it nor support it. Neither can we continue as if the
alternative were valid even if there is evidence supporting it, because the
power of the test is imperfect. Ignoring such uncertainty is poor practice.
Note that these problems relate not only to hypothesis testing, but also
to model selection and model diagnostics where we also wish to choose
between two courses of action: to continue the analysis with a more general
model or with a submodel and to include all data in the analysis or exclude
those highlighted by a given diagnostic procedure.
Key to our approach is the quantification of the consequences of choosing
the wrong option. This is a matter for elicitation from the expert or the
sponsor of the analysis. An example of the result of such elicitation is that
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concluding with option A when in fact θ > θ0 costs one unit (a utile),
whereas concluding with option B when in fact θ < θ0 costs R utiles. We
refer to R as the penalty ratio and assume that R > 1. There is no loss
when the appropriate option is selected. Suppose the choice is based solely
on a statistic θ̂. This corresponds to the piecewise constant loss function
defined by the values of 0, 1 and R for the various configurations of θ̂ and
θ in relation to θ0 . The choice between A and B is made by comparing the
expected losses; smaller expectation is preferred. Details are given in the
next section, with some generalisations.

2 Minimum expected loss

For a frequentist, θ is an unknown constant and θ̂ is a random variable,
whereas for a Bayesian θ̂ is a constant, having been realised, and θ is
a random variable, because it is unknown. We describe the frequentist
solution first, but borrow this element of the Bayesian perspective. Suppose
θ̂ is an unbiased estimator of θ with a normal distribution with variance
σ2. Having observed θ̂, it is now a constant and θ = θ̂ − σX, where X ∼
N (0, 1). Thus θ is now normally distributed with mean θ̂ and variance σ2.
This switch of status is related to the fiducial argument; see Fisher (1935),
Seidenfeld (1992) and Hannig (2009).
Denote by φ(x;µ, σ) the density of the normal distribution N (µ, σ2) eval-
uated at x. Let Φ(x;µ, σ) be the corresponding density. We drop the argu-

ments µ and σ when µ = 0 and σ = 1. Further, let z0 = (θ̂ − θ0)/σ.
If we choose option A the expectation of the loss we incur is

QA =

∫ +∞

θ0

φ
(
x; θ̂, σ

)
dx = Φ(z0) ;

if we choose B the expected loss is QB = R(1 − QA). Our choice is based
on the balance function ∆Q = QA − QB = (R + 1)QA − R; it is A when
∆Q < 0, that is, when

θ̂ > θ0 + σΦ

(
R

R+ 1

)
,

and it is B otherwise. This coincides with hypothesis testing of test size α
when R = 1/α − 1. Adopting the convention of R = 19 (α = 0.05) for all
problems, as is common practice, may seem singularly restrictive and in
some settings unwise.

2.1 Linear and quadratic loss

The consequences of an incorrect decision need not be constant. A more
realistic proposal in many settings is that it depends on the magnitude of
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the error. Examples of such loss are the piecewise power loss functions,
defined as

LA

(
θ̂, θ
)

= (θ − θ0)
h

LB

(
θ̂, θ
)

= R (θ0 − θ)h ,

when respectively θ > θ0 and θ < θ0 , but we choose to the contrary. If we
choose B (θ > θ0), the expected loss is

QB = R

∫ θ0

−∞
(θ0 − x)

h
φ(x; θ̂, σ) dx

= Rσh
∫ −z0
−∞

(−z − z0)
h
φ(z) dz (1)

where z0 = (θ̂ − θ0)/σ. Only powers h = 1 and 2 (in addition to h = 0)
are of any practical importance, defining the respective piecewise linear
and quadratic loss functions. The integral in (1) is evaluated by parts. For
h = 1, we have

QB = Rσ

∫ −z0
−∞

Φ(z) dz .

Denote by Φ1 the indefinite integral of Φ. It is easy to check that Φ1(x) =
xΦ(x) + φ(x). Thus, QB = RσΦ1(−z0) and QA = σ{z0 + Φ1(−z0)}. Hence
the balance function is

∆Q = σ {z0 − (R− 1)Φ1(−z0)} .

We choose the option, A or B, that is associated with smaller expected
loss, based on the sign of ∆Q. As an alternative, we can find the root of
∆Q, called the equilibrium and denoted by z∗, and compare it with z0 . We
apply the Newton-Raphson algorithm, for which we use the identity

∂∆Q

∂z0
= σ {1 + (R− 1)Φ(−z0)} .

This is positive and since the limits of ∆Q are ±∞ for z0 → ±∞, ∆Q
has a unique root, denoted by z∗. We choose A when θ̂ < θ0 + σz∗ and B
otherwise.
For piecewise quadratic loss, we have the identity

∆Q = σ2
{

(R+ 1)Φ2(−z0)−
(
1 + z2

)}
,

where Φ2(x) = (1 + x2)Φ(x) + xφ(x) is the indefinite integral of 2Φ1. This
balance function also has a single root that can be found by the Newton-
Raphson algorithm.
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2.2 Plausible loss functions

In practice, it is difficult to conclude the elicitation by settling on a sin-
gle loss function. It is less contentious to declare a range of plausible loss
functions, defined by a kernel, such as the linear, and a range of penalty
ratios, (RL , RU). This is called the plausible range, and each value in it is
a plausible value of R. We proceed by solving the problem for the limits of
this range. If the same option is chosen for both, then it would be chosen
for any plausible value of R. In this case, the decision is unequivocal. Oth-
erwise, one option would be preferred for R ∈ (RL , R†) and the other for
R ∈ (R† , RU). We refer to such a conclusion as impasse. It may be resolved
by continuing the elicitation and reducing the range of plausible penalty
ratios.
Let zL and zU be the equilibria that correspond to RL and RU , respectively;
zU > zL , because with greater R we are more averse to choosing option B.
If z0 ∈ (zL , zU), then we have an impasse.

2.3 Distributions other than normal

The method described in the previous sections has a straightforward gener-
alisation to estimators or statistics with some other distributions for which
the calculus in Section 2.1 can be adapted. The key element of this adap-
tation are tractable expressions for the versions of the integral functions
Φ1 and Φ2 . These are available for t, F , gamma and beta, and for discrete
distributions for binomial and Poisson.
For example, the analogues of Φ1 and Φ2 for the t distributions with k > 2
degrees of freedom are

Ψ1,k(t) = tΨk(t) +
1

γk
ψk−2(tγk)

Ψ2,k(t) = t2Ψk(t) +
1

γ2
k

Ψk−2(tγk) +
t

γk
ψk−2(tγk) ,

where ψk and Ψk are the respective density and distribution function of
the t distribution with k degrees of freedom and γk =

√
1− 2/k. They are

derived by relating tψk(t) to ψk−2(tγk); see Longford (2012) for details.
The calculus can be extended further to finite mixtures of distributions,
although the proliferation of parameters involved in them makes them suit-
able only for sizeable datasets.

2.4 Using prior information

Decision making is claimed to be more naturally conducted in the Bayesian
paradigm. Prior information is invaluable in many settings, but it can often
be converted to prior (hypothetical) data and a frequentist analysis then
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conducted with the union of the prior and realised data. In the Bayesian
paradigm, the sampling distribution is replaced by the posterior distribu-
tion of the relevant estimator (θ̂), and the expected losses with the two
options are compared.
Instead of declaring a single (joint) prior for the estimated parameters, we
prefer a plausible set of priors, yielding a plausible set of posteriors. One
option is preferred unequivocally if it is preferred for every combination
of plausible prior parameters, penalty ratio and any other parameter that
is specified by its plausible range. While declaring plausible sets of priors
is less contentious than declaring a single prior, this advantage over the
established Bayesian procedure should be used sparingly, by declaring as
narrow ranges as possible, to reduce the chances of an impasse to minimum.
See Longford (2010) for an application.

3 Conclusion

Much of statistical practice has accepted the mean squared error (MSE) as
the criterion in estimation and the tolerance of 5% error of the first kind in
choosing one of two options. Settings in which these criteria are unsuitable
are easy to identify; see Longford (2013a) for a generic example. In particu-
lar, the symmetric nature of MSE is problematic in many applications, and
ad hoc adjustments to the formal inferential statements have to be made.
We presented a comprehensive alternative to the established inferential pro-
cedures which can be tailored much more closely to the priorities, perspec-
tive and further research or business agenda of the sponsor of the analysis.
Statistics as a science is impoverished by the effective restriction to a single
or a narrow range of criteria for inference, when they should cater for the
varied clientele and the entire range of problems we encounter.
The presentation is based on a monograph (Longford, 2013b) to appear in
the meantime.
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1 Introduction

Each of the algorithms are formulated in such a way that the transformed
data appear only in the form of inner products and the kernel trick is
applied to facilitate calculations.
Infrared spectroscopy has become an important analytical tool in many
disciplines, such as the pharmaceutical, agricultural and biomedical fields.
It is also widely used in classification and authentication of various food
products, such as olive oil, fruit juice and wine. The data considered in
this paper consist of mid infrared (MIR) spectra of six different South
African young cultivar wines, made from Cabernet, Pinotage, Merlot, Shi-
raz, Chardonnay and Sauvignon Blanc grapes. The objective is to obtain
a model to discriminate between the six cultivars based only on the spec-
troscopy data. A mid-infrared spectrum of a sample is obtained by modern
scanning instruments at hundreds of equally spaced wavelengths in the mid-
infrared range, resulting in large numbers of spectral variables. Dimension
reduction or variable selection is therefore essential in the analysis of MIR
data. Linear discriminant analysis (LDA) is one of the most well known
techniques for dimension reduction and classification. There are however
two main problems that arise: firstly, linear methods are not always ade-
quate for complex data sets and secondly, the original LDA method is not
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applicable when the number of variables is larger than the number of data
cases. To deal with the first problem, kernel based techniques, such as kernel
Fisher discriminant analysis (KFDA), proposed by Mika et al. (1999) can be
applied. To solve the second problem, linear techniques such as regularized
discriminant analysis (Friedman, 1989) and linear discriminant analysis by
means of generalized singular value decomposition (LDA-GSVD), proposed
by Howland and Park (2004), can be used. To deal with nonlinear small
sample situations, Shawe-Taylor and Cristianini (2004) developed regular-
ized kernel discriminant analysis (RKDA), while kernel discriminant anal-
ysis by means of generalized singular value decomposition (KDA-GSVD)
was proposed by Park and Park (2005). In this paper we compare the per-
formance of different dimension reduction and classification methods on
MIR data obtained on different young South African single cultivar wines.

2 Dimension reduction

Consider a g-group classification problem where we observe p input vari-
ables on n =

∑g
i=1 ni cases. Denote the data by X =

[
X1, · · · , Xg

]
∈

Rp×n, where Xi ∈ Rp×ni has columns xij, j = 1, · · · ,ni, containing obser-
vations on the p input variables for ni cases from group i. Denote the mean
of group i by x̄i = 1

ni

∑ni
j=1 xij and the overall mean by x̄ = 1

n

∑g
i=1 nix̄i.

Consider the between-group scatter matrix SB =
∑g
i=1 ni(x̄i− x̄)(x̄i− x̄)T

and the within-group scatter matrix SW =
∑g
i=1

∑ni
j=1(xij− x̄i)(xij− x̄i)

T.

The aim of LDA is to find a transformation matrix V ∈ Rp×r to transform
the data to anr-dimensional space (r < p) by maximizing the between-
group scatter and minimizing the within-group scatter. If p < n, the
columns of the matrix V are the eigenvectors corresponding to the r =
min(g− 1, p) non-zero eigenvalues of S−1

W SB . However, when p > n, SW is
singular. One way of solving this problem is by means of regularization (cf.
Friedman, 1989). Another approach which makes use of generalized singular
value decomposition (GSVD) was suggested by Howland and Park (2004).
Define the matrices HB =

[√
n1(x̄1 − x̄), · · · , √ng(x̄g − x̄)

]
∈ Rp×g

and HW =
[
X1 − x̄1u

T
1 , · · · , Xg − x̄gu

T
g

]
∈ Rp×n, where ui is a unit

vector of length ni. Then SB = HBH
T
B and SW = HWH

T
W . The GSVD

algorithm (Golub and Van der Loan, 1996) is then applied to the matrix[
HB HW

]
to find the transformation matrix V ∈ Rp×r which is used

to transform the data to the lower dimensional subspace by the following
transformation: Y = V TX ∈ Rr×n. Classification in this lower dimensional
subspace is then done by means of a closest centroid or nearest neigh-
bour classifier. This method is referred to as linear discriminant analysis
by means of generalized singular value decomposition (LDA-GSVD).
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3 Kernel methods for dimension reduction and
classification

Linear dimension reduction and classification methods are not always ade-
quate and kernel methods can be used to obtain non-linear techniques. The
basic idea of kernel methods is to transform the data xij in the original input
space to a higher dimensional feature space by means of a non-linear trans-
formation, zij = Φ(xij). A linear technique is then performed in the feature
space, but this corresponds to a non-linear technique in the original input
space. The dimensionality of the feature space is typically very high and
can even be infinite, so performing calculations in this space is difficult or
impossible. However, if an algorithm can be expressed in a form which con-
tains the mapped data only as inner products, the kernel trick can be used
to circumvent the problem. The kernel trick, which is based on the theory of
reproducing kernel Hilbert spaces and specifically Mercer’s theorem, entails
replacing inner products by a kernel function,K(x, x̃) = 〈Φ(x),Φ(x̃)〉. This
obviates the need to specify a mapping Φ or to perform calculations in fea-
ture space. One of the most frequently used kernels is the Gaussian kernel,
K(x, x̃) = exp(−γ‖x− x̃‖2), where γ is a so-called kernel hyperparameter
that has to be specified beforehand or determined from the data, typically
by means of crossvalidation. Shawe-Taylor and Cristianini proposed regu-
larized kernel discriminant analysis (RKDA), which entails applying linear
discriminant analysis in feature space. Park and Park (2005) developed
KDA-GSVD by applying generalized singular value decomposition to solve
the generalized eigenvalue problem formulated in feature space. Each of the
algorithms are formulated in such a way that the transformed data appear
only in the form of inner products and the kernel trick is applied to facil-
itate calculations. Mika et al. (1999) developed kernel Fisher discriminant
analysis (KFDA) for two group classification, but this method can also be
applied in a multi-group setting by using a pairwise or one-versus-the-rest
approach.
For two groups, the KFDA classifier is given by
sign {b+

∑n
i=1 α̃iK(xi,x)}. The values of b and α̃1, α̃2, · · · , α̃n are

determined as follows. Evaluating K(xi,xj) for i, j = 1, 2, · · · , n, we are
able to construct the so-called Gram matrix, G, with ijth entry K(xi,xj).
Let α be an n-vector with elements α1, α2, · · · , αn. Then α̃ maximises the
Rayleigh coefficient

r(α) =
αTMα

αTNα
.

Here, M = (m1−m2)(m1−m2)T , and N = GGT −n1m1m
T
1 −n2m2m

T
2 ,

where the n elements of m1 are given by 1
n1

∑n1

j=1K(xi,xj), with a similar
expression for m2. The analogy with classical linear discriminant analysis
is clear: we may interpret M as the between group scatter matrix, and N as
the within group scatter matrix, in both cases taking into account that we
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are effectively working in the feature space induced by the kernel function.
It is well known that N−1(m1−m2) will maximize the Rayleigh coefficient.
There is however one problem: the matrix N is singular and consequently
we cannot find α̃ by simply calculating N−1(m1−m2). Mika et al. propose
and motivate the use of regularization to overcome this difficulty. In the
present context regularization entails replacing N by a matrix Nλ = N +
λI, for some positive scalar λ. This yields a solution N−1

λ (m1 − m2) ,
depending on λ. Obviously the hyperparameter λ has to be specified, and
this is typically done by performing a crossvalidation search along a suitable
grid of potential λ-values. The intercept b in the KFD classifier can be
specified in different ways. A popular choice, which we will also use, is
b = 0.5(mT

2 N
−1
λ m2 − mT

1 N
−1
λ m1) + log(n1/n2), which is similar to the

intercept used in linear discriminant analysis.

4 Analysis of wine cultivar data

The wine spectroscopy data set was obtained from researchers at the In-
stitute for Wine Biotechnology at Stellenbosch University. It consists of
n = 574 spectra generated on single-varietal young South African wines.
The spectra were recorded in the mid infrared range (wavenumber region
of 5011 to 929 cm−1. Each spectrum consisted of wavelength dependent
absorbance values recorded at p = 1054 different wavenumbers. These mea-
surements relate to the chemical composition and internal microstructure of
the wines. The aim is to develop a model to discriminate between the wines,
with a view to use the model for authentication purposes. We firstly com-
pare the classification performance of the kernel based techniques: KFDA
(pairwise, denoted by KFDA1, as well as one-against-the-rest, denoted by
KFDA2), KDA-GSVD and RKDA. The data were randomly split into
training (70%) and test (30%) data, preserving the group structure in each
set. This was repeated 100 times, and the mean and standard error of the
misclassification rates were obtained for each of the techniques. The results
are reported in Table 1.

TABLE 1. Error rates (and standard errors) for the kernel based techniques.

KFDA1 KFDA2 KDA-GSVD RKDA

0.1029 0.1113 0.0653 0.0864
(0.0031) (0.0029) (0.0019) (0.0029)

It is clear that the lowest error rate was obtained by the KDA-GSVD
method, followed by RKDA.
In the analysis of spectroscopy data, partial least squares is often used
for dimension reduction, followed by LDA for classification. We also ap-
plied this technique to the wine spectroscopy data. Since this is a linear
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technique, we compare its performance to that of LDA-GSVD. The results
appear in Table 2.

TABLE 2. Error rates (and standard errors) for the linear techniques

LDA-GSVD PLS-DA

0.0862 0.1209
(0.0019) (0.0031)

It is clear that LDA-GSVD performs better on this data set than PLS-
LDA. When comparing the results of KDA-GSVD to that of LDA-GSVD,
better accuracy was achieved by the nonlinear kernel based method than
by the linear method.
Although further investigations on more data sets are needed before gen-
eral conclusions can be made, it seems as if kernel discriminant analysis by
means of generalized singular value decomposition performs well in dimen-
sion reduction and classification of spectroscopy data.
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Abstract: The issue of including random effects to nonlinear models is essen-
tial to deal with correlated data in repeated measures or longitudinal data with
a physical interpretation. However, it usually increases the complexity of the
problem since complicated computational methods may be required even for es-
timation. Moreover, smoothing methods have shown to be interesting techniques
to improve the modelling by introducing nonparametric terms to the model and
penalizing the likelihood function. We propose semiparametric partially nonlin-
ear mixed effects models with P-splines, where the random effects are included
linearly to the model. The proposed method is applied to the famous pharma-
cokinetic dataset of theophylline concentration.

Keywords: Semiparametric model; nonlinear model; mixed effects model;
smoothing; P-splines.

1 Introduction

The theory of linear mixed effects models is well developed for analyzing
repeated measures or longitudinal data. For nonlinear data, the inclusion
of random effects increases significantly the complexity of the problem,
requiring computational methods even for estimation. One alternative to
deal with this problem is to include the random effects linearly to the
nonlinear model, which has been successfully considered, for example, by
Russo et al. (2009). The difficulty increases even more with the inclusion
of smoothing terms, but the gain with smoothing is remarkable (see, for
instance, Liu & Wu 2008 and Ke & Wang, 2001). Motivated by a phar-
macokinetic absortion-elimination data of theophylline concentration, we
propose a semiparametric partially nonlinear mixed-effects model with the
random effects are included to the model in a linear way, assuming that the
random effects and errors jointly follow a multivariate normal distribution.
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For adding nonparametric terms, we consider P-splines (Eilers & Marx,
1996).

2 The model

A semiparametric partially nonlinear mixed-effects model for the jth re-
sponse of the ith subject Yij may be written as

Yij = η(Xij ,β) + f(tij) + Z>ijui + εi, i = 1, . . . , n, j = 1, . . . ,mi, (1)

where η is a nonlinear function of β and Xij , Xij is a covariate that can
be a scalar or a vector, Zij is a known vector related to the random effects,
β = (β1, . . . , βp)

> a vector of unknown parameters of major interest, ui =
(ui1, . . . , uir)

> the random-effects coefficients for the ith subject, f is a
smooth function of time, tij are the time points. In this work the smooth
function is a B-spline of degree 3 with L equidistants knots. Specifically,

f(tij) = α1B1(tij) + . . .+ αLBL(tij) (2)

and α = (α1, . . . , αL)> is an unknown vector of coefficients related to the
B-splines B1, . . . , BL. In matrix notation, the model (1) for a vector of
longitudinal response variable Yi(mi × 1) may be expressed as follows

Yi = η(Xi,β) + Biα+ Ziui + εi, i = 1, . . . , n, (3)

where Yi = (Yi1, . . . , Yimi)
>, Xi = (Xi1, . . . ,Ximi)

>, Zi =
(Zi1, . . . ,Zimi)

>, η(Xi,β) = (η(Xi1,β), . . . , η(Ximi ,β))> and the ele-
ments of matrix Bi are bjl = Bl(tij) for the ith subject.
It is usual to assume that ui and εi assumed to be independent and to
follow a multivariate normal distribution. We assume that[

Yi

ui

]
∼ Nmi+r

{(
η(Xi,β) + Biα

0

)
;

[
ZiQZ>i + σ2Imi ZiQ

QZ>i Q

]}
.

(4)
The matrices Σi = ZiQZ>i +σ2Imi , Q, and ZiQ are the variance-covariance
matrices Var(Yi), Var(ui) and Cov(Yi,ui). For a parsimonious model, let
Q = Q(τ ) be diagonal with elements of a vector τ , which means that
the random effects are uncorrelated. It is easy in this case to work on the
marginal model, Yi ∼ Nmi(η(Xi,β) + Biα; Σi), to preserve the mean of
the hierarchical model without requiring numerical integration. The log-
likelihood function Li = Li(β,α,Σi; Yi,Xi) is, apart from a constant,
given by

Li = −1

2
log |Σi|−

1

2
[Yi − η(Xi,β)−Biα]

>
Σi
−1 [Yi − η(Xi,β)−Biα] .

This leads to a very rough fit and to make the result less flexible we consider
a penalized log-likelihood function based in P -splines

Lpi(β,α,Σi; Yi,Xi) = Li(β,α,Σi; Yi,Xi)−
λ

2n
α>D>k Dkα, (5)
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in which λ is a positive real number to be estimated, Dk is the matrix
representation of the difference operator and k is the order of the differences
(see Eilers and Marx, 1996). The complete penalized log-likelihood is given
by L = Lp(β,α,Σ; Y,X) =

∑n
i=1 Lpi .

3 Estimation method

For a fixed λ, to obtain the penalized maximum likelihood estimates of
θ = (β,α,γ)> = (β,α, σ2, τ )>, one possibility is to consider the Fisher
scoring algorithm. The penalized score functions may be written as

Uβ
p =

∂L

∂β
=

n∑
i=1

Ji
>Σ−1

i [Yi − η(Xi,β)−Biα],

Uα
p =

∂L

∂α
=

n∑
i=1

B>i Σ−1
i [Yi − η(Xi,β)−Biα]− λD>k Dkα and

Uγ
p =

∂L

∂γ
= (Uγ1 , . . . , Uγr+1)>, with

Uγj = −1

2

n∑
i=1

{
tr
[
Σ−1
i Σ̇i(j)

]
− r>i Σ−1

i Σ̇
−1
i (j)Σ−1

i ri
}
,

in which Ji = ∂η(Xi,β)/∂β>, ri = [Yi − η(Xi,β) − Biα], Σ̇i(j) =
∂Σi/∂γj , for j = 1, . . . , r + 1, i = 1, . . . , n, and γ = (γ1, . . . , γr+1)> =

(σ2, τ>)>. The penalized Fisher information matrix for θ = (β>,α>,γ>)>

is given by

Kθθ
p =

 Kββ
p Kβα

p 0

Kβα>

p Kαα
p 0

0 0 Kγγ
p


in which

Kββ
p =

n∑
i=1

J>i Σ−1
i Ji,

Kαα
p =

n∑
i=1

B>i Σ−1
i Bi + λD>k Dk,

Kβα
p =

n∑
i=1

J>i Σ−1
i Bi and

Kγγ
p =

n∑
i=1

Kiγ , whose qs-th element is given by

Kiγ,qs =
1

2
tr
[
Σ−1
i Σ̇i(r)Σ

−1
i Σ̇i(s)

]
,

An iterative algorithm to obtain the penalized maximum likelihood esti-
mates for θ using the Fisher scoring method is given by[

β̂
α̂

](m+1)

=

[
β̂
α̂

](m)

+

[
Kββ
p Kβα

p

Kβα>

p Kαα
p

]−1(m) [
Uβ
p

Uα
p

](m)
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γ̂(m+1) = γ̂(m) + (Kγγ
p )−1(m)U

γ(m)
p , m = 0, 1, 2 . . .

with Kββ
p ,Kαα

p , Kβα
p , Kγγ

p , Uβ
p , Uα

p and Uγ
p as presented previously. The

initial values for the algorithm can be the least squares estimates, and the
estimates of the random effects can be obtained by using the empirical
Bayes method.
An important issue is how to derive the variance-covariance matrix of the
penalized maximum likelihood. According to Ibacache-Pulgar et al. (2012),
it is possible to derive the variance-covariance matrix by using the inverse of
the penalized Fisher information matrix. Thus, the approximate variance-
covariance matrix of θ̂ can be approximated as follows

Ĉov(θ̂) ≈ [Kθθ
p (θ̂)]−1.

4 Numerical illustration

In an experiment described in Davidian & Giltinan (1995), the anti-
ashmatic theophylline substance was administred to 12 subjects and mea-
sured in 11 time points. It is usual for this application to consider the
nonlinear function, for i = 1, . . . , n and j = 1, . . . ,mi

ηij = di exp(lKe + lKa − lCl)
[exp(−elKexij)− exp(−elKaxij)]

e(lKa) − elKe
,

where the parameters lKa, lKe and lCl represent the logarithm of the
absortion, elimination and clearance rates and di represents the dose ad-
ministred to the ith individual. In this paper, we consider

Zi =

[
∂η(β,Xi)

∂lKe
,
∂η(β,Xi)

∂lKa
,
∂η(β,Xi)

∂lCl

]∣∣∣∣
β=β̃

,

with β̃ being the least squares estimates of β = (lKa, lKe, lCl)
>. The

smoothing parameter was chosen by Aikake Information Criterion (AIC)
method and since the number of parameters are fixed, the AIC method
reduce to choose the λ that provides a log-likelihood that minimizes its
value. The best model among the fitted was obtained with λ̂ = 0.01, with
a reached log-likelihood of -181.53 and it is represented in Figure 1 and
described in Table 1.
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FIGURE 1. Fitted semiparametric model for the theophylline data

TABLE 1. Maximum likelihood estimates of the parametric part and their stan-
dard errors for the theophylline application.

Parameter Estimates Standard errors

lKe -1.9439 0.3703

lKa 0.41180 0.2286

lCl -2.7521 0.3992

σ2 0.56213 0.0781

τ1 -0.0069 0.0075

τ2 0.47219 0.1987

τ3 0.02617 0.0112

5 Discussion and remarks

Motivated by a nonlinear problem with correlated data, we propose a semi-
parametric nonlinear mixed-effects models, where the random effects are
included linearly to the model. This approach may provide a flexible model,
including an interpretable parametric part and smoothing individual pro-
files.



256 Semiparametric partially nonlinear mixed-effects models with P-splines

Acknowledgments: The authors thank to Fundação de Amparo à
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Abstract: The focus is mainly, but, not solely, on longitudinal randomised con-
trolled clinical trials. The paper aims to delineate the role of frailty in the modern
analysis of such trials and also in longitudinal survival studies. Our approach ex-
ploits recent developments in statistical modelling and in estimation methods, for
example, in non-PH survival modelling, covariance modelling and in h-likelihood
inference. We illustrate our approach and findings with examples from the liter-
ature.
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1 Introduction

The importance of randomized controlled clinical trials in not in dispute.
From the perspective of Scientific Method they have the status of exper-
iments. The key feature of such experiments is that their conclusions are
protected by randomization. Broadly, non-randomized studies, or obser-
vational studies control differences between groups by means of covariate
adjustment, using an appropriate statistical model.
In a clinical trial the effect can be attributed to the intervention because,
in principle, all other potentially confounding factors are controlled for by
the randomization procedure, provided the total sample size, n, is large
enough. Of course, in practice the sample size is always finite, and differ-
ences exist between the groups being studied and these can be controlled
for using statistical modelling methods This is particularly true of trials
employing minimization which, typically, only controls for a pre-selected
subset of factors (Friedman et al., 1998), and hence is considered logically
inferior to a conventional, trial.
Thus, today, it is realized that there is much more information to be re-
trieved about the effect of treatment using a statistical modelling approach
and accordingly the era of investing vast sums of money in a clinical trial
only to conduct a t-test has gone. Moreover, this has led to a harmoniza-
tion of methods of analysis in randomized and non-randomized studies,
especially as statistical modelling methods have developed.
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2 Frailty

2.1 Concept

Consider a survival regression model with failure time density f(t|θ, β), and
basic hazard function λ(t|.) and survivor function S(t|.), where typically θ
is a vector valued parameter and β is a regression parameter measuring the
influence of p covariates x′ = (x1, x2, . . . , xp). Assume that the basic model
is extended to a univariate multiplicative frailty model (Hougaard, 1982)
with hazard

λ(t|u, x) = uλ(t|x) (1)

where the random variable U , with mixing density g(u|σ2), denotes the
unobservable individual (i.i.d.) frailties with E(U) = 1 and V (U) = σ2. The
frailties are person specific and may be viewed as allowing for unrecorded
covariates. One example is the PH frailty model

λ(t|u, x) = λ0(t) exp(x′β + v) (2)

where u = exp(v). A multi-component version (Ha, Lee and MacKenzie,
2007) is

λ(t|u, x) = λ0(t) exp(x′β + Z1v1 + · · ·+ Zqvq) (3)

which may be written as

λ(t|u∗, x) = u∗λ0(t) exp(x′β) (4)

where: u∗ =
∏q
j=1 exp(Zjvj), ie, a given function of (u1, u2, . . . , uq) and

the Zj are appropriate design matrices, leading naturally to

λ(t|u∗, x) = λ0(t) exp(x′β + Zv) (5)

where Z is a n× q design matrix and v is a conformable (q × 1) vector of
random effects.

2.2 Model Choice

In the current setting this amounts to a joint choice of a basic hazard func-
tion λ(t|.) and mixing density g(u|·). In the multi-component version the
latter quantity may be multivariate. There is a wide choice for the basic
hazard function including: PH (Cox, 1972, 1975), GTDL (MacKenzie, 1996,
1997), XD (Jorgensen, 2011; Burke & MacKenzie, 2011). The latter class
covers extreme distributions and is relatively new. For the mixing density
the choice is usually confined to Gaussian, Log-Normal or Gamma, whence
correlation structures may be more easily supported. For a basic PH hazard
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the resulting marginalized frailty model is not PH (Hougaard, 2000). More-
over, in the univariate case the choice of a PH basic hazard may not always
be optimal. In simulation Ha & MacKenzie (2010) report under-estimation
of the regression parameter in the PH model with log-Normal frailty, when
the data actually follow a GTDL model (non-PH) with log-Normal frailty.
As usual, model selection is important. For multi-component models, fo-
cussed model selection has been developed for selecting the frailty structure
best supported by the data for a given mixer (Ha, Lee & MacKenzie, 2007).
%subsectionEstimation

3 Model Formulation

We develop methods in the context of time to first recurrence of disease
in an EORTC randomized clinical trial of chemotherapy in invasive, non-
muscle, bladder cancer patients (Ha et al, 2011). In this multi-centre trial
the main interest lies in evaluating centre effects and testing for homogene-
ity across centres. We show how to formulate the associated multi-level
frailty models, describe their properties including improved prediction of
random effects and perform focussed model selection in the h likelihood
paradigm.
In general, suppose that data consist of right censored time-to-event obser-
vations collected from q centres. Let Tij (i = 1, . . . , q, j = 1, . . . , ni, n =∑
i ni) be the survival time for the jth observation in the ith centre (or

cluster) and let Cij be the corresponding censoring time. Then observable
data become yij = min{Tij , Cij} and δij = I(Tij ≤ Cij), where I(·) is the
indicator function.
Denote by vi a s-dimensional vector of unobserved log-frailties (random
effects) associated with the ith cluster. Given vi, the conditional hazard
function of Tij is of the form

λij(t|vi) = λ0(t) exp(ηij) (6)

where λ0(·) is a unknown baseline hazard function, ηij = xTijβ + zTijvi
is the linear predictor for the hazards, and xij = (xij1, . . . , xijp)

T and
zij = (zij1, . . . , zijs)

T are p×1 and s×1 covariate vectors corresponding to
fixed effects β = (β1, . . . , βp)

T and log-frailties vi, respectively. Here zij is
often a subset of xij . In this paper, we assume vi ∼ Ns(0,Σi), which is useful
for modelling multi-component or correlated frailties. Here the covariance
matrix Σi = Σi(θ) depends on θ, a vector of unknown parameters.
Let vi0 be a random baseline intercept and let vi1 be a random slope. If
zij = 1 and vi = vi0 for all i, j, it becomes a random intercept or shared
model with ηij = xTijβ + vi0 where vi0 ∼ N(0,Σi) with Σi ≡ σ2

0 for all i.
Let β1 be the effect of primary covariate xij1 such as the main treatment
effect and let βm (m = 2, . . . , p) be the fixed effects corresponding to the
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covariates xijm. Our two random components lead to a bivariate model
with

ηij = vi0 + (β1 + vi1)xij1 +

p∑
m=2

βmxijm (7)

which is easily derived by taking zij = (1, xij1)T and vi = (vi0, vi1)T in (1).
Here (

vi0
vi1

)
∼ N

{(
0
0

)
, Σi ≡

(
σ2

0 σ01

σ01 σ2
1

)}
. (8)

allowing a correlation term, ρ = σ01/(σ0σ1), between two random effects
(vi0 and vi1) within a centre thus extending the independent frailty model.

4 Model Interpretation

In order to interpret the fixed and random effects, we consider a nodel with
a single binary-treatment indicator, xij . Then,

λij(t|vi0, vi1;xij) = λ0(t) exp{vi0 + (β1 + vi1)xij}.

Now, the time-dependent relative risk for treatment becomes

ψij(t|x = 1, x = 0) =
λ0(t) exp{vi0 + (β1 + vi1) · 1}
λ0(t) exp{vi0 + (β1 + vi1) · 0}

= exp(β1 + vi1), (9)

which is free of time t and holds for all patients in centre i. Here exp(β1)
is the usual expression for the relative risk in a standard PH model. Thus,
ψij(t|x = 1, x = 0), represents a random multiplicative divergence from the
standard relative risk in a PH model which is homogeneous with respect to
centres. Note that exp(β1 + vi1) is often called the treatment hazard ratio
in the ith centre. We also have that

exp(β1 + vi1)

exp(β1)
= exp(vi1). (10)

Thus vi1 means the random deviation of the ith centre from the over-
all treatment effect. Similarly, in order to interpret vi0 we consider the
model without the covariate xij λij(t|vi0) = λ0(t) exp(vi0) whence, φij(t) =
λ0(t) exp(vi0)
λ0(t) exp(0) = exp(vi0) which is free of time t and holds for all patients in

centre i, and vi0 represents the random deviation of the ith centre from the
overall underlying baseline risk.
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TABLE 1. Results for fitting the four models to the bladder cancer data

Model β̂1 β̂2 σ̂2
0 σ̂2

1 σ̂01 [ρ̂]
(SE) (SE) (SE) (SE) (SE)

M1 (Cox) -0.667 0.509 − − −
(0.170) (0.144)

M2 (Indep) -0.695 0.544 0.070 3× 10−12 −
(0.175) (0.149) (0.058) (1× 10−4)

M3 (Corr) -0.757 0.532 0.161 0.036 -0.068 [-0.893]
(0.191) (0.150) (0.178) (0.170) (0.149)

M4 (B) -0.695 0.544 0.070 − −
(0.175) (0.149) (0.058)

M1: Cox model without frailties; M2: independent frailty model with ρ = 0;

M3: correlated frailty model with ρ 6= 0; M4: shared frailty model with random

baseline risk (B) only; β1 and β2, effects of treatment and tumor status, respec-

tively;

σ2
0 and σ2

1 , the variances of random baseline risk and random treatment effect,

respectively;

σ01 and ρ, the corresponding covariance and correlation with ρ = σ01/(σ0σ1);

SE, the estimated standard error for parameters.

5 Analysis of EORTC Trial Data

The duration of the Disease Free Interval (DFI) in non muscle invasive
bladder cancer patients, treated in various centres in Europe, is analysed.
The DFI is defined as the time from randomization to the date of the first
recurrence. Patients without recurrence at the end of the follow-up period
were censored at their last date of follow-up. For simplicity of analysis,
we consider only 410 patients from 21 centres included in EORTC trial
30791. The two covariates of interest are: CHEMO xij1 (0=No, 1=Yes)
and TUSTAT xij2 (0=Primary, 1=Recurrent). Notice that xij1 is the main
treatment covariate. The numbers of patients per centre varied from 3 to
78, with mean 19.5 and median 15. Of the 410 patients, 204 patients (49.8
per cent) without recurrence were censored at the date of last follow up.
For the purpose of analysis, we consider the three submodels of (3):, M1
(Cox): Cox model without frailties (basic hazard),, M2 (Indep): Cox mod-
els, with two independent frailty terms (ρ = 0),, M3 (Corr): Cox models,
with two correlated frailty terms (ρ 6= 0).

Models M2 and M3 contain the random baseline risk vi0 and the random
treatment-by-centre interaction term, vi1xij1. The models were fitted us-
ing SAS/IML. The results are summarized in Table 1. In all three models
the two fixed effects (βj , j = 1, 2) are significant. In particular, the use of
chemotherapy (CHEMO = 1) significantly prolongs the time to first recur-
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rence as compared to patients who do not receive chemotherapy (CHEMO
= 0). The two nested models (M1 and M2) ignoring random components
or their correlation show similar results for βj (j = 1, 2). However, the
absolute magnitude and SE of the estimate for the main treatment effect
β1 in M1 and M2 are smaller than those for the correlated model (M3). In
M2 and M3, the variances (σ2

0 and σ2
1) indicate the amount of variation be-

tween centres in the baseline risk and in the treatment effect, respectively.
Here, the estimate of σ2

0 is relatively larger than that of σ2
1 . This does not

seem surprising since differences in outcome according to treatment effect
are typically smaller than differences due to patient characteristics which
often vary across centres. However, care may be necessary in comparing
the two variances because these two values should not be interpreted on
the same scale.
Moreover, the correlated model M3 explains the degree of dependency
between the two random components (i.e. the random centre effect v0

and the random treatment-by-centre interaction v1). The estimate of ρ
(ρ̂ = −0.893) gives a large negative value, indicating that the two pre-
dicted random components (v̂0 and v̂1) have a strong negative correlation.

6 Discussion

The methods developed lead to an interesting analysis However, the mod-
elling scheme described above needs to be extended in a number of im-
portant ways for use in routine biostatistical analysis. These issues which
involve including individual level frailties and utilising focussed model se-
lection will be discussed in the presentation.
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Abstract: The 2011 E. coli outbreak in Germany exposed the lack of timely
and efficient source detection as an integral part of mitigation strategies during
foodborne disease outbreaks. Conventional public health source detection proce-
dures use case-control studies and tracings along the food shipping chain. Such
methods are typically very time-consuming and suffer from problems associated
with data collected from patient interviews, such as bias. We introduce a new
network theoretic method to estimate the spatial source of food-borne disease
outbreaks and similar dynamical contagion phenomena. Our method requires
only infection reports regularly collected by public health institutes and knowl-
edge of the underlying food shipment network topology. We fit a hierarchical
Bayesian spatio-temporal model to the infection counts, which uses the shortest
path tree of the contaminated food shipping network as neighbourhood defini-
tion. Using Bayesian model comparison criteria, our method assignes an epicenter
plausibility to each outbreak source candidate. We test our method in a spatial
dynamic simulation model for foodborne diseases and specifically validate our
approach for the German E. coli outbreak in 2011.

Keywords: Complex network; Spatio-temporal model; foodborne disease.

1 Statement of the problem

Recently observed frequent foodborne disease outbreaks acutely demon-
strated the need for timely and efficient source detection in the case of a
foodborne disease outbreak to public health bodies, risk assessment author-
ities, food industry, and society. Only efficient epidemic source detection
and timely removal of the contaminated product can prevent further disease
spread and impact on the population and economy.
Only in 66% of observed outbreaks, public health investigations were able to
find an evidence for the infection source (O’Brien et al., 2006). One reason is
the uncertain association between aetiology and food vehicle. Furthermore,
the multi-disciplinary nature of a foodborne disease outbreak investigation
task passes another major difficulty. It usually requires information from
many sources including interview-based data from case-control and cohort
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studies as well as tracings along the food shipping chain. We eliminate this
source of bias by basing our new source estimation method only on the
topology of the underlying food shipping network and infection reports.
Our methodological developments were motivated during the 2011 EHEC/-
HUS outbreak in Germany, which has been the largest worldwide reported
E. coli outbreak regarding the number of severe HUS cases. The vast ma-
jority of the infections occurred in northern Germany, while other cases
were travel related (see Figure 1). The source in the Lower Saxonian dis-
trict Uelzen as well as outbreak trend and sprouts as transmission vehicle
were hard to predict, because the outbreak was caused by a rare serotype
O104:H4 (Frank et al., 2011).

EHEC incidence in Germany week 21, 2011
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FIGURE 1. EHEC incidence in Germany in 21st and 22nd calendar week, 2011

2 Deterministic source detection

First, we introduce the deterministic groundwork method for source detec-
tion during foodborne disease outbreaks. On the basis of these ideas, we
will develop the model-based source detection method in the next section.
We define a food shipping networkG = (K,L) as a collection of nodes k ∈ K
connected by links L, where K 6= ∅ and L is a set of unordered pairs of
elements of K. In our context, nodes represent German districts while links
refer to their trade connections. Thus, the network by definition includes
all districts suspected to be the source of the outbreak, i.e. k0 ∈ K0 ⊆ K.
For simplicity, we construct the network using the gravity law of trade
(Anderson, 1979). Then, link weights are proportional to the connected
node population and inversely proportional to their Euclidian distance.
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For outbreak source tracing, we define the effective distance, which com-
bines the deterministic distance, measured as shortest path length, and
the corresponding path probability. In this way, we are able to reorganize
the spatial pattern of infection counts to a circular tree representation for
all source candidates k0 ∈ K0 as root. We minimize the effective network
distance of all potential sources to the median centre of reported epidemic
mass. Looking at the circular tree representation with the true source as
root node, it is easy to spot a circle-like pattern of infected nodes (see
Figure 2).

FIGURE 2. Deterministic source detection with application to EHEC/HUS data.
(A) German map with shortest path tree. (B) Circular shortest path tree repre-
sentation with root in Uelzen. Color-coding corresponds to the aggregated EHEC
incidence during the first three outbreak weeks (19th-22nd calendar week 2011)

In extensive simulation studies, we used a novel spatial dynamic model
for foodborne diseases and showed high detection probabilities in a vari-
ety of scenarios. These simulated scenarios were also used to assess the
uncertainty of the estimated outbreak source through prediction with a
generalized linear model (McCullagh and Nelder, 1989).

3 Model-based source detection

A statistical method for source detection should be able to deal with differ-
ent types of uncertainty. The shipping network is defined under uncertainty,
because its structures are highly adaptive to varying demand. During the
outbreak, public health institute investigations gain knowledge from risk-
oriented sampling. Moreover, the infectious disease counts show trend and
seasonality and suffer from under-reporting and reporting delay.
We assess this problem by a hierarchical Bayesian spatio-temporal model,
which distinguishes the regular background trend of sporadic cases and the
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epidemic part given a specific source candidate using the network struc-
ture as neighbourhood definition. We fit this model for all potential source
candidates and derive a posterior plausibility for being the source causing
the given outbreak pattern.
We assume the number of infected ykt in district k at time t to be negative
Binomial distributed, i.e.

ykt|µkt, ν ∼ NB(µkt, ν),

log(µkt) = ηkt = log(Ek) + βt + sk|k0 + xk, t = 1, . . . , T, k ∈ K,

where θkt = (β1, . . . , βT , s1|k0 , . . . , sK|k0 , x1, . . . , xK , ν). Thereby, βt de-
scribes the epidemic time trend, sk|k0 the dispersal of the contaminated
infection vehicle alog the food shipping chain, and xk the local dispersal
of sproradic cases. Furthermore, the model is rescaled by offset Ek, the
population in district k.
The typical epidemic curve can be adapted by a time trend prior, which
follows a random walk of order one, i.e.

βt|βt−1, τβ ∼ N(βt−1, τ
−1
β )

Furthermore, we model the dispersal of the contaminated food item on a
shortest path tree with source candidate k0 ∈ K0 by

sk|k0 |sl, k 6= l,w, k0, τs ∼ N

(∑
k∼l

wkl
wk+

sl,
1

wk+τs

)
,

where wk+ =
∑
k wkl. The weights wkl represent the link weights in the

shortest path tree with root k0.
For the regular background trend of sporadic cases, we assume local spatial
dispersal. Thus, we define a standard Besag model prior for xk

xk|xl, k 6= l, τx ∼ N

(
1

nk

∑
k∼l

xl,
1

nkτx

)
,

where k ∼ l represent links in the local neighborhood structure.
On another level, we plan to incorporate uncertainty about the food ship-
ping network structure by assigning priors to the shortest path tree weights
wkl

wkl ∼ Ga(ν/2, ν/2).

The estimation of the model becomes very complex, but can be solved
elegantly using a strategy suggested by Brezger et al. (2007).
We fit this Bayesian model with epidemic dispersal along differing shortest
path trees. They represent the efficient food shipping network of a contam-
inated infection vehicle with root in a potential source candidates k0 ∈ K0.
Comparing these model fits for different sources, we can assign a plausibil-
ity to each tested potential source candidate for being the true source of
the observed outbreak.
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4 Conclusion

Altogether, the introduced model-based source detection method for
foodborne disease outbreaks uses minimal data basis and introduces a
network-theoretic approach for detection. Alternative approaches are time-
consuming and usually based on potentially biased patient interview data.
The method is designed to work for various indirectly transmitted infec-
tious diseases, but has as well the potential to detect the origin of various
other propagtion patterns, such as the spread of technical innovations in
agriculture or delays in a railway system.
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Abstract: Sonographic measurements of the fetus are often used to predict birth
weight as it is the most important indicator for possible complications during de-
livery. Statistical challenges in the modelling of these kind of prediction models
include multicollinearity and variable selection. The aim of our investigation is
to analyze if modern variable selection and regularization tools like component-
wise boosting algorithms, which can cope with both of those issues, can improve
existing prediction formulas. We therefore consider boosting generalized additive
models (GAM) as well as the recently proposed, more flexible gamboostLSS al-
gorithm for boosting generalized additive models for location, scale and shape
(GAMLSS). As distribution-free competitor we applied additive quantile regres-
sion boosting.

Keywords: Gradient boosting; GAMLSS, quantile regression

1 Background

Ultrasound measurements during pregnancy are often used to estimate the
weight of the fetus and to compare the resulting values with standardized
growth charts. In the last few days before delivery, the focus shifts towards
predicting the birth weight (BW, see Figure 1), which has a high clinical
relevance as both very low as well as very high birth weight are associated
with a greater risk of complications during labor and the first days after
birth. There exists a broad range of prediction formulas for birth weight
based on different anthropometric measurements of the fetus by ultrasound.
One of the most popular formulas, used in clinics around the world, is the
Hadlock III formula which will serve as benchmark in our analysis. It was
the best-performing formula among eleven others in a recent large-scale
comparison (Siemer et al., 2008). Our analysis is based on a large natu-
ralistic study containing 10281 singleton pregnancies in Germany between
2003 and March 2013. The main statistical challenges in the modelling of
these kind of data are multicollinearity and variable selection. Both issues
can be addressed by component-wise boosting algorithms.
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FIGURE 1. Example of standard birth weight prediction. Sonographic image on
the left and output containing resulting prediction (3710g ± 542g) on the right.

2 Methods

All presented regression models are estimated by component-wise boosting
algorithms, which have their roots in the field of machine learning. The
basic idea is to iteratively apply simple regression tools (base-learners) and
aggregate them to a final additive model. In our case, we apply P-splines as
base-learners to account for possible non-linear effects of the predictors. The
boosting algorithm is then stepwise descending the empirical risk by fitting
the gradient of the loss function to the base-learners. Fitting is carried
out component-wise: Each base-learner typically corresponds to one single
predictor and the base-learners are fitted one at a time. This procedure
effectively overcomes the problem of multicollinearity.
Furthermore, in every iteration, boosting algorithms only include the effect
of the best-performing base-learner in the resulting additive model. If the
algorithm is stopped before each base-learner was included at least once, the
corresponding left-out predictors are excluded from the final model which
hence leads to an automated and fully data-driven variable selection.
By adapting the gradient, various loss functions can be optimized, leading
to various regression settings ranging from modelling count data to time-
to-event analysis (Bühlmann and Hothorn, 2007). In our analysis, we first
consider the L2 loss leading to a common GAM, where f1(·), ..., fp(·) rep-
resent unspecified functional forms for the effects of components X1, ..., Xp

on the expected mean of the conditional distribution:

E(Y |X) = µ(X) = β0 + f1(X1) + ...+ fp(Xp)

A far more flexible model class is GAMLSS (Rigby and Stasinopoulos, 2005)
which goes beyond mean regression by modelling not only the location via
the expected value, but also other distribution parameters like scale and
shape parameters. In order to fit GAMLSS via boosting, the recently pro-
posed gamboostLSS algorithm (Mayr et al., 2012) extended the common



Mayr et al. 271

birth weight [g]
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FIGURE 2. Distribution of birth weight in our sample (left) and a QQ-plot
(right) comparing it to a standard normal.

component-wise boosting approach to multiple parameter dimensions. In
every boosting iteration, the algorithm circles between the different gradi-
ents corresponding to different parameters. Via boosting GAMLSS, we can
hence account also for possible effects on the variance of the conditional
distribution while carrying out variable selection for two additive models.

E(Y |X) = µ(X) = β0µ + f1µ(X1) + ...+ fpµ(Xp)

Var(Y |X) = σ(X) = exp(β0σ + f1σ(X1) + ...+ fpσ(Xp))

A completely distribution-free approach is quantile regression, which can
also be successfully estimated via boosting by considering the check-
function as corresponding loss (Fenske et al., 2011). The fundamental idea
is not to focus on parameters of an assumed distribution but to directly
model the τ -quantiles of the conditional distribution.

Qτ (Y |X) = β0τ + f1τ (X1) + ...+ fpτ (Xp)

For our application to predict birth weight, we specified τ = 0.5, leading
to robust median boosting via the L1 loss.

3 Results

Due to the naturalistic study design, our sample contains also various ex-
treme observations (see Figure 2): 191 babies (1.9%) have a very low birth
weight ≤ 1600g and 137 babies (1.3%) are diagnosed with extreme fetal
macrosomia (BW ≥ 4500g). The median birth weight in our data set is
3360g (range: 410g – 6000g). On the predictor side, the data set contains
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FIGURE 3. APE (left) and SPE (right) on the test data for different model
classes, the dashed line represents the best performing quantile regression.

seven different anthropometric measurements of the fetus (e.g., head cir-
cumference, femur length). The correlation between the measurements is
high, ranging from 0.46 to 0.91 which could lead to severe multicollinearity
problems, at least for standard fitting algorithms. Additionally to the main
effects, we considered all pairwise interactions, leading to a total of 28 po-
tential predictor variables which are all represented by separate P-spline
base-learners.
To assess the prediction accuracy, we split the data in 6000 training obser-
vations which are used to fit the different formulas and 4281 test observa-
tions. The tuning of the boosting algorithms via their stopping iteration
(which controls variable selection and shrinkage of effect estimates) is car-
ried out via 25-fold bootstrapping on the training observations. In case of
gamboostLSS, in order to account for different complexities of the mean
and variance models, we searched a two-dimensional grid of possible com-
binations of stopping iterations.
In the literature on sonographic weight estimation, the performance of pre-
diction formulas is typically compared regarding two measures: The abso-

lute percentage error (APE = 100 · |BW−B̂W|
BW ) as well as the signed per-

centage error (SPE = 100 · BW−B̂W
BW ). The resulting APE and SPE values

are presented in Table 1 (see also Figure 3). The best performing model
class, at least regarding these two measures, is the non-parametric quantile
boosting approach (in this case, median boosting) followed by the predic-
tions of GAMLSS boosting. It has to be noted, that all boosting methods
consistently outperform the best performing standard formula, regarding
prediction accuracy. However, this effect diminishes to some extent if the
standard Hadlock formula is re-fitted on our training data (see Table 1).
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TABLE 1. Percentage errors of the different prediction schemes on test data.

absolute percentage error signed percentage error

method median mean sd median mean sd

median boosting 5.86 7.07 5.58 -0.19 -0.29 9.01
GAMLSS boosting 5.87 7.12 5.63 -0.71 -0.83 9.04
GAM boosting 5.88 7.14 5.61 -0.77 -0.84 9.04

standard formula 6.64 7.92 6.11 3.67 3.58 9.35
re-fitted 6.17 7.54 6.32 -0.77 -0.85 9.81

4 Discussion

Our data analysis on boosting sonographic birth weight estimation demon-
strates the ability of component-wise gradient boosting algorithms to yield
sparse and accurate prediction formulas based on various loss functions. All
three considered model classes, the common GAM approach, the more flex-
ible GAMLSS and also quantile regression outperformed the highly popular
and accurate Hadlock III formula which is used in clinics around the world.
The boosting algorithms selected sparse models in a data-driven manner,
choosing from 28 highly correlated predictors. The quantile regression ap-
proach lead to the best results, which might be explained by the higher
robustness towards outliers due to the L1 loss.
Another advantage of quantile regression, but also of GAMLSS, is their
greater flexibility when it comes to prediction intervals. While the size of
common prediction intervals (which are based on GAMs or other standard
mean regression approaches) are fixed, in case of GAMLSS or quantile re-
gression they may also depend on the information of the predictors. This
leads to subject-specific instead of population-specific interval sizes (Fig-
ure 4). As a result, the size of the individual prediction interval differs from
fetus to fetus, although they could have the same point-prediction. The
intervals can therefore report a greater level of uncertainty for some fetuses
instead of giving a general level of certainty for the complete sample.
However, one has to acknowledge that the benefit of modern boosting algo-
rithms in combination with P-splines, regarding the accuracy of the point
predictions is relatively small. Standard birth weight prediction formulas,
developed in the 1980s with classical linear models, might on average un-
derestimate the birth weight in this large sample of German fetuses from
2003 to 2013. However, they are a strong competitor if they are re-fitted on
the new training data and therefore adjusted for a possible trend towards
higher birth weight or regional differences.
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FIGURE 4. Comparing the prediction intervals from GAM boosting and
GAMLSS boosting on 100 randomly selected fetuses from the test-data set. The
plots are centered around the point prediction; the dark points are the observed
birth weights; the intervals are shaded gray. The 100 observations are ordered by
the size of the GAMLSS interval, the x-axis refers to this rank.
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Abstract: A method is proposed to describe force or compound muscle action
potential (CMAP) trace data collected in an electromyography study for motor
unit number estimation (MUNE). Experimental data was collected using incre-
mental stimulation at multiple durations. However, stimulus information, vital
for alternate MUNE methods, is not comparable for multiple duration data and
therefore previous methods of MUNE (Ridall et al., 2006, 2007) cannot be used
with any reliability. Hypothesised firing combinations of motor units are mod-
elled using a multiplicative factor and Bayesian P-spline formulation. The model
describes the process for force and CMAP in a meaningful way.

Keywords: Bayesian P-splines; MUNE; Multiple duration data

1 Introduction

Reliable motor unit number estimates (MUNE) are of key interest in clin-
ical and experimental neurophysiology. MUNE has been a popular area of
research since the seminal work of McComas et al. (1971) who pioneered the
method of incremental stimulation in electromyography (EMG). MUNE is
efficacious in assessing the severity or tracking the progression of diseases
characterised by muscle weakness resulting from the death or inaction of
motor units (Baumann et al., 2012). An exciting application of MUNE is be-
ing pursued by the Miami project to cure paralysis, who research methods
to replace dead nervous system cells and promote and guide the regrowth
of axons with the aims of muscle re-innervation and ultimately motor unit
function for patients suffering spinal injury or damage to the central ner-
vous system (Casella et al., 2010). MUNE may be used to investigate the
success of a cell transplant, specifically, whether a treatment has produced
new, active motor units.
MUNE techniques involve analysis of compound muscle action potential
(CMAP) or force data resulting from electromyography (EMG) studies.
In a clinical setting, a surface EMG study involves applying an electrical
stimulus at the nerve for a fixed duration to observe a CMAP or force
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FIGURE 1. Electromyography (EMG) responses to stumulus collected on an
anesthetised rat with stimuli applied at three durations, 10, 20 and 50 µs. (Top)
Compound muscle action potential (CMAP) trace data. (Bottom) Force trace
data.

response through electrodes or transducers attached to the skin. The tech-
nique of incremental stimulation involves setting the stimulus intensity such
that no units are firing initially, and gradually incrementing the stimulus
intensity, invoking more motor units until all are believed to be firing. Clin-
icians tend to adopt a relatively long duration (usually 50µs) and therefore
smaller stimulus intensities to maintain a level of comfort for the patient.
The trace responses for each stimulus intensity can be plotted against time
for CMAP and force, see Figure 1.
In an experimental setting, specifically the case considered here of ane-
thetised rats, it is more common to apply the incremental stimulation tech-
nique at multiple durations. It is believed that this allows the process of
alternation and therefore individual motor units to be investigated more
thoroughly (Casella et al., 2010). However, it is not immediately obvious
how existing MUNE techniques, all of which rely on stimulus intensity in-
formation as input data, may be adjusted to account for multiple durations.
Suppose an experienced clinician applied the incremental stimulation tech-
nique and identified the combinations of motor units thought to be active
at each particular stimulus. Such information is labelled as a firing pattern.
A potential firing pattern for investigation could be the result of a ná’ive
approach as the former suggestion or a statistically based approach, such
as MUNE techniques using Bayesian hierarchical modelling (Ridall et al.,
2006) combined with reversible jump Markov chain Monte Carlo sampling
(Ridall et al., 2007). These MUNE techniques are henceforth referred to
as Bayesian MUNE. An example of a firing pattern for an assumed 9 unit
model is presented in Figure 2.
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FIGURE 2. A 9 motor unit firing pattern identified by Bayesian MUNE. The
set of units active within each group are identified in the legend, 1 is active, 0 is
inactive for each particular motor unit.

The contribution of this work is to investigate the plausibility of different
firing patterns − and usually different numbers of total motor units − in
multiple duration EMG data, without using stimulus information to inform
the model.
Consider a set of plausible firing patterns objectively identified by Bayesian
MUNE. The stimulus data is adjusted using an approximation based on
the strength-duration relationship (Hill, 1936) that assumes the stimulus
multiplied by duration is constant before the algorithm is implemented.
The output from Bayesian MUNE is a relatively small number of plausible
firing patterns corresponding to values of the total number of units. The
posterior model probabilities from Bayesian MUNE may not be relied upon
due to the uncertainty in making the varying stimulus duration correction.
Here, trace data and each potential firing pattern are modelled using
Bayesian P-splines with a multiplicative scale factor. The scale term shifts
the spline to the mean of each pre-determined group.

2 Bayesian P-splines and Multiple Duration Data

Let i be a location on curve j in group k. A group is a set of motor units
active at a particular stimulus intensity. Bayesian MUNE suggests seven
potential firing patterns for subsequent investigation. Consider the model

yijk = φkg(xi) + εijk (1)

that allows the trace data yijk to be represented as a spline g(xi), that is
scaled to each cluster by a coefficient φk and error εijk. The spline may be
written as g(x) = Xβ for x = (x1, . . . , xm)′, with design matrix X and a
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vector of coefficients, β. The spline is fitted as a reference shape across all
curves.
A multivariate normal likelihood, yj,k ∼ N(φkXβ, ε

2I), is assumed for
these data . The model variance parameter ε2 is assigned the prior dis-
tribution ε2 ∼ Inverse-Gamma(αε, βε) and assumed fixed across all curves
and groups.
The spline Xβ is formulated as a Bayesian P-spline with a Bézier basis in
the method set out by Eilers and Marx (1996) and extended by Lang and
Brezger (2004). A random walk difference prior is placed on the coefficients
β such that,

p(β|τ2) ∝
(

1

τ2

) rank(K)
2

exp

(
− 1

2τ2
βTKβ

)
, (2)

for the first-order difference matrix K, with the variance parameter defined
as τ2 ∼ Inverse-Gamma(ατ , βτ ) a priori. It is important that the prior
on τ2 is not too diffuse, the values ατ = 1, βτ = 0.005 were adequate,
but ultimately the prior was found to have little effect on the posterior. It
remains to describe how the scale parameters φk will be dealt with, two
prior formulations are considered.
In keeping with the assumptions applied in Bayesian MUNE (Ridall et
al. 2006), the largest observed group of firing motor units is assumed to
be the sum of all units in the firing pattern. The result of this assump-
tion is a data dependent prior on units, µn, n = 1, . . . , N , parameters to
represent individual unit size. Each scale coefficient, φk, is assumed to be
defined by the unique sum φk =

∑
µm for units identified by the firing

pattern. A Dirichlet prior is a natural formulation for coefficients µn. With
N the total number of units and K the group with the largest members in
terms of amplitude,

∑N
n=1 µn = φK = 1 is satisfied under a Dirichlet prior

specification. Therefore for individual units write, µn ∼ Dirichlet(αµ) for

some concentration parameter αµ. The implicit constraint
∑N
n=1 µn = 1 is

sufficient for identifiability of the spline and the scale coefficients.

2.1 Posterior Distribution and Algorithm

The full-conditional distributions for parameters ε2, β and τ2 may be found
after some algebra. The posterior distribution for the µn has no closed
form density and so we use a Metropolis-Hastings within Gibbs approach
to sampling from the posterior distribution in tandem with a systematic
approach to sampling and updating parameters from the full-conditional
distributions.

3 Results

Figure 3 presents the data and fitted models for each group of curves ac-
cording to an assumed eleven unit firing pattern. The model describes the
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smooth force curves very well though produces what may seem like a less
convincing fit for the CMAP traces. For CMAP data, the region of the
curve thought to be most important in action potential investigations is
the first peak and while CMAP curves of different groups have heteroge-
neous shape, the model does indeed fit the first peak quite well in each
group.
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FIGURE 3. Model fit for an eleven unit firing pattern. (Top) CMAP response.
(Bottom) Force response. Individual group data (solid line) and the fitted mul-
tiplicative spline (dashed line).

4 Discussion

The force trace data are used as illustration for the model, as seen in Figure
1. However, CMAP data is far more prevalent in clinical and experimental
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investigations involving MUNE. A spline based approach was adopted so as
not to exclude the possibility of analysing the more erratic CMAP traces.
The model considered is a method to describe different firing patterns for
the force or CMAP trace data with stimulus applied at the nerve at mul-
tiple durations. Future work involves deciding between different suggested
firing patterns in an automatic way. Model fit calculations such as DIC and
BIC perform poorly so we propose a model choice approach to target the
marginal likelihood or statistical evidence, though such a presentation is
beyond the scope of this short paper.
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Abstract: The primary objective of this paper is to present a new method for
testing growth curves. The method is based on spline approximation and on F-
test. This method also applies under a certain type of correlation structures that
are especially important in the analysis of repeated measures and growth data. In
this paper, it is shown how the basic spline model and the test can be extended
to more general multiple response situation. The methods are illustrated by real
data sets. The new method proved to be a very powerful modeling and testing tool
especially in situations where the growth curve may not be easily approximated
using simple parametric models.
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1 Spline Growth Model

Estimation has been the main focus of smoothing spline methods whereas
hypothesis testing has not received a considerable attention. The idea here
is to test if the progression in time is equal over the set of correlated ob-
servations for groups of data for a single measured response variable and
then briefly introduce its extension to a multivariate situation. The method
presented here was initially introduced by Nummi and Mesue (2013). The
growth curve model for complete and balanced data (Generalized multivari-
ate analysis of variance, GMANOVA) model was introduced by Potthoff
and Roy (1964). This model can be written as

Y = TBAT + E, (1)

where Y = (y1,y2, . . . ,yn) is the matrix of n mutually independent re-
sponse vectors, T is a q× p within-individual design matrix, A is an n×m
between-individual design matrix, B is an unknown p×m parameter ma-
trix to be estimated and E is a q×n matrix of random errors. It is assumed
that the columns e1, . . . , en of E are independently normally distributed
i.e., ei ∼ N(0,Σ), i = 1, . . . , n; where Σ is assumed to be unstructured.
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Using smooth curves, the model (1) can be written in a more general form
as

Y = GAT + E, (2)

where G = (g1, . . . ,gm) is the matrix of smooth mean growth curves in
time points t1, t2, . . . , tq. We assume that the covariance matrix Σ takes
certain type of parsimonious structure Σ = σ2R(θ) with covariance pa-
rameters θ. Model (2) is now referred to as the Spline Growth Model
(SGM). The growth curve model of Potthoff and Roy (1964) is now the
special case G = TB.

2 Model Estimation

The smooth solution for G can be obtained by minimizing the penalized
least squares (PLS) criterion

Q = tr[(Y − Ġ)TH(Y − Ġ) + αĠKĠ], (3)

where α > 0 is a fixed smoothing parameter, Ġ = GAT, H = R−1 and the
roughness matrix K, (from the roughness penalty, RP =

∫
g′′2 ) is defined

as
K = ∇∆−1∇T, (4)

where the non-zero elements of banded q × (q − 2) and (q − 2) × (q − 2)
matrices ∇ and ∆ are defined as

∇k,k =
1

hk
, ∇k+1,k = −(

1

hk
+

1

hk+1
), ∇ (5)

and

∆k,k+1 = ∆k+1,k =
hk+1

6
, ∆k,k =

hk + hk+1

3
, (6)

where hj = xj+1 − xj , j = 1, 2, ..., (q − 1) and k = 1, 2, ..., (q − 2).
For a given α and H, the spline estimator becomes as

G̃ = (H + αK)−1HYA(ATA)−1. (7)

For more details, see Nummi and Mesue (2013) and Green and Silverman
(1994). However, the covariance matrix H may not be known and therefore
the estimator (7) would be difficult to use in practical situations. Fortu-
nately, it can be shown that in certain important special cases the general
spline estimator (7) simplifies to simple linear functions of the original
observations Y. One obvious condition for such kind of simplification is
KR = K. If this condition holds, we get K = KH and therefore, the spline
estimator G̃ simplifies to

Ĝ = (I + αK)−1YA(ATA)−1 = SYA(ATA)−1, (8)
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where the smoother matrix is S = (I + αK)−1.
Some important special cases for growth data are R = I (Independence),
R = I + σ2

d11T (Uniform or compound symmetry), R = I + σ2
d′XXT

(Linear with constant variance) and R = I + XDXT (Linear), where
X = (1,x) and x is a vector of q measuring times.

3 Spline Approximation

In general, the smoother matrix § is not a projection matrix and therefore
certain results, e.g. in testing, developed for general linear models are not
directly applicable. Our approach is to utilize an approximation for the
smoother matrix § with the properties of a projection matrix. Clearly, one
obvious approximation of the spline fit (8) is the spline estimator

Ḡ = PmYA(ATA)−1, (9)

where Pm = M∗M
T
∗ and M∗ contains the c(≤ q) first eigenvectors of M.

This arises from the eigenvalue decomposition of the smoother

S = M(I + αΛ)−1MT, (10)

where M is the matrix of q orthogonal eigenvectors of K and Lambda
is a diagonal matrix of corresponding q eigenvalues. Note that the matri-
ces K and S share the same set of eigenvectors m1,m2, . . . ,mq. Here,
the eigenvectors are ordered by eigenvalues of S. It is known that the se-
quence of eigenvectors appears to increase in complexity like a sequence of
orthogonal polynomials. The first two eigenvalues of S are always 1. The
first two eigenvectors m1 and m2 span the subspace corresponding to the
straight line model. In the mixed model formulation of the spline solution
e.g. Verbyla et al., (1999), this corresponds to the fixed part of the model.
The smoother matrix S and the smoothing parameter need not be com-
puted here. However, the number of eigenvectors c from K used in the
approximation need to be calculated. This can be done by using a modified
Generalized Cross-Validation criterion. See Nummi and Mesue (2013) for
details.

4 Hypothesis Testing

Consider the set of fitted spline curves Ŷ = ĜAT From model (7), we may
use the approximation

Ŷ = ḠAT = M∗Ω̂AT, (11)

where we denoted Ω̂ = MT
∗YA(ATA)−1. All the relevant information for

testing mean profiles is now in the matrix Ω̂, which can now be con-
sidered to be an unbiased estimate of the unknown parameter matrix of



284 Testing of Growth Curves.

the statistical model E(Y) = M∗ΩAT. Therefore in sequel, we confine in
testing linear hypothesis of the form

H0 : CΩD = 0,

where C and D are known ν × c and m × g matrices with ranks ν and g,
respectively. Testing can be based on the ratio of sum of squares matrices.
First, dropping the first eigenvector m1 corresponding to the constant term
in the approximation model, we can take C = [0, I]. If we also assume the
uniform covariance model R = d211T + I, the sum of squares needed for
testing becomes as

Q∗ = tr{[CΩ̂D]{[DT(ATA)−1D]−1[CΩ̂D]T}. (12)

If σ2 is estimated by

σ̂2 =
1

n(q − c)
tr{YT(I−Pm)Y}, (13)

then testing can be based on

F =
Q∗/νg

σ̂2
∼ F [νg, n(q − c)]. (14)

Note that Q∗ does not contain unknown parameters of the covariance ma-
trix and therefore for this special case the distribution of the F−statistic
is exact. This is an important result since the uniform covariance model is
quite common and a good approximation in many situations.

5 Computational example

The cattle data (Kenward, 1987), consist of 60 cattles that were randomly
assigned to two treatment groups, A and B say, of size 30. The bodyweight
(kg) of each cattle was measured 11 times (2 weeks interval) over a 133 day
period. The 11th measurement was taken after a week. We want to test if
the mean progression in bodyweight of cattles in time is the same for both
treatment groups.
To set up a Spline Growth Model, the between-individual design matrix A
was defined as follows. For cattles on treatment A, the rows of A would be
(1, 0), i = 1, · · · , 30 and for those on treatment B, the rows of A would be
(0, 1), i = 1, · · · , 30. The minimum value of GCV = 579.4783 is obtained
at α = 9870120. The effective degrees of freedom edf∗ = 6.247323. The
fitted mean spline curves (bold lines) are shown in Figure 1. To test if
the mean progression in time of bodyweights of cattles is the same for
the two treatment groups, the dimension of c = 3 was used in the spline
approximation.
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FIGURE 1. Bodyweight of cattles taken over 11 time points for two treatment
groups, A and B.

To test the null hypothesis of equal progression, we took
C = [0, I2] and D = [1,−1]T. Next, we estimate CΩ̂D. This yields
CΩ̂D = (−4.090355, 1.654439)T and the residual variance estimate is
σ̂2 = 45.06687. For the covariance matrix R, we assumed the uniform
correlation model and therefore the exact version of the test statistic can
be used. The value of Q∗ is given as

Q∗ = tr{[CΩ̂D]{[DT(ATA)−1D]−1[CΩ̂D]T} = 292.0225

and the value of the test statistic is then

F =
Q∗/νg

σ̂2
=

292.0225/2

45.06687
= 3.239881

Comparing the obtained value of F to the critical value F0.95(2, 480) = 3.00,
the null hypothesis of equal progression in time of mean bodyweight of cat-
tles on treatments A and B is clearly rejected. This means that treatments
are significantly different in improving the growth of cattles by controlling
the levels of their intestinal parasites that would retard growth/bodyweight
gain.

6 Extension: Multivariate Spline Growth Curve
Model

In this section, we briefly introduce how the spline growth model can be
extended to a multivariate situation. The multivariate spline growth curve
model can be written as

Y = GAT (15)
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where
Y = (y1, . . . ,yn), yi = (yT

i1, . . . ,y
T

is)
T, i = 1, . . . , n

and
G = (g1, . . . ,gm), gj = (gT

j1, . . . ,g
T

js)
T, j = 1, . . . ,m

Here, yi = (yT

i1, . . . ,y
T

is)
T is a vector of measurements of s responses and

gj = (gT

j1, . . . ,g
T

js)
T is the corresponding vector of smooth mean curves. For

the covariance matrix R, we can take, for example

R = (Is ⊗Xc)D(Is ⊗Xc) + I,

where Xc consists of c(=0,1,2) columns of X = [1,x]. If Xc = 1 and s = 2,
(bivariate uniform structure) for example,

R =
(
I2 ⊗ 1

)( d2
1 d12

d21 d2
2

)(
I2 ⊗ 1T

)
+ I =

(
d2

111T + I d1211T

d2111T d2
211T + I

)
.

If we now define
Ks = W ⊗K,

where W is a diagonal matrix of smoothing parameters λ1, . . . , λs. Then
we have RKs = Ks and the unweighted estimator becomes as

Ĝ = (I + W ⊗K)−1YA(ATA)−1

For hypothesis testing, we may follow lines similar to those in section 4.

Conclusions: This kind of testing can be applied in a complex modeling
situation where more traditional parametric growth curves are not appli-
cable. The approach is also easily extended to a multivariate situation.
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Abstract: In many applications one has to deal with censored data, i.e. data
for which it is only known that their value is below or above a certain threshold.
We propose a posterior approximation similar to the Laplace approximation for
partly censored data with Gaussian response. The approximation can be com-
puted very efficiently and is typically close to the full Bayesian solution, which
requires the use of sampling strategies such as MCMC. The proposed method is
illustrated using an example from environmental modelling.
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1 Background

In many environmental applications data are gathered by monitors which
cannot record measurements which are below (or above) a detection limit.
For observations outside the detection range it is only known that they are
below a lower detection limit or above an upper detection limit. A näıve
approach, still used by many practitioners, is to replace the non-detected
observations by a deterministic function of the detection limit (e.g. half
the detection limit). This approach underestimates the uncertainty of the
estimated mean parameters and can introduce a substantial bias. More
formal approaches to this problem include the EM algorithm or methods
derived from techniques used for time-to-event data. Some of these methods
are implemented in the R package NADA (Helsel, 2012).
We propose a posterior approximation to the Bayesian solution similar to
the Laplace approximation. Using a Bayesian framework has the advantage
of being able to use Bayesian methods for the determination of hyperpa-
rameters such as the penalisation parameter in spline models, for which
Bayesian methods perform better than their frequentist or heuristic coun-
terparts (see e.g. Wood, 2011, or Molinari, 2012).
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2 Model

We will consider a Bayesian linear model, i.e. Y|α, σ2 ∼ Nn
(
Bα, σ2In

)
with prior distribution α, σ2 ∼ NIGm

(
0, (λDTD)−1, a, b

)
and a suitable

prior on λ. A P-Spline regression model is a special case of the above with
B being a matrix of basis functions and D a suitable difference matrix.
For simplicity of presentation, we will only consider the case of a lower
detection limit. We assume that nu observations have been observed di-
rectly; these will be denoted by Y u. For the remaining nc observations the
response Y c could not be observed directly; it is only known that Y ci is
less than di (i = 1, . . . , nc). Splitting B in two sub-matrices Bu and Bc

gives Y u|α, σ2 ∼ Nnu
(
Buα, σ2Inu

)
and Y c|α, σ2 ∼ Nnc

(
Bcα, σ2Inc

)
with Bu ∈ Rnu×m, Bc ∈ Rnc×m and α ∈ Rm. This model is known as
Tobit regression model in econometrics.

3 Approximation to the log-likelihood

As the only part of the log-posterior which is not a quadratic function of
α is the likelihood contribution from the censored observations, only this
component has to be approximated using the Laplace approximation,

L(α) ∝
nu∏
i=1

1

σ
ϕ
(yui −Bu

i
Tα

σ

) nc∏
i=1

Φ
(di −Bc

i
Tα

σ

)
≈ L(α̂) exp

{
− 1

2 (α− α̂)TQ (α− α̂)
}

with α̂ corresponding to the mode of L(α) and Q = −∂
2`(α)
∂α2 =

BuTBu−BcTW cBc

σ2 where `(α) represents the log-likelihood and W c the

diagonal matrix defined by W c
ii = ϕ(ti)

2−ϕ(ti)
TΦ(ti)

Φ(ti)2
with ti =

di−Bci
Tα

σ . Q

and W c are evaluated at α̂ and σ̂2, which are computed iteratively using a
Newton-Raphson algorithm which also takes the priors into account. If the
proportion of censored observations is small one can exploit the Woodbury
formula to perform the necessary matrix inversions more efficiently.

4 Interpretation in terms of imputed values

It can be shown that the Newton-Raphson method for computing α̂ can

be rewritten as α̂ = (BTWB + λDTD)−1BTWỹ with ỹ =

(
yu

ỹc

)
, ỹc =

Bcα̂−σ̂W c−1vc, W =

(
Inu 0
0 W c

)
, and vci =

ϕ

Φ

∣∣∣
t=ti

. Thus, the iterative

method for finding the mode of α can be viewed as a weighted regression
model where the response is made up of the true observed responses and



Molinari et al. 291

imputed values. It follows, for left-censored data, that these imputed values
are always smaller than the corresponding fitted ones. The weight function

w(t) = ϕ(t)2−ϕ(t)TΦ(t)
Φ(t)2 is evaluated at ti =

di−Bci
Tα̂

σ̂ i.e., as a function of

the difference between the detection limit and the fitted value. The weight
function is decreasing and thus, the larger the difference the smaller the
weight given to the corresponding imputed value.
Using an EM algorithm corresponds toW c

EM = In and ỹcEM = Bcα̂−σ̂vc.
Thus, the EM algorithm gives the values imputed for censored observations
the same weight as for uncensored observations. On the other hand, the
values imputed by the EM algorithm are closer to the fitted values (see also
Figure 1). The reason for this difference is that the likelihood contribution
coming from the censored observations can be highly skewed and thus the
Laplace approximation has to move into the tails of the Gaussian to ob-
tain a similar curvature. The EM algorithm typically needs many more
iterations than the proposed Laplace approximation.

5 Approximation to the posterior distribution of σ2

It is clear from the derivations above that the posterior distribution of α
can be approximated by a Gaussian distribution. It is also clear that a
Gaussian distribution will not be a suitable approximation for the variance
parameter. The joint distribution of α and σ2 is thus approximated by a
Normal Inverse Gamma distribution where the parameters are found by
matching the first and second derivatives with respect to σ2 of the exact
log-posterior and the approximating NIG distribution. This approximation
gives exact results if no censored data is present.
Laplace approximations for the Tobit model have already been studied by
Chib (1992), who only uses a proper Laplace approximation (without the
Inverse-Gamma part).

6 Example

We will consider a time series of concentrations of a groundwater contami-
nant recorded over 1379 days at a well at an industrial site. 75 observations
have been recorded, 49 (65%) of which are below the detection threshold.
A B-spline basis with 25 basis functions is used as design matrix.
The data, together with the predicted mean function and 95% prediction
intervals, are shown in Figure 1 employing: Laplace approximation, full
Bayesian solution using MCMC, EM algorithm and the result obtained
when replacing the censored values with one-half the detection limit. For
the Laplace approximation and for the model using half the detection limit
the MAP (maximum a posteriori) estimate of the penalty parameter λ was
used. For the full Bayesian solution λ was integrated out using MCMC. It
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FIGURE 1. Predicted mean function and 95% prediction intervals for the conta-
mination data obtained from the different methods. For the Laplace approxima-
tion the intensity of the imputed data indicates their weights.

can be seen that, except at the very end of the series, the Laplace approxi-
mation is close to the full Bayesian solution. Using half the detection limit
underestimates the uncertainty and yields too narrow prediction bands.
Figure 2 shows posterior densities of the prediction B(1.2)α at time t = 1.2
and the variance σ2 for the different methods. It shows that the Laplace ap-
proximation underestimates the variance slightly. This figure also includes
the results obtained when using a full Bayesian model with the smoothing
parameter λ set to the MAP estimate obtained for the Laplace approxi-
mation. It suggests that some of the difference between the full Bayesian
solution and the Laplace approximation is due to the two different ways of
handling the penalty parameter λ. Again one can also see that using half
the detection limit yields both biased and overconfident results.
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FIGURE 2. Comparison of the posterior densities of the prediction B(1.2)α at
time t = 1.2 and the variance σ2 for the different methods.

7 Conclusion and future work

The proposed Laplace-type approximation to the posterior distribution of
models for censored Gaussian data, allows for an intuitive interpretation
in terms of imputed observations. Though the approximation is quite ac-
curate, future research will investigate alternative approximations such as
the Expectation Propagation (EP) method (Minka, 2001).
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1 Introduction

Data obtained from functional neuroimaging techniques such as electroen-
cephalography (EEG) consist of high dimensional spatiotemporal signals
which have particularly high resolution in time. It is therefore useful to
characterise such datasets in terms of fewer parameters before model fit-
ting is carried out. Further, in situations where the brain is stimulated by
externally controlled Transcranial Magnetic Stimuli (TMS), statistical evi-
dence of entrainment of the brain signal to a specific α band frequency (8-12
Hz) is of interest. In this paper, we propose characterising the EEG signals,
which have been preprocessed using smoothing, in terms of parameters such
as phase, instantaneous frequency and amplitude. The experimental TMS
setup then leads to investigating evidence of entrainment in the signals in
a repeated measures mixed model framework. The differences in the degree
of variation in the frequency curves are studied, and a model for standard
deviation of the frequency curves is the focus of this paper.

1.1 Data Preprocessing

The motivating dataset comes from a TMS-EEG experiment described by
Thut et al. (2011) designed to assess the evidence of entrainment. A subset
of the data that are used in this paper comprise EEG recordings from 6
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subjects under 4 conditions, each having 54 trials. Data are recorded at S =
60 channels connected to an EEG cap and T = 5500 time points spanning
a time of 1.1 seconds (-0.1 to 1.0 s with approximately 0-0.4 s being the
duration of stimulation). In the main experimental condition, 5 TMS pulses
are administered at regular intervals in an orientation perpendicular to the
gyrus (a portion of the parietal lobe of the brain) with the exact inherent
subject specific alpha frequency (‘Main’). The EEG signal is recorded for
several replicates in the subjects at (1) the main condition and three con-
trol conditions: (2) when the orientation of the TMS equipment has been
rotated by 90◦ (‘TMS-90’), (3) when the TMS pulses are applied asymmet-
rically (‘Arrythmic’) and (4) a sham condition where the pulses are only
sound beeps (‘Sound clicks’).
A preprocessing step is applied to the data to remove artefacts and estimate
the ‘brain’ signal of interest. For this, an additive model with a mean
response µ and 4 components is fitted to model the artefacts appropriately
and to simultaneously estimate the signals (Mukherjee, et al. (2012)). The
additive model is given by:

y(s, t) = µ+m1(., t′)+m2(., t′′)+m3(., t)+m4(s, t)+ε ∀ t = 1, ..., T (1)

where s is the spatial coordinate of the channel and t is the time of the
recordings. Here µ is the overall mean,m1 represents the temporally smooth
trace of the TMS pulses, m2 is a temporally smooth function defining the
underlying cyclic 50 Hz. component, m3 is a temporally smooth long term
nonlinear trend component and m4 is the spatiotemporally smooth signal
of interest. Estimated signals m4 from model (1) are treated as ‘brain’
signals of interest for the remainder of this paper.

2 Methods

Smooth ‘brain’ signal estimates at each channel may be described using
characteristic parameters such as phase or frequency and amplitude. In or-
der to compute the phase and amplitude curves from the signal, certain
concepts from the complex logarithm model paradigm discussed in Eilers
(2010) are used. Frequency is estimated as a function of time, given by

φ′(t) = 1
2π

dφ(t)
dt , where φ is the phase function of the signal at each chan-

nel. The zero crossings of an oscillatory signal trace (when the magnitude
of the signal is zero) determine the cumulative phase in multiples of 2π.
The zero crossings are plotted against their corresponding times of occur-
rence to obtain a phase function. Instantaneous frequency is obtained by
differentiating the smooth phase function.
Mean frequency curves for each channel and intervals based on standard
deviations of the frequency curves at each channel are produced to assess
the behaviour of the signals in terms of their average frequency. Estimates
of mean and standard deviation are computed for discrete time epochs from



Mukherjee et al. 297

these curves. A natural epoch to consider would be the time interval be-
tween two successive TMS pulses. This provides four repeated observations
for any characteristic or summary measure between pulses 1 and 2, 2 and
3, 3 and 4 and 4 and 5.

2.1 Linear Mixed Effects Models with Repeated Measures

The nature of the experiment produces multiple replicates within each sub-
ject as a random effect and subject itself as a random effect. When con-
sidering the mean signal for frequency, both random effects are of interest.
When considering the standard deviation of the frequency and the corre-
sponding interval, only the random effect of subjects is relevant. The latter
will be the focus of this paper denoted by model 2. The repeated measures
mixed effects model is fitted as:

Y = Xβ + Zγ + ε (2)

where Y is the n×1 vector of n response observations, X is the n×p model
matrix for p fixed effects, β is a p × 1 vector of fixed effect coefficients, Z
denotes the n × q model matrix of q random effects and γ is the q × 1
vector of coefficients of random effects where γ ∼ Nq(0,Ψ). Ψ denotes
the q × q covariance matrix for the random effects. ε ∼ Nn(0, σ2Λ) is the
error term where Λ is the n × n covariance matrix for errors., With the
aim of assessing statistical evidence of entrainment of the brain signal to
the α band frequency (8-12 Hz), repeated measures anova is applied on
the width of the interval 2 standard deviations on either side of the mean
frequency for each of the 6 subjects across all conditions. The two fixed
effects for this model are (i) the time indices at the repeated measurements
of the average width of the interval over all replicates within a subject, and
(ii) the experimental conditions; γ denotes the random effect of subjects.

3 Model Fitting

Signal estimates of interest are simultaneously obtained for each replicate
in 6 subjects for all 4 conditions using the additive model (1). Fig. 1 dis-
plays the signal at channel CP4 (the channel of principal interest) from
one replicate under the main experimental condition in subject 2, and its
corresponding frequency curve, as an example. The functional curves of
all replicates at channel CP4 across the 4 conditions are summarized as
functions for mean ± 2 functional standard deviations (Fig. 2). The func-
tional mean appears to always lie in the α band frequency. However, the
functional variability appears to change depending on condition. In some
subjects, it can be informally ascertained that the variability around the
mean frequency tends to decrease over time during the stimulus period
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FIGURE 1. Estimated signal (left) and corresponding frequency function (right)
for 1 replicate of subject 02 at channel CP4 in the main condition. Vertical lines
show TMS pulse locations and horizontal lines show α band.
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FIGURE 2. Estimated mean frequency curve (solid) and intervals based on 2
functional standard deviations (dashed) for subject 02 at all 4 conditions at
channel CP4. Vertical lines show TMS pulse locations and horizontal lines show
α band.

(when the TMS pulses are administered), specifically in the main condi-
tion as illustrated by subject 2 in Fig. 2. In order to formalise this finding,
a model of the repeated measures of the standard deviations of the esti-
mated frequency over all subjects and conditions is fitted with subject as
a random effect. The model with two main effects, namely time indices
at the repeated measures of the standard deviation over replicates in each
subject and a condition effect, is fitted. An interaction term of time in-
dices at repeated measures × conditions is also included in the model. The
interaction term is not significant (marginal anova f statistic = 1.634,
p-value = 0.104) although this could be due to relatively small sample size.
Since it is close to 10% level of significance, this term has been retained
in the model to allow the standard deviations to show different patterns
across conditions. The estimates of the standard deviations of the average
frequency across conditions is given in Fig. 3.
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4 Discussion

It can be seen from Fig. 2 that the standard deviation of the estimated
frequencies tend to become smaller over time during the stimulus period,
especially between the third and fifth TMS pulse, for the main condition
in subject 2. The model indicates that the standard deviation around a
mean frequency of 10 Hz (in the α band) decreases over time for the main
condition over all subjects (Fig. 3). Similar repeated measures models may
be applied to amplitude and phase functions (results not shown here) to
characterise and describe the ‘brain’ signals in terms of fewer functional
parameters.
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1 Introduction

Motivated by current trends towards personalized medicine, there is great
interest nowadays to develop prognostic models. Examples are numerous
and come from a wide spectrum of diseases, including prognostic models
applied in cancer research, risk scores for cardiovascular diseases, such as
the Framingham score, and prognostic models for HIV infected patients.
The common characteristic for all these diseases is that the rate of pro-
gression is not only different from patient to patient but also dynamically
changes in time for the same patient. Hence, it is medically relevant to
investigate whether repeated measurements of specific biomarkers can ul-
timately provide a better understanding of disease progression.
In this work we compare two approaches for producing dynamic predic-
tions of survival probabilities using the recorded longitudinal information,
namely landmarking (van Houwelingen and Putter, 2011) and joint model-
ing (Rizopoulos, 2012). Landmarking requires adjusting the risk set at the
landmatk point and fitting a Cox model, whereas joint modeling explic-
itly takes into account all the longitudinal history of a subject to produce
predictions. We show that because the subject-specific longitudinal trajec-
tories can be quite complex (e.g. nonlinear, plateaus) different features of
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these trajectories may be more predictive for the event of interest. To this
end we study how the aforementioned approaches perform under different
functional relationship between the longitudinal and event time outcomes.
Our proposals are exemplified in the primary biliary cirrhosis (PBC) study
conducted by the Mayo Clinic between 1974 and 1984. For patients with
PBC serum bilirubin is known to be a good marker of progression. In our
analysis aim to find which characteristics of the serum bilirubin profile are
most predictive for death.

2 Methodology

2.1 Dynamic Prediction of Survival

Let Yi(u) denote the longitudinal measurement for individual i (i =
1, . . . , n) at time u, and let uij (j = 1, . . . ,mi) denote points at which
measurements are taken for subject i. In addition let T ∗i denote the true
failure times for individual i. Since the failure times are right censored
we observe only Ti = min(T ∗i , Ci), where Ci is the censoring time with
the binary failure indicator ∆i which equals 0 if subject was censored and
1 otherwise. We construct dynamic predictions by calculation of the pre-
dicted survival functions Sk, for a new subject k for whom we have a set
of longitudinal measurements Yk(t) = {Yk(s); 0 ≤ s ≤ t} available. We are
therefore interested in the conditional probability of surviving time u > t
given that the subject has survived up to t:

Sk(u | t) = Pr(T ∗k > u | T ∗k > t, Yk(t)). (1)

2.2 Landmark Approach

The landmark method simplifies the longitudinal history Yk(t) in (1) to the
last value yk(t). Dynamic predictions are obtained by suitably adjusting the
risk set and refitting the Cox model. In particular, for a given time tL a
corresponding landmark data set LL is constructed, by selecting individuals
that are at risk at time tL. Then for this set of individuals a simple Cox
model is fitted with the current value of the longitudinal marker yi(tL) at
time tL:

λi(t) = λ0(t) exp{γTvi + αy(tL)}, i ∈ LL,

where vi is the vector of baseline covariates, and λ0(t) is the baseline
hazard that can be modeled parametrically or left unspecified. From the
fitted model (2) the survival probabilities Pr (T ∗ > u | T ∗ > tL, y(tL)) can
be computed.
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2.3 Joint Model Approach

In the joint modeling approach we postulate two submodels for the longi-
tudinal and survival processes. For continuous longitudinal markers usually
a linear mixed model is postulated:

yi(t) = mi(t) + εi(t) = xT

i (t)β + zT

i (t) + εi(t), (2)

where mi(t) denotes the true value of the longitudinal marker at time t,
β denotes the vector of the fixed-effects parameters, bi ∼ N(0, D) is the
vector of random effects, xi(t) and zi(t) denote the design matrices for the
fixed and random effects, respectively, and εi(t) is the measurement error
term, εi(t) ∼ N(0, σ2). To model a nonlinear behaviour of the longitudinal
marker one may include splines in the design matrices Xi(t) and Zi(t) or
a nonlinear mixed model might be posited instead of (2).
For the survival process a standard relative risk model is usually assumed
that shares some common, possible time-dependent term f(t, bi, α), with
the longitudinal mixed effects model:

λi(t) = λ0(t) exp(αTf(t, bi, α) + γTvi), (3)

where vi denotes again a vector of baseline covariates as in (2) and γ
is a vector of associated coefficients. Parameters α measure the strength
of the association between longitudinal and survival processes. The joint
model consisting (2) and (3) can be estimated using maximum likelihood
or Bayesian methods. Here we opt for the latter. Based on the fitted model
the dynamic predictions can be constructed. Let θ denote the vector of
parameters from the joint model and Sn - a sample of size n on which
the joint model was fitted. Then Sk(u | t) from (1) can be estimated as a
Bayesian posterior expectation:

Sk(u | t) =

∫
Pr (T ∗k > u | T ∗k > t, Yk(t),Sn; θ) p(θ | Sn)dθ. (4)

The first part of the integrant in (4) can be written as:

Pr (T ∗k > u | T ∗k > t, Yk(t),Sn; θ)

=

∫
Pr (Tk < u | T ∗k > t, bk; θ)× p (bk | T ∗k > t, Yk(t), θ) dbk. (5)

The survival function Sk(u | t) has a dynamic nature because when new
information is recorded for a patient k at time t′ > t, we can update these
predictions and obtain Sk(u | t′) for u > t′. Therefore when combining
(4) and (5) a Monte Carlo approach can be used to compute Sk(u | t) for
each patient and Sk(u | t′) can be updated for every time point t′ > t.
Following Rizopoulos (2012), we used a similar sampling scheme to obtain
the dynamic subject-specific predictions based on the fitted joint model.
The advantage in the joint modeling approach to dynamic predictions is
the possibility of defining different association structure between the lon-
gitudinal and survival processes. Some examples of alternative functional
forms for the survival submodel (3) are:
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I λi(t) = λ0(t) exp{γTvi + α1mi(t)}
II λi(t) = λ0(t) exp{γTvi + α1mi(t) + α2m

′
i(t)}

III λi(t) = λ0(t) exp
{
γT vi + α1

∫ t

0

mi(s)ds
}

IV λi(t) = λ0(t) exp{γTvi + αTbi}.
(6)

In parametrization I we assume that hazard of death at time t is associated
with the true current value of the marker mi(t) at time t and α measures
the strength of this association. In parametrization II we extend model I by
including also the slope of the trajectory at time t, m′i(t). In parametriza-
tion III we postulate that hazard for death at time t is associated with area
under the trajectory up to t. Finally in parametrization IV we only assume
that the two submodels for the longitudinal and survival process are linked
through the vector of the shared random terms bi.

3 Application

We have applied the described methodology to the PBC data set. To
model longitudinal serum bilirubin level Yi(u) we postulate a mixed ef-
fects model with natural cubic splines to account for nonlinear character
of the marker evolution. We included interaction terms between B-spline
basis and the treatment group to model different trajectories for the two
treatment groups. For the survival process we used a standard relative risk
model for which we considered different forms of the association structure
from (6). In every survival submodel we included treatment as a baseline
covariate. The baseline hazard λ0(t) was modeled parametrically using the
Weibull distribution, i.e: λ0(t) = φtφ−1. We have compared the results with
the landmark approach adjusting for treatment effect also in the landmark
Cox model (2). Substantial differences between the prediction from the
joint models with different parametrization and the landmark approach
were observed. Different joint models were compared using DIC criterion.

4 Simulation Results

Additionally we have performed a series of simulations to evaluate both
methods of constructing dynamic predictions. We simulated data using the
joint model corresponding to the model fitted for the PBC data. In parti-
cluar, for the longitudinal response we used mixed effects model with natu-
ral cubic splines described in previous section and for the survival submodel
we considered all scenarios I-IV from (6). Baseline hazard was simulated
from the Weibull distribution. All the parameters of the longitudinal and
survival part were taken from the models fitted for the PBC data. In each
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FIGURE 1. RMSE of the distance between the prediction from the gold standard
model and the four fitted joint models (I,II,III,IV) together with the landmark
model (LM) for the different simulated scenarios.

scenario we excluded randomly ten patients. For the remaining patients we
fitted the joint models with the same longitudinal submodel parametriza-
tion and different survival submodel parametrization I-IV. We constructed
the dynamic predictions of survival probability for the excluded patients
based on the fitted four joint models as well as the landmark approach.
The predictions from both approaches were compared with the predictions
obtained from the gold standard model, namely the model with the true
parametrization and true values of the fixed and the random effects. The
obtained results are illustrated on Figure 1. As can be observed for some
simulated scenarios the predictions from joint modeling and landmarking
are substantially different. Also within the joint modeling approach the
results are influenced by the choice of the model parametrization.
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Abstract: Quantiles are of interest in food safety data dealing with a limit of
detection. The limit of detection introduces a lot of uncertainty in the left tail
of the underlying distribution, making quantile estimation for this part of the
distribution difficult. Therefore we fit a model to the data and derive the model-
based estimate for the quantile. Since the true distribution is unknown, model
averaging is used to combine information from a set of models. In this paper we
discuss two approaches to use model averaging for quantiles. The methods are
applied to a data example and compared in a simulation study. The effect of an
increasing percentage of censoring on the estimates is explored.
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1 Introduction

We are interested in the lower quantiles of the distribution: e.g. which
concentration is the cut-off for the 10% lowest concentrations? The most
common estimate is the nonparametric or empirical quantile. However, cen-
soring occurs in particular in the left tail of the distribution and introduces
a lot of uncertainty about the quantiles. Therefore we fit a model to the
data and derive the model-based estimate for the quantile. First we fit
several parametric models to the data. All models are related to the log-
normal distribution, a distribution that is regularly used in food safety
data. Next we consider a semi-nonparametric family of distributions that
consists of extensions of the log-normal distribution. Gallant and Nychka
(1987) and Fenton and Gallant (1996) studied this family of distributions.
Nysen, Aerts and Faes (2012) based a goodness-of-fit test for censored data
on this semi-nonparametric family of distributions.
We can select the best model from the set of parametric (MP ) and semi-
nonparametric models (MS), based on a model selection criterion, e.g.
Akaike’s information criterion (AIC). This model is considered as the best
approximating model and the cumulative distribution is used to estimate
the quantile. However, if we would have a second and similar data set, it
is possible that a different model is selected by the model selection cri-
terion. This might result in a quite different estimate of the quantile. By
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selecting one single model, we ignore the model uncertainty. The idea of
model averaging is to start from a large set of plausible models and com-
bine information from all models. In Section 2 we discuss two approaches
to apply model averaging for quantiles. The approaches are applied to a
data example in Section 3 and compared in a simulation study in Section 4.
Although we focus on left censored data in this paper, the estimation can
deal with other types of censoring, like right and interval censoring.

2 Model averaging of quantiles: two approaches

Let Mi, i = 1 . . . ,K be a rich set of candidate models, with Fi the corre-
sponding cumulative distribution function. The natural parameters θi are
estimated by maximum likelihood theory and their variance-covariance ma-
trix is denoted by Var(θ̂i). Suppose we want to estimate the p-quantile of
the data ξp, where p is a fixed number between 0 and 1. There are several
approaches in model averaging to obtain an estimate for the quantiles.
In the first approach, the quantile is estimated for each candidate model
and the model averaged estimate is a weighted average of the K estimates.
Based on model Mi, the quantile is obtained by ξp,i = F−1

i (p; θi). The
variance of the quantile can be approximated by the delta method:

Var(ξ̂p,i) ≈ ∇F−1
i (p; θi)

TVar(θ̂i)∇F−1
i (p; θi). (1)

In (1) the gradient ∇F−1
i (p; θi) is with respect to θi and can be estimated

by ∇F−1
i (p; θ̂i).

Burnham and Anderson (1998) calculate the weight for each model, based
on the difference of its AIC with the smallest AIC of all candidate models:

wi =
exp

(
− 1

2∆i

)∑K
j=1 exp

(
− 1

2∆j

) ,
where ∆i = AICi −AICmin.
The model averaged value of the quantile ξp,MA1 is given by the weighted
average of the estimates of all candidate models:

ξ̂p,MA1 =

K∑
i=1

wiξ̂p,i (2)

with estimated variance

V̂ar(ξ̂p,MA1) =

[
K∑
i=1

wi

√
V̂ar(ξ̂i) +

(
ξ̂i − ξ̂p,MA1

)2
]2

.

The variance estimator is the sum of two components. The first component
is the conditional variance, given model Mi. The second component reflects
the variation in the estimates across the K models.
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A second approach applies model averaging at a different level. The dis-
tribution of each candidate model is estimated and combined in a model
averaged cumulative distribution function. The quantile of the combined
distribution is the model averaged quantile estimate. Let x be a real num-
ber in the domain of the candidate distribution function. The averaged
distribution function is given by

F̂MA(x; θ) =

K∑
i=1

wiF̂i(x; θi)

with θ the vector of the natural parameters of all candidate models. The
estimated variance of F̂MA(x; θ) is

V̂ar(F̂MA(x)) =

[
K∑
i=1

wi

√
V̂ar(F̂i(x; θi)) +

(
F̂i(x; θi)− F̂MA(x; θ)

)2
]2

.

(3)
The quantile can be estimated by

ξ̂p,MA2 = F−1
MA(p; θ). (4)

Based on the implicit function theorem, the variance of ξ̂p,MA2 can be
approximated by

Var(ξ̂p,MA2) =
Var(F̂MA(ξ̂p,MA2))

f̂2
MA(ξ)

,

where Var(F̂MA(ξ̂p,MA2)) can be estimated by (3). Because the true value

ξ is unknown, we need to estimate f̂MA(ξ) by f̂MA(ξ̂p,MA2).
In general, the estimates (2) and (4) result in different estimates, because
quantile estimation is not a linear functional. When estimating for instance
the cumulative distribution function, the two approaches would be equiv-
alent. We compare the performance of the two approaches in a simulation
study, but first we illustrate the approaches in a real data analysis. We will
consider a set of parametric and semi-nonparametric models MP ∪MS .

3 Data analysis

The motivating data for this study, is a sample of measurements of cad-
mium level. The data set consists of almost 100 observations, but 37% of
the measurements are censored by the limit of detection (LOD). The LODs
are small and lie in between 0.001 and 0.01. A visual representation of the
data is given in Figure 1, where a kernel density of the logarithm of the
concentrations is shown.
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FIGURE 1. Cadmium data. Kernel density function of the concentrations where
LODs are replaced by LOD/2 (solid line), transformed to the log scale. Normal
fit (dashed line) based on likelihood for censored data.

Figure 1 shows that the (log-)normal distribution is a reasonable fit, but
other distribution might fit better. Table 1 lists the AIC for several para-
metric models and for the semiparametric extensions of the log-normal dis-
tribution. The best global fit is given by the log-skew-t distribution and the
distribution with two extra parameters from the semi-nonparametric fam-
ily of distributions. For each model, the 10% and 25% quantiles are given
in Table 1. For comparison, we also computed the nonparametric quantile
estimates, where we substituted the LOD in the data with LOD/2 to cope
with the left censoring. We see that the parametric models have smaller
estimates for the quantiles. This is due to the left censoring, because the
parametric models put weight on the left of the distribution, while the raw
data only provide information on the LOD.
The quantile estimates based on the two model averaging approaches from
Section 2 are close together. If we average the distribution function before
computing the quantile (approach 2), the 10% quantile is slightly smaller.
The estimated standard error for the estimate of the second approach is
also smaller.

4 Simulation study

The performance of both methods is demonstrated in a simulation study.
Data are simulated from 3 kinds of distributions, i.e. the log-normal dis-
tribution, the gamma distribution with same mean and variance as the
log-normal distribution, and a mixture of 2 log-normal distributions. For
each distribution, 500 samples are drawn. The censoring scheme is defined
by limits of detection that correspond to five quantiles (1%, 5%, 10%, 20%,
25%) of the original log-normal distribution, resulting in 12% censoring on
average when sampling from the log-normal distribution.
On each sample we fit 13 models: seven parametric (log-normal, log-skew-
normal, log-t, log-skew-t, gamma, Weibull), denoted by MP , and seven
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TABLE 1. Cadmium data. AIC and model averaging weights. For each parametric
and semi-nonparametric model, the quantile was estimated (standard error).

AIC weight ξ̂0.1 ξ̂0.25

Non-parametric 0.00250 0.00500

Log-normal -135.7 0.000 0.00110 (0.00036) 0.00310 (0.00076)
Log-skew-n -149.3 0.023 0.00045 (0.00026) 0.00226 (0.00086)
Log-t -133.4 0.000 0.00111 (0.00036) 0.00314 (0.00078)
Log-skew-t -154.2 0.262 0.00000 (0.00000) 0.00109 (0.00122)
Weibull -149.1 0.021 0.00061 (0.00019) 0.00291 (0.00058)
Gamma -151.8 0.081 0.00029 (0.00021) 0.00222 (0.00093)
GenGam -150.0 0.033 0.00023 (0.00021) 0.00208 (0.00097)

SemiNP1 -151.5 0.068 0.00060 (0.00013) 0.00128 (0.00028)
SemiNP2 -154.3 0.275 0.00019 (0.00006) 0.00137 (0.00133)
SemiNP3 -152.6 0.120 0.00022 (0.00054) 0.00149 (0.00118)
SemiNP4 -150.7 0.047 0.00023 (0.00111) 0.00156 (0.00109)
SemiNP5 -148.8 0.018 0.00021 (0.00372) 0.00160 (0.00105)
SemiNP6 -150.3 0.038 0.00025 (0.00293) 0.00152 (0.00122)
SemiNP7 -148.3 0.014 0.00015 (0.00581) 0.00154 (0.00119)

MP ∪MS 1 ∗ 0.00020 (0.00052) 0.00147 (0.00120)
MP ∪MS 2 ∗∗ 0.00015 (0.00050) 0.00148 (0.00107)
∗ quantiles are estimated for each distribution and then averaged (MA1)
∗∗ cumulative distribution function is averaged (MA2)

extensions of the log-normal defined by the semi-nonparametric family of
distributions, denoted byMS . The generalized gamma distribution was not
included in the simulation study due to convergence issues. We provide here
the preliminary results for data simulated from the log-normal distribution,
estimating the 1% quantile. Table 2 shows the variance and the squared
bias, together with the sign of the bias. The mean squared error (mse) is
obtained by adding these two quantities.
A first observation is that the mean squared error is larger when the data
are censored, which is to be expected because censoring introduces more
uncertainty in the data and the estimation process. From the family of
parametric models, the log-t and the true log-normal distribution provide
the best fits. In the semi-nonparametric family of distributions, the models
perform worse, because more parameters are added. Indeed, since we simu-
late from the log-normal distribution, the extra parameters are redundant
to describe the data. If the data are not censored, there is no difference be-
tween the two modeling approaches, regarding the mean squared error. On
the contrary, the bias is smaller for the second approach, while the variance
is smaller for the first approach. In the censoring case, the first approach
does result in a smaller mean squared error. The variance is higher in the
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TABLE 2. Simulation study. Data simulated from log-normal distribution with
sample size 100. (×10−5)

Censoring No Yes

bias2 (sign) var mse bias2 (sign) var mse

Log-normal 0.258 (+) 3.700 3.957 0.283 (+) 4.381 4.664

Log-skew-n 0.338 (+) 7.184 7.522 2.266 (+) 10.909 13.175

Log-t 0.000 (+) 3.467 3.467 0.051 (−) 4.482 4.533

Log-skew-t 0.006 (+) 7.179 7.185 0.357 (−) 15.422 15.780

Weibull 40.546 (−) 0.252 40.799 43.228 (−) 0.211 43.439

Gamma 39.419 (−) 2.136 41.555 45.539 (−) 1.064 46.603

SemiNP1 0.494 (+) 6.076 6.569 0.020 (−) 12.088 12.108

SemiNP2 1.208 (+) 6.999 8.207 0.100 (+) 16.869 16.969

SemiNP3 1.467 (+) 8.543 10.010 0.601 (+) 19.938 20.540

SemiNP4 1.641 (+) 8.811 10.452 0.944 (+) 22.621 23.565

SemiNP5 1.673 (+) 9.383 11.056 1.394 (+) 23.612 25.006

SemiNP6 1.880 (+) 9.594 11.474 2.222 (+) 24.477 26.699

SemiNP7 2.053 (+) 10.417 12.471 3.280 (+) 25.546 28.826

MP ∪MS 1 ∗ 0.351 (+) 6.018 6.369 0.056 (+) 10.916 10.973

MP ∪MS 2 ∗∗ 0.248 (+) 6.121 6.369 0.199 (−) 13.016 13.215
∗ quantiles are estimated for each distribution and then averaged (MA1)
∗∗ cumulative distribution function is averaged (MA2)

model averaging compared to the single-model inference, because the model
selection uncertainty is now incorporated.
In future research we will compare the model averaging approaches for
the other distributions, sample sizes and different quantiles. We will also
consider a different family of distributions, e.g. restricted to the parametric
models MP or to the semi-nonparametric family of distributions MS .
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Abstract: SiZer (SIgnificant ZERo crossing of the derivatives) is a visualization
method for exploring significant underlying structures in data samples based on
nonparametric smoothers, originally designed for kernel estimators. An exten-
sion of SiZer to circular data, namely CircSiZer, is introduced for the regression
setting, when dealing with a circular covariate and a scalar response. CircSiZer
presents a graphical device to assess which observed features are statistically
significant. With the same purpose, the CircSiZer based on smoothing splines,
is also presented. The proposed tool is used for analyzing the influence of the
wind direction over wind speed in the atlantic coast of Galicia (NW Spain). This
analysis is particularly interesting given the heavy marine traffic in this area.
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1 Introduction

Coastal and marine ecosystems suffer from a variety of threats due to hu-
man and industrial activity, being these ecosystems specially vulnerable to
oil spills and toxic dumping. Specifically, the atlantic coast of Galicia (NW
Spain) has suffered two major ship accidents which caused serious environ-
mental and ecological damages: the burning of a cargo ship named Casón
in 1987, and the oil spill of the Prestige tanker, in 2002. In both accidents,
the strong winds played a decisive role.
A buoy anchored in the area provides hourly collected wind speed and wind
direction, being the measurements of this latter variable a set of circular
or periodic data. Thus, in order to describe the relation of the wind pat-
tern with wind speed in the Galician coast during winter season, a new
exploratory tool based on nonparametric smoothers (kernel and smooth-
ing splines) is introduced, taking into account the circular nature of the
measurements for wind direction.
In any nonparametric procedure, a smoothing parameter should be chosen,
controlling the global aspect of the estimator and its dependence on the
sample. The SiZer method, developed by Chaudhuri and Marron (1999) for
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linear data, provides a means of circumventing the smoothing parameter
selection and, at the same time, allows for the assessment of statistically
significant features (peaks and valleys) in the data structure by finding the
regions of significant gradient (zero crossings of the derivative). The SiZer
ideas can be fitted to the circular setting yielding the CircSiZer.
This paper is organized as follows. Section 2 provides a brief overview
on kernel regression estimation when the explanatory variable is circular
and the response is linear. Section 3 is devoted to the introduction of the
CircSiZer plot in the regression setting, detailing its interpretation. The
idea of CircSiZer with smoothing splines is briefly introduced. Finally, the
performance of the new CircSiZer is illustrated with a real data set in
Section 4.

2 Nonparametric circular-linear regression

Let {(Θi, Yi), i = 1, . . . , n} be a random sample from (Θ, Y ) a circular and
a linear random variables, respectively. The relation between these variables
can be modeled by

Yi = f(Θi) + εi, i = 1, . . . , n, (1)

where, f denotes the regression function and εi are real–valued random
variables with zero mean and variance σ2.
The regression function f can be estimated by using kernel smoothers. The
local linear regression estimate for f(θ) and f ′(θ) at an angle θ are given

by f̂(θ; ν) = â and f̂ ′(θ; ν) = b̂, where

(â, b̂) = arg min
(a,b)

n∑
i=1

Kν(θ −Θi) [Yi − (a+ b sin(θ −Θi))]
2

(2)

(see Di Marzio et al., 2009 for details). In equation (2), ν is the smoothing
parameter and Kν is a circular kernel function, e.g., the von Mises kernel
with concentration parameter ν. Large values of ν lead to undersmoothed
estimations of the regression curve, exaggerating the local features in the
sample and tending to an interpolation of the data. On the other hand,
small values of ν result in a global averaging, oversmoothing the local char-
acteristics in the data (see Figure 1).

3 CircSiZer: SiZer map for circular data

As noticed in the Introduction, smoothing parameter selection is a critical
issue. Apart from the lack of a uniformly superior rule for that purpose,
from a practical point of view, the exploration of the estimators at different
smoothing degrees (for a range of reasonable bandwidth values, between
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oversmoothing and undersmoothing levels) will provide more in–depth in-
formation about the available data. However, significant features in the
underlying data structure should be effectively disentangled from sampling
artifacts. Features like peaks and valleys of a smooth curve can be charac-
terized in terms of zero crossings of derivatives. Hence, the significance of
such features can be judged from statistical significance of zero crossings or
equivalently the sign changes of derivatives. This idea has been sucessfully
exploited by Chaudhuri and Marron (1999) in developing a simple yet ef-
fective tool called SiZer for exploring significant structures in density and
regression curves.
In the usual inferential approach in the statistical literature, the spotlight
is placed on the true underlying curve f and doing inference on it, in
particular, based on confidence bands. A crucial problem in nonparametric
estimation is that f(θ; ν) = E(f̂(θ; ν)) is not necessarily equal to f(θ),
involving an inherent bias specially for small values of ν (see Figure 1,
left). The bias can be reduced by taking large values of ν, but in this case
the estimator is highly variable, depending strongly on the data sample
(see Figure 1 right). Chaudhuri and Marron (1999) avoid the bias-variance
trade off problem by adopting the scale–space ideas which naturally lead
to make inference on the smoothed curve f(·; ν) rather than on the curve
f . It should be noted that, for small values of ν, the smoothed curve f(·; ν)
can be very different from f . However if ν is within a reasonable range,
f(·; ν), which can be thought as the curve at a resolution level ν, shows the
same valley-peaks structure as f (see Figure 1, center).
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FIGURE 1. Nonparametric regression estimators (gray curves) from 50 random
samples of size 250 from model (1) with f(θ) = sin(2θ) (solid line) and normally
distributed errors with variance σ2 = 0.5 and with ν = 0.2 (left), ν = 2 (center)
and ν = 50 (right).

Thus, in order to assess the significance of features such as peaks and
valleys, instead of constructing confidence intervals for f ′(θ), CircSiZer

seeks confidence intervals for the scale–space version f ′(θ; ν) ≡ E(f̂ ′(θ; ν)).
The confidence intervals are constructed as detailed in Oliveira et al. (2012).
So, for a given pair (θ, ν), the curve at a smoothing level ν is significantly
increasing (decreasing) if the confidence interval is above (below) 0 and
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if the confidence interval contains 0, the curve at the smoothing level ν
and at the point θ does not have a statistically significant slope. This in-
formation can be displayed in a circular color map in such a way that,
at a given ν, the performance of the estimated curve is represented by a
color ring where differents colors will allow to indentify peaks and valleys.
Blue (black, for black and white versions) color indicates locations where
the curve is significantly increasing; red (dark gray) color shows where it
is significantly decreasing and purple (gray) indicates where it is not sig-
nificantly different from zero. Regions where there is not enough data to
make statements about significance are gray (light gray) coloured. Thus,
at a given bandwidth, a significant peak can be identified when a region
of significant positive gradient is followed by a region of significant nega-
tive gradient (i.e. blue–red pattern), and a significant trough by the reverse
(red–blue pattern), taking clockwise as the positive sense of rotation. Val-
ues of the smoothing parameter ν, which are transformed to −log10 scale,
are indicated along the radius.
In order to construct the smoother for f , kernel methods are not the
only alternative. As in Marron and Zhang (2005), the CircSiZer can also
be adapted to smoothing splines, by replacing the kernel estimator by a
smoothing spline conveniently adapted to the circular nature of the ex-
planatory variable. In this case, the regression function is estimated by
finding the smooth function f̂λ that minimizes the penalized least squares
criterion

S(g) =

n∑
i=1

[Yi − g(Θi)]
2

+ λ

∫ T

0

[g′′(θ)]
2
dθ, (3)

over the class of twice continuously differentiable periodic functions with
period T = 2π. The parameter λ plays the role of the smoothing parameter.
When λ is large, a premium is being placed on smoothness and potential
estimators with large second derivatives are penalized. Conversely, a small
value of λ corresponds to more emphasis on goodness of fit with λ = 0
giving an estimator that interpolates the data. It can be shown that f̂λ is
neccesarily a periodic cubic spline on [Θ1,Θn+1] with knots at the points
Θi, i = 1, . . . , n+ 1, where Θn+1 = Θ1 + T .

4 Real data analysis

The practical usefulness of the proposed CircSiZer map is illustrated by the
analysis of a real dataset concerning wind direction and speed in the atlantic
coast of Galicia (NW–Spain). The dataset consists of hourly observations
of wind direction (in degrees) and wind speed (in m/s) in winter season
(from November to February), from 2003 until 2012. In order to avoid the
dependence present between consecutive measurements in the time series,
observations were taken with a lag period of 95 hours.
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FIGURE 2. CircSiZer map for wind speed (m/s) with respect to wind direction.

Figure 2 shows the CircSiZer map for regression, applied for exploring the
relation between wind speed as a response and wind direction as a covariate.
It can be seen that wind speed increases when wind direction comes from
NE and S. Winds from SE are not frequent at all during winter period,
being this fact reflected by the gray shaded area.
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Abstract: Standard regression models like GLMs implicitly assume a homoge-
neous influence of the predictor variables on the response across the entire sample.
If the underlying population exhibits latent heterogeneity, this can adequately be
accounted for by Finite Mixtures of GLMs (FMGLMs). Because FMGLMs use a
GLM of its own for each subpopulation of the heterogeneous overall population,
they are inherently of a higher dimensionality than ordinary GLMs. In order
to retain stability and interpretability, regularization and variable selection are
required. Due to the special structure of FMGLMs, variable selection is not di-
rectly induced by lasso penalties. We therefore suggest a group lasso approach to
variable selection in FMGLMs and additionally introduce a novel penalty that
is able to shrink varying to fixed effects, which means that mixing only affects
the predictors for which a heterogeneous effect is justified. The rest of the pre-
dictors is incorporated with a more parsimonious fixed effect. We show how the
corresponding estimator can be computed using a penalized EM algorithm and
demonstrate the usefulness of our approach by an application to forensic data.

Keywords: Finite mixture model; lasso; group lasso; regularization; penaliza-
tion.

1 Introduction

The goal of regression analysis is to model the dependence of a response
variable Y on a vector of (potential) predictor variables x = (x1, . . . , xp)

T.
Typically, data pairs {yi,xi}, i = 1, . . . , n are observed and used to fit
the regression. Generalized Linear Models (GLMs) (McCullagh & Nelder,
1989) are among the most important classes of regression models. In GLMs,
it is assumed that the conditional density f(yi|xi,β) = f(yi|µ(xi)) belongs
to the exponential family and is solely influenced by the predictors through
the conditional mean, which is given by

µ(xi) = E(yi|xi) = g−1(xT

i β), i = 1, . . . , n,

where g denotes a link function and β = (β0, β1, . . . , βp)
T is the coefficient

vector. (Note that some GLM densities, like the Gaussian, also depend on
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a dispersion parameter. For notational simplicity, we will omit dispersion
parameters in this paper.) It is seen from the formula above that GLMs im-
plicitly assume the effect of all predictors xj on Y to be constant across all
observations. If the considered population is heterogeneous, this assump-
tion may not hold, resulting in a poor and misleading fit and low prediction
accuracy. If the heterogeneity is latent, Finite Mixture of Regression models
are required to deal with these issues. A comprehensive reference on Finite
Mixture Models is McLachlan & Peel (2000). In this paper, we focus on
Finite Mixtures of GLMs (FMGLMs), which assume that the considered
population consists of K different subpopulations in which the relationship
between Y and x is described by a GLM. Since the class membership is la-
tent, the conditional density of Y is a convex combination of GLM densities
fk(·):

f(yi|xi,β) =

K∑
k=1

πkfk(yi|xi,βk). (1)

The fk(·) are called mixture components and are densities from the simple
exponential family with mean

µik = µk(xi) = g−1(xT

i βk) = g−1(βk0 + xi1βk1 + . . .+ xipβkp).

The coefficient βkj represents the effect of predictor xj on the response
of observations belonging to the k-th mixture component. The component
weights πk represent an observation’s prior probability of belonging to the
different classes and must satisfy

∑K
k=1 πk = 1, πk > 0 ∀k. Additionally, let

l(β) denote the log-likelihood corresponding to (1). The overall coefficient
vector β = (βT

1 , . . . ,β
T

K)T is of length K · (p+ 1), so that FMGLMs require
K times more coefficients than ordinary GLMs. This inherently higher di-
mensionality complicates the interpretation and threatens the stability of
FMGLMs. Therefore, it seems natural to regularize the model. In this pa-
per, we pursue a penalty approach, in which the estimator β̂ is obtained
by maximizing a penalized log-likelihood lpen(β) = l(β) − λP (β), where
λ is a tuning parameter controlling the amount of penalization and the
penalty term P is a functional that penalizes the coefficient vector β. The
specific choice of P determines the structure and properties of the resulting
estimator β̂ and is discussed in the next section. Afterwards, we quickly de-
scribe how the penalized estimator can be computed using a penalized EM
algorithm, followed by an application of our regularized FMGLM method
to forensic data.

2 Choice of the penalty term

2.1 A penalty for structured variable selection

One possible way to reduce the aforementioned complexity of FMGLMs
is to set some coefficients βkj to zero, so that the corresponding predictor



Pößnecker and Tutz 321

does not influence Y in the k-th subpopulation. For this purpose, it was
suggested in previous work on regularization in Finite Mixtures of Regres-
sions (Khalili & Chen, 2007; Städler, Bühlmann, van de Geer, 2010) to
use a penalty term whose core idea, apart from some technical details like
weighting schemes, is given by the lasso (Tibshirani, 1996):

P (β) =

p∑
j=1

K∑
k=1

|βkj |. (2)

While this ordinary lasso approach is able to shrink single coefficients βkj
to zero, it does not directly induce variable selection in FMGLMs since in
this model class, the influence of a predictor xj is captured by a vector
of coefficients: β•j = (β1j , . . . , βKj)

T. Thus, the lasso approach only elimi-
nates xj from the model if K coefficients are shrunk to zero simultaneously
while the penalty term does not encourage such a simultaneous shrinkage.
To achieve a structured selection behavior, we suggest to instead apply the
group lasso (Yuan & Lin, 2006; Meier, van de Geer, Bühlmann, 2008) to
the vectors β•j :

P (β) =

p∑
j=1

||β•j ||2, (3)

with ||u||2 =
√
uTu denoting the L2-norm.

2.2 Shrinkage of varying to fixed effects

Another possibility to reduce the complexity of FMGLMs is to restrict the
use of heterogeneous effects βkj that are varying across mixture components
to a subset of the potential predictors and to use a homogeneous effect that
is fixed across all components for the rest. Formally, we say that predictor
xj has a fixed effect if β1j = β2j = . . . = βKj . Shrinking a varying to a
fixed effect removes K − 1 parameters from the model which greatly helps
interpretability and stability. Since the concept of fixed effects is defined
within the parameter vectors β•j , we can structure the overall penalty term
in the following way:

P (β) =

p∑
j=1

ψP1(β•j) + (1− ψ)P2(β•j), (4)

where P1(β•j) = ||β•j ||2 is a penalty term that induces variable selection
and P2 has to be chosen so that it encourages the shrinkage of varying to
fixed effects. The parameter ψ ∈ [0, 1] distributes the overall penalty level λ
to the two penalties. The last remaining step is to choose a suitable penalty
P2. To relate this goal to existing penalization approaches, note that if xj
has a fixed effect, all pairwise differences are zero, that is, |βrj − βsj | =
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0 ∀r 6= s. Therefore, we suggest the following penalty for the reduction of
varying to fixed effects in FMGLMs:

P2(β) =

p∑
j=1

P2(β•j) =

p∑
j=1

√√√√ K∑
r=1

∑
s>r

(βrj − βsj)2. (5)

This penalty term combines the idea of the group lasso and the fused lasso
(Tibshirani, 2005). Note that we penalize all pairwise differences, compared
to the penalization of only adjacent coefficients in Tibshirani (2005), in
order to prevent label switching from affecting our penalty. Following Tib-
shirani (2005), who called the combination of the lasso and the L1-norm
of a fusion term “fused lasso”, we denote our overall penalty term “group
fused lasso” since it is the combination of the group lasso and a grouped
fusion term:

P (β) =

p∑
j=1

P (β•j)

=

p∑
j=1

ψ
√√√√ K∑
k=1

β2
kj + (1− ψ)

√√√√ K∑
r=1

∑
s>r

(βrj − βsj)2

 (6)

3 Estimation

The standard method for the estimation of a Finite Mixture Model is the
EM algorithm of Dempster et al. (1977). When applying the EM algorithm
to the problem of maximizing a penalized log-likelihood, the E-step of the
algorithm remains unaffected and the penalty term is passed to the M-step:

Choose starting values β(0) and π(0). For m = 0, 1, 2, . . . until convergence,
iterate:
E-step: For i = 1, . . . , n; k = 1, . . . ,K compute the weights τik:

τik =
π

(m)
k fk(yi|xi,β(m)

k )∑K
s=1 π

(m)
s fs(yi|xi,β(m)

s )
.

M-step: Given the weights τik, compute:

π
(m+1)
k =

1

n

n∑
i=1

τik, k = 1, . . . ,K

β(m+1) = argmax
β

n∑
i=1

K∑
k=1

(
τik log

(
fk(yi|xi,βk)

))
− λP (β).
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Application of this penalized EM algorithm is straight-forward except for
the maximization of the penalized, weighted GLM log-likelihood in the
penalized M-step. To solve this task, we use the Fast Iterative Thresholding
Algorithm (Fista) of Beck & Teboulle (2009). Further technical details can
be obtained from the authors.

4 Application to the scapula data

We consider data from a dissertation (Feistl, 2004) at the Institute of Foren-
sic Medicine of the LMU Munich which examined if the state of the scapula
(shoulder) bone can be related to the age of dead bodies. Determining the
age of a corpse is one of the most important tasks in forensics because it is
pivotal in identifying the person.
The data set consists of 154 observations for which the age as well as
height, weight and sex are known. Additionally, 15 physical features of the
scapula bone were measured. The goal of the study was to find out which
of these features carry information about the age of the body. Because the
sex of a corpse is frequently indeterminable in practice, a particular aim of
the study was to investigate if at least some of the scapula bone features
are worthwhile predictors of age irrespective of sex. Since there are many
potential sources of heterogeneity among these features, say healthy versus
unhealthy lifestyles, we use a mixture of Gaussians with repsonse age and
the 15 scapula features plus height and weight as predictors. Because we
excluded the variable sex from the model, any heterogeneity between sexes
is captured by the mixture. If the effect of a predictor is estimated to be
fixed, we can thus conclude that the connection between this predictor and
age is ambisexual. The model was fit using our group fused lasso approach,
with K selected via BIC, which yielded K = 3 as the optimal choice, and
λ chosen by 10-fold crossvalidation. The hyperparameter ψ was set to 0.5
and not tuned. The estimated parameters of the best model found by our
regularized approach are summarized in the following two tables:

TABLE 1. Parameters of the regularized mixture model for the scapula data.

Comp. πk Interc. height weight bgi agi il bpc cyh cde

#1 0.64 26.99 -0.05 0 0 1.05 0 0 0 0
#2 0.23 46.11 -0.89 0 0 4.83 0 0 0 0
#3 0.13 46.98 -0.23 0 0 6.04 0 0 0 0

It is seen from tables 1 and 2 that our approach was able to remove 6 of the
17 variables from the model and to shrink 6 of the remaining 11 variables
to a fixed effect.
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TABLE 2. Parameters of the mixture model for the scapula data, part II.

Comp. y3c y6a y6b y10 y13b y13d y14a y14b y15

#1 1.27 0.81 0.77 2.52 3.15 2.00 2.11 4.76 4.92
#2 1.27 0.81 -0.06 2.52 3.15 -5.81 2.11 1.77 4.92
#3 1.27 0.81 0.99 2.52 3.15 2.28 2.11 8.79 4.92
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Meier, L., van de Geer, S., Bühlmann, P. (2008). The group lasso for lo-
gistic regression. Journal of the Royal Statistical Society, Series B,
70, 53 – 71.

Khalili, A., Chen, J. (2007). Variable Selection in Finite Mixture of Re-
gression Models. Journal of the American Statistical Association,
102, 1025 – 1038.
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Abstract: Parsimonious estimation of high–dimensional covariance matrices is
of fundamental importance in multivariate statistics. Typical examples occur in
finance, where the instantaneous dependence between several asset returns has
to be taken into account. Multivariate GARCH processes have been established
as a standard approach for modelling such data. However, estimation in this case
involves several computational complexities. As an alternative, we put forward
the idea of Cholesky decomposition, initially proposed in the context of longitu-
dinal studies. We revisit the Cholesky decomposition approach in a time series
framework where individual volatilities are modeled through the application of
log-GARCH models. Simulation results show that the reparameterized covariance
matrix estimate is of the same order of accuracy as the estimates obtained by
traditional stochastic volatility models, such as the CCC- and DCC-GARCH.

Keywords: Cholesky decomposition; covariance matrix; GARCH.

1 Introduction

During the last three decades, parsimonious modelling of covariance struc-
tures has received increased interest (see for example Tsay, 2010) because of
two important challenges that need to be addressed: the covariance matrix
Σ has to be positive definite and might be high-dimensional. The complex-
ity of the problem increases sharply with the number of correlated series or
groups under study. A typical example is the case of multivariate volatility
in finance where the number of covariance matrices to be estimated is the
same as the number of observations.
Several multivariate extensions of the univariate GARCH models have been
proposed in the literature. Early variants of multivariate GARCH models
heavily depend upon a growing number of free parameters. More recent
variants (see for example Francq and Zakoian, 2010, Chap.11), are either
based on strong assumptions, that may not be realistic, or require restric-
tions that are often not met in practice.
Such problems are resolved simultaneously by employing the idea of
Cholesky decomposition of a covariance matrix. More specifically, the
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Cholesky decomposition provides statistically meaningful and uncon-
strained parameterizations and it also guarantees the positive definiteness
of the estimated covariance matrix (Pourahmadi, 1999). For the case of
multivariate time series, see Tsay (2010, Chap.10), Dellaportas and Pourah-
madi (2012) and Lopes et al. (2012).
We combine the ideas of Cholesky decomposition

TtΣtT
′

t = Dt or Σt = T−1
t Dt(T

−1
t )

′
(1)

and asymmetric log-GARCH models (Francq et al. 2012) for the estimation
of time-varying variances and covariances of a vector of correlated time se-
ries. Modelling the diagonal entries of Dt using log-GARCH models comes
as a natural choice since working with log Dt achieves the positive definite
constraint of Σt. Equation (1) will be explained in more detail below.
Section 2 summarizes the basic idea of Cholesky decomposition. In Section
3 we briefly describe the asymmetric log-GARCH(p,q) model. Section 4 in-
troduces the suggested modelling approach. Some preliminary simulations
are reported in Section 5.

2 The Cholesky decomposition

The Cholesky decomposition of a symmetric matrix Σ is based on equation
(1); see Pourahmadi (1999). We use the fact that a symmetric matrix Σ
is positive definite if and only if there exists a unique lower triangular
matrix T, with 1’s as diagonal entries, and a unique diagonal matrix D
with positive diagonal entries such that

TΣT
′

= D. (2)

In the time series framework, a different covariance matrix Σt has to be
estimated at each time point t = 1, . . . , n and hence n equations of type (2)
should be formed. For reparameterization of Σt using (2) and interpretation
of the entries of the matrices Tt and Dt, the idea of regression is the
basic tool (Pourahmadi, 1999; Tsay, 2010, Chap.10). More specifically, for
a given time point t, let Yt = (Y1;t, . . . , Ym;t) be a generic random vector
with mean zero and positive–definite covariance matrix Σt, where m stands
for the dimensionality of the multivariate series. The linear least squares
regression of Yj;t, j = 1, . . . ,m on its predecessors Y1;t, . . . , Yj−1;t, is defined
as

Yj;t =

j−1∑
k=1

φjk;tYk;t + εj;t, j = 1, . . . ,m, (3)

where the regression coefficients φjk;t determined from Σt are uncon-
strained. The prediction error εj;t has variance Var(εjt) = d2

j;t. Succes-
sive prediction errors are uncorrelated so that the covariance matrix of
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εt = (ε1;t, . . . , εm;t)
′

is given by Dt = cov(εt) = diag(d2
1;t, . . . , d

2
m;t). Hence,

(3) can be written in matrix form as εt = TtYt, where Tt is a unit lower
triangular matrix with −φjk;t in the (j, k)th position, for j = 2, . . . ,m and
k = 1, . . . , j − 1. Then it follows that the unit lower triangular matrix Tt

diagonalizes Σt as in (1).

3 The log-GARCH model

The (asymmetric) log-GARCH(p,q) model is defined as

εt = σtηt (4)

log σ2
t = ω +

q∑
i=1

(αi+1{εt−i>0} + αi−1{εt−i<0}) log ε2t−i +

p∑
j=1

βj log σ2
t−j

where σt > 0 and ηt is a sequence of independent and identically distributed
(i.i.d.) variables with Eη0 = 0 and Eη2

0 = 1. When α+ = α− with α+ =
(α1+, . . . , αq+) andα− = (α1−, . . . , αq−), the usual summetric log-GARCH
is obtained. This formulation allows for asymmetric effects between positive
and negative asset returns (leverage effect), and it does not impose any
positivity restrictions on the volatility coefficients (Francq et al., 2012).

4 Modelling covariances via log-GARCH

Assume that Yt = (Y1;t, . . . , Ym;t) ∼ N(0,Σt) and TtΣtT
′

t = Dt, or equiv-

alently Σt = T−1
t Dt(T

−1
t )

′
, where Tt = (−φjk) is a unit lower triangular

matrix and Dt = diag(d2
1;t, . . . , d

2
m;t). Then, T−1

t D
1/2
t is the lower trian-

gular Cholesky decomposition of Σt such that TtYt ≡ εt ∼ N(0,Dt).
It follows that the joint normal distribution of Yt given its past, can be
expressed as a set of m recursive conditional regressions where

Y1;t ∼ N(0, d2
1;t), Yj;t ∼ N(

j−1∑
k=1

φjk;tYk;t, d
2
j;t), j = 2, . . . ,m (5)

To allow for a time-varying Σt without any restrictions, we define log d2
j;t,

j = 1, . . . ,m as a log-GARCH(1,1) model, i.e.

log d2
j;t = ωj + {αj+1{εj;t−1>0} + αj−1{εj;t−1<0}} log ε2j;t−1 + βj log d2

j;t−1

(6)
Equations (5) and (6) define our stochastic volatility model since availabil-
ity of φjk;t ≡ φjk’s and d2

j;t’s implies availability of Tt and Dt and hence
Σt can be reconstructed.
Estimates of the log-GARCH parameters are obtained by Quasi Maximum
Likelihood (QMLE). In particular, a QMLE of the vector of unknown
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parameters θ is defined as any solution θ̂n = arg minθ∈Θ Q̃n(θ) where
Q̃n(θ) =

∑n
t=r0+1

˜̀
t(θ)/n, ˜̀

t(θ) = ε2t/d̃
2
t (θ) + log d̃2

t (θ), r0 is a fixed in-

teger and log d̃2
t (θ) is recursively defined by (6). Details on the choice of

initial values, strong consistency and asymptotic normality of the QMLE
can be found in Francq et al. (2012).

5 Simulations

The forecasting performance of the suggested approach was assessed
through a small set of simulation experiments. Bivariate series of length
n = 500 were simulated as follows: Let Σ0 be the identity and Σ1 a (2× 2)
covariance matrix. We define Σt = (1−wt)Σ0 +wtΣ1 where wt are weights
of the form wt = (1− ct/n)/(1− c), t = 1, 2, . . . , n, and at each t we draw
Yt = (Y1;t, Y2;t) ∼ N(0,Σt). The constant c involved in the computation
of wt can be any real number and we have chosen c = 0.5.
Apart from the proposed Cholesky-log-GARCH model, the CCC- and
DCC-GARCH models of order (1,1), as well as a moving blocks approach
(see Lopes et al., 2012) were used for the purposes of comparison. Regard-
ing the moving blocks approach, at each time t, we compute the sample
covariance of q observations centered at t. We used q = 11, 31 and 75. At
both the left and right end of the data range, the block size is truncated
when it exceeds the observed time span. The sample covariance matrices
obtained in this way, served as estimates of the original Σt’s but they were
also used for the calculation of starting values for the GARCH-type models.
To measure the accuracy of a covariance matrix estimate Σ̂t, we used the

entropy loss and Kullback-Leibler loss, ∆1t = tr
(
Σ−1
t Σ̂t

)
− log

∣∣∣Σ−1
t Σ̂t

∣∣∣−
m and ∆2t = tr

(
Σ̂
−1

t Σt

)
− log

∣∣∣Σ̂−1

t Σt

∣∣∣ − m respectively. In each

setting we conducted 200 simulations. To compare the Cholesky-log-
GARCH model with alternative modelling approaches in each simula-

tion we defined δ
(CHOL−·)
i =

∑n
t=1

(
∆(CHOL)

it ≤ ∆
(·)
it

)
/n, where i = 1, 2,

(·) = MB,CCC,DCC and ‘CHOL’, ‘CCC’, ‘DCC’and ‘MB’ stand for the
Cholesky-log-GARCH, CCC-GARCH, DCC-GARCH and moving-blocks
approaches respectively. Following, we averaged over the total number of
simulations to get the final measures for the comparison of the forecasting
performances.
Results are summarized in Table 1. Almost all δi’s are greater than
50% implying that the Cholesky-log-GARCH model performs better than
the CCC-, DCC-GARCH and the moving blocks approach. As expected,
δ(CHOL-MB)

i is affected by the block’s size. In particular, increasing q im-
proves the forecasting performance of the moving blocks approach. How-
ever, even for large q’s the Cholesky-log-GARCH model still has a better
predictive ability. These results can be seen as an early indication that the



Pedeli et al. 329

suggested Cholesky-log-GARCH model is promising in terms of parsimo-
nious modelling of conditional covariances without violating the positive
definite constraint.

TABLE 1. Simulation results.

q
Σ

1
δ(

C
H
O

L
-)

1
(s

.e
.)

δ(
C
H
O

L
-)

2
(s

.e
.)

M
B

C
C

C
D

C
C

M
B

C
C

C
D

C
C

1
1

4
1
.8

0
.9

2
0

(0
.0

3
7
)

0
.6

8
2

(0
.1

4
3
)

0
.5

9
0

(0
.1

4
1
)

0
.9

2
4

(0
.0

3
3
)

0
.6

6
6

(0
.1

4
7
)

0
.5

7
0

(0
.1

4
4
)

1
.8

2

1
1

1
6

8
0
.9

2
7

(0
.0

3
6
)

0
.6

2
8

(0
.1

2
3
)

0
.6

3
4

(0
.1

2
1
)

0
.9

2
8

(0
.0

3
4
)

0
.6

1
8

(0
.1

2
6
)

0
.6

2
5

(0
.1

2
5
)

8
2
5

3
1

4
1
.8

0
.7

5
7

(0
.0

8
1
)

0
.6

7
3

(0
.1

3
5
)

0
.5

5
8

(0
.1

4
4
)

0
.7

6
4

(0
.0

7
9
)

0
.6

5
9

(0
.1

4
0
)

0
.5

3
9

(0
.1

5
0
)

1
.8

2

3
1

1
6

8
0
.7

7
7

(0
.0

9
7
)

0
.6

1
1

(0
.1

2
5
)

0
.6

1
5

(0
.1

2
9
)

0
.7

7
9

(0
.0

9
5
)

0
.6

0
0

(0
.1

3
0
)

0
.6

0
6

(0
.1

3
4
)

8
2
5

7
5

4
1
.8

0
.5

2
9

(0
.1

1
9
)

0
.6

7
4

(0
.1

4
9
)

0
.5

6
1

(0
.1

6
3
)

0
.5

3
4

(0
.1

2
0
)

0
.6

6
3

(0
.1

5
1
)

0
.5

4
4

(0
.1

6
7
)

8
2
5

7
5

1
6

8
0
.5

9
3

(0
.1

2
2
)

0
.6

1
9

(0
.1

1
1
)

0
.6

1
6

(0
.1

1
3
)

0
.5

9
3

(0
.1

2
3
)

0
.6

1
0

(0
.1

1
4
)

0
.6

0
8

(0
.1

1
7
)

8
2
5



330 Cholesky decomposition for multivariate volatilities

Acknowledgments: K. Fokianos and X. Pedeli are supported by a Leven-
tis Foundation grant. The authors would like to thank Christian Francq for
kindly providing part of the algorithm for the estimation of the log-GARCH
model.

References

Dellaportas, P., and Pourahmadi, M. (2012). Cholesky-GARCH models
with applications to finance. Statistics and Computing, 22, 849 – 855.

Francq, C., Wintenberger, O. and Zakoian, J. (2012). GARCH models
without positivity constraints: exponential or log GARCH? MPRA
Paper 41373, University Library of Munich, Germany.

Francq, C., and Zakoian, J. (2010). GARCH Models: Structure, Statistical
Inference and Financial Applications. John Wiley, New York.

Lopes, H., McCullogh, R., and Tsay, R. (2012). Cholesky Stochastic
Volatility Models for High-Dimensional Time Series. Technical
Report, Chicago Booth.

Pourahmadi, M. (1999). Joint mean-covariance models with applications
to longitudinal data: Unconstrained parameterization. Biometrika,
86, 677 – 690.

Tsay, R. (2010). Analysis of Financial Time Series (THIRD Edition).
John Wiley, New York.



A unifying framework for specifying
generalized linear models for categorical data

Jean Peyhardi1 2, Catherine Trottier1, Yann Guédon2
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Abstract: In the context of categorical data analysis, the case of nominal and
ordinal data has been investigated in depth while the case of partially ordered
data has been comparatively neglected. We first propose a new specification of
generalized linear models (GLMs) for categorical response variables which en-
compasses all the classical models such as multinomial logit, odds proportional
or continuation ratio models but also led us to identify new GLMs. This unifying
framework makes the different GLMs easier to compare and combine. We then
define the more general class of partitioned conditional GLMs for categorical re-
sponse variables. This new class enables to take into account the case of partially
ordered data by combining nominal and ordinal GLMs.

Keywords: categorical data analysis; generalized linear model; partitioned con-
ditional model; recursively partitioned categories.

1 Specification of generalized linear models for
categorical response variables

Let Y denote the response variable with J categories (J > 1) and
X = (X1, . . . , Xp) be a vector of explanatory variables in a general form
(a categorical variable being represented by an indicator vector). The def-
inition of a GLM includes the specification of a link function g which is
a C1-diffeomorphism from M = {(π1, ..., πJ−1) ∈ ]0, 1[J−1|

∑J−1
j=1 πj < 1}

to an open subset of RJ−1, between the expectation π = E[Y |X=x] =
(π1, ..., πJ−1)T and the linear predictor η = (η1, ..., ηJ−1)T . All the classi-
cal link functions g = (g1, . . . , gJ−1), described in the literature -see Agresti
(2002) and Fahrmeir and Tutz (2001)- share the same structure which we
propose to write as

gj = F−1 ◦ rj , j = 1, . . . , J − 1,

where F is a continuous and strictly increasing cumulative density function
(cdf) and r = (r1, . . . , rJ−1)T is a C1-diffeomorphism from M to an open
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subset of ]0, 1[J−1. Thus we have

rj(π) = F (ηj) , j = 1, . . . , J − 1.

In the following we describe in more details the components r, F and η.

Ratio r: The linear predictor η is not directly related to the expectation
π but to a particular transformation r of the vector π which we call the
ratio. In the following we will consider four particular C1-diffeomorphism.
The adjacent, sequential and cumulative ratios are respectively defined by
πj/(πj+πj+1), πj/(πj+. . .+πJ) and π1+. . .+πj for j = 1, . . . , J−1, assume
order among categories but with different interpretations. The reference
ratio, defined by πj/(πj + πJ) for j = 1, . . . , J − 1, is mainly useful for
nominal response variables.

Latent variable cdf F : The most commonly used symmetric distribu-
tions are the logistic and Gaussian distributions but the Laplace and Stu-
dent distributions may also be useful. The most commonly used asymmetric
distributions are the Gumbel max and Gumbel min distributions. Playing
on the symmetrical or asymmetrical character and the more or less heavy
tails may markedly improve the model fit. In applications the Student(d)
distribution will be approximated by a Gaussian distribution when d > 30.

Linear predictor η: It can be written as the product of the design matrix
Z and the vector of parameters β (Fahrmeir and Tutz, 2001). Each explana-
tory variable can have its own design effect. For example, if X1 has a global
effect, X2 a local effect, . . . and Xp a global effect, the corresponding design
matrix, with J − 1 rows, is

Z =


1 xT1 xT2 xTp

1 xT1 xT2 xTp
. . .

...
. . . . . .

...
1 xT1 xT2 xTp

 .

This design will be denoted by the tuple (global, local,. . ., global) and a sin-
gle word global or local will denote the same design for all the explanatory
variables X1, . . . , Xp.

Finally, we propose to specify a particular GLM for categorical response
variables by the (r, F, Z) triplet with

r(π) = F(Zβ),

where F(η) = (F (η1), . . . , F (ηJ−1))T .

This specification eases the comparison of GLMs for categorical response
variables; see examples in Table 1. Moreover, it enables to define an enlarged
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TABLE 1. (r, F, Z) specification of some classical GLMs for categorical response
variables.

Multinomial logit model

P (Y = j) =
exp(αj + xT δj)

1 +
∑J−1
k=1 exp(αk + xT δk)

(reference, logistic, local)

Odds proportional logit model

log

{
P (Y ≤ j)

1− P (Y ≤ j)

}
= αj + xT δ (cumulative, logistic, global)

Proportional hazard model
(Grouped Cox Model)

log {− logP (Y > j)} = αj + xT δ (cumulative, Gumbel min, global)

Adjacent logit model

log

{
P (Y = j)

P (Y = j + 1)

}
= αj + xT δj (adjacent, logistic, local)

Continuation ratio logit model

log

{
P (Y = j)

P (Y > j)

}
= αj + xT δj (sequential, logistic, local)

set of GLMs for nominal response variables by {(reference, F, Z)} triplets,
which includes the multinomial logit model. GLMs for nominal and ordinal
response variables are usually defined with different design matrices Z; see
the first two rows in Table 1. Fixing the desing matrix Z may ease the
comparison of GLMs for nominal and ordinal response variables.
Finally, a single estimation procedure based on Fisher scoring algorithm
can be applied to all the GLMs specified by (r, F, Z) triplets. Using the
chain rule, the score function can be separated into two parts where the
first depends on the triplet (r, F, Z), whereas the second does not.

∂l

∂β
= ZT

∂F

∂η

∂π

∂r︸ ︷︷ ︸
(r,F,Z) dependant part

Cov(Y |X = x)−1 [y − π]︸ ︷︷ ︸
(r,F,Z) independent part

.
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2 Partitioned conditional GLMs for categorical
response variables

The main idea is to recursively partition the J categories and then to spec-
ify a GLM for each partition. Such combinations of GLMs have already
been proposed such as the two-step model of Morawitz and Tutz (1990),
that combines sequential and cumulative models, or the partitioned condi-
tional model for partially ordered set (POS-PCM) of Zhang and Ip (2012)
that combines multinomial logit and odds proportional logit models. Our
proposal can be seen as a generalization of POS-PCMs that benefits from
the genericity of the (r, F, Z) specification. In particular, our objective was
not only to propose GLMs for partially-ordered response variables but also
to differentiate the role of explanatory variables for each partition of cate-
gories using for instance different design matrices.

Definition: Let J ≥ 2 and 1 ≤ k ≤ J − 1. A k-partitioned conditional
GLM for categories 1, . . . , J is defined by:

• A partition tree T of {1, . . . , J} with V∗, the set of non terminal
nodes of cardinal k. Let ΩVj be the children of node V ∈ V∗.

• A collection {(rV , FV , ZV (xV )) | V ∈ V∗} of GLM(s) for each
conditional probability vector πV = (πV1 , . . . , π

V
JV −1), where πVj =

P (Y ∈ ΩVj |Y ∈ V,XV = xV ) for j = 1, . . . , JV .

Model estimation: It can be shown that the log-likelihood of partitioned
conditional GLMs can be decomposed into components such that each com-
ponent can be maximised individually because GLMs attached to each par-
tition of categories do not share common regression coefficients (Zhang and
Ip, 2012). Each component corresponds to the partition of a parent node
V ∈ V∗, and therefore, each GLM (rV , FV , ZV (xV )) can be estimated
separately using the procedure described in Section 1.

3 Application to back pain prognosis

Doran and Newell (1975) describe a back pain study with 101 patients.
The response variable y was the assessment of back pain after three weeks
of treatment using the six ordered categories: worse, same, slight im-
provement, moderate improvement, marked improvement, complete relief.
The three selected explanatory variables observed at the beginning of the
treatment period were x1 = length of previous attack (1=short, 2=long),
x2 = pain change (1=getting better, 2=same, 3=worse) and x3 = lordosis
(1=absent/decreasing, 2=present/increasing).
The best model we obtained for this data set was a 2-partitioned condi-
tional GLM (log-likelihood of −151.36 with 9 parameters); see figure 1.
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Anderson (1984) obtained a log-likelihood of −154.39 with 9 parameters
for the stereotype model. This gain is mainly due to the modularity of par-
titioned conditional GLMs (change of ratio r and design matrix Z between
the two partitions).

FIGURE 1. Representation of a 2-partitioned conditional GLM (partition tree
T of six response categories and two associated GLMs for categorical response
variables)
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Abstract: We consider a sparse factor regression model for interpretable par-
tition of variation in multiple responses. The variability is separated into three
components: the one (a) attributable to shared latent variables, (b) explained by
a set of explanatory variables, and (c) idiosyncratic to each response. The model
augments the exchangeable regressions approach by adding a latent factor struc-
ture, which allows for dependent patterns of marginal covariance between the
responses. In order to enable identification of a parsimonious structure, we im-
pose spike and slab priors on the individual entries in both the factor loading and
regression matrices. The computation is carried out by an EM algorithm, which
typically converges much faster than sampling schemes. The model is applied to
a problem of integrating two genomic datasets, where expression of microRNA’s
is related to expression of genes with underlying connectivity pathway network.
The model allows simultaneous identification of likely pathway groupings as well
as functional gene-microRNA interactions.

Keywords: EM algorithm; Factor Analysis; Sparsity; Spike and Slab.

1 Factor Regression Model Structure

The data setup under consideration consists of a n × G matrix Y =
[y1, . . . ,yn]′ containing n observations on G related genes and a n × p
predictor matrix X = [x1, . . . ,xn]′. The columns in X and Y have been
centered and X further standardized to have unit column-wise variances.
We assume throughout that yi’s arise as independent realizations from a
latent factor regression model with a linear mapping representation using
observed explanatory variables as well as unobserved (latent) factors. Given
ωi, a (d× 1) vector of latent variables for the case i, we assume

f(yi | ωi,A,B,Σ) = NG(Axi +Bωi,Σ), 1 ≤ i ≤ n, (1)

where the G × p matrix A consists of unknown regression coefficients,
Σ = diag{σ2

j }Gj=1 is a diagonal matrix of unknown positive scalars and
the G × d matrix B contains factor loadings weighting the contributions
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of individual factors in gene expression. Following the standard assump-
tion, the latent vectors are considered to arise through random sam-
pling from Gaussian distribution Nd(0, σ

2
ω Id). The equation (1) induces

a corresponding Gaussian distribution for observations f(yi | A,B,Σ) =
NG(Axi,BB

′+Σ), 1 ≤ i ≤ n, which permits dependent patterns of covari-
ance among yi attributable to the common latent factors. The factor model
(1) is not identifiable without further constraints. Following a common con-
vention, we assume that B has a full-rank lower triangular structure with
unit elements on the diagonal and σ2

ω = 1.

2 Sparsity Modeling with Spike and Slab Priors

The Bayesian approach to defining sparse factor and regression structures
uses priors on the elements in B = {bjl}G,dj,l=1 and A = {ajl}G,pj,l=1 that in-
duce either zeroes or values close to zero with high-probability. We take the
latter approach, exploiting the continuous relaxation of a point-mass mix-
ture prior (George and McCulloch (1993)). Denote [A,B] = [β1, . . . ,βG]′,
where

βj = (a′j , b
′
j)
′ = (aj1, . . . . . . . . . , ajp︸ ︷︷ ︸

regression coefficients

, bj1, . . . , bjd︸ ︷︷ ︸
factor loadings

)′, 1 ≤ j ≤ G.

Then each βj is assigned a conjugate Gaussian mixture prior

π(βj) ∼ Np+d(0, σ
2
jDj)

where Dj = diag{(1 − γjl)v0l + γjlv1l}p+dl=1 and v0l (resp. v1l) takes two
different values v0a and v0b (resp. v1a and v1b) depending whether 1 ≤
l ≤ p or p + 1 ≤ l ≤ p + d. The hyper-parameters 0 < v0a < v1a (resp.
0 < v0b < v1b) are set to be small and large to distinguish the βjl values
which warrant a functional relationship between j-th response and l-th
predictor (resp. factor). Here

γj = (γj1, . . . . . . . . . , γjp︸ ︷︷ ︸
predictor indicators

, γjp+1, . . . , γjp+d︸ ︷︷ ︸
factor indicators

)′, 1 ≤ j ≤ G,

denotes a vector of inclusion indicators, which characterizes the binary se-
lection status of each predictor/factor. To define the joint prior distribution
on Γ = (γ1, . . . ,γG)′, we use a hierarchical prior which allows different oc-
currence probabilities θ = (θ1, . . . , θp+d)

′ of non-zero elements in the differ-
ent columns of [A,B] and assumes that all indicators in Γ are column-wise
exchangeable. In particular,

π(Γ) =

p+d∏
l=1

θ
∑G
j=1 γjl

l (1− θl)G−
∑G
j=1 γjl .

To complete the specification, θl’s are assigned Beta distribution B(a, b)
and for σ2

j we assume independent Inverse Gamma priors IG(η/2, ηλ/2).
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3 EM Algorithm for Sparse Bayesian Factor
Regression

As an alternative to stochastic search, we pursue a deterministic approach
to finding modes of the posterior distribution π(A,B,Σ,θ |Y ) using an EM
algorithm, treating both Ω = [ω1, . . . ,ωn]′ and Γ as “missing data”. We
combine the EM algorithm for estimation in probabilistic principal compo-
nents (Tipping and Bishop (1999)) together with EM-based Bayesian vari-
able selection method in linear regression using the mixture priors (Rockova
and George (2012)). The EM algorithm locates posterior modes by itera-
tively maximizing the objective function:

Q (A,B,θ,Σ) = EΓ,Ω|·

log π

 A,B,Σ,θ︸ ︷︷ ︸
unknown parameters

,

missing data︷︸︸︷
Γ,Ω | Y︸︷︷︸

observed data


 ,

where EΓ,Ω|·(·) denotes the conditional expectation given observed data
and current parameter estimates at the k-th iteration.

3.1 Closed Form E-step

The E-step entails computation of a conditional mean and covariance of the
latent data in Ω and the conditional expectation of the matrix of indicators
Γ. These can be evaluated according to:

〈ωi〉 = M (k)B(k)′Σ(k)−1
(
yi −A(k)xi

)
,

M (k) =
(
B(k)′Σ(k)−1B(k) + Id

)−1

,

〈γjl〉 =
N(β

(k)
jl ; 0, σ

(k)2
j v1l)θ

(k)
l

N(β
(k)
jl ; 0, σ

(k)2
j v1l)θ

(k)
l + N(β

(k)
jl ; 0, σ

(k)2
j v0l)(1− θ(k)

l )
.

3.2 Closed Form M-step

Denote yj the j-th column in Y , || · || the l2 norm, 〈Ω〉 = [〈ω1〉, . . . , 〈ωn〉]′

and D?
j =

(
0 0
0 M (k)

)
+ diag{〈γjl〉/v1l + (1− 〈γjl〉)/v0l}p+dl=1 . The M-step

consists of updates (for j > d):

β
(k+1)
j =

(
[X, 〈Ω〉]′[X, 〈Ω〉] +D?

j

)−1
[X, 〈Ω〉]′yj ,

σ
(k+1)
j =

√
||yj − [X, 〈Ω〉]β(k+1)

j ||2 + ||D?1/2
j β

(k+1)
j ||2 + νλ

n+ p+ d+ ν
,

θ
(k+1)
l =

∑G
j=1〈γjl〉+ a− 1

a+ b+G− 2
,
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For j ≤ d, each vector β
(k+1)
j is confined by the lower triangular structure

in the factor loading matrix and can be obtained again as a ridge regression
solution, only with a restricted predictor matrix and a modified response.

The updates σ
(k+1)
j change correspondingly.

4 Recovering Sparsity

Sparsity in the matrices Â and B̂ can be recovered by thresholding es-
timates that are small in magnitude. This is equivalent to screening out

coefficients β̂jl with a small conditional posterior inclusion probability, e.g.
according to a local median probability model rule P(γjl = 1 | ·) < 0.5.
These conditional probabilities are easily obtained as a by-product of the
EM algorithm.

5 Simple Simulated Example

In this simulated example, n = 100 observations were drawn from a
G = 200 dimensional factor regression model (1) with p = 10 predictors
and d = 5 factors. The rows of the regression matrix X were drawn inde-
pendently from N10(0, I). We set σj ’s to one. The matrix B equals Id⊗140

apart from the diagonal elements bkk, which are set to one. The columns
of A were drawn independently from a Bernoulli distribution with success
probabilities {(j − 1) × 0.1}10

j=1. We consider unit starting values for ele-

ments in A(0),B(0) and σ
(0)
j ’s. We set v0a = v0b = 0.1, v1a = v1b = 100 and

η = λ = a = b = 1. We run the EM algorithm assuming d = 3, 5, 7. The
heatmap of [A,B] and the posterior inclusion probability matrix Γ̂ for the
true number of factors d = 5 is given in the upper left and right panels
in Figure 1. The 0.5 thresholding rule yields 14 false negatives in deter-
mining the true pattern of sparsity in [A,B]. We further observe that (a)
under-determining the factor dimension (assuming d = 3) leads to more
false negatives in the matrix A (lower left panel in Figure 1), (b) over-
determining the factor dimension (assuming d = 7) leads the same number

of false negatives in A, where the estimates θ̂ indicate the redundancy of
the last two factors (lower right panel in Figure 1).

6 Data Analysis

We analyze data collected at the Department of Hematology at Eras-
mus MC Rotterdam on patients with acute myeloid leukemia (AML). The
212 cases were analyzed for (1) the expression of M = 177 microRNA’s
using quantitative PCR, (2) gene expression using Affymetrix Human
Genome Gene-Chips. Only G = 2 087 genes that were involved in com-
mon pathways (according to the KEGG database) were analyzed. Setting
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FIGURE 1. Heatmap of true regression coefficients (upper left) and conditional posterior

inclusion probabilities (upper right d = 5, lower left d = 3, lower right d = 7), θ or θ̂ above

each column

d = 20, v0a = 1, v0b = 0.5 and v1a = v1b = 100 we obtain a sparse net-
work consisting of 494 gene-microRNA and 162 gene-factor associations
involving 33 microRNA’s, 495 genes and 3 factors. The association matrix
(obtained after thresholding Γ̂ based on the 0.5 threshold) is depicted in
Figure 2. MicroRNA’s known to be associated with either a clinical out-
come in AML (miR-181 family) or specific AML subtypes (miR-10, miR-26
and miR-196 families) are marked in red.

7 Discussion

We considered a sparse factor regression model to discern putative asso-
ciations between microRNAs and genes, while simultaneously unraveling
likely pathway structure. The model differs from similar proposals (Car-
valho et al. (2008)) in the choice of the continuous variable selection prior
and the fast EM-based deterministic strategy for the computation.
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FIGURE 2. Results of the factor regression model applied on the AML data
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Abstract: In this work a new computational algorithm for estimating a multi-
variate P-spline model with anisotropic penalizations is presented. Our proposal
is based on the mixed model representation of a multivariate P-spline, in which
the smoothing parameter for each covariate becomes a ratio between variances.
On the basis of the restricted maximum likelihood (REML), we obtain closed-
form expressions for the variance components estimators. This formulation leads
to an efficient implementation that can considerably reduce the computational
load. The proposed algorithm can be seen as a generalization of the algorithm by
Schall (1991) - for variance components estimation - to deal with non-standard
structures of the covariance matrix of the random effects. Finally, we illustrate
our proposal with historical records of monthly precipitation data.

Keywords: Smoothing; P-splines; Anisotropic penalization; Mixed Models

1 Introduction

In this paper, for the sake of illustration we focus our attention on a bi-
variate P-spline with B-splines basis and difference penalties (Eilers and
Marx, 1996). However, the proposed algorithm can be easily extended to
the multivariate case, and any basis and quadratic penalty combination
can be also accomodated.
Consider a bivariate regression problem

yi = f (xi1, xi2) + εi ∼ N
(
0, σ2

)
, i = 1, . . . , n. (1)

where f is a smooth and unknown function. Within the P-spline frame-
work of Eilers and Marx (1996, 2003), the unknown surface f(x1, x2) can
be approximated by the tensor product of two univariate B-splines, i.e.,
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f(x1, x2) =
∑d1
j=1

∑d2
k=1 θjkB

1
j (x1)B2

k (x2). In matrix notation, model (1)
is then expressed as

y = Bθ + ε, (2)

where B = B2�B1 (with � denoting the ‘row-wise’ kronecker product),
and θ = (θ11, · · · , θd11, · · · , θd1d2)

′
. By assuming an anisotropic penaliza-

tion (i.e. a different amount of smoothing for x1 and x2), the penalty matrix
is given by

P̆ = λ1Id2 ⊗D′1D1 + λ2D
′
2D2 ⊗ Id2 ,

where Di is a matrix that forms differences of order qi, (i = 1, 2) and ⊗
denotes the kronecker product.
Under this representation, the P-spline approach is based on minimizing the
penalized least-squares function S (θ; y, λ1, λ2) = ‖y −Bθ‖ + θ′P̆θ, with
the smoothing parameters being selected (usually within a 2D - grid) using
some criteria such as (generalized) cross-validation, the Akaike information
criterion or the Bayesian information criterion. However, this search can be
very expensive to compute, specially for large datasets.
A different approach for estimating model (2) is to use the equivalence be-
tween P-splines and mixed models (Currie et al., 2006). However, under the
mixed-model formulation of a bivariate P-spline with anisotropic penaliza-
tions, the covariance matrix of the corresponding random effects has a non
- standard form, with a block involving both the smoothing parameters λ1

and λ2. This feature, makes model estimation unfeasible using standard
mixed modelling software. Although estimation can be done by numerical
maximization of the (restricted) log - likelihood (ML or REML), it has also
the drawback of being computationally demanding.
In this work, we present a new computational algorithm for estimating a
bivariate P-spline with anisotropic penalizations on the basis of the mixed
model formulation. Following the ideas presented in Harville (1977) and
Schall (1991), we derive closed-form expressions for the variance compo-
nents estimators, based on REML. The algorithm is, therefore, straight-
forward to implement in practice. Moreover, some characteristics of the
derived expressions can be used to improve even further the computational
time, thus rendering very good computing times. Finally, our approach al-
lows to obtain the total effective dimension of the fitted bivariate function
f in (1) as the sum of components related to each covariate x1 and x2.

2 Computational algorithm

Let us consider the mixed model representation of model (2):

y = Xβ + Zα+ ε, with α ∼ N (0,G) and ε ∼ N
(
0, σ2In

)
.

Using the 2D reparameterization of model (2) based on the Singular Value
Decomposition (SVD) of the marginal penalties D′iDi (i = 1, 2) (see Lee
and Durbán, 2011), the random effects covariance matrix G has inverse
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G−1 =


1
τ2
2
Σ̃2 ⊗ Iq1

1
τ2
1
Iq2 ⊗ Σ̃1

1
τ2
2
Σ̃2 ⊗ Id1−q1 + 1

τ2
1
Id2−q2 ⊗ Σ̃1

 ,

where Σ̃i are the non-zero eigenvalues of D′iDi (i = 1, 2), τ2
1 = λ1

σ2 and

τ2
2 = λ2

σ2 . It is important to notice that using the SVD, G−1 is a diagonal
matrix, then

G = diag

(
1

{G−1}ll

)
,

where {·}ll denotes the lth diagonal element of G−1.

2.1 Fixed and random effects parameters estimation

By Theorem 2 in Harville (1977), β̂ and α̂ are estimated as:

β̂ =
(
X′V−1X

)−1
X′V−1y,

α̂ = GZ′Py, (3)

where
V = σ2In + ZGZ′,

and
P = V −1 − V −1X

(
X′V −1X

)−1
X ′V −1.

2.2 Variance components estimation

The variance components estimators are obtained by maximizing the re-
stricted log-likelihood

l∗ = −1

2
log |V | − 1

2
log |XV −1X| − 1

2
(y −Xβ̂)′V −1(y −Xβ̂).

Given that G is a diagonal matrix, we find that the partial derivatives of
l∗ with respect to the variance components τ2

i (i = 1, 2) are

2
∂l∗

∂τ2
i

= − 1

τ2
i

trace

(
Z′PZG

Λi

τ2
i

G

)
+

1

τ4
i

α̂′Λiα̂, (4)

where

Λ2 =

Σ̃2 ⊗ Iq1
~0q2(d1−q1)

Σ̃2 ⊗ Id1−q1

 ,

Λ1 =

~0q1(d2−q2)

Iq1 ⊗ Σ̃1

Id2−q2 ⊗ Σ̃1

 .
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By equating expression (4) to zero, the estimators of the variance compo-
nents are then obtained:

τ̂2
i =

α̂′Λiα̂

edi
, (5)

where

edi = trace

(
Z′PZG

Λi

τ2
i

G

)
,

and

σ̂2 =
‖y −Xβ̂ − Zα̂‖2

n−
∑2
i=1 edi − p

, with p = ncol(X).

2.3 Remarks

It should be noted that the sum of the effective dimensions involved in the
estimation of the variance component τ2

1 and τ2
2 (see (5)) corresponds to

the effective dimension of the penalized part (or random part) of the fitted
surface:

ed1 + ed2 = trace

(
Z′PZG

Λ1

τ2
1

G

)
+ trace

(
Z′PZG

Λ2

τ2
2

G

)
= trace (Z′PZG)

= trace (ZGZ′P )

= trace (HRandom)

where HRandom denotes the hat matrix of the random part (see (3)).

3 Application to precipitation data

We have applied the proposed computational algorithm to a dataset con-
taining weather observation records compiled in the United States of Amer-
ica (USA). The data came from the National Climatic Data Center (NCDC)
of the USA, and contain monthly total precipitation (in millimeters) from
January 1895 to December 1997. For illustration purposes, we focus our
analysis on estimating the spatial pattern of precipitation for April 1948 in
the USA. Specifically, the dataset comprises a total of 11918 records.
For each record, the longitude-latitude position of monitoring stations is
provided, jointly with the monthly total precipitation in millimeters and a
standardization of this raw observation, called anomaly (see Johns et al.
2003). From these 11918 records, only 5906 correspond to stations where
monthly total precipitation values were observed, and the remainder 6012
correspond to missing station precipitation values, that have been filled in
using spatial statistics (Johns et al. 2003). We therefore restricted our anal-
ysis to the 5906 true records. Figure 1 shows the raw data of the monthly
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FIGURE 1. Raw data the monthly precipitation anomalies in USA for April
1948.

precipitation anomalies in USA for April 1948. We fitted model (1) us-
ing our aproach, with second order penalties and 40 inner knots for each
marginal cubic B-spline basis. The fitted surface is shown in Figure 2. The
effective dimension for longitude and latitude was 287.297 and 397.043
respectively. As regards the computing time, the algorithm took 357.57
seconds with a 2.40GHz Intel Core i5 processor and 4GB of RAM.
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FIGURE 2. Estimated spatial pattern of the monthly precipitation anomalies in
USA for April 1948.

For comparison purposes, we also analised this dataset using the bam func-
tion in R-package mgcv (version 1.7-22)(Wood, 2006; R Development Core
Team, 2013). bam function has been specially designed to deal with very
large datasets. As before, we chosen second order penalties and 40 in-
ner knots for each marginal cubic B-spline basis, and the REML criterion
(method = "fREML") was used for the automatic selection of the smooth-
ing parameters (Wood, 2011). The fitted model had an effective dimension
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of 744.6, and the computing time achieved by this approach was 1152.13
seconds, about 3.2 times more than with using our algorithm.
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Abstract: The aim of this contribution is to discuss recent advances in ap-
proximate Bayesian computation based on the asymptotic theory of modified
log-likelihood ratios. Some new results for a vector parameter of interest are pre-
sented. These approximations may routinely be applied for Bayesian inference,
since little more than standard likelihood quantities is required for their imple-
mentation, and hence they may be available at little additional computational
cost over simple first-order approximations. In particular, they can be used to de-
fine accurate Bayesian credible sets with good frequentist properties. The method
is illustrated by an example.
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1 Introduction

The aim of this contribution is to discuss recent advances in approximate
Bayesian computation based on the asymptotic theory of modified log-
likelihood ratios for a vector of parameters. We show that this theory pro-
vides asymptotic formulae for posterior Bayesian credible sets with accurate
frequentist coverage.
Higher-order approximations for posterior distributions based on modifi-
cations of likelihood roots have been widely discussed in the Bayesian lit-
erature; see, among others, Reid (2003), Sweeting (1996), Ventura et al.
(2013), and references therein. One appealing feature of these approxima-
tions is that they may routinely be applied for Bayesian inference, since they
require little more than standard likelihood quantities for their implemen-
tation, and hence they may be available at little additional computational
cost over simple first-order approximations.
In this paper, a new result for multivariate posterior distributions based on
modifications of the likelihood ratio is presented and its use for Bayesian
computation of credible sets is illustrated. Paralleling approximations for
univariate posterior distributions, the proposed results are based on the
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asymptotic theory of modified log-likelihood ratios and only routine maxi-
mization output is required for its implementation.
The paper is organized as follows. In Section 2, after a brief review of
higher-order Bayesian approximations for a scalar parameter, the proposed
extension for the multiparameter case is developed. In Section 3 the method
is illustrated by a numerical example. Concluding remarks are given in
Section 4.

2 An asymptotic formula for vector parameters

Consider a sampling model p(y; θ), with θ ∈ Θ ⊆ Rd, and let L(θ) =
L(θ; y) = exp{`(θ)} be the likelihood function based on data y. Given a
prior π(θ) for θ, Bayesian inference is based on the posterior distribution
π(θ|y) ∝ π(θ)L(θ).
Let us start from the simplest case d = 1. In many applications an approx-
imation of the posterior tail area∫ θ0

−∞
π(θ|y) dθ = Pr(θ ≤ θ0|y) (1)

is required. A higher order approximation of (1) can be derived as follows.
The first step is to consider the Laplace expansion of π(θ|y) in (1), given
by

π(θ|y) =̇
1√
2π
j(θ̂)1/2 exp{`(θ)− `(θ̂)}π(θ)

π(θ̂)
, (2)

where θ̂ is the maximum likelihood estimator (MLE) of θ, j(θ) is the ob-
served information and the equality holds with relative error of order of
O(n−1). Therefore, we obtain∫ θ0

−∞
π(θ|y) dθ

.
=

1√
2π

∫ θ0

−∞
j(θ̂)1/2 exp

{
−r(θ)

2

2

}
π(θ)

π(θ̂)
dθ, (3)

where r(θ) = sign(θ̂−θ)w(θ)1/2 is the likelihood root, with w(θ) = 2(`(θ̂)−
`(θ)) the log-likelihood ratio statistic.
The second step is to change the variable of integration from θ to r(θ). The
motivation for this change of variable is that, in terms of r(θ) the posterior
distribution is approximately equal to the standard normal density times a
suitable function of r. After the change of variable, with Jacobian dθ/dr =
−r/`′(θ), with `′(θ) = d`(θ)/dθ, we obtain∫ θ0

−∞
π(θ|y) dθ

.
=

1√
2π

∫ r0

−∞
exp

{
−r

2

2
− 2 log b(r)

}
dr, (4)
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where b(r) = j(θ̂) rπ(θ)

`′(θ)π(θ̂)
and r0 = r(θ0). The last step is a further

change of variable from r to r? = r − r−1 log b(r), so that −(r?)2 =
−r2 + 2 log b(r)− (r−1 log b(r))2. The Jacobian of this transformation and
the term (r−1 log b(r))2 contribute only to the error of (4) and it can be
shown that∫ θ0

−∞
π(θ|y) dθ

··
=

1√
2π

∫ r?0

−∞
exp

{
− (r?)2

2

}
dr? = Φ{r?0}, (5)

where Φ(·) is the standard normal distribution, r?0 = r0 + r−1
0 log b(r0)−1

and the symbol “
··
=” indicates that the equality holds with accuracy of

order O(n−3/2).
Form (5) an accurate (1−α) equi-tailed credible interval can be computed
as

CI1−α = {θ : |r?(θ)| ≤ z1−α/2}, (6)

where z1−α/2 is the (1 − α/2)-quantile of the standard normal density. In
general, the solution of r?(θ) = zα gives the approximate α-quantile of the
posterior distribution and, in particular, for α = 1/2 an approximation of
the posterior median is obtained.
A possible limitation of (5) is that it does not allow to compute moment-
based posterior summaries. Nevertheless, it can be used to simulate values
from the approximate marginal posterior; for more details see Ruli et al.
(2012).
In this contribution we are concerned on the extension of (6) in the presence
of many parameters (d > 1). Following the same steps of the scalar case,
consider first the Laplace approximation of π(θ|y). Second, a change of

variable form θ to a suitable statistic r = r(θ), such that w(θ) = 2(`(θ̂) −
`(θ)) = rT r, is considered. Third, a change of variable from r to r? =
r− δ(r), with δ(r) chosen to satisfy rT δ(r) = log b(r) for a suitably defined
b(r) is considered. We obtain

(r − δ)T (r − δ) = rT r − 2 log b(r) +O(n−2),

which is asymptotically χ2
d in large deviation regions., To compute the

second step we propose to use the signed root log-likelihood ratio trans-
formation defined in Sweeting (1996). In particular let θ = (θ1, . . . , θd) =

(θi, θ(i+1)), with θi = (θ1, . . . , θi) and θ(i+1) = (θi+1, . . . , θd). Let θ̂
(i+1)
θi be

the partial MLE of θ(i+1) given θi, and let θ̂j,θi be the jth component of

(θi, θ̂
(i+1)
θi ), for j > i. The signed root log-likelihood ratio transformation is

thus given by

r(θ) = (r1(θ), . . . , rd(θ)), (7)

with
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ri = sign(θi − θ̂i,θi−1)

√
2[`(θi−1, θ̂

(i)
θi−1)− `(θi, θ̂(i+1)

θi )], (8)

for i = 1, . . . , d. From (7) and (8), it follows that ri is a function of θi

and (7) is a one-to-one data-dependent transformation of θ, such that

exp{−rT r/2} = L(θ)/L(θ̂) (Sweeting, 1996). Moreover, for the Jacobian
of the transformation it holds∣∣∣∣drdθ

∣∣∣∣ =

d∏
i=1

∣∣∣∣∣`i(θi, θ̂
(i+1)
θi )

ri

∣∣∣∣∣ , (9)

where `i(θ) is the ith component of the score vector ∂`/∂θ, for i = 1, . . . , d.
Finally, after reparametrizing in terms of r in the second step and changing
the variable from r to r? in the third step, we obtain

w? = w?(θ) = rT r − 2 log b(r), (10)

with

b(r) = |j(θ̂)|1/2π(θ)

π(θ̂)

[
d∏
i=1

∣∣∣∣∣`i(θi, θ̂
(i+1)
θi )

ri

∣∣∣∣∣
]−1

.

Asymptotically, we have that w? ∼ χ2
d to order O(n−1) in large deviation

regions. To obtain a statistic which generalizes the scalar version r?(θ),
Skovgaard (2001) suggests the asymptotically equivalent approximation

w?? = w??(θ) = rT r

(
1− log b(r)

rT r

)2

, (11)

since, for d = 1, it holds w??(θ) = (r − r−1 log b(r))2 = (r?)2.
Extending (6) to the multivariate case, a (1−α) credible region (CR) from
w?? (or w?) may be defined as {θ : w?? ≤ χ2

d,1−α}, where χ2
d,1−α is the

(1− α)-th quantile of the χ2
d distribution.

3 An example: the gamma model

Let y be a sample of n observations from the gamma density Gamma(a, b),
with a = b = 1. For simplicity, the parameters are taken in logarith-
mic scale, i.e. θ = (log a, log b), and two different prior specifications are
considered: the flat prior π(θ) ∝ 1 and two independent normal priors
N(µ, 5)×N(µ, 5), with µ = {0, 2, 5}.
As a first illustration, a sample of n = 5 observations is taken, and
the improper uniform prior for θ is assumed. In this case, the 0.95 CR
computed with w? and w?? are compared with a Wald-type credible set
CRW = {θ : (θ − θ̃)T j(θ̃)(θ − θ̃) ≤ χ2

2,0.95}, an asymptotic deviance-type
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credible set CRD = {θ : −2 log π(θ|y)

π(θ̃|y)
≤ χ2

2,0.95}, and an exact deviance-

type credible set CRE = {θ : −2 log π(θ|y)

π(θ̃|y)
≤ c}, with c computed by

simulation, with θ̃ posterior mode.
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FIGURE 1. Gamma model with the flat prior.

These comparisons are shown in Figure 1, where the grey dots represents
posterior samples taken with importance sampling. Clearly, the Wald-type
CR is very misleading since the shape of the posterior is far from quadratic.
The w?? has similar shape to the exact and approximate deviance-type
CRs, although little stretched from the bottom-left side.
The effective posterior probability content of the various CRs, computed
over a large sample of posterior simulations, is 0.837 for Wald-type, 0.927
for the approximate deviance-type, 0.955 for w? and 0.953 for w??.
Lastly, a small simulation study is performed, through a sample of 104

Monte Carlo trials from the gamma model with a = b = 1, sample size
n = {5, 10}, normal priors with µ = {0, 2, 5}, as well as the flat prior. The
aim is to compare the empirical coverage of the various CRs as well as
their posterior probability contents over repeated sampling from the fixed
model. The posterior probability content is computed over a subset of 500
Monte Carlo trials, randomly selected from the full set of 104 samples.
The results are summarized in Table 1, from which it can be deduced that
Wald-type CRW perform quite poorly, both in terms of empirical coverages
and posterior probability contents. Deviance-type CRD perform better in
terms of posterior probabilities than coverages, whereas the credible sets
based on w?? are superior to both. An other striking feature the credible
sets based on w?? is their robustness with respect to µ. In fact, although the
empirical coverage tends to vary somehow with µ, the posterior probability
remains very close to the nominal value 0.95.

4 Concluding remarks

In this contribution we discuss a procedure to obtain approximate Bayesian
credible sets with the right posterior probability content and with accurate
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TABLE 1. Empirical coverage probabilities and empirical posterior probabilities
of the 0.95 w??, Wald-type (CRW ) and deviance-type (CRD) credible regions
over 104 and 500 Monte Carlo trials, respectively.

Sample Prior w?? CRW CRD

5

Flat 0.950 (0.952) 0.799 (0.831) 0.908 (0.923)
µ = 0 0.961 (0.955) 0.829 (0.853) 0.926 (0.931)
µ = 2 0.934 (0.952) 0.732 (0.862) 0.866 (0.933)
µ = 5 0.900 (0.951) 0.668 (0.873) 0.812 (0.935)

10

Flat 0.952 (0.951) 0.878 (0.894) 0.934 (0.939)
µ = 0 0.956 (0.952) 0.887 (0.899) 0.938 (0.940)
µ = 2 0.942 (0.951) 0.838 (0.902) 0.911 (0.941)
µ = 5 0.927 (0.950) 0.804 (0.906) 0.887 (0.942)

frequentist properties. These properties seem to hold regardless of the prior
used, although some priors may be more preferable than others. Other
possible applications are currently under examination.

Acknowledgments: This work was supported by a grant from the Uni-
versity of Padua (Progetti di Ricerca di Ateneo 2011) and by the Cariparo
Foundation Excellence-grant 2011/2012.
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Abstract: In the last decade, the joint modeling has rapidly developed in the
field of biostatistics and medical research to simultaneously study a longitudinal
marker and a correlated time-to-event. Among joint models, the shared random-
effects models, that define a mixed model for the longitudinal marker and a
survival model for the time-to-event in which characteristics of the mixed model
are included as covariates, received the main interest. Indeed, they extend nat-
urally the survival models with time-dependent covariates and offer a flexible
framework to explore the link between a longitudinal biomarker and a risk of
event. The objective of this work is to present the shared random-effect model
methodology, and illustrate their implementation and evaluation through a real
example from the study of prostate cancer progression after a radiation therapy.
In particular, different specifications of the dependency between the longitudinal
biomarker, the prostate specific antigen (PSA), and the risk of clinical recurrence
are investigated to better understand the link between these two processes. These
different joint models are compared in terms of goodness-of-fit and adequation
to the joint model assumptions but also in terms of predictive accuracy using the
expected prognostic cross-entropy. Indeed, in addition to better understand the
link between the PSA dynamics and the risk of clinical recurrence, the perspec-
tive in prostate cancer studies is to provide dynamic prognostic tools of clinical
recurrence based on the biomarker history.

Keywords: Dynamic predictions; Joint models; Predictive accuracy; Prognostic
cross-entropy; Prostate cancer; Shared random-effect models.
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1 Introduction

In longitudinal studies, repeated measurements of biomarkers and time-to-
event data are often collected. To assess the relationship between a longi-
tudinal biomarker and a time-to-event, joint models have been developed.
They allowed to eliminate the different sources of bias which are inherent
when using a classic Cox model with the biomarker included as a time-
dependent covariate. These models consist in simultaneously modeling the
longitudinal biomarker and the time-to-event processes and in characteriz-
ing their relationship. Therefore, they provide an interesting framework to
(i) assess the longitudinal trajectory of the biomarker and its association
with covariates without the bias introduced by the informative dropout, (ii)
assess the risk of event and its association with covariates, including the re-
peated measures of the biomarker and (iii) directly explore the association
between the longitudinal and survival processes.
The principle of joint models is to model the repeated measurements of
the biomarker using a mixed model, to model the risk of event using a
survival model and to link the two sub-models through a common latent
structure (Wulfsohn and Tsiatis, (1997)). This common latent structure
captures the association between the two processes, therefore conditionally
to the latent structure, the two processes are independent. There exist
two types of joint models for longitudinal and time-to-event data: shared
random effect models (continuous latent structure, the random effects) and
joint latent class models (discrete latent structure, latent classes).
In addition to evaluating the association between the longitudinal and sur-
vival processes, joint models also allowed the development of new types of
prediction tools that incorporate repeated measurements of biomarkers to
predict the risk of an event (Proust-Lima et al., (2012)). These prognostic
tools are dynamic and have the advantage of being updated at each new
available measurement of the biomarker.
In this context, the aim of this work is to present the shared random ef-
fects models and the dynamic prognostic tools that can be derived from
them. We considered different shared random-effect models which differ in
the form of the dependence between the longitudinal biomarker and event
risk and compared them in terms of goodness-of-fit and adequation to the
joint model assumptions but also in terms of predictive accuracy using the
expected prognostic cross-entropy (Commenges et al., (2012)). We illus-
trated this work on real data of progression of localized prostate cancer
after radiation therapy.

2 Shared random-effect models

2.1 Longitudinal submodel

Repeated measures of the biomarker are analyzed by a linear mixed model.
Specifically, we assume that the repeated measures Yi(tij) are noisy mea-
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sures of Y ∗i (tij) the true unobserved biomarker value for j = 1, ...ni at time
tij . We model the mean change over time of Y ∗i (tij) by taking into account
the correlation within the biomarker repeated measures of a same subject:

Yi(tij) = Y ∗i (tij) + εi(tij)

= Xli(tij)
T β + Zi(tij)

T bi + εi(tij) (1)

where Xli(tij) and Zi(tij) are vectors of time-dependent covariates asso-
ciated respectively with the vector of fixed effects β and the vector of
Gaussian random-effects bi with mean 0 and variance-covariance matrix
D. The vectors of errors of measurement εi = (εi(ti1), · · · , εi(tini))T are
assumed to follow independently a multivariate Gaussian distribution with
mean 0 and diagonal variance-covariance matrix Σi = σ2Ini ; εi and bi are
independent.

2.2 Survival submodel

The risk of event could be modelled using any survival model but in prac-
tice, proportional hazard models are mostly considered and defined as fol-
lows:

λi (t|Xei, bi) = λ0 (t) eX
T
ei γ+h(bi,t)

T η (2)

where λ0 (t) is the baseline hazard function, γ is the vector of coefficients
defining the association between the vector of covariates Xei and the sur-
vival time, and h(bi, t) is a multivariate function of the random-effects bi
defined in (1) and associated with the vector of parameters η. The coef-
ficients η measure the association between the longitudinal and survival
processes while h(bi, t) defines the nature of the dependence between the
two processes. In this work, we explore and compare different functions
h(bi, t).

2.3 Estimation of joint model

Shared random-effect models can be estimated within the maximum like-
lihood framework. Let θ be the whole vector of parameters defined in (1)
and (2). Using the assumption of independence between the longitudinal
and the survival processes conditionally to the random effects, the joint
log-likelihood of the observed data is:

l (θ) = log

[
N∏
i=1

(∫
bi

fY (Yi|bi; θ) fT (Ti|bi; θ) fb (bi; θ) dbi

)]

=

N∑
i=1

log

(∫
bi

fY (Yi|bi; θ) λi (Ti|bi; θ)Ei Si (Ti|bi; θ) fb (bi; θ) dbi

)
where fb and fY are multivariate Gaussian density functions of b and Y ;
λi(Ti|bi; θ) is the hazard function defined in (2) and taken at the observed time Ti
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(Ti = min(T ∗i , Ci), with T ∗i the actual time-to-event and Ci the censoring time,

and Ei = 1{T∗i ≤Ci} the indicator of event); Si(Ti|bi; θ) = e−
∫ Ti
0 λi(t|bi;θ)dt is the

derived survival function. This joint likelihood involves two integrals that are
usually approximated by Gauss-Hermite and Gauss-Kronrod quadratures (Ri-
zopoulos, (2010)).

3 Dynamic predictions

3.1 Dynamic prognostic tools

Individual dynamic predictions of the event can be derived from a joint model.
They consist in the individual predicted probability of event between times s and
s+ t given the biomarker data Y

(s)
i = {Yi(u), u ≤ s} collected until the time s of

prediction (Rizopoulos, (2011); Proust-Lima and Taylor, (2009); Proust-Lima et
al., (2012)):

pi(s, t; θ) = P
(
Ti ≤ s+ t|Ti ≥ s, Y (s)

i , Xi; θ
)

= 1−

∫
bi

fY (s)

(
Y

(s)
i |bi, Xi; θ

)
Si (s+ t|bi, Xi; θ) fb (bi; θ) dbi∫

bi

fY (s)

(
Y

(s)
i |bi, Xi; θ

)
Si (s|bi, Xi; θ) fb (bi; θ) dbi

From this, dynamic prognostic tools can be constructed: at a time s of prediction,
for a new subject i with biomarker history Y

(s)
i and covariates Xi, a dynamic

prognostic tool can be computed as the predicted probability of event defined in
(3) and computed with the parameter estimates θ̂ obtained on a large dataset.
An alternative is to use a Monte-Carlo method to approximate the distribution of
the predicted probability of event. In other words, a large set of θ(b) (b = 1, ..., B)
can be generated from the asymptotic distribution of the parameter estimates

N
(
θ̂, V̂(θ̂)

)
, with V̂(θ̂) the variance of the parameter estimates; and pi(s, t; θ

(b))

can be computed. The median of pi(s, t; θ
(b)) gives a point estimate over the

B draws while the 2.5% and 97.5% percentiles give the 95% confidence bands
(Proust-Lima et al., (2012)).

3.2 Evaluation of the predictive accuracy

To evaluate the predictive accuracy of dynamic prognostic tools, we used a
measure from the information theory, the expectation prognosis observed cross-
entropy (EPOCE) (Commenges et al., (2012); Proust-Lima et al., (2012)). It is

defined as E
[
− log

(
fT |Y (s),T∗≥s(T )

)
|T ∗ ≥ s

]
where fT |Y (s),T∗≥s is the condi-

tional density of the time-to-event given the history of the marker until the time
of prediction s.
The EPOCE can be estimated on external data as well as the data used to
estimate the model thanks to an approximated cross-validated estimator.
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4 Application
The application aimed at illustrating how shared random-effects models could
be implemented and evaluated in practice on a real dataset. We used the data
from a cohort of patients followed-up after a localized prostate cancer treated by
radiation therapy (N=459 subjects with 74 clinical recurrences). We considered
a series of joint models to predict the risk of clinical recurrence according to
the standard prognostic factors known at diagnosis and the dynamics of the
prostate Specific Antigen (PSA) which is the biomarker of progression of prostate
cancer. The joint models only differed in the way the dependence between the
dynamics of PSA and the risk of clinical recurrence was defined through h(bi, t).
We considered alternately functions including only random effects of the mixed
model, or the current level of PSA and/or the current slope of PSA, or even non-
linear functions of the current level of PSA to investigate the non-linearity of its
effect on the risk of clinical recurrence. These models were compared in terms
of goodness-of-fit and adequation to the joint model assumptions (especially the
loglinearity assumption in the survival model) but also in terms of predictive
accuracy using the expected prognostic cross-entropy to assess their ability to
predict the risk of clinical recurrence.

Acknowledgments: Special Thanks to the French National Institute of Can-
cer INCa for financing the projet PREDYC and Jeremy M.G. Taylor for providing
the dataset.
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Abstract: In mixed models, there are two possible perspectives on the predic-
tion error. The prediction may either be based on data from new unobserved
clusters or on data from already observed clusters. This corresponds to the use
of the marginal and the conditional likelihood for the prediction error measure-
ment respectively. Especially when the focus is on the link between mixed models
and semiparametric regression, the conditional prediction error is the appropriate
approach. When choosing among different models this leads to the conditional
Akaike information criterion (cAIC). For Gaussian responses the resulting cri-
terion is observable and analytically accessible. For exponential family distribu-
tions, we derive similar asymptotic measures. They allow for cAIC based model
choice and variable selection in generalized linear mixed models. We also give an
intuitive explanation of the model choice behaviour of the resulting criterion.
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1 Marginal and conditional perspective on
generalized mixed models

A generalized linear mixed model

g(µi) = x′iβ + z′iu (1)

for responses y1, . . . , yn from some exponential family distribution with
fixed effects β, random effects u and link-function g() is considered. The
random effects u are normally distributed with mean zero and covariance
matrix G(τ 2). In this setting, the focus may either be on the marginal
distribution of the responses y or on the distribution conditioned on the
random effects u, respectively.

For clustered data the model (1) can be specified as

g(µij) = x′ijβ + zijui

with independent random effects ui ∼ N (0,Gi(τ
2
i )) for each i, where i =

1, . . . ,m indicates the i-th cluster, yi is the vector of ni responses from the



364 Conditional covariance penalties

i-th cluster and β are the fixed effects. If the main interest is in the overall
effects β and the random effects model the within cluster correlation of
the responses, the marginal perspective is appropriate. Then the marginal
log-likelihood

log f(yi|β) = log

∫
f(yi|β,u)p(u)du

is obtained by integrating out the random effects.

If on the other hand the focus is on the random effects, an approach based
on the log-likelihood conditioned on the random effects, i.e. the conditional
log-likelihood

log f(yi|β,u)

is suitable. In this case the random effects act as normal parameters with
regularized estimation due to a penalty term induced by the covariance
structure of the random effects. For example in penalized regression the
random effects are used as a tool to model the penalized parameters, see
for example Wood (2006).

2 Marginal and conditional error measurement

In generalized regression based on maximum likelihood estimation, the ap-
parent error is measured by the deviance error

err = −2
∑

log f(yi|β̂(yi)) + C

with a constant C not depending on yi. The constant C is the log-likelihood
of the saturated model and stays the same for different models and is
therefore ignored when choosing among competing models. This error term
is too optimistic to predict future values. Therefore the quantity of interest
is the expected prediction error to new observations

Err = −2Ez
(∑

log f(z|β̂(yi))
)
.

Efron (2004) showed that for any exponential family with corresponding
natural parameter θ

E (Err) = E
[
err + 2Cov(θ̂(y),y)

]
. (2)

In generalized linear models, the approximation Cov(θ̂(y),y) ≈ p is used
with p being the number of parameters in the model. The approximation
is exact in case of normal responses. The resulting criterion is Akaike’s
information criterion, see Efron (2004).

In mixed models, the main question that arises in prediction error measure-
ment is, if the prediction should be based on the marginal or conditional
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likelihood. Greven and Kneib (2010) show that equation (2) does not hold in
linear mixed models with Gaussian responses if the marginal log-likelihood
is used and Cov(θ̂(y),y) = p + q + 1 is assumed, with p the number of
fixed parameters and q the number of variance parameters of the random
effects. That criterion is called marginal Akaike information criterion.

Vaida and Blanchard (2005) introduced the conditional Akaike information
criterion for Gaussian responses using the conditional likelihood in equation
(2). Since Cov(θ̂(y),y) is not observable, they propose to use the trace of
the hat matrix H mapping the data vector y on the fitted values ŷ =
Xβ̂+Zû as covariance penalty. In case of known random effects variance
parameters τ 2, the mapping is linear and

Cov(θ̂(y),y) = tr(H).

In most applications though τ 2 will not be known and plugging in a con-
sistent estimator τ̂ 2 induces a bias that does not disappear asymptotically,
see Greven and Kneib (2010). Stein (1981) showed that

Cov(ŷ(y), y) = σ2E
(
∂ŷ

∂y

)
, (3)

for normal y with variance σ2. This was applied to the conditional Akaike
information criterion by Liang et. al (2008) resulting in

cAIC = −2 log f(y|β̂(y), û(y)) + 2

n∑
i=1

∂ŷi
∂yi

. (4)

Thus the log-likelihood measures the fit of the model to the data while
the covariance penalty, i.e. the sum over the sensitivity of the fitted values
ŷi(y) with respect to small changes in the response values yi, measures the
stability of the fitting process. This formulation of the covariance penalty
has been made analytically accessible avoiding high computational costs
and imprecise numerical approximations by Greven and Kneib (2010).

3 Covariance penalties in generalized mixed models

For Gaussian responses, the conditional expected prediction error (2), i.e.
conditioned on the random effects, can be evaluated by use of the Stein
formula (3) leading to the conditional Akaike information (4). Response
variables from some other exponential family distribution would need for-
mulas similar to the Steinian (3) in order to evaluate the covariance penalty.
If the response variable is Poisson distributed then the Chen-Stein formula,
due to Chen (1975),

Cov(θ̂(y), y) = E
(
y(θ̂(y)− θ̂(y − 1))

)
,
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FIGURE 1. i-th covariance of exponential data with λi = −θ̂i.

with yθ̂(y − 1) = 0 if y = 0 by convention, where θ̂ is the estimated
natural parameter of the exponential family, gives an observable quantity
that allows to evaluate the conditional expected prediction error (2). Lian
(2012) proposed the resulting criterion

cAIC = −2 log f(y|β̂(y), û(y)) + 2

n∑
i=1

yi(θ̂i(yi)− θ̂i(yi − 1))

as the conditional Akaike information criterion for Poisson responses. Sim-
ilar to the covariance penalty term in the Gaussian criterion (4), the co-
variance penalty measures the weighted sensitivity of the estimated natural
parameter to a change in the response value.

For exponentially distributed responses, the covariance penalty in (2) can
also take an observable form

Cov(θ̂(y), y) = E
(
yθ̂(y)−

∫ y

0

θ̂(x)dx

)
.

So both of the covariance penalties, for Poisson and exponential data are
also measures of the stability of the fitting process, since they are derived by
calculating the change of the estimated natural parameter if other response
values would have been observed. In case of exponential data this can be
seen in Figure 1.
Therefore it is also possible to write an observable cAIC for exponentially
distributed responses as

cAIC = −2 log f(y|β̂(y), û(y)) + 2

n∑
i=1

(∫ yi

0

λ̂i(x)dx− yiλ̂i(yi)
)
,

where λ̂ = −θ̂i is the estimated rate.
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Since there is no way to rewrite the covariance penalties in (2) such that
they are observable for all exponential family distributions other measures
need to be used for the remaining exponential family distributions. In case
of Bernoulli responses, i.e. binary data, the covariance penalty may be
rewritten as

Cov(θ̂(y), y) = E
(
µ(1− µ)(θ̂(1)− θ̂(0))

)
.

Since the true value of µ is not available it can be replaced by a consistent
estimator µ̂. With this covariance penalty and the help of equation (2)
a conditional Akaike information criterion for binomial responses can be
given by

cAIC = −2 log f(y|β̂(y), û(y)) + 2

n∑
i=1

µ̂i(1− µ̂i)(θ̂i(yi)− θ̂i(yi − 1)). (5)

Similarly the conditional Akaike information criterion for gamma dis-
tributed responses can be approximated by

cAIC = −2 log f(y|β̂(y), û(y)) + 2

n∑
i=1

∂µ̂i(yi)

∂yi
.

4 Model choice behaviour

When choosing the model with the lowest estimated prediction error an im-
portant question that arises in mixed models is whether or not the model
should include random effects. Greven and Kneib (2010) show that the
marginal AIC is biased when choosing between a model including random
effects and a model without random effects. Therefore we investigate the
behaviour of different criteria in the selection of random effects in a simu-
lation study. 1000 datasets were generated from a random intercept model
with binary responses yij ∼ B (1, πij) with

πij =
exp(β0 + β1xj + ui)

1 + exp(β0 + β1xj + ui)
; i = 1, . . . ,m; j = 1, . . . , ni,

where ui ∼ N (0, τ2), β0 = 0.1, β1 = 0.2, xj = j and number of clusters
m = 5, 10 and the cluster sizes are ni = 5, 10. For τ2 = 0, 0.1, . . . , 1.8 the
different AIC values: the proposed conditional AIC (5), the marginal AIC,
a asymptotic cAIC proposed by Yu and Yau (2012) and an asymptotically
true cAIC, are compared with the value of the AIC without any random
effects , i.e. with covariance penalty assumed to be Cov(θ̂(y),y) = p. The
proportion of sets where the complex model is favored are plotted in Fig-
ure 2. The marginal AIC includes random effects only if the random effects
variance is high. The proposed cAIC (5) offers better model choice be-
haviour when comparing a model including random effects (τ2 > 0) and a
model without random effects (τ2 = 0).
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1 Instituto de Matemática e Estat́ıstica - Universidade de São Paulo, Brazil

E-mail for correspondence: bramos@ime.usp.br
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1 Introduction

Quantile regression, introduced by Koenker (1978), is now widely recog-
nized as a major tool to address the relationship between the response
variable, Y , and the explanatory variables, X, not only in a central loca-
tion, which can be studied with the median for symmetric distributions, but
in others positions of the conditional distribution of Y given X. This model
was first addressed in a Bayesian setting with Yu and Moyeed (2001) and
later this idea was improved by Kozumi and Kobayashi (2011), who devel-
oped an effective Gibbs sampler using the formulation of the asymmetric
Laplace distribution as a mixture of normal and exponential distributions
and proposed an extension of their method to the Bayesian tobit quantile
regression (BTQR) model. In this article, we introduce the idea of the zero
inflated Bayesian tobit quantile regression (ZIBTQR) as an extension of
the BTQR combined with the two-part model proposed by Cragg (1971),
when there is a point mass density at zero beyond the zeros coming from
the censoring of the asymmetric Laplace distribution.
This paper is organized as follows. We adapt the two-part model to the
Bayesian quantile regression framework in Section 2. In Section 3, we for-
mulate the ZIBTQR, as a extension of the BTQR model, using the two-part
model approach. In the Section 4, we illustrate our method with data about
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work supply of married women in the United Stated, first studied by Mroz
(1971), using the tobit model. We finish with our final remarks in Section
5.

2 Two-part model

We consider the following linear model

yi = xT

i βτ + εi, i = 1, . . . , n. (1)

where εi is distributed according to the asymmetric Laplace distribution
(Yu and Zhang, 2005), with its τ -th quantile equal to zero.
The implementation of the Gibbs sampler to conduct the Bayesian infer-
ence in quantile regression is simplified by the the representation of the
asymmetric Laplace distribution as a mixture of the normal and the expo-
nential distributions (Kotz et al., 2001). Considering a scale parameter σ
for the model, we can rewrite the model in (1) as

yi = xT

i βτ + θvi + ψ
√
σviui, (2)

where θ = (1 − 2τ)/(τ(1 − τ)), ψ = 2/(τ(1 − τ)), vi and ui are mutually
independent and distributed as exponential with mean σ and standard
normal, respectively.
If we take into consideration the possibility of yi being modeled by a mix-
ture of two distributions, e.g., an asymmetric Laplace distribution and a
point mass distribution at zero, we can use the two-part model introduced
by Cragg (1971). So we can write the density of yi as

g(yi) = piIi + (1− pi)f(yi), i = 1, . . . , n, (3)

where Ii = 1 if yi = 0 and zero otherwise, pi = P [yi = 0] and f(yi) is the
asymmetric Laplace density function.
We can also incorporate covariates to explain pi by making pi = H(zT

i γτ ),
where H(.) is a link function, that could be, for instance, the normal cumu-
lative distribution function (cdf), producing the probit model or the logistic
cdf, producing the logistic model. The set of variables in this case, Z, can
be either different or the same as that used to infer about the continuous
density.
Let C denote the set of censored observations and D denote the set of
uncensored observations. If we consider the model in (2) for the continuous
part, we have that Yi | vi ∼ N(xT

i βτ + θvi, ψ
2σvi) and vi ∼ Exp(σ). So we

can write the likelihood function in the following way:

f(y, v | βτ , γ, σ) =
∏
i∈C

H(zT

i γτ )
∏
i∈D

(1−H(zT

i γτ )) f(yi | vi)f(vi),
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where

f(yi | vi, βτ , γ, σ) ∝
(

(viσ)−1/2
)

exp

{
− (yi − xT

i βτ − θvi)2

2ψ2σvi

}
and f(vi | βτ , γ, σ) = σ−1 exp {−vi/σ}.
Next, we use the Gibbs sampler developed in Kozumi and Kobaysahi
(2011), with a Metropolis-Hastings step similar to the algorithm consid-
ered in Luo et al. (2012), used to develop a Bayesian method for quan-
tile regression model for longitudinal data. Completing the model speci-
fication, we assume the priors for βτ ∼ N(b0, B0), γτ ∼ N(g0, G0) and
σ ∼ IG(n0/2, s0/2), where IG(g1, g2) denotes an inverse Gamma distri-
bution with parameters equal to g1 and g2. We also assume that all hy-
perparameters are known. We can write the posterior distribution of the
parameters (βτ , γτ , σ) as

π(βτ , γτ , σ | y, v) ∝ f(y, v | βτ , γ)π(βτ )π(γτ )π(σ)

∝ f(y | v, βτ , γ)f(v | βτ , γ)π(βτ )π(γτ )π(σ).

We obtain that the full conditional posteriors of all parameters and latent
variables are given by

π(γτ | y, v, βτ , σ) ∝
∏
i∈C

H(zT

i γτ )
∏
i∈D

(1−H(zT

i γτ )) exp

{
−1

2
(γτ − g0)TG−1

0 (γτ − g0)

}
βτ | y, v, γτ , σ ∼ N(b1, B1)

vi | y, βτ , γτ , σ ∼ GIG(1/2, δ̂i, ξ̂i)

σ | y, v, βτ , γτ ∼ IG(ñ/2, s̃/2)

where b1 = B1(XTW (y − θv) +B−1
0 b0), B1 =

(
XTWX +B−1

0

)−1
, W is a

diagonal matrix with entries vi/(ψ
2σ), i ∈ D, δ̂i = (yi − xT

i βτ )2/ψ2σ, ξ̂i =
2/σ+ θ2/ψ2σ, ñ = n0 + 3n, s̃ = s0 + 2

∑
vi +

∑[
(yi − xT

i βτ − θvi)2/ψ2σ
]
,

with the sums defined in D and n is the total number of observations in D.
So we can define a Metropolis-Hastings within Gibbs sampler algorithm as
follows:

1. Define initial values to γ
(0)
τ , β

(0)
τ , σ(0)

2. Using a multivariate normal as the proposal density for a random
walk Metropolis-Hastings algorithm, at the ith step of the algorithm,

draw γ
(i)
τ from N(γ

(i−1)
τ , σγΩγ) and accept γ

(i)
τ with probability

min

{
1,

π(γ
(i)
τ | y, v, βτ , σ)

π(γ
(i−1)
τ | y, v, βτ , σ)

}

3. Update all others parameters and latent variables according to theirs
conditional posteriors presented before.
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It is important to tune σγ to reach an overall acceptance probability be-
tween 0.15 and 0.50. Following the approach by Luo et al. (2012), we take
Ωγ to be the identity matrix. We note, however, that the validity of this
assumption should be verified with some simulation studies in a later work.
If we consider H(.) to be the cdf, Φ(.), of the standard normal distribution,
then it is possible to define a complete Gibbs sampler, without the need of
a Metropolis-Hastings step, using the ideas of Albert and Chib (1993).

3 Zero inflated Bayesian tobit quantile regression
model

Moulton and Halsey (1995) proposed an extension of Cragg’s model, con-
sidering that an observed zero, or a lower detection limit (could be different
from zero), can be either from the point mass distribution or from the con-
tinuous distribution, being in the latter case a censored observation. So we
should rewrite the density in (3) as

g(yi) = (pi + (1− pi)F (T ))Ii + (1− pi)f(yi),

where T is the lower detection limit, e.g., zero, and F (.) is a cdf of the con-
tinuous part. For quantile regression models, we use the cdf of the asym-
metric Laplace distribution.
For the censored observations, one possible approach is the one suggested
by Chao (1998), where the author working with censored observations in
a survival analysis setup and with no possibility to observe whether one
person on the study was cured or not, i.e., cure was a latent variable,
decided to impute this variable by the complementary probability of the
person being not cured given the explanatory variables of the problem. The
same can be done in our model using the probability pi and imputing an
auxiliary variable, so there is a two-part model and we have a problem like
the one stated in Section 2, in which the observations come from the point
mass density or the continuous density.
There is no reason to explicitly describe the algorithm for this method,
except for the statement that it should be added a step in the suggested
algorithm in the previous section. A binary auxiliary variable should be
imputed based on the probability pi to divide the censored values between
observations of the point mass distributions and the continuous distribu-
tion. After this imputation, the algorithm should continue almost exactly
as explained in Section 2, with the only difference being that sampling of
the censored observations should consider a truncated normal distribution,
as described by Kozumi and Kobayashi (2011). About the imputation pro-
posal, it should be noted that at every step, this process is repeated so it
becomes more precise with the updates of the model of probabilities pi’s.
One important remark about this model is that it is a generalization of the
famous tobit model, proposed by Tobin (1958), widely known in the field
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of econometrics, but in its Bayesian quantile regression version. This new
model can be seen as a way of checking if there is a zero inflation process
in the censored observations used to estimate the Bayesian tobit quantile
regression model.

4 Application

In order to illustrate our method, we examine the data set from Mroz
(1987), about female labor supply. Consider hours worked during the year
as a variable that measures labor supply, this data set has 753 married
women, from which 325 worked zero hours in 1975, the year that the sur-
vey was conducted. This variable is then considered left censored and an
usual tobit regression analysis is considered. Kozumi and Kobayashi (2011)
performed a Bayesian tobit quantile regression analysis with this data set.
In our application, we defined as explanatory variables for both parts of
the model: years of education, income which is not due to the wife, age,
number of children under 6 years old and number of children over 6 years
old.
In our example, we tuned στ so we could have an acceptance rate for
the Metropolis-Hastings algorithm between 0.40 and 0.50. Our inference
is based in a MCMC sample of 10.000 observations obtained after taking
5.000 observations as burn-in.
We found that the hypothesis of a point mass density in the zero should
not be discarded, since the corresponding parameter of age is significant to
model the probability. In this case, we believe that there is a zero inflation
process that should be taken into account in the analysis of the Bayesian
tobit quantile regression model. We also should add that the analysis of
the continuous part still provides interesting results, but we decided not to
give further details here.

5 Final remarks

In this paper, we develop a new two-part model using quantile regression,
in a Bayesian setting. We propose a Metropolis-Hastings within Gibbs sam-
pling algorithm to estimate the parameters of interest. We also extended
our model to consider the situation where there is a zero inflation process
in the Bayesian tobit quantile regression model. Using a imputation step
in the algorithm, we are able to transform this situation into a two-part
model. We illustrate our method with a known data set in the field of
econometrics about female labor supply.
The code to implement this two-part model was implemented in the sta-
tistical software R and is available upon request from the first author.
These programs are intended to be released in the form of a package in
www.cran.r-project.org.
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Abstract: The Rasch model is the most widely used model in assessment tests.
It assumes that the probability of solving an item is determined by the latent
ability of the person and the difficulty of the item. A problem in assessment
tests is differential item functioning (DIF), which means that the probability of
solving an item may depend on the membership to an ethnic, racial or gender
group. A general model is proposed that is able to model DIF depending on a
vector of covariates. Regularized estimation methods are proposed that solve the
high dimensional estimation problem.
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1 Differential Item Functioning Model

The Rasch Model (Rasch, 1960) is a commonly used model for item re-
sponse data. For binary test scores, it models the probability for a partic-
ipant to score on an item by estimating both a parameter for the person
ability and a parameter for the item difficulty. In the case of P persons and
I items, the Rasch Model has the form

P (Ypi = 1) =
exp(θp − βi)

1 + exp(θp − βi)
p = 1, . . . , P , i = 1, . . . , I, (1)

where Ypi ∈ {0, 1} represents the score of person p on item i. Thus, person
parameters θp, p = 1, . . . , P , and item parameters βi, i = 1, . . . , I, have
to be estimated.
An alternative representation of model (1) uses logits and is given by

log

(
P (Ypi = 1)

P (Ypi = 0)

)
= θp − βi. (2)

As model (2) is not identifiable, a restriction on the parameters has to be
applied. For simplicity we use θP = 0.
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In item response models, DIF appears if an item has different difficulties
depending on which person tries to solve the item. Therefore, DIF changes
the item difficulty depending on covariates of the participants. This idea
can be formalized by the so-called Differential Item Functioning Model
(DIF Model)

log

(
P (Ypi = 1)

P (Ypi = 0)

)
= θp − (βi + xTp γi), (3)

where xp = (xp1, . . . , xpm) denotes a person-specific covariate vector and m
denotes the number of covariates. It is an extension of the Rasch Model (2)
that allows for person-specific item difficulties βi+x

T
p γi. The item-specific

parameters γTi = (γi1, . . . , γim) represent the change of the item difficulty
depending on the covariate values. Therefore, m · I parameters additional
to the regular Rasch Model have to be estimated.

Since the model contains a large number of parameters, maximum likeli-
hood (ML) estimates will only exist in situations where both the number
of covariates and the number of items are very small. To overcome th e
estimation problem we propose to use the Group Lasso penalty (Yuan and
Lin, 2006). The general assumption for our model is, that only a part of
the items induces DIF and only for these items item-specific parameters
γi have to be estimated. Therefore, the objective is to perform variable
selection on the item-specific parameters. The advantage of the approach
is that it automatically detects which items induce DIF.

2 Estimation Procedure

2.1 The DIF Model as a Generalized Linear Model

The Rasch Model (1) and also the DIF Model (3) can be embedded into
the framework of Generalized Linear Models (GLMs).
Let the data be given by (Ypi,xp), p = 1, . . . , P, i = 1, . . . , I. Addi-
tionally, we use the notation 1TP (p) = (0, . . . , 0, 1, 0, . . . , 0) and 1TI(i) =

(0, . . . , 0, 1, 0, . . . , 0), where 1P (p) and 1I(i) have lengths P − 1 and I and
have the value 1 at positions p and i, respectively. Thus, model (3) can be
represented as

log

(
P (Ypi = 1)

P (Ypi = 0)

)
= θp − βi − xTp γi

= 1TP (p)θ − 1TI(i)β − x
T
p γi = zTpiα. (4)

Here, αT = (θT ,βT ,γT1 , . . . ,γ
T
I ), θT = (θ1, . . . , θP−1) and βT =

(β1, . . . , βI), denotes the complete parameter vector and

zTpi = (1TP (p),−1TI(i), 0, . . . , 0,−x
T
p , 0, . . . , 0)
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denotes the design vector for the p-th person and the i-th item. In zpi,
the component −xp corresponds to the parameter γi in α. Therefore, (4)
represents the structural component of a GLM for binary response with
logit link.
Of course, also the regular Rasch Model can be represented in the GLM
framework by

log

(
P (Ypi = 1)

P (Ypi = 0)

)
= θp − βi

= 1TP (p)θ − 1TI(i)β, (5)

where the design vector and the parameter vector reduce to (1P (p),−1I(i))

and (θT ,βT ), respectively.

2.2 Penalized Estimation

In the following we show how model (3) can be estimated by maximizing
the penalized likelihood

lp(α) = l(α)− λJ(α),

where l(.) is the common log-likelihood of the model and J(α) is an ap-
propriate penalty term. The group lasso penalty for item differential func-
tioning (DIF-LASSO) that is propsed has the form

J(θT ,βT ,γT1 , . . . ,γ
T
I ) =

I∑
i=1

‖γi‖,

where ‖γi‖ = (γ2
i1 + · · ·+ γ2

im)1/2 is the L2-norm of the parameters of the
ith item with m denoting the length of the covariate vector. The penalty
encourages sparsity in the sense that either γ̂i = 0 or γis 6= 0 for s =
1, . . . ,m. Thus, the whole group of parameters collected in γi is shrunk
simultaneously toward zero. The effect is that in a typical application only
some of the parameters get estimates γ̂i 6= 0. These correspond to items
that show DIF.

3 Application

In the following, we present some results for applications of our method on
simulated and real data sets. First, we consider a simulated data set for
P = 100 persons, I = 10 items and m = 3 covariates. Figure 1 shows the
path of the γ-parameters for one simulated data set.
The dashed paths correspond to the three items containing DIF. They are
in the model at the BIC-optimal path point whereas the non-DIF items
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FIGURE 1. Coefficient paths for simulated data set; dashed paths represent DIF
items; the bold vertical line represents the BIC-optimal path point

are excluded from the model. Therefore, the selection in this scenario is
perfect.
We apply the method to an example that has first been considered by
Strobl et al. (2010). It uses data from an online quiz for testing one’s gen-
eral knowledge conducted by the weekly German news magazine SPIEGEL.
The 45 test questions were from five topics, politics, history, economy, cul-
ture, and natural sciences. We use the same sub sample as Strobl et al.
(2010) consisting of 1075 university students from Bavaria, who had all
been assigned a particular set of questions. The covariates that we included
as potentially inducing DIF are gender, age, semester of university enroll-
ment, an indicator for whether the student’s university received elite status
by the German excellence initiative (elite), and the frequency of accessing
SPIEGEL’s online magazine (spon).
Out of the 45 items, according to our analysis 16 showed DIF. Figure 2
shows the profile plot for the coefficient estimates γ̂i of the items with
DIF.
The highlighted paths represent the items with the highest DIF which are
all items from the topic economy. The items with the highest DIF were:

• Zetsche: ”Who is this?” (a picture of Dieter Zetsche, the CEO of the
Daimler AG, maker of Mercedes cars, is shown).
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FIGURE 2. Profile plot for coefficient estimates of items with DIF

• AOL: ”Which internet company took over the media group Time
Warner?”

• Organic: ”What is the meaning of the hexagonal organic logo?” (Syn-
thetic pesticides are prohibited)

• BMW: ”Which German company took over the British automobile
manufacturers Rolls-Royce?”

It can be seen, that most of the DIF is induced by the covariates gender
and spon.
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Abstract: In agricultural research phenotypic data are mainly collected through
field and greenhouse experiments. Often a whole population of plants is monitored
at different time points during the growing season. Here we are analyzing time
series of plant height data in potato. The plant-specific data is modelled inspired
by a model that was originally developed for a study of growth of children. We are
using P -splines for a smooth curve and introduce a vertical as well as a horizontal
shift per plant.
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1 Introduction

Measurements on growing plants often show a characteristic shape: a mono-
tonically increasing curve. In agricultural trials many (up to hundreds)
of such curves are being collected for one genetic population. Data are
collected either by hand or completely automatically. To combine such
measurements with genomic data, meaningful summaries have to be de-
veloped. A number of methods have already been proposed to estimate
good characteristics of plant growth curves. They include classical para-
metric approaches based on the logistic curve (Malosetti et al., 2006), a
semi-parametric approach based on splines (Hurtado et al., 2012) and a
survival analysis approach for phenotypic data series on an ordinal scale
(Schnabel et al., 2010).
In this contribution we study models that assume that there is one proto-
type curve, which has been stretched and shifted on both the horizontal
(time) and the vertical axes. The transformation parameters as well as the
prototype curve itself are to be estimated from the data. In our example
the response variable has been log-transformed. Therefore a shift along the
vertical axis translates into a rescaling on the original response scale.
The inspiration for our model comes from a publication by Cole et al.
(2010) based on work by Beath (2007). Cole and co-authors call their model
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SITAR, which stands for SuperImposition by Translation And Rotation.
This acronym is not obvious, as the rotation property is not immediately
clear from the model. However, it shows an excellent fit to growth data of
children as demonstrated in an example for height. It is relatively parsimo-
nious, because the curve for any individual is summarized with only three
parameters in addition to the spline coefficients common to all curves.
The model has one parameter for shifting along the vertical scale. Given
the prototype curve it can be estimated by linear regression. However, the
two other parameters occur in the argument of the curve and lead to a non-
linear problem see (1). Beath used natural B-splines to model the prototype
curve and non-linear mixed models to estimate the parameters. After some
experiments with the software provided in his paper, we decided to start
from scratch. We model the curves with P -splines. In addition because of
the rather precise and detailed data, we drop the mixed model approach.
A fixed model is sufficient. We also experiment with simplifications using
less parameters and initially include only two parameters.
In the next section we present briefly the original model and explain our
approach and its estimation procedure. Finally we apply it to plant height
measurements from a potato field experiment.

2 Method

Epidemiological studies often deal with longitudinal data for developmental
characteristics of the cohort under study. Cole et al. (2010) presented the
SITAR model based on an earlier paper (Beath, 2007). Both publications
propose a shape invariant model with a single fitted curve. There are three
different mechanisms that drive the shape of an individual curve in relation
to the mean curve for the whole population: a curve can be shifted up or
down, left or right, or the scale on the x-axis can be shrunk or stretched.
The original SITAR model uses three subject-specific random effects for
the characterization of a response yij for subject i at age j:

yij = αi + h

(
t− βi

exp(−γi)

)
(1)

with α a random intercept adjusting for height, β a random shift along the
x-axis and γ a random scaling factor. The three parameters are termed size,
tempo and velocity respectively by Cole et al.. In the original notation h(·) is
a natural cubic spline of the response over age t. This model formulation has
the advantage that the parameters are directly interpretable in a biological
context.
Inspired by this model we propose a simplification and adaptation of it.
Instead of the mixed model we are sticking to a fixed model using P -
splines for the functional form (Eilers and Marx, 1996). The response is
log-transformed in our context.
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As an initial step we formulate the curves for genotype i at time j as

log(yij) = αi + f(tj) (2)

including a subject-specific vertical shift α (as intercept of the model or
size in Cole’s terminology). In our case we use P -splines for the functional
form f , therefore:

log(yij) = αi +
∑
k

bjkβk (3)

with B = [bjk] a B-spline basis with a generous number of splines and β
the associated coefficients. In the implementation two parameters λ –for
a difference penalty– and κ –for a ridge penalty– are included to ensure
smoothness as well as numerical stability.
In order to correct for the horizontal shifts that the different curves undergo,
we introduce a transformation of the horizontal axis. To this end we rewrite
and substitute in (3):

bjk = Bk(tj)

bijk = Bk(tj + δi) ≈ Bk(tj) + δiḂk(tj) (4)

where Ḃk(tj) is the first derivative of the kth spline evaluated at time tj .
δ is the so-called tempo effect inducing a non-linear transformation of the
horizontal scale.
In the model above we assume that for all subjects i the measurements are
taken at the same time points tj . However, this might not be the case in
all applications. This can be easily included by using subject-specific time
points tij .

3 Application

We analyze data from a field experiment with a diploid potato mapping
population with more than 150 different genotypes. Over the course of the
growing season different characteristics are measured. Plant height (in cm)
has been assessed at nine time points over the course of three months.
Figure 1(a) shows the log-transformed data of this heterogeneous potato
population. We apply the model including a vertical and horizontal shift as
explained above. The fitted curves and its residuals are depicted in Figures
1(b) and 1(d). Figure 1(c) shows a scatterplot of the results on the shifted
scales log(yij)− αi versus tj + δi. The colors are ordered according to the
order of the individual tempo effects δi.

4 Conclusion and Discussion

Our model, inspired by Cole et al. (2010), was successfully applied to longi-
tudinal phenotypic data generated in a field experiment. We can estimate
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FIGURE 1. (a) Log-transformed data for the whole population, (b) fitted curves
using vertical and horizontal shifts with the mean curve, (c) scatterplot on shifted
scales, (d) residuals .

a mean curve that provides general information about the growth of the
potato plants in the population as a whole. More importantly we also de-
termine characteristics for the individual genotypes that can be used in
further genetic analyses. A scatterplot of the vertical and horizontal shifts
per genotype can be found in Figure 2.
In future work we plan to extend the model in different ways. At the mo-
ment our model includes a so-called size as well as a tempo effect. In a next
step we plan to extend it with a velocity effect γ:

bijk = Bk(γitj + δi). (5)

A preliminary analysis with the example data this extension did not seem to
improve the estimation results, but it is important for future applications.
Although the data presented in this manuscript are typical for plant breed-
ing trials, they are still a simplification of the real data situation. To com-
plicate matters data are often measured for several replications of the same
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FIGURE 2. Right: horizontal shift (δ) versus vertical shift (α) on log scale for
the fitted curves. Left: horizontal shifts (in days) versus vertical shifts (in cm).
Colour codes in increasing size of the tempo effect δ.

genetically identical plant. Additionally in some trials the data might in-
clude a mixture of cross-sectional and longitudinal data due to intermediate
harvest of parts of the experimental field. For replicates a direct solution
is at hand by extending the model to accommodate replicates as a random
effect within the genotype. Mixture of data through different collection
methods need a more theoretical treatment before this situation can be
integrated in the current context. Last but not least the estimated individ-
ual characteristics of the genotypes will be used in further genetic analysis
to associate these with regions on the chromosomes. In order to offer more
powerful tools for the plant research community these topics will be treated
in future work and reported elsewhere.
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Abstract: Generalized Linear Mixed models (GLMMs) have rapidly become a
widely used tool for modelling clustered and longitudinal data with non-Normal
responses. Although a large amount of work has been done in the literature on
likelihood-based inference on GLMMs, little seems to have been done on the
decomposition of the total variability associated to the different components of
a mixed model. In this work we try to generalize the idea of likelihood additive
elements (Whittaker, 1984), proposed in the context of GLMs, to the case of
GLMMs by using the Penalized Weighted Residual Sum of Squares (PWRSS).
The proposal is illustrated by means of a real application.
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1 Introduction

An extensive methodology exists in the literature for investigating the ex-
planatory power of each covariate in regression-type, like linear and gener-
alized linear, models. It is well known that with exact orthogonality of the
covariates and Normal errors distribution, the contribution to the global
goodness of fit of each explanatory variable added to the linear predictor
can be uniquely evaluated by the consequent reduction in the residual sum
of squares. When there is a substantial non-orthogonality such contribu-
tion can be highly dependent on the presence or absence of other specific
variables in the model.
A somewhat neglected contribution to deal with such situations in the
classical linear model setting, is due to Newton and Spurrel (1967), who
proposed a way to partition the residual sum of squares of the null model
containing only the intercept into additive components, the regression el-
ements, which can be attributed to each variable alone, to pairs of vari-
ables, to triples of variables and so on. Whittaker (1984) extended Newton
and Spurrel’s idea to more general settings, at the same time giving it a
more rigorous formalization. In particular, Whittaker showed the poten-
tial for model interpretation provided by the additive elements of the like-
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lihood function, obtained partitioning the maximized log-likelihood ratio
test statistic into such additive elements.
So far, Whittacker’s approach has been applied to interpret classical linear
or generalized linear models; some difficulties rise when trying to extend
it to mixed models. Mixed models assume that some of the regression pa-
rameters are fixed whereas others are random. It follows that, while in
fixed-effects models the concept of explained variation refers necessarily
to the reduction in variation due to the fixed covariates, in mixed models
we have to distinguish between variation explained by the random effects
and variation explained by the fixed effects (Chen and Dunson, 2003). This
poses a serious problem, since in general the contributions of these two
components cannot be easily separated.
In this paper, we generalize Whittaker’s approach to GLMMs using the
Penalized Weighted Residual Sum of Squares (PWRSS) proposed by Bates
(2013). Whittaker’s approach to model interpretation, a brief introduction
to GLMMs and definition of PWRSS are presented in Section 2. The pro-
posed generalization and the real data example are given in Section 3.

2 Model interpretation using Whittaker’s additive
elements of the likelihood function

Define a set of variables indexed by the first k integers; denote the index
set {1, 2, . . . , k} by K and its power set by L:

L = {∅, 1, 2, . . . , k, {1, 2}, . . . , {1, 2, 3}, . . . , {1, 2, . . . , k}}

L is a binary lattice denoting which variables are and which are not in-
cluded in the fitted model. Then a function s() can be defined on L, with
values in the real line, which associates to each element a in L a quantity
summarizing the model goodness of fit. To define the additive elements,
additivity of s() is postulated and the elements are evaluated using the
following recursion: in a first step all the elements G(: a) are computed as

G(: a) = s(a) ∀a ∈ L (1)

and then the additive elements are recursively obtained as

G(ia : b) = G(a : b)−G(a : ib) ∀a, b ∈ L and i ∈ K (2)

where ia is the subset containing i and the integers in a.
The additive elements result invariant to permuting the integers within the
subsets a and b; moreover, repeated use of the relation (2) leads to a full
decomposition of G(:) as

G(:) =
∑
a,b∈L

G(a : b)
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Similarly, the amount of s attributable to the variable i can be obtained as

G(i :) =
∑
a,b∈L

G(ia : b) (3)

So, in a formal way, Whittaker defines additive elements of s in L the set
{G(a : b)}, where {a, b} is a partition of the index set K.
Generally,in reporting results additive elements are properly distinguished
in residual, primary, secondary and higher orders elements, to which differ-
ent interpretations are attached. In particular, primary elements measure
the unique contribution of each explanatory variable and for this reason
they cannot assume negative values. Secondary elements can assume sev-
eral meanings; between these, the most interesting is that the secondary
elements are a measure of proxy between the two explanatory variables,
i.e. the amount of variation neither uniquely attributable to one of the two
regressors nor explained by both. They can assume negative values: if a
secondary element is positive than the two regressors involved have a com-
petitive explanatory role; on the contrary, a negative value of a secondary
element means that the two regressors are complementary in explaining
the variability in the response variable. Higher order elements will be inter-
preted in terms of partial and marginal elements, while the term with the
highest order will be interpreted in terms of residual variation. The defi-
nition of Whittaker’s additive elements component is based on a properly
chosen function s(). As emphasized in previous sections, in classical linear
models s() corresponds to the residual sum of squares, and the additive
elements then are the regression elements of Newton and Spurrel. In the
Generalized Linear Model setting, Whittaker(1984) proposed to use the
deviance as function s() to be decomposed. Aim of next section will be to
further generalize the function s() in order to define additive components
for the class of GLMMs.

2.1 Generalized Linear Mixed Models and the PWRSS

Let Yij be the jth measurement for cluster i, i = 1, 2, . . . ,m and j =
1, 2, . . . , ni and let Yi be the ni dimensional vector of all observations in
cluster i. A GLMM assumes that, conditionally on q-dimensional random
effects bi, the elements Yij of Yi are independent and follow a distribution
in the exponential family:

f{yij |bi, β, φ} = exp{φ−1[yijϑij − ψ(ϑij)] + c(yij , φ)} (4)

with µij = E(Yij |bi) = ψ′(ϑij) and V ar(Yij |bi) = ψ′′(ϑij)φ, where ϑij
is the canonical parameter; finally, a known link function g(·) relates the
linear predictor to the transformed mean response as

g(µij) = g[E(Yij |bi)] = xT

ijβ + zT

ijbi (5)
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with xij and zij the corresponding (p× 1) and (q× 1) vectors of covariates
associated with the fixed effects and random effects, respectively, and φ
a dispersion parameter. Finally, in addition to the distributional assump-
tion (4), the random effects are assumed to be drawn independently from
N (0,D(τ)). The presence of random parameters prevents the use of a stan-
dard likelihood function and hence a remarkable amount of work in the lit-
erature on likelihood-based inference for GLMMs has been devoted to the
search of extended versions of the likelihood function and the deviance mea-
sure of discrepancy used in standard GLMs (for a review, see Molenberghs
and Verbecke, 2005). Since, in order to generalize Whittaker’s approach,
we need a function s() which: (i) depends on both the fixed parameters
β, τ and on the random parameters bi, i = 1, . . . ,m; (ii) has the prop-
erty of being additive over the lattice indexing all possible models; (iii) is
computationally efficient, we opted for the penalized weighted residual
sum of squares (PWRSS) introduced by Bates(2013) and used by the
R function glmer:

PWRSS = [y−g1(ZΛ(τ)u+Xβ)]TW[y−g1(ZΛ(τ)u+Xβ)]+ ‖ u ‖ (6)

where: y = [yT
1 , . . . ,y

T
m]T, X = [XT

1 , . . . ,X
T
m]T, Z =

⊕m
i=1 Zi, W =⊕m

i=1 Wi, with Wi the usual weight matrix of the conditional GLM in
the i-th cluster, bi = Λ(τ)ui, i = 1, . . . ,m, and u = [uT

1 , . . . ,u
T
m]T, with

Λ(τ) a transformation matrix such that u ∼ N (0, In).

3 Generalization of Whittaker’s approach to GLMMs

Denote by K = {1, 2, . . . , k} the index set referring to the variables in the
fixed part of the model, i.e. in matrix X, and by Q = {1, 2, . . . , q} the index
set referring to the variables in the random part of the model, i.e. in matrix
Z. Denote by F (Fixed) the power set of K and by R (Random) the power
set of Q. Let L be the lattice generated from the Cartesian product of the
two binary lattices F and R, L = F×R, so that:

L = {(∅; ∅), . . . , ({1, 2, . . . , k}; ∅), (1; 1), . . . , ({1, 2, . . . , k}; {1, 2, . . . , q})}

Now, a scalar function s(), s : L 7→ <+, can be defined on L such that
applied to a generic element (a;α) in L it summarizes the corresponding
GLMM goodness of fit. In particular, we use as function s() the PWRSS
defined in equation (6). Unlike in (fixed) linear model, in which the reference
null model is uniquely determined, here we assume as “null” model the one
which contains only the intercept in both the fixed and random parts.
Once defined the “null” model, definition of the additive elements requires
a recursive procedure consisting of a first step in which all the elements
G(: a; : α) are computed as

G(: a; : α) = s(a;α) ∀(a;α) ∈ L (7)
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and a following step in which additive elements are obtained as

G(ia : b; jα : γ) = G(a : b;α : γ)−G(a : ib;α : jγ) (8)

where a, b ∈ F, α, γ ∈ R, i ∈ K and j ∈ Q and ia is the subset of F
containing i and the integers in a; jα is the subset of R containing j and
the integers in α. Applying recursively the relation (8) it can be shown that
the PWRSS associated to the “null” model satisfies:

G(:; :) =
∑

(a,b;α,γ)∈L

G(a : b;α : γ) (9)

3.1 Example. High school and beyond (Hsb) data

In the following example a sequence of Poisson GLMMs were fitted in order
to model the number of awards received by students from High school
and beyond. The set of regressors used were F = {Gender, SES} and
R = {Prog, SES} representing gender, social economical status and the
type of school program of students. Students are clustered within schools.

TABLE 1. Additive elements for the High school and beyond data.

Order Element PWRSS % Sub totals
Residual :12 ; :12 145.270 92.235

:12 ; 1:2 1.327 0.843
:12 ; 12: 0.992 0.630
:12 ; 2:1 0.805 0.511 94.219

Primaries 1:2 ; :12 1.953 1.240
1:2 ; 1:2 1.953 1.240
1:2 ; 12: 5.045 3.203
1:2 ; 2:1 -0.416 -0.264
2:1 ; :12 -4.419 -2.806
2:1 ; 1:2 0.289 0.183
2:1 ; 12: 4.931 3.131
2:1 ; 2:1 -1.360 -0.863 5.064

Secondaries 12: ; :12 5.737 3.643
12: ; 1:2 -3.508 -2.227
12: ; 12: 3.386 2.150
12: ; 2:1 -4.485 -2.848 0.718

Total :;: 157.500 100.00 100.00

Graphical inspection of the elements in Table 1 helps to identify variables
with a high explanatory power, both in the fixed and the random part.
As the value of the residual element G(: 12; : 12) is extremely high with
respect to all other additive elements, it has been eliminated from the graph
in Fig.1. Since G(: 12; 12 :) is only 0.992 implies that the gain from a model
with only random intercept to a model with both regressors in the random
part is negligible. On the other hand, the fact that the signs of two among
the four primary elements with the same fixed additive elements (2 : 1)
become negative when the regressor SES is added to the random part,
suggests that if one regressor has to be added as a random effect, besides
the intercept, it should be PROG.
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FIGURE 1. Penalized weighted residual sum of squares plot for the Hsb data.
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Abstract: Mode regression would be very interesting in practice, if the estima-
tion methods were easy to apply and could include semiparametric models. In
the framework of boosting we are able to generalise quantile and expectile regres-
sion to fractiles, which minimise a loss function derived from error terms taken
to flexible powers. This regression problem can also be modeled as a generalised
model for location, scale and shape using an auxiliary likelihood. We combine
both approaches to perform an approximation to and generalisation of mode
regression, by inserting a low power to the losses and asymmetric weights. This
approach is able to handle bimodal, highly skewed or truncated distributions and
semiparametric models.

Keywords: mode regression; asymmetric loss regression; semiparametric models;
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1 Introduction

Quantile and expectile regression (see Koenker, 2005, or Sobotka and
Kneib, 2010, for example) are becoming increasingly popular. They pro-
vide easy ways to estimate more than the conditional location of a response
variable. They also do so without many assumptions to the distribution of
the aforementioned response. While expectiles allow for more flexible, semi-
parametric models, fast, easy and efficient estimation methods are nowa-
days available for both quantiles and expectiles. They aim on solving the
following estimation problem

β̂τ = arg min
β

n∑
i=1

wi(τ)|yi − x′iβ|k (1)

with

wi(τ) =

{
τ if yi > x′iβ
1− τ if yi ≤ x′iβ

, τ ∈ (0, 1)

for a response yi, a covariate or design vector xi, asymmetry τ ∈ (0, 1) and
power k > 0. The estimate is computed for a power of k = 1 using linear
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programming techniques and provides regression quantiles, while k = 2
allows for a direct calculation of the estimate, resulting in expectiles. Setting
τ = 0.5 reduces the problem to classical median and mean regression,
respectively.
In theory, a power of k = 0 would result in mode regression and the inclu-
sion of weights wi(τ) in its generalisation. However, the practical execution
is futile for finite samples with metric responses. Instead, mode regression
was introduced as a form of kernel regression (Lee, 1989) and generalised
to additive and nonlinear models without a penalty term by Kemp and
Santos Silva (2010), but only for unimodal and to some extent only for
symmetric distributions. In addition, semiparametric models with smooth
spatial or random effects cannot be included here.
In order to offer a solution to this scenario, we propose the introduction of
k-fractiles as solutions of the minimisation problem (1). Hence, quantiles
and expectiles are also possible fractiles. However, for k ↘ 0, fractiles can
approximate and generalise mode regression while incorporating semipara-
metric models and smoothing. Due to the distribution-free formulation of
the estimate, skewed and bimodal distributions for the response are also
allowed.
Since a direct search of the minimum (1) might in general be a hard task,
we offer two estimation algorithms based on boosting, a flexible framework
for regression models and also provide some first examples.

2 Boosting

Component-wise gradient boosting as introduced by Bühlmann and
Hothorn (2007) is a very flexible framework that allows for penalised
semiparametric modelling. Smooth, spatial and random effects, e.g.,
are included by simple (least squares-like) base-learning procedures
f1(·), ...., fp(·) independent from the applied loss function. It divides the
minimisation problem in a fixed, large number of small steps where only
the model part with the steepest gradient is included. Hence, automatic
variable selection takes place during the estimation. The following estima-
tion algorithm can be executed with the R-package mboost (Hothorn et
al., 2013) for a pre-fixed number of iterations mstop.

1. Initialization: m = 0. Initialize the additive predictor η
[0]
i = 0 for

i = 1, ..., n. Specify a set of base-learners f1(·), ...., fp(·), one for each
covariate.

2. Negative gradient: m = m + 1. Compute the negative gradient
vector u[m]:

u
[m]
i =

{
k ∗ τ ∗ |yi − η[m−1]

τi |(k−1) (yi − η[m−1]
τi ) ≥ 0

k ∗ (1− τ) ∗ |yi − η[m−1]
τi |(k−1) (yi − η[m−1]

τi ) < 0.
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3. Component-wise estimation: Use the base-learners to fit the neg-
ative gradient vector u[m] to every possible covariate x1, ..., xp sepa-
rately

u[m] base−leaner−→ f̂j(xj) for j = 1, ..., p

4. Update one component: Select the component j∗ that best fits
the negative gradient vector and update the additive predictor:

η̂[m] = η̂[m−1] + sl · fj∗(xj) ,

where sl is a small step-length (0 < sl� 1). Therefore, only the best-
performing base-learner (and hence the best-performing covariate)
contributes to the update.

5. Iteration: Iterate steps 2 to 4 until m = mstop. ,

As penalised least squares regression is highly dependent on the optimal
choice of the smoothing parameters, in this algorithm the optimal stop-
ping iteration is also computed via cross-validation. This allows for the
regulation of smoothness in our estimates.
The only requirement is the existence of a gradient, which is available for
almost all k > 0. So, boosting theoretically allows for the fit of semipara-
metric models to fractiles, and especially also for k � 1.

3 GAMLSS

An alternative approach can be constructed by the combination of gener-
alised additive models for location scale and shape (Rigby and Stasinopou-
los, 2005) with boosting by Mayr et al. (2012). Instead of solving the min-
imisation problem (1) we choose a skew exponential power distribution

fµ,σ,w,k(y) = c
σ

{
I(y < µ) exp

[
− 1

2

∣∣w y−µ
σ

∣∣k]
+I(y ≥ µ) exp

[
− 1

2

∣∣ 1
w
y−µ
σ

∣∣k]}
with c = wk

(1+w2)21/kΓ( 1
k )

and w =
(√

1−τ
τ

)1/k

as auxiliary likelihood. In

the R-package gamboostLSS (Hofner et al., 2011) the boosting algorithm
from the previous section is adapted to maximise such likelihoods for mul-
tiple parameters. While we fix w and k in order to rewrite our loss func-
tion (1), the algorithm iterates between a fit for µ and σ. Hence, we get a
good fit of the distribution to our data and escpecially an estimate for the
location µ. By this reformulation we also end up with a maximisation prob-
lem instead of a minimisation problem which appears to be more stable for
very small powers k and extreme asymmetries τ → 1, τ → 0.
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4 Examples

In order to test our procedures we generate simple, bivariate data with
n = 500 observations of the form y = f(x) + ε with f(x) = x2 or f(x) =
exp(−x2) and ε ∼ Exp(0.5) or ε ∼ 0.55N(0, 0.62) + 0.45N(3, 0.62). In
these cases the conditional mode would be either at the lowest ends of the
response’s values or in the lower half of the data with an additional, weaker
mode in the top half. Both scenarios could not be estimated sensibly by
kernel mode regression as the properties of the estimate are only known for
symmetric and unbounded kernels.
However, as Figure 1 shows, boosting is possible down to k = 0.15, which
seems to be a good approximation of the mode while still using a lot of
information from the data. In comparison to the mean, median and (for
fun) the 50% 4-fractile we can also see that the mode approximation is
a much better measure of location for the data at hand. Especially with
bimodal errors (on the right) the mean represents the data rather poorly.
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FIGURE 1. example analyses of generated data with exponential and bimodal
normal errors for fractiles with k = 0.15/0.35, 1, 2, 4 and a symmetric (τ = 0.5)
loss function

The addition of asymmetric weights as shown in Figure 2 also seems to
work as it helps to uncover the second mode that is present in the data.
While the first experiments were successful, we also uncovered an instabil-
ity of the procedure for very small powers and extreme asymmetries. The
combination might likely lead to artefacts in the estimate. The possibilities
as well as the limits of fractiles are yet to be figured out. Next we perform a
simulation study to assess the qualities of fractiles as replacement of mode
regression and a comparison with GAMLSS by Rigby and Stasinopoulos
(2005).
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FIGURE 2. example analysis of generated data with bimodal normal errors for
fractiles with k = 0.35 and asymmetries between 0.01 and 0.99

5 Simulations

The estimators are compared for nonlinear models of the form y = f(x) +
ε with X ∼ U(0, 3), f(x) = 5 exp(−x2) or f(x) = 5sin(2x) and ε ∼
N(0, 0.52), Exp(0.5), LN(0, 1). Hence, we have a symmetric, truncated and
a skewed error distribution. The data is generated for n = 100, 500 and
replicated 100 times.
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FIGURE 3. Comparison of the three possible estimation methods: root mean
squared errors for the modes of an exponential and a normal error in a non-
linear regression model. Estimated fractiles for k = 0.5, 0.4, 0.3, 0.2, 0.15 and a
symmetric (τ = 0.5) loss function.

In Figure 3 we can see the results in terms of RMSE for fractile exponents
of k = 0.5, 0.4, 0.3, 0.2, 0.15 and no asymmetry (τ = 0.5). An improvement
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of the estimation for lower k is generally visible. However, the frequentist
GAMLSS method would not work for k < 0.3. Hence, the missing boxplots.
Surprisingly, boosting the gradient of the loss function proves to be slightly
better than with the specification of the SEP3 distribution. In a symmetric
distribution the error is also overall smaller than in the truncated case
where the mode is directly at the edge of the data and therefore hardly
accessible by estimation. We also find that higher values of k lead to less
variable estimates. However, the results do net yet lead to a specific decision
for one algorithm and one k, if we want to estimate a mode regression. For
the different scenarios the quality of the available methods changes relative
to each other.

Acknowledgments: Financial support from the German Research Foun-
dation (DFG) grant KN 922/4-1 is gratefully acknowledged.
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Abstract

Magnetic resonance imaging (MRI) can be used to detect lesions in the
brains of multiple sclerosis (MS) patients and is essential for evaluating
disease-modifying therapies and monitoring disease progression. Many dif-
ferent classification algorithms have been applied to the MS lesion segmen-
tation problem and it is difficult to assess whether improved performance is
due to differences in classifiers or in the features used in classification. We
evaluate the performance and compare computation times for nine super-
vised classification algorithms: logistic regression, neural net, support vec-
tor machine (svm), quadratic discriminant analysis (QDA), linear discrimi-
nant analysis (LDA), gaussian mixture model (GMM), k-nearest neighbors
(kNN), Random Forest and Super Learner in the context of lesion classifi-
cation in structural MRI. We also examine the impact of different feature
extractions for this classification: intensity normalization, a candidate voxel
selection procedure, spatial smoothing, and local moments. Our findings are
that the particular classification algorithm is not important and we focus
instead on careful development of the feature space.
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1 Introduction

MRI can be used to detect lesions in the brains of MS patients and is
essential for evaluating disease-modifying therapies and monitoring disease
progression. In practice, lesion load is quantified by manual segmentation of
MRI, which is time-consuming, costly, and associated with large inter- and
intra- observer variability. Therefore, a sensitive and specific automated
method to detect lesions in the brain is essential for the analysis of large
MS studies.
Over 80 papers proposing automated lesion segmentation methods have
been published in the last 15 years, and yet no solutions has emerged as
superior and the problem remains open (Garćıa-Lorenzo et al., 2012). This
is attributed to a number of factors, including high variability of MS lesion
appearance, differences in imaging acquisitions, and the lack of a common
framework in which to compare segmentation methods (Garćıa-Lorenzo et
al., 2012), (Lladó et al., 2011). Many different classification algorithms have
been applied to the MS lesion segmentation problem and it is difficult to
assess whether improved performance is due to differences in classifiers or
in the features used in classification.
We compare supervised classification algorithms for classification of lesion
voxels versus healthy tissue in structural MRI. We use the language of pat-
tern recognition. In a supervised learning problem, a response is predicted
from a set of features. Feature extraction refers to the process of transform-
ing features by taking functions of the original features. A feature space
refers to the space defined by the features and extracted features, in which
the supervised classification algorithm is trained and makes predictions.
We examine the effect on lesion segmentation performance in regards to the
refinement of the feature space the segmentation is performed in and the
use of various supervised classification algorithms. We explore the impact
on classification performance for nine supervised classification algorithms
as well as refinements of the structural MRI feature space. We fit the model
in six different feature spaces, which we refer to as Unnormalized, Normal-
ized, Voxel Selection, Smoothed, Moments, and Smoothed and Moments.
The feature extractions used to create these spaces are introduced in the
context of MS lesion segmentation in Sweeney et al. (2013). We also intro-
duce moment volumes, a feature space refinement which is to our knowledge
is novel in the context of lesion segmentation. The nine classification algo-
rithms we use are logistic regression, neural net, svm, QDA, LDA, GMM,
kNN, Random Forest and the Super Learner. Our conclusion is stated in
the title: Do not use a cannon to kill a mosquito. Our findings are that the
particular classification algorithm is not important and we focus instead on
careful development of the feature space. It is our experience that observed
differences in algorithms are due to how data are used and not to what
classification approach is used.
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2 Materials and Methods

2.1 Structural MRI Data

MRI can be acquired with different pulse sequences to create different imag-
ing contrasts. In this analysis, we focus on MRI studies with three imaging
acquisition volumes: the T1-weighted, T2-weighted and fluid-attenuated in-
version recovery (FLAIR). Figure 1 shows an example of the three volumes
for a single brain MRI study. Each structural MRI volume is an array of 7
million numbers and each of these numbers is referred to as a voxel. The
classifiers we are investigating are supervised, so we train and validate on
manual lesion delineation made by a technologist. This manual segmenta-
tion is also shown in Figure 1.

A1 A2 A3 A4

FIGURE 1. A1. FLAIR volume A2. T2-weighted volume A3. T1-weighted volume
A4. Manual lesion mask

MRI studies from 98 MS subjects with manual lesion segmentations were
used to train and validate the models – 49 studies were randomly assigned
to the training set and the remaining 49 studies were used for validation.
We fit the models on a set of 500 voxels sampled from each of the training
MRI studies (for a total of 24,500 voxels). This was done in order to reduce
the amount of time needed to fit each model. We validated on the entire
brain volume for each of the 49 studies in the validation set.

2.2 Supervised Classification Algorithms

We performed all statistical modeling in the R environment (version 2.12.0,
R Foundation for Statistical Computing, Vienna, Austria). Table 1 show a
summary for the supervised classification models fit, including the R pack-
age used and the tuning parameters for each model. All tuning parameters
were selected using 10-fold cross validation. Each model was fit on a voxel
level, assuming independence between voxels.

2.3 Feature Extractions

The feature extractions we use in this analysis are adapted from a proposed
lesion segmentation algorithm, OASIS is Automated Statistical Inference
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TABLE 1. Summary of the supervised classification models fit in R

Model R package Tuning Parameters

Logistic Regression

LDA MASS defaults

QDA MASS defaults

GMM mclust defaults

SVM , linear kernel e1071 cost: 1, 10, 100

Random Forest randomForest number of trees = 500
mtry = 1 : # of predictors

k -NN class k = 1,10, 100

Neural Network nnet size = 1, 5, 10
decay= 0, 0.001, 0.1

Super Learner SuperLearner all models

for Segmentation (OASIS) (Sweeney et al., 2013). We also introduce lo-
cal moment volumes, which consist of calculating sample moment over a
voxel neighborhood. We use these feature extractions to create six feature
spaces: Unnormalized, Normalized, Voxel Selection, Smoothed, Moments,
and Smoothed and Moments. A visual representation of the feature spaces
we use can be seen in Figure 2.
Here we focus on two of the feature spaces, Unnormalized and Moments.
The Unnormalized feature space consists of the raw intensities from the
three MRI volumes. The Moments feature space uses intensity normalized
MRI volumes, a voxel selection procedure and local moment volumes.

3 Results

Figure 3 shows voxel-level partial Receiver Operating Characteristic
(pROC) curves for the validation set with false positive rates of 10% and
below for two of the feature spaces: Unnormalized and Moments. The ver-
tical axis of the partial ROC curve shows the true positive rate (sensitivity)
for a given threshold of the probability map and the horizontal axis shows
the false positive rate (1 - specificity) for this threshold. Figure 3A is a
legend for the plots. Figure 3B is the pROC curve for the Unnormalized
feature space. Figure 3C is the pROC curve for the Moments feature space.

4 Discussion

In the Unnormalized feature space there is a large difference between the
performance of the classifiers. The Super Learner and the GMM perform
the best, followed closely by the Neural Net and Random Forest. After
the intensity normalization is performed, the voxel selection procedure is
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Unnormalized 

Normalized 

Voxel Selection Procedure

Smoothed

Moments

Gaussian Kernel
Neighborhood: 21 voxels

Gaussian Kernel
Neighborhood: 41 voxels

Third Moment
Neighborhood: 5 voxels

First Moment
Neighborhood: 3 voxels

A B

C

FIGURE 2. Shown are 3-dimensional plots of the FLAIR, T1-weighted, and
T2-weighted intensities and functions of these intensities for voxels in 5 randomly
sampled subject’s MRI studies. For the plots we have randomly sample 10,000
voxels from the 5 randomly sampled MRI studies. Each point in the plot is a voxel
from a study. Figure 1A shows a slice of the FLAIR volume for a subject, Figure
1B shows the manual segmentation for this slice, and Figure 1C is a color key
for these plots. Lesion voxels are pink, voxels within one voxel (26-connected) of
a lesion voxel are orange, and voxels within two voxels (26-connected) of a lesion
voxel are blue. All other voxels in the brain are colored grey. The plots are made
for the five of the feature spaces that we fit the models on and are labeled as
such: Unnormalized, Normalized, Voxel Selection, Smoothed, and Moments.

applied these differences dissappear, and it is important to keep in mind
the complexity and time to fit and make predictions for the algorithms,
which make simpler methods such as Logistic Regression and LDA more
desirable.
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FIGURE 3. The pROC curves for all models on the validation set with false
positive rates of 10% and below for two of the feature spaces: A. Unnormalized
B. Moments.

5 Conclusion

Our conclusion is stated in the title: Do not use a cannon to kill a mosquito.
Our findings are that the particular classification algorithm is not impor-
tant and we focus instead on careful development of the feature space. It is
our experience that observed differences in algorithms is due to how data
are used and not to what classification approach is used.
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Garćıa-Lorenzo, D., Francis, S., Narayanan, S., Arnold, D.L., Collins, D.L.
(2012). Review of automatic segmentation methods of multiple scle-
rosis white matter lesions on conventional magnetic resonance
imaging. Medical Image Analysis, 17, 1-18.
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Abstract: In recent years, several methods are proposed to model nonlinear
relationships in high-dimensional data by using spline basis functions and group
penalties. We focus on the special case of nonlinearity as nonlinear monotone ef-
fects on the response, as is often a natural assumption in medicine and biology. We
construct the monotone splines lasso (MS-lasso) method to estimate and select
variables using monotone spline basis functions (I-splines). The additive compo-
nents in the model are represented by the I-spline basis function expansions and
the component selection becomes that of selecting the groups of coefficients in
the I-spline basis function expansion. We use a recent procedure called coopera-
tive lasso to select sign-coherent groups, that is selecting the groups with either
non-negative or non-positive coefficients. This leads to the selection of the impor-
tant covariates that have nonlinear monotone increasing or monotone decreasing
effect on the response in high-dimensional regression problems. Simulated data
and real data examples from genomics illustrate the effectiveness of the proposed
method. Results indicate that the (adaptive) MS-lasso has excellent properties
compared to the other methods both by means of estimation and selection, and
can be recommended for high-dimensional monotone regression.

Keywords: Cooperative lasso; I-splines; Lasso; Monotone regression; Nonpara-
metric additive models.

1 Introduction

There has been a major effort in developing methods for monotone re-
gression beyond the strictly linear regression models. These methods are
usually concerned with classical situations in which the number of covari-
ates P does not exceed the number of observations n. In the last decade, the
massive production of data sets in all areas of science and technology has
turned high-dimensional regression problems, where P is much larger than
n, into one of the most active research areas within statistics. In certain
bio-medical applications it is important to assume that the relationship be-
tween an explanatory variable and the outcome is monotonically increasing
or decreasing. Very recently, one important contribution has appeared for
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monotone regression in high dimensions (Fang and Meinshausen, 2012). In
this paper we develop another substantially different tool for this purpose.
Given the observations (yi,xi), i = 1, ..., n, where yi is the response and
xi = (xi1, ..., xiP )t is the vector of covariates for observation i, the additive
model is given by

yi = β0 +

P∑
j=1

gj(xij) + εi. (1)

Here β0 is the intercept, the gj ’s are unknown functions to be estimated and
εi is the unobserved independent random error with mean zero and variance
σ2. We assume Egj(xj) = 0, for 1 ≤ j ≤ P , where xj = (x1j , . . . , xnj)

t,
to ensure unique identification of the gj ’s. In Meier et al. (2009); Huang
et al. (2010) and Ravikumar et al (2009) each nonparametric component
gj is represented by a linear combination of spline basis functions and the
problem can be viewed in terms of a group lasso problem. Combined with
the group lasso, the framework becomes a highly flexible alternative to
(standard) linear lasso-type methods.
One way of preserving monotonicity is to fit a smooth monotone func-
tion via monotone regression splines. Ramsay (1988) introduced integrated
splines (I-splines), which essentially are integrated versions of M-splines.

2 Methodology

We propose a new approach to fit nonparametric additive models under the
assumption that each component effect gj(xj) is monotone. The monotone
splines lasso (MS-lasso) combines the idea of I-splines with the cooperative
lasso (Chiquet et al 2012), and is feasible also in high-dimensional settings
where the number of covariates P can exceed the number of observations n.
The cooperative lasso is a lasso method where known groups of covariates
are treated together, but differs from the standard group lasso in that it
assumes that the groups are sign-coherent.
The important advantages of the MS-lasso are indeed that it is not re-
stricted to only monotone increasing effects, that is, the estimated mono-
tone functions ĝj can be either monotone increasing or decreasing in the
same model, and also it is fitting smooth monotone functions to each gj .
In this way we are more flexible than the linear model, but more restric-
tive than the pure nonlinear methods without any shape constraints. Our
method is also often biologically more relevant than the adaptive liso, in
that we obtain smooth representations of the functions right away. We also
suggest a two-step estimator, the adaptive MS-lasso, which leads to less
bias and fewer false positives in the final model.
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2.1 Monotone Splines Lasso

Suppose we have the additive model in (1) and write each of the individual
regression functions as a linear combination of m monotone splines basis
functions;

gj(x) =

m∑
k=1

βjkI
(l)
k (x), 1 ≤ j ≤ P. (2)

where I
(l)
k (·) is the I-spline basis function and βjk is the kth spline coeffi-

cient for the jth covariate. Let Gn = {g : g(x) =
∑m
k=1 βkI

(l)
k (x), βk ≥

0 or βk ≤ 0} be the space of monotone I-spline functions. The constraint
for {βk}m1 in Gn guarantees that each g ∈ Gn is monotone. As each com-
ponent gj(x) is represented by a spline basis, components that are not
selected will have βjk = 0,∀k, while selected variables should have spline
coefficients that are either all nonnegative or all nonpositive. An I-spline
with all βjk ≥ 0,∀k will produce a monotone nondecreasing function gj(x),
while an I-spline with βjk ≤ 0,∀k will produce a nonincreasing function.
We are centering the basis functions to satisfy the identifiability assumption
Egj(xj) = 0, for 1 ≤ j ≤ P . Let zijk = Ik(xij) − Ījk be the centered I-
spline basis function, where Ījk = 1

n

∑n
i=1 Ik(xij). Let Z = (Z1, ...,Zp)

be the n × (Pm) design matrix where all covariates are represented by a
centered I-spline basis and Zj is the n×m matrix for the jth covariate. We
use the centered response vector y of length n. Then the MS-lasso estimates
of β are defined by minimizing the objective function with respect to β;

β̂MS = argmin
β∈RPm

{
1

2
||y − Zβ||2 + λ||β||coop

}
,

where λ ≥ 0 decides the amount of shrinkage and is common to all groups.
Here

||β||coop = ||β+||group + ||β−||group =

P∑
j=1

wj
(
||β+

j ||+ ||β
−
j ||
)

is the cooperative lasso norm with β+ = (β+
1 , ..., β

+
P )t and β− =

(β−1 , ..., β
−
P )t, where β+

j = (β+
j1, . . . , β

+
jm)t and β−j = (β−j1, . . . , β

−
jm)t.

Hence β+ and β− are the positive and negative parts of β, that is,
β+
jk = max(0, βjk) and β−jk = max(0,−βjk) respectively.

The intuitive idea and motivation of adaptive MS-lasso are the same as for
the adaptive lasso and the adaptive group lasso. For example, the adaptive
(group) lasso procedures have the property that the solution is at least
as sparse as the initial estimator, and can therefore be used to reduce
the number of false positives compared to the standard initial procedures.
The adaptive procedures also penalize less for components with large initial
estimators, implying less biased estimates than for the standard procedures.
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3 Results

We generate wi1, . . . , wip, ui and vi independently from N(0, 1) truncated
to [0, 1]. The covariates are generated as follows,

xij =
wij + tui

1 + t
for j ∈ A, xij =

wij + tvi
1 + t

for j 6∈ A,

We let t = 0, 1 to get independent and dependent covariates. If A is the
set of components in the true model, the nonzero and zero components are
independent. We take P = 1000, the number of replication is 100 and the
sample size n = 50. The response variable is generated from the following
model,

y = g1(x1) + g2(x2) + g3(x3) + g4(x4) + ε.

ε is generated from normal distribution with mean 0 and variance such
that signal to noise ratio SNR ≈ 4. For the MS-lasso we use a monotone
I-splines basis of order two and six evenly distributed knots for all functions
gj . For Huang et al. (2010) method (BS-lasso), we use a quadratic B-spline
basis, also with six evenly distributed knots.

TABLE 1. Comparison of the selection performance for these six methods. The
proportion of correct selections of each component in the true model, together
with the average number of true and false positives.

Selection
g1 g2 g3 g4 TP FP

MS-lasso 1.00 0.89 1.00 1.00 3.89 17.72
Ad. MS-lasso 0.98 0.87 1.00 1.00 3.85 2.97
Lasso 0.85 0.72 1.00 1.00 3.57 25.01
Ad. lasso 0.81 0.68 1.00 1.00 3.49 18.40
Ad. liso 0.39 0.98 1.00 1.00 3.37 5.81
BS-lasso 0.00 0.04 0.23 0.93 1.20 1.09

Table 1 shows the MS-lasso is able to select all four components in the
true model in almost all of the simulation runs. TP is close to 4 and FP is
closed to 18 in MS-lasso. Introducing an adaptive step, reduces the number
of false positives.
We also evaluate the estimation error which is given in Table 2. Comparing
the MS-lasso and adaptive MS-lasso with their linear competitors, the lasso
and the adaptive lasso respectively, we see that the two methods allowing
for a nonlinear monotone relationship, estimate the effect of the components
with more accuracy. Comparing the MSE for each of the four components
individually, we see that the adaptive MS-lasso does much better than all
of the other methods.
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TABLE 2. Comparison of the estimation performance for these six methods,
compute MSE between the fitted function and the true function, averaged over
the 100 simulated data sets.

Estimation
g1 g2 g3 g4

MS-lasso 0.06 (0.03) 0.17 (0.08) 0.15 (0.06) 0.14 (0.06)
Ad. MS-lasso 0.02 (0.03) 0.07 (0.10) 0.03 (0.02) 0.03 (0.04)
Lasso 0.11 (0.04) 0.26 (0.06) 0.35 (0.07) 0.21 (0.07)
Ad. lasso 0.09 (0.05) 0.22 (0.09) 0.28 (0.06) 0.15 (0.07)
Ad. liso 0.12 (0.05) 0.07 (0.06) 0.08 (0.04) 0.05 (0.02)
BS-lasso 0.16 (0.00) 0.32 (0.03) 0.62 (0.22) 0.15 (0.13)

To illustrate our proposed method, we use a bone mineral data set pre-
viously studied in Reppe et al. (2010). We consider 84 women who had
a trans-iliacal bone biopsy. We take 2000 genes with largest standard de-
viation. We use the MS-lasso to model the relationship between the bone
mineral density and the expression of the 2000 genes and compared the
results with already existing methods. In Figure 1(a) we see, the adaptive
MS-lasso and the adaptive liso recognize a rapid decrease for midrange
values, and it seems that there might be a threshold effect. BS-lasso also
seems to be recognizing this rapid decrease, but it is too flexible. We see
in Figure 1(b) an example where only the methods assuming monotonicity
are selecting the component. Both the monotone splines methods and the
adaptive liso estimate a decreasing effect with a breakpoint around 0.7 (in
the transformed values).
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FIGURE 1. Estimated functions for two selected genes from the bone data
example.
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4 Discussion

We have suggested a method for variable selection in high-dimensional re-
gression problems, selecting variables that have a monotonically increasing
or decreasing effect on the response. Our method is within the same cat-
egory as the method of for example Huang et al. (2010), but constructed
especially to estimate and select variables showing a (nonlinear) monotone
effect. MS-lasso is more flexible than the linear lasso method but more re-
strictive than the nonlinear methods using B-splines and more flexible than
LISO, obtaining a smooth representation of the functions. If the mono-
tonicity assumption is fulfilled, our proposed method MS-lasso gives better
results than the other methods.
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Abstract: A generalized estimating equations (GEE) approach for correlated
multinomial responses was proposed by Touloumis et al. (2013). This GEE ap-
proach utilizes marginalized local odds ratios structures to describe the “associ-
ation” structure and thus, it enables GEE analysis for both ordinal and nominal
response categories. To obtain efficient and parsimonious local odds ratios struc-
tures, the family of association models (Goodman, 1985) is employed. We discuss
the key features of the local odds ratios GEE approach and illustrate its use
for marginal modeling of correlated nominal multinomial responses. Finally, we
indicate software availability.
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1 Introduction

Liang and Zeger (1986) proposed the generalized estimating equation
(GEE) method for estimating the regression parameters of a marginal
model when the association/correlation structure is of secondary impor-
tance. For multinomial responses, Touloumis et al. (2013) recognized that
simultaneous modeling of the pairwise association and regression param-
eters is restricted by the marginal model specification and/or the nature
of the response scale and thus, the GEE estimators might not be feasible.
These motivated Touloumis et al. (2013) to define α, the so-called “as-
sociation” vector, as a “nuisance” vector that contains the marginalized
local odds ratios structure. Instead of relying on the sample local odds
ratios, they developed parsimonious and meaningful structures for both
ordinal and nominal responses by utilizing the family of association models
(Goodman, 1985).
The local odds ratios GEE approach has certain advantages over ordinary
GEE approaches. First, it allows marginal modeling of correlated multino-
mial responses regardless of the response scale. Second, the marginalized
local odds ratios are not restricted by the regression parameters and values
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of α indicating strong marginalized association patterns are viable indepen-
dently of the marginal model specification. Third, GEE pitfalls are avoided
because α̂ is defined as the unique maximizer of an objective function and
not as the solution of an extra set of estimating equations. Finally com-
pared to the independence ‘working’ model, that is treating all observations
as independent, the proposed GEE method seems to increase the efficiency
in estimating the marginal regression parameters.
We present the key features of the local odds ratios GEE approach in
Section 2, indicate software availability in Section 3 and illustrate its use
for correlated nominal multinomial responses in Section 4.

2 The Local Odds Ratios GEE Approach

For notational ease, consider balanced designs but note that the local odds
ratios GEE approach can also handle unbalanced designs that satisfy the
missing completely at random assumption. Let Yij ∈ {1, 2, . . . , C > 2}
be the multinomial response variable of observation j (j = 1, . . . , J)
in cluster i (i = 1, . . . , N) and transform Yij to the equivalent vec-
tor Yij = (Yij1, . . . , Yij(C−1))

T , where Yijc = I(Yij = c). Let xij be
the covariates matrix associated with observation j in cluster i and let
xi = (xTi1, . . . ,x

T
iJ)T .

Suppose a marginal multinomial generalized linear model holds

g [E(Yij |xi)] = g(πij) = g(πij1, . . . , πij(C−1)) = xijβ

where β is the p-variate parameter vector of interest, πijc = Pr(Yij = c|xi)
and g is the link vector that respects the nature of the response scale. For
example, cumulative link models or adjacent category logit models can be
used for ordinal responses and baseline category logit models for nominal.
Touloumis et al. (2013) derived the GEE estimator β̂G by solving

U(β, α̂) =
1

N

N∑
i=1

DiV
−1
i (Yi − πi) = 0

where Yi = (YT
i1, . . . ,Y

T
iJ)T , πi = E(Yi|xi), Di = ∂πi/∂β, α̂ is an es-

timator of α, the parameter vector that describes the marginalized local
odds ratios structure, and Vi = Vi(β, α̂) is a J(C− 1)×J(C− 1) ‘weight’
matrix that preserves the form of the true covariance matrix for cluster i.
Asymptotically, β̂G follows the normal distribution provided by Liang and
Zeger (1986).
Formally, α includes the marginalized local odds ratios structure {θjcj′c′},
where θjcj′c′ is the local odds ratio at the cutpoint (c, c′) of the contin-
gency table obtained by aggregating the j-th and j′-th observations from
each cluster as if no covariates were recoded. Further, they parametrized
log θjcj′c′ according to one of the following four structures:
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1. The uniform structure, log θjcj′c′ = φ, where a single parameter mea-
sures the association at the full marginalized contingency table.

2. The category exchangeability structure, log θjcj′c′ = φjj′ , where one
parameter measures the association at each marginalized contingency
table. The uniform and the category exchangeability structure are
meaningful only for ordinal responses.

3. The time (observation-pair) exchangeability structure, log θjcj′c′ =
φ(µc−µc+1)(µc′−µc′+1), where homogeneous score parameters {µc}
for the response categories must be estimated.

4. The RC structure, log θjcj′c′ = φjj′(µ
jj′

c − µ
jj′

c+1)(µjj
′

c′ − µ
jj′

c′+1) which
assumes homogeneous score parameters at each marginalized contin-
gency table. Clearly, the RC structure includes the previous ones as
special cases. The time exchangeability and the RC structure is ap-
plicable to ordinal and nominal response categories provided that no
monotonicity of the score parameters is required.

To address the problem of local odds ratios structure selection, one might
inspect the so-called intrinsic parameters {φjj′} under the RC local odds
ratios structure. For ordinal (nominal) response categories, it is advisable to
use the uniform (time exchangeability) instead of the category exchange-
ability (RC) structure only when the estimated intrinsic parameters are
similar. Simulations in Touloumis et al. (2013) showed that this strategy
led to efficiency gains as large as 60% compared to the independence ‘work-
ing’ model.

3 R Package multgee

The local odds ratios GEE approach is implemented at the R package
multgee. Unlike existing GEE routines, this package offers marginal mod-
els for both ordinal and nominal correlated responses. To highlight this, two
GEE functions are provided: ordLORgee for analyzing ordinal responses
and nomLORgee for analyzing nominal responses. Additionally, the utility
function intrinsic.pars can be used in order to choose the local odds ratios
structure according to the rule of thumb presented in Section 2.

4 Data Analysis

The San Diego McKinney Homeless Research Project (Hurlburt et al.,
1996) was a randomized longitudinal study aimed to evaluate the effective-
ness of Section 8 certificates in providing independent housing to severely
mentally ill homeless people. People with Section 8 certificates were asked
to pay 30% of their income to rent and the local authorities paid the
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difference. The repeated response was the housing status, classified on a
three-level nominal scale (1=street/shelter living, 2=community housing,
3=independent housing) and measured at baseline and at 6, 12 and 24
months follow-ups (tj). We restricted our analysis to complete cases and
fitted the baseline category logit model

log

(
πijc
πij3

)
= β0c + β1ctj + β2ct

2
j + β3csi + β4c(tj × si) + β5c(t

2
j × si) (1)

where πijc is the probability that subject i at the j-th time point has
housing status c and si is the Section 8 group indicator, for i = 1, . . . , 271,
j = 1, 2, 3, 4 and c = 1, 2.
We selected the RC structure to model the marginalized local odds ratios
because the range of the estimated intrinsic parameters (0.56 − 3.66) in-
dicated an underlying time-dependent association pattern. For comparison
reasons, Table 1 also displays the GEE estimates of β in (1) under the
independence ‘working’ model. Interestingly, the Section 8 group effect in
the contrast of community housing versus independent is significant under
the RC local odds ratios structure (p-value = 0.045) but not under the in-
dependence ‘working’ model (p-value = 0.166). This justifies our preference
in drawing inference based on the RC local odds ratios structure.
People in the Section 8 group were more likely to be in independent hous-
ing than in street or community housing compared to people in the control
group. At the end of the study, for example, the estimated odds of inde-
pendent housing instead of street/shelter living for the Section 8 group

TABLE 1. GEE estimates and standard errors (in parenthesis) for the baseline
category logit model. Bold indicates statistical significance at α = 0.05.

Local Odds Ratios Structure
Contrast Parameter Independence RC

Street β01 1.5612 (0.2752) 1.5586 (0.2721)
vs β11 -0.3695 (0.0557) -0.3688 (0.0548)

Independent β21 0.0103 (0.0020) 0.0103 (0.0019)
β31 -0.6911 (0.3480) -0.8438 (0.3346)
β41 -0.0741 (0.0784) -0.0457 (0.0794)
β51 0.0036 (0.0028) 0.0022 (0.0028)

Community β02 1.2510 (0.2824) 1.2479 (0.2811)
vs β12 -0.0608 (0.0465) -0.0598 (0.0455)

Independent β22 0.0003 (0.0016) 0.0003 (0.0015)
β32 -0.4884 (0.3527) -0.6866 (0.3432)
β42 -0.2811 (0.0652) -0.2054 (0.0616)
β52 0.0107 (0.0023) 0.0081 (0.0021)
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TABLE 2. Fitted proportions for the housing status across time.

Group Status Baseline 6 months 12 months 24 months

Control Street 0.515 0.179 0.083 0.115
Community 0.377 0.584 0.586 0.439
Independent 0.108 0.237 0.331 0.446

Section 8 Street 0.426 0.152 0.064 0.087
Community 0.365 0.276 0.183 0.250
Independent 0.208 0.572 0.753 0.663

were ≈ 1.96 times that for the control group, while the estimated odds
of independent housing instead of community housing for the Section 8
group were ≈ 2.60 times that for the control group. The fitted proportions,
shown in Table 2, reveal that people in the control group tended to move to
community housing right after the baseline and were more likely to obtain
independent housing only at the end of study, while people in the Section 8
group obtained independent housing faster. We conclude that the Section
8 certificate was effective in helping people to obtain independent housing.

5 Summary

We discussed a local odds ratios GEE approach which can handle both
ordinal and nominal multinomial responses. We illustrated the approach
with nominal responses by analyzing the housing dataset, while Touloumis
et al. (2013) provided an example with ordinal responses. Touloumis (2013)
describes the associated R package multgee in a greater detail.

Acknowledgments: This research was based on a collaboration with
Prof. Alan Agresti and Prof. Maria Kateri.
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1 Introduction

The American Statistical Association is the world’s largest community
of statisticians and the Journal of the American Statistical Association
(JASA) has long been considered the premier journal of statistical science.
Established in 1888, formerly known as Publications of the American Sta-
tistical Association (PASA, 1888-1912) and Quarterly publications of the
American Statistical Association (QASA,1912-1921), JASA (1922- current)
is published quarterly and focuses on statistical applications, theory, and
methods in economic, social, physical, engineering, and health sciences.
In this study we explored the opportunities of reading the temporal evolu-
tion of concepts, methods and applications, i.e., the history of Statistics,
by means of the temporal evolution of key-words included in the papers
published by JASA.
In this first attempt we considered the titles of the papers published in
the period 1888-2012 in order to retrieve which were in the past and which
are today the research fields that JASA covers, from the viewpoint of both
methods and application domains.
Main aims of this study are: achieving an overview of the relationship be-
tween time and vocabulary to check the existence of a latent temporal pat-
tern (correspondence analysis), identifying key-words showing prototypical
temporal patterns, and clustering key-words portraying similar temporal
patterns (model-based curve clustering for functional data).
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2 Corpus and Data Analysis

Integrating three on-line sources (ASA, ISI, JSTOR) we collected 12, 557
items along 125 years, from the first volume No. 1 issue No. 1 (PASA,
1888) to the last volume No. 107 issue No. 500 (JASA, 2012). Some of these
items are not articles (e.g., List of publications, News), some of them do not
include content words in the title (e.g., Comment, Rejoinder) and, since
many of them are papers of the past, they often do not include an abstract
(abstracts began to appear regularly in the forties). Taking into account
only the texts of titles including content words, our corpus is composed
of 10, 077 titles, 87, 060 word-tokens and 7, 746 word-types, i.e., this is a
small corpus with a relatively limited richness, given that the type-token
ratio (V/N) is 8.9% and the number of occurences of word-types (N/V ) is
11 on average.
To overcome some of the limitations of an analysis based on simple word-
types (forms), we chose analyses based on a recent development of the
Porter’s stemming algorithm (Porter, 1980); and obtained a new vocabulary
including 4834 stem-types (e.g., the word-types: model, models, modeling,
and modelling are replaced with the same stem model). Moreover, as texts
are sequences of words that have different meanings if they are considered
in their context of use and alongside the adjacent words, we identified all
stem-segments (i.e., sequences of stems, e.g., model select, addit model,
hierarch model, log linear model, dynam model) occurring in the corpus at
least twice and composed of minimum 2 and maximum 6 consecutive stems.
We sorted the most important stem-segments according to Morrone’s IS
indexes (Morrone, 1996).
We tagged relevant statistical key-words (stem-types and stem-segments)
matching our vocabulary with lists of items included in available on-line
Statistics glossaries and, finally, we selected all key-words with frequen-
cies equal to or higher than 10 (i.e., high-frequency stem-types and stem-
segments) and discarded function words, i.e., articles, conjunctions, prepo-
sitions, pronouns, auxiliary and modal verbs (previous studies show that
these are good markers for the writing style whilst content words are suit-
able to gather topics, cfr. Tuzzi, 2010).
In a typical bag-of-words approach, chronological data are organized in
words per time-points contingency tables, which show the occurrence of
each word at each time-point. In our corpus, the time-point represents a
subcorpus of titles published in the same volume, corresponding to the year
(or two years for first volumes) of publication. In order to position years and
key-words (stem-types and stem-segments) on a map, we conducted on this
table a content analysis by means of a classical (lexical) Correspondence
Analysis (Murthag, 2005). Figure 1 represents the position of the years on
the Cartesian plane generated by the first two factors and shows association
among key-words (dots), among years (triangles) and between key-words
and years.
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FIGURE 1. First factorial plan of correspondence analysis (30% i.e.).

The temporal evolution of a key-word is expressed by the sequence of its oc-
currences over years (the rows of the contingency table), and represents an
observation of a functional object. In order to reduce the effect of different
subcorpus dimension (number of titles available) across years we replaced
the frequencies with a politextuality rate (number of titles including the
key-word divided by the number of titles). Figure 2 shows the temporal
trajectories of some key-words: (top) the most frequent; (bottom-left) iden-
tifying main inferential approaches; (right) related to topics of demography
and population studies.
In our modeling approach, the temporal evolution of each word i is repre-
sented by a curve yi(t) observed on a set of equally spaced time-points. We
assume that the model which generated the data involves, for each curve, a
functional effect and a random measurement error term. As we suppose the
existence of clusters, each word functional effect should include a cluster-
specific functional effect and, in order to handle inter-word variability, an
individual functional effect. Thereby we assume a mixed model:

yi(t) = µl(t) + Ui(t) + Ei(t) (1)

where µl(t) represents a functional fixed effect that is related to the cluster
l to which the word belongs, and Ui(t) is an individual functional random
effect modeled as a centered Gaussian process independent from Ei(t), a
random measurement error.
Once defined in the functional domain, a classical approach is to convert
the original problem into a finite-dimensional one by means of a functional
basis representation of the model. Following Giacofci et al. (2013) and
Morris and Carroll (2006) we used a wavelet-based representation of the
model and the Discrete Wavelet Transform to consider continuous functions
on the sole set of sampled points. Several ways of modeling the variance of
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FIGURE 2. Temporal trajectories for some key-words-within-titles.

random effects (constant, group-specific or scale-location varying) are also
considered.

3 Results and Conclusions

By means of correspondence analysis the corpus of titles shows a chrono-
logical pattern and four different eras in the history of statistics emerge
from the first factorial plan: from the origins to the twenties and World
War I (II quadrant); from the twenties to World War II and, then, to early
sixties (III); from the sixties to early eighties (II); from the late eighties
to nowadays (I). Moreover, it shows a progressive reduction in variability
along time, i.e. the scientific language has become more technical and more
specialized in recent decades.
By means of model-based curve clustering we observe the existence of some
interesting groups of key-words portraying a similar temporal evolution.
We found a first method capable of dealing with irregular curves (peak-like
data), the presence of inter-individual (inter-word) variability, and high di-
mensional curve clustering. At present, a functional clustering mixed model
with 10 clusters and constant variance for functional random effects shows
the best performance under statistical (according to BIC and ICL crite-
ria) and subject-matter considerations. This means that the selected 900
key-words have a cluster structure and a relevant inter-word variability.
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FIGURE 3. The best model with the overall groups (top) and examples of
interesting clusters (6 out of 10).

If we exclude clusters with a somewhat flat, undifferentiated trend, and
one outlier, other clusters allows us to pass from quantitative analysis to
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qualitative reading of results. Some examples are given in Figure 3 where
the group-specific functional fixed effect (bold line) and functional random
effects (pink lines) are illustrated. The top graph shows the best model
with the overall groups. The following six examples of clusters display in-
teresting chronological backgrounds: Group 1 includes key-words related
to demography and population studies (e.g., birth, death, vital statistics,
death rate, school) that refer mainly to the oldest articles at the turn of the
century; Groups 2 and 3 include key-words related to, respectively, pub-
lic (e.g., census, state, federal, national, bureau, government) and economic
(e.g., product, economic, price index, forecast, market, trade, business, con-
sumer) statistics that were most frequently addressed in the journal during
the first decades of the last century and almost disappeared after the sixties;
Group 4 represents the golden age of probability and inference that domi-
nated the second half of the twentieth century; Groups 5 and 6 show the on
going development of, respectively, mainstays (e.g., model, test, data) and
methods (e.g., regression model, multivariate, time series, robust, bayesian,
likelihood, nonparametric, semiparametric) of modern statistical sciences.
Although at present our analysis should be considered purely explorative,
model-based curve clustering proved promising and one of our research aims
is to adopt the same perspective fot analyzing abstracts of recent articles
in order to detect which research fields JASA covers nowadays from both
the viewpoints of methods and application domains.
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Abstract: Using Bayesian statistical modeling, we investigate risk factors of
Borrelia infection after a tick bite, such as tick testing for infection with Borrelia,
and assessment of the duration of the tick’s blood meal. We use combined data
from two prospective tick bite studies. The data are a mix of real observed and
interval censored data, and for some variables, only the maximum is reported.
Apart from tick infection with Borrelia, tick attachment time and, implicitly, tick
engorgement, appear to be an important predictors for Borrelia infection.

Keywords: Bayesian modeling; Survival analysis; Tick bite; Risk assessment

1 Introduction

Lyme borreliosis after a tick bite poses a progressive threat to public health
[Hubalek, 2009]. To decide upon prophylactic treatment with antibiotics,
understanding and quantification of an individual’s risk would be of great
value.
The individual risk for Borrelia infection depends on several factors: the
tick infection rate with Borrelia, the transmission rate of Borrelia from ticks
to humans, and tick attachment time. This last one can also be measured
as tick engorgement.
To assess the transmission rate of Borrelia from ticks to humans, we com-
bine the data from two prospective tick bite studies in the Netherlands.
Given the different datatypes of the two studies, modeling the risk of Bor-
relia infection after a tick bite, with regard to tick infection with Borrelia,
tick attachment time, and tick engorgement, may be problematic using
standard statistical techniques. We therefore turn to Bayesian statistical
methods.



424 Modeling the risk of Borrelia infection

2 Material and methods

2.1 Data description

Table 1 shows a summary of both datasets and the combined dataset. In-
formation on the number of tick bites and tick attachment duration was
collected at three time points: baseline, the six weeks preceding to enroll-
ment, and after a three month follow-up period. Some variables are avail-
able as real valued observations in one study, but are observed in categories
in the other. Many data are missing.

TABLE 1. Number of records of each variable in Study 1, Study 2 and combined
dataset for baseline, historic (six weeks preceding to baseline) and follow-up (three
months after baseline). ”NA” = missing value. ”-” = variable not measured (also
NA). ”real” = real valued, i.e. not interval censored, observation.

Study 1 Study 2 Combined
baseline historic follow-up baseline historic follow-up baseline historic follow-up

Borrelia 0 - - 260 - - 186 - - 446
infection 1 - - 14 - - 6 - - 20
at follow-up NA - - 53 - - 72 - - 125

Number real 327 251 279 264 - - 591 251 279
of tics 0 0 225 237 0 - 180 0 225 417

1-3 327 21 35 263 - 11 590 21 46
4-10 0 5 6 1 - 1 1 5 7
>10 0 0 1 0 - 0 0 0 1
NA 0 76 48 0 264 72 0 340 120

Tick real 295 - - - - - 295 - -
attachment 0-12 86 - - 92 - - 178 - -
duration 0-24 - 16 26 - - - - 16 26
(hours) 13-24 126 - - 82 - - 165 - -

>24 126 5 13 83 - - 209 5 13
NA 32 306 288 7 264 264 39 570 552

Tick empty 87 - - 73 - - 160 - -
engorgement partially 96 - - 101 - - 197 - -
category fully 56 - - 20 - - 76 - -

NA 88 327 327 70 264 264 158 591 591

Tick test 0 183 - - 202 - - 385 - -
Borrelia- 1 77 - - 44 - - 121 - -
positive NA 67 327 327 18 264 264 85 591 591

If an individual encountered more than one tick at any time point, only the
maximum is reported. For example, if a person encountered four ticks at
baseline, and a Borrelia-positive tick was reported, then it is only known
that at least one of them was positive.

2.2 Bayesian model

Given the observed data (real valued, interval censored or the maximum
value) and making distributional assumptions on the variables and model
parameters, inference can be made about the all unknown parameters as
well missing data.
The problem can be formulated as a survival model: during tick attachment,
a person is at risk of becoming infected. There is loss to follow-up in case
the tick is removed before infection has occurred, so in that case the time
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to event is right censored. For infected individuals, it is only known that
the event occurred after tick attachment, so the time to event is interval
censored.
The survival model can be reformulated as a Binomial regression model
with 0/1 outcome [Abbott, 1985], where the probability of infection is a
function of the risk factors. Lyme infection status Ii (1 or 0) of individual
i (i = 1, ..., 591) is modeled by a Bernoulli distribution:

Ii ∼ Bern(pinfi)

The cumulative risk pinfi that individual i is infected is a function of the
baseline risk, historical risk and follow-up time risk:

pinfi = 1−
(
1− pbaseinfi

)(
1− phistinfi

)(
1− pflwpinfi

)
The cumulative risks are modeled as functions of the number of ticks K,
tick attachment duration T , tick engorgement category E, and tick infec-
tion with Borrelia B. As for any individual only the maximum tick attach-
ment duration Tmax and maximum tick engorgement category Emax were
reported, it is assumed that the not reported attachment duration and en-
gorgement category of all other observed ticks are equal to the reported
maximum attachment duration and maximum engorgement category.
The efficiency of Borrelia transmission is described by the hazard rate λ.
As observed in animal experiments, Borrelia transmission does not occur at
the beginning of the blood uptake [Piesman, 1993], so we set λ = 0 during
an initial period τ of tick attachment. Additionally, we assume that, if a
tick tested positive for Borrelia (B = 1), the hazard rate is constant during
tick attachment after τ . Otherwise, if a tick is tested negative (B = 0), the
hazard rate is assumed zero. As a result, the cumulative risk is given by:

pbaseinfi = 1− exp
(
− λmax(0, T basemaxi − τ)

Kbase
i∑
j=0

Bbaseij

)

phistinfi = 1− exp
(
− λmax(0, Thistmaxi − τ)

Khist
i∑
j=0

Bhistij

)

pflwpinfi
= 1− exp

(
− λmax(0, T flwpmaxi − τ)

Kflwp
i∑
j=0

Bflwpij

)
If no tick bites were observed (Ki = 0) at one of the three time points, the
risk of infection should be zero. This is achieved by setting Tmaxi = 0 and
Bi0 = 0 for that time point.
We assume that the maximum tick attachment duration has an Exponential
distribution, as this distribution provided the best fit with the observed
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maximum tick attachment durations (QQ-plot, figure not shown).

T basemaxi ∼ Exp(λ
base
Ti )

Thistmaxi ∼ Exp(λ
hist
Ti )

T flwpmaxi ∼ Exp(λ
flwp
Ti

)

If the maximum tick attachment duration was observed in intervals, the
Exponential distribution can be made interval censored for those observa-
tions.
The relation between maximum tick engorgement category and the cu-
mulative risk is modeled implicitly by relating the rate parameters of the
Exponential distribution for maximum attachment times to the maximum
engorgement category Emax:

λbaseTi = λE1
(Ebasemaxi = 1) + λE2

(Ebasemaxi = 2) + λE3
(Ebasemaxi = 3)

λhistTi = λE1
(Ehistmaxi = 1) + λE2

(Ehistmaxi = 2) + λE3
(Ehistmaxi = 3)

λflwpTi
= λE1

(Eflwpmaxi = 1) + λE2
(Eflwpmaxi = 2) + λE3

(Eflwpmaxi = 3)

The maximum tick engorgement category has a Categorical distribution
with prevalences pE :

Ebaseij ∼ Cat(pE)

The tick infection with Borrelia is modeled for each tick j separately, as this
is assumed independent of the individual. Consequently, the tick infection
with Borrelia has a Bernoulli distribution:

Bbaseij ∼ Bern(pB)

under the restriction that only the maximum Bmax is reported:

Bbasei = max
j

(Bbaseij )

From this the prevalence of a single Borrelia-positive tick pB can be esti-
mated, which can be used to generate data on tick infection with Borrelia
of any historical or follow-up tick:

Bhistij ∼ Bern(pB)

Bflwpij ∼ Bern(pB)

The same principle, of generating data by sampling from their distribu-
tion, conditional its parameter(s), can be applied to any missing values
for tick Borrelia infection status, maximum tick attachment duration and
maximum tick engorgement category.
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The number of ticks K is described by a categorical distribution, possibly
interval censored if the observed number of ticks is reported as a range.

Kbase
i ∼ Cat(pbaseK )

Khist
i ∼ Cat(phistK )

Kflwp
i ∼ Cat(pflwpK )

Finally, (non-informative) priors are assigned to all unknown parameters:

log(λ) ∼ Norm(0, 0.01)

τ ∼ Gamma(2, 0.05)

λE1
∼ Gamma(1, 0.01)

λE2
∼ Gamma(1, 0.01)

λE2
∼ Gamma(1, 0.01)

pE ∼ Dirch(1, 1, 1)

pB ∼ Beta(1, 1)

pbaseK ∼ Dirch(1, 1, ..., 1)

phistK ∼ Dirch(1, 1, ..., 1)

pflwpK ∼ Dirch(1, 1, ..., 1)

The model is implemented in JAGS. All data pre- and post-processing are
done in R.

3 Results

We first present parameter estimates together with their 95% credible in-
terval. The hazard rate is 0.0040 h−1 (0.0024 - 0.0063). The initial period
without blood transmission is 4.3 h (0.7 - 10.2). The mean attachment du-
ration per engorgement category is 21 h (19 - 25), 26 h (22 - 30), and 68
h (54 - 87) for empty, partially and fully engorged ticks, respectively. The
probability that one tick is Borrelia positive is 23.8% (20.3 - 27.4).

TABLE 2. Cumulative probability (%) of Borrelia infection at different time
points and tick engorgement categories.

Engorgement Borrelia-positive Borrelia unknown

Empty 7.1 (0.0 - 28.5) 1.7 (0.0 - 6.8)
Partial 7.7 (0.0 - 30.3) 1.8 (0.0 - 7.1)
Full 20.2 (0.0 - 64.0) 4.8 (0.0 - 15.8)

Given these parameter estimates, Figure 1 is constructed, showing the cu-
mulative risk of Borrelia infection after one tick bite, as a function of tick
attachment duration and tick infection status. The influence of engorge-
ment on the risk of Borrelia infection is shown in Table 2, where the values
in Figure 1 are averaged over the corresponding tick attachment durations.
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FIGURE 1. Cumulative probability of Borrelia infection as a function of tick
attachment duration and tick infection status. The dark curve represents the
probability in case of one Borrelia-positive tick. The light curve represents the
probability in case of one tick bite, without information on tick infection with
Borrelia.

4 Conclusion

Using Bayesian statistical modeling, we can combine information from two
prospective studies to estimate the the risk of Borrelia infection after a tick
bite, with regard to tick infection with Borrelia, tick engorgement and tick
attachment time, in the presence of missing data, a mix of real observed
and interval censored data, and the limitation that only the maximum of
some observations is reported. Tick attachment time and, implicitly, tick
engorgement, appears to be an important predictor for Borrelia infection.
If a tick is known to be Borrelia-positive, the risk increases with a factor
four.

References

Abbott, R.D. (1985). Logistic regression in survival analysis. Am. J. Epi-
demiol., 121(3), 465-471.

Hubalek, Z. (2009). Epidemiology of lyme borreliosis. Curr. Probl. Derma-
tol., 37, 31-50.

Piesman, J. (1993). Dynamics of Borrelia burgdorferi transmission by
nymphal Ixodes dammini ticks. J. Infect. Dis., 167, 1082-1085.



Joint models for discrete longitudinal
outcome and survival

Ardo van den Hout1, Graciela Muniz2

1 Department of Statistical Science, University College London, UK
2 Medical Research Council Unit for Lifelong Health and Ageing, London, UK

E-mail for correspondence: ardo.vandenhout@ucl.ac.uk

Abstract: Joint modelling is presented for survival and change in cognitive func-
tion in the older population. Because tests of cognitive function often result in
discrete outcomes, binomial and beta-binomial mixed-effects regression models
are applied to analyse longitudinal measurements. Dropout due to death is ac-
counted for by parametric survival models, where the choice of a Gompertz base-
line hazard and the specification of the random-effects structure is of specific
interest. Estimation is by marginal likelihood or Bayesian inference. Data from
the English Longitudinal Study of Ageing are analysed to illustrate the methods.

Keywords: Beta-binomial distribution; Cognitive function; Gompertz distribu-
tion, Marginal likelihood.

1 Introduction

Joint modelling is proposed for longitudinal data on survival and change
in cognitive function in the older population. It is assumed that cognitive
function is measured repeatedly with a questionnaire test, where perfor-
mance is quantified by an integer scale for the total sum score. Typically
such as test consists of a series of questions with a binary scoring 0/1 for
correct/incorrect answers.
Given the population of interest, dropout due to death cannot be ignored
when individuals are followed up with respect to a process that is associated
with ageing and the proximity of death. Hence the need for joint models
for survival and change in cognitive function.
A good overview of past and current research in joint models is pre-
sented in Chapters 13-16 of Longitudinal Data Analysis (Fitzmaurice et
al. 2009). Our joint modelling builds upon the established framework of
shared-parameter models as presented and discussed by Rizopoulos (2012).
However, model formulation is geared up to the specific features of data
for cognitive function in the older population. First, because of the integer
test sum score, non-linear mixed-effects models are investigated as alterna-
tives to linear mixed-effects models where the conditional distribution of
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the outcome is continuous. In addition to the integer scale, tests of cogni-
tive function often result in skewed distributions due to ceiling effects, and
this undermines the assumptions of linear mixed models. Second, because
prediction is of specific interest, parametric models will be formulated. The
fully parametric approach is an alternative to the semi-parametric mod-
elling of the survival time, which is the default in many joint models. The
parametric Gompertz baseline hazard is especially useful in the context
of ageing. Third, delayed entry is taken into account in the modelling of
survival. Delayed entry is a common feature of longitudinal data for ageing
research when age is the time scale and baseline age in the study varies.
In that case, individuals are only in the data set if they survived up to or
beyond the minimum age defined by the study design.

2 Model for discrete outcome and survival

The response of interest is discrete and takes values in 0, 1, ...,m. For indi-
vidual i, i = 1, ..., N , with longitudinal response yi = (yi1, ..., yini) at times
(ti1, ..., tini) the measurement model has linear predictor given by

ηij = β0i + β1itij + Xiγ

β0i = β0 + b0i

β1i = β1 + b1i,

for fixed-effects vectors (β0, β1) and γ. We assume bi = (b0i, b1i) ∼ N(0,Σ).
The logit link is µij = exp(ηij)/[1 + exp(ηij)]. The beta-binomial distribu-
tion for Yij with variance parameter θ has E[Yij ] = mµij and Var[Yi] =
mµij(1− µij)[1 + (ni − 1)θ/(1 + θ)]. Here it is assumed that θ is the same
unknown constant for all individuals.
The hazard model is a parametric regression model given by

hi(t) = h0(t) exp [αg(βi) + X∗i γ
∗] , (1)

where time t is age in years, and g(βi) = g(βi|t) is a linear function of
random-effects vector βi = (β0i, β1i). The vector γ∗ is without an intercept.
Examples of parametric forms for the baseline hazard function h0(t) are
exponential: h0(t) = λ, Weibull: h0(t) = λτtτ−1 and Gompertz: h0(t) =
λ exp(ξt), where λ > 0 and τ > 0.
The joint model is a shared-parameter model where the constituent sub-
models share the random effects. Data for the hazard model are ti1, the
time individual i enters the study, and ti, the time at which either death
is observed (δi = 1), or death is right-censored (δi = 0).
Given a hazard submodel where the baseline hazard depends parametri-
cally on t, a simple form for αg(βi) such as αβ0i is recommended to prevent
identifiability problems with respect to α and the parameters for the base-
line hazard.
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In joint models where the hazard model is a semi-parametric Cox model,
an additional choice for αg(βi) is α(β0i + β1it).
Alternatively, joint models can be formulated by linking the function g(βi)
to the baseline hazard. For the Gompertz baseline we can define

hi(t) = h0(t|βi) exp(X∗i γ
∗) = λ exp(ξit) exp(X∗i γ

∗), (2)

where ξi = ξ0 + αg(βi). The induced heterogeneity is with respect to the
effect of time on the hazard.

3 Statistical inference

Assuming independence between the submodels conditional on the random
effects, the log-likelihood contribution for individual i is given by

log p(ti, ti1, δi, yi|ω) = log

∫
p(ti, ti1, δi|bi, ω)p(yi|bi, ω)p(bi|ω)dbi =

log

∫
h(ti|bi, ω)δiP (T ≥ ti|T > ti1, bi, ω)

∏
j

p(yij |bi, ω)

 p(bi|ω)dbi,

where ω is the vector with all the models parameters but the random effects.
The log-likelihood allows for left-truncated data by taking into account ti1.
Let λ◦i = λ exp[αg(βi) + X∗i γ

∗]. For the joint model (1) with the Gompertz
hazard, we have

P (T ≥ ti|T > ti0, bi, ω) = exp
(
−λ◦i ξ−1[exp(ξti)− exp(ξti0)]

)
.

The log-likelihood is computed using Gaussian quadrature for the two-
dimensional integral and maximised using a general-purpose optimiser in
R.
Consider an individual i, who is not in the data, is alive, and has longitu-
dinal response ỹi. Let t̃i denote age corresponding to the last element of
ỹi, let t̃i1 denote the age corresponding to the first element of ỹi. Maxi-
mum aposteriori estimation (MAP) of random effects bi for this individual
is based upon the conditional density

p(bi|ω̂, t̃i, t̃i1, δi = 0, ỹi) ∝ p(t̃i, t̃i1, δi = 0, ỹi|bi, ω̂)p(bi|ω̂).

Given the estimated random effects, both survival and longitudinal re-
sponse can be predicted up to an assumed maximum age.
As an alternative to marginal likelihood, Markov Chain Monte Carlo can
be used to obtain posterior inference for the model parameters and the
random effects. For this, a Gibbs sampler was implemented in R.
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4 Application

The English Longitudinal Study of Ageing (www.ifs.org.uk/ELSA) con-
tains information on health and quality of life for the English population
aged 50 and older. Data are available from waves 1–4 (2002-2009).
Here we focus on the number of words remembered in a recall from a
list of ten: “A little while ago, you were read a list of words and you
repeated the ones you could remember. Please tell me any of the words that
you can remember now.” The test score is equal to the number of words
remembered. The total sample size of ELSA is 19,834. For the current
analysis, we use a random sample of size 1,000.
To protect the identity of the individuals in the ELSA data, ages higher
then 90 years are censored. In the current sample, there are 6 individuals
with censored age of death, and a further 7 individuals who have age cen-
sored during the follow-up. These individuals are removed from the sample.
The resulting sample size is 987. The dropout due to death is 9.62% and
too substantial to ignore in an analysis of cognitive function.
As a summary of the analysis and to show the benefits of using the beta-
binomial and the Gompertz distributions, we compare the Akaike informa-
tion criterion (AIC) for a series of models. For all the models, the Gaussian
quadrature is based upon 11 quadrature points.
The time scale for the extended models is age minus 31. This transformation
is used because it results in 1 being the minimal age in the analysis, which
simplifies the interpretation of the intercepts and is numerically convenient
for fitting the model. Denoting transformed age by t, the basic model is a
binomial regression model with an exponential survival model given by

ηij = β0i + β1itij + γ1sexi + γ2educi

hi(t) = exp(γ∗0 + αβ0i),

where sex = 1 for men, and educ = 1 for the higher education level. The λ-
parameter for the exponential baseline is estimated by exp(γ∗0). This joint
model has AIC = 12720. Model (1) defined by using a Gompertz baseline
hazard specifies

hi(t) = exp(γ∗0 + ξt+ αβ0i).

The AIC is 12634. Choosing the Weibull baseline results in AIC = 12666.
As expected, the exponential model is too simple and a time-dependent
hazard leads to a better fit. Comparing the Gompertz model with the
Weibull model, the AIC favours the former. For this reason, the model
with the Gompertz baseline is extended by adding a variance parameter to
the measurement model and fitting a beta-binomial regression. This joint
model yields AIC = 12631.
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FIGURE 1. Observed number of words remembered and fitted trajectories for
9 individuals (more or less) randomly chosen among those with two or more
observations. Grey vertical lines for time of death.

Adding covariates body mass index (bmi, a classification into 6 groups:
< 20, 20-25, 25-30, 30-35, 35-40, and 40+) and year of birth (yob) defines

ηij = β0i + β1itij + γ1sexi + γ2educi + γ3yobi

hi(t) = exp(γ∗0 + ξt+ αβ0i + γ∗1bmi),

with AIC = 12616.
Using (2) as an alternative random-effects structure, the hazard model in
the last model is changed into

hi(t) = exp(γ∗0 + (ξ + αβ0i)t+ γ∗1bmii),

where the heterogeneity induced by β0i affects the way the hazard is linked
to change in t. The assumption in this model is that individuals with the
same covariate information have the same hazard at t = 0, which corre-
sponds in the present context to 30 years of age. This model has AIC =
12614 and fits better than all previous models.
Parameter α is estimated at a negative value implying that being better
at remembering words is associated with better survival. Estimate ξ̂ > 0
implies that the hazard for death increases with age. Both these results are
as expected.
The estimation of the effect of time and risk factors is robust across the
fitted models. There is a clear positive effect for more education (γ̂2 >
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FIGURE 2. Quantile residuals based on MAP estimation of the random effects.

0). Given the effect of education, there is an additional effect when men
(sex = 1) are compared to women (sex = 0): women tend to be better at
remembering words than men (γ̂1 < 0). A higher BMI increases the hazard,
and being born later is associated with being better in remembering words.
Marginal likelihood tends to underestimate the variance components in
mixed-effects models. Because of this, Bayesian inference (using a Gibbs
sampler and non-informative priors) was compared to the marginal likeli-
hood inference. We did not note any relevant differences.
For the final model, fit to individual data is depicted in Figure 1, where
the subset was chosen from a number of randomly generated subsets of
individuals with more than one observation. In case of death, the fit is
depicted up to time death. The graphs in Figure 1 are based on the MAP
estimation of the random effects bi. Overall the model seems to capture the
observed trajectories well.
Given the estimated random effects, further information on goodness of fit
of the measurement model can be derived by looking at normalised ran-
domised quantile residuals (Dunn and Smyth 1996; Rigby and Stasinopou-
los 2005). Figure 2 shows that the distribution of these residuals is close to
the standard normal.
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1 Introduction

Land use datasets are routinely collected by many institutions at a na-
tional and international level and provide useful information for many en-
vironmental and urban planning purposes, such as the monitoring of urban
sprawl (EEA, 2006). The availability of urban land use data collected across
several years also allows changes in the evolution of urban agglomerates and
their features to be tracked over time.
One objective for urban planners is the identification and monitoring of
homogeneous areas characterized by certain types of urban use, for instance
residential rather than industrial or commercial use. The boundary region
separating an homogeneous urban area from a non urban one is typically
characterized by a smooth decay in the intensity of urbanization. This
is because, at a large scale level, urbanization develops as a continuous
process over space, and often the spatial configuration gradually becomes
non compact as one moves from the urban centre; this effect is sometimes
referred to as urban sprawl (EEA, 2006). This characteristic of the urban
process makes it difficult to localize the presence of boundaries or significant
changes by simply looking at the observed land use pattern. In this work
we identify the position of boundaries separating homogeneous regions,
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by searching for significant changes over a fitted surface representing the
intensity of the urban phenomena.
We adopt a Bayesian P-spline approach for modelling the surface. Via
MCMC we obtain posterior samples of spline coefficients, which is to say
the empirical distribution of fitted values is available for computation of
the mean surface as well as any α quantile surface of interest. By analyzing
the posterior empirical distribution of the fitted surface we can investigate
significant changes over space, such as identifying the boundary surround-
ing a hot spot of urbanization, and also investigating possible changes in
the boundary over time. This is important to reveal the temporal dynamics
of urban development in a given study region.

1.1 Raster data

Land use data are usually collected by satellite imaging or aerial photos.
Data come in the form of polygons, each having an associated category of
land use. An equivalent raster map can be obtained from the polygon maps
by using GIS softwares or the“raster” R package (Hijmans and van Etten,
2012). The new raster dataset consists of a fine grid composed of pixels.
Each pixel inherits the category of land use of the polygon in which it falls.
In order to preserve the spatial pattern observed in the original polygon
map, raster maps must be produced at high resolution resulting in a very
large number of pixels.
A Bayesian P-spline logistic model for raster data is described in section 2,
where intensity of urbanization is modelled as a smooth surface. In section
3 a case study is presented with the main aim of delineating boundaries
for regions characterized by a high urbanization intensity (hot spot) and
also to investigate changes in the boundary between two different years. A
discussion of further work is given at the end.

2 P-spline Bayesian modelling for binary rasters

As a first step we want to model the large scale spatial trend, or intensity,
of urbanization underlying the binary raster map shown in the left panel of
Figure 1. Intensity is assumed as a smooth function over space, or surface,
which takes values in (0, 1). Raster data come in the form of a matrix Y
with say R rows and C columns. Given yrc the binary response in the pixel
located at row r and column c, we make the following assumption:

yrc ∼ Ber(prc) (1)

logit(prc) = (b̆c ⊗ br)θ (2)

where prc is the urban intensity surface evaluated at row r and column c,
modelled, in the logit scale, as a weighted sum of B-spline bivariate basis
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functions, with θ the vector of weights or spline coefficients. We follow the
P-spline surface representation by Eilers et al. (2006). Operatively, marginal
basis matrices BR×k and B̆C×q are defined over row r = 1, ..., R and column
c = 1, ..., C indices, with k and q depending on the number of equidistant
knots chosen along rows and columns respectively. Vector b̆c, of length q,
in (2) is the row entry of matrix B̆ associated with column index c, while
vector br, of length q, is the row entry of matrix B associated with row
index r. The kronecker product of these two vectors gives a bivariate B-
spline evaluated at row r and column c. Traditionally, penalized likelihood
is used to estimate θ conditionally on a fixed smoothing parameter λ; see
details in Eilers et al. (2006).
We assume a Bayesian representation of a P-spline surface following the
approach presented in Lang and Brezger (2004). A prior model for θ coeffi-
cients gives the stochastic alternative to the traditional penalty approach.
We take a 2nd order random walk smoothness prior for θ

f(θ|τ2) ∝ exp(− 1

2τ2
θTKθ) (3)

where K = DTD, and D is a 2nd order difference matrix of known co-
efficients. The variance τ2 corresponds to the inverse of the smoothing
parameter λ, i.e. λ = 1

τ2 . A fully Bayesian model requires a prior for τ2,
we take a non informative inverse gamma IG(0.001, 0.001).
The posterior for θ is not tractable and model (2) was estimated via Monte
Carlo Markov Chain methods. A Metropolis-Hastings algorithm based on
an iterative weighted least squares proposal distribution (Gamerman, 1997)
was used for block sampling of the spline coefficients. As discussed in Lang
and Brezger (2004) the acceptance rate is usually poor which means many
MCMC iterations are needed in order to achieve convergence. In order
to speed up the execution of each MCMC iteration we used array algebra
methods in Currie et al., (2006) and sparse matrix computation (Furrer and
Sain, 2010). The full conditional for λ is a gamma with known parameters,
thus a Gibbs sampling step was used to update λ.

2.1 Credible intervals for a surface

The availability of posterior samples for the spline coefficients allows any
summary of interest to be computed. Analogously to the use of credible in-
tervals for curves to detect significant change in one dimension, we propose
the use of credible intervals for surfaces to detect changes over space.
We define the mean intensity surface at row r and column c as p̂rc,m =

1/(1 + exp(−(b̆c⊗ br)θ̂m), with θ̂m the posterior sample mean of θ. Analo-

gously, we define the α quantile surface as p̂rc,α = 1/(1+exp(−(b̆c⊗br)θ̂α),

with θ̂α the posterior sample quantile corresponding to a probability α. In
order to find a hot spot of urbanization it suffices to look for areas where
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the α = 0.05 quantile surface stays above a fixed probability threshold, say
p = 0.5. Note, in such a hot spot region 95% of the probability mass of the
fitted values distribution is above the threshold p.
Quantile surfaces can also be useful when the objective is to detect regions
of significant low intensity, or regions of uncertainty where urbanization is
sparse.

3 Results

The data we use come from the administrative database of Emilia Romagna
province, Italy. Model (2) has been fitted to data from different years. Left
hand panels in Figure 1 display the point patterns of urban residential
use in the metropolitan area surrounding Bologna relative to 2008 (top)
and 1976 (bottom). Each pixel contains a binary response, 1 indicating
the presence of the urban use under study, 0 otherwise. The right hand
panels show the associated posterior mean surfaces which give an estimate
of the intensity of urban residential use. The black boundary line identifies
pixel regions where the α = 0.05 quantile surface crosses the threshold
p = 0.5, meaning that 95% of the probability mass of fitted values are
above that threshold. Thus, the contoured area displays a significant hot
spot of urbanization. Comparing the boundary lines for the two patterns we
see a change occurred between 1976 and 2008. The hot spot area is larger in
1976 than in 2008, as a result of more compactness of the residential pattern
in 1976 as compared to 2008. This might be due to a sprawl effect taking
place in the study region as regards the residential land use development
in later years. A superimposition of the boundary lines in a unique map
(here not shown) is useful to visualize the size and the spatial direction of
the change.

4 Discussion and future work

Raster land use data has high potential as regards describing patterns of
urbanization. P-spline approach can be fruitfully exploited to study spatial
and temporal dynamics in these data since it allows efficient smoothing over
grids. Bayesian P-spline models give the additional advantage of avoiding
automatic selection of λ, as this is assumed as random and estimated via
MCMC. As a result, credible intervals which correctly include uncertainty
of λ are directly available. This allows a simple method based on quantile
surfaces to investigate the presence of spatial features such as boundaries.
Future work will be about two aspects. First, building models coherent with
social and economic factors driving urbanization. This requires extension of
the model with the introduction of covariates. The second focus will be on
diagnostic tools to investigate clustering effects in the residuals. We believe
the connection between spatial logistic models and poisson point processes
can be exploited to build useful model diagnostics for the model presented.
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FIGURE 1. Comparison of urban residential patterns in Bologna for 2008 and
1976. On the left the raster binary data: pixel color indicates the presence (black)
absence (white) of urban residential use. On the right the associated estimate of
the intensity expressed in a continuous grey color scale ranging (0, 1). Boundary
black lines localize hot spot regions of urban residential use.
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1 Department of Applied Statistics and Econometrics, Johannes Kepler Univer-
sity Linz, Austria

2 Austrian Federal Economic Chamber, Department of Statistics, Vienna, Aus-
tria

E-mail for correspondence: helga.wagner@jku.at
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1 Model

Let yi = (ybi , y
n
i ) denote a bivariate response, where ybi is a binary and

yni a normal component, and xi the 1 × d vector of covariates for subject
i = 1, . . . , N . We specify a regression model for both outcomes based on
the factorization of the joint distribution as

p(yi|xi) = p(yni |xi)p(ybi |yni ,xi).

The marginal model of the normal component is a standard linear regres-
sion model

yni = µnxiβ
n + εi, εi ∼ N (0, σ2).

To allow for flexible dependence between normal and binary response the
predictor for the binary response ηbi combines a linear function of the co-
variates with a smooth function f of the error terms of the normal model
as

ηbi = xiβ
b + f(

yni − xβn

σ
).

We use a logit function to link the predictor to the mean, but other link
functions, e.g. probit, robit or complementary log-log are also possible.
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To estimate the nonlinear effect of the standardized residual f(ε/σ) we
consider a representation of f in terms of a linear combination of B-spline
basis functions Bj , as

f(ε/σ) =

J∑
j=1

γjBj(ε/σ), (1)

where γ = (γ1, . . . , γJ) denotes the coefficients of this linear combination.
Bayesian model formulation is completed by specifying the following prior
distributions for the model parameters: standard normal priors for βn and
βb and an inverse Gamma prior for the error variance σ2. For the spline
coefficients γ we use a smoothness prior specified as a second order random
walk,

γj = 2γj−1 + γj−2 + νj , νj ∼ N (0, τ2)

and an inverse Gamma prior for the hyper-parameter τ2.

2 Bayesian inference

Model parameters are estimated by sampling from the posterior distribu-
tion with data augmentation and MCMC methods. For the binary logit
model we use the representation in terms of a latent utility ui as

ui = ηbi + εi, ybi = I(0,∞)(ui),

where the error term εi has a standard logistic distribution. Using the ap-
proximation of this error distribution as a finite scale mixture of normal
distributions (Frühwirth-Schnatter and Frühwirth, 2010) the regression co-
efficients βb and the spline coefficients γ of the logistic regression model can
be estimated from the auxiliary normal model with heteroscedastic errors

ui = ηbi + ε̃i, ε̃i ∼ N (0, s2
ri),

where ri denotes the component indicator for the mixture component.
Hence additionally to the model parameters the auxiliary variables u =
(u1, . . . , un) and r = (r1, . . . , rn) will be sampled. We use the following
MCMC scheme:

(I) Sample the regression coefficients βn and the error variance σ2 of the
normal model.

(II) Sample the auxiliary variables u, r from p(u, r|σ2,βn,βb,γ,yn,yb).

(III) Sample the regression coefficients βb of the logit model from the full
conditional p(βb|βn,γ, σ2,yn,u, r).

(IV) Sample the spline coefficients γ from p(γ|βn,βb, σ2,yn,u, r, τ2) and
the hyper-parameter τ2 from p(τ2|γ).
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Note, that due to data augmentation the parameters of the logit model
have a normal posterior distribution conditioning on the parameters of the
normal model. However, as the likelihood of a binary observation depends
on the standardazid residuals and hence on the the parameters of the nor-
mal regression model, the posteriors for βn and σ2 have no closed form and
are therefore sampled using a MH-step.

3 Analysis of data on living conditions in Austria

In our application we contribute to research of well-being of societies. This
area has become increasingly important as European politics started to fo-
cus on indicators that complement GDP. Initiatives that deal with this sub-
ject are the ”GDP and beyond” initiative, the Stiglitz-Sen-Fitoussi Com-
mission (Stiglitz et al. 2009) and the Sponsorship Group on Measuring
Progress, Well-being and Sustainable Development (ESS 2011). In Euro-
pean statistics a scoreboard of indicators is currently developed. Therefore
we face an increasing need for models that are able to deal with dependen-
cies between these indicators and that help to analyse driving factors.
We use data from the Survey on Income and Living Conditions (SILC)
2009 to analyse yearly household income and material deprivation in Aus-
tria. The household income includes all the money a household has to
make its living from, like net personal and capital income, social transfers,
alimony, etc., whereas material deprivation is a concept measuring whether
a household is capable to meet certain predefined needs, like e.g. TV, phone,
holiday away from home.
The factorization model allows to analyse dependence between the contin-
uous outcome variable household income and the binary outcome variable
material deprivation. By implementing Bayesian variable selection with
spike and slab priors we derive the importance of explanatory variables,
like e.g. the age or activity status of the main-income earner, the house-
hold type, or migration status. For our analysis we use only households with
main income earner not older than 60 years and not retired and household
income larger than 1 000 Euro. Thus our final data set includes 3 694 house-
holds.

4 Results

The factorization model proposed here is an alternative to the mixed data
regression model used in Tüchler and Wagner (2012) and Wagner and
Tüchler (2013) on a slightly different version of the data set. The advantage
of the factorization model is that it allows for nonlinear dependence. That
a more flexible dependence structure is adequate for the data is illustrated
in Figure 1 which compares two different specifications of the factorization
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model: a model where linear dependence is assumed, i.e.

f(ε/σ) = γ
ε

σ

and a model with a smooth f as given in equation (1). The plot shows
the posterior mean of βb0 + f(ε/σ), where βb0 is the intercept in the logit
model. The estimated smooth function f has a kink with almost zero slope
before and a negative slope after the breakpoint. This implies that the
risk of material deprivation changes only little before the breakpoint but
decreases quickly afterwards.
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FIGURE 1. Comparing linear and flexible dependence.

Parameter estimates and posterior inclusion probabilities for the flexible
model are shown in Table 1. We find that for both response variables the
activity status as well as education and migration background of the main
income earner are included with a very high probability. All other covari-
ates turn out to have a low inclusion probability for at least some of their
categories. As it had to be expected households with a main-income earner
working full-time have higher income and are less likely in a situation of
material deprivation than households with a main-income earner working
part-time or being unemployed or out-of-labour-force. The higher the ed-
ucation level of the main-income earner the higher is the income and the
less likely occurs material deprivation. We also find that migration back-
ground leads to a higher probability of material deprivation and to a smaller
household income.
Figure 2 compares households with all covariates but one equal to the base-
line value. The estimated probability of material deprivation is shown for
households with/without migration background of the main-income earner
in the left panel and for households with lower education/university degree
of the main income earner in the right panel. In these plots the non-linear
dependence introduced by the function f becomes visible. Low income nat-
urally yields a higher risk of material deprivation. But household income
has to rise over a certain value to achieve a considerable decrease in the risk
of material deprivation. For households with lower education of the main
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TABLE 1. Estimates for the mean and probabilities to be unrestricted.

variable material deprivation log(earnings)

β̂ Pr(δj = 1) β̂ Pr(δj = 1)
intercept -3.64 – 9.82 –
gender 0.04 0.18 -0.00 0.07

(base: male)
age -0.00 0.04 0.01 0.01

(cent. at median 43 y.)
age2 0.00 0.00 0.00 0.01
activity status

(base: full-time)
part-time 1.16 1.00 -0.25 1.00
unemployed 2.45 1.00 -0.40 1.00
out-of-labour 2.13 1.00 -0.56 1.00

education
(base: lower)
medium -0.34 0.68 0.12 0.98
higher -1.53 1.00 0.28 1.00
university -1.71 1.00 0.42 1.00

migration 1.57 1.00 -0.28 1.00
(base: no migration)

type of household
(base: single)
2 adults/no children -0.24 0.49 0.18 1.00
single-parent 0.20 0.43 -0.07 0.64
2 adults/1 or 2 Children -0.03 0.17 0.00 0.01
2 adults/+3 children 0.02 0.20 -0.20 1.00
other -0.03 0.16 0.10 0.97

type of building
(base: single-family)
2 families 0.03 0.18 0.00 0.02
3 to 9 families 0.66 0.89 -0.01 0.08
+10 families 0.98 0.99 -0.07 0.86
other -0.15 0.36 -0.01 0.05

population density
(base: high)
medium -0.01 0.13 0.00 0.04
low -0.32 0.65 -0.01 0.14

income earner this breakpoint is about 9 000 Euros with migration back-
ground, whereas it is about 12 000 Euros for households with no migration
background.
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FIGURE 2. Probability of material deprivation conditional on income (in 1000
Euros) for different households

5 Conclusions

We propose a joint regression model for a bivariate response with mixed
discrete and continuous type, which allows for flexible, nonlinear depen-
dence between both components. MCMC methods are used for Bayesian
inferences, where variable selection and model averaging can be easily in-
corporated by using spike and slab priors for regression effects.
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Abstract: Quantile regression for conditional random variables has become a
widely used tool to analyse relations within data. It provides a detailed descrip-
tion of the conditional distribution, without assuming a distribution type for
the conditional distribution. The Bayesian version, which can be implemented
by considering the asymmetric Laplace distribution (ALD) as an error distribu-
tion is an attractive alternative to other methods, because it returns knowledge
on the whole parameter distribution instead of solely point estimations. While
for the univariate case there has been a lot of development in the last few years,
multivariate responses have only been treated to little extend in the literature, es-
pecially in the Bayesian case. By using a multivariate version of the location scale
mixture representation for the ALD we are able to apply inference techniques de-
veloped for multivariate Gaussian models on multivariate quantile regression and
make thus the impact of covariates on the quantiles of more than one dependent
variables feasible.
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1 Geoadditive Quantile Regression

Quantile regression is a powerful tool to analyse the impact of covariates
on a dependent variable. The difference to mean regression is the obvi-
ous advantage to gain knowledge about the whole conditional distribution
without assuming any restrictive data distribution. Another advantage is
the robustness which quantiles possess. A disadvantage – at least in our
approach – is the independent estimation of the conditioned quantiles and
therefore the possibility of arising quantile crossing. If we want to measure
the impact of a set of covariates xj , j = 1, . . . , q in some functional form

ητ = β0 +

p∑
j=1

f(xj)

on the τ -quantile of the conditional distribution of y|X (where X is the
matrix of all xj , which are the vectors of the covariates, and τ ∈ (0, 1) the
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quantile), we have to minimize a criterion different to the least squares. This
criterion has to account for the asymmetry of the idea of quantiles. This is
implied by the asymmetrically weighted absolute deviations (AWAD):

n∑
i=1

ρτ (yi − ητ )→ min
ητ

,

where ρτ stands for the check function:

ρτ (yi − ητ ) =

{
τ |yi − ητ | if yi ≥ ητ
(1− τ)|yi − ητ | if yi < ητ .

(1)

Minimizing the AWAD requires linear programming techniques, which
makes inference for more complex predictor functions difficult.

2 Bayesian Quantile Regression

In Bayesian inference, we obviously need an error distribution. We use the
ALD, which is defined as follows:

f(y|µ, δ, τ) = τ(1− τ)δ exp(−ρτ (δ(y − µ))), (2)

where µ denotes the mean and δ the precision. Maximizing the posterior
with the ALD as error distribution and imposing noninformative priors
on all the parameters leads to the same results as minimizing the check
function. The ALD as displayed in formula (2) is not easily accessible,
therefore we use the following location scale parametrisation:

y|W , ξ, σ2 ∼ N
(
ητ + ξw,

σ2

δ2
W

)
⇔ y ∼ ALD(ητ , δ, τ). (3)

The weights wi follow an exponential distribution with rate δ2 (i.e. the
precision of the ALD), W displays the diagonal matrix of the single wi
for i = 1, . . . , n and the auxillary parameters are such that ξ = 1−2τ

τ(1−τ)

and σ2 2
τ(1−τ) . With relation (3) the construction of an MCMC algorithm is

straight forward, as it is analogous to the procedure for Gaussian regression.

3 Bivariate Bayesian Quantile Regression

In order to be able to estimate impact of covariates on potentially corre-
lated dependent variables we extended the Gaussian distribution (3) by
introducing a coefficient of association ν in the covariance matrix. This
leads to a block diagonal matrix Σ with matrices
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Σblock =

(
1
δ21

ν

ν 1
δ22

)
on the diagonal. If we furthermore define two different weight types, which
are exponentially distributed with the different δk we get a new weight
matrix W with vectors wi which contain two different weights for each
individual. Then the marginal distributions of

y ∼ N(η + ξ
w

δ2
,W σ2ΣW σ2)

for the separated dependent variable vectors yk are ALDs again, so the
estimators of the maximized posterior are again the minimizers of the check
function. Splitting up the weight matrix in the square roots (i.e. a diagonal
matrix W σ2 with entries

√
σ2wik) leads to the possibility to use an inverse

Wishart distribution as prior for Σblock and thus also as full conditional.
While for the regression parameters themselves the estimation does not
change in comparison to the univariate Bayesian quantile regression, the full
conditional for the weights wik is not a closed form distribution anymore,
therefore we use a Metropolis-Hastings step.

4 Application on Species Richness Patterns

Explaining large-scale patterns of species richness has been a major goal
in macroecology. Although positive relationships between the number of
plant and animal species in a region have often been found, it is difficult
to disentangle whether these are due to direct producer-consumer interac-
tions or to similar environmental and historical constraints. The empirical
relation between the number of plant species on the one hand and animal
species (birds, mammals) on the other is displayed on the left side of FIG-
URE 1. In a study based on structural equation models Jetz et al. (2009)
analyzed the influences of environmental covariates like temperature, num-
ber of wet days and habitat diversity on this relation. The dataset contains
the number of plant and animal species for 639 regions worldwide (for a
more detailed data description see Jetz et al (2009) and references therein;
we thank Holger Kreft for provision of the data). The environmental in-
fluence apparently is not linear and homoscedastic, as can be seen on the
right side of FIGURE 1, where the influence of logarithmic temperature
on logarithmic number of plants is displayed. Rising temperature has a
higher - and almost linear - influence on the higher quantiles, whereas in
the lower part of the distribution the effect seems to be shaped differently.
Thus we reanalyzed the dataset with the above presented method. The log-
arithmic temperature was assigned a nonlinear effect, topographic diversity
(the maximal elevational range within the region), habitat diversity (the
number of different ecosystems in the region) and the number of rainy days
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FIGURE 1. Left Plot: Logarithmic number of plants, logarithmic number of
animals. Right Plot: Logarithmic temperature, logarithmic number of plants.

were included linearly. Thus we reanalyzed the data set with the above
presented method. The logarithmic temperature temp was assigned a non-
linear effect, topographic diversity (the maximal elevational range within
the region), habitatial diversity (the number of different ecosystems in the
region) and the number of rainy days where included linearly. The resulting
model is:

ŷk,τ = Xβ + f(ztemp),

where X comprises the above mentioned linear effects and k stands for the
two different dependent variables animals and plants.

The model was estimated for a range of different quantile combinations
(τ1, τ2), here the case where τ1, τ2 ∈ {0.5, 0.8, 0.9} is presented. FIGURE 2
displays the boxplots of the samples for the precision matrix for the different
combinations. The upper plot displays the precision, τ1 is the quantile for
the first component of the dependend variable, i.e. the logarithmic number
of animals, τ2 respectivly the quantile for which the model was estimated
for the logarithmic number of plants. Especially for calculating models
with extrem values for both response variables the precisions differ a lot
depending on the value of τ for the other component. The lower plot in
FIGURE 2 displays the parameter of association ν for the same models. All
of these values are positive, but the figure also shows a special behaviour
for the value τ1 = τ2 = 0.9. Here the correlation is higher than in all the
other combinations. The trend to higher correlation in higher quantiles
allready shows in the combination of the two 0.8 quantiles. Thus less of
the correlation between the two numbers of species can be explained by
the covariates in the higher parts of the distribution. Note that though we
cannot really interpret the level of correlation because in our model it is
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FIGURE 2. Upper Plot: Boxplot for the MCMC samples of the model precisions.
Lower Plot: Boxplot of the MCMC samples of the coefficient of association.

estimated based on the weights, we can still compare the values of ν for
the different models, as the weights only differ minimally for the individual
quantiles over all models.

5 Conclusion

The presented approach unifies Bayesian geoadditive quantile regression
with multivariate statistics by using the possibility to extend the location
scale mixture of the ALD to a multivariate version. This can be of use in
different fields. An extension to a multivariate response should be easily
possible.
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Abstract: We model DNA read count data obtained through next generation
sequencing (NGS) technologies as a multiple change-point process. This means
that the data are divided into different segments based on the number of change-
points. Each segment of the process is modeled by utilizing the zero-inflated
negative binomial (ZINB), as well as the negative binomial (NB) distribution in
the Generalized additive models for location, scale and shape (GAMLSS) frame-
work. It is observed that ZINB and NB based models, fit the data better than
the competing Poisson model, in which the observed read counts are highly over-
dispersed as well as zero-inflated. Moreover, we have considered incorporating
auxiliary information to further improve the change-point modelling process by
utilizing the GAMLSS framework. The extended Cross-Entropy (CE) method
which uses a four-parameter beta distribution is used to estimate the number of
change-points as well as their corresponding genome locations. Furthermore, par-
allel implementation of the procedure results a significant improvement in total
running time, in which the procedures are highly computationally intensive. We
apply the proposed methodology to find change-points in DNA read count data
obtained through Illumina TruSeq exome capture of patients with celiac disease.
Our results suggest that the proposed GAMLSS based CE method is an effective
methodology to detect change-points in genome-wide data.

Keywords: GAMLSS; Cross-Entropy Method; Change-Point Modelling; Com-
binatorial Optimization.

1 Introduction

Discovering chromosomal aberrations in the genomic DNA is a widely dis-
cussed issue that has been addressed through various scientific techniques
based on different perspectives. It is an established fact that the variations
in DNA copy number is a source of genetic variation [Campbell et al., 2008]
even though the full understanding of the effect of these is still on probe.
Recent studies based on microarray technology have identified around 12%
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of the human genome and thousands of genes are variable in copy number.
It is predicted that the emerging technologies with high sensitivity level of
data will further expand this knowledge.
Prior to the advent of next generation sequencing (NGS) technologies, num-
ber of methodologies have been developed to detect multiple change-points
mainly based on the array Comparative Genomic Hybridization (aCGH)
data. Analysis on aCGH data aims to find changes in the mean of the flu-
orescence color ratios, usually on logarithm scale to detect copy number
variations in the human genome. See [Lai et al., 2005] for a review of the
aCGH based segmentation methods. However, the introduction of the next
generation DNA sequencing technologies and the resulted excess amount
of data has increased the complexity level of the process of partitioning the
genome in to homogeneous segments to a higher level.
Reviewing the literature on change-point modeling of NGS data, [Xie and
Tammi, 2009] proposed a method called CNVseq to identify CNVs on the
data generated through shotgun sequencing. Later [Magi et al., 2012] re-
viewed some of the existing methodologies to detect CNV in read count
data. They have normalized the raw read counts and conducted the seg-
mentation based on the techniques mainly developed on aCGH data. They
also mentioned that there exist only few statistical procedures that utilize
the raw read counts to detect CNVs. In fact, most of the prevailing meth-
ods transform the raw read counts by different normalization techniques
to a stage, where they can utilize the existing aCGH based segmentation
methods. They have not considered utilizing auxiliary information in the
generalized linear models (GLM) context to detect multiple change-points
in the read count data.
In order to fill this gap in the literature of direct usage of the DNA read
counts generated by the NGS platforms, we propose a procedure which uti-
lizes generalized additive models for location, scale and shape (GAMLSS)
statistical framework [Rigby and Stasinopoulos, 2005] to incorporate aux-
iliary information into the modelling process, and extended Cross-Entropy
method [Priyadarshana and Sofronov, 2012] to estimate the number of
change-points as well as their corresponding genome locations. We observe
that the DNA read counts we analyzed are highly over-dispersed as well
as zero-inflated. Therefore, the response variable is modelled by utilizing
the zero-inflated negative binomial (ZINB) as well as the negative binomial
(NB) distribution in the GAMLSS framework.

1.1 Multiple Change-Point Problem, GAMLSS Framework
and CE Method

Generalized additive models for location, scale and shape
(GAMLSS)

The GAMLSS are a type of semi-parametric regression models use to model
univariate response with a set of covariates. It allows for modelling not
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only the expected mean but other parameters of the distribution (e.g. lo-
cation, scale and shape) of the response variable as well. Therefore, it gives
more flexibility in modelling process than the generalized additive models
(GAMs), and generalized linear models (GLMs).

Multiple Change-Point Problem

Let us formulate the multiple change point problem in mathematical
terms. A count data sequence y = (y1, y2, ..., yL) of length L is given.
A segmentation of the sequence is specified by the number of change
points N and the positions of the change points c = (c1, c2, ..., cN ), where
1 = c0 < c1 < ... < cN < cN+1 = L + 1. In this context, a change point
is a boundary between two adjacent segments. The value of ci is the se-
quence position of the rightmost character of the segment to the left of
the ith change-point. Segments are numbered from 0 to N as there will
be one or more segments than number of change points. We model each
segment of the DNA read count data utilizing ZINB and NB distribution
in the GAMLSS regression framework with the use of exon length as the
covariate.

Extended Cross-Entropy Method

The Cross-Entropy (CE) method [Rubinstein and Kroese, 2004] is a new
generic approach to combinatorial and multi-extremal optimization and
rare event simulation. Broadly it can be used to solve estimation and op-
timization problems. In this study, the process of multiple change point
detection is considered as a minimization problem. The CE method is an
iterative optimization procedure that starts with a parameterized sampling
distribution from which a random sample is generated. Then, each obser-
vation or the combinatorial arrangement is scored for its performance, as
the solution to a specified optimization problem. A fixed number of best
performing combinatorial arrangements are referred to as the elite sam-
ple. This elite sample is subsequently used to update the parameters for
the sampling distribution. Thus, adaptive parameters are utilized in each
iteration. The sampling distribution eventually converges to a degenerate
distribution about a locally optimal solution, which ideally will be globally
optimal.
In this study we utilize the extended version of the standard CE method,
proposed in [Priyadarshana and Sofronov, 2012] with further modifications.
We use a stopping criterion (SC) based on Median Absolute Deviation
(MAD) as opposed to the variance based SC proposed in the original paper.
Furthermore, a multi-core architecture based parallel implementation of the
algorithm is implemented in order to carry out calculations more efficiently.
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2 Results and Conclusions

In this section, we include results of numerical experiments that illustrate
the performance of the proposed method. This example considers a DNA
read count data obtained from a study of celiac disease patients. All data
were obtained from the Illumina TruSeq exome capture technology. We
analyze DNA read count data with respect to chromosome 15 of a patient.
We compare the change-point modelling process with and without the ef-
fect of auxiliary information utilizing the extended CE method. In the case
without any predictor variables, we model the read count data based on
both NB and ZINB distributions. In the process of utilizing auxiliary infor-
mation and the GAMLSS implementation, we consider natural logarithm
of the exon length as a predictor variable. In the GAMLSS framework,
we carry out the change-point modelling procedure considering the distri-
bution of the response variable as zero-inflated negative binomial (ZINB-
GAMLSS) as well as negative binomial (NB-GAMLSS).
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FIGURE 1. Mean profile plots for NB, NB-GAMLSS, ZINB, ZINB-GAMLSS.

Figure 1 shows the mean profile plots of results for the case, with and
without any predictor variables. It is visible that in the ZINB set up, the
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GAMLSS approach and the ZINB results have a higher level of concor-
dance of estimated change-points, when compared to the NB results. This
may be due to the fact that ZINB better models the observed read counts
than the NB. It can be further noticed that in general NB based models
have estimated more change-points than the ZINB based models for this
particular DNA read count data. While the results of this work are en-
couraging, there are plenty of avenues available for future research work,
especially on the implementation of GAMLSS framework and the incorpo-
ration of more predictor variables to the modelling process. Furthermore,
cluster level implementation of the methodology will certainly improve the
processing time, in which all these processes are highly computationally
intensive.

Acknowledgments: We thank Dr. Vincent Plagnol (UCL Genetics Insti-
tute, University College London, Grower Street, London, UK) for providing
celiac disease patients read count data for the analysis.
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Abstract: We have implemented a Bayesian multivariate version of the SITAR
model of Cole et al. This model is applied to the data of the PREDICT study
consisting of measurements of embryonic growth taken in the first semester of
pregnancy. We demonstrate how the model can be used to find which character-
istics influence early growth and how early growth is related to negative birth
outcomes.
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1 Introduction

It is important to have good models of human growth. For example, having
a good reference of normal growth during pregnancy can help in deciding
whether and when an obstetrical intervention is needed. More generally,
abnormal growth patterns can be an indication for diseases later in life.
While multivariate growth models exist, in practice growth is usually mod-
elled one dimension at a time. The SITAR model, which is discussed in more
detail below, is very suitable to model human growth univariately but be-
cause we are also interested in the relationship between the outcomes we
needed to extend to incorporate multiple outcomes.
To illustrate our developments we use data from the Predict study in which
fetal growth in the first trimester of pregnancy is studied. It has long been
thought that growth in the first trimester of a pregnancy is the same for
all fetuses. This is why pregnancies are often dated based on measurements
done in this period. However, lately this idea is no longer universally ac-
cepted. More and more the thought has rooted that there are important
differences in fetal growth in the first trimester. In addition, these first
trimester differences have been related to birth outcomes. Therefore the
study of first trimester growth has become increasingly important.
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Contrary to what it usually done we do not want to look at growth only in
one dimension (such as the crown rump length or the embryonal volume)
or study more dimensions one at a time. We believe that it is important to
look at the different aspects of growth in relation to each other. The idea
is that normal growth is reflected not only in the separate measurements,
but also, and perhaps more importantly, in the relationship of the growth
of the different aspects of the fetusses body.

2 The multivariate SITAR model

Our model is based on the ’SuperImposition by Translation And Rotation’
model (SITAR) by Cole (2010) which in turn is based on the ’Shape invari-
ant’ model of infant growth of Beath (2007). The idea of this model is that
there exists a global growth curve that can be modeled by a spline function
and that all individual growth profiles can be reduced to this general curve
by translating them horizontally and vertically and by stretching them.
Mathematically the SITAR model can be expressed as follows:

yij = B (exp(γi3) [tij + γi1])
T
β + γi2 + εij , (1)

where yij is the outcome of individual i measured at time tij , the γs are the
subject specific effects and express the subject-specific horizontal shift (γi1),
the vertical shift (γi2) and the stretch (γi3). The vector B(x) is the basis
of a restricted cubic spline evaluated at x. Because of the horizontal shifts,
we must be able to evaluate the spline in all points. This is easiest with a
restricted spline which is linear beyond the outer knots so we just have to
do a linear extrapolation. The SITAR model has been documented to work
well in practice. Moreover, it has parameters that are easily interpretable
by clinicians.
The univariate SITAR model can easily be extended to model several series
of repeatedly measured outcomes. Our multivariate model then is:

yijk ∼ N(γi2k + TT

ijkβk, σ
2
k),

Tijk = B(exp(γi3k)(tij + γi1k),

γi.k ∼ N(0,Σγ),

where yijk is the kth response of individual i at time j, the vector Tijk a
basis of a natural cubic spline for the kth response of individual i at time
j, B(x) is a function that evaluates the basis of a natural cubic spline at
time x, βk the vector of spline coefficients for the kth response, γi.k is the
vector with the three subject specific effects for individual i and series k, σk
is the measurement error variance for series k, and Σγ is the variance co-
variance matrix of the random effects. Because only positive measurements
can occur we modelled the log transform of the measurements. An addi-
tion advantage of this transform is that it often reduces heteroskedasticity.
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We used a Bayesian approach to estimate the model so we must place pri-
ors on the parameters. When possible we choose standard noninformative
and conjugate priors. The (block) full conditionals for β, σ and Σk are of
standard form so sampling is straightforward. However, it is not possible
to sample directly from the distribution of the subject specific effects so
we use a Metropolis algorithm with a multivariate t proposal distribution.
This model can be extended to include covariates as follows:

yijk ∼ N(γi2k + Tijkβk, σ
2
k),

Tijk = B(exp(γi3k)(tij + γi1k),

γi.. ∼ N(Xiα,Σγ). (2)

In expression 2 αk is a parameter that explains how the subject specific
effects are related to the covariates Xi. The above model for growth allows
to derive reference values for a new subject for a future date given the
observed observations from the past. In other words we would like to know
the quantiles of the following distribution:

p(yFi |yPi ) =

∫
p(yFi |γi, β,Σγ , σ)p(γi|yPi , β,Σγ , σ)p(β,Σγ , σ)dγi, β,Σγ , σ.

Here yFi refers to the future observation of a new individual while yPi for its
past observations (ignoring the index for the outcome and the observation
times to keep notation simple). In this step we take the distributions of β,
Σγ and σ as given and do not update them based on yPi . This means that
for these variables we can use the posterior samples from a model we have
already estimated before. Only for γi and yFi we need to draw new samples
from their conditional distributions. As illustrated by Serfling (2002), the
concept of quantiles is ambiguous when extended to multiple dimensions
in the sense that there are multiple ways in which they could be defined
with each of the definitions having some of the attributes that quantiles
have univariately but none having all of them. However once we agree on
a definition we can use this to obtain multivariate reference values as well.
We implemented the sampler for our model in C++ making heavy use of
the ’Eigen’ and ’Boost’ libraries. By writing our own program we have full
control over the algorithm. Using C++ results in a considerable speed gain
over, for instance, R.

3 Data analysis

To illustrate the multivariate SITAR model we use data from the Predict
study, a cohort study that is currently carried out in the Erasmus MC in
Rotterdam, the Netherlands. Women are recruited before the sixth week
of pregnancy and followed up until delivery. Every week between the sixth
and the thirteenth week of pregnancy, they receive a three- dimensional
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ultrasound. From these ultrasounds, the Crown-rump length (CRL), Total
Arc Length (TAL) and the Embryonal Volume (EV) are determined. The
univariate models are run for 300,000 iterations and the multivariate model
for 600,000 iterations. For all models we run three chains using different
starting values. Convergence was checked visually by examining the trace
plots of the Markov chains. We estimate the SITAR model separately for
each of the three series (CRL, TAL and EV) and look at the correlation
between the subject specific effects obtained in these models. We then es-
timate the joint model for all the outcomes together. In Figure 3 we see
that there is a strong agreement between the horizontal subject specific
effects in all three outcomes that is becomes more pronounced when the
outcomes are modelled together. This horizontal effect could be interpreted
as the measurement error in the Gestational Age. The effect of covariates
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FIGURE 1. Scatterplots of the subject specific effects (On the first row we show the relation

between the effects related to the same outcome and on the second row we show the relation

between the same kind of effects for the different outcomes)

was investigated. Model validation was performed using posterior predic-
tive checks and by looking at some extensions of the model. Specifically
we looked at the skewness and the excess kurtosis of the residual error by
replacing its distribution by a skew normal and a t distribution. The useful-
ness of the multivariate approach is demonstrated by comparing the RMSE
and DIC of the univariate models with that of the multivariate model.
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4 Discussion

In this study we have used a mixed effects model to study multivariate
growth. There are other models for multivariate repeated measurements.
We could for example make all coefficients of the spline subject specific.
However we think that the interpretation of the subject specific effects
is less intuitive in this case. We have shown that the SITAR model can
easily be extended to multiple dimensions. This is especially useful to gain
insights in the relation between the different aspects of growth. We have
tested the multivariate model on data from the PREDICT study. We have
also illustrated that our Bayesian estimation procedure allows for altering
some of model components easily thereby providing a goodness-of-fit test.
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Abstract: Gene-regulatory systems, signalling pathways and metabolic fluxes
are examples in the life-sciences where non-linear dynamics plays an important
role. Ignoring single-cell fluctuations, these systems can be described by non-
linear systems of differential equations. These models have been very popular
in many branches of science due to their flexibility and their ability to describe
dynamical systems. Despite the importance of such models in many branches
of science they have not been the focus of systematic statistical analysis until
recently.
We propose a general approach to estimate the parameters of systems of differ-
ential equations measured with noise. Our methodology is based on the maxi-
mization of a penalized likelihood where the differential system of equations is
used as a penalty. To do so, we use a Reproducing Kernel Hilbert space that
allows us to formulate the estimation problem as an unconstrained, easy-to-solve
numeric maximization problem. The proposed method is tested in real and sim-
ulated examples showing its utility in a wide range of scenarios. We implemented
the method as a general purpose package in R.

Keywords: Ordinary differential equations; Reproducing Kernel Hilbert Space;
Penalized likelihood; Gene-regulatory systems.

1 Introduction

Ordinary differential equation (ODE) models are the staple modelling tool
to represent the dependence on the concentration among mRNA molecules
and proteins. Khanin et al. (2007) used a likelihood approach combined
with the explicit solution of the ODE to infer the kinetic parameters of
the gene regulation model together with the profile of the TF regulator.
To estimate the ODE parameters in a gene regulation network, Cao (2008)
used a two-step penalization approach originally proposed by Ramsay et al.
(2007). Calderhead (2008) proposed a Bayesian method which they applied
to the model describing the regulation of genes by the tumour repressor
transcription factor protein p53. Auliac et al. (2008) proposed a evolu-
tionary approach for the reverse engineering in gene regulatory networks.
Quach et al. (2007) came up with an ODE method to estimate param-
eters and hidden variables in non-linear state-space models for biological
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networks inference. Several differential equation models of transcriptional
regulation are studied in Lawrence et al. (2011).
In this article, we propose a new statistical framework to infer the kinetic
parameters of gene regulatory network with hidden TFs using time-course
expression data. Similar in spirit to the above mentioned likelihood-based
approach in Khanin (2007), our procedure is based on the maximization
of the data likelihood. The main novelty is that the ODE is interpreted
as a constraint. Thus, its solution is not explicitly required to infer the
parameters of the system. This simplifies the estimation process and makes
the procedure feasible for large scale networks.

2 System and methods

2.1 Modelling transcriptional GRN with ODE models

In gene regulatory networks, the variables of interest are the concentrations
of mRNA molecules and the abundance of proteins produced by a set of
m genes. For simplicity, in the sequel we will assume that one gene only
contains the information to produce one protein. We denote by η(t) =
(η1(t), . . . , ηm(t))T the abundance of the proteins (TFs) and by x(t) =
(x1(t), . . . , xm(t))T the concentrations of the mRNA molecules at time t.
We consider that t varies in some time interval T = [0, τ ] in which the GRN
is studied. Following mass-action kinetics we assume that the expression of
the genes of the network on average satisfy the ODE

ẋk(t) = p(t; θk, η)− δkxk(t), (1)

for k = 1, . . . ,m, where δks are the degradation rates of mRNAs and
p(t; θk, η) is a function that describes how the TFs regulate the gene k for
some set of parameters θk. In general, it is assumed that the TFs satisfy

η̇k(t) = βηkxk(t)− δηkηk(t),

where δηk is the protein degradation rate and βηk is the translational rate
for gene k. Let us denote by yki the measured expression of gene k at a
time-point ti. We assume that the observed gene expression measurements
of target genes are conditionally independent given the transcription factor
activity and that each target gene k is normally distributed with location
parameter xk(t) and scale parameter σ2

k(t), i.e. yki ∼ N (xk(ti), σ
2
k(ti)).

Notice that by allowing flexibility in σ2 with the normal model we can
mimic various distributions, e. g. when the variance is proportional to the
mean, then the normal model can deal with typical log-normal scenarios.

2.2 Discrete formulation

The system of differential equations described by (1) describes the dynam-
ics of the gene regulatory system in the interval T . However, in practical
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scenarios, we only have access to a finite number of measurements of the
gene expression levels. Following the standard approach in ODE modelling
of gene regulatory system, we approximate the rate of gene expression by
the first order difference. For i = 2, . . . , n− 1 we use the approximation

ẋk(ti) ≈
xk(ti+1)− xk(ti−1)

ti+1 − ti−1
. (2)

Let us denote by t = (t1 . . . , tn)T the measurement time points and xk(t) =
(xk(t1), . . . , xk(tn))T and p(t; θk, η) = (p(t1; θk, η), . . . , p(tn; θk, η))T . Then,
one can rewrite the dynamics of the gene k in (1) as

Dxk(t) = p(t; θ, η)− δkxk(t), (3)

where the matrix D is the difference operator

D = ∆−1


−1 1
−1 0 1

. . .

−1 0 1
−1 1

 , (4)

for ∆ = diag(t2 − t1, t3 − t1, . . . , tn − tn−1).

2.3 Penalized likelihood

Our aim in this section is to connect (3) with the probabilistic model by
means of penalized likelihood. Let us denote by Pδk = D + δkI, for I the
identity matrix, the difference operator associated to gene k. Rewriting (3)
in terms of Pδk , we see that the norm

Ωp(xk) = ‖Pδkxk(t)− p(t; θk, µ)‖2 (5)

vanishes if and only if xk(t) satisfies (3). This fact allows us to re-formulate
the ODE problem in terms of Ωp(xk). In this sense, following the general
idea of penalized likelihood models (Green and Silverman, 1994), one can
use (5) to penalize the likelihood,

lλ,k(Sk; δk, θk,Σk, µ) = lk(Sk; δk, θk,Σk, µ) + λΩp(xk) (6)

where λ > 0. By maximizing (6), the fitness of xk to the data and its
smoothness are balanced by means of the parameter λ. Notice that by
penalizing the likelihood using Ωp(xk) we explicitly incorporate the infor-
mation provided by the differential equation to the probabilistic model of
the data. However, we do not impose the condition that xk is a solution of
the ODE. This only holds for the extreme case in which we force Ωp(xk) to
be zero; this can be done by taking λ→∞. For finite λ, the maximizer of
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(6) is generally more stable ill-conditioned problems than those obtained
by forcing Ωp(xk) to be zero.
An issue in the approach in (6) is that Ωp(xk) cannot be directly used as a
penalty. To overcome this drawback we transform the original problem as
follows. Assuming Pδk is invertible, we focus our inferential approach on

x̃k(t) = xk(t)−P−1
δk
p(t; θ, µ), (7)

instead of xk. Note that multiplying by Pδk in both sides of (7) and taking
the squared norms we obtain that ‖Pδk x̃k(t)‖2 = ‖Pδkxk(t)−p(t; θk, µ)‖2.
Equivalently we can write Ωp(xk) = Ω0(x̃k) = ‖Pδk x̃k(t)‖2, which is zero
when x̃k = 0. Of course, to focus on x̃k requires the transformation of
the original observations. Denote by yk = (yk1, . . . , ykn)T . Then we define
ỹk = yk − P−1

δk
p(t; θ, η), for k = 1, . . . ,m. It is straightforward to check

that ỹki ∼ N (x̃k(ti), σ
2
ki), and therefore the variance of the yki’s is the

same as the variance of the ỹki’s. Denote by S̃k the transformed set of
expression measurements associated to the gene k. For a GRN where a
single TF η regulates all genes in the network the penalized-log-likelihood
can be written as

lλ(∆,Θ,Σ, µ|S̃) =

m∑
k=1

lk(S̃k; δk, θk,Σk, µ)− λ
m∑
k=1

Ω0(x̃k) (8)

where S̃ = {S̃1, . . . , S̃m} represents the whole sample available for the
network; Θ represent all sets of kinetic parameters θk, ∆ = {δ1, . . . , δm},
Σ stands for all scale parameters of the normal distribution and µ is the
set of weights corresponding to the representation of the TF activity in a
spline basis.

2.4 Reproducing kernel Hilbert space framework

It is worthwhile mentioning some of the properties of expression (8). It has
been well studied that a penalized likelihood model with a penalty involving
derivatives can be understood as a regularization problem in a Reproducing
Kernel Hilbert Space (RKHS) (e.g. Berlinet and Thomas-Agnan, 2005).
Consider the penalty Ω0(x̃k) corresponding to each gene of the network.
Then we can write that

Ω0(x̃k) = ‖Pδk x̃k(t)‖2 = 〈Pδk x̃k(t),Pδk x̃k(t)〉 = x̃k(t)TPT
δk

Pδk x̃k(t).

Denote by Kδk = (PT
δk

Pδk)−1. By construction and assuming that Pδk is
non-singular, it is guaranteed that the matrix Kδk always exist, it is sym-
metric and positive definite. That is Kδk is a covariance operator or kernel
that defines uniquely a reproducing kernel Hilbert space HK . Functions in
HK are characterized by vectors in Rn. Therefore

Ω0(x̃k) = ‖x̃k(t)‖2K = αTkKδkαk,
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FIGURE 1. Both dinI and recN are upregulated after UV radiation. The levels
of the former decline after minute 20, whereas the other levels out.

for αk the vector in Rn characterizing x̃k. See Steinke and Scholkopf (2008)
for details. Also, in the RKHS framework, the transformed expression level
of each gene k is given by

x̃k(t) = Kδkαk = Sλ,kyk, (9)

where Sλ,k = Kδk(Kδk+2λΣk)−1. Estimates of the gene expression profiles
x1, . . . , xm can be recovered using (7).

3 Conclusion and results

The data set used for this experiment is made up of 14 expression genes
(dinF, dinI, lexA, recA, recN, ruvA, ruvB, sbmC, sulA, umuC, umuD,
uvrB, yegG and ijW) of the Escherichia coli SOS system. The 14 genes are
targets of the master repressor LexA and their expression is studied under
UV exposure (40 J/m2) in both wild-type cells and lexA1 mutants. The
abundance of the mRNA molecules associated to the genes was measured
at six time points, precisely in 0, 5, 10, 20, 40 and 60 minutes. The re-
constructed gene profiles show a good fit with the data in the 14 cases. In
Figure 1 we show the data and the estimated profiles for the genes dinI
and recN. These two genes were selected because they exhibit a different
types of profiles.
In this work, we have presented a new ODE-based approach for inferring
GRN with one hidden TF from time-course expression measurements. The
proposed approach does not require that the transcription factor activity
has a predefined shape and a general spline representation allows it to cap-
ture the dynamics of the TF. The proposed method has been successfully
applied in the reconstruction of the SOS repair system in Escherichia Coli.
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In this example, the reconstructed TF exhibits a similar behavior to (inde-
pendent) experimentally measured profiles. In addition the gene expression
data are fitted properly and the results are coherent with those obtained
in previous references.
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This second proceedings volume contains the papers presented as posters
at the 28th International Workshop on Statistical Modelling
held in Palermo.
It is a sign of the successful evolution of the IWSM that the number of
contributions has increased over the years with such a progression that the
proceedings book, a small and handy volume in the early editions of the
workshop, has grown so thick that carrying it to the conference room and
browsing it during the talks has become impractical. As a consequence,
we have decided to continue the editorial choice made for the first time at
the 27th IWSM in Prague, and have split the proceedings book into two
parts: volume 1 containing papers accompanying the invited and orally
presented contributed talks, and volume 2, which is composed of papers
being presented as posters.

Due to the high number of submissions, two afternoons are entirely devoted
to poster sessions to allow the authors to present and discuss their work.
This confirms the importance attributed by the workshop to the poster
presentations.

We thank all authors of papers included in this volume for participating in
the workshop, and for carefully preparing their manuscripts and posters.
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Vincenza Capursi
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Abstract: It has been shown that individual heterogeneity in the acquisition of
infectious diseases has a large impact on the estimation of important epidemi-
ological parameters such as the (basic) reproduction number. Therefore frailty
modelling has become increasingly popular in infectious disease epidemiology.
However, so far, using frailty models, it was assumed infections confer lifelong
immunity after recovery, an assumption which is untenable for non-immunizing
infections. Our work concentrates on refining the existing frailty models to encom-
pass infection processes with reinfections and waning immunity. Shared gamma
frailty models, which are frequently used in practice, and correlated gamma frailty
models that have proven to be a valuable alternative are considered. We show
that naively assuming lifelong immunity in frailty models introduces substantial
bias in the estimation of the basic and effective reproduction number. We illus-
trate our work using Belgian cross-sectional serological data on parvovirus B19
(PVB19) and varicella zoster virus (VZV). Whereas it is typically assumed that
lifelong immunity holds for VZV, more recently, empirical evidence for PVB19
indicates waning of immunity after infection, leading to potential reinfections
with the virus.

Keywords: shared and correlated gamma frailty models; social contact rates;
SIRS transmission model; mass action principle; serological data.

1 Introduction

In recent years, frailty modelling has become increasingly popular in sur-
vival analysis to model multivariate event times. Even more so, as individ-
uals differ greatly in their risk of acquiring infections, frailty models found
their way into the field of infectious disease epidemiology. Farrington et al.
(2001) considered the shared gamma frailty model in the context of bivari-
ate current status data. However, due to its severe limitations, the more
flexible correlated frailty model was used by Hens et al. (2009), at the cost
of assuming a parametric baseline hazard. From an epidemiological point
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of view, frailty models rely on the assumption of lifelong immunity after
recovery which becomes untenable for non-immunizing infections. Further-
more, as individual heterogeneity inflates estimates for the basic reproduc-
tion number, a correct assessment of heterogeneity, and therefore a correct
specification of the infection process, is of utmost importance to obtain
reliable estimates for this quantity. In our work, we focus on shared and
correlated frailty models for non-immunizing infections. The methodology
is illustrated using Belgian current status data on parvovirus B19 (PVB19)
and varicella zoster virus (VZV) collected between 2001 and 2003. In ad-
dition, a parametric baseline hazard of infection is derived from the mass
action principle in which transmission of the pathogen is related to social
contact data obtained from the Belgian POLYMOD survey.

2 Materials and methods

Consider bivariate current status data (y1, y2, a) with yi the observed im-
munological status with respect to infection i = 1,2 and a the age of the
subject at the cross-sectional sampling time. The binary random variables
Yi, given age a, follow a binomial distribution with probability of being
seropositive equal to πi(a) = 1 − Si(a), and Si(a) is the proportion sus-
ceptible of age a. The age-dependent seroprevalence for both infections can
be modelled using frailty models, thereby estimating model parameters θ
while maximizing the multinomial loglikelihood with contribution

ll(y1, y2, a|θ) = y1y2 log (1− S1(a|θ)− S2(a|θ) + S12(a|θ)) +

y1(1− y2) log (S2(a|θ)− S12(a|θ)) +

(1− y1)y2 log (S1(a|θ)− S12(a|θ)) +

(1− y1)(1− y2) log (S12(a|θ)) ,

From this point onwards, dependence on the model parameters θ is sup-
pressed from notation. Let Zi represent a frailty with unit mean and vari-
ance σ2

if . For infections in endemic equilibrium and without loss of natural
immunity, the susceptible proportion of age a with frailty Zi is given by

Si(a|Zi) = exp

(
−
∫ a

0

Ziλi0(u)du

)
= exp (−ZiMi0(a)) , i = 1, 2

under the proportional hazards assumption (PHA). The unconditional sur-
vival functions equal Si(a) = Li(Mi0(a)), expressed in terms of the Laplace
transform Li of Zi and the integrated baseline hazard function Mi0(a).
Solving the system of ordinary differential equations associated with the
mathematical SIRS compartmental model yields:

Si(a) = exp

(
−
∫ a

0

σi(u)du

)
Li(Mi0(a)) +∫ a

0

σi(u) exp

(
−
∫ a

u

σi(v)dv

)
Li(Mi0(a)−Mi0(u))du.
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when individuals are allowed to flow back from the recovered to the sus-
ceptible state at a replenishment rate σi(a). The bivariate unconditional
survival function S12(a) is derived assuming conditional independence of
the infection times, given the frailty terms Zi. In the shared gamma frailty
setting, Z1 = Z2 ≡ Z, where Z ∼ Γ(1/σ2

f , 1/σ
2
f ). In the correlated frailty

model, we have Z1 = σ2
1f (Y ∗0 + Y ∗1 ), Z2 = σ2

2f (Y ∗0 + Y ∗2 ), where Y ∗l ∼
Γ(kl, 1) (l = 0,1,2) are independent random variables. The gamma frailty
distribution is preferred due to its mathematical convenience and closed-
form expression for the Laplace transform.
The time homogeneous mass action principle, which is briefly described
here, links the available information on social contact behaviour to the
baseline hazard λi0(a). In the presence of individual frailty terms the mass
action principle can be rendered as follows (Farrington et al., 2001):

λi(a, Zi) =
NDi

L

∫ ∞
0

∫ ∞
0

βi(a, Zi; a
′, Z ′i)λi(a

′, Z ′i)Si(a
′|Z ′i)φ(a′)fi(Z

′
i)da

′dZ ′i

where fi is the density function of Z ′i, βi(a, Zi; a
′, Z ′i) equals the per capita

rate at which an infectious individual of age a′ and frailty Z ′i makes an effec-
tive contact with a susceptible individual of age a and frailty Zi, and φ(a′)
represents the probability of being alive at age a′. In addition, N , Di and
L are the population size, the mean duration of infectiousness for infection
i and the life expectancy, respectively. Under the PHA, βi(a, Zi; a

′, Z ′i) =
ZiZ

′
iβi0(a, a′) and λi(a, Zi) = Ziλi0(a). Moreover, βi0(a, a′) is decomposed

into a proportionality factor qi(a, a
′|c), representing transmission potential

upon a contact, and c(a, a′), the annual per capita rate at which individu-
als of age a′ contact individuals of age a. An iterative procedure is used to
solve the mass action principle and to derive the baseline hazard of infection
thereof. The basic reproduction number Ri0, i = 1,2, is defined as (1+σ2

if )
times the dominant eigenvalue of the next generation matrix (Diekmann
et al., 1990).

3 Data application

Three shared gamma frailty models are fitted to the serology from PVB19
and VZV. Despite potential reinfections with PVB19, VZV infections are
assumed to confer lifelong immunity since accounting for more complex
infection dynamics did not improve model fit. The model relying on the
assumption of lifelong immunity for both infections is denoted by M1. In
addition, model M2 allows for replenishment of the susceptible compart-
ment at a constant rate σ1 solely for PVB19. Finally, model M3 simply
extends model M2 by introducing an age-dependent dichotomous replen-
ishment for PVB19 based on a cut-off value of 35 years.
The results in Table 1 indicate that the models with SIRS dynamics for
PVB19 (M2 and M3) outperform the traditional SIR model (M1) based
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on AIC-values. Furthermore, the frailty variance is seriously overestimated
in model M1 which is reflected as well in the estimated basic reproduction
numbers R̂i0. Misspecification of the underlying infection process for one
infection also influences the estimated reproduction number for the other
one.

TABLE 1. ML estimates with regard to PVB19 (i = 1) and VZV (i = 2) with
95% bootstrap-based CI and corresponding AIC-values.

Model R̂i0 AIC

M1 q10 0.073 [0.069, 0.077] 3.59 [3.27, 3.90] 4537.28
q20 0.209 [0.189, 0.232] 12.07 [10.46, 13.74]
σ2
f 0.158 [0.102, 0.210]

M2 q10 0.072 [0.068, 0.075] 3.17 [2.94, 3.43] 4477.98
σ 0.011 [0.007, 0.014]
q20 0.177 [0.162, 0.196] 9.15 [8.07, 10.53]
σ2
f 0.036 [5.4e-7, 0.086]

M3 q10 0.072 [0.069, 0.075] 3.13 [2.95, 3.38] 4474.39
σ1 0.016 [0.010, 0.022]
σ2 0.008 [0.005, 0.012]
q20 0.173 [0.161, 0.191] 8.82 [8.01, 10.13]
σ2
f 0.021 [3.6e-7, 0.071]

4 Discussion

We showed that the use of traditional frailty models results in biased es-
timates of important epidemiological parameters when incorrectly relying
on the assumption of lifelong immunity. Henceforth, frailty models com-
prising more general infection processes should be considered instead when
evidence against natural immunity exists.
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Abstract: This paper is a development of a previous work on performance of
Italian university students. A Quantile Regression was carried out on a proposed
performance indicator, based on a transformation of the median of the marks
weighted by credits. Results suggested to investigate the role of students peculiar
features on their performance, measured by the transformation of the weighted
marks. Therefore, a random intercept Quantile Regression model is fitted on
real data concerning graduates over the legal university duration set in Italy,
enrolled in 2002 in two Degree Courses of the University of Palermo. Results show
that the student performance seems to be influenced by the student’s aptitudes,
motivation, interest or more in general the students talent, rather than socio-
demographic characteristics.

Keywords: student performance; random intercept; Regression Quantile.

1 Introduction

In Adelfio et al. (2013) we investigated the determinants of students per-
formance at the end of their educational path. In particular, we introduced
a new performance indicator based on a rescaled version of the median of
marks weighted by credits. It was robust to outliers and to the asymmetry
of the distribution of the marks. That indicator was A quantile regression
(QR) approach (Koenker, 2005) was proposed to study its determinants.
The results suggested how the proposed approach could be really an useful
tool for the policy makers to improve the performance of the university
students, above all of those students who can not get the graduation in
legal time - a crucial problem for the Italian University System.
In this paper we want to explore the use of QR for the analysis of higher ed-
ucation performance data accounting for the subject-specific features that
are different among students. In other words, we want to investigate the
effect of the individual student specific source of variability that can affect
in a different way each quantiles of the distribution of a scaled version of
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weighted marks (i.e. a proper performance indicator), by quantile regression
with random effects (Koenker (2004), Geraci and Bottai (2007)).
In a general dependency random effect model, the subject variability, due to
the correlation between subject-specific observations, is therefore captured
by a random parameter. Usually the simple random intercept is added to
the model and its variance informs about the individual specific source of
variability, or unobserved heterogeneity, that is not adequately controlled
for by other covariates in the model.
With respect to the students performance, we think that this kind of ap-
proach could be a useful tool for a deeper analysis, because we account also
for all those unobservable features (like aptitudes and motivation).
The paper is organized as follow. Section 2 the used statistical model is
described. In Section 3 data, analysis and conclusions are presented.

2 Quantile Regression for repeated measurements

Let (xT
ij , yij), for j = 1, ..., ni and i = 1, ..., N , be repeated measurements

data, where xT
ij are row p-vectors of a known design matrix and yij is the

jth measurement of a continuous random variable on the ith subject.
According to the considered approach the linear mixed quantile functions
of the response yij is:

Gyij |ui(τ |xij , ui) = xT

ijβ + ui, j = 1, . . . , ni, i = 1, . . . , N (1)

where Gyij |ui(·) ≡ F−1
yij |ui(·) is the inverse of the cumulative distribution

function of the response conditional on a location-shift random effect ui.
For this model the location-shift effects are assumed random and identi-
cally and independently distributed according to some density fu, usually
ui ∼ N(0, α), characterized by a τ -dependent parameter (α(τ)). Moving
away from the penalized approach provided by Koenker (2004), Geraci
and Bottai (2007) assume that yij , conditionally on ui are independently
distributed according as an Asymmetric Laplace Distribution (ALD):

f(yij |β, ui, σ) =
τ(1− τ)

σ
exp

{
−ρτ

(
yij − µij

σ

)}
where µij = xT

ijβ + ui is the linear predictor of the τth quantile, fixed
and known, and σ is the usual scale parameter. The random effects, that
induce a correlation structure among observations on the same subject, are
assumed to be
That is a likelihood-based approach to the estimation of the regression
quantiles based on the ALD and it is better then the penalized fixed effects
based approach in terms of mean squared error of the QR estimators. Al-
ternative models with non-normally distributed residuals were developed
(Seltzer and Choi, 2002).
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We have chosen to use the approach based on ALD, which provides an
automatic choice of the optimal level of penalization, also because it rep-
resents a suitable error law for the least absolutes estimator and therefore
a natural choice in a quantile regression approach.

3 Data Analysis

We apply a linear QR model with a subject-specific random intercept that
accounts for within-group correlation with respect to a cohort of students
enrolled in 2002 and graduated from 5 up to 7 years after (the out-of-legal-
duration graduates), in two Degree Courses: the most numerous Degree
Course of the Faculty of Economics - that is Economics and Finance (E)
with 131 students - and the most numerous Degree Course of the Faculty of
Sciences - that is Life Sciences (L) with 98 students - both of the University
of Palermo, Italy.
In Adelfio et al. (2013) the students performance was summarized by the
median of a transformation of their own wighted marks. Results suggested
to consider the transformed weighted marks distribution of each student. In
our opinion each student differs from others not only for socio-economical
aspects but also for aptitudes, abilities, interests, motivations, etc. All these
aspects can be caught by the variability of marks rather than by a synthetic
intensity indicator as the median. In fact, different marks distributions can
have the same median and with it we can not able to distinguish different
performances. Different performances, measured by different marks distri-
butions, could be explanatory of different students talent. The transformed
marks weighted by credits, as reported in Adelfio et al. (2013), for i − th
student and j − th course, is:

m′ij =
12

maxj(mw
ij)−minj(mw

ij)
× (mw

ij −minj(mw
ij)) + 18 (2)

where mw
ij =

mijCj∑J
j=1 Cj

, with mij is the mark and Cj is the credit for the

course j. We model m′ij as a function of the following covariates in a with
random intercept QR model: High school diploma type (Lyceum vs Not
Lyceum), Residence (Living in Palermo vs Not living in Palermo), Gender
(Female vs Male), Degree Course (Life Sciences vs Economics), and High
school diploma mark (centered at the mean).
In figure 1 results of analysis are reported, with respect to the fixed coeffi-
cients estimates. To assess the suitability of (1), results are also commented
in the light of those reported in Adelfio et al. (2013), not reported here
for the sake of brevity. For each of the estimated coefficients we plot the
QR estimates of the fixed parameters of (1), conditional to each quantile τ
(τ = 0.05, 0.25, 0.50, 0.75, 0.95), by the dashed curve with filled dots. These
points may be interpreted as the impact of a unit-change of each covariate
on the response variable, fixed the others. The grey area represents the
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FIGURE 1. Fixed coefficients estimates of random intercept QR model.

95% pointwise confidence band. The solid horizontal line, together with its
95% confidence intervals (horizontal dashed lines), refers to the estimate
for the Linear Mixed Model. The Intercept panel refers to the expected
m′ij conditional to each quantiles for the female, living in Palermo, with
a Lyceum diploma, enrolled in Life Sciences Degree Course, with a mean
High school diploma mark equals to 89.85 student. It is steeper than the
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TABLE 1. τ dependent estimated variance of ui random intercept

τ 0.05 0.25 0.50 0.75 0.95
α̂(τ) 0.151 0.104 0.132 0.454 0.378

QR model without random effect: considering the m′ij ’s distribution rather
than their median allows to appreciate the variation of the expected per-
formance (vertical axis) when we move between two consecutive quantiles
(horizontal axis). With the exception of the last one, other panels show no
significative effect – in most of the quantiles – of the covariates. This it
is a partial confirmation of that the student performance is mainly due to
the student own talent rather than socio-demographic characteristics. In
fact, the significative effect of Degree Course covariate reflects the differ-
ent performances among students. As reported in Adelfio et al (2013), we
suppose that students that enrolled in Life Sciences might be more moti-
vated than those of Economics and Finance. In fact, E and L offer quite
different educational study plans: the first one offers a study plan with
subjects as mathematics, law, economic history, etc., while the second one
offers a study plan with more specific subjects such as physics, chemistry,
botany, etc.. In our opinion, who chooses L might have a real interest and
passion for the topic, while who chooses E might be also motivated by
job market opportunities and the general-interest educational study plan.
These students peculiar characteristics are not directly measured, there-
fore the random intercept aims to catch their effects on performance. In
fact, the τ dependent estimated variances of ui random intercept of (1) are
in [0.104, 0.454] and they reflect the heterogeneity among students due to
their own unobservable talent (tab.1).
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Abstract: The number of items included in a questionnaire is usually large, lead-
ing to a time consuming and expensive administration, and possibly inaccurate
response. The main goal of this paper is to define a model-based procedure for
reducing the number of items in a questionnaire so that its reduced version has
the same characteristics in terms of latent trait evaluation of the complete one.
We propose a mixed cumulative logit models, known in the psychometrics litera-
ture as graded response model: the responses to the different items are modelled
as function of the individual latent trait and as function of items characteristics,
such as their difficulty and their discriminant power. We model the discriminant
and the difficulty parameters jointly using a mixture of k Normal distributions.
Mixture components correspond to disjoint groups of items and items belonging
to the same component can be considered equivalent in terms of difficulty and
discriminant power. According to decision criteria, we select a subset of items
such that the reduced questionnaire is able to provide the same information of
the complete one. The model is estimated using a fully Bayesian approach and
the choice of the number of mixture components is justified according to informa-
tion criteria. The proposed method is applied to a questionnaire for the quality
of life in dysarthric speakers and compared with competing models proposed in
literature.

Keywords: Graded response model; mixture distribution; MCMC.

1 Introduction

In recent years evaluating people using tests is very common and there
has been a considerable interest among psychologists and statisticians in
developing a theory that allows to improve educational and psychological
tests. One of the main difficulty in using tests is that the number of items
included in a questionnaire is usually large, leading to a time consuming
and expensive administration. Moreover, a large amount of questions make
the respondents tired and may lead to possibly inaccurate responses. For
this reason, it is of interest to develop a methodology that allows us to
select a subset of items such that the reduced questionnaire has the same
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characteristics of the full one. Item response theory (IRT) is the area of psy-
chometry that deals with the problem of tests construction, item calibration
and with the evaluation of latent ability the test aims at measuring. Item
response models are latent trait models in which the probability of correct
responses are modelled as function of examinees’ ability and as function of
items characteristics, such as their difficulty levels and their discriminant
powers. Motivated by our data, coming from a questionnaire for the quality
of life in dysarthric speakers, we will focus on the graded response model
(Samejima (1969)). We propose an extension of the graded response model
in which the discriminant and difficulty parameters are modelled jointly as
a k−component mixture distribution. The mixture allows us to cluster ho-
mogeneous items in terms of discriminant power and difficulty: a decision
rule is proposed in order to select the subset of items to be used in the
reduced version of the questionnaire.

2 The proposed model

Let Yij represent the response variable of the subject i−th for the item
j−th, with i = 1, ..., n and j = 1, ..., r. The variable Yij is a categorical
response with H possible ordered categories. The n subject are assumed
independent. Let

pijh = P (Yij = h|Θ = θ) h = 1, ...,H

denote the probability that a subject i with latent trait (or ability) level θ

responds by category h to item j. Obviously we assume that
∑H
h=1 pijh = 1.

We will focus on a Bayesian version of the so-called cumulative logit model
defined as the following multi-stage model (Wollack et al. (2012)):

Stage.1 logit[P (Yij ≥ h|θ, γ, β)] = γj(θi − βjh)

Stage.2 log(γj)|θ, β ∼ N(mγ , s
2
γ)

θi|γ, β ∼ N(0, 1)

βjh|γ, θ ∼ N(βj , s
2
j ) with the constraint βj1 < .. < βjH

Stage.3 βj ∼ N(µβ , σ
2
β)

In the first stage we define the likelihood of the model. The second stage
is devoted to the specification of the prior distributions: item discriminant
power is modelled with a log-normal distribution and the latent trait as
a standard normal distribution, for model identifiability. With respect to
the difficulty parameter, constrained prior distributions must be specified
in order to have βj1 < .. < βjH . Hyperparameters mγ , s

2
γ , µβ , σ

2
β are fixed

in order to have non-informative prior distributions.



Arima 487

In Bartolucci et al. (2012), items are selected according to their discrimi-
nant power: the reduced questionnaire consists of the subset of items whose
discriminant power is larger than a fixed cut-off value. However, items are
characterized by both discriminant and difficulty parameters: hence, in or-
der to select subsets of equivalent items, in terms of both difficulty and
discriminant power, we propose to model jointly these parameters accord-
ing to a K−components mixture distribution(

log(γj)

β

)
∼

k∑
k=1

πkN(µk,Σ)

The mixture weights πk are given a Dirichlet distribution with K parame-
ters equal to 1; non-informative hyperprior distributions have been used for
µ and Σ. In this context, items belonging to the same mixture component
can be considered as equivalent in terms of both discriminant and difficulty
power and may be selected in a reduced version of the questionnaire. The
posterior distributions of the parameters of interest cannot be obtained
analytically and ad-hoc MCMC algorithms are used in order to simulate
samples from them and identifiability constraints adopted for the mixture
components (Celeux et al. (2000)).

2.1 Item selection criteria

Once the model has been fitted, we have to select the subset of items in the
reduced questionnaire. This choice is strongly related with the final goal of
the analysis:

• we aim at reproducing a reduced equivalent version of the question-
naire, with m items (m < n);

• we aim at obtaining a reduced version of the questionnaire containing
items with high level of difficulty and high discriminant power.

Both solutions may be of interest for the practitioners. In the first situation,
we believe that our original questionnaire measures the latent trait appro-
priately and we would like to have an equivalent but reduced version of it,
as in the case of the evaluation of the quality of life in dysarthric speak-
ers. Indeed, this solution defines a questionnaire with a variety of items,
including simple or less discriminant items that could have been included
in the original questionnaire as distractors or to encourage the respondent.
Hence, let wk = nk

n where nk is the number of items belonging to k−th
cluster: once the items have been ordered according to their discriminant
power, we will select m ·wk items from each group. In this way, the reduced
questionnaire should reproduce the same characteristics of the original one.
The second solution aims at obtaining an optimized version of the ques-
tionnaire, selecting the first more discriminant and difficult m items. In
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practice, we will select m items from the first mixture components. A sim-
ilar strategy has been adopted in Bartolucci et al. (2012), when the items
have been selected only according to the discriminant power.
Another important point is the selection of the number of mixture compo-
nents: we will fit several models with increasing number of mixture com-
ponents and select the optimal number of mixture components according
to information criteria such as DIC.

3 Data description and Results

Quality of life (QOL) is an important concept in healthcare and deals
with how people feel about their health. In this work we will focus on a
questionnaire aimed at evaluating the quality of life of patients affected by
dysarthria, a motor speech disorder resulting from neurological injury of the
motor component of the motor-speech system. The questionnaire consists
of 40 items and it has been administrated to 105 patients: each question
has 4 possible ordered answers about the quality of life (bad, moderate,
sufficient, good, high). Practitioners aim at having a reduced version of the
questionnaire with m = 15 items., The proposed model has been fitted
using k = 1, 5, 10, 15, 20 groups and we obtain the lowest DIC for k = 5.
Both criteria presented in Subsection 2.1 have been applied and compared
in terms of predicted latent trait: both reduced questionnaires estimate
the latent trait satisfactory and the estimates are in agreement with those
obtained with the complete questionnaire.
We compare the results with the method in Bartolucci et al. (2012) high-
lighting pro and cons of both methods.
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Abstract: We introduced a pair of explicit metrics for human activity based on
high density acceleration recordings from a hip worn tri-axial accelerometer: 1)
Time Active, a measure of the length of time when activity is distinguishable from
rest and 2) Activity Intensity, a measure of relative amplitude of activity relative
to rest. They both measure the level of activity of human, but characterize it
in different aspect. They are normalized (having the same interpretation across
subjects and days), easy to explain and implement, and reproducible across plat-
forms and software implementations. Metrics were validated by visual inspection
of results, quantitative in-lab replication studies.

Keywords: Tri-axial Accelerometer; Physical Activity; Signal Processing; Ac-
celerometry; Validation.

1 Introduction

A commonly used outcome measure in aging research is the capacity to
engage in activities of daily living (ADLs), or sentinel behaviors required
to live independently. Conventional methods for measuring ADL include
self-reported questionnaires or clinician ratings based on observed behav-
ior, which have several limitations, including recall bias and the lost of
minute by minute information. A better approach is to use “accelerome-
ters”, which allows collection of real-time, densely sampled information on
movement. However, translating information from high volume and com-
plex data from wearable sensors into acceptable measurements can be done
only by careful standardization and transformation to guarantee the valid-
ity and reproducibility of the measurements. Current measurements pro-
duced by software that accompanies these devices are usually expressed in
“activity counts”, which though sharing the same name, often have differ-
ent definitions for different manufactures (Ancoli-Israel et al., 2003). More-
over, other devices produces activity counts that, while formally defined,
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do not have a clear interpretation, and may not capture sufficient variabil-
ity in older subjects. Here we propose data normalization and a pair of
novel, explicit, and interpretable metrics that can be used in medical and
epidemiological studies.
The manuscript is laid out as follows. Section 2 describes the structure of
our data and introduces necessary notations. Section 3 covers in detail the
metrics that we proposed. We also discussed the validity of these metrics
using the data of the in-lab study.

2 Data

Our data were collected from elder men and women from an ongoing co-
hort study, the Baltimore Memory Study. Subjects were asked to wear the
accelerometer during waking hours for 4-5 consecutive days, removing the
device during showering and swimming. They are the data that we mainly
focus on. There was also an in-lab session for some of the subjects, in which
they were asked to perform a series of activities including walking and chair
stands. Later we would do the validation using the data from the in-lab
sessions. The accelerometer generated tri-axial voltage in three orthogonal
axes, as proxies of acceleration in three direction, at a sample rate of 10Hz.
Denote the data by Xi(t) = {Xi1(t), Xi2(t), Xi3(t)}, t = 1, 2, ..., Ti, where
Ti is the length of the accelerometer time series for Subject i. In this paper
we used field data from 34 subjects and each subject was observed from 4
to 5 days. So i = 1, 2, . . . , 34 and Ti is very large. We define the activity
label time series Li(t) ∈ {0, 1} as Li(t) = 1 when Subject i is active at time
point t and Li(t) = 0 otherwise. Li(t) was estimated by a tailored method
originally proposed in Bai 2011. Once Li(t)’s are estimated, we divide the
entire recorded time period of Subject i into two sets of time points, TAi
and T Ii , corresponding to active and inactive time periods. Specifically,
∀t ∈ TAi , Li(t) = 1 and ∀t ∈ T Ii , Li(t) = 0. We also denote by Ji the
number of days when Subject i is observed, while Ti is the total number of
time points where the subject is observed. The number of days, Ji varies
between 3 and 5 days. Let t0ij be the time index for start of day j, which
has a total of Tij data points. The number of data points per day, Tij , can
depend on the particular day, j, because it only describes the time when
the subject is not in bed, which can vary every day.

3 Methods

Based on the raw data and the label Li(t), 2 basic metrics were proposed:
Time Active and Activity Intensity. These metrics are defined so that they
reflect different aspects of the physical activity condition of human.

Time Active (TA) (TAi(k) =
∑W
s=1 Li{(k−1)W+s}

W ) is the proportion of
time that were declared active in the fixed length window [(k−1)W+1, kW ]
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for Subject i. It measures the overall active level in any given time interval.
Length of the interval provides a lot of flexibility of summarizing the data.
Panel 1 in Figure 1 shows the TA bars of Subject 3092 in every 15-minute
interval. Each TA bar ranges from 0 to 1, and is rendered in light blue
(TA ≤ 0.3), red (0.3 < TA < 0.7) or purple (TA ≥ 0.7). Substantial
difference of TA between day and night can be observed, while TA during
the day has values in a wide range but that during the night is simply near
0.
Activity Intensity (AI) (AIi(t) = max

{
1
3

∑3
m=1

σim(t)−σim
σim

, 0
}

) is sim-

ilar to TA, which measure the overall active level, but focus on the actual
intensity of movement (amplitude of signal) instead of the binary measure-
ment of active/inactive. It is computed by considering the variation of the
tri-axial signal σim, after removing the systematic noise of the device σim.
Panel 2 of Figure 1 visualizes the AI of the same subject. Each AI bar is
colored light blue, red or purple according to their TA values as in Panel 1.
Apparently, two panels in Figure 1 share a lot of similarity regarding to the
active level of Subject 3092, but Panel 2 helps distinguish between long-
lasting low intensity activities and short-lasting high intensity activities
(i.e. long-time walking versus short-time running).
The probability density functions of AI during walking and chair stands of
the in-lab session are shown in Figure 2. AI is calculated for every second
and displayed as black bars under the corresponding raw-data plots. The
densities of AI during walking are quite consistent within- and between-
subjects. Similar results were found for all 10 subjects with in-lab data.
The density curve of AI for chair-stands is different, though it displays

FIGURE 1. Panel 1: Time Active (TA) bars for Subject 3092 (panel 1). Each
TA bar has a value between 0 to 1, and is colored light blue (TA ≤ 0.3), red
(0.3 < TA < 0.7) or purple (TA ≥ 0.7). Panel 2: 3-day Activity Intensity (AI)
for Subjects 3092. AI bars are colored light blue, red or purple according to their
TA values as in Panel 1.
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FIGURE 2. The plots for the metrics validation for Subject 3056 during two dif-
ferent visits. In each visit, there are two replicates of walking and three replicates
chair stands. The figure shows the density curves of the AI in the top panel and
the raw accelerometry signal as well as the AI during the activities.

a lot of similarity within subjects with more variability across subjects.
The difference in histogram shapes between walking and chair standing is
probably due to the fact that chair standing consists of three different sub-
activities: resting, standing-up and sitting-down. The AI for chair-stands
is low during inactive periods and high during active periods. AI during
these sub-activities were quite similar within subjects across visits.

4 Conclusion

The need of accurately measuring human activity (especially daily human
activity) urged researchers to deploy accelerometers into the studies. How-
ever, the information extraction from the raw data was a tough task, es-
pecially while the consistency and reproducibility are required to be guar-
anteed. We proposed Time Active and Activity Intensity, which are valid,
transparent and reproducible, as summaries of the raw data. They reflected
the characteristics of human activities in different aspects.
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1 Introduction

Recursive residuals are useful and powerful analysis tools for a wide va-
riety of fixed effect models, particularly in providing diagnostic tests for
detecting serial correlation, heteroscedasticity, functional misspecifications
and structural change in regression models. Together with estimation of
the model parameters they have the best statistical properties (includ-
ing independency) and provide intuitive graphical tools for investigating
changes of model parameters overtime using the CUSUM test. The ap-
proach we consider here is to present the recursive residuals and their
estimates for LMM based on well-known LMM estimation, Henderson’s
fitting-of-constants method.

2 Recursive Residuals for LMM

Recursive estimation is a technique for updating parameter estimates where
the resulting change in the estimates is proportional to the recursive resid-
uals. The recursive residual corresponding to an observation Yt at time t,
is the scaled difference between Yt and its best predictor using observa-
tions recorded prior to time t. Thus, current and successive predictors of Yt
are computed recursively based on parameter estimates from observations
prior to t.
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Let Yt be the continuous observation on the dependent variable at time
t corresponds to vectors of regression variables xt and st. The LMM we
consider at time t can be expressed as

Yt = xtβ + stu + Et , t = 1, 2, ..., n. (1)

where at time t there are t observations (the first t observations) in the
following matrices and vectors and the remaining observations n − t are
considered zeros (i.e., t + 1,t + 2,...,n), y is the response vector n × 1, X
is the observed design matrix for the fixed effect n × p matrix, β is the
unobserved parameter vector of fixed effects p×1, S is the observed design
matrix for the random effect n × r, u is the vector of unobserved random
effect r × 1, with E(u) = 0 and V ar(u) = σ2

uI = G, ε is the error term
vector n × 1, assumed to be independent and normally distributed with
E(ε) = 0 and V ar(ε) = σ2

εI = R. Assume that all levels of upertain to the
same source of variation, such that V ar(u) = σ2

uI = G and Cov(u; ε) = 0.

the recursive estimates β̂t and ût for β and u at time t are the solutions
Henderson’s equations for the model in (1) recursively, which may be ob-
tained as follows: [

β̂t
ût

]
= H−1

t

[
XT
t Yt

STt Yt

]
(2)

where

Ht =

[
XT
t Xt XT

t St
STt Xt STt St

]
= Ht−1 + ztz

T
t ,

and

zt =

[
xt
st

]
.

using the Sherman-Morrison formula (Bartlett 1951) and the recursive no-
tation of McGilchrist et al. (1983), H−1

t can be written as

H−1
t−1 − c

∗−1
t g∗t g

∗T
t (3)

where
c∗t = 1 + zTt H−1

t−1zt and g∗t = H−1
t−1zt.

The method of calculating recursive residuals, always starts with initial
estimates of β and u as a vector of zeros and correspondingly, for t = 0,
Ht = 0, its inverse H−1

t and their product H−1
t Ht are taken to (p +

r)× (p+ r) matrices of zeros. As observations are added, Xt−1,St−1,yt−1

are replaced by Xt,St,yt and the rank of Ht remains the same or can
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increase by one. Thus, the parameters and recursive residuals are estimated
progressively using the following recursive residuals formula

Wt =

 c
∗−1/2
t

[
Yt − zTt

(
β̂t−1

ût−1

) ]
rank stay the same

0 rank increases

3 Example

To illustrate the application and computation of these developed formula
for recursive residuals and estimates for LMM we used Nobre & Singer
(2007) data. The data relates to a comparison of the capacity to remove
bacterial plaque with continuous daily use with a low cost monoblock tooth-
brush against a conventional toothbrush. Indices of plaque in 32 children
(aged 4 - 6 years) were measured before and after tooth brushing at four
evaluation sessions. The data is an example of repeated measurements,
taken on the same experimental units over four evaluation sessions, adjust-
ing for pretreatment bacterial plaque indices (Nobre & Singer, 2007).
Our reframing of Nobre & Singer (2007) LMM in a matrix form at time t
as:

yt = Xtβ + Stu + εt , t = 1, 2, ..., 128 (4)

y is a 128×1 response vector of post-treatment bacterial plaque indices, X
is a 128× 3 fixed effects design matrix (intercept, two types of toothbrush
and log(pre-treatment)) and S is a 128× 32 random effects design matrix
(subject effect), ε is a 128 errors vector normally distributed with zero
mean and σ2

εI variance. The vector β is a 3× 1 vector of fixed effects that
are unknown and u is a 32×1 vector of random effects normally distributed
with zero mean and σ2

uI variance and u ⊥ ε.
The LMM obtained was significant, with t-values of (-10.027,16.087,2.98)
for the intercept, pretreatment and treatment effects respectively. The
LMM appeared to be satisfactory. A plot of the standardized residuals
ε̂ versus the fitted values, and the normal quantile plot for the residuals
were satisfactory except for an indication of a possible two outliers. These
results are similar to those given by Nobre & Singer (2007) who investigated
three techniques of residuals analysis for LMM using the same data.
Recursive residuals normal quartile plots and their CUSUM and normal
quartile plots appear in Figures (1a, 1b). The CUSUM at observation i is
i∑
t=1

Wt where Wt is the recursive residual at observation t.

The normal probability plot Figure (1a) shows an approximately straight
line with the data points at the two ends of the line indicating possible low
values and/or outliers. However, the CUSUM plot Figure (1b) shows an
initial upward trend followed by a downward trend indicating some sort of
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FIGURE 1. (a) Normal Quantile-Quantile plot and (b) Recursive Residuals
CUSUM graph

model misfit with a negative CUSUM (
∑

Wt = -0.231). Model misfit such

as this may be due to many reasons includes outliers, an omitted variable,
incorrect model specification or incorrect model underlying distributional
assumptions. For more details see Hawkins (1991) and Kianifard & Swallow
(1996). Dealing with model misfit may improve the above model, but this
is not the aim of this example.
It should pointed out that in their initial data paper, Nobre & Singer (2007),
also identified the same two outliers, which were identified by standardized
residuals and recursive residuals plots shown above. Removing these two
outliers did not improve the fit of the model or CUSUM plot.
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Abstract: An Abdominal Aortic Aneurysm (AAA) occurs when the walls of
the abdominal aorta weaken. Once an AAA develops, its size increases, although
growth varies considerably between individuals for reasons that are not yet well
understood. If an AAA ruptures then severe internal bleeding occurs, which is
often fatal. However, corrective surgery caries risk (particularly amongst the el-
derly, co-morbid patients that typically develop AAA) and would not usually
be considered until risk of rupture (which relates directly to aneurysm size) ex-
ceeds surgical risk. Understanding the growth process to identify how it might be
monitored and modified is therefore of great interest. We conclude mixed effects
regression models with autocorrelated residuals provide a parsimonious and sta-
ble approach to growth modelling. The approach is illustrated using data from
the Leeds Aneurysm Development Study (LEADS).
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1 Background

An AAA ultrasound screening programme is currently being introduced
across the National Health Service in England, UK. The screening pro-
gramme will invite all men for screening during the year they turn 65.
Patients with AAA greater than 5.5cm in diameter are (subject to co-
morbidities) offered either open or minimally invasive corrective surgery.
For AAAs between 3.0cm and 5.5cm, the risk of death caused by surgery is
higher than the risk of rupture. Patients therefore undergo regular repeat
screening. Longitudinal data from ultrasound screening of 297 AAA pa-
tients in LEADS is available for secondary analysis. The screening protocol
used at Leeds Teaching Hospital Trust is shown in Table 1. Adherence to
the protocol is shown as a boxplot in Figure 1(a). Descriptive statistics for
the 297 patients is shown in Table 2 and example growth trajectories from
49 randomly selected patients in Figure 1(b).
Using the LEADS data described above, we aim to investigate how to model
growth whilst respecting the data structure of longitudinal measurements
nested within patients and allowing for the possibility of non-linear growth.
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FIGURE 1. (a) boxplot of recommended follow up time (months) versus actual
follow up time (months); (b) plot of example growth trajectories, date from initial
diagnosis (years) versus AAA diameter (cm).

2 Methods

Simple approaches to growth modelling such as fitting a single regression
line with fixed slope and intercept pooled across patients do not allow
for departures from linearity and violate the assumption of independent
observations. However, they are widely used (see Bailey et al., 2011). Non-
linear models of quadratic and logistic growth are also of interest, but

TABLE 1. AAA screening protocol used at Leeds Teaching Hospital Trust.

AAA diameter (cm) Recommended scan protocol (months)

< 3.0 no follow up
≥ 3.0, < 4.0 annual
≥ 4.0, < 5.0 6 months
≥ 5.0, < 5.5 3 months

TABLE 2. Descriptive statistics for 297 patients in the LEADS data.

Measurement Median IQR

Initial AAA diameter (cm) 3.7 1.0
Final AAA diameter (cm) 5.0 1.2
Observation period (years) 3.2 3.3

Number of AAA scans 6 5
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again suffer from violation of independence assumptions when fitted as
fixed effects models pooled across patients.
Linear mixed effects models (see, for example, Chapter 2 of Pinheiro and
Bates, 2000) can be fitted, for example using the nlme library in R (R
Core Team, 2012). Linear mixed models with random slopes and intercepts
can be considered a reasonable basic model that respects the structure of
growth measurements nested within patients (see, for example, Sweeting
et al., 2010). However, departures from linear growth are ignored in this
approach. Extension to non-linear mixed effects models is possible (see
Chapter 6 of Pinheiro and Bates, 2000), though (in our experience) can
suffer convergence issues.
As an alternative modelling approach to allow non-linearity, we consider
a linear mixed effects model with random slopes and intercepts where the
model residuals are autocorrelated (see Section 5.3 of Pinheiro and Bates,
2000). Autocorrelation can be addressed by Box-Jenkins autoregressive
moving average (ARMA) structures, although these do now explicitly al-
low for the unequal spacing of observations through time. Alternatively,
isotropic variogram models of spatial autocorrelation (e.g. exponential,
Gaussian, spherical) can be considered that explicitly allow for unequal
spacing.

3 Results

Table 3 shows degrees of freedom, AIC, BIC and log-likelihood for:

1. A linear mixed effects model with random and fixed slope and inter-
cept.

2. A non-linear mixed effects model with random and fixed slope,
quadratic time effect and intercept.

3. A linear mixed effect model with random and fixed slope and intercept
& AR(2) residuals.

4. A linear mixed effect model with random and fixed slope and intercept
& residuals modelled by a Gaussian isotropic variogram model.

TABLE 3. Model fit statistics for linear and non-linear mixed effects models.

Model df AIC BIC LogLik

1 6 1937 1971 -962
2 10 1832 1888 -906
3 8 1834 1879 -909
4 8 1848 1894 -916



500 Modelling AAA growth using mixed effects regression

A non-linear mixed effects logistic model (see Equation 6.7 of Pinheiro and
Bates, 2000) did not converge - we speculate due to the unequal spacing of
observations in the LEADS data (a design feature of the screening proto-
col). Exponential and spherical isotropic variogram models gave the same
AIC and BIC as the Gaussian isotropic variogram model shown in Table 3.
Depending on whether AIC or BIC is preferred, either the quadratic model
(2) or the AR(2) residuals model (3) is parsimonious.

4 Conclusions

Mixed effects models allow a simple approach to modelling AAA growth
that respects the hierarchical structure of the data - growth measurements
nested within patients. Allowing for non-linearity in the growth process is
challenging due to the unequal spacing of observations through time. A
simple approach to allow for non-linearity by modelling autocorrelation in
residuals shows promise, although further work is required to identify the
most appropriate autocorrelation structure.

Acknowledgments: We are grateful to the Investigators of the Leeds
Aneurysm Development Study (LEADS) for providing access to the data.
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Abstract: Recent developments in the high-throughput screening techniques
lead to collect an enormous amount of data in biological experiments. Sophisti-
cated statistical tools are needed in order to investigate these data. Biologists are
often interested in measuring the gene expression evolution over time. Identifying
genes that have a similar pattern over time, it is a crucial step to determine the
genes that play a role in a specific cellular function. Due to this temporal data
structure, the usual clustering techniques are not applicable. The main contribu-
tion of this work is to propose a new clustering technique that lead to determine
the suitable number of groups in which the genes follow a similar temporal path.
In order to assess the efficiency of our method, we compare it with the one most
used in literature, called microarray Significant Profiles (maSigPro). We present
the results of our analysis conducted on real data.
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1 Introduction

1.1 The problem

Genomic experiments generate large and complex multivariate data sets,
so the scientific community is making great efforts in developing new sta-
tistical methods ad hoc to handle this kind of data. Furthermore, thanks to
advanced technologies we are now able to observe over time the evolution
of the gene expression.
In time-course microarray experiments, the expression of a certain cell is
measured in some time points during a particular biological process. By
knowing groups of genes that are expressed in a similar fashion through a
biological process, biologists are able to infer gene function and gene reg-
ulation mechanisms (Quackenbush, 2001; Slonim, 2002). Another peculiar
feature of this experiment is the small number of time points available, both
because multiple arrays are very expensive, both because, even if prices go
down, short time series experiments would remain prevalent since in many
studies it is prohibitive to obtain large quantities of biological material.
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1.2 Clustering methods

The direct application of the standard clustering methods to the analy-
sis of temporal profiles is difficult because they typically assume that the
observation for each gene in different experiments is independent. This
assumption holds when expression measures are taken from independent
biological samples, such as different subjects or different experimental con-
ditions. However, it is not valid when the observations may be related to
the ones at the previous time points.
We follow the proposal of Abraham (2003) where the temporal evolution of
the phenomenon is considered as a curve, fitted by particular spline. After
estimating the coefficients of these non parametric functions, they identify
groups of genes applying clustering techniques directly to coefficients.
Several authors use a model-based clustering, for example James (2003)
proposed a mixed effects spline model for analyzing yeast cell cycle data or
Ray (2006) suggested a non-parametric Bayesian method where a mixture
of Dirichlet processes is used to determine the number of groups and the
elements in each of them. However, the probabilistic specification of these
models is a problematic issue and the computational time could be long,
especially with high dimensional data sets.
Conesa et al. (2006) propose a general regression-based approach for the
analysis of single or multiple microarray time series. This methodology,
named maSig-Pro (microarray Significant Profiles) is a two-step regression
strategy where model parameters have to be adjusted according to the data
under study and the specific interests of the researcher.

1.3 Cross-clustering tecnique

As main contribution of our work, we developed a simple technique called
Cross-clustering which combines two well-established hierarchical cluster-
ing algorithms (complete linkage and Ward algorithm). Our approach per-
mits to identify a suitable number of clusters according to an intuitive
optimization criterion and it isolates outlier genes, not forcing them into a
group.

1.4 Paper organization

Our paper is organized as follows: in Section 2 the general methodologi-
cal ideas is presented, introducing data transformation based on B-splines
coefficients and our Cross-clustering algorithm; in Section 3 we show the
application on real data; while Section 4 is devoted to the discussion and
final remarks.
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2 Methods

2.1 Data normalization

The underlying idea of clustering analysis is that genes acting together
belong to similar, or at least related, functional categories. If two gene
profiles show the same trend of up- or down-regulating, then it is reasonable
to consider these two co-regulated, even if their levels of expression are
quite different. As underlined by Huber (2008), microarray measurements
in most cases carry no meaningful physical units and this happens because
no universal units are associated with the feature intensity values measured
on a microarray. For these reasons, it is a common choice to consider the
log-ratio transformation of data. For the i−th gene, separately for each
experimental condition l, we consider

ytil = log2

ztil
z1il

t = 1, · · · , T,

where ztil is the gene expression observed at time t. The use of the logarithm
in base 2 is a popular convention in the field.

2.2 B-splines coefficients

Abraham (2003) proposed to consider the evolution of gene expression in a
certain time interval as a functional data. Thus, it becomes advantageous
to exploit this functional structure for partitioning the observations into
groups. This method consists in two steps: first to fit the curves by non-
linear non parametric models and then to cluster the estimated model
coefficients. Although linear models could be used for this purpose, they are
often too restrictive to capture the underlying phenomenon. On the other
hand, the flexibility of tools such as splines permits to reach satisfactory
results with a limited number of coefficients.
Formally, we assume that the measurements of the curves Gi(t) are done
with independent random errors εit which can be thought as added to the
underlying smooth evolution of gene expression. The aim of the procedure
is to remove this noisy part, focusing on the smooth interesting part. After
summarizing each curve by a few coefficients, which capture the smooth
part of the process with enough flexibility, we have to partition these coef-
ficients. Abraham (2003) suggest to use B-splines to fit the curves and this
choice seems to be good also in this context. In many applications, a linear
combination of third-degree B-splines is enough flexible to investigate the
non-linear evolution on time of several phenomena.

2.3 Cross-clustering algorithm

To identify a proper number of clusters and to assign genes to them, we
combine in an efficient way two of the most known and well-established



504 Finding profiles in time-course gene expressions

hierarchical clustering algorithms: Ward and Complete linkage. The first
seems to be able to identify a suitable number of clusters. The latter does
not select the number of clusters in an appropriate way but it has the great
fashion to isolate very clearly outliers. Comparing clusters obtained with
these two procedures, we can find a proper number of clusters and, at the
same time, remove from these groups isolated genes.

3 Application

In a real experiment mice were divided into two groups: the first group
was subjected to a pharmacological procedure to block the nervous system
that controls the muscle activity, called denervation, while the second one
is the control group. The genetic material was extracted from two muscles:
a frequently active (slow) and a sporadically active (fast). In this way, four
experimental conditions are obtained. The expression of genes was recorded
every 4 hours for 24 hours (0h, 4h, 8h, 12h, 16h, 20h). Biologists are inter-
ested in genes that change over time, called oscillating genes, according to
two conditions: at least 1 of the 6 values must be above 100 and the ratio
between maximum and minimum expression value must be greater than
1.5 in all conditions. We have a data set containing 1164 oscillating genes
organized in 24 samples (4 experimental conditions × 6 time points).

4 Conclusion

In this work, we propose a new algorithm which bypass the limitations
arising when we apply classical clustering techniques to time dependent
data. With a simple iterative procedure, we group those genes with a similar
temporal path, avoiding to classify genes with a strange trend, considered
outliers. We compared slow and fast non denervated (1vs3), and slow versus
fast denervated (2vs4). Cross-clustering finds less clusters with respect to
maSigPro procedure, but it classifies more genes. We also calculated the
Dunn Index, which is an internal validation measure which consists in the
ratio of the smallest distance between observations not in the same cluster
to the largest intra-cluster distance. It takes values between zero and ∞,
and should be maximized. In our case, the Dunn Index is extremely higher
for the Cross-clustering method.

Acknowledgments: Special thanks to Silvio Bicciato (Department of
Biomedical Sciences, University of Modena and Reggio Emilia), Alessan-
dra Brazzale (Department of Statistics, University of Padua) and Kenneth
Dyar (Venetian Institute of Molecular Medicine) for their useful support
which led to significant improvement of this work.
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Abstract: This paper concerns prediction of random effects, and in particular
of expected responses, in generalized linear mixed models, with emphasis on
the construction of prediction intervals having conditional coverage probability
closed to the target nominal value. Some theoretical results are briefly presented,
and some easy-to use formulas are applied to obtain improved random effects
prediction intervals in the logistic-normal model.
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1 Introduction and preliminaries

The prediction of the value of a future random variable, based on an ob-
served sample, is usually expressed in terms of prediction intervals. This
paper presents some results on prediction of random effects, and in partic-
ular of expected responses, in generalized linear mixed models, abbreviated
as GLMMs (see e.g. Booth and Hobert, 1998, Skrondal and Rabe-Hesketh,
2009, and references therein). The general aim here is to define a simple
procedure for defining prediction intervals which have a conditional cov-
erage probability closed to the target nominal value, and improve on the
simple plug-in solution.
Let us assume that response data are arranged in k ≥ 1 groups and that
the random variable Yij describes the response of unit j in the i-th group,
i = 1, . . . , k, j = 1, . . . , ni. The m-dimensional continuous random vec-
tor Ui = (Ui1, . . . , Uim)T , i = 1, . . . , k, is the unobservable random effect
associated with the i-th group; U1, . . . , Uk are independent, identically dis-
tributed, and the pairs (Yi, Ui), i = 1, . . . , k, with Yi = (Yi1, . . . , Yini)

T ,
are independent. Moreover, conditional on Ui = ui, the responses in the
i-th group are independent, having conditional density, with respect to a
suitable dominating measure,

pij(yij |ui;β, λ) = c(λ, yij) exp[λ{yijθij −K(θij)}], yij ∈ Y ⊆ R,
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where θij = xTijβ+ zTijui is the linear predictor, with xij = (xij1, . . . , xijq)
T

and zij = (zij1, . . . , zijm)T known covariate values and β = (β1, . . . , βq)
T

a q-dimensional parameter. Indeed, the mean is µij = µ(θij), whereas λ ∈
Λ ⊆ R+ is the index parameter and σ2 = 1/λ is the dispersion parameter.
The class of GLMMs is obtained by considering a monotonic differentiable
link function g(·) such that g(µij) = xTijβ + zTijui. Here, µij = g−1(xTijβ +

zTijui) and θij = θ(g−1(xTijβ+zTijui)), with g−1(·) and θ(·) the inverse of g(·)
and µ(·), respectively. If the canonical link function g(·) = θ(·) is considered,
we obtain θij = xTijβ+zTijui. With regard to the random effects, we assume

that Ui = (Ui1, . . . , Uim)T , i = 1, . . . , k, follows a m-dimensional Gaussian
distribution with null mean vector and Σ = diag(γ), γ = (σ2

1 , . . . , σ
2
m)T , as

variance matrix.
The interest here is on prediction of one-dimensional transformations R =
R(Ui, ω) of the random effects Ui and, in particular, on linear combinations
of the form xTijβ+zTijUi or the corresponding mean response R = g−1(xTijβ+

zTijUi). In particular, prediction should be based on the conditional density
of R given Yi = yi

f(r|yi, ω) =
f(r;ω)

∏ni
j=1 c(λ, yij) exp[λ{yijg(r)−K(g(r)}]

Li(ω; yi)
, (1)

with ω = (βT , σ2, γ). Function f(r;ω) is the marginal density of R, which
may be computed explicitly since in this case the linear combination xTijβ+

zTijUi follows a Gaussian distribution with mean xTijβ and variance equal

to
∑m
s=1 z

2
ijsσ

2
s . If the normalizing function Li(ω; yi), which corresponds to

the i-th likelihood component, is not known explicitly, an estimate based
on numerical or approximation-based techniques is required.

2 Improved prediction limits

The aim is to provide a relatively simple procedure for predicting random
effects Ui, i = 1, . . . , k, and associated one-dimensional transformations R,
by means of prediction limits with good coverage properties. More precisely,
prediction fit evaluation is done conditionally on the observed value of the
response Yi, as proposed by Booth and Hobert (1998) for point predictors
of expected responses in GLMMs.
A simple solution involves the estimative or plug-in prediction limit r̂α =
rα(ω̂, yi) obtained by substituting the unknown parameter ω with an
asymptotically efficient estimator ω̂ = ω̂(Y ) (usually the maximum likeli-
hood estimator) in the α-quantile of the conditional distribution of R given
Yi = yi. That is, rα(ω, yi) = F−1(α|yi;ω), with F−1(·|yi;ω) the inverse of
the distribution function F (·|yi;ω) associated to (1). It is well-known that
estimative prediction limits are usually imprecise, since the associated con-
ditional coverage error can be substantial. It is possible to prove that the
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conditional coverage probability of r̂α is

α̂(ω, yi) = PY,R|Yi {R ≤ r̂α|Yi = yi} = EY |Yi [F{r̂α|Yi;ω}|Yi = yi]

= α+O(max{n−1
i , k−1}),

where the expectation is with respect to the conditional distribution of Y
given Yi = yi. The component of order O(n−1

i ) of the coverage error term
is related to the Laplace approximation for the i-th likelihood component
Li(ω; yi), and it can be nil when accurate computation is employed.
Moreover, in order to reduce the asymptotic order of the coverage error
term, the Ueki and Fueda’s (2007) procedure has been applied, giving the
following simple modified estimative prediction limit

r̃α(ω̂, yi) = 2rα(ω̂, yi)− rα̂(ω,yi)(ω̂, yi),

where the estimative coverage probability α̂(ω, yi), since usually unknown,
may be estimated by means of a suitable bootstrap parametric technique
conditional on Yi = yi. It is possible to prove that the conditional coverage
error of this modified prediction limit is of order o(max{n−1

i , k−1}), thus
reduced with respect to that of the estimative solution.

3 The logistic-normal model

As an illustrative example, we consider the logistic-normal example already
analysed by Booth and Hobert (1998). In particular, they analysed data
from a multicenter clinical trial on a two-treatment comparison, fitting a
logistic model with random clinic effects. Namely, the linear predictor is
given by

ηij = β0 + β1 xij + ui ,

where xij is the binary treatment indicator, and Ui ∼ N(0, σ2
1) the random

intercept, i = 1, . . . , 8, j = 1, . . . , ni (13 ≤ ni ≤ 73), and a logistic regres-
sion model is adopted for the binary response given the random effect.
The method of the previous section has been applied to obtain modified pre-
dictive limits for the clinic random effects ui with improved coverage prop-
erties. In particular, the integrals required for the likelihood function and
the predictive distribution f(ui|yi;ω) have been approximated by Gaus-
sian quadrature, and the improved prediction limits computed with 2,000
bootstrap replications. The results are illustrated in Figure 1, for all the
clinics.
The modification is noticeable, for the primary reason that the number
of groups is just k = 8. A small scale simulation study has been run,
obtaining an estimated coverage for the estimative procedure below the
target level, being actually between 66% and 85% for the various groups.
This is actually in good agreement with the simulation studies reported
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FIGURE 1. 95% prediction limits for clinic random effects, with annotated clinic
sample size.

in Ten Have and Localio (1999), that illustrate the need for an improved
prediction procedure.
Research on speeding-up the computation of the modified limits is currently
ongoing, as efficient implementations is required for estimating the coverage
properties of the improved method. Indeed, future research will consider
computational aspects as well as applications to some models of interest,
for various formulation of R(U, ω).
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1 Introduction

The calibration model is applied in different areas, and it is composed of
two stages. In chemical analysis, the purpose is establish a quantitative
relationship over the two stages, for the first stage it is between known
concentrations of an analyte and their observed response variables, and on
the second stage it is between an unknown concentration and the related
observed response variable. The main interest is estimate this unknown
concentration (Blas et al.,2007).
This paper discusses a new calibration model with replicate measurements
by assuming that the error model follows a family of scale mixtures of skew-
normal (SMSN) distributions, as introduced by Branco and Dey (2001).
We write Y ∼ SMSN(µ, σ2, λ), which means, the random variable Y fo-
llows a SMSN distribution with location parameter µ, scale parameter σ2

and skewness parameter λ. The probability density function of Y is f(y) =

2
∫∞
0
φ(y|µ, σ2κ(u))Φ

(
λ y−µ

σ

)
dH(u; τ), where y ∈ IR, φ(.) denotes the density

of univariate normal distribution with mean µ and variance σ2 > 0 and Φ(.)
is the distribution function of the standard univariate normal distribution.
U is a random variable with distribution function H(., τ) and density h(., τ)
and τ is a scalar or vector parameter indexing the distribution of U. In this
work we consider κ(u) = 1/u, which leads to good mathematical properties.
The SMSN family is a flexible class of distributions for robust estimation.
One particular case is the skew-normal (SN) distribution which is arrived
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when H is degenerated, with u = 1. The SMSN class also includes distri-
butions such as the skew-t (ST), skew-slash (SSL) and the skew-potenial
exponential(SPE) distribution.

2 Linear Calibration Model with SMSN distributions
error

The SMSN linear calibration model is given by

yij = α+ βxi + εij , i = 1, 2, . . . , n e j = 1, 2, . . . , ri, (1)

y0i = α+ βx0 + ε0i, i = n+ 1, n+ 2, . . . , n+m, (2)

where yij and y0i are observed responses for the fixed value xi and the
unknow quantity x0, respectively. α, β and x0 are unknown parameters.
εij and ε0i are independent and identically distributed (iid) SMSN with
0 location parameter, scale parameter σ2 and skewness parameter λ. The
EM algorithm for the proposed model parameters are presented on the
following.
The model (1-1) can be written hierarchically as

Yij |Tij = tij , Uij = uij ,
iid∼ N

(
α+ βxi + tij

σλκ(uij)√
s

,
σ2κ(uij)

s

)
Uij

iid∼ H(uij ; τ) and Tij
iid∼ NH(0, 1), i = 1, . . . , n e j = 1, . . . , ri,

Y0i|T0i = t0i, U0i = u0i,
iid∼ N

(
α+ βx0 + t0i

σλκ(u0i)√
s0

σ2κ(u0i)

s0

)
U0i

iid∼ H(u0i; τ) and T0i
iid∼ HN(0, 1), i = n+ 1, . . . , n+m,

where HN(0, 1) denotes the half-N(0, 1) distribution, s = 1 + λ2κ(uij)
and s0 = 1 + λ2κ(u0i). The parameter τ from the mixing variable is
fixed previously, as recomended by Lange K. L. et al. (1989). Let yyy =
(yyy>1 , . . . , yyy

>
R), uuu = (u1, . . . , uR)>, ttt = (t1, . . . , tR)>, y0y0y0 = (y01, . . . , y0m)>,

u0u0u0 = (u01, . . . , u0m)>, t0t0t0 = (t01, . . . , t0m)> and R =
∑n
i=1 ri. Then, under

the hierarchical model (1-1), it follows the complete log-likelihood function
`c(θθθ|ycycyc) associated with ycycyc = (yyy>, y0y0y0

>,uuu>,u0u0u0
>, ttt>, t0t0t0

>)>.

Let θθθ(p) = (α(p), β(p), σ2(p)
, λ(p), x

(p)
0 )> be the estimates of θθθ at the pth

iteration. Then we have the conditional expectation of the complete log-

likelihood function Q(θθθ|θ̂θθ) = IE

[
`c(θθθ|ycycyc)|yyy,y0y0y0, θ̂θθ

(p)
]
. Thus, we have the

following EM algorithm steps:

E-step: Given θθθ = θ̂̂θ̂θ(p), compute t̂ij
(p)
, t̂2ij

(p)
, t̂0i

(p)
and t̂20i

(p)
, where t̂ij =

IE(Tij |θθθ = θ̂θθ, yij), t̂2ij = IE(T 2
ij |θθθ = θ̂θθ, yij), t̂0i = IE(T0i|θθθ = θ̂θθ, y0i) and

t̂20i = IE(T 2
0i|θθθ = θ̂θθ, y0i).
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M-step: Update θ̂̂θ̂θ(p+1) by maximizing Q(θθθ|θ̂θθ) over θθθ, which leads to the
following closed form expressions:

α̂(p+1) =
[
κ̂κκ(p)>1R1R1R + κ̂0κ0κ0

(p)>
1m1m1m + (R+m)λ(p)2

]−1

[(
yyy> − β(p)xxx>

)
κ̂κκ(p) + λ(p)

(
λ(p)yyy> − t̂tt(p)

>
− λ(p)β(p)xxx>

)
1R1R1R + y0y0y0

>κ̂0κ0κ0
(p)

+

(
λ(p)2y0y0y0

> − λ(p)t̂0t0t0
(p)> − β(p)x

(p)
0 κ̂0κ0κ0

(p)>
)

1m1m1m −mβ(p)x
(p)
0 λ(p)2

]
β̂(p+1) =

[
xxx>
(
DDD(κ̂̂κ̂κ(p)) + λ(p)2IRIRIR

)
xxx+ x

(p)
0

2
(
κ̂0̂κ0̂κ0

(p)>1m1m1m + λ(p)2m
)]−1

{
xxx>
[
DDD(κ̂̂κ̂κ(p))yyy − α(p)κ̂̂κ̂κ(p) + λ(p)2

(
yyy − α(p)1R1R1R

)
− λ(p)t̂̂t̂t(p)

]
+ x

(p)
0 ×[

yyy>0 κ̂0̂κ0̂κ0
(p) +

(
λ(p)2y0y0y0

> − α(p)κ̂0̂κ0̂κ0
(p)> − λ(p)t̂0̂t0̂t0

(p)>
)

1m1m1m −mλ(p)2α(p)
]}

σ̂2
(p+1)

= [2(R+m)]−1
[(
ηηη(p)

>
DDD(κ̂̂κ̂κ(p)) + λ(p)2ηηη(p)

>
− 2λ(p)t̂̂t̂t(p)

>)
ηηη(p) + t̂2̂t2̂t2(p)

>
1R1R1R

+
(
η0η0η0

(p)>DDD(κ̂
(p)
0 ) + λ(p)2η0η0η0

(p)> − 2λ(p)t̂0̂t0̂t0
(p)>

)
η0η0η0

(p) + t̂20̂t
2
0̂t
2
0
(p)
>

1m1m1m

]
λ̂(p+1) =

[
ηηη(p)

>
ηηη(p) + η0η0η0

(p)>η0η0η0
(p)
]−1 [

t̂̂t̂t(p)
>
ηηη(p) + t̂0̂t0̂t0

(p)>η0η0η0
(p)
]

x̂
(p+1)
0 =

[
β(p)

(
κ̂0̂κ0̂κ0

(p)>1m1m1m +mλ(p)2
)]−1

[
y0y0y0
>κ̂0̂κ0̂κ0

(p) −
(
α(p)κ̂0̂κ0̂κ0

(p)> + λ(p)t̂0̂t0̂t0
(p)>

)
1m1m1m + λ(p)2

(
y0y0y0
>1m1m1m −mα(p)

)]
.

where ηηη(p) = yyy−α(p)1R1R1R−β(p)xxx, η0η0η0
(p) = y0y0y0−

(
α(p) + β(p)x

(p)
0

)
1m1m1m,DDD(AAA) =

Diag(a1, a2, . . . ), 1k1k1k denotes an k-dimensional column vector of ones and
IRIRIR is an identity matrix of order R.
The Fisher-information matrix is used to calculate the covariance matrices
associated to the maximum-likelihood estimates.

3 Aplication

We fit the SMNS calibration model to the real data set discussed by
Neto et al. (2007) for the SN, ST, SSL and SPE distributions. These
datase are given in Table 1. We use the triplicate absorbance readings
y0y0y0 = (14.804, 14.861, 14.731) for the second stage data of the calibration
model and the rest of the dataset will be used for the first stage. Table 2 it
is presented the parameter estimates, the asymptotic standard errors and
the expanded uncertainty U(x̂0), which is the confidence interval amplitude
divided by 2, for the four distributions, and also it is given the AIC and
BIC criteria. In this table we observe that among the four distributions the
SPE distribution has the smallest error and the ST distribution has the
smallest standard error for the estimator of x0. According to both infor-
mation criteria the ST distribution is more adequate than the those other
distributions.
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TABLE 1. Zinc concentration (mg/l) and triplicate absorbance readings.

Concentration Absorbance
xi yi1 yi2 yi3

0.0 0.696 0.696 0.706
0.5 7.632 7.688 7.603
1.0 14.804 14.861 14.731
2.0 28.895 29.156 29.322
3.0 43.993 43.574 44.699

TABLE 2. Parameter estimates for the ST, SN, SSL and SPE distributions.

Distribution Parameters Criteria
α β x0 U(x̂0) AIC BIC

ST 0.497 14.195 1.002 0.003 -80.35 -76.80
(τ = 2) (0.019) (0.011) (0.002)
SN 0.300 14.290 1.004 0.045 -7.99 -4.45

(0.224) (0.112) (0.023)
SSL 0.491 14.198 1.002 0.004 -70.47 -66.93
(τ = 1.5) (0.002) (0.007) (0.002)
SPE 0.312 14.285 1.001 0.043 -9.03 -5.59
(τ = 0.8) (0.251) (0.125) (0.022)

4 Conclusions

The proposed SMSN calibration model adjusts skewness and heavy-
tailedness simultaneously. In the application it is shown that the alternative
distributions of the SN are more adequate.

Acknowledgments: The first author thanks FACEPE partial financial
support. The second author thanks the scholarship support from CAPES.
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proposed. At each sensor, the Bernoulli random variables describing the phe-
nomenon of missing observations are assumed to be correlated at instants that
differ m units of time. For each sensor subsystem, local least-squares linear fil-
tering estimators are given and the estimation error cross-covariance matrices
between any two sensors are derived, then the proposed distributed fusion filter
is obtained based on the distributed fusion criterion weighted by matrices in the
linear minimum variance sense.
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1 Introduction

Estimation problems in multi-sensor systems are recently motivating a sig-
nificant amount of research due to their increasing applicability in many
engineering fields (see e.g. Hespanha et al. (2007) and references therein). A
basic matter in systems with multiple sensors is how to fuse the measure-
ment data from the different sensors to address the estimation problem.
For this purpose, several authors have proposed distributed fusion meth-
ods, in which each sensor estimates the state based on its own measurement
data, and sends such estimate to the fusion center for fusion according to
a certain information criterion. For example, under the assumption of nor-
mal distribution, a distributed fusion estimator is proposed in Kim (1994)
based in maximum likelihood criterion, and the distributed fusion criterion
weighted by matrices in the linear minimum variance sense is established in
Sun and Deng (2004), which is equivalent to the maximum likelihood fusion
criterion under normality assumption. Recently, attention is being focused
on distributed fusion estimation problems in networked systems with un-
reliable network transmission for multi-sensor systems with random delays
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(see Feng and Zeng (2011)) and packet dropouts (see Zhang et al. (2012)).
Nevertheless, to the best of the authors knowledge, the literature concern-
ing distributed fusion estimation in multi-sensor systems with missing mea-
surements is relatively scarcer. In this paper, the least-squares (LS) linear
distributed fusion estimation problem in multi-sensor systems with missing
measurements is addressed assuming that the Bernoulli random variables
modeling the missing measurements at each sensor are correlated at in-
stants that differ m units of time. This special form of correlation allows us
to consider certain class of systems in which the state cannot be missing in
m + 1 consecutive observations; specifically, sensor networks where sensor
failures may happen and a failed sensor is substituted m sampling times
after having failed.

2 Model description

Consider the following discrete-time linear multi-sensor stochastic systems
with missing measurements:

xk = Fk−1xk−1 + wk−1, k ≥ 1,

yik = θikH
i
kxk + vik, k ≥ 1, i = 1, . . . , r,

where xk ∈ Rn is the state and yik ∈ R is the measurement provided by
sensor i at sampling time k. {wk; k ≥ 0} and {vik; k ≥ 1}, i = 1, . . . , r, are
zero-mean white sequences with covariances Cov[wk] = Qk and Cov[vik] =
Rik, respectively, and {θik; k ≥ 1}, i = 1, . . . , r, are Bernoulli random

variables with P [θik = 1] = θ
i

k. For i = 1, . . . , r, the variables θik and θis
are independent for |k − s| 6= 0,m, and Cov[θik, θ

i
s] = Kθi

k,s are known for
|k − s| = 0,m. The initial state x0 is a random vector with E[x0] = x0

and Cov[x0] = P0. Moreover, x0 and the noise processes {wk; k ≥ 0},
{vik; k ≥ 1} and {θik; k ≥ 1}, for i = 1, . . . , r, are mutually independent.

From these properties, Dk = E[xkx
T

k ] is recursively calculated by

Dk = Fk−1Dk−1F
T

k−1 +Qk−1, k ≥ 1; D0 = P0 + x0x
T

0 .

3 Distributed fusion estimation

Our aim is to solve the LS estimation problem of the state xk based on
the measurements

{
yi1, y

i
2, . . . , y

i
k

}
, i = 1, 2, . . . , r, by using the distributed

fusion method.

For this purpose, firstly the following recursive algorithm to obtain local
LS linear filters, x̂ik/k, for i = 1, 2, . . . , r, along with their estimation error
covariance matrices, is established. Also, recursive formulas for the error
cross-covariance matrices between any two local estimates are presented.

The local LS linear filter, x̂ik/k, is obtained by
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x̂ik/k = Fk−1x̂
i
k−1/k−1 + Sik,k(Πii

k,k)−1νik, k ≥ 1; x̂i0/0 = x0,

The innovation, νik, is given by

νik = yik − θ
i

kH
i
kFk−1x̂

i
k−1/k−1, k ≤ m,

νik = yik − θ
i

kH
i
kFk−1x̂

i
k−1/k−1

−Ψi
k,k−m

(
νik−m −

m−1∑
l=1

T iTk−l,k−m(Πii
k−l,k−l)

−1νik−l

)
, k > m,

where Ψi
k,k−m = Kθi

k,k−mH
i
kFk,k−mDk−mH

iT
k−m(Πii

k−m,k−m)−1, with Fk,i =
Fk−1 · · ·Fi.
The matrices T ik,k−l are determined by

T ik,k−l = θ
i

kH
i
kFk,k−lSik−l,k−l, 2 ≤ k ≤ m, 1 ≤ l ≤ k − 1,

T ik,k−l = θ
i

kH
i
kFk,k−lSik−l,k−l −Ψi

k,k−mT
iT
k−l,k−m, k > m, 1 ≤ l ≤ m− 1.

The innovation covariance matrix, Πii
k,k, satisfies

Πii
k,k = θ

i

k

(
1− θik

)
Hi
kDkH

iT
k +Rik + θ

i

kH
i
kS

i
k,k, k ≤ m,

Πii
k,k = θ

i

k

(
1− θik

)
Hi
kDkH

iT
k +Rik + θ

i

kH
i
kS

i
k,k + θ

i

kS
iT
k,kH

iT
k

− (θ
i

k)2Hi
kP

ii
k/k−1H

iT
k −Ψi

k,k−m

(
Πii
k−m,k−m

+

m−1∑
l=1

T iTk−l,k−m
(
Πii
k−l,k−l

)−1
T ik−l,k−m

)
ΨiT
k,k−m, k > m.

The matrix Sik,k is derived by the following expression

Sik,k = θ
i

kP
ii
k/k−1H

iT
k , k ≤ m,

Sik,k = θ
i

kP
ii
k/k−1H

iT
k −

(
Fk,k−mSik−m,k−m

−
m−1∑
l=1

Fk,k−lSik−l,k−l
(
Πii
k−l,k−l

)−1
T ik−l,k−m

)
ΨiT
k,k−m, k > m,

where P iik/k−1, the prediction error covariance matrix, is obtained by

P iik/k−1 = Fk−1P
ii
k−1/k−1F

T

k−1 +Qk−1, k ≥ 1,

with P iik/k, the filtering error covariance matrix, satisfying

P iik/k = P iik/k−1 − S
i
k,k

(
Πii
k,k

)−1
SiTk,k, k ≥ 1; P ii0/0 = P0.

The filtering error cross-covariance matrix, P ijk/k, is specified by
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P ijk/k = P ijk/k−1 + Sik,k(Πii
k,k)−1Πij

k,k(Πjj
k,k)−1SjTk,k

−
(
Sjk,k − L

ij
k,k

)
(Πjj

k,k)−1SjTk,k − S
i
k,k(Πii

k,k)−1
(
Sik,k − L

ji
k,k

)T

, k ≥ 1,

P ijk/k−1 = Fk−1P
ij
k−1/k−1F

T

k−1 +Qk−1, k ≥ 1; P ij0/0 = P0.

Secondly, the matrix-weighted distributed fusion estimator x̂0
k/k, is pre-

sented below by applying the optimal information fusion criterion weighted
by matrices in the linear minimum variance sense (Sun and Deng (2004)).

The LS distributed fusion filter, x̂0
k/k, is given by

x̂0
k/k = A1

k,kx̂
1
k/k + · · ·+Ark,kx̂

r
k/k,

where x̂ik/k (i = 1, 2 . . . , r), the local LS linear filters, are calculated by the
previous recursive algorithm.

The optimal matrix weights Aik,k (i = 1, 2, . . . , r) are computed by

Ak,k = Σ−1
k/ke

(
eTΣ−1

k/ke
)−1

,

where the matrices Ak,k =
[
A1
k,k, . . . , A

r
k,k

]T
and e = [I, . . . , I]T are both

nr×n matrices, and Σk/k = (P ijk/k)i,j=1,...,r is a symmetric positive definite

matrix of dimension nr × nr.
The error covariance matrix of the distributed weighted fusion estimator is

computed by P 0
k/k =

(
eTΣ−1

k/ke
)−1

.
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Abstract: The optimal least-squares linear centralized estimation problem is
addressed for a class of discrete-time multi-sensor linear systems with autocor-
related and cross-correlated noises. The process noise and all the sensor noises
are assumed to be one-step autocorrelated, different sensor noises are one-step
cross-correlated, and, for each sensor, the process noise and the measurement
noise are two-step cross-correlated. By using an innovation approach, a recursive
algorithm for the optimal least-squares linear centralized filter is derived.

Keywords: Least-squares estimation; Centralized fusion estimation; Multi-
sensor systems.

1 Introduction

During the past decades, there has been an increasing interest in the fil-
tering problem in multi-sensor systems with correlated noises. For exam-
ple, the optimal Kalman filtering fusion problem in systems with cross-
correlated sensor noises is addressed in Song et al. (2007), while Feng and
Zeng (2012) study the same problem in systems with cross-correlated pro-
cess noises and measurement noises; in these papers correlated noises at the
same sampling time are considered. In general, the assumption of correla-
tion and cross-correlation of the noise process and measurement noises in
different sampling times makes difficult the identification of optimal estima-
tors; this limitation has encouraged research into suboptimal Kalman-type
estimation problems. In Song et al. (2008), a Kalman-type recursive filter is
presented for systems with finite-step correlated process noises, and the fil-
tering problem with multi-step correlated process and measurement noises
is investigated in Fu et al. (2008). The problem of distributed weighted
robust Kalman filter fusion is studied in Feng et al. (2013), for a class of
uncertain systems with autocorrelated and cross-correlated noises.
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Our aim is to address the optimal least-squares (LS) linear centralized
fusion estimation problem in multi-sensor systems with autocorrelated and
cross-correlated noises. Unlike most previous results with correlated noises,
in which suboptimal Kalman-type estimators are proposed, in this paper a
recursive algorithm for the optimal LS linear filter is obtained by using an
innovation approach which provides a simple derivation of the estimation
algorithms due to the fact that the innovations constitute a white process.

2 System model

Consider the following multi-sensor system:

xk = Fk−1xk−1 + wk−1, k ≥ 1,

yik = Hi
kxk + vik, k ≥ 1, i = 1, . . . , r,

where xk ∈ Rn is the state, yik ∈ R, i = 1, . . . , r, is the measurement
collected by sensor i at sampling time k, {wk; k ≥ 0} and {vik; k ≥ 1}, i =
1, . . . , r, are noise sequences. Next, the statistical properties assumed about
the initial state and noise processes are specified:

(i) The initial state x0 is a random vector with E[x0] = x0 and Cov[x0] =
P0 and it is independent of the additive noises.

(ii) The process additive noise {wk; k ≥ 0} and the measurement noises
{vik; k ≥ 1}, i = 1, . . . , r, are zero-mean sequences with covariances
and cross-covariances:

Cov[wk, ws] = Qk,kδk−s +Qk,sδk−s+1 +Qk,sδk−s−1,

Cov[vik, v
j
s] = Rijk,kδk−s +Rijk,sδk−s+1 +Rijk,sδk−s−1,

Cov[wk, v
i
s] = Sik,kδk−s + Sik,sδk−s+1 + Sik,sδk−s+2.

Our aim is to solve the optimal LS linear estimation problem of the state
xk based on the measurements

{
yi1, y

i
2, . . . , y

i
k

}
, for i = 1, . . . , r, by using

centralized fusion method to process the measured sensor data; for this
purpose, the observation equation is rewritten in a stacked form as follows:

yk = Hkxk + vk, k ≥ 1,

where yk = (y1
k, . . . , y

r
k)T, vk = (v1

k, . . . , v
r
k)T and Hk = (H1T

k , . . . ,HrT
k )T.

The following properties are easily inferred from the model assumptions:

(I) The noise {vk; k ≥ 1} is a zero-mean process, independent of x0, and
satisfies:

Cov[vk, vs] = Rk,kδk−s +Rk,sδk−s+1 +Rk,sδk−s−1,

Cov[wk, vs] = Sk,kδk−s + Sk,sδk−s+1 + Sk,sδk−s+2,

where Rk,s =
(
Rijk,s

)
i,j=1,...,r

and Sk,s = (S1
k,s, . . . , S

r
k,s).
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(II) The state vector xk and the measurement noise vector vk are corre-
lated with Ek = E[xkv

T

k ] satisfying:

Ek = Fk−1Sk−2,k + Sk−1,k, k ≥ 2; E1 = S0,1.

3 Optimal LS linear centralized fusion estimation

As known, the optimal LS linear filter x̂k/k is the orthogonal projection
of the state xk over the linear space spanned by {y1, y2, . . . , yk}. These
observations are generally non-orthogonal vectors, but the Gram-Schmidt
orthogonalization procedure allows us to substitute them by a set of or-
thogonal vectors, called innovations, defined as the difference between each
observation and its one-stage predictor. Due to the orthogonality property
of the innovations and since the innovation process is uniquely determined
by the observations, the LS linear filter, x̂k/k, can be calculated as linear
combination of the innovations; namely,

x̂k/k =

k∑
s=1

Xk,sΠ−1
s,sµs, k ≥ 1,

where µs = ys − ŷs/s−1 are the innovations, with ŷs/s−1 the observation
predictor, Πs,s = E[µsµ

T
s ], and Xk,s = E[xkµ

T
s ]. This expression provides

the starting point to derive the following recursive filtering algorithm for
the centralized fusion estimation problem.

The optimal LS linear centralized filter x̂k/k is obtained as

x̂k/k = x̂k/k−1 + Xk,kΠ−1
k,kµk, k ≥ 1; x̂0/0 = x0,

where the state predictor, x̂k/k−1, satisfies

x̂k/k−1 =Fk−1x̂k−1/k−1+Wk−1,k−1Π−1
k−1,k−1µk−1, k ≥ 2; x̂1/0 = F0x̂0/0,

with Wk,k = Qk,k−1H
T

k + Sk,k, k ≥ 1.

The innovation, µk, is calculated by

µk = yk −Hkx̂k/k−1 − Vk,k−1Π−1
k−1,k−1µk−1, k ≥ 2; µ1 = y1 −H1x̂1/0,

where Vk,k−1 = ST

k−2,kH
T

k−1 +Rk,k−1, k ≥ 2.

The matrix Xk,k is given by

Xk,k=Pk/k−1H
T

k+Ek−Xk,k−1Π−1
k−1,k−1V

T

k,k−1, k ≥ 2; X1,1 =P1/0H
T

1 +E1,

where Xk,k−1 = Fk−1Xk−1,k−1 +Wk−1,k−1, k ≥ 2.
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The prediction error covariance matrix, Pk/k−1, is obtained by

Pk/k−1 = Fk−1Pk−1/k−1F
T

k−1 +Qk−1,k−1 + Fk−1Jk−1 + J T

k−1F
T

k−1

−Wk−1,k−1Π−1
k−1,k−1W

T

k−1,k−1, k ≥ 2;

P1/0 = F0P0/0F
T

0 +Q0,0,

where Jk = Qk−1,k −Xk,kΠ−1
k,kWT

k,k, k ≥ 1.

The filtering error covariance matrix, Pk/k, is given by

Pk/k = Pk/k−1 −Xk,kΠ−1
k,kX

T

k,k, k ≥ 1; P0/0 = P0.

The innovation covariance matrix, Πk,k, satisfies

Πk,k=Rk,k+HkXk,k+X T

k,kH
T

k −HkPk/k−1H
T

k −Vk,k−1Π−1
k−1,k−1V

T

k,k−1, k≥2;

Π1,1 = R1,1 +H1X1,1 + X T

1,1H
T

1 −H1P1/0H
T

1 .
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Abstract: Recent studies are showing that winemaking process depends of other
elements that might help the quality be better than the usual way of production.
One of these elements is the quantity of sugar present in the grape. Many tech-
niques of production has been implemented, and the ground cover with different
type of glasses has been the one that produce great results. The aim of this paper
is to find how type of glass makes with the grape has more quantity of sugar, us-
ing the GAM models in which ensure good flexibility and no assumptions about
the structure of variables.

Keywords: Generalized Additive Models; Winemaking process; Model selection.

1 Introduction

The fermentation process is a catalyst function which converts the grape
juice to alcoholic beverage. During this process, the yeast interacts with
the sugar present in the juice to generate a mixture of ethyl alcohol and
carbon dioxide. Champagnol (1984) shows that the temperature and the
speed of fermentation are also important factors in the winemaking, as
well as oxygen levels in the juice early in the fermentation. The control of
the levels of sugar during the fermentation is extremely important, since
the amount of sugar is not large enough, wine quality may be affected
and, according with Jackson (2008), as more the quantity of sugar the
fermentation process generate, better will be the quality of the wine.
Lincoln Univeristy’s Center for Viticulture and Oenology, New Zealand,
have been developing a project to control sugar levels in the grapes, stating
that the amount of sugar is directly related to the level of solar radiation
that they receive. The proposed technique is to cover the ground with
glass slides subdivided into 3 categories: clear glass, brown glass and mixed
colored glass (in which basically consists of the colors green and brown).
The Generalized Additive Models, introduced by Hastie and Tibshirani
(1986), provide a good alternative to deal with this kind of problems, once
the flexibility of this model allow us work with no assumption about the
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structure of variables and covariates. Furthermore, the GAM models can
be used as a tool to select models and variables.

2 Methodology

Although Generalized Linear Models, introduced by Nelder and Wedder-
burn (1972), are very flexible when the response Y is non Gaussian, this is
possible only when the linear predictor between the response and covariate
is linear. The Generalized Additive Models are an extension of the GLMs
in which the linear predictor is not obliged to be linear in the covariates,
but a sum of smoothing functions applied to the covariates. These class of
models ensure good flexibility and may be used as a tool to model selection.
The inference of these models is likelihood-based, where the estimators are
obtained through likelihood function maximization. We may notice that
GAM are a kind of GLM extension, in which the hypothesis are extended
to a class where the relation between response and explanatory variables
is not particularly linear. The GAM has the expression

ηi = α+

k∑
j=1

fj(Xij),

where ηi is the link function and E(fj(Xij)) = 0. Note that X>i β =∑k
j=1Xijβj was replaced by fj(Xij) in the GLM, where fj(Xij) is a non

parametric function with unknown structure and the estimate is given by
smoothing splines.
Therefore, neither the assumption of linearity between g(µi) and explana-
tory variables, nor the structure of this relation needs to be known, and
may be estimated from a data set. The estimated function f̂j(Xij), also
known by smoothing spline, generally is a mean of Yi in the neighborhood
of Xi and the smoothing spline allow us to describe such structure. Besides
that, it is possible to reveal non linearities in that relation. A simple es-
timate of f(Xi) is the mean of Y near of the corresponding values of Xi,
and this estimate is usually called by moving average estimate.
Formally, f̂(Xi) = meanj∈V S(Xi), where V S(Xi) is a symmetric neighbor-

hood of Xi, that is, V S(Xi) = {max(i−k, 1), . . . , i−1, i, i+1, . . . ,min(i+
k, n)}. Hastie and Tibshirani (1986) shows a large variety of smoothers,
as the class of “cubic smoothing splines”, in which it’s more sophisticated
than the moving average smoothers. The smoother’s choice involves the
type of mean of Y to be evaluated and the size of the neighborhood k. The
last one, also called smoothing parameter, determine the relation between
the bias and variance of the smoother.
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3 Application

The data represent the amount of light received by the glass in wavelength
and the amount of light that is reflected by them. The control group, de-
noted by Treatment A, is characterized by the ground with no glasses on
the ground, and the treatments with glasses are: ground covered with trans-
parent glass, denoted by Treatment B, ground covered with brown glass,
denoted by Treatment C and ground covered with mixture of green and
brown glasses, denoted by Treatment D.
The goal of the adjustment was to verify if there exists difference after
applying the glass mat, and if so, which of the three types of glasses is
better to generate more quality to the grape. Since the relation between
the wavelength solar arriving to the ground and the amount of radiation
that is transmitted to the grape is unknown, the GAM was chose to ensure
greater flexibility in the analysis.
The model used to the fit the data is given by

Radiation = η + Treatment+

k∑
j=1

fj(Wavelength),

where η is the intercept. The variable Treatment represents the factor cor-
responding to the treatments B, C and D, while the treatment A is the
reference treatment, and the variable Wavelength represents the wave-
length arriving to the grape. The first step of the analysis was to verify if
the treatments were significantly different compared with the ground with
no treatment. If they are, we have to choose which is more efficient. The
base number chose for the cubic smoothing splines was k = 40. More details
about this choose, see Wood (2004) and Wood (2012).
The result obtained is given by Table 1 (other results are ommited by lack
of space). Note that the p − value of the treatments are all significant,
suggesting that all of them are significantly different of the treatment with
no glasses. Besides that, the chose of GAM was appropriate, once the esti-
mate smoothing parameter’s degrees of freedom is 30.9 and is statistically
significant (p-value < 2e− 16). Figure 1 shows that treatment B was more
effective in the reflection than the other treatments.

TABLE 1. Summary of the adjust for the treatments.

Estimate S.E. p-value

Intercept -2.4320 0.0147 <2e-16
Treatment B 0.6389 0.0203 <2e-16
Treatment C -0.4238 0.0203 <2e-16
Treatment D -0.2514 0.0203 <2e-16
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FIGURE 1. Fit of GAM for the four treatments.

4 Conclusion

This paper has shown an application of GAM in a situation where was
desirable a flexible model but with enough complexity to this application.
Other results were ommited, but we have seen (Figure 1) that Treatment
B was better to produce sugar in the grapes and, thus, better wine quality.
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Abstract: In the analysis of sport data it is often of interest to investigate
whether some features of the players or teams influence the results of the con-
tests. This analysis can be performed through models developed for paired com-
parison data. However, the assumption of independence of observations typical
of traditional models for regression analysis of paired comparison data appears
unrealistic. Here, a marginal model that accounts for dependence among obser-
vations with common wrestlers is proposed. The model is fitted by means of the
hybrid pairwise likelihood method.
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1 A model for dependent paired comparison data

In the analysis of sport data it is often of interest to assess which features of
teams or players influence the results of the contests. Here, we consider the
results of sumo matches played by the top professional division in Japan
in 2010 with the aim of determining whether some physical features of the
wrestlers have an impact on the results of the matches. Often, this type of
data are analyzed by means of models developed for paired comparison data
(Cattelan, 2012). Traditional models for paired comparison data assume
that all observations are independent, but it is unrealistic to assume that
matches with a common wrestler are independent. We propose a marginal
model for paired comparison data that accounts for dependence between
observations with common sumo wrestlers.
Let Yij denote the result of the match between wrestlers i and j and,
for notational convenience, assume that all paired comparisons (i, j), i =
1, . . . , n − 1 and j = i + 1, . . . , n are observed. Yij = 1 if i wins against j
and is 0 otherwise. Traditional models for paired comparison data define
the probability that i wins against j as

pij = F (λi − λj),
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where λi denotes the “ability” of wrestler i, i = 1, . . . , n and F (·) denotes
the cumulative distribution function of a zero-symmetric random variable.
The Thurstone (1927) model assumes that F is the normal cumulative
distribution while the Bradley-Terry (1952) model assumes that F is the
logistic cumulative distribution function. We further assume that a vector
βi = (β1, . . . , βd) of d wrestler-specific explanatory variables is available.
Accordingly, the ability of the ith wrestler is specified as the linear combi-
nation

λi = x1iβ1 + · · ·+ xdiβd.

Traditional models are estimated assuming independence among all obser-
vations, so the estimates are obtained by solving the likelihood equations

DTV −1 (y − p) = 0, (1)

where y = (y12, y13, . . . , yn−1n), p = (p12, . . . , pn−1n), D is the Jacobian of
p with respect to the components of β and V is the variance of Y . When
independence among all observations is assumed, V is a diagonal matrix
with entries pij(1−pij). Under the independence assumption, the maximum

likelihood estimator β̂ind has asymptotic normal distribution with mean β
and variance (DTV −1D)−1.
A traditional measure of dependence in binary data is the cross-ratio de-
fined as

CROSS-RATIO(Yij , Yik) =
pr(Yij = 1, Yik = 1)pr(Yij = 0, Yik = 0)

pr(Yij = 0, Yik = 1)pr(Yij = 1, Yik = 0)
.

It is sensible to assume that only matches sharing a wrestler are dependent,
while matches involving all different wrestlers are independent. Moreover,
we assume a common cross ratio ϕ for all matches with at least a common
wrestler.
Models for paired comparison data should satisfy a symmetry property
since pr(Yij = 1) should be equal to pr(Yji = 0). Furthermore, pr(Yij =
1, Yik = 1) should be equal to pr(Yji = 0, Yik = 1). This property implies
that CROSS-RATIO(Yij , Yik) = 1/CROSS-RATIO(Yji, Yik). As a conse-
quence, the cross-ratio is specified as follows

CROSS-RATIO(Yij , Ykl) =

 ϕ, if i = k or j = l,
1/ϕ, if i = l or j = k,
1, if i 6= j 6= k 6= l.

Using results from (Dale, 1986), we can derive the bivariate probability of
observing a win for wrestler i against both j and k as

pr(Yij = 1, Yik = 1) =

 pijpik, if ϕ = 1,
1 + (pij + pik)(ϕ− 1)−H(pij , pik, ϕ)

2(ϕ− 1)
, if ϕ 6= 1,

(2)
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where H(q1, q2, ϕ) =
√
{1 + (q1 + q2)(ϕ− 1)}2 + 4ϕ(1− ϕ)q1q2. The prob-

abilities of the other three possible combinations of results for the two fights
are computed from the marginal univariate probabilities and formula (2).
The specification of a complete multivariate model requires particular care
because of the relation between the cross-ratios deriving from the symmetry
properties that must be fulfilled. Moreover, a full multivariate model may
be difficult to estimate. Accordingly, in the next section we discuss a fitting
method that relies only on marginal univariate and bivariate probabilities.

2 Hybrid pairwise likelihood estimation

Hybrid pairwise likelihood is an estimating method proposed by Kuk (2007)
that iterates between optimal estimating equations for the regression pa-
rameters and pairwise likelihood for the dependence parameter. The re-
gressors are estimated employing optimal estimating equations similar to
(1) but with a covariance matrix V 2 that includes dependence between
observations. The non-diagonal elements of the matrix V 2 are computed
as cov(Yij , Yik) = pr(Yij = 1, Yik = 1) − pr(Yij = 1)pr(Yik = 1), so only
marginal bivariate probabilities, which are computed as shown in formula
(2), are necessary. The hybrid pairwise likelihood method requires to solve
formula (1) with V replaced by V 2 for a fixed dependence parameter ϕ,
and then estimate ϕ from the pairwise likelihood with β fixed. Pairwise
likelihood is a type of composite likelihood (Varin et al., 2011) constructed
as the product of marginal bivariate probabilities

Lpair(ϕ;Y ) =
∏
(i,j)

∏
(k,l)

pr(Yij = yij , Ykl = ykl;ϕ).

The hybrid pairwise likelihood estimators of the regression coefficients
are asymptotically normally distributed with mean β and variance
(DTV −1

2 D)−1 (Kuk, 2007).

3 Application and conclusions

The described methodology is applied to the results of the 2010 tourna-
ments of the sumo Makuuchi division. The data include 1806 matches
played by 61 different wrestlers. The available covariates are the height
and weight of the wrestlers, their age and the year in which the wrestlers
started to fight.
The traditional Bradley-Terry model assuming independence among obser-
vations is fitted to the data. The first three columns in Table 1 show the
results of the best model. The significant covariates are the height of the
wrestlers, the square of the height, the age of the wrestler, and the number
of years the wrestler has been fighting.
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TABLE 1. Estimates, standard errors and absolute z values of the sumo data
employing the Bradley-Terry model (Independent) and the proposed model
(Dependent).

Independent Dependent

Est. S.e. |z| Est. S.e. |z|
Height 0.60 0.20 2.99 0.70 0.35 1.99
Height2 × 10−2 -0.20 0.05 3.08 -0.20 0.10 2.06
Age 0.08 0.01 5.40 0.10 0.03 3.62
Experience -0.04 0.01 3.08 -0.04 0.03 1.73

However, the Bradley-Terry model does not account for dependence be-
tween observations. Columns 4-6 in Table 1 show the estimates, standard
errors and absolute z values of the proposed marginal model that accounts
for dependence. The estimate of the dependence parameter is ϕ̂ = 1.157.
The inclusion of dependence in the model leads to a lower absolute z value
of all the covariates. In particular, the regression parameter of the years of
wrestling experience is not significant when dependence is accounted for.
It is important to include dependence in paired comparison data because
the significance of the parameters may change. The model proposed and
the estimating method employed require only the specification of marginal
bivariate probabilities. This method can be applied in many other fields in
which paired comparison data arise.
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Abstract: We propose a nonparametric estimation procedure to analyze corre-
lated functional data which are observed irregularly or even sparsely. The model
we propose is a functional linear mixed model which can be seen as a functional
analogue to the linear mixed model. Estimation is based on dimension reduction
via functional principal component analysis. Our procedure allows the decompo-
sition of the variability of the data as well as the estimation of main effects of
interest and borrows strength across curves. The method is motivated by data
from speech production research.
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1 Introduction

Conventional regressions approaches for functional data (fd) often assume
that the functional observations are independent and observed on a fine,
regular grid. This may be very restrictive in practice, where functional
observations often are correlated and frequently evaluated on – possibly
only few – irregularly spaced points. Sources of correlation may be, as
in the multivariate case, repeated measurements (longitudinal functional
data) or grouping in the data.
We propose an estimation procedure that allows analyzing irregularly and
sparsely sampled fd with an additional correlation structure. We build
on two existing approaches. First, we extend the functional linear mixed
model for longitudinal fd of Greven et al. (2010) to more general correlated
fd which are not sampled on a fine, regular grid. Second, we generalize
the work of Yao et al. (2005), who consider sparse independent fd, to
correlated functions.
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2 The General Functional Linear Mixed Model

Scalar correlated data are frequently analyzed using linear mixed models.
A functional analogue to the standard linear mixed model is given by

Yi(t) = µ(xi, t) + zTi B(t) + Ei(t) + εit, i = 1, . . . , n, (1)

where Yi(t) is a vector of random functions observed at arguments t ∈ T ,
a closed interval in R. µ(xi, t) is a curve specific smooth mean function
dependent on a vector of covariates xi. The effects of the covariates may
be linear or smooth. The random effects in the linear mixed model are
replaced by a vector-valued zero mean square integrable random process
B(t). zi is a covariate vector. Ei(t) is a curve specific deviation in form
of a smooth residual curve, and εit is white noise measurement error with
variance σ2. We assume that B(t), Ei(t), and εit are independent for all
curves i = 1, . . . , n.

3 Motivating Data Application

In this application, the aim is to understand under which conditions the
sounds “sch” and “s” in the German language overlap when they subse-
quently appear in a word. We analyze data from an experiment in which
nine subjects speak out loud different imaginary compound words contain-
ing “sch” and “s” (such as “CallasSchimmel” or “GulaschS impel”). The
subjects repeat each word up to five times while their tongue movement is
measured and summarized in a one-dimensional index over time. The index
development for one subject is depicted in figure 1. In the left, we show the
development for compound words with “sch” following “s” and in the right,
the one for words with “s” following “sch”. Index values of 1 indicate that
“s” is spoken where as index values of “-1” stand for the pronunciation of
“sch”. Due to differing reading lengths, the time scale is standardized to a
[0,1] interval resulting in irregular spacing of the measurements. The data
consist of curves which are correlated for each subject as well as for each
compound word which is why we propose a functional linear mixed model
with crossed random effects of the form

Yijh(t) = µ(xij , t) +Bi(t) + Cj(t) + Eijh(t) + εijht, (2)

with Yijh(t) denoting the summarizing index for subject i, compound word
j and repetition h at time t ∈ T = [0, 1]. µ(xij , t) is a curve-specific smooth
mean function, xij are known covariates such as the order of the sounds
“s” and “sch” or which syllables are stressed. Bi(t) and Cj(t) are random
functional intercepts for subjects and words, respectively. Speaker-, word-,
and repetition-specific deviations are modeled by the smooth curve-specific
residual term Eijh(t). εijht is white measurement error with variance σ2.
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FIGURE 1. Index development over time for one subject. Left: compound words
with “sch” following “s”. Right: compound words with “s” following “sch”. The
curves belonging to one word are the same color.

4 Estimation

So far, the GFLMM does not differ between densely and irregularly or
sparsely sampled data. The nature of the grid comes into play in parameter
estimation and implementation is more challenging in our case. For reasons
of simplicity we focus the presentation of the algorithm on model (2).

Step 1 The fixed main effects function is estimated using penalized splines
under a working independence assumption. Yijh(t) = µ(xij , t)+εijht.

Given an estimator for µ(xij , t) the data can be centered Ỹijh(t) =
Yijh(t)− µ̂(xij , t) for all i, j, h, and t.

Step 2 The crucial step is the estimation of the auto-covariance functions
of processes Bi(t), Cj(t), and Eijh(t). We use the following variance
decomposition

Cov{Ỹijh(s), Ỹi′j′h′(t)} = KB(s, t)δi,i′ +KC(s, t)δj,j′

+
[
KE(s, t) + σ2δs,t

]
δi,i′δj,j′ , (3)

with KB(s, t) = Cov{Bi(s), Bi(t)},KC(s, t) =
Cov{Cj(s), Cj(t)},and KE(s, t) = Cov{Eijh(s), Eijh(t)}. δi,i′ is
the Kronecker delta.
We estimate KB(s, t),KC(s, t), and KE(s, t) by bivariate smoothing
of the respective cross-products in s and t (for s 6= t). Strength
is borrowed across curves which is of particular importance when
curves are sampled sparsely. We evaluate the estimators also for
s = t. σ2 is estimated using the mean difference of Ỹijh(t)2 and

the diagonal of the smoothed auto-covariance of Ỹijh(t). The error
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variance can easily be extended to be time-varying. Note that for
random intercept models, the estimation of the auto-covariances
is similar to that in Di and Crainiceanu (2010) but the proposed
method can be generalized more straightforwardly to a crossed
design.

Step 3 We use the auto-covariances evaluated on a regular grid to obtain es-
timates of the eigenvalues and of the eigenfunctions using the eigen-
decomposition of the auto-covariance matrices. The Karhunen-Loève
expansion is then used to obtain parsimonious expansions of the ran-
dom processes of the form

Bi(t) =

NB∑
k=1

ξBikφ
B
k (t), Cj(t) =

NC∑
k=1

ξCjkφ
C
k (t), Eijh(t) =

NE∑
k=1

ξEijhkφ
E
k (t),

where ξBik, ξ
C
jk, and ξEijhk are uncorrelated random variables with zero

mean and variances corresponding to the ordered eigenvalues and
φBk (t), φCk (t), and φEk (t) are the corresponding eigenfunctions. The
numbers of eigenfunctions can be chosen by the proportion of variance
explained (Greven et al., 2010). For fixed NB , NC , and NE , model (2)
is a linear mixed model.

Step 4 The subject-, word-, and visit-specific scores ξBik, ξ
C
jk, and ξEijhk can

then be obtained directly as estimated BLUPS. Note that the tradi-
tional way via numerical integration does not work for sparse fd.

5 Discussion and Future Work

We have presented an estimation procedure for correlated fd which are sam-
pled irregularly or sparsely. We want to point out that the presented work
is work in progress and that further investigations are necessary. We plan
to perform more general simulations and to compare our method to others.
We consider to implement an iterative estimation procedure to improve
accuracy of mean and covariance estimates for sparse data.

References

Greven, S., Crainiceanu, C., Caffo, B., and Reich, D. (2010). Longitudi-
nal functional principal component analysis. Electronic Journal of
Statistics, 4, 1022 – 1054.

Di, C.-Z. and Crainiceanu, C. (2010). Multilevel Sparse Functional Prin-
ciple Component Analysis. Johns Hopkins University, Dept. of Bio-
statistics. Available at: http://works.bepress.com/di/1



Cederbaum and Greven 537

Yao, F., Müller, H., and Wang, J. (2005). Functional Data Analysis for
Sparse Longitudinal Data. Journal of the American Statistical As-
sociation, 100(470), 577 – 590.





Testing Linearity for Nonlinear Count Time
Series Models

Vasiliki Christou1, Konstantinos Fokianos1

1 University of Cyprus, Nicosia, Cyprus

E-mail for correspondence: christou.vasiliki@ucy.ac.cy

Abstract: We consider testing linearity against two special classes of nonlinear
models. In particular, we are interested in Poisson or negative binomial processes
for count time series. The score test is our preferable method, since it requires
estimation only under the null hypothesis. It can be shown that if all the param-
eters of the non linear model are identified under the null, then the score statistic
is asymptotically X 2 distributed. But when the model has non identifiable pa-
rameters under the null, then the classical asymptotic theory does not hold and
we employ a supremum type of test.
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1 Introduction

We consider testing linearity against two special classes of nonlinear alter-
natives for count time series data. The first class contains models which do
not face the problem of nonidentifiability, that is all the parameters of the
model are identified under the null hypothesis. For this class of models and
under the null hypothesis of linearity, the score test statistic possesses an
asymptotic X 2 distribution. The second class of nonlinear models consists
of models in which a nonnegative nuisance parameter exists under the al-
ternative hypothesis but not when linearity holds. In this particular case
the testing problem is nonstandard and the classical asymptotic theory for
the score test does not apply.
We focus on count time series autoregressive models based on either the
Poisson or the negative binomial distribution. After parameterizing suit-
ably the negative binomial distribution so that it has the same mean as the
Poisson, we employ quasi likelihood inference to get the consistent estima-
tors. Once the estimators are obtained, we calculate the score test statistic
and we investigate the size and the power of the test by a simulation study,
based on a parametric bootstrap procedure.
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2 Autoregressive Modeling and Inference

Assume that {Yt, t ≥ 1} is a count time series and let {λt, t ≥ 1} be an

unobserved sequence of mean processes. Denote by FY,λt the history of the
response process up to and including time t. We suppose that the condi-
tional distribution of Yt | FY,λt−1 is either the Poisson or the negative binomial
distribution. The negative binomial distribution is suitably reparameterized
to have the same mean as the Poisson distribution.
We consider a linear model for the mean process λt given by

λt = d+ aλt−1 + bYt−1, (1)

and two nonlinear models defined by

λt =
d

(1 + Yt−1)γ
+ aλt−1 + bYt−1, (2)

and
λt = d+ aλt−1 + (b+ c exp(−γY 2

t−1))Yt−1, (3)

where all the parameters d, a, b, γ, c are assumed to be positive.
We suggest to use Poisson based score estimating function for estimating
the unknown parameters of the model. This methodology avoids compli-
cated likelihood function and it ensures that the regression parameters are
estimated consistently. In addition, it can be shown that the estimators
are asymptotically normally distributed. For the case of the negative bino-
mial distribution, the additional parameter ν is estimated consistently by a
method of moments estimator. For more details see Christou and Fokianos
(2012).

3 Testing Linearity

We carry out testing using the score (or Lagrange Multiplier) test. The main
advantage of this test is that it requires estimation only for the constrained
model. In other words, it requires estimation for the simple linear model.
Denote by θ = (θ(1),θ(2)) the unknown parameter and let Sn =

(S(1)
n ,S(2)

n ) be the corresponding partition of the score function.
The test of interest is

H0 : θ(2) = 0 vs. H1 : θ(2) > 0, componentwise.

We use the score test statistic proposed by Amendola and Francq (2009)
and Breslow (1990), which is given by

LMn = S(2)′

n (θ̃n)Σ̃
−1

(θ̃n)S(2)
n (θ̃n),
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where θ̃n = (θ̃
(1)

n ,0) is the maximum quasi-likelihood estimator of θ for the

linear model and Σ̃ is an appropriate estimator for the covariance matrix
Σ = Var( 1√

n
S(2)
n (θ̃n)).

If all the parameters are identified under the null hypothesis, the standard
asymptotical theory holds and the score statistic follows asymptotically a
X 2
m2

distribution under the null, where m2 is the length of the subvector

θ(2) (see Francq and Zaköıan (2010)). Note that model (2) belongs to this
class.
But in many cases we have to test the linearity assumption for non linear
models that contain nuisance parameters that are not identified under the
null (see model (3)). The lack of identification affects also the score test
and the classical asymptotic theory does not apply. Davies (1987) proposed
a supremum test to solve this problem. Consider that Γ is a grid of values
for the nuisance parameter, denoted by γ. Then the sup-score test statistic
is given by

LMn = sup
γ∈Γ

LMn(γ).

TABLE 1. Empirical size for sample sizes n = 500 and n = 1000. Data are
generated from the linear model (1) with true values (d, a, b) = (1.5, 0.05, 0.6).
Results are based on B = 499 bootstrap replicates and 200 simulations.

Bootstrap test for n = 500 Bootstrap test for n = 1000

Nominal Poisson NegBin Poisson NegBin
significance level (ν = 4) (ν = 4)

α = 1% 0.005 0.000 0.000 0.015
α = 5% 0.050 0.025 0.055 0.060
α = 10% 0.130 0.080 0.100 0.095

4 Simulations and Case Study

Based on parametric bootstrap procedure, we investigate the size and the
power of the test. We simulate data either from the Poisson or the nega-
tive binomial distribution. Tables 1–3 summarize the result of a simulation
study. All results demonstrate the validity of our approach.

Acknowledgments: Work supported by Cyprus Research Promotion
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TABLE 2. Empirical power for sample sizes n = 500 and n = 1000. Data are
generated from the non linear model (2) with true values (d, a, b) = (1.5, 0.05, 0.6)
and γ ∈ {0.3, 0.5, 1}. Results are based on B = 499 bootstrap replicates and 200
simulations. The nominal significance level is α = 5%.

Bootstrap test for n = 500 Bootstrap test for n = 1000

Nonlinear (2) Poisson NegBin Poisson NegBin
γ (ν = 4) (ν = 4)

γ = 0.3 0.207 0.157 0.271 0.212
γ = 0.5 0.450 0.424 0.740 0.688
γ = 1 0.924 0.837 1.000 0.995

TABLE 3. Empirical power for sample sizes n = 500 and n = 1000.
Data are generated from the non linear model (3) with true values
(d, a, b) = (0.5, 0.3, 0.2), c1 ∈ {0.2, 0.4} and γ ∈ {0.05, 0.5}. Results are based
on B = 499 bootstrap replicates and 200 simulations. The nominal significance
level is α = 5%.

Bootstrap test for n = 500 Bootstrap test for n = 1000

Nonlinear (3) Poisson NegBin Poisson NegBin
c γ (ν = 4) (ν = 4)

c = 0.2 γ = 0.05 0.140 0.220 0.315 0.355
c = 0.2 γ = 0.5 0.111 0.122 0.312 0.265

c = 0.4 γ = 0.05 0.755 0.739 0.985 0.985
c = 0.4 γ = 0.5 0.420 0.469 0.855 0.775
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Abstract: In this work we deal with Bayesian inference for the parameters of
some distributions in the Weibull power series family. For statistical modeling
purposes, this class of three parameter distributions allows great flexibility. The
density function can be bimodal. Furthermore, the hazard rate function accom-
modates increasing, decreasing and upside down bathtub shapes. We base our
inferences on the Markov chain Monte Carlo (MCMC) simulation methods. Re-
sults from a simulation study aimed to assess some frequentist properties of the
estimators are reported.
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1 Introduction

Distributions for modeling the life length of individuals and materials are
extensively studied in the statistical literature under the headings of re-
liability and survival analysis. The general decreasing failure rate (DFR)
family proposed by Chahkandi and Ganjali (2009) includes several especial
cases existing in literature.
By compounding the Weibull and the power series distributions, Morais
and Barreto-Souza (2011) proposed the Weibull power series (WPS) class
of distributions. Their construction runs as follows. Let Y1, . . . , YZ be
a random sample from the Weibull distribution with density function
f(y|α, β) = αβyα−1 exp(−βyα), for α > 0, β > 0 and y > 0, where Z
follows the truncated at 0 power series distribution with probability func-
tion p(z|θ) = azθ

z

C(θ) , z = 1, 2, . . . , where θ ∈ Θ, az > 0 does not depend

on θ and C(θ) =
∑∞
k=1 akθ

k (see Table 1). Let X = min{Y1, . . . , YZ}, so
that the distribution of X|Z = z is Weibull with parameters α and βz. The
marginal distribution of X is termed the WPS distribution, whose density
function is given by

f(x|α, β, θ) =
αθβxα−1e−βx

α

C ′(θe−βx
α

)

C(θ)
, x ≥ 0. (1)

Besides having as particular cases the exponential power series family of
distributions, the WPS class of distributions has increasing, decreasing and
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TABLE 1. Some truncated at 0 distributions in the power series family.
Distribution az C(θ) C′(θ) Θ π(θ|c1, d1)

Geometric 1 θ
1−θ

1
(1−θ)2 (0, 1) Be(θ; c1, d1)

Poisson 1/z! eθ − 1 eθ (0,∞) Ga(θ; c1, d1)
Logarithmic 1/z − log(1− θ) 1

(1−θ) (0, 1) Be(θ; c1, d1)

Binomial
(
m
z

)
(1 + θ)m − 1 m(θ + 1)m−1 (0,∞) Ga(θ; c1, d1)

upside down bathtub shaped failure rate function. Therefore, the WPS
family is a more attractive class of distributions than the DFR family in-
troduced by Chahkandi and Ganjali (2009).
Here we develop inferential tools under a Bayesian viewpoint for the param-
eters of the WPS class of distributions proposed by Morais and Barreto-
Souza (2011). Our paper unfolds as follows. In Section 2 we present the
required steps to draw samples from the posterior distribution. Prelimi-
nary results of a simulation study are reported in Section 3. We end up
with some remarks in Section 4.

2 Bayesian inference

We assume that α, β and θ are a priori independent, that is,

π(α, β, θ|h) = π(α|c0, d0)π(β|c1, d1)π(θ|c2, d2), (2)

where h denotes the vector of hyperparameters. We postulate π(α|c0, d0) =
Ga(α; c0, d0) and π(β|c1, d1) = Ga(β; c1, d1), where Ga(·; c, d) denotes the
density function of the gamma distribution with mean equal to c/d. The
prior specification for θ is specified in Table 1, where Be(·; c, d) denotes the
density function of the beta distribution. The vector of hyperparameters h
is chosen to ensure vague prior knowledge.
From (1) and (2), the posterior distribution of (α, β, θ) is given by π(α, β, θ|
x,h) ∝ π(α, β, θ|h)

∏n
i=1 f(xi|α, β, θ). However, to ease the computations,

we resort to data augmentation. The observed data X = (X1, . . . , Xn) is
augmented by Z = (Z1, . . . , Zn). Then, the density function of the com-
plete data (X,Z), observable and unobservable variables, respectively, is
given by f(x, z|α, β, θ) = azθ

z

C(θ)αβzx
α−1 exp(−βzxα), x ≥ 0, z = 1, 2, . . . .

The likelihood function corresponding to the complete data (X,Z), with
{(Xi, Zi)}ni=1 conditionally independent given (α, β, θ), has expression

L(α, β, θ;x, z) =

n∏
i=1

aziθ
zi

C(θ)
αβzix

α−1
i exp(−βzixαi ). (3)

After combining the likelihood function in (3) with the prior distribution,
the joint posterior distribution of (α, β, θ) results to be π(α, β, θ|x, z,h) ∝
π(α|c0, d0)π(β|c1, d1)π(θ|c2, d2)L(α, β, θ;x, z).
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Taking into account the prior distribution in (2) and the likelihood function
in (3), the full conditional distributions turn out to be

π(α|β,x, z, c0, d0) ∝ αn
( n∏
i=1

xi

)α−1

exp
(
− β

n∑
i=1

xαi zi

)
π(α|c0, d0), (4)

π(β|α,x, z, c1, d1) = Ga(β; c1 + n, d1 +

n∑
i=1

xαi zi), (5)

π(θ|z, c2, d2) ∝
θ
∑n
i=1 zi

{C(θ)}n
π(θ|c2, d2) (6)

and π(zi|xi, α, β, θ) =
zi exp{−βxαi (zi − 1)}aziθzi−1

C ′(θe−βx
α
i )

, zi = 1, 2, . . . . (7)

Samples from z in (7) are drawn by applying the rejection method Devroye
(1986). In (4), the distribution is log-concave and the sampling is straight-
forward with the adaptive rejection method (Gilks and Wild, 1992). We
stress that the distribution of β in (5) is the same, whichever the distri-
bution in Table 1. For the geometric distribution, θ in (6) is sampled from
a Be(c2 +

∑n
i=1 zi − n, d2 + n) distribution, whereas the remaining distri-

butions in Table 1 require Metropolis steps. MCMC computations in the
simulations (Section 3) were implemented using the FORTRAN language.

3 Results

In this section we present the results of a simulation study. Our study com-
prises the Weibull geometric (WG) distribution, the Weibull Poisson (WP)
distribution and the Weibull logarithmic (WL) distribution. Some frequen-
tist properties of the Bayesian estimators are assessed. The hyperparame-
ters in (2) were set at c0 = d0 = 0.01, c1 = d1 = 0.01 and c2 = d2 = 1. In
Table 1 summaries from 500 replications. For each replication of the WG
and the EG distributions, after discarding the first 2,000 iterations of the
Gibbs sampler, we used 15,000 iterations with thinning equal to 5, thus
obtaining 3,000 samples for each parameter. The simulations comprise the
WL distribution with similar assumptions and illustrate the study written
in the BUGS language. In general, the average of the posterior standard de-
viations and the root mean squared error of the posterior means are close.
For the WG and WL distributions, even when n = 500, some bias still re-
mains in the estimator of θ and the coverage probability of the 95% highest
posterior density interval (HPD) is not so close to the nominal value.

4 Conclusion

Frequentist properties of the Bayesian estimators are close to what was pre-
sented by Tahmasbi and Rezaei (2008) and Chahkandi and Ganjali (2009),
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TABLE 2. Posterior estimates from 500 replications and different samples sizes
n=500 (True: true value of the parameter, Est.: average of the posterior means,
SD: average of the posterior standard deviations, RMSE: root mean squared error
of the posterior means and CP: coverage probability of the 95% HPD interval).

Parameter True Est. SD RMSE CP
EG β 1.00 1.02 0.12 0.13 0.954

θ 0.60 0.58 0.07 0.07 0.946
WG α 3.00 3.02 0.20 0.19 0.944

β 1.50 1.51 0.25 0.23 0.946
θ 0.45 0.42 0.17 0.15 0.928

WL α 3.00 2.99 0.21 0.27 0.934
β 1.50 1.54 0.19 0.18 0.931
θ 0.45 0.44 0.22 0.14 0.966

except for the coverage probabilities not presented in these studies. In an
extended version of the paper a more detailed simulation study will be car-
ried out. Furthermore, different distributions in the family will be fitted to
real data sets.
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Abstract: In this paper, our goal is to develop a Bartlett correction to the likeli-
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1 Heteroscedastic Symmetric Nonlinear Model

Cysneiros et al. (2010) proposed a class of heteroscedastic symmetric non-
linear model (HSNLM) assuming that the random variables Y1, . . . , Yn are
independent and each Yi has a symmetric distribution with mean parame-
ter µi ∈ IR and dispersion parameter φi > 0 and density function

π(yi;µi, φi) =
1√
φi
g(ui), y ∈ IR, (1)

where ui = (yi − µi)2/φi, i = 1, . . . , n, and the generating density func-
tion g : IR → [0,∞) is such that

∫∞
0
g(u)du < ∞. We will denote

Yi ∼ S(µi, φi, g).
The heteroscedastic symmetric nonlinear model is given by

Yi = µi +
√
φiεi, i = 1, . . . , n, (2)

where εi are i.i.d. with εi ∼ S(0, 1, g) and both mean and dispersion param-
eters, respectively µi and φi, vary across the observations through nonlin-
ear regression structures as follows: the mean response is µ = (µ1, . . . , µn)>

with µi = f(xi;β), where xi is an m× 1 vector of known explanatory vari-
ables associated with the ith response, β = (β1, . . . , βp)

> is a p× 1 (p < n)
vector of unknown regression parameters and f(·; ·) is twice continuously
differentiable function in β. Moreover, the n × p matrix of derivatives of
µ with respect to β is denotated by X̃ = ∂µ/∂β and assumed to be
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full rank. A systematic component for the dispersion parameter vector
φ = (φ1, . . . , φn)> given by φi = h(τi) is assumed, where h(·), commonly
named a dispersion link function, is a known one-to-one continuously difer-
entiable function of the dispersion linear predictor defined by τi = z>i γ,
where zi is a q × 1 vector of explanatory variables that can have compo-
nents in common with xi and γ = (γ1, . . . , γq)

> is a q×1 vector of unknown
parameters. The dispersion link function h(·) should be a positive-value
function and one possible choice for h(·) is h(τ) = exp(τ).

2 Bartlett Correction

To test hypothesis of interest in regression models is frequently used the
likelihood ratio test which is based on first order asymptotics, since it relies
on a large sample approximation. Under the null hypothesis, the likelihood
ratio statistic (LR) is distributed as χ2

q up to an error of order n−1 where
q is the number of imposed restriction under the null hypothesis. How-
ever, it is well known that for small sample size the approximation of LR
to χ2

q distribution can be not satisfactory. An alternative to improve this
approximation is to incorporate a correction factor proposed by Bartlett
(1937) to the LR statistic. Therefore, the expected value of the corrected
statistic LR∗ = LR/(1 + c) is closer to the one from χ2

q distribution than
the expected value of LR, an error of order n−2. Thus, in matrix notation
we obtain the Bartlett correction factor c to the likelihood ratio statistic
of the test H0 : γ = γ(0) versus H1 : γ 6= γ(0) considering multiplicative
heteroscedasticity, that is, φi = exp{zi

>γ}, is given by c = εq + εp,q, with

εq = tr
(

(Q3 +Q4 +Q5 +Q6)Z
(2)
γd

)
+ (N1 +N3 +N9)1>Λ2Z

(3)
γ Λ21

+ (N2 − 2N9)1>Λ1Z
(3)
γ Λ21 + (N4 +N9)1>Λ1Z

(3)
γ Λ11

+ (N5 +N9)1>Λ2Z
(2)
γd ZγΛ21 +N71

>Λ2Z
(2)
γd ZγΛ11

+ (N6 − 2N9)1>Λ1Z
(2)
γd ZγΛ21 + (N8 +N9)1>Λ1Z

(2)
γd ZγΛ11,

εp,q = − 1

δ(0,1,0,0,0)
tr ((Q1 +Q2)ZβdZγd)−N181

>Λ3ZβdZγZγdΛ21

− N191
>Λ3ZβdZγZγdΛ11−N201

>Λ2ZγdZγZβdΛ31

− N211
>Λ1ZγdZγZβdΛ31 + (2N22 +N24)1>Λ3ZγZ

(2)
β Λ31

+ N231
>Λ3ZβdZγZβdΛ31,

where Zβ = X̃(X̃>ΛX̃)−1X̃>, Zγ = P̃ (P̃>V P̃ )−1P̃>, P̃ = ∂τ/∂γ,
Zβd = diag{zβ11

, . . . , zβnn}, and Zγd = diag{zγ11 , . . . , zγnn} are matrices

of dimension n×n. We denote Z
(3)
γ = Z

(2)
γ �Zγ , Z(2)

γ = Zγ �Zγ , where �
denotes Hadamard product. The matrices Q1–Q6, N1–N9, N18–N24 are of
dimension n× n and will be ommited from the paper to economize space.
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3 Corrected Profile Likelihood Ratio Statistic

For models with nuisance parameters is common practice to make infer-
ences based on a profile likelihood, which is a function of the likelihood
genuine involving only the parameters of interest. In this direction, we are
interested in making inferences on the interest parameters in the HSNLM,
where we shall use the results in Cox and Reid (1987) to obtain modified
profile likelihood ratio statistic (LRm) distributed as χ2

q, under the null
hypothesis, up to an error of order n−1. The modified profile likelihood
ratio statistics for the test of H0 : γ = γ(0) is given by

LRm = −2{lCR(γ(0))− lCR(γ̂)},

where

lCR(γ) = l(γ, β̂γ)− 1

2
log |jββ(γ, β̂γ)|, (3)

being jββ(γ, β̂γ) the observed information matrix corresponding to β when
γ is fixed, given by

jββ = − ∂2l(θ)

∂βj∂βl
= −

n∑
i=1

t
(2)
(zi)

1

φi
(j, l)i +

n∑
i=1

t
(1)
(zi)

1√
φi

(jl)i,

where t(zi) = log g(z2
i ), with zi = (yi−µi)√

φi
and t

(k)
(zi)

= ∂kt(zi)/∂z
k, with k =

1, 2. A Bartlett correction factor, proposed by DiCiccio and Stern (1994),
also can be incoporated to LRm in order to improve that approximation.
The Bartlett correction leads to an modified statistic, LR∗m = LRm/(1 +
cm), distributed as χ2

q, under the null hypothesis, up to an error of order
n−2. Thus, in matrix notation we obtain the Bartlett correction fator cm
to the LR∗m statistic for the test H0 : γ = γ(0) versus H1 : γ 6= γ(0)

considering multiplicative heteroscedasticity, given by

cm =
1

4
tr(M1H

(2)
d ) +

1

4
1>HdM4HM4Hd1 +

1

6
1>M4H

(3)1, (4)

where H = {hij} = −Z[Z>V Z]−1Z>, with Z = (z1, . . . , zn)>, Hd =

diag{h11, . . . , hnn}, H(2)
d = diag{h2

11, . . . , h
2
nn} and H(3) = (hij)

3.

4 Numerical Evidence

In Table 1, we present the powers of the tests of the null hypothesis H0 : γ =
γ0. The values of γ used ranged from 0.1 to 0.7 for the power exponential
model (with k = 0.3) and 0.1 to 1.0 for Student–t model (with ν = 4). The
tests were performed using size-corrected critical values (obtained from
the size simulations) in order to force all tests to have the same size. The
simulations were carried out using n = 35, α = 0.10%, q = 3 and p = 5. (All
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entries are in percentages.) We note that LR and LR∗ tests are less powerful
than LRm and LR∗m. The numerical results showed that the modified profile
likelihood ratio test was better performed that the likelihood ratio test, also
the best performing test is the Bartlett-corrected modified profile likelihood
ratio test.

TABLE 1. Nonnull rejection rates, inference on γ.

Student-t (ν = 4) Power exponential (k=0.3)

γ LR LR∗ LRm LR∗m LR LR∗ LRm LR∗m
0.1 8.3 8.5 13.3 13.3 10.9 10.6 10.5 10.6
0.2 10.9 10.5 24.5 24, 6 16.4 16.0 23.2 23.2
0.3 17.9 18.8 43.6 43.6 28.5 28.5 42.2 42.2
0.4 31.0 31.0 63.4 63.4 59.7 59.9 75.1 75.1
0.5 49.2 49.4 79.7 79.7 76.8 76.7 86.8 86.9
0.6 68.5 68.5 91.3 91.3 88.6 89.0 93.8 93.8
0.7 80.7 80.7 95.8 95.8 97.8 97.8 98.9 98.9
0.8 92.6 92.9 99.1 99.1
0.9 97.1 97.3 99.7 99.7
1.0 99.4 99.4 99.9 99.9

Acknowledgments: Special thanks to CNPq and FACEPE, for the fi-
nancial support.
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Abstract: Forecasting mortality is not a straightforward issue as the drop in
mortality data is not uniform over either age or time. The Lee-Carter model
and some of its extensions are applied to the mortality data of Nordic countries.
Some of the models assume independence of the populations, while others try to
model some common factors in the mortality dynamics. Unlike most approaches
in the literature, we model mortality improvement rates rather than the rates
themselves. The comparison between the models is performed with respect to
predictive capacity.
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1 Introduction

The level of mortality rates determines several aspects of our society. As
a matter of fact, the private and the public retirement systems, as well as
other components of the social security system, are planned and modified
according to the values assumed by mortality rates.
The mortality rate mx,t referred to age x and year t can be obtained divid-
ing the number of deaths Dx,t by the exposure to risk ETRx,t. The rates
mx,t are computed for every age x and year t and are organized into a
matrix which has ages on rows and years on columns. A great number of
models were proposed for evaluating mortality tables in future years. One
of the most influential model is that introduced in Lee and Carter (1992),
which has since received great deal of attention and has been extended in
several directions.
The aim of this paper is to forecast the mortality rates of mainland Scan-
dinavian countries (Denmark, Norway and Sweden) and Finland, which
represent the most of the population of the Nordic countries. These four
countries share common traits in their respective societies. For this reason
the inhabitants of Nordic countries can be considered as related popu-
lations. In Li and Lee (2005) the importance of forecasting mortality in
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a coherent way for related population was highlighted and, subsequently,
other approaches were proposed.
In Section 2 some Lee-Carter type models are presented, in Section 3 the
models are applied to the data and are evaluated with respect to the pre-
dictive capacity. In Section 4 there are some concluding remarks.

2 The models

The original formulation of the model presented in Lee and Carter (1992)
is

lnmx,t = ax + bxkt + εx,t,
∑
x

bx = 1,
∑
t

kt = 0.

The logarithm of mx,t is specified as a function of ax, which is the general
shape across age of the mortality, a bilinear term bxkt plus an error term
εx,t ∼ N(0, σ2). The bilinear term is composed by kt, an index of the level
of mortality across years, and bx, which describes the level of deviations
from the general shape shape ax in response to variations of kt. In this
formulation the random errors are homoskedastic, which is commonly a
strong and often unrealistic hypotesis. To solve this problem, Brouhns et
al. (2002) proposed an application of the Lee-Carter model using a Poisson
random variable for the number of deaths. In this case the target is the
force of mortality µx,t (we remind that under some assumptions commonly
adopted µx,t = mx,t). The number of deaths Dx,t is described by Dx,t ∼
Poisson (ETRx,t µx,t) where

µx,t = eαx+βxkt ,
∑
x

bx = 1,
∑
t

kt = 0

which has the form of the Lee-Carter model, apart from the error term.
Sometimes, in the literature, it is the improvement in mortality rates, rather
than the rate itself, which is modelled. An example is Haberman and Ren-
shaw (2012), who consider

zx,t = 2
1−mx,t/mx,t−1

1 +mx,t/mx,t−1
.

The values of zx,t are modelled as realizations of independent Gaussian ran-
dom variables Zx,t assuming constant dispersion, hence Zx,t ∼ N(ηx,t, σ

2).
We consider the following first moment predictor structure:

ηx,t = βxkt,
∑
x

βx = 1.

The fitting is done by minimising the model deviance, defined as Dev =∑
x,t(zx,t − ηx,t)

2. This model can be estimated even assuming variable

dispersion, introducing weights φx. In this case the variance of Zx,t is φxσ
2
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and the squared residuals rx,t = (zx,t − ηx,t)2 are modelled as independent
gamma responses introducing a two stage iterative estimating procedure
(for further details about the computation procedure of the weights φx see
Haberman and Renshaw (2012)).

3 Application and results

From now on an index i = 1, . . . , 4 is introduced to indicate the following
countries: Denmark, Finland, Norway and Sweden. The models listed below
are applied to female mortality data for the ages 20-89 and for the years
1965-1994.

LCP. Di
x,t ∼ Poisson(ETRi

x,t µ
i
x,t), logµix,t = αix + βixk

i
t,

∑
x b

i
x =

1,
∑
t k

i
t = 0, forecast of the time varying coefficients kit: independent

random walks with drift.

MIR. Zix,t ∼ N(ηix,t, σ
2
i ), ηix,t = βixk

i
t,

∑
x β

i
x = 1, forecast of the time

varying coefficients: four independent AR(1).

MIRM. Zix,t ∼ N(ηix,t, σ
2
i ), ηix,t = βixk

i
t,
∑
x β

i
x = 1, forecast of the time

varying coefficients: VAR(1).

MIR1. Zix,t ∼ N(ηix,t, σ
2
i ), ηix,t = βixkt,

∑
x,i β

i
x = 1, forecast of the time

varying coefficient: AR(1).

MIRφ. Zix,t ∼ N(ηix,t, φ
i
xσ

2
i ), ηix,t = βixk

i
t,
∑
x β

i
x = 1, forecast of the time

varying coefficients: four independent AR(1).

MIRMφ. Zix,t ∼ N(ηix,t, φ
i
xσ

2
i ), ηix,t = βixk

i
t,

∑
x β

i
x = 1, forecast of the

time varying coefficients: VAR(1).

MIR1φ. Zix,t ∼ N(ηix,t, φ
i
xσ

2
i ), ηix,t = βixkt,

∑
x,i β

i
x = 1, forecast of the

time varying coefficient: AR(1).

Regarding the models where mortality improvement rates are used, the
forecast values of the mi

x,t, denoted m̂i
x,t, are obtained applying iteratively

the formula m̂i
x,t = m̂i

x,t−1(2− zix,t)/(2 + zix,t) for t = 1995, . . . , 2009, start-

ing from the values of mi
x,t in t = 1994.

The results of the analyses are compared with the actual mortality rates
of years 1995-2009 applying the mean absolute percentage error

MAPEi =
1

15 · 70

∑
x,t

∣∣∣∣∣mi
x,t − m̂i

x,t

mi
x,t

∣∣∣∣∣ .
The results are summarized in Table 1.



554 Coherent mortality forecasting for related populations

TABLE 1. Values of MAPE of the forecast for Denmark (DK), Finland (FI),
Norway (N) and Sweden (SE).

LCP MIR MIRM MIR1 MIRφ MIRMφ MIR1φ

DK 0.3025 0.2952 0.2951 0.2934 0.2907 0.2915 0.3071
FI 0.5081 0.2637 0.2635 0.2634 0.2511 0.2487 0.2490
N 0.1538 0.2327 0.2325 0.2330 0.2382 0.2378 0.2362
SE 0.1362 0.2373 0.2374 0.2352 0.2151 0.2149 0.2136

4 Discussion

Based on the results in Table 1, some comments follow below, although
it should be borne in mind that the considered populations have relative
small sizes and hence there is a great variability in the mortality path.
No model performs better than the others, but the model LCP presents
the widest range in the quality of the results (from 13.62% to 50.81%). The
models work quite generally better for Sweden, which has a population
amount that is almost double in size than the other three populations
considered. If there are n related populations, it is likely that less than n
different paths of general mortality level (kit) should be considered. This
can be seen by noting that the quality of the results is not worsened when
considering one time varying coefficient (MIR1 with respect to MIR) and
could actually improve (MIR1φ with respect to MIRφ).

Acknowledgments: Special thanks, for the important advices, to Prof.
Nicola Torelli and Prof. Ermanno Pitacco.
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Abstract: Based on a theoretical-social model which states that Communication
and Information Technologies (CITs) infuence the human development, due to
the impact they have on economic growth, this work explores the relationship
between the social, economic and technological dimensions or constructs, in a
province, Córdoba, of Argentina. Confirmatory common framework (GLLAMMs,
Skrondal & Rabe-Hesketh, 2004) was performed considering three level modeling.
This approach allowed us to identify some indicators that measure constructs and
help characterize the level of development of our region using hierarchical infor-
mation. Since the estimation method was based on full information maximum
likelihood, we devoted special attention to the identifiability of the parameters.
Two constructs to describe the socioeconomic and technological (SET) devel-
opment at the district level were obtained. Due to correlation between the two
latent variables at department level was near one, a new common factor model
containing only one dimension was appropriate.

Keywords: GLLAMM;latent variable; CFA; socio-technological dimensions;
identifiability

1 Motivation and Modeling

The measurement of access and use of ICTs, as well as its dynamics, is in-
dispensable to understand the development of today’s information societies
and to support adequate design of policies. The present work contributes
to this measurement, since it identifies the factors associated with SET de-
velopment and it studies its regional distribution in Córdoba, Argentina. It
examines the dimensions of SET constructs in the nested political divisions
of Córdoba, and analyzes the relationship between them. We used confir-
matory factor analysis (CFA) to explore the dimensionality of constructs.
In the multidimensional case, an important example of a restricted model
is that of a complexity one model or independent clusters model, where Λ
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(a) First model. (b) Second model.

FIGURE 1. Models considered. Short arrows pointing to boxes yi correspond
to residuals εi; long arrows from circles η

(l)
s pointing to boxes yi correspond to

loadings λ
(l)
i,s, where l stands for levels 2 or 3.

has enough elements set to zero so that each indicator measures one and
only one factor. Such a configuration makes sense if one set of indicators
is designed to measure one factor and another one is designed to measure
another factor. A single-level factor model would not be appropriate in the
present study because our information was hierarchical (municipal districts
arranged into departments). Thus, we used a three-level factor model, con-
sidering districts as level 2 and departments as level 3, with two latent vari-
ables in each one. Twelve indicators measured at the district level were used
to define two latent variables at each level. A graphical representation of the
model is given in figure 1(a). Latent variables are represented by circles, ob-
served variables by rectangles and arrows connecting circles; rectangles also
represent regressions residuals being the short arrows pointing at circles or
rectangles. Curved double-headed arrows connecting two variables indicate
that they are correlated. It is typically assumed that common and unique
factors have multivariate normal distributions. Four additional indicators
were included at the department level in order to generate the department
constructs, giving a total number of indicators of I = 16. The three-level
model chosen for our study has the following matrix formulation:

y = β + Λ(2)η(2) + Λ(3)η(3) + ε,

where β is the expectation of the observed variables y (indicators), Λ(2),
Λ(3) denote the 16×2 factor loadings matrices at second and third level re-
spectively, η(2), η(3) denote the 2×1 latent factors at second and third level
respectively, and ε is the error term that is assumed independent of latent
factors. Additionally we introduce the following matrices of parameters

Ψ(l) = V[η(l)] = E[η(l)η(l)′], l = 2, 3,

Θ = V[ε] = E[εε′],
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with the usual convention that E[η(l)] = 0 and E[ε] = 0. Then the covariance
matrix of the observed variables is

Σ = V[y] = Λ(2)Ψ(2)Λ(2)′ + Λ(3)Ψ(3)Λ(3)′ + Θ. (1)

2 Identification of Three-level Model Parameters

The identification of parameters becomes an issue given the relative large
number of them and we understand it as described in Skrondal(2004), p.
135-138, and O’Brien(1994). Bollen(1989) summarizes and extends several
rules that establish the identifiability of models; O’Brien(1994) extends
those rules even further. These rules apply only to models with a factor
complexity of one; that is, models in which each indicator loads only on a
single latent variable. Our model being of complexity two, does not satis-
fies these conditions requiring a new proof specially tailored for the case at
hand. Nevertheless, the identification process of parameters is essentially a
hierarchical one and this will prove to be enough. We show that parame-
ters of our model can be determined uniquely from information of measured
variables. Through algebraic manipulation, we show that if Λ(l), Ψ(l) and
Θ exist such that the relationship above for Σ holds, then Λ(l), Ψ(l) and
Θ must be unique. First of all, we notice for further convenience that lev-
els two, three, and latent factors, induce a block partition on the above

equation for Σ, Λ(2)Ψ(2)Λ(2)′, Λ(3)Ψ(3)Λ(3) and Θ have a block partition of
shape 3 by 3. We label those blocks A,D′, E′, D,B, F ′, E, F,C ′, from left
to right and top to bottom respectively, where A is 5× 5, B is 7× 7, C is
4 × 4, D is 7 × 5, E is 4 × 5 and F is 4 × 7. We will refer to those blocks
in any of the matrices involved to locate entries that will be of interest to
us. We proceed in steps: first we prove that third level parameters can be

identified by blocks E, F and C of Σ, that is, all of Λ(3)Ψ(3)Λ(3)′ and block
C of Θ can be identified, then we show that all remaining parameters in

Λ(2)Ψ(2)Λ(2)′ and blocks A and B of Θ can be identified. Proceeding in
this way, we show that the identification of parameters in the first model

proposed with four latent factors, η
(2)
1 , η

(2)
2 , η

(3)
1 and η

(3)
2 is guaranteed; the

second model proposed with one factor in the third level, can be shown to
be identified by similar algebraic manipulations.

3 Results

The performance of model was suitable. Figure 2 illustrates the behav-
ior of deviance residuals and predicted values versus indicators. For the
first one we also observed that percentiles 5, 50 and 95 were respectively
−1.4113, −0.0492 and 1.5953, which confirm appropriate representation of
our model. Our results indicated that two constructs were significant to
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FIGURE 2. Behavior of deviance residuals and predicted values versus indicators

describe the socio-economic and technological development at the district
level (ρ̂(2) = 0.55. All the indicators included in the common factor model
were significant (p < 0.05) at this lower level. However, at the depart-
ment level, the correlation between the two latent variables was near one
(ρ̂(3) = 0.88), suggesting a new common factor model containing only one
dimension at this level (figure 1(b)). The percentage of households with
telephone was the most important socio-economic indicator at the district
level, while the percentage of households with health insurance coverage
the least important. Also at this level, the most important technological
indicator was the percentage of the population with secondary-level edu-
cation or beyond. When the new common factor model, with only a latent
variable at the department level, was fitted similar factor loading estimates
were obtained at both levels. We have chosen this model even though a
negligible change was obtained for AIC statistic. All the socio-economic
items were significant, except for percentage of homeowner at a higher
level, whereas percentage of municipalities with web-site was the only non
significant technological item. In addition, a correlation equal to 0.58 was
observed at the district level, confirming two constructs for it.
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Abstract: In transcriptional regulation, transcription factors (TFs) are often
unobservable at mRNA level or may be controlled outside of the system being
modelled. Gaussian processes are a promising approach for dealing with these
difficulties as a prior distribution can be defined over the latent TF activity
profiles and the posterior distribution inferred from the observed expression levels
of potential target genes. However previous approaches have been based on the
assumption of additive Gaussian noise to maintain analytical tractability. We
investigate the influence of a more realistic form of noise on a biologically accurate
system based on Michaelis-Menten kinetics.
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1 Introduction

A particular challenge in the quantitative modelling of transcriptional reg-
ulation is that transcription factors (TFs), the regulatory proteins at the
heart of the process, are frequently subject to post-translational modifica-
tion, which may affect their DNA binding capability. Consequently, gene
expression levels of TFs contain only limited information about their actual
activities. A promising approach to deal with these difficulties was proposed
in Gao et al. (2008), inspired by the work of Barenco et al. (2006). The
authors advocate the use of Gaussian processes to define prior distribu-
tions over the latent TF activity profiles. Inference is soundly based on the
principles of non-parametric Bayesian statistics, consistently inferring the
posterior distribution of the unknown TF activities from the observed ex-
pression levels of potential target genes, and inferring regulatory network
structures after marginalizing over the unknown TF activity profiles.
The choice of a non-parametric prior distribution from the Gaussian process
family is not a restrictive modelling assumption. Somewhat more restric-
tive is the assumption of additive Gaussian noise, which can be found in all
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previous applications (Gao et al. (2008), Honkela et al. (2010), etc.). Previ-
ous work by Rocke and Durbin (2001) showed that mRNA concentrations
obtained from microarray experiments are of a more complex form and
the purpose of this work is to investigate what effect this deviation from
additive Gaussianity has on the inference in transcriptional regulation.

2 Method

A linear model of gene expression was proposed by Barenco et al. (2006)

dxi(t)

dt
= Bi + Sif(t)−Dixi(t) (1)

where i ∈ {1, . . . , G} is a set of genes regulated by the same TF, xi(t)
are the (unknown) true gene expression levels at time point t, f(t) is the
(unknown) TF activity, Bi is the basal transcription rate of gene i, Si is the
sensitivity to binding of TF, and Di is a decay rate. We assume that (noisy)
measurements of xi(t) can be obtained, however TF activity is unknown
and therefore f(t) is assumed to be unobservable.
Eq. (1) has the analytical solution:

xi(t) =
Bi
Di

+ Si

∫ t

0

exp(−Di(t− u))f(u)du. (2)

Gao et al. (2008) proposed a non-parametric Bayesian approach to inference
in this model by placing a Gaussian process prior with a squared exponen-
tial covariance matrix on the unknown TF activities f = (f(t1), . . . , f(tT ))
at timepoints t = (t1, . . . , tT ). The linear form of the model implies that the
joint prior distribution of the expression profiles of all regulated genes, xi,
is described by a Gaussian process prior with a covariance matrix, K, that
depends on the hyperparameters of the prior, θh, as well as the parameters
that characterise the transcriptional regulation processes via eq. (2):

p(x|θ′) = N (B./D,K); K = K(θ′)

θ′ = (θh, B1, . . . , BG, S1, . . . , BG, D1, . . . , DG) (3)

where B./D is a point-wise vector division. See Davies and Husmeier (2013)
for details.
To relate the unknown true gene expression profiles xi =
(xi(t1), . . . , xi(tT )) to noisy measurements yi = (yi(t1), . . . , yi(tT )),
Gao et al. (2008) assumed additive Gaussian noise of constant variance
σ2. The marginalisation over y is analytically tractable and gives:

p(y|θ) =

∫
N (y|x, σ2I)N (x|0,K(θ′))dx = N (y|B./D,K(θ′) + σ2I) (4)

where θ = (θ′, σ2). Inference of the parameters θ can then be achieved in
a maximum likelihood or Bayesian framework; see Bishop (2006).
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However Rocke and Durbin (2001) showed that the noise in transcriptional
profiling with microarrays has the following more general form:

yi(t) = c+ xi(t) exp(εµ) + εt where εj ∼ N (0, σ2
j ) (5)

where c is mean background noise, and σ2
µ and σ2

t are unknown variance
parameters. ReplacingN (y|x, σ2I) in eq. (4) by the noise in eq. (5) does not
give a closed-form solution, and this has therefore been ignored in previous
work. The objective of the present study is to quantify the effect the devi-
ation from additive Gaussianity has on the inference of the transcriptional
regulation.

3 Data

We combined a simple regulatory network for three genes with a protein
signalling pathway from Vyshemirsky and Girolami (2008); see Davies and
Husmeier (2013) for details. The active form of the TF is unobservable due
to post-translational modification, and the processes leading to the forma-
tion of active TF is controlled outside of the subsystem being modelled. The
transcriptional profiles of the downstream genes were generated by solving
eq. (2) with the different kinetic parameters. 18 values from these expression
profiles were then subjected to either additive Gaussian noise, or the more
complex noise of eq. (5). For the non-Gaussian noise the standard deviations
were chosen on a roughly log scale such that σµ, σt = (0.01, 0.03, 0.1, 0.3),
with equivalent values chosen for the additive noise model to allow for a
fair comparison. This was repeated 10 times for each standard deviation
size and noise model.

4 Results

For a relatively small data set, our results, given in Figure 1, have shown
that the deviation from additive Gaussian noise has little negative effect
when σµ, σt = (0.01, 0.03). For larger standard deviations the results show
a consistent deterioration in the case of non-Gaussian noise, although this
cannot be easily quantified until σµ, σt = (0.3). For this level of variance,
Figure 1, as well as similar results for the kinetic parameter estimates, show
a roughly four fold increase in the median error.

5 Conclusion

Our work has considered the implications of having non-Gaussian noise
when using Gaussian processes for modelling transcriptional regulation.
This noise model violates some of the modelling assumptions and causes a
deterioration in the ability of the model to perform parameter inference. We
have shown that the effect of this noise is not as significant as first assumed
and the negative effect only becomes apparent for larger variances.
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FIGURE 1. Box plots of the error of gene and TF profile predictions. Box plots
for the additive Gaussian, ‘A’, and non-Gaussian, ‘M’, noise are given in light
and dark grey respectively. The standard deviations used for σµ and σt are given
under each box plot and represent the values (0.01,0.03,0.1,0.3)
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Abstract: Various strategies for finding differentially expressed genes in high-
throughput genomic studies have been proposed. Using a set of paired patient
data, we have explored some of the many possible models. Results differ depen-
dent on whether the data are normalised or not, and on the method of normalisa-
tion selected. Models that allow for over-dispersion fitted the data better. There
was little consistency in the declaration of differentially expressed genes between
the various approaches.
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1 Introduction

RNA-Seq technology (Mortazavi et al, 2008) is a recent development to
measure gene expression that is considered more accurate than microarray
measurements, and essentially is in the form of counts for the genes. Here we
consider 15 patients, eight suffering from Myelodysplastic Syndrome (MDS)
and the other seven from Chronic Myelomonocytic Leukaemia (CMML),
who were all treated with the DNA hypomethylating drug, Vidaza (AZA).
Patients who showed a favourable clinical response to the treatment were
classified as responders, while the rest were classified as non-responders.
RNA-Seq data were obtained both before and after 6 cycles of AZA treat-
ment. In all, 35868 genes or gene variants were obtained that reduced to
16862 after filtering to exclude very low counts. Here the focus is on find-
ing differentially expressed genes before and after treatment dependent on
whether the patient is a responder or not.
RNA-seq data count data are generally modelled as either from a Poisson
distribution or from a negative binomial distribution, which can be derived
as a hierarchical Poisson-gamma distribution. The negative binomial allows
modelling of ‘overdispersion’ and hence is a favoured option for modelling
these data. The variance of the negative binomial is expressed as σ2 =
µ+ φµ2, where µ is the mean, and φ is the dispersion parameter.
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Many packages are available for finding differentially expressed genes, and
we compare results from the packages EdgeR (Robinson et al, 2010), and
DESeq (Anders and Huber, 2010). Further, using the total deviance of
fitted SAS models, we compare results from Poisson and negative binomial
models fitted using maximum likelihood.
For assessing the significance of terms modelling the mean in the SAS
models, likelihood ratio tests were used. Bonferroni adjustments and locfdr
(Efron et al, 2011) were used to determine differentially expressed genes
with an FDR of 5% for the SAS models. Both DESeq & edgeR use
Benjamini-Hochberg (1995) adjustments. Shared DE genes between models
were computed using both FDR adjustments and α of 0.05. These adjust-
ments do not change the ordering of the gene by gene p-values. Hence, we
also found the first 100 most differentially expressed genes for each method
and compared the number of shared DE genes per method.
Normalised were compared with unnormalised results. The SAS models
used normalisations of the median count, the total count, the upper quar-
tile, the PoissonSeq normalisation (Li 2012) and the TMM of edgeR.
Dispersion estimates in SAS are the MLE estimates from the model. We
have used the default normalisation for edgeR, TMM, and for DESeq, the
median of the ratios of observed counts (Anders & Huber, 2010).
The data are paired data, and the pairing is accounted for in the analy-
sis to allow more efficient testing by removing some of the heterogeneity
associated with each patient. This is done by fitting nuisance parameters,
the patient specific effects, pi (i = 1...15). The model to describe the mean
count for each gene consisted of a patient specific intercept, a time effect
(t), and a responder by time interaction effect (tr). Thus, if the count for
patient i, at time t (t=0,1), associated with patient i, a responder r (r=0,1)
is yi(r)t, the model for the mean is given as µ = exp[Mit(pi + αt + βtr)],
where Mit is a normalisation factor or ‘library size’ for the RNA sequencing
for patient i at time t. (When total counts differ markedly, an adjustment
needs to be made using an ‘offset’ or normalisation variable.)

2 Results & Conclusions

Total deviances across the gene by gene analyses for the various SAS anal-
yses showed that for these data, negative binomial models were required,
and that, not surprisingly, when most genes are ‘null’, total deviances were
not useful for choosing between normalisations.
Tables (not shown) of shared genes across models indicated reasonable pro-
portions of shared genes across the SAS models, which typically showed a
five to ten fold increase in the number of ‘DE’ genes in comparison with
edgeR and DESeq. The non-paired SAS model, however, had fewer shared
DE genes with both the other SAS models and DESeq and edgeR. This
shows that despite the apparently non-significant deviance difference, pair-
ing significantly affects gene probability orderings. Most of the edgeR DE
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FIGURE 1. Shared DE genes between DESeq & edgeR: upper - from the cor-
related parameter (‘crossed’) estimates and the joint testing; lower - from the
uncorrelated parameter (‘within’) estimates.

genes were shared by the SAS models. The DE genes picked by the Bonfer-
roni adjustments compared with those picked from the Benjamini-Hochberg
adjustments showed the same pattern. Given SAS’ ten-fold difference in the
number of DE declared genes, we would have expected all the DE genes of
DESeq to be found in the SAS models, but just two-thirds of the DESeq
DE genes were found by the SAS MLE models. This seems to indicate a
problem with DESeq. Tables showing the sharing across the first 100 genes
showed similar patterns.
Parameter estimates for t & tr were highly correlated across the 16862 gene
model fits (ρ̂ = −0.78, SD=.012). Reparameterising the model so that each
time term was expressed as time within responder gave estimates which
were uncorrelated. The correlated parameterisation masked many DE genes
found by the uncorrelated parameterisation. Joint testing (available in both
DESeq & edgeR) resolves parameterisation differences (Figure 1). However,
there were few shared DE genes between these two packages.
With 30 observations per gene and 13 residual degrees of freedom in the
model, MLE should be a reasonable method for finding DE genes. Our re-
sults showed that pairing/non-pairing & choice of normalisation can make
considerable differences in the gene by gene ordering of p-values in MLE es-
timation. As in all statistical modelling, the choice of model is fundamental
to the conclusions. Where several effects are of interest, joint testing should
be undertaken. Simulations under the null for these more complex models
need to be undertaken.
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A. Paula3

1 Departamento de Estat́ıstica, Universidade Federal da Bahia, Brazil,
2 Departamento de Estat́ıstica, Universidade Federal de Pernambuco, Brazil
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Abstract: In this paper we present a class of exponential family (EF) mixed
models in which the random intercept follows a generalized log-gamma (GLG)
distribution. For specific hierarchical models and particular parameter settings
for the random intercept distribution, marginal models are derived in closed-form.
An application with real data is given for illustration.
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1 Introduction

Fabio et al. (2012) proposed the random intercept Poisson generalized log-
gamma (Poisson-GLG) model for accommodating overdispersion and cap-
turing skew forms for the random intercept distribution. For a particular
parameter setting of the GLG distribution the multivariate negative bino-
mial distribution is derived as a marginal model. In this paper we propose
the random intercept exponential family generalized log-gamma (EF-GLG)
models for which we derive in closed-form two marginal models by spec-
ifying the hierarchical model and the parameter setting of the random
intercept distribution.

1.1 Generalized log-gamma distribution

Let y be a random variable following a generalized log-gamma distribution.
The probability density function (pdf) of y is given by

f(y;µ, σ, λ) =


c(λ)
σ exp

[
(y−µ)
λσ − 1

λ2 exp
{
λ(y−µ)

σ

}]
, if λ 6= 0,

1
σ
√

2π
exp

{
− (y−µ)2

2σ2

}
, if λ = 0,

(1)
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where y ∈ R, µ ∈ R, σ > 0 and λ ∈ R are, respectively, the location,

scale and shape parameters and c(λ) = |λ|
Γ(λ−2) (λ−2)λ

−2

with Γ(·) being

the gamma function. We will denote y ∼ GLG(µ, σ, λ). The extreme value
distribution is a particular case of (1) when λ = 1. For λ < 0 the pdf of y
is skew to the right and for λ > 0 it is skew to the left.

1.2 The random intercept EF-GLG model

Let yij denote the jth outcome measured for the ith cluster (subject),
i = 1, . . . , n and j = 1, . . . ,mi. We will assume the following random
intercept EF-GLG model:

(i) yij |bi
ind∼ EF(uij , φ),

(ii) g(uij) = ηij + bi and

(iii) bi
iid∼ GLG(0, λ, λ), λ > 0,

where g(.) is the link function, ηij = x>ijβ is the linear predictor with

xij = (xij1, . . . , xijp)
> contains values of explanatory variables, β =

(β1, . . . , βp)
> is the parameter vector of the systematic component and

φ−1 is the dispersion parameter. Let fY |b(yij |bi;β) and fb(bi;λ, λ) be the
probability mass (or density) function (pmf or pdf) of yij |bi and pdf of bi,
respectively. Then, the marginal pmf (or pdf) of y = (y>1 , . . . ,y

>
n )>, where

yi = (yi1, . . . , yimi)
>, is given by

fY (yi;β, λ) =

∫ +∞

−∞

mi∏
j=1

fY |b(yij |bi;β)fb(bi;λ, λ)dbi. (2)

In the next section we will derive marginal models from (1) by specifying
the hierarchical model. We have used the NLMIXED procedure available in
the SAS and R software to perform the maximization of the approximate
log-likelihood function.

1.3 Marginal models from the random intercept EF-GLG
model

(a) Multivariate negative binomial (MNB) model

The MNB distribution was derived from the random intercept Poisson-GLG
model (see Fabio et al. (2012)). The marginal pmf of yi ∼ MNB(µij, φ) is
given by

fY (yi;β, φ) =
Γ(φ+ yi+)φφ

(
∏mi
j=1 yij !)Γ(φ)

exp(
∑mi
j=1 yij logµij)

(φ+ µi+)φ+yi+
,

in that φ = λ−2, yi+ =
∑mi
j=1 yij and µi+ =

∑mi
j=1 µij for yij = 0, 1, . . .,

i = 1, . . . , n and j = 1, . . . ,mi. Others marginal models derived from the
random intercept EF-GLG class are presented in the sequel.
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(b) Inverted Dirichlet distribution

We obtain this multivariate distribution from the random intercept

Gamma-GLG model. In this case, (i) yij |bi
ind∼ Gamma(uij , φ) and (ii)

log(u−1
ij ) = ηij + bi in the hierarchical model. After some algebraic ma-

nipulation the marginal pdf of yi = (yi1, . . . , yimi)
> takes the form

f(yi;β, φ) =
Γ[φ(mi + 1)]

Γ(φ)(mi+1)

∏mi
j=1 (µijyij)

φ−1
µij(

1 +
∑mi
j=1 µijyij

)φ(mi+1)
, (3)

where φ = λ−2, µij = exp (ηij) and yij > 0. Making the transformation
zij = µijyij , the marginal pdf in (3) reduces to the standard inverted
Dirichlet distribution (see, for example, Kotz et al. (2000)).

(c) Binomial-GLG distribution

This multivariate distribution is derived from the random intercept

Binomial-GLG model. In this case, (i) yij |bi
ind∼ Binomial(mi, uij) and (ii)

log{− log(1 − uij)} = ηij + bi. Algebraic manipulation (see, for example,
Fog (2008)) leads to the following marginal pmf for yi = (yi1, . . . , yimi)

>:

f(yi;β, φ) = (−1)k


mi∏
j=1

(
mi

miyij

)
miyij∑
k=0

. . .

miyij∑
k=0


mi∏
j=1

(
miyij
k

)
×

(
φ−1kµi+ + φ−1miµi+ + φ−1mi

mi∑
k=0

yijµij + 1

)−φ
, (4)

where φ = λ−2, for yij = 0, 1, . . ., i = 1, . . . , n and j = 1, . . . ,mi. Closed-
form expressions (omitted here) for the marginal distributions from the
random intercept Normal-GLG and Inverse-Gaussian-GLG models were
also obtained.

2 Application

We will present a comparative study among diabetic groups discussed by
Cysneiros and Paula (2004). The group1 (control), group2 (diabetic with-
out complications) and group3 (diabetic with hypertension) were consid-
ered. For each patient the response was a physical task measured at the
times 1,. . . , 6, 8 and 10 min. Let yijk be the observed physical task for
the kth patient of the ith group at the time j. Figure 1(d) shows us ev-
idence that the variability of the random intercept in relation to its av-
erage is skew to the left (λ > 0). We will assume the following random
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intercept EF-GLG model: (i) yijk|bi
ind∼ Gamma(uij , φ) and (ii) log(u−1

ij ) =
µ+αi+bi, for i = 1, 2, 3 and α1 = 0, which reduces for λ > 0 to the inverted
Dirichlet distribution (3). The parameter estimates (approximate s.e.) are:

α̂2 = −0.2998(0.1648), α̂3 = 0.6773(0.1641) and φ̂ = 12.4504(1.3387).
From the fitted estimates there are indications that the group2 has a phys-
ical task mean larger than the group1, whereas the diabetic group3 has a
smaller physical task mean. These results are in accordance with the pro-
files presented in Figures 1(a)-(c). The Figure 1(e) give us evidence that
the model is well fitted.
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FIGURE 1. Profile of the three groups ((a): group1, (b): group2 and (c): group3),
the density of the first physical task measure(d) and conditional residual plot (e).
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Abstract: We are often interested in relating daily temperature records to the
timing of key events, such as flowering times and appearance of certain insect
species. When biologically motivated models are unavailable or difficult to es-
timate, regression techniques may provide an useful alternative. We propose a
methodology based on the Lasso, using L1 penalisation of a hockey stick basis,
as well as an extension using a two-stage procedure to enhance results. We con-
duct an empirical simulation illustrating the effectiveness of this proposal relative
to an existing method.
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1 Introduction

Many biological or ecological events have a connection to environmental
variables, such as the temperature record, and we might often wish to
estimate this connection. Cases where the underlying biological processes
are well understood lead to ideas like the spring warming and sequential
models for flowering times, and fitting might proceed by the estimation of
parameters in these models.
However, it can be helpful to instead consider regression based techniques,
where we assume a functional relationship between the timing of the event,
and the measured temperature over a period. Model fitting proceeds by the
estimation of this relationship. To simplify computation and avoid overfit-
ting, we might constrain the relationship of the event time and the temper-
ature at each time point to be linear, deriving a functional linear model:

Yi =

Bi∑
t=Ai

Xtf(t−Ai) + εi.

Here, Yi is the time of the i-th event, Xt corresponds to the temperature
at time t, Ai and Bi denote start and end times for the temperature record
considered for each event, while ε is a random error. For simplicity, we
usually assume that εi is i.i.d. Normal. Ai and Bi are usually provided a-
priori, though if f(t) = 0, those portions of the temperature record would
have no relevance to the prediction.
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The advantages of regression methods are that they can be easy to use, are
flexible, and in comparison to biologically based models, involving many
parameters with non-linear effects, may be applied effectively to smaller
datasets. They are also useful when we lack prior knowledge of the mecha-
nisms involved, which is helpful for less studied events such as insect arrival.
However, the estimation of f is challenging. One avenue, here, that has
not been often considered is the application of sparse regression techniques
(such as the Lasso). In this work, we develop some novel methods and
compare them to existing methods in simulated datasets.

2 Methods

Previously suggested methods for regression in phenology include Stepwise
Regression and Penalised Signal Regression (PSR), as well as Fusion. In
Stepwise Regression, we aggregate the Xt to weekly or monthly totals,
and use these as potential terms in a multiple linear regression, select-
ing the terms using standard ANOVA techniques. In PSR, we conduct a
regression procedure penalising squared differences in slope between neigh-
bouring time points. Using the P -spline signal regression variant of Marx
et al (1999), we end up with a smoothly varying estimate of f , which can
often perform well. Roberts (2012) also suggested a strategy using Fusion.
This is done by conducting a penalised regression penalising the sum of
the absolute value of the differences of coefficients between adjacent time
points. The result of this methodology is that it produces an estimate of f
that consists of several constant steps, with discontinuities between them.
Our approach is related, but has several distinct differences.
We propose to begin by transforming the problem, and conducting a L1
penalised maximum likelihood procedure:

β̂ = arg min
β

n∑
i=1

(
Yi −

Bi∑
t=Ai

XtZ(t−Ai)β

)2

+ λ

p∑
j=1

|βj |,

Z is a basis expansion matrix for f . In our case, the columns are centred ver-
sions of hockey sticks —thus, for some grid of knot points, tj , j = 1, . . . , p,
which in our experiments we have chosen to mark one week intervals, we
have Z(j)(s) = (s− tj)+ − C.

The β̂ thus computed provides an estimate of f , as f̂(t) = Z(t)β̂.
However, a multi-stage procedure can be advantageous. Here, we compute
weights wj by aggregating |β̂| over an appropriately chosen epoch their
corresponding tj belongs to, (such as a season, or a year), so that if F (t)
returns, say, the season index of t,

wj =

p∑
k=1

|β̂k|I (F (tj) = F (tk)) .
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Then we may compute a second stage analysis as

β̃ = arg min
β

n∑
i=1

(
Yi −

Bi∑
t=Ai

XtZ(t−Ai)β

)2

+ µ

p∑
j=1

|βj |/wj ,

forming f̃(t) = Z(t)β̃.
Both of these optimisations are Lasso calculations and can be easily and
quickly carried out by existing methods, such as the coordinate descent
algorithm of Friedman et al (2007). Tuning parameters µ and λ are chosen
by separate cross validations at each stage.
The penalty creates sparsity amongst the coefficients β, which means that
the calculation attempts to find appropriate knots for a piecewise linear
estimate of f . This provides an advantage over PSR if there is not many
years of data, and relatively long periods of potential interest, as defined by
|B −A|. Producing piecewise linear estimates, instead of the step function
estimates of the Fusion procedure, enforces continuity.
The use of the weights in the two stage procedure allows for a potential
additional improvement, by helping better filter the temperature record
for time points that do not appear to have an effect on Y . This can be
significant if |B −A| is excessively long. More detail is given in the poster.

3 Simulations

We illustrate the method by simulating datasets of flowering times. To
generate data for this, we opted for a formulation based on that in Roberts
(2012). For a ‘spring warming’ model, this is specified by a start day di, a
threshold temperature T , and target number of degree days F . Under this
model, Yi is the minimal y such that

y∑
t=di

max (Xt − T, 0) > F,

with an added Normal random noise component. The temperature data
was generated by the sum of a seasonal component and AR2 noise.
We use a training set of 30 simulated years, with [Ai, Bi] for each year
comprising the first 180 days of the year of flowering plus two preceding
years. To be effective, the algorithm must be able to pick out periods of
the temperature record that have no effect on the flowering time.
To evaluate performance, we generate an additional test set of 1000 years
(this time without noise), and measure the performance on predicting flow-
ering days on this new additional set of records through mean squared error.
We also calculate an ‘ideal’ regression curve, by fitting a PSR estimate to
a much larger set of generated observations. We can then compare the
estimates we obtain to this curve.
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In the poster, we also consider a more complex ‘sequential model’, which
incorporates a requirement that a cool Autumn or Winter precedes the
Spring warming, as well discuss applicability to Aphid arrival times.

4 Results

In example fits, which we present in the poster, we see that the Lasso
methods choose a small number of knot points, enabling a simple piecewise
linear function to be fitted. The reweighting can be effective in reducing the
erroneous fits made in areas that have no relationship to the event time.
Over 100 replications, we find that the Lasso procedures generally per-
form well, attaining some improvements in terms of MSE (Table 1). The
reweighting technique can be effective, so long as the relevant sections of
the temperature records take place over a short period of time relative to
the whole of the temperature records considered.

TABLE 1. Prediction MSE over 100 replications (With std deviation in brackets)

Ideal PSR Lasso 2-Stage Lasso
Average 2.04 (0.05) 4.06 (1.12) 3.58 (0.84) 3.10 (0.67)
% PSR 52.9 (10.3) 100.0 (0.0) 91.0 (21.7) 78.7 (15.1)

5 Conclusions

Sparse regression techniques can provide useful results in phenology, espe-
cially when used together with appropriately chosen basis expansions. The
extended 2-stage methodology can be effective. Further work is in progress.
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Abstract: The aim of the present study is to test a hypothetical model to an-
alyze the mediating role of cognitive appraisal on the relation between occupa-
tional stress and burnout. A sample of 333 teachers was collected from a public
university in the north of Portugal. The participants answered a protocol with
measures of stress on academic staff, cognitive appraisal of work activity, and a
burnout inventory for educators. Structural equation modelling (SEM) was used
to evaluate the mediating effects. Results confirmed that cognitive appraisals
partially explained the relationship between occupational stress and burnout at
work, turning these variables a promising underlying mechanism for explaining
adaptation at work.
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1 Introduction

Using SEM, the main goal of this study was analyzed by the hypothesis
that tested the mediating effect of cognitive appraisal on the relation be-
tween stress and burnout. More specifically, it was assumed that primary
cognitive appraisal mediate the relationship between occupational stress
and burnout. The relation stressor-strain is assumed by some important
theoretical frameworks, being also supported by empirical findings that
demonstrate the relation between stress and burnout. Hypothesis one pos-
tulated that stress was positively related to burnout.

2 Methods

2.1 Participants and Procedure

The total sample consisted of 333 teachers working in a public university in
the north of Portugal, being 129 males (39.95%) and 194 females (60.1%).
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Participant’s ages varied between 23 and 65 years old (M = 42.67; SD =
6.87), being 4.2% lecturers, 10.5% assistants, 62.6% assistants professor,
18.9% associate professor, and 3.8% full professors. Most of the teachers
had full time contract at the university (90.6%) and had tenured contract
without term (58.7%). All the participants that wanted information on
their results filled in their name and address for further contact. Altogether,
893 questionnaires were distributed, and 333 were collected and considered
valid, which showed a return rate of 37%.

2.2 Measures

Demographic Questionnaire. This questionnaire assessed personal (e.g.,
age, sex) and professional (e.g, years of work, category of employee, em-
ployment status) characteristics of teachers.
Stress Questionnaire for Academic Staff (SQAS; Gomes, 2010). This in-
strument evaluates the sources of stress that teachers face in their activity,
including 32 items distributed for eight stress dimensions.
Cognitive Appraisal Scale (CAS; Gomes, 2008). This instrument evaluates
primary and secondary cognitive appraisal. Primary cognitive appraisal was
assessed with three dimensions.
Maslach Burnout Inventory - Educators Survey (MBI-ES) (Maslach et al.,
1996). The questionnaire includes 22 items divided into three subscales.

2.3 Statistical Analysis

SEM was used to test the hypotheses. All analyses were conducted in
AMOS 20. To assess model fit of the structural models, we used the χ2

goodness-of-fit statistic, the root mean square error of approximation (RM-
SEA), the Tucker-Lewis index (TLI) and the comparative fit index (CFI).
Finally, the bootstrap procedure of AMOS was also used to obtain 95% con-
fidence intervals around parameter estimates. Bootstrapping is considered a
powerful resampling method to obtain parameter estimates and confidence
intervals being not assumed that the variables are normally distributed.

3 Results

3.1 Mediation Models

Regarding the model that tested the relation between stress, primary cog-
nitive appraisal, and burnout, the fit of the 1-factor model with all items
from the thirteen study variables loading on a single latent variable was
compared with that of a 4-factor model that included stress, threat per-
ception, challenge perception, and burnout. The 4-factor model fitted well
to the data, χ2(616df) = 999.7, p < 0.01; RMSEA = 0.044 (pclose = 0.972);
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CFI = 0.94; NFI = 0.90; TLI = 0.93, and its fit was superior to that of the
1-factor model χ2(80df) = 3752.7; p < 0.001. All standardized factor load-
ings were significant, ranging from 0.23 to 0.85. These results confirmed
the validity of the 4-factor specified measurement model.

3.2 Structural Models

For the test of the structural models, it was compared the fit of a mediated
model to the fit of a direct model. In the mediated model it was established
a relation between stress, cognitive appraisal, and burnout. In the direct
model it was established a relation from stress and cognitive appraisal to
burnout. Also, it was analyzed which type of mediation (e.g., partial or
full) could best explain the data. In the partial mediation model, we added
direct paths from stress to cognitive appraisal. Finally, in the full mediation
model, we removed the direct paths from stress to burnout.
The direct effects model did not fit the data successfully. The RMSEA
(0.057) deviated significantly from 0.50(pclose < 0.01). The full mediation
model showed acceptable fit indices (RMSEA = 0.056, CFI = 0.90, TLI
= 0.89), but the partial mediation model, in which all direct and indirect
effects were included, appeared to have the best fit indices (RMSEA = 0.054
(pclose = 0.053); CFI = 0.91; TLI = 0.90). The difference in chi-square
between the fully and partially mediated model was significant χ2(1) =
42.55; p < 0.001), indicating that the direct effects cannot be ignored.
Table 1 presents the standardized effects for the partial mediation of the,
namely the parameter estimates of the structural paths’ coefficients and the
squared multiple correlation coefficients. The estimates of the direct and
indirect effects were based on 1000 bootstrap samples, being presented in
parenthesis the corresponding 95% confidence intervals of these bootstrap
estimates.

TABLE 1. Standardized effects (95% confidence intervals) in partial mediation
model

Primary cognitive apparaisal Burnout

Threat Challenge Indirect Direct
perception perception effect effect

Stress 0.382∗∗ −0.350∗∗ 0.212∗∗ 0.524∗∗

(0.267; 0.490) (-0.456; -0.239) (0.126; 0.330) (0.339; 0.696)
Threat 0.339∗∗

perception (0.153; 0.497)
Challenge −0.237∗∗

perception (−0.401;−0.056)
R2 0.15∗∗ 0.12∗∗ 0.69∗∗

(0.071; 0.240) (0.057; 0.208) (0.455; 0.990)
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4 Conclusions

It can be observed that the partial mediation model explained 15% of the
variance associated with threat perception and 12% of the variance asso-
ciated with challenge perception. Also, this model explained 69% of the
variance in the burnout experience. Stress increased burnout both directly
and indirectly, being confirmed the partial mediation effect of primary cog-
nitive appraisal on the relation between stress and burnout. As predicted,
occupational stress was related to primary cognitive appraisal, both posi-
tively (threat perception) and negatively (challenge perception). Also, pri-
mary cognitive appraisal was positively (threat perception) and negatively
(challenge perception) related to burnout.
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Abstract: Entropy-type measures for the heterogeneity of data have been used
for a long time. In a mixture model context, entropy criterions can be used to
measure the overlapping of the mixture components. In this paper we study an
entropy-based criterion in mixtures of linear regressions to measure the closeness
between the mixture components.
We show how an entropy criterion can be derived based on the Kullback-Leiber
distance, which is a measure of distance between probability distributions. To
investigate the effectiveness of the proposed criterion, a simulation study was
performed.
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1 Introduction

Finite mixture models are a well-known method for modelling data that
arise from a heterogeneous population (e.g., see McLachlan and Peel, 2000;
Fruhwirth-Schnatter, 2006 for a review). The study of these models is a
well-established and active area of statistical research and mixtures of re-
gressions have also been studied fairly extensively. Mixtures of linear re-
gressions have also been studied extensively, especially when no information
about membership of the points assigned to each line was available.
The mixture of linear regression model is given as follows:

yi =


xTi β1 + εi1 with probability π1,
xTi β2 + εi2 with probability π2,

...
xTi βJ + εiJ with probability πJ

(1)

where yi is the value of the response variable in the ith observation;
xTi (i = 1, . . . , n) denotes the transpose of the (p+1)-dimensional vector
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of independent variables for the ith observation, βj (j = 1, . . . , J) denotes
the (p+1)-dimensional vector of regressor variables for the jth component,
πj are the mixing probabilities (0 < πj < 1, for all j = 1, . . . , J and∑
j πj = 1). Finally, εij are the random errors; under the assumption of

normality, we have εij ∼ N(0, σ2
j ), (i = 1, . . . , n; j = 1, . . . , J).

2 Statistical Entropy

The Kullback-Leibler(KL) information (Kullback, 1959), also known as
Kullback’s directed divergence, is the measure of information discrepancy
between f(x) and g(x), which is defined as

KL(f : g) =

∫
f(x)log

f(x)

g(x)
dx

where f(x) is referred to as the reference distribution. The Kullback’s di-
rected divergence can be considered as a kind of a distance between the
two probability densities, though it is not a real distance measure be-
cause it is not symmetric. An alternative directed divergence is the Kull-
back’s symmetric divergence defined as the sum of two directed divergences
(Frühwirth-Schnatter, 2006),

J(f : g) = KL(f : g) +KL(g : f) =

∫
f(x)log

f(x)

g(x)
dx+

∫
g(x)log

g(x)

f(x)
dx

(Leisch,2004) uses the Kullback-Leibler(KL) information to diagnose which
components overlap in a mixture model.
Although there are many possible distance measures between two densities
available in literature, the Kullback’s symmetric divergence is attractive
because of its simplicity and analytical tractability for mixtures models.

2.1 An entropy-based criterion

Consider a two-component mixture of linear regressions,

f(y|x) = π1f1(y; xTβ1, σ
2
1) + π2f2(y; xTβ1, σ

2
2).

Based on Kullback’s symmetric divergence, we define a criterion (EC)
to study the overlapping of the mixture normal components in a two-
component mixture of linear regressions,

EC(π1f1 : π2f2) = KL(π1f1 : π2f2) +KL(π2f2 : π1f1) =
= 2π1ln(π1

π2
) + ln(π2

π1
) + π1KL(f1 : f2) + π2KL(f2 : f1)

with

KL(fi : fj) =
n

2
(ln

σ2
j

σ2
i

+
σ2
i

σ2
j

) +
1

2σ2
j

(xTβi − xTβj)
2 − n

2
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3 Simulation study

To investigate the effectiveness of the proposed criterion, a simulation study
was performed. We used the freeware R to develop the simulation program.
Consider the mixtures of linear regressions,
mixture model 1: f(y|x) = π1f1(y; xTβf1, σ

2
f1) + π2f2(y; xTβf2, σ

2
f2)

mixture model 2: g(y|x) = π1g1(y; xTβg1, σ
2
g1) + π2g2(y; xTβg2, σ

2
g2).

Samples of size n = 100 were generated for each set of true parameter
values shown on Table 1 and the mixing proportion π1 = {0.2, 0.4, 0.8}. We
considered two typical configurations of the true regression lines: parallel
and concurrent. For each type of simulated data set, 200 samples of size n
were simulated.

TABLE 1. True parameter values for the essays

Configuration Mixture 1 Mixture 2

β01 β11 β02 β12 σ2f1 σ2f2 β01 β11 β02 β12 σ2f2

concurrent/concurrent 2 1 4 -1 0.35 0.5 0 1 2 -1 0.5
paralell/paralell 1 1 3 1 0.35 0.5 3 1 5 1 0.5

paralell/concurrent 2 1 4 -1 0.35 0.5 3 1 5 1 0.5
concurrent/concurrent 0 1 2 -1 0.15 0.35 4 1 6 -1 0.5

paralell/paralell 1 1 4 1 0.3 0.35 3 1 6 1 0.5
paralell/concurrent 1 1 4 -1 0.3 0.35 2 1 4 -1 0.5

The simulation process consists of the following steps:

• Create a data set of size n = 100 of mixture model 1. Fit a mixture of
linear regression models to the data using the EM algorithm. Save the
estimated parameters Ψ̂ = {(π̂1, π̂2, β̂f1, β̂f2, σ̂

2
f1, σ̂

2
f2)} and calculate

the estimated ÊC.

• Determine σ2
g1 so that the two mixture models (mixture model 1 and

mixture model 2) have the same estimated EC value.

• Create a data set of size n = 100 of mixture model 2. Fit a mixture of
linear regression models to the data using the EM algorithm. Save the
estimated parameters Ψ̂ = {(π̂1, π̂2, β̂g1, β̂g2, σ̂

2
g1, σ̂

2
g2)} and calculate

the estimated ÊC.

• Calculate the Mahalanobis distance between estimated and true pa-
rameters values in mixture model 1 and in mixture model 2.

• The Mann-Whitney test is used for testing the equality of the two
Mahalanobis distances.
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4 Conclusion

In this article, we define an entropy-based criterion in two component mix-
tures of linear regressions to measure the overlapping of the mixture com-
ponents.
We note the following general findings:

• When the true regression lines are parallel in two mixtures models and
the degree of overlap between two components is the same, there is no
differences between the two estimates of the parameters of mixtures
of linear regressions ;

• When the true regression lines are concurrent in two mixtures mod-
els and the degree of overlap between two components is the same,
there is no differences between the two estimates of the parameters
of mixtures of linear regressions ;

• When the true regression lines are parallel in one mixture model
and concurrent in another mixture model and the degree of overlap
between two components is the same, there is no differences between
the two estimates of the parameters of mixtures of linear regressions.

We may conclude that the configurations of the true regression lines does
not affect the performance of the EM algorithm, but only its degree of
overlapping.
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1 Introduction

Inter alias, traffic policies are often motivated by the need to improve air
quality in terms of pollutants concentration reduction. Hence a fundamen-
tal step is to assess if a given policy actually obtains first a relevant reduc-
tion of emissions of pollutants in the atmosphere and therefore a relevant
reduction of pollutants concentrations. Emissions are sometimes assessed
using computational models for car traffic intensity, typology and ageing.
In this paper, we apply a general statistical methodology for spatiotempo-
ral impact assessment based on concentrations observed trhough air quality
monitoring networks. In this context, we consider changes of concentrations
observed in traffic stations and pertaining to primary pollutants as prox-
ies of emission changes. Moreover, changes in secondary pollutants and/or
ground stations do prompt for more fundamental changes of population
exposure.
The general approach proposed is illustrated by to important case studies.
The first one is related to the introduction of a socalled ”congestion charge”
in the city of Milan. According to it, from January 16, 2012, drivers are
rquired to pay a fee of five Euros for entering the central area, known as
”Area C ” and reported in Figure 1. As discussed in Fasssò (2013), in the
first two months, car traffic decreased by 36% in Area C and, at the overall
city level, Municipality reported a traffic reduction by 6% which started
at the beginning of January, before the congestion charge. This preemptive
reduction may be partly due to the preparatory campaign played out by the
administration and partly to an overall decrease in gas consumption at the
national level caused by the economic crisis. January and February were
cold and heavily polluted months with a large number of days exceeding
the thresholds fixed by the European regulations (see Arduino and Fassò,
2012). Although the congestion charge is intended as a measure of traffic
control, the question which arises is whether there has been an impact on
air quality or not. We will focus here on two important compounds entering
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most air quality indexes, namely particulate matters and nitrogen oxides
which are important for their toxicity. Particulate matters are predomi-
nantly secondary pollutants. Hence they have a background level which
is large in percentage and difficult to reduce through local traffic policies.
Moreover their health effects are known to depend not only on their con-
centration but also on particle size, composition and black carbon content,
therefore, having extensive data on particle numbers (see e.g. Hong-di and
Wei-Zehn, 2012) or on black carbon content (see e.g. Janssen et al. 2011)
would be very useful to understand air quality from a health protection
point of view. To a large extent, total nitrogen oxides are compounds of
primary pollutants. Hence they are closely linked to local traffic and have a
background level which is smaller in percentage than particulate matters.
The second case study is related to the city of Turin and the various restric-
tions relized since 2010. Some restrictoins are related to the central ZTL
area, other are global measures. We than have to face a multi-intervention
analysis problem.
The rest of the paper is organized as follows. In Section 2 we introduce a
general spatiotemporal model, which is capable of various levels of com-
plexity according to the information content of the underlying monitoring
network. The model allows us to estimate the impact on air quality and the
reduction of human exposure following the considered environmental policy.
Maximum likelihood estimation is obtained by a version of the EM algo-
rithm and impact testing is proposed as a likelihood ratio test. In section 3,
the above approach is applied to the introduction of the congestion charge
in Milan city. In particular the result of Fassò (2013) are here generalized
to the multivariae case. In section 4, the data of Turin traffic restrictions
are considered.

2 Spatio temporal surveillance model

We consider here a general multivariate spatio-temporal model given by

y (s, t) = β (s, t)
′
x (s, t) + ε (s, t) (1)

where y (s, t) is a q − dim vector of measurements of interest at location
s ∈ R2 and time t = 1, 2, ..., T (e.g. days or hours); x (s, t) is a k − dim
covariate vector (including unity); β (s, t) is a q × k stochastic coefficient
matrix whose elements are given by

βij (s, t) = βij + γijZij (t) + δijωij (s, t)

where βij , γij and δij are coefficients to be estimated; moreover Z (t) =
vec (Zij (t)) is the common temporal component given by a vector Gaussian
Markovian process

Z (t) = GZ (t− 1) + η (t)
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with standardized innovations η NID (0, I) and diagonal persistence ma-
trix G; ω (·, t) is the spatial component given by iid replicates of a stan-
dardized Gaussian linear coregionalization model (LCM) with exponential
correlation parameter θ; finally ε (s, t) is a Gaussian white noise in space
and time.
This model is quite flexible and has been used for computing the distribu-
tion of airborne pollutants human exposure in Finazzi et al (2013) . More-
over it has been shown useful for spatial clustering of geolocated time se-
ries as in Finazzi and Scott (2013) . Maximum likelihood estimation of this
model is based on the EM algorithm as in Fassò and Finazzi (2011) and
Finazzi and Fassò (2013).
In order to cover for spatio-temporal analysis, we modify equation (1) by
adding the impact α as follows:

y (s, t) = −α (s, t) + β (s, t)
′
x (s, t) + ε (s, t) (2)

Denoting the intervention time by t∗, the spatial impact of the traffic re-
duction is defined as

α (s, t) =

{
0 t < t∗

α (s) t ≥ t∗

where α (s) ≥ 0 defines a step impact, allowing spatial variations. In gen-
eral, α may be a random impact or a deterministic one. For example Fassò
(2013) use α (s) = α1 for s in city center and α = α2 elsewhere.

3 Milan case study

Using model (2) , Fassò (2013) found a reduction of 8% with se = 0.035
for particulate matters (PM10) and a reduction of 19% with se = 0.032 for
Nitrogen oxides (NOx). Here, using a multivariate extension we will exploit
the maximum information of Milan data in order to reduce uncertainty.

4 Turin case study

The city of Turin, in recent years, experienced a number of different mea-
sures to control and reduce car traffic and veichular emissions. In particular,
a number of green sundays have been established, which bar car use day-
time; moreover different selective restrictions to aged cars have been carried
out, both at city level and limited to ZTL, which is reported in Figure 2.
Following this scheme, we will analyse the problem by means of a multi-
intervention spatio-temporal analysis. This will help clarifying if these poli-
cies have an impact on local emission changes only or may be aimed at
reducing population exposure at large.
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FIGURE 1. City of Milan; Area C is delimited by the red ring.

FIGURE 2. City fof Turin; ZTL is the area delimited by blue lines.
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Abstract: Firms’ size is a mainstream in the study on economic growth. Within
this research area, this work analyses the presence of different marginal returns
to labour with the aim of suggesting new insights for the Italian manufacturing
system. We consider a two stage approach combining the order-m non-parametric
frontier estimation and the ’broken-line’ regression models. An homogeneous sam-
ple of manufacturing Small and Medium Enterprises (SMEs) extracted from the
Database of Italian Ministry of the Economy and Finance annual survey (Studi
di Settore) is used for the application of the proposed methods.

Keywords: Efficiency; Manufacturing; Frontier; Robust order-m; Segmented

1 Introduction

The research aims at evaluating the differential productive efficiency for a
given set of Italian manufacturing firms in order to estimate critical nodes
within which companies are structurally similar.
In order to analyze firms’ efficiency, the frontier approach allows a clearer
and more accurate analysis of marginal rates of substitution and of the
different individual productivity than regression (Daraio and Simar, 2007).
Within the nonparametric efficiency techniques, Florens and Simar (2005)
proposed a two stage method for estimating the parametric model in an
original way overcoming most drawbacks of the classical approaches: first,
plot the cloud of data points estimating the nonparametric frontier to out-
line, in a flexible and robust way, the shape of boundary and, secondly, fit
the stochastic linear model on these projected points.
Since the full parametric approximation in the second stage is too restric-
tive, we propose to evaluate only some properties of the frontier, i.e. the
presence of thresholds within which companies are structurally similar, with
the aim of examining the impact of company size on manufacturing firm
efficiency in a “best practice” framework.

This document does not necessarily reflect the official opinion of the SOSE -
Soluzioni per il Sistema Economico S.p.A. and commits only the authors.



592 Efficiency of Italian manufacturing firms

The paper is structured as follows: the estimating algorithm is described
in section 2, an application to Italian manufacturing Small and Medium
Enterprises (SMEs) in section 3 and conclusions in section 4.

2 Methods

Denoting X as the single input associated to the single output Y , the
Data Generating Process (DGP) of (X,Y ) is supposed to be completely
characterized by:

HXY (x, y) = Prob(X ≤ x, Y ≥ y), (1)

and the support of HXY , noted as Ψ, is interpreted as the probability of
a unit operating at the level (x, y) to be dominated. In an input oriented
framework, this joint probability can be decomposed as follows:

HXY (x, y) = Prob(X ≤ x|Y ≥ y)Prob(Y ≥ y)

= SX|Y (x|y)FY (y).
(2)

An input oriented efficiency score θ̂(x, y) for (x, y) ∈ Ψ is defined for all y
with FY (y) > 0 as:

θ̂(x, y) = inf{θ|(θx0, y0) ∈ Ψ}
= inf{θ|H(θx, y) > 0}.

(3)

By considering the two stage analysis as proposed by Florens and
Simar (2005), the efficient frontier and the θ̂(x, y) scores are estimated, in
the first step, via the order-m approach in order to mitigate the bias due to
the presence of influential observations (Cazals et al.,2002). While keeping
its nonparametric nature, the expected order−m frontier does not impose
convexity on the production set and allows for noise (with zero expected
values). As highlighted by Daraio and Simar (2007), the order-m efficiency
score can be seen as the expectation of the minimal input efficiency score
of the unit (x, y), when compared to m units randomly drawn from the
population of firms with output levels greater than y. This is certainly
a less extreme benchmark for the unit (x, y) than the ’absolute’ minimal
achievable level of inputs: it is compared to a set of m peers (potential
competitors) producing more than its level y taken as a benchmark.

Given the estimation of the individual efficiency scores θ̂(x, y), we propose,
in the second step, to study only some aspects of the frontier and especially
the different marginal returns to labor in terms of breakpoints varying
with inputs rather than the full stochastic parametric approximation of
the production frontier as usually done. To meet this purpose, we use a
piece-wise or segmented linear regression model (Muggeo, 2003) in order to
bypass strong assumptions regarding the production function form and its
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stochastic properties and to identify the inflection points (i.e. thresholds)
in the production frontier of the efficient SMEs.
Roughly speaking, in a simple linear regression context, denoting by (xi, yi)
the ith observation (i = 1, 2, . . . , n) associated to the response variable Y
(i.e. output) and the covariate X (i.e. input), a segmented relationship
between µ = E(Y |X = x) and X can be formulated as follows:

E(Y |X = x) = µ = β0 + β1X + β2(x− ψ)+, (4)

where (x−ψ)+ = (x−ψ)× I(x > ψ) and I(·) the indicator function equal
to one if the condition is verified; according to such model specification,
β1 is the left slope, β2 is the difference-in-slopes and ψ is the breakpoint
(Muggeo, 2008).
The estimation procedure may be easily summarized as follows:

• estimation of an efficiency score for each SMEs without assuming an a
priori functional form of the efficient frontier by order−m estimator;

• after selecting the subset of efficient firms on the basis of the previous
results, search for potential thresholds.

We initially fit the segmented model (4) on SMEs with θ̂(x, y) scores lying
in the [1-α, 1+α] efficiency interval, excluding from the analysis all firms

that appear to be ’super’ efficient (θ̂(x, y) > 1 +α) or inefficient (θ̂(x, y) <
1 − α). Since the choice of α ∈ (0, 1) is arbitrary, we suggest to evaluate

the robustness of the associated ψ̂ by varying the α value.

3 Application

The application has been carried on n = 1053 firms belonging to an ho-
mogeneous sample of Italian SMEs operating in the mechanical sector
(Database of Italian Ministry of the Economy and Finance annual survey,
Studi di Settore) given its key role in the Italian manufacturing produc-
tive system and considering that the engineering sector accounts for more
than 42% of total manufacturing added value (Federmeccanica, 2006). Fur-
thermore, its contribution to technological innovation exploited by other
industries determines a greater competitiveness of the overall industrial
production process.
Given the peculiarities of the sector under consideration and for sake of
simplicity, the production process is here specified by considering a single
input (number of Employees) and a single output (Revenues in Euro).

Figure 1 shows the presence of a strong change in slope at ψ̂ = 20.83
(α = 0.2) suggesting a decrease in the marginal return to labor around 80%.
Break-points kernel density, obtained by shrinking the efficiency interval,
assesses threshold stability.
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FIGURE 1. Segmented frontier (red line) and ψ̂ kernel density.

4 Conclusions

This work provides a novel framework to evaluate efficiency of Italian man-
ufacturing firms, in an attempt to partially fill the existing gap in the rel-
evant literature due essentially to the lack of firm level data. We propose
a flexible two step procedure finding new insights associated to the SMEs
size. Results should be deeply analyzed by including in the model internal
and external factors associated with tangible and intangible factors such as
R&D, human capital, public infrastructure and degree of internalisation.
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Abstract: The presence of missing data in longitudinal datasets is a very com-
mon problem. In certain cases the missingness affects not only the accuracy of the
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1 Introduction

Longitudinal studies that collect information of the same individual re-
peatedly in time is widely used in medical research. Unfortunately when
we work with human subjects, the possibility to have missing information
is really big. This is because patients can withdraw from the study for mul-
tiple reasons, like treatment inefficacy, secondary effects or unrelated with
the study reasons (Daniels, M. & Hogan, J., 2008).
The analysis with missing values will necessarily have a loss of precision
in the estimates, since the sample size is reduced. But the biggest problem
is the potential bias that the estimates may have and this could lead to
wrong conclusions. This problem depends, not only on the method to han-
dle missing data, but on the reasons that led missing values (called missing
data mechanism)(Philipson et al. 2008, Fielding et al.,2012).
The aim of this paper is to present a simulated based comparison of dif-
ferent techniques to handle missing data under different scenarios of miss-
ing data. The simulated datasets were obtained using a real-life study of
low birth-weight conducted at a public hospital of Cali, Colombia, South
America (Bermudez et al.,2013). A random coefficient model (Verbeke &
Molenberghs, 2000) was used to fit the dataset and to create simulated
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datasets. The missing values were simulated according the three missing
data mechanism proposed by Rubin (1976).
We selected four methods to compare their performance in this study. Two
conventional methods: complete cases analysis (CC) and the simple impu-
tation method called last observation carried forward (LOCF), both widely
used nowadays (Wood et al., 2004, Fielding et al.,2012). And two more ro-
bust techniques: multiple imputation (MI) and likelihood-based methods
using all available data (we called available cases - AC).

2 Simulated Scenarios

The different datasets were simulated using the next model (Bermudez et
al.,2013),

Yij = β0 + β1tj + β2t
2
i + β3PCi + b0i + b1itj + b2it

2
j + εij (1)

Were Yij is the weight of the newborn i in the time tj , tj = (0, 12, 18, 24, 36)
(months), and PCi is 1 if the newborn’s mother had prenatal care, and 0
otherwise. β = (β0, β1, β2, β3) and bi = (b0i, b1i, b2i) are the coefficient for
fixed effects and random effects, respectively. εij is the random error. The
random effects and random error where simulated through these distribu-
tions, bi ∼ N(0,D) and εij ∼ N(0, σ2).
All the parameters θ = (β,D, σ2) were estimated fitting the model (1),
using the real data of low-birth weight.
The missing data scenarios were chosen according to the three missing data
mechanism proposed by Rubin (1976) and Little, R & Rubin, D. (2002):
Missing Completely at Random (MCAR), Missing at Random (MAR) and
Missing not at Random (MNAR). Therefore, the probability of a missing
value of Yij , for each mechanism, is,

P (Rij = 1) = α0 MCAR
P (Rij = 1) = Φ(α0 + α1yi,j−1) MAR
P (Rij = 1) = Φ(α0 + α1yi,j) MNAR

Were Rij is the missing data indicator, Rij = 1 if yij is missing, and Rij = 0
if yij is observed. We chose α0 and α1 such that the amount of missing data
in the dataset are approximately 30%

3 Methodology

According to the missing data mechanism we have three scenarios. We
created 1000 simulated datasets for each scenario. In each one we fitted
the model (1) using four selected techniques to handle missing data (CC-
LOCF-MI-AC). The comparison of these methods were made using the

relative bias of each estimate (
¯̂
θi − θi)/θi. All the simulations and results

were made using the statistical software R.
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4 Results

Table 1 displays relative bias of estimates of θ using each technique under
each missing data mechanism scenario (except the covariances of bi that
show similar results as variance of bi).

TABLE 1. estimate relative bias for each technique of handling missing data

Fix effects Random Effects

Method β0 β1 β2 β3 σ2
b0

σ2
b1

σ2
b2

σ2
ε

M
C

A
R

CC 0.00 0.00 0.00 -0.02 0.86 0.08 0.13 -0.03
LOCF 0.02 -0.19 -0.08 0.01 0.08 9.05 7.32 0.07
AC 0.00 0.00 0.00 0.00 0.63 0.08 0.13 -0.04
MI 0.00 0.00 0.00 0.00 0.63 0.08 0.14 -0.04

M
A

R

CC -0.07 -0.06 -0.05 -0.28 -0.17 -0.29 -0.03 -0.11
LOCF 0.02 -0.23 -0.12 -0.28 1.23 10.4 9.43 0.11
AC 0.00 0.00 0.00 0.00 0.65 0.09 0.16 -0.04
MI 0.00 0.00 -0.01 0.00 0.64 0.09 0.15 -0.04

M
N

A
R

CC 0.04 -0.08 -0.07 -0.13 0.61 -0.33 - 0.08 -0.07
LOCF 0.01 -0.25 -0.16 -0.07 0.60 9.05 7.69 0.02
AC 0.00 -0.04 -0.03 -0.03 0.73 -0.21 0.00 -0.06
MI 0.00 -0.04 -0.03 -0.04 0.73 -0.21 0.00 -0.06

Under MCAR scenario, only LOCF provides biased estimates of fixed
effects (β), especially underestimation the slope, the other three meth-
ods provide approximately unbiased estimates of β. Under MAR conven-
tional methods provides biased estimates, both methods underestimated
the slope, and the prenatal care effect. Meanwhile, MI and AC provide
unbiased estimates of all fixed effects.
Under MNAR scenario, all methods provide biased estimates, but MI and
AC with less bias in all parameters. Under all scenarios of missing data
mechanism there are biased estimates of the variance and covariance of
random effects and error. But the variances are greatly overestimated with
LOCF.

5 Conclusions

All aspects of the estimated linear mixed model (mean and variance - co-
variance structure) were influenced by the particular technique used and
the missing data mechanism, in some cases leading to different conclusions
(especially in MNAR situations). In general, CC and LOCF showed much
poorer results than MI or AC.
Although CC provides unbiased estimates under MCAR, its estimates had
the highest standard error; as expected because it does not use all avail-
able information. LOCF even under MCAR situations provides biased esti-
mates. Both show poor performance on MAR and MNAR scenarios under-
estimating the slope and the prenatal care effects, this may lead to wrong
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conclusions about the performance of the low birth-weight program of the
hospital.
Compared with traditional methods, both, AC and MI show better perfor-
mance providing unbiased estimates for fixed effects on MAR situations,
but with little biased estimates on MNAR scenario. this bias will be greater
if the proportion of missing data is larger.
Therefore, in cases when we have doubts of MCAR or MAR assumption and
MNAR is a plausible situation, is better to conduct a sensitivity analysis.
Other recommendation is to collect additional information related with
potential causes of missingness, and to include it in the multiple imputation
analysis. Schafer & Graham (2002) assert that this extra information may
effectively convert an MNAR situation to MAR.
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Abstract: Our work considers Bayesian estimation of a discrete choice model for
household labor supply in Austria which provides a basis for a microsimulation
approach. We estimate a very flexible multinomial logit model allowing for fixed
and random effects as well as choice and unit specific covariates. To perform
Markov Chain Monte Carlo (MCMC) sampling we rewrite the multinomial logit
model as an augmented model which involves some latent variables called random
utilities. The parameters appearing in the regression model are estimated by using
a data-augmented independence Metropolis-Hastings sampler.
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1 Introduction

Microsimulation approaches are widely used in economics to answer the
question on which factors influence labor supply of individuals or house-
holds. They allow for evaluating the consequences of a policy reform such
as changes in tax system, social security contributions or social transfers
(e.g. parental leave benefits) on a sample of economic units on the micro-
data level. The main variable of interest is labor supply and is chosen in
order to find out whether a policy reform causes a change in a unit’s labor
supply (e.g. enlargement/reduction of labor supply, entering/dropping out
of the labor market). It is assumed that units choose the category with the
largest personal benefit/utility from a relatively small number of labor sup-
ply alternatives. The estimation of labor supply is performed via a discrete
choice model. Although the interpretation of the results is limited since
microsimulation approaches are based on many assumptions, they enable
to simulate the effects of policy changes in advance instead of analysing
them ex post.
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Our work considers Bayesian estimation of such a discrete choice model
for household labor supply in Austria. We estimate a very flexible mixed
effects multinomial logit model incorporating both fixed and random effects
as well as choice and unit specific covariates. To perform efficient MCMC
sampling we rewrite the multinomial logit model as an augmented latent
variable model called (difference) random utility model (dRUM/RUM).
The parameters appearing in the regression model are estimated by using
a data-augmented independence Metropolis-Hastings (MH) sampler.

2 Data

Our microsimulation approach is based on the EU-SILC (European Union
Statistics on Income and Living Conditions) dataset for Austria for the
years 2004 – 2007, which contains longitudinal microdata on income,
poverty, housing, labor and living conditions amongst others. Typically,
each household is observed over a four year period, which leads to an un-
balanced panel dataset for our analysis.
To obtain the final dataset for model estimation we carry out several prepa-
ration steps (e.g. imputation of missing wages, tax/transfer calculation) us-
ing the STATA routines implemented by Grünberger (2009) and Rabethge
(2009). For the current work we only keep couple households with children
(≈ 2400 households). Since most observed males are full-time employed or
unemployed, we define 6 discrete choices of household labor supply result-
ing from the possible pair combinations of males (full-time/unemployed)
and females (full-time/part-time/unemployed), where part-time employ-
ment denotes ≥ 1 and full-time employment ≥ 35 working hours.

3 Bayesian inference

In the present work we estimate the discrete choice model by means of a
very flexible multinomial logit model allowing for fixed and random effects
as well as choice and unit specific covariates.
Let {yit} be a sequence of repeated categorical data observed for N sub-
jects i (i = 1, . . . , N) on Ti occasions t (t = 1, . . . , Ti), where each yit
is assumed to take a value in one of m + 1 unordered categories labeled
by L = {0, . . . ,m}. The probability that yit takes the value k for each
k ∈ {1, . . . ,m} in terms of covariate information is modeled by the follow-
ing multinomial logit model:

Pr(yit = k|α, ξi,β1, . . . ,βk) =
exp(xfkitα+ xitβk + xrkitξi)

1 +
m∑
l=1

exp(xflitα+ xitβl + xrlitξi)
, (1)

where α is the vector of fixed effects, βk are category specific regression
coefficients and ξi is the vector of unit specific random effects (including
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random intercept). The covariates in the model consist of xfkit, a row vector
of choice specific covariates assigned to the fixed effects, xit, a row vector of
unit specific covariates, and xrkit, a row vector of choice specific covariates
assigned to the random effects.
We estimate the regression coefficients by using MCMC sampling with
data augmentation, where the multinomial logit model is rewritten as a
latent variable model called random utility model (RUM), which was first
introduced by McFadden (1974):

u0it = xf0itα+ xr0itξi + xitβ0 + ε0it, ε0it ∼ EV (2)

ukit = xfkitα+ xrkitξi + xitβk + εkit, εkit ∼ EV (3)

yit = k ⇔ ukit = max
l∈L

ulit,

where the observed category yit is equal to the category with maximal
utility and β0 is set 0 for reasons of identifiability. The errors appearing in
(2) and (3) are i.i.d extreme value distributed (EV), so that the multinomial
logit model in (1) results as the marginal distribution of yit.
Following Frühwirth-Schnatter and Frühwirth (2010, 2012), we construct
the more efficient difference random utility model (dRUM) by choosing a
baseline category k0 = 0 and taking the difference of (2) and (3):

zkit =
[
xfkit − xf0it

]
α+ [xrkit − xr0it] ξi + xitβk + εkit, εkit ∼ LO (4)

yit =

{
0, if maxl∈L−0

zlit < 0,
k > 0, if zkit = maxl∈L−0 zlit > 0,

where zkit = ukit − u0it is defined as the difference in utility. The errors
εit = (ε1it, . . . , εmit) in (4) follow a multivariate logistic distribution LOm
with logistic marginals and are no longer independent across categories.
The variance-covariance matrix R of εit is given by

R =
π2

6
(Im + eme′m) =

π2

3


1 0.5 . . . 0.5

0.5 1 . . . 0.5
...

...
. . .

...
0.5 0.5 . . . 1

 .

Reformulating the dRUM model in (4) to a multivariate regression model
yields:

zit = Xf
itβ + Xr

itξi + εit, (5)

where

Xf
it =

xf1it − xf0it xit 0
...

. . .

xfmit − xf0it 0 xit

 , β =


α
β1
...
βk

 .
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To perform Bayesian inference we assume that the fixed effects β are a
priori normally distributed β ∼ N (b0,B0) with known hyperparameters
b0 and B0. The random effects ξi are a priori normally distributed ξi ∼
N (ξ,Q) with normal and, respectively, Inverted Wishart (IW) hyperpriors
ξ ∼ N (c0,C0) and Q ∼ IW(ν,Q0). The parameters are estimated by using
a data-augmented independence MH-sampler in the spirit of Scott (2011).
The basic idea is to construct an independence proposal density for the
unknown parameters in model (5) by approximating the error distribution
by a normal distribution with the same expectation and variance. Since
this data-augmented independence MH-sampler has proved successfully in
other applications (e.g. Fussl, Frühwirth-Schnatter and Frühwirth, 2013),
we expect a good performance for the current estimation problem and will
present first results.
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MCMC for Binomial Logit Models. ACM Transactions on Modeling
and Computer Simulation, 23, Article 3, 1 – 21.

Grünberger, K. (2009). Strukturelle Modelle des Arbeitsangebots: Eine
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Abstract: It is often of interest to model temporal trends and seasonal patterns
in environmental data sets but it is not always clear which is the best statistical
method to use. Three methods (GAM, DFA and FDA) are applied here to model
the seasonal pattern for nitrates in river water. We propose a comparison based on
comparing the shape of the seasonal patterns using a measure of visual distance,
and curvature. The results show that the shapes of the seasonal patterns differ
in terms of the location and magnitude of peaks and troughs of the signal.
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1 Introduction

The Environment Agency for England and Wales (EA) monitor river water
to ensure compliance with EU regulations (WFD, 2000) by taking measure-
ments of determinands of interest at monitoring stations located along river
networks. The EA have provided data for the period 1990 to 2010 for obser-
vations of Total Oxidised Nitrogen (TON) made at approximately monthly
intervals.
It is often of interest to model the seasonal pattern and temporal trends
in environmental spatio-temporal data sets. It is not always clear how-
ever which is the best statistical method to use. Three statistical methods
(GAM, DFA and FDA) have been applied to a subset of the EA data.
Each statistical method incorporates spatial structure in a different way.
We propose comparing the estimated seasonal patterns using a measure of
distance between curves, and curvature.

2 Statistical Methods

Additive Models (GAM’s) enable relationships between explanatory
variables and the response to be modelled as smooth functions. Model (1)
was fitted to the data from 28 monitoring stations using the mgcv package
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(Wood, 2006) in R, where s() indicates a smooth term fitted using thin plate

penalised regression splines and ε
iid∼ N(0, σ2). A natural log transformation

is used to stabilise variability in the response and a smooth spatial surface
is estimated along with a smooth temporal trend and seasonal pattern.

log(TON) = s1( Easting, Northing)+s2( Year.day)+s3( Day of year)+ε (1)

Automatic smoothing techniques such as GCV are not appropriate here
due to correlation in the errors and smoothing parameters were chosen so
the estimated curve was smooth enough to capture the main shape of the
seasonal pattern and flexible enough to capture any interesting features.
Further work is required to refine the choice of smoothing parameters. The
estimated seasonal pattern was then extracted from the model output.
In addition, GAM’s were fitted to each of the 28 monitoring stations sep-

arately as in Model (2), where ε
iid∼ N(0, σ2). The same smoothing param-

eters were used for all 28 curves and chosen as described for Model (1).

log(TON) = s1(Year.day) + s2(Day of year) + ε, (2)

The 28 seasonal patterns were extracted and used to estimated an average
seasonal pattern for the whole geographic area was estimated using two
techniques where the data of interest are the estimated seasonal patterns
and not the original data points.

Functional Data Analysis (FDA) is the analysis of information on
curves or functions (Ramsay & Silverman, 1997). The functional mean and
functional standard errors were calculated from the 28 individual seasonal
curves.

Dynamic Factor Analysis (DFA) is a dimension reduction technique
where n time series are modelled using a linear combination of m under-
lying common trends (m < n), and explanatory variables (Zuur et al.,
2003). The number of common trends to be estimated and the form of
the covariance matrix must be chosen by the user. In this work spatial
correlation not already captured by the common trends is modelled with a
non-diagonal covariance matrix. The ‘best’ model is chosen using AIC. DFA
was applied to the 28 individual seasonal patterns+residuals estimated us-
ing Model (2). The estimated common trends were smoothed using cubic
splines and the smoothing parameters were chosen in the same way as
described for Model (1).

3 Comparing the curves

Two methods are proposed here to compare the shapes of the seasonal
patterns estimated by the three methods in Section 2: (1) A hypothesis test
based on a measure of visual distance between curves and (2) curvature.
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Seasonal patterns µ(i), i = 1, .., n can be compared using a measure of
distance, dV :

dV (µ(i), µ(j)) ≡
(∫ 1

−1

δ(i, j)2dt+

∫ 1

−1

δ(j, i)2dt

) 1
2

For a given time-point t, δ(ij) is the minimum Euclidean distance between
point µ(i)(t) and all points on µ(j), i 6= j, and dV tries to capture how
similarity of curves would be assessed ‘by eye’ (see Minas et al., (2011) for
details). For each µ(i), both axes are rescaled before calculating dV thus
ensuring differences are based on shape and not scale.
Minas et al. (2011) propose the distance based test statistic DBF∆dV

=
tr(B∆dV

)/tr(W∆dV
) where tr(B∆dV

) and tr(W∆dV
) are the trace of the

distance matrices representing between and within group variability, re-
spectively. DBF∆dV

is used to test the hypotheses H0 : dV (µ(i), µ(j)) =

0 vs. H1 : dV (µ(i), µ(j)) 6= 0
Curvature, calculated using (3) where f ′(t) and f ′′(t) are the first and sec-
ond derivatives respectively of the seasonal patterns at time t, is a measure
of how ‘bendy’ a curve is. Large values indicate turning points on µ(i), and
a straight line is present in µ(i) where curvature = 0.

κ(t) =
f ′′(t)

[1 + (f ′(t))2]
3
2

(3)

4 Results
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FIGURE 1. Re-scaled seasonal patterns (left and centre, solid) with error bands
(dashed). Curvature of re-scaled seasonal patterns (right).

Figure 1 (left and middle) shows the estimated seasonal patterns. The FDA
seasonal pattern is slightly smoother than the GAM seasonal pattern. The
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best DFA model has a diagonal covariance matrix and 2 common trends
suggesting the seasonal pattern is not the same across the whole LHA.
The four seasonal patterns were shown to be significantly different (p <
0.001) using the hypothesis test described in Section 3. Inspection of cur-
vature plotted for each seasonal pattern (Figure 1) makes it possible to
identify the nature of the differences. It appears that the main differences
in shape of the seasonal patterns are the time of the turning points (loca-
tion of peaks and troughs) and how sharp or shallow the turning points
are (magnitude of peaks and troughs). The comparison of DFA Trend1
and DFA Trend2 with the GAM and FDA seasonal patterns is particularly
useful in identifying that DFA Trend1 picks up the main seasonal pattern
and DFA Trend2 captures deviation from this.

5 Conclusions

The proposed comparisons illustrate that each method estimates slightly
different seasonal patterns. Since each method models spatial structure
in a different way, these differences could be due to the seasonal pattern
changing over space. Future work will include repeating these analyses to
compare the shape of the long term trend and refining the choice of smooth-
ing parameters. This work will then be extended further to incorporate the
river network structure into the models.

Acknowledgments: Special Thanks to the Environment Agency for pro-
viding the data and advice and to the EPSRC for funding this work.
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Abstract: Nonlinear principal components analysis (PCA) for categorical data
constructs new variables by assigning numerical values to categories such that the
proportion of variance in those new variables that is explained by a predefined
number of principal components is maximized. We propose a penalized version
of nonlinear PCA for ordinal variables that is an intermediate between standard
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both better interpretability of the nonlinear transformation of the category labels
as well as better performance on validation data than unpenalized nonlinear PCA.
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1 Introduction

The objective of principal components analysis (PCA) is to reduce the di-
mension of the data at hand by finding uncorrelated linear combinations
of the original variables. These linear combinations – called principal com-
ponents (PCs) – should explain as much of the variability in the original
data as possible. Here we consider ordinal variables, that is, categorical
variables with levels that can be reasonably ordered. Though many practi-
tioners simply treat category labels as numeric values and apply standard
PCA, this way of analysis may be questionable, since ordinal variables do
not have metric scale level.
The idea of nonlinear PCA for categorical data is to construct new vari-
ables by assigning numerical values to categories such that the proportion
of variance in those new variables that is explained by the first, lets say
m, PCs is maximized. This process is called ‘optimal quantification’, ‘op-
timal scaling’ or ‘optimal scoring’; cf. Linting et al. (2007). However, while
the found transformations – the ‘quantifications’ – maximize the explained
variance on the data at hand, the ‘training data’, it is by no means clear
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that they will also work well on new data. In fact, by simply maximizing the
explained variance on the training data, often the found transformations
rather account for random fluctuations in the data than for substantial
nonlinearity. In addition, the obtained quantifications are sometimes er-
ratic and thus hard to interpret. Here, we propose a penalized version of
nonlinear PCA for ordinal variables that is an intermediate between stan-
dard PCA on category numbers and nonlinear PCA as described above.

2 Penalized Principal Components Analysis

The idea of PCA is to find uncorrelated, standardized linear combinations
yir = xT

i ar of the original data xi = (xi1, . . . , xip)
T, with the variation

in the original data that is explained by the first m vectors of loadings
a1, . . . , am, ar = (ar1, . . . , arp)

T, being as large as possible.
With ordinal variables, vectors xi contain only integers 1, 2, . . ., with en-
try xij indicating the level of the jth variable that is observed at the ith
subject. As numbers 1, 2, . . . are just class labels, linearity in these labels
as assumed by usual PCA is very restrictive and actually not appropriate
for categorical data. Therefore, nonlinear PCA constructs new variables by
assigning numerical values to categories in terms of φij = ϕj(xij), with
scaling functions ϕj : N → R. Then, standard PCA as described above is
applied to the recoded variables. To find appropriate, or ‘optimal’ func-
tions ϕj , the proportion of variance in the transformed variables that is
explained by the first m PCs is maximized, with m being fixed at a certain
value. For that purpose, it is useful to consider the a1, . . . , am and corre-
sponding score vectors y1, . . . , ym, yr = (y1r, . . . , ynr)

T, as the solution of

the least squares problem L(Y,A) =
∑
j

∑
i (xij −

∑
r yirarj)

2 −→ min,
with (Y )ir = yir, (A)jr = arj . For nonlinear PCA, criterion L(Φ, Y, A) =∑
j

∑
i (φij −

∑
r yirarj)

2
is minimized as a function of matrices A, Y and

Φ, with (Φ)ij = φij = ϕj(xij); see Linting et al. (2007). Now, A and Y
correspond to loadings and respective PC scores when using the trans-
formed variables. Scaling function ϕj can also be represented by the vector
θj = (θj1, . . . , θjkj )

T where θjl is the value that is assigned to category l of
the jth variable, kj denotes the highest level of variable j.
For fixed quantifications Φ, L(Φ, Y, A) is minimized by the usual PCA
solution on data matrix Φ (note, we just replaced X by Φ). For fixed Y
and A, minimization of L(Φ, Y, A) becomes a “regression problem”

L(Φ, Y, A) =
∑
j

∑
i

(uij − zT

ijθj)
2 −→ min, (1)

with uij =
∑
r yirarj , and zij = (zij1, . . . , zijkj )

T being a design vector of
length kj with entry zijl = 1 if at subject i variable j has value l, and zero
otherwise. For finding the final solution, Φ and {Y,A} are alternately fixed
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at their current value, and it is cycled through the two optimization steps
until convergence.
When L(Φ, Y, A) at (1) is considered, however, only the nominal scale level
of the variables is used. In regression problems, it has been proposed to
use special penalties to incorporate the covariates’ ordinal scale level; see,
e.g., Tutz and Gertheiss (2012), and references therein. Similar approaches
can be used here. In particular, penalizing nonlinearity in the coefficients
as done in Gertheiss and Oehrlein (2011) seems promising. The idea is not
to minimize L(Φ, Y, A) as a function of θ = (θT

1 , . . . , θ
T
p )T, but its penalized

version
Lp(Φ, Y, A) =

∑
j

∑
i

(uij − zT

ijθj)
2 + λJ(θ). (2)

For penalty J(θ) we choose J(θ) =
∑p
j=1

∑kj−1
l=2 ((θj,l+1 − θjl) − (θjl −

θj,l−1))2. By using this penalty, we penalize nonlinearity in the θ-coefficients
that belong to the same variable. The strength of penalization is controlled
by parameter λ. With λ = 0, optimal scaling for categorical variables as de-
scribed above is obtained; with λ→∞, coefficients are forced to be linear,
which is equivalent to usual PCA using class labels 1, 2, . . . , kj for variable
j. With 0 < λ < ∞, coefficients are nonlinear but smoother than with
unpenalized nonlinear PCA, which makes good sense for ordinal variables,
as wiggly coefficient vectors θj are hard to interpret.

3 Illustration and Application

We illustrate the proposed method using the ehd data from the R package
psy (Falissard, 2009). The data consists of 269 observations of 20 ordinally
scaled variables forming a polydimensional rating scale of depressive mood
(Jouvent et al., 1988). Each item is measured on a five-point scale.
We scale the variables by using the presented technique for nonlinear PCA
with m = 5. Figure 1 shows some of the obtained quantifications for dif-
ferent values of smoothing parameter λ. It is seen that with larger λ quan-
tifications become more and more linear, which is equivalent to standard
(linear) PCA using just the category labels.
For evaluating the performance of our approach, we use 5-fold cross-vali-
dation. Figure 1 (right) shows the mean proportion of variance explained
as a function of penalty parameter λ (on a logarithmic scale) for both
the training data as well as the validation data. On the training data,
this function is of course monotonically decreasing in λ, as with smaller
λ more emphasis is put on the data. For λ = 0, the original nonlinear
PCA approach is obtained, where the explained variance is maximized by
construction. On the validation data, however, it’s a different story. Here,
unpenalized nonlinear PCA (see λ → 0) is even worse than standard (lin-
ear) PCA, which is obtained for λ→∞. The best results on the validation
sets, however, are obtained for λ-values between 1 = 100 and 10 = 101. To
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FIGURE 1. Left/middle: Category quantifications obtained by penalized nonlin-
ear PCA for different values of penalty parameter λ = 0 (solid ◦), λ = 1 (dashed
M), λ = 10 (dotted +). Right: Mean proportion of variance explained by the first
5 PCs as a function of penalty parameter λ when 5-fold cross-validation is used
for performance evaluation.

obtain the final scaling rule, we would use λ = 100.3, where the explained
variance on the validation data is maximized.

References

Falissard, B (2009). psy: Various procedures used in psychometry. R pack-
age version 1.0.

Gertheiss, J. and Oehrlein, F. (2011). Testing linearity and relevance of or-
dinal predictors. Electronic Journal of Statistics, 5, 1935 - 1959.

Jouvent, R., Vindreau, C., Montreuil, M., Bungender, C., and Windlocher, D.
(1988). La clinique polydimensionnelle de humeur depressive: Nou-
velle version echelle ehd. Psychiatrie et Psychobiologie, 3, 245 - 253.

Linting, M., Meulman, J.J., van der Kooij, A.J., and Groenen, P.J.F.
(2007). Nonlinear principal components analysis: Introduction and
application. Psychological Methods, 12, 336358.

Tutz, G. and Gertheiss, J. (2012). Rating scales as predictors – the old
question of scale level and some answers. Psychometrika, accepted
for publication.



Selection of mixed beta regression model for
longitudinal data

Viviana Giampaoli1, Olga Usuga2, Patricia Bertolotto3

1 Departamento de Estat́ıstica, Universidad de São Paulo, Brasil ,
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Abstract: Generalized Additive Models for Location, Scale and Shape
(GAMLSS) is a general class of statistical models that include a beta regression
model. To select predictors and covariate effects in GAMLSS are used different
strategies. In this work we proposed a methodology to select mixed beta regres-
sion models for longitudinal data and we study the performance of the strategies
used in GAMLSS. A simulation study comparing the strategies for model se-
lection in relation to percentage of times the correct model was chosen and the
observed efficiency is presented. According to the simulation results the proposed
method seems to be a promissory method.
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1 Introduction

The GAMLSS proposed by Rigby and Stasinopoulos (2005) are an alter-
native when it is intended to model longitudinal data related to rates or
proportions. Strategies for model selection in GAMLSS are perfomed by
different functions on the package gamlss. In this work, we propose one
strategy to select mixed beta regression models for longitudinal data and
we study the performance of this strategy and the strategies for model
selection in GAMLSS.

2 Mixed beta regression model

Let yij be the response value for subject i at time tij , i = 1, 2, . . . , N ,
j = 1, 2, . . . , n. In the beta random intercept model, it is assumed that the
conditional distribution of yij given γi = (γi1, γi2)T follows a distribution
beta with a density determined by f(y;µ, σ) = 1

B(α,β)y
α−1(1−y)β−1, where

α = µ(1−σ2)/σ2, β = (1−µ)(1−σ2)/σ2, 0 < µ < 1, and 0 < σ < 1. We will

assume the following model yij | γi1, γi2
ind∼ Be(µij , σij), γi1

i.i.d∼ N(0, λ2
1),
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γi2
i.i.d∼ N(0, λ2

2), where λ1 and λ2 are the standard deviation of random
effects. This model is obtained by assuming that the mean and disper-
sion parameter of yij satisfy the following functional relations logit(µij) =
xTij1β1 + γi1, (σij) = xTij2β2 + γi2 where xij1 = (xij11, xij21, . . . , xijp11)T

and xij2 = (xij12, xij22, . . . , xijp22)T contain values of explanatory vari-
ables, β1 = (β11, β21, . . . , βp11)T and β2 = (β12, β22, . . . , βp22)T are the
fixed parameter vectors, and γi is the random intercept vector.

3 Model selection

3.1 Model selection in gamlss

Rigby and Stasinopoulos (2005) discussed a variety of strategies to select
predictors and covariate effects in GAMLSS. They proposed to use a gener-
alized version of the AIC, defined as GAIC(a) = −2`(θ̂) + adf. The GAIC
consists of the negative log-likelihood and a fixed penalty factor amultiplied
by the total effective degrees of freedom df. Note that a = 2 or a = log(n)
leads to the classical AIC or Bayesian information criterion respectively.
The strategies to select predictors and covariate effects are performed by
the functions stepGAIC, stepGAICAll.A and stepGAICAll.B of the gamlss
package. In these functions we can define or not the scope of the models,
that is the range of models examined in the stepwise search.

3.2 Model selection proposed

We propose an appropriate methodology to select beta regression models
with random effects for longitudinal data that combines the model selec-
tion method of the GAMLSS and the linear mixed models with longitudinal
data proposed by Rigby and Stasinopoulos (2005) and Ryoo (2010), respec-
tively. The addition and elimination the terms on the regression structure
is performed by forward and backward procedures. The methodology is
performed by the function AICP that is implemented in this work and has
the following strategy:

1. Build a model for µ using the following approach I. In this approach
we start with a random intercept model, then, step by step, we add
the time variable, the covariates, the interactions between the time
variable and covariates and finally we include the random effects.

2. Given the model for µ build a model for σ using the approach I.

3. Given the model for σ check whether the terms for µ are needed using
the approach II. In this approach we start with a saturated random
intercept model, then, step by step, we eliminate the terms of the
polynomial time and we add the covariates, the interactions between
the time variable and covariates and finally we add the random effects.
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4 Simulation Study

In this section, we compare the performance of the different strategies to se-
lect predictors and covariate effects in mixed beta regression model for lon-
gitudinal data through a Monte Carlo simulation study. The strategies that
we compare are performed by the functions stepGAIC (G), stepGAICAll.A
(A), stepGAICAll.B (B) and AICP (P). The criterion that we use is the clas-
sical AIC. In the first three functions we can define or not the scope of the
models and in the function AICP is not defined this argument. We consider
n observations taken from each of N subjects. Observations yi1, yi2, . . . , yin
are taken at time points ti1, ti2, . . . , tin, i = 1, 2, . . . , N . The time was gen-
erated from t = (n − 1)/n and the data were generated according to the
model: logit(µij) = β11 + tijβ21 + γi1, logit(σij) = β12 + tijβ22, where
i = 1, 2, . . . , N ,j = 1, 2, . . . , n and β11 = 0.10, β21 = −0.10, β12 = −0.15,
β22 = 0.15 and γi1 ∼ N(0, λ2). The number of observations per subject
is n = 3, the number of subjects are N = 10, 20, 50 and the standard
deviation of random effect is λ = 0.5. Three models were fitted to the
data, the regression structures for the parameter µ are given in Table 1
and the regression struture for the parameter σ is the same of the previous
model. The continuous covariates xij1, xij2, and xij3, which are not time
dependent, are generated from U(0, 0.5). In each experiment, we run 1000
iterations and we assess the performance of the strategies through the per-
centage of times the correct model was chosen and the observed efficiency
OE = ‖µc − µs‖2, where µc and µs are the mean vectors of the correct and
selected models, respectively. The simulations were performed in R.14.3.

TABLE 1. Fitted models.

Model Regression structure for µ P.

M1 logit(µij) = β11 + tijβ21 + xij1β31 + γi1 4
M2 logit(µij) = β11 + tijβ21 + xij1β31 + xij2β41 + γi1 5
M3 logit(µij) = β11 + tijβ21 + xij1β31 + xij2β41 + xij3β51 + γi1 6

The Table 2 display the percentage of times the correct model is chosen
when three models are fitted to the data, respectively. The results show
that when we not define the range of models examined in the stepwise
search the gamlss functions exhibit weakest performance, returning the
lowest percentage of correct model identification and low efficiency. It is
also been that when the number of subjects N is large the percentage of
times the correct model is chosen and the observed efficiency increased.
The increased of the covariates on the fitted model decrease the percentage
of times the correct model is chosen and the efficiency for the strategies A,
B and P.



614 Selection of mixed beta regression model

TABLE 2. Percentage of times the correct model is chosen when three models
are fitted to the data.

Without scope With scope

Model N G A B G A B P

M1 10 0 14 15 89 77 54 62
20 0 20 18 100 79 64 63
50 0 21 17 100 79 72 70

M2 10 2 6 4 80 50 30 40
20 8 14 13 100 63 42 47
50 9 17 11 100 65 53 53

M3 10 3 4 6 43 43 28 46
20 9 9 10 34 34 21 47
50 11 11 11 47 46 30 49

5 Conclusions

When we compared the strategies P and the strategies G, A and B with-
out define the range of models examined in the stepwise search on the
percentage of times the correct model is chosen the strategy P has better
performance. Thus, the use of the proposed methodology is important in
case there are not predetermined models. In another situation, the percent-
ages presented by strategies G and A are slightly higher than P. However,
in general, for the observed efficiency the strategy P had a performance
similar to A and slightly higher than G.
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1 Introduction

We will assume that at any time the operator of the repairable system can
decide to perform a (perfect) preventive maintenance (PM) action, which
leaves the system in as good as new condition. A PM policy specifies the
moments at which the system is maintained. On the other hand, every
time the system fails between two successive PM actions, it is necessary to
perform a repair action to bring it back to operating condition. Usually
it is assumed that such action is a minimal repair (MR), in the sense
that it leaves the system at the same condition it was immediately before
failing (i.e., as good as old). Under MR, the optimal PM periodicity can
be determined after noting that, in this case, the failure history of the
system follows a nonhomogeneous Poisson process (NHPP). (Gilardoni and
Colosimo, 2007) The argument goes essentially as follows. Let N(t) be the
number of failures in (0, t] and define the mean function H(t) = EN(t), the
intensity h(t) = H ′(t), and assume that h(·) is increasing. If the PM and
MR actions have fixed costs CPM and CMR and one decides to perform
PMs at every τ units of time, the expected cost per unit of time would be

C(τ) = [CPM + CMRH(τ)]/τ . (1)

Differentiating, one finds the optimal periodicity τOPT as the solution of

D(τ) = τh(τ)−H(τ) = CPM/CMR . (2)
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In practice, h and H are unknown and hence have to be estimated and
plugged in (2) to obtain an estimate of τOPT (cf. Gilardoni and Colosimo,
2007, 2011 or Gilardoni et al, 2013).
Assuming MR actions at each failure may be too restrictive in practical
applications. More realistic models assume that, after each failure, an im-
perfect repair (IR) action leaves the system at some point between the as
good as old and the as good as new conditions. For instance, Kijima et al
(1988) introduced a class of virtual age models to describe the operation
of a system under IR. In its simplest form, the model assumes a baseline
intensity λ(t) and that, after a failure, the repair reduces the actual age
of the model by a factor θ. Hence we have actual age t and virtual age
V (t) = t− tN(t) +θtN(t), so that the intensity of failure at time t is actually
λ[V (t)], where 0 < t1 < · · · < tn < · · · are the failure times. The parameter
θ measures the degree of the IR; θ = 0 and θ = 1 correspond respectively
to PM and MR.
Focusing on optimal PM periodicity, may be somewhat shortsighted, in
the sense that it does not take into account the history of the process and
hence makes sense only in a scenario where N(t) has independent incre-
ments. If, on the other hand, the IR model results in a process with depen-
dent increments, then the history has to be considered when determining
an optimal PM policy.
The rest of this note is organized as follows. Section 2 deals with the op-
timal PM policy under any IR model. The main finding, —see equation
(6) below, states there exists a constant, independent of the history of the
process, such that a PM action should be performed whenever the con-
ditional intensity of the IR failure process given the available information
attains that constant. Finally, Section 3 deals briefly with the associated
inference problem (i.e., estimation of the optimal PM policy) in the virtual
age model.

2 Optimal PM policy under IR

As before, supposse a failure process N(t) subject exclusively to IR actions
and define H(t|s0) = H(t|H(s−0 )) = E[N(s0 + t) − N(s0)|H(s−0 )], where
H(s−0 ) is the failure history up to the moment immediately before s0. In
other words, H(t|s0) is the expected number of failures during the next t
units of time given the history of the process up to s0. We will consider
the following assumptions: First, both PM and IR actions are performed
instantaneously. Also, the operator of the system can perform a PM action
at any time, meaning that there is no delay between the diagnostic of
the necessity and the performance of a PM action. Second, the costs of
the PM and IR actions are independent of the history of the system and
have expectation CPM e CIR respectively. Third, for each s0, H(t|s−0 ) is
differentiable for every t and its derivative h(t|s−0 ) is continuous and strictly
increasing.
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A maintenance policy for the time interval (s0, S) specifies the number of
PMs n and its moments s0+τ1 < s0+τ1+τ2 < · · · < s0+τ1+· · ·+τn, where
τi > 0 and

∑n
i=1 τi < S − s0. We will write M(s0, S) = (n; τ1, . . . , τn).

Given a maintenance policy M(s0, S) = (n; τ1, . . . , τn), its expected cost
given H(s−0 ) is

C[M(s0, S)] = nCPM+CIR {H(τ1|s0)+

n∑
j=2

H(τj |0)+H(S−s0−τ1−· · ·−τn|0)} .

(3)
A maintenace policy MOPT (s0, S) is optimal if C[MOPT (s0, S)] ≤
C[M(s0, S)] for every other M(s0, S). Since the first PM action renews
the system, it should be clear that, if MOPT (s0, S) = (n, τ1, . . . , τn), then
MOPT (0, S − s0 − τ1) = (n − 1, τ2, . . . , τn). This shows that, to solve the
general case, it is important to understand the problem with s0 = 0.
The problem without information (s0 = 0). In order to obtain the
optimal policy we will proceed in two stages. First, we will assume the
number n of PMs fixed and will obtain the optimal PMs moments. Then,
we will discuss how to obtain the optimal n for an infinite horizon (i.e., for
S →∞)
Considering n fixed in (3) and differentiating with respect to τi we get
that h(τi|0) = h(S − τ1 − · · · − τn) for i = 1, . . . , n. Since h(·|0) is strictly
increasing, this implies that τi = S/(n+ 1). In other words, in this case the
optimal policy specifies in fact an optimal period.
Now, to obtain the optimal n, we substitute the previous times again
in (3) to obtain c(n) = nCPM + (n + 1)CIRH( S

n+1 |0) = S n+1
S [CPM +

CIRH( S
n+1 |0)] − CPM . Hence, to obtain the optimal n one should mini-

mize c∗(n) = n+1
S [CPM + CIRH( S

n+1 |0)]— compare with (1). Since the
function f(τ) = [CPM + CIRH(τ |0)]/τ is convex, it follows that the opti-
mal n is either nOPT = [Sτ∗ − 1] or nOPT = [Sτ∗ − 1] + 1, where τ∗ is the
minimizer of f(τ) and [a] is the integer part of a. Putting these consider-
ations together and letting S →∞, it follows that the optimal PM policy
calls for PM actions at every

τOPT = lim
S→∞

S

nOPT + 1
= B−1(CPM/CIR) , (4)

where we have defined B(t) = th(t|0) − H(t|0) =
∫ t

0
uh′(u|0) du. This is

essentially the same solution given in (2).
The general case (s0 > 0). Consider now an optimal policy M(s0, S) =
(n, τ1, . . . , τn). For large S it follows from (4) that τ2 = · · · = τn =
B−1(CPM/CIR) and n = (S − s0 − τ1)/B−1(CPM/CIR). Hence, to obtain
the optimal policy we have now to optimize with respect to the remaining
variable τ1. Substituting in (3) and differentiating with respect to τ1 we get
that the optimal policy M(s0, S) must satisfy

h(τ1,OPT |s0) = h[B−1(CPM/CIR)|0] , (5)
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nOPT =
S−s0−τ1,OPT
B−1(CPM/CIR) and τ2,OPT = · · · = τnOPT ,OPT = B−1(CPM/CIR).

Note that in a purely dynamical implementation of this solution, the only
relevant equation is (5). This is because one monitors the history of the
system (s0) up to a time which solves (5), at which moment a PM action
is performed and a renewal occurs. Then, one monitors again the history
of the renewed system (again s0) and so on. In other words, we never get
to apply the last two equations. For this reason, we call equation (5) the
fundamental law of preventive maintenance.
Moreover, although (5) may suggest that in order to implement the opti-
mal policy one has to evaluate h(t|s0) for every possible s0, if PM actions
can be scheduled without delay, one only need actually to evaluate h(t|t).
More precisely, denote by τOPT (s0) the solution of (5). In implementing
the optimal policy, the operator of the system monitors the failure history
and at each s0 computes τOPT (s0). In general he or she would have that
τOPT (s0) > s0 and will keep going without performing a PM. In other
words, the only way that a PM action would be eventually performed is if
for some s0 one has that τOPT (s0) = s0. In other words, a PM action would
be performed if and only if lims0→τ1 h(τ1|s0) = h(B−1(CPM/CIR)|0). This
is quite nice, because usually h(t|t) is much easier to compute than h(t|s0).
For instance, for the simple virtual age model, it is easy to show that
h(t|t−) == λ[t − (1 − θ)tN(t)] = λ[V (t)] (see Kijima et al, 1988). Hence,
(5) becomes now

λ[τ1,OPT − (1− θ)tN(τ1,OPT )] = h[B−1(CPM/CIR)|0] , (6)

or, remembering that V (t) = t− tN(t) + θtN(t),

τ1,OPT − tN(τ1,OPT ) = λ−1{h[B−1(CPM/CIR)|0]} − θ tN(τ1,OPT ) . (7)

In other words, a PM action will occur whenever the virtual age attains
the value λ−1{h[B−1(CPM/CIR)|0]}.

3 Statistical inference for the virtual age model

Consider the virtual age model with a baseline power law intensity λ(t) =
(β/η) (t/η)β−1 with β > 1. Suppose that the system is observed up to
time T and observed failure times at times 0 < t1 < · · · < tn < T . Let
V (ti) = θti and V (t−i ) = ti − (1− θ)ti−1. The likelihood is

L(β, η, θ) =

(
n∏
i=1

λ[V (t−i )]eΛ[V (ti)]−Λ[V (t−i )]

)
eΛ[T−(1−θ)tn] , (8)

where Λ(t) =
∫ t

0
λ(u) du = (t/η)β (see Toledo et al, 2013, for details).

In order to estimate the right hand side of (6) we proceed as follows. First,

we maximize numerically the likelihood (8) to obtain the MLEs β̂, η̂ and
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θ̂. Then, to estimate H(t|0), we simulate many systems with the estimated
parameters and use a Nelson-Aalen estimator. Following Gilardoni and
Colosimo (2011), an estimate of h(t|0) which takes into account the mono-
tonicity constraint can now be obtained as the derivative of the greatest con-
vex minorant (GCM) of the Nelson-Aalen estimate Ĥ(t|0). This estimates

Ĥ(t|0) and ĥ(t|0) can now be used to obtain B̂(t) = tĥ(t|0) − Ĥ(t|0). In-
verting B̂(t) we get an estimate of B−1(CPM/CIR). Since we already have

computed ĥ(t|0), this means that we obtain an estimate of the right hand
side of (6). Likewise, the right hand side of (7) can be estimated now after
noting that λ−1(x) = η[ηx/β]1/(β−1).
Two comments are in order here. First, the Monte Carlo simulation has
to be done only once during the entire process, because the right hand
sides of (6) and (7) involve only H(t|0) and h(t|0). Second, the size of the
simulation can be taken large enough to make its precision at least an order
of magnitude larger than the precision of the MLEs of the parameters,
so that in practice the relevant uncertainty in the final estimates would
depend only on the precision of the MLEs. Therefore, it is not too difficult
to compute precision and confidence intervals of the optimal PM times. Full
details about this are omitted here for reason of space but will be given in
the full length paper.
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Abstract: In this work, Cox’s proportional hazards model with penalized spline
functions for time-varying covariate effects are presented in order to model the
time between the onset of the first symptoms and the diagnosis of Pulmonary
Tuberculosis (PTB) in Portugal. Using this approach revealed a better fitting
of the model to the data than Cox’s classical model. Results showed that an
earlier diagnosis tends to be associated with the following: being male, no alcohol
consumption, being diagnosed through active screening, having had a previous
PTB treatment, being HIV positive, and being a smoker.
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1 Introduction
In the current study we intend to explore several factors that may explain
the time between the onset of the first symptoms and the diagnosis of
Pulmonary Tuberculosis (PTB) (“delay” in diagnosis), taking into account
the dynamics of the endemic (Filipe et al., 2012).
In Cox’s classical model the assumption of proportional hazards often re-
stricts it applications, since it means that covariate effects remain constant
over survival time. Many techniques have been developed to overcome the
proportional hazards constraint, with one such approach being to consider
covariate effects as smooth functions that can be modeled by splines. Thus,
our study considered an extended Cox model which incorporate a penalized
spline smoothing function (P-spline). This approach was originally intro-
duced by O’Sullivan (1986), but the procedure achieved general recognition
with the paper by Eilers and Marx (1996). Our main purpose was to study
the delay in the diagnosis of PTB, when several covariates such as age,
sex, factors historically related to the disease (drugs consumption, smok-
ing, HIV infection), incidence rate of the disease (per 10−5), diagnosis type
(1-passive screening resulting from having symptoms, 2-active screening re-
sulting from contacts with children 10-13 years of age and other groups,
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and 3-other) were considered. The variables age and incidence rates were
treated as continuous. To be able to capture the nature of the data, our
model did not established any constraints on how the continuous variables
affect such delay were established. For instance, a child under 10 or 11 years
of age is, in general, regularly observed by a clinician, thus it is expected to
have a smaller delay time in the diagnosis of PTB. Also, it seems reason-
able to admit that in geographical areas with high incidence rates, a closer
supervision over suspicious symptoms occurs.

2 Penalized Spline Smoothing Function

Let s(z) be a smooth function and, for convenience of notation, z a single
covariate. The smooth term s is typically estimated using spline functions.
The proposed model is an extension of the usual Cox model. It is used
to model the hazard function h(t) - the risk of occurring the event after
time t -, and can be written as h(t|X) = h0(t) exp(BX + s(z)), where
h0(t) represents the baseline hazard function, X = (X1, X2, . . . , Xk) are
the vectors of time-constant covariates, B = (B1, B2, . . . , Bk) is the associ-
ated parameters vector. The interpretation of the B coefficients is similar
to the original Cox model. Since the smooth function parameters do not
have a direct interpretation, graphical methods can be used to describe the
relationship between z and the risk.
A spline function s(z) of degree k is a piecewise polynomial, where the poly-
nomial pieces (all of degree k) join together at the knots ψi, i = 1, · · · ,Ψ,
thus s(z) = α0i + α1iz + α2iz

2 + · · · + αkiz
k, ψi ≤ z < ψi+1. In order to

ensure the continuity at the knots, it is common to define the spline of de-
gree k, with knots ψi, i = 1, · · · ,Ψ, as a linear combination of spline basis
functions, gi(z) = (z−ψi)k, for z > ψi (gi(z) = 0, otherwise), i = 1, · · · ,Ψ.
Thus, the spline function s(z) can be written as follows

s(z) = α0i + α1iz + α2iz
2 + · · ·+ αkiz

k +

Ψ−1∑
j=2

γjgj(z).

The main goal is to estimate the coefficients of the smooth function through
a certain penalizing criterion. The most commonly used is the penalized
residual sum of squares criterion (Schoenberg, 1964),

n∑
i=1

(yi − s(z))2 + θ

∫
(s(d)(z))2dz, d = 1, · · · , k − 1,

where y denotes the dependent variable and θ the parameter that controls
the curve smoothing. This parameter takes values on the domain [0,∞[,
where θ = 0 means the curve passes trough all the points and θ → ∞
results in a straight line.

3 Main Results

Our main database corresponds to a total of 28,612 notified cases of PTB,
from Portugal mainland between 2000 and 2010. About 15% of the initial
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database was excluded due to missing values, measuring errors or severe
outliers related to the delay in diagnosis. The inclusion conditions were noti-
fied PTB cases with delay in diagnosis between 1 and 285 days. About 72%
are male. From the 16,630 cases to which HIV tests results are available, ap-
proximately 18% are HIV positive. From the aproximately 22,000 individ-
uals that explicitly answered were validated, 9.7% were drug users, 18.6%
admitted that were alcohol consumers, 12% were smokers, 1.9% individuals
were homeless and 2% were inmates. For the variable number of previous
treatments for PTB, we have observed that 88.8% never had a treatment
before (new case of PTB) and the remaining individuals had at least 1 pre-
vious treatment. The percentage of individuals diagnosed through passive
screening were 88.4%, with 4% being diagnosed through active screening,
and the remaining due to other reasons. Based on the selected cases, the
delay in diagnosis (in days) has a mean, median and standard deviation of
71.3, 57.0 and 53.3 days, respectively. Notice the extremely high standard
deviation.
To check whether time-varying effects lead to an improvement of the fit
when compared to time-constant effects (Cox’s classical model), we have
used the AIC criterion. Our analysis showed a better fit when considering
time-varying effects. The assumptions and suitability of the model were
confirmed.
In table 1 we show the estimated regression coefficients (for the time-

constant covariates) β̂i, the estimated multiplier exp (β̂i) and the corre-
sponding p-value for the Wald test. The values of exp(B) revealed an in-
creased probability of earlier diagnosis for males (13%), non consumers
of alcohol (7%), diagnosed through active screening (1%, as compared to
passive screening) and for individuals that had a previous PTB treatment
(6%). Being HIV positive and smoker also increase the risk of an earlier
diagnosis of PTB (aprox. 11% and 21%, respectively).

TABLE 1. Estimated regression coefficients in the selected model.

Covariates β̂ exp (β̂) p-value

Sex (F*) 0.12498 1.130 < 0.001
Alcohol (Yes*) 0.06763 1.070 < 0.001
Smoker (Yes*) -0.19309 0.824 < 0.001
HIV (Yes*) -0.10448 0.901 < 0.001
Motif diag2 0.01313 1.010 0.770
Motif diag3 -0.10477 0.901 < 0.001
NTrt1+ 0.05415 1.060 0.043

* reference class

The plots in figure 1 represent the estimates of the time-varying regression
coefficients as a function of time t (in days) for the delay (solid line), to-
gether with 95% confidence intervals (dashed line). They suggest that the
effects of age and incidence rates on delay are not constant throughout the
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period under study. There is an increasing effect of age on delay in early
ages (approx. under 5 years of age), decreasing after that, becoming below
zero at around the age of 40. The effect of the incidence rates on the de-
lay showed a slow increase from low incidence values, becoming above zero
around 50. The abnormal behavior in the graph for of the highest incidence
rates cases are due to a small number of observations.
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FIGURE 1. Age (left) and Incidence Rate (right) effects on delay.

The results were obtained using software R. For the main results, the func-
tions coxph and pspline of package survival were applied. Regarding the
pspline function, the AIC was the chosen criterion used to determine θ.

4 Conclusion

An extended hazard Cox model was applied to the delay in diagnosis of
PTB where P-splines were used to model the effects of age and incidence
rates as smooth functions. The resulted model showed a better fit to our
data when compared to Cox’s classical model.
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Abstract: Change-points are present in many environmental time series. Time
variations in environmental data are complex and they can hinder the identifi-
cation of the so-called change-points when traditional models are applied to this
type of problems. In this study, it is proposed an alternative approach for the ap-
plication of the change-point analysis by taking into account this data structure
(seasonality and autocorrelation) based on the Schwarz Information Criterion
(SIC). The approach was applied to time series of surface water quality variables
measured at eight monitoring sites.
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1 Introduction

In this study is proposed the application of the Schwarz Information Crite-
rion (SIC) to detect the change-point in mean and variance in time series
of water quality variables. The data concerns the River Ave hydrological
basin situated in the Northwest of Portugal, where monitoring has be-
come a priority in water quality planning and management in this wa-
tershed. The water quality variable analyzed is Dissolved Oxygen (DO),
one of the most important variables in assessing surface water quality in a
river’s hydrological basin (Costa and Gonçalves, 2011 and Gonçalves and
Costa, 2012), measured (in milligrams per liter (mg/l)) monthly from Jan-
uary 1999 to December 2011 in eight monitoring sites: Cantelães (CANT),
Taipas (TAI), Ferro (FER), Golães (GOL), Vizela Santo Adrião (VSA),
Riba d’Ave (RAV), Santo Tirso (STI) and Ponte Trofa (PTR). In this work,
the behavior study of the time series of DO water quality variable is ad-
dressed in line with the research of Gonçalves and Costa (2011), Gonçalves
and Alpuim (2011), who recently studied trend alterations in environmental
variables, including time series of water quality variables. By performing an
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exploratory analysis, we concluded that the DO observed values over time
(each time series consists at most of 156 observations) presented changes in
mean and/or variance in the series (in particular between 2004 and 2006).
As regards the average, it apparently increases or decreases according to
the monitoring site, but it reduces the variability of the observations in all
monitoring sites, more evidently on some of them. Another important fea-
ture is the indication of a seasonal component. This is due to the seasonal
relationship between DO concentration with the weather patterns through-
out the year, particulary temperature changes and precipitation intensity.

2 The informational approach

In order to detect changes in time series, the case of a change-point in both
the mean and the variance, the aim is to test the following hypothesis

H0 : µ1 = µ2 = . . . = µn = µ ∧ σ2
1 = σ2

2 = . . . = σ2
n = σ2 (1)

versus the alternative hypothesis

H1 : µI = . . . = µ1 = µk 6= µk+1 = . . . = µn = µII

∧ (2)

σ2
I = σ2

1 = . . . = σ2
k 6= σ2

k+1 = . . . = σ2
n = σ2

II .

Based on Akaike’s work, in 1978 Schwarz proposed the Schwarz Information
Criterion (SIC). The SIC is defined as following

SICj = −2 ln L(Θ̂j) + pj lnn, j = 1, 2, . . . ,M, (3)

where n is the sample size. This criterion is based on the maximum like-
lihood function of a given model penalized by the number of parameters
that are estimated in the model. Under H0, the SIC is denoted by SIC(n)
and it is obtained as

SIC(n) = −2 ln L0(µ̂, σ̂2) + 2 lnn, (4)

= n ln 2π + n ln

n∑
i=1

(Xi −X)2 + n+ (2− n) lnn. (5)

where L0(µ̂, σ̂2) is the maximum likelihood function with respect to H0.
Under H1, the SIC is denoted by SIC(k) for fixed k, 2 ≤ k ≤ n − 2, is
obtained as

SIC(k) = −2 ln L1(µ̂I , µ̂II , σ̂
2
I , σ̂

2
II) + 4 lnn (6)

= n ln 2π + k ln σ̂2
I + (n− k) ln σ̂2

II + n+ 4 lnn, (7)
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where L1(µ̂I , µ̂II , σ̂
2
I , σ̂

2
II) is the maximum likelihood function under H1.

The decision to accept H0 or H1 is based on the principle of minimum
criterion. According to the information criterion principle, we are going to
estimate the position of the change-point k such that SIC(k) is the minimal.

Then, the estimation of the position of the change-point by k̂ is given by
SIC(k̂) = min

2≤k≤n−2
SIC(k). In order to assess significance, a critical value

cα can be included in the decision rule for a significance level α, where
cα ≥ 0. The model with a change-point SIC(k) is selected if

min
2≤k≤n−2

SIC(k) + cα < SIC(n) (8)

otherwise, the model with no change-point SIC(n) is more reasonable. The
approximate critical values for different series lengths that were obtained
through the asymptotic distribution are presented in Chen and Gupta
(1999).

3 Change-point detection procedure

The DO time series present statistical properties as a constant mean and
seasonality whose parameters must be estimated at the same time. Thus,
the adjusted model is

X
(M1)
t = µ+ st + εt, t = 1, . . . , n, (9)

where µ is the global series mean, st is the seasonal component and εt is
a white noise with E(ε2t ) = σ2. The change-points detection considers the

errors series ε̂t = X
(M1)
t − µ̂− ŝt, t = 1, . . . , n.

The aim is to detect change-points in both the mean and the variance,
i.e., to test the null hypothesis (1) versus the alternative hypothesis (2),
through SIC application to the new series {ε̂t}t=1,...,n, corresponding the
SIC(n) to the model (5) and the SIC(k) to the model (7). For a better
understanding of the differences between information criterion values of
the different models, will be represented SIC(k) values and the SIC(n) −
cα values for two significance levels, α = 0, 05 and α = 0, 01, and they
are represented in the graphics (Figure 1) by horizontal reference lines. If,
statistically, a change-point is detected, a second model will be adjusted to
the original data,

X
(M2)
t = µt + st + εt, t = 1, . . . , n, (10)

where st is the seasonal component for t = 1, . . . , n,,

µt =

{
µI if t ≤ k
µII if t > k

and εt =

{
N(0, σ2

I ) if t ≤ k
N(0, σ2

II) if t > k
.
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After the adjustment of the model (10), it follows the binary segmenta-
tion process with the second change-points detection, in the two errors
sequences, before and after change-point. However, the data analysis was
conservative by taking into account the performed simulation study (not
presented in this article) and in agreement with Beaulieu et al. (2012): the
presence of autocorrelation in the observations, even weak ones (φ ≈ 0.3),
tends to originate the detection of false change-points. Thus, in this study
when SIC(n) and SIC(k) values are very close, even if the change-point is
statistically significant, we decided not to consider the existence of a second
change-point.

4 Results and discussion

Taking into account the previous studies about this hydrological basin
(Gonçalves and Alpuim 2011, Costa and Gonçalves 2011, Gonçalves and
Costa 2011) and the inspection of data series, it is reasonable to consider
that the series do not present trends (for instance, a linear trend). More-
over, works that compare DO data series (and other water quality variables,
Gonçalves and Alpuim 2011) in different water monitoring sites concluded
that there is a common pattern in the evolution of these variables consid-
ering the same hydrological basin. Thus, it is reasonable to consider the
same change-point model for all eight water monitoring sites. The linear
model M1 (9) was adjusted to DO data series (original data, without any
transformation).

TABLE 1. Results of change-point procedures (ni-number of observations in site
i, k̂ = argmin2≤k≤154SIC(k)).

Site ni SIC(n) k̂ SIC(k̂) c5% change-point

CANT 150 345.67 73 287.25 6.802 Jan/2005
TAI 151 321.79 70 307.96 6.791 Oct/2004
RAV 155 456.53 89 436.03 6.746 May/2006
STI 154 523.33 89 493.54 6.757 May/2006
PTR 154 482.48 83 443.22 6.757 Nov/2005
FER 152 356.58 70 341.12 6.780 Oct/2004
GOL 151 348.35 77 312.58 6.791 May/2005
VSA 151 358.44 74 321.06 6.791 Feb/2005

The SIC procedure was applied to all series according to the methodology
shown above, considering the asymptotic critical values at a 5% significance
level. Table 1 summarizes the results of SIC procedures. For all series was
detected a change-point significant considering the respective critical value.
One should notice that in all series the differences SIC(n) − SIC(k̂) are
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FIGURE 1. SIC(k) values for Cantelães series and adjustment of linear model
considering the change-point in Cantelães.

clearly superior to the approximate critical values at a 5% significance level.
Moreover, considering a 1% significance level, only the difference SIC(n)−
SIC(k̂) relatively to the Taipas series (TAI) is lower than the approximate
critical value of c1% (for instance, c1% ≈ 15.079 when n = 150). Thus,
change-point procedures are assertive about the existence of a change-point
in both mean and variance in each series, even considering a conservative
significance level. For instance, Figure 1 represents SIC(k) values, 2 ≤ k ≤
154, for Cantelães series and the values SIC(n)− cα with α = 1%, 5%.
As the assumptions of normality and independence are not present in some
time series, a simulation study was carried out (not presented in this paper)
in order to evaluate the methodology’s performance when applied to non-
normal data series with or without time correlation.
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Abstract: The aim of the paper is to introduce an innovative approach to condi-
tional covariance and correlation modelling, which is useful e.g. in the multivariate
GARCH context. The suggested two-step method is based on the LDL decom-
position of the conditional covariance matrix and state space modelling with
the associated Kalman recursions. Together, they provide a dynamic orthogonal
transformation of observed multivariate time series. This time-varying transfor-
mation indeed simplifies further (second step) conditional variance modelling of
stochastic vector data due to their simultaneously uncorrelated elements.
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1 Model Framework

Consider a multivariate stochastic vector process {Xt}t∈Z of dimension
(n × 1). Denote Ft the σ-algebra generated by observed time series {Xt}
up to and including time t. In this framework, assume the following model

Xt = H
1/2
t Zt, (1)

where Ht is the (n×n) positive definite conditional covariance matrix of Xt

given Ft−1. Furthermore, one supposes that {Zt} is an (n×1) i.i.d. stochas-
tic vector process such that it has following first two moments: E(Zt) = 0
and cov(Zt) = In, where In is the identity matrix of order n.
In the model (1), the conditional and the unconditional moments of Xt can
be easily derived:

E(Xt|Ft−1) = 0, cov(Xt|Ft−1) = H
1/2
t (H

1/2
t )T = Ht, (2)

E(Xt) = 0, cov(Xt) = E(Ht), cov(Xt,Xt+h) = 0, h 6= 0. (3)

Hence, from (2), it is evident that H
1/2
t is any (n × n) positive definite

matrix such that Ht is the conditional covariance matrix of Xt given Ft−1.
From the theoretical point of view, Rt (the conditional correlation matrix
of Xt given Ft−1) can be obtained by the straightforward normalization of
the conditional covariance matrix Ht.
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2 Conditional Covariances and Correlations via LDL
Decomposition and State Space Modelling

Generally, the main task is to find out the time-varying behaviour of the
conditional covariance matrix Ht with special regard to modelling of the
conditional correlations Rt. From the mathematical point of view, a sort
of models, which work with the parameter matrices Ht or Rt directly,
is indeed worthy of interest. Particularly, both Ht and Rt must be sym-
metric and positive (semi)definite. In addition, the conditional correlation
matrix Rt must have unit diagonal elements. Undoubtedly, such require-
ments might bring really tough constraints into estimation, especially in
the case of higher dimension. For this reason, it is more effective to con-
sider some other representations of these matrices which naturally simplify
or completely eliminate these restrictions (Tsay, 2005).

2.1 Orthogonal Transformation Using LDL Decomposition

Following the algebraic theory, each real symmetric positive definite matrix
has a unique LDL decomposition, see e.g. Harville (1997). Namely, let the
conditional covariance matrix Ht have the LDL reparametrization in the
standard form, i.e.

Ht = LtDtL
T

t [= (LtD
1/2
t )(LtD

1/2
t )T = H

1/2
t (H

1/2
t )T], (4)

where Lt is a (n × n) lower triangular matrix with the unit diagonal and
Dt is a (n×n) diagonal matrix with positive elements dii,t on its diagonal.
In particular, det(Lt) = 1, Lt is invertible and the inverted matrix L−1

t is
also a (n × n) lower triangular matrix with unit diagonal elements. Point
out that the decomposition (4) requires no parameter constraints for Ht

being symmetric and positive definite since this is guaranteed in such a
structure.
The form of the matrix Lt provides a natural orthogonal transformation:

Yt = L−1
t Xt [= L−1

t H
1/2
t Zt = D

1/2
t Zt]. (5)

The transformation Yt has with respect to the declared assumptions and
(2)-(5) the following conditional and unconditional moments:

E(Yt|Ft−1) = 0, cov(Yt|Ft−1) = Dt, (6)

E(Yt) = 0, cov(Yt) = E(Dt), cov(Yt,Yt+h) = 0, h 6= 0. (7)

2.2 Model Estimation

For dynamic estimation of some of the unknown quantities in the LDL
decomposition (4) in the framework of the model (1) with given entire
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sample {X1, . . . ,XT }, state space modelling should be really useful. The
issue of state space models and associated Kalman recursions is elaborated
in many different publications, see e.g. Brockwell and Davis (2002) and the
references given therein.
In regarding to (5), assume the following dynamic discrete-time linear state
space representation (generalized analogy of the recurrent OLS estimator):

βt+1 = βt + εt, (8)

Xt = Gtβt + Yt, t = 1, . . . , T. (9)

Denote βt the (n(n−1)/2×1) vector containing all unknown row elements
of Lt. The (n× (n(n−1)/2) matrix Gt clearly includes only zeroes and the
elements of Xt due to (5). The state equation (8) is simply given by the
multivariate random walk. Indeed, one can suppose some other (and more
sophisticated) versions of the state equation (8).
Recapitulate crucial assumptions of this model: {β1, ((εt)

T,YT
t )T}t is a

sequence of uncorrelated random vectors with finite second moments and
Eεt = 0, cov(εt) = Qt, EYt = 0, cov(Yt) = Rt and also cov(εt,Yt) = 0.
The matrix Rt is supposed to be diagonal due to (7).
The initial state vector β1 is assumed to be random with the expected
value E(β1) = 0 and the variance var(β1) = κIn(n−1)/2, κ→∞, i.e. the so-
called standard diffuse prior. The covariance matrices Qt and Rt could be
captured essentially by constant parameter matrices which are estimated
via a maximum likelihood procedure (Brockwell and Davis, 2002).
In the given framework, the standard Kalman recursive formulas for filter-
ing, predicting and smoothing can be used to obtain corresponding esti-
mators of βt and consequently also the transformed vector Yt with simul-
taneously uncorrelated elements. The conditional variances dii,t of Yi,t can
be therefore viewed by some advanced univariate methods, e.g. by means
of GARCH models (Tsay, 2005).

3 Empirical Results

To examine the empirical performance of the introduced approach to con-
ditional covariance and correlation modelling based on the LDL decomposi-
tion and the state space representation, the following empirical application
is considered. In particular, the daily correlations between log-returns on
stocks and bonds are investigated. In general, there is no consensus about
how stocks and long term bonds are related. Short-run correlations are
obviously affected, e.g. by new announcements. The long-run correlations
between these two type of assets should be state dependent, e.g. driven
by macroeconomic factors. The way how the correlation links respond to
these factors might be changed over time (Engle, 2009). The daily loga-
rithmic returns on the S&P 500 index (GSPC) and 30-year bond futures
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FIGURE 1. The estimated conditional correlations (S&P 500 and 30Y bonds).

(TYX) from 3 January 1990 to 14 December 2012 are observed (i.e. 5753
observations, available on http://finance.yahoo.com).
The estimated conditional correlations are presented graphically in Fig-
ure 1. Generally, the time-varying correlations are mostly negative during
the 90’s, rather positive after the year 2000 and positive at the end of the
observed period.
The estimated model structure was additionally verified by several test
criteria, e.g. the Ljung-Box test or the ARCH-LM test (Tsay, 2005), and
compared with other common methods of dynamic correlation modelling.
Thus, one could conclude that the proposed technique based on the LDL
decomposition and the state space model (8)-(9) seems to be suitable in
this framework and that it is at least competitive with other methods.
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1 Introduction

Singular spectrum analysis (SSA) (e.g. Golyandina et al. 2001) can be used
to decompose a time series into a trend, periodic and quasiperiodic compo-
nents, and noise. However, as SSA is essentially an algebraic, non-statistical
technique, one cannot be sure whether the suggested signal components are
true features of the underlying phenomenon or just noise. We propose to
extend SSA by combining it with Bayesian modeling and posterior analysis
of the credibility of the suggested underlying time series features.
The basic SSA algorithm consists of four steps. First, a so-called trajectory
matrix is formed from segments of the time series by applying a sliding
window. The window length is a parameter specified by the user. Second,
using singular value decomposition, the trajectory matrix is represented in
an optimal basis as a sum of eigentriples formed from singular values and
their associated eigenvectors. The eigentriples are then divided into groups
that represent the underlying features of the time series. Finally, the group
sums are transformed back to time series vectors which are then taken to
represent the salient components of the original time series.
Harmonics in the time series produce pairs of eigentriples whose singular
values are similar in magnitude. Typically, these eigentriples are not fully
separated from noise. In addition, noise can produce pairs of eigentriples
that resemble an oscillation and, when the noise is heavy, their singular
value magnitude can exceed that of the actual signal. Therefore, statistical
inference is needed to confirm the genuineness of the oscillatory patterns
found by SSA.
Our approach is to combine SSA with Bayesian posterior simulation. Thus,
suppose we have available a sample generated from the posterior distribu-
tion of a time series. First, fix the sliding time window length and compute
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the SSA eigentriples. This can be done either by using the observed noisy
time series or, in some cases, the posterior mean of the sample. Then, to
find interesting signal components, project the posterior sample on the sub-
spaces defined by the eigentriples and make inferences about the credible
features in these projections, such as local maxima, minima, trends, and
oscillations. Their credibility is assessed based on the posterior distribution
of the slope, as represented by the slopes of the projected sample. In this
way we can for example test the credibility of an apparent trend or an
oscillation with some phase and frequency. We call this method Posterior
SSA (PSSA) and have demonstrated its potential with examples based on
artificial and real data (cf. Holmström and Launonen 2012). In Section 3
we discuss an example that involves mean Pacific sea level changes between
1992 and 2011.

2 SSA and PSSA

Consider a time series F = (f0, f1, . . . , fN−1)T of length N and a window
length L ≤ N . The trajectory matrix is an L×(N−L+1) matrix X whose
jth column is the subseries (fj−1, . . . , fL+j−2)T . Its singular value decom-

position is X =
∑d
i=1

√
λiUiV

T
i where d is the number of positive singular

values and the eigentriples (
√
λi, Ui, Vi) contain the singular values

√
λi in

decreasing order, together with their associated left and right singular vec-
tors. SSA partitions the eigentriples into groups that appear to correspond
to meaningful features of F . The sums of the matrices

√
λiUiV

T
i within

each group are finally averaged skew-diagonally to produce the trajectory
matrices of the desired structural time series components. Our PSSA algo-
rithm instead first infers the credible features corresponding to the individ-
ual eigentriples, discards those that appear to arise from noise, and then
combines the remaining components into structural features according to
SSA guidelines.
We start with a sample {G(1), . . . , G(n)} from the posterior distribution of
a time series G of interest, G = (g0, g1, . . . , gN−1)T . In our examples, this
sample can be obtained in two different ways: 1) a Bayesian model is built
for an observed noisy time series F and the resulting posterior p(G|F ) is
sampled or, 2) data only indirectly associated with G is used for modeling
and the resulting posterior is sampled. An example of the first case is
demonstrated below and the second case is illustrated in Holmström and
Launonen (2012) by the post Ice Age mean July temperature time series
modeled on the basis of fossil abundance data from lake sediments.
The idea in PSSA is to first perform SSA on F or, in the indirect data case,
on the posterior mean, and then to analyze for credible interesting features
the posterior distributions of the time series components corresponding to
the resulting eigentriples. The credibility of the features is summarized by
maps that indicate where the slope of the component time series in question
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is deemed to be negative or positive with posterior probability at least α,
where α varies between 0.5 and 1 (see bottom panel of Figure 1).

3 An example

We apply PSSA to find credible features of mean sea level change in the
Pacific from the end of 1992 to the end of 2011. The time series contains 699
values, averaging three or four measurements per month. It was obtained
form the CU Sea Level Research Group web-site and displayed in the top
panel of Figure 1.
The observed time series F is modeled as F = G+ ε, where ε ∼ N(0, σ2I)
and σ2 ∼ Inv − χ2(ν0, σ

2
0), with the hyperparameters ν0 and σ2

0 chosen to
reflect our prior belief of the value of σ2. For the underlying time series
G one uses a smoothing prior that penalizes for roughness as measured by
the variability of the second differences (Holmström and Launonen 2012).
Considering the components in the middle panel of Figure 1, the first two
contain seemingly the trend and the sum of the 3rd and 4th represents the
seasonal sea level oscillation. Thus, the uniformly high credibility in their
respective maps is not surprising (Figure 1, bottom panel). The component
pairs (7,10) and (8,9) have wavelengths of 4.16 and 1.64 years, respectively,
and may correspond to the ENSO-related cycles reported in Unal and Ghil
(1995). The rest of the components with high credibility areas are more
difficult to assess. The 12th and the 15th components could possibly form
a pair with a period of approximately 2.47 years which would correspond
to a third oscillation reported in Unal and Ghil (1995), although in this
case they are not fully separated from noise which can be seen in their
wiggliness. Their credibility maps also show some gray areas which could
perhaps relate to the inherent noise. As for other potentially interesting
pairs, their lack of robustness (pair (23,24)) or irregularity (pair (11,22))
make them unlikely to correspond to any true oscillation.
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FIGURE 1. Top panel: The mean sea level change in the Pacific as estimated
from satellite altimeter readings. Middle panel: The first 30 SSA components,
calculated with the window length L = 349. Bottom panel: The PSSA credibility
maps of the components in the middle panel. In each map, time is on the hor-
izontal axis and the credibility level α is on the vertical axis. White and black
indicate credibly positive and negative slopes, respectively, and gray indicates a
slope which is not credibly different from zero. The inference about the credible
features of the components is performed jointly over all maps.
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1 Introduction

Count data are gathered in a multitude of settings. For their univariate
form, a generalized linear model (GLM) based on the Poisson distribution is
regularly assumed, a member of the exponential family. Four features have
called for extension. First, because empirical data generally exhibit more
heterogeneity than that provided by the mean-variance relationship of the
Poisson (overdispersion, but underdispersion is also possible), a collection
of extensions has been proposed, such as the negative binomial (NB).
Second, the occurrence of zeros beyond what is predicted by the Poisson
are often encountered. Models addressing this are, for example, the zero-
inflated Poisson (ZIP) and the zero-inflated negative binomial (ZINB).
Third, assuming measurements are taken hierarchially, within-unit associ-
ation is likely present. The generalized linear mixed model (GLMM) is a
commonly used random-effecs model to address this. While this model is
well established, further complication arises when overdispersion and zero
inflation are also present. To address this, overdispersion, Molenberghs et al
(2010) introduced the combined model (CM) that decomposes the Poisson
mean into two multiplicative components, one for each phenomenon.
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Fourth, by including individual-specific random effects into the predictor,
the fixed effects no longer have a marginal interpretation but are interpreted
conditional upon the random effects. We present a model that, while mak-
ing use of the aforementioned random effects, still admits a marginal in-
terpretation. This multilevel marginal model (MMM) approach is based on
Heagerty (1999). This model further simultaneously accounts for overdis-
persion and zero-inflation. The model is illustrated with real data.

2 Zero-Inflated, Overdispersed, Marginalized
Multilevel Model

Let Yij denote count j = 1, . . . , ni for cluster i = 1, . . . , N,, following
a Poisson distribution with mean number of events λij . We formulate a
model that allows for all four issues mentioned in the introduction (Iddi
and Molenberghs 2012). The proposed model is:

P (Yij = yij) =

{
πmij + (1− πmij )fi(0|λmij ) if yij = 0,

(1− πmij )fi(yij |λmij ) if yij = 1, 2, . . .

where the marginal mixing probability πmij and marginal Poisson mean
λmij = E(Yij) are related to covariates: logit(πmij ) = x′1ijβ

m and log(λmij ) =
x′2ijα

m. Next, a conditional specification follows:

P (Yij = yij |θij , bi) =

{
πcij + (1− πcij)fi(0|θij , b1i, λcij) if yij = 0,

(1− πcij)fi(yij |θij , b1i, λcij) if yij = 1, 2, . . .

where the probit πcij = Φ−1(∆1ij+z′1ijb1i) and λcij = θijexp(∆2ij+z′2ijb2i).
The overdispersion random effect, θij ∼ Gamma(uij , vij) is introduced in

the Poisson model. For bi = (b1i, b2i)
′ ∼ N(0, D) and based on

λmij =

∫
b

∫
θ

θijexp(∆ij + z′ijbi)dGθdFb =

∫
b

E(θij)exp(∆ij + z′ijbi)dFb (1)

where Gθ(·) and Fb(·) are the cumulative distribution function of θij and

bi respectively, we derive: ∆1ij =
√

1 + z′1ijDz
′
1ijΦ

−1
[
expit(x′1ijβ

m)
]

and

∆2ij = −log(uijvij)+x′2ijα
m− 1

2z
′
2ijDz

′
2ij . Thanks to the probit link, closed

forms exist. The marginal mean still uses the logit, enabling an odds-ratio
interpretation.

3 Estimation

We proceed via maximum likelihood. The observed data likelihood for sub-
ject i, conditional on the overdispersion random effect is:

fi(β, α,D, φ) =

∫
b

ni∏
j=1

f(yij |bi)f(bi|D)dbi,
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TABLE 1. Epilepsy Trial. Parameter estimates (standard errors) for the
marginalized models (bottom). RE: random effect.

Zero-Inflated Combined Zero-Inflated
MMM MMM MMM Comb. MMM

Effect Par. Est.(s.e.) Est.(s.e.) Est.(s.e.) Est.(s.e.)
Poisson Part

Interc. placebo α00 1.396(0.189) 1.375(0.170) 1.476(0.196) 1.428(0.183)
Slope placebo α01 -0.014(0.004) -0.004(0.005) -0.025(0.008) -0.012(0.007)
Interc. treatment α10 1.226(0.190) 1.378(0.172) 1.220(0.197) 1.337(0.186)
Slope treatment α11 -0.012(0.004) -0.007(0.005) -0.019(0.008) -0.005(0.007)
Slope diff. α01 − α11 0.002(0.006) -0.003(0.007) 0.013(0.011) 0.008(0.010)
Std. Dev. RE σ1 1.076(0.086) 0.973(0.082) 1.063(0.087) 1.009(0.086)

Zero-Inflated Part
Intercept β0 -2.296(0.296) -2.428(0.321)
Slope β1 0.066(0.017) 0.066(0.018)
Std. Dev. of RE σ2 1.254(0.192) 1.292(0.208)

Overd. Par. v = 1
u 0.406(0.0348) 0.179(0.018)

Correlation ρ -0.138(0.1601) -0.080(0.167)
AIC -6810 -7222 -7664 -7682

from which the likelihood follows. The distribution of Yi conditional on bi
and marginal over θij is given for the zero-inflated combined model by:

f(yij |bi) = I(yij = 0)πij + (1− πij)
(
uj + yij − 1
uj − 1

)
×

(
vj

1 + κijvj

)yij ( 1

1 + κijvj

)uj
κ
yij
ij .

In fitting the MMM, the conditional distributions are specified by replacing
the terms x′1ijβ and x′2ijα in the zero-inflated version of the combined
model with the analytical expressions for ∆1ij and ∆2ij , respectively, as
the mean models relate separately to these terms. Implementation is within
SAS NLMIXED.

4 Analysis of Epilepsy Data

A description of the data is provided in Molenberghs et al (2010). The
data come from a randomized, double-blinded, parallel group multi-center
study aimed at comparing placebo with a new anti-epileptic drug (AED),
in combination with one or two other AED’s. Weekly seizure counts are
available. We fit our model and several sub-models to the data. Denote the
number of epileptic seizures for patient i at week j by Yij and the occasion
on which Yij was measured by tij . Assuming that Yij follows a combined
model with λcij = θijκij , assume θij ∼ Gamma(u, v), and

ln(κij) =

{
α00 + α01tij + bi if placebo,
α10 + α11tij + bi if treated.
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The marginal model for the zero-inflated probabilities is given by ln(πmij ) =
β0 +β1tij . The corresponding conditional models are specified by introduc-
ing a normally distributed random intercept, b1i ∼ N(0, σ2

1) in the Poisson
model and b2i ∼ N(0, σ2

2) in the binomial model and the correlation be-
tween the binomial and count components is represented by ρ.
Results of these models are presented in Table 1. Generally, the fixed-
effect parameters are close to each other. Their interpretations are not just
subject-specific but can be extended to the whole population. Use ‘CO’ for
combined and ‘ZI’ for zero inflation. Comparing the MMM and ZIMMM to
the COMMM and ZICOMMM models, we see improvement in the model
fit owing to the gamma random effects. Also, model fit improves if the
normal random effects are supplemented with zero-inflation. Therefore, it
is key that the more complex model results in a considerably improvement
in the model. This is essential for inferences and for prediction.

5 Concluding Remarks

We have proposed a flexible model to simultaneously address issues of zero-
inflation, overdispersion, and data hierarchies, while retaining a population-
averaged interpretation of fixed effect parameters like in classical Poisson
models. Through an empirical study, we have demonstrated that it is not
sufficient to address either two of the three phenomena, while ignoring the
remaining one. Our extension led to considerable improvement, thereby
ensuring parameter interpretation is for the whole population, where a
population may be defined in terms of fixed-effects profile. A marginal in-
terpretation is often of interest to public health experts, who seek solutions
or interventions for the population at large and therefore might find con-
ditional models such as the GLMM or the combined model cumbersome.
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Abstract: Generalized additive models for location, scale and shape define a flex-
ible semiparametric class of regression models in which the exponential family
assumption for the response is relaxed. While ordinary regression only analyzes
the effects of covariates on the mean of a response, more complex parameters of
the underlying distribution can be described using structured additive predictors.
However, more complicated and numerically demanding likelihood functions are a
consequence. An alternative to likelihood-based estimations are efficient Markov
chain Monte Carlo techniques. Especially constructing adequate proposal den-
sities which automatically deliver approximations of the full conditionals play
a crucial role. In this way simultaneous estimations of nonlinear effects, spatial
variations, random effects and interactions between risk factors in the data set
are possible. As special cases we analyze claim frequencies and claim sizes arising
in insurance data, both in due consideration of the large amount of zero obser-
vations. Therefore, zero-inflated models as an expansion of the classical Poisson
regression and zero-adjusted models will be presented. For comparison of models
with respect to the distribution, we consider quantile residuals as an effective
graphical device and scoring rules that allow to quantify the predictive ability of
the models. The deviance information criterion is used for further model specifi-
cation.

1 Introduction

Calculations of car insurance premiums are based on a detailed statistical
analysis of the risk structure of the policyholders. An important role is to
model the claim frequencies which generally depend on characteristics of
the policyholders and the car. In many applications the multitude of the
policyholders do not cause any claims within the policy such that a large
amount of zero observations occurs within the response. This fraction of
zeros is considerably larger than expected with a Poisson distribution fitted
to the data. To overcome this limitation, zero-inflated count data regres-
sion models assume data coming from a two-stage process where a binary
process determines whether an observation is always zero or realized by
an usual count data distribution. Furthermore, some covariate effects, e.g.
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age of the car, are expected to have a nonlinear effect on the claim fre-
quencies or spatial information should be included in the regression model.
We therefore propose zero-inflated models within the framework of gener-
alized additive models for location, scale and shape (GAMLSS), proposed
by Rigby and Stasinopoulos (2005), from a Bayesian point of view.
If there is information about the claim sizes the purpose might be to price
premiums correctly and to predict the risk of claims at the same time.
Heller, Stasinopoulos and Rigby (2006) proposed the zero-adjusted inverse
Gaussian distribution to model one particular car insurance data set. In-
ference was based on maximum likelihood estimations within the gamlss

package in R, see (Stasinopoulos and Rigby 2007). We develop such models
in a Bayesian framework where various candidates of continuous distribu-
tions like log-normal, inverse Gaussian or a member of the generalized beta
family are conceivable. All of them could accommodate the right skewness
of the claim size distribution that often occurs in applications based on fits
of the data.
Compared to frequentist GAMLSS formulations our Bayesian approach has
the advantage to include the choice of smoothing parameters directly in the
estimation run and to provide valid credible intervals which are difficult to
obtain based on asymptotic maximum likelihood theory.

2 Regression models

2.1 Zero-inflated models

We assume that zero-inflated count data yi as well as covariate informa-
tion νi have been collected for individuals i = 1, . . . , n. The conditional
distribution of yi is then described in terms of the density p(yi|νi) =
πi1{0}(yi) + (1 − πi)p̃(yi|νi), that arises from the hierarchical definition
of the responses as yi = κiỹi where κi is a binary process, κi ∼ B(1− πi),
and ỹi follows a standard count data model, ỹi ∼ p̃. The amount of extra ze-
ros introduced compared to the count data distribution of ỹi is determined
by the probability πi. We will consider two special cases for the count data
part, namely the Poisson distribution ỹi ∼ Po(λi) and the negative bino-
mial distribution ỹi ∼ NB(δi, δi/(δi +µi)). The latter choice is particularly
suited if the count data part of the response distribution is overdispersed.
To allow maximum flexibility in the zero-inflated count data regression
specifications, both the parameter for the excess of zeros as well as the pa-
rameters of the count data part of the distribution are related to regression
predictors constructed from covariates via suitable link functions.

2.2 Zero-adjusted models

Many of the models in literature where distributions for analyzing claim
sizes have been considered are models for the subclass of policies which
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had claims within the observation period. Zero-adjusted models include
discrete-continuous distributions with a probability mass at zero and an
appropriate continuous component. The distribution of yi for given co-
variate information νi can be written in terms of the mixed density
p(yi|νi) = (1− πi)1{0}(yi) + πif(yi|νi)(1− 1{0}(yi)), where f(yi|νi) is the
density of a continuous distribution and πi is the probability of a claim.
As in the previous section suitable link functions are chosen for all model
parameters.

2.3 Semiparametric Regression

For each predictor of the previous two sections we assume a semiparametric
structured additive specification, ηi = β0 + f1(νi) + . . .+ fp(νi), where, for
notational simplicity, we drop the parameter index from the predictor and
the included effects. While β0 is an intercept term representing the overall
level of the predictor, the generic functions fj(νi), j = 1, . . . , p, relate to
different types of regression effects combined in an additive fashion. In
structured additive regression, each function is approximated in terms of

dj basis functions such that fj(νi) =
∑dj
k=1 βjkBk(νi). Special cases are

linear effects, P-splines for nonlinear effects, see (Lang and Brezger, 2004),
Markov random fields, see (Rue and Held, 2005), or random effects.

3 Inference

The full conditionals for the regression coefficients arising from the basis
function expansion are not accessible analytically because of the complex
structure of the likelihoods. As a consequence we will develop suitable pro-
posal densities based on iteratively weighted least squares (IWLS) approx-
imations. The basic result is a Gaussian proposal density with expectation
and covariance matrix corresponding to the mode and the curvature of the
quadratic approximation. To simplify the description we assume for the mo-
ment a model with only one predictor η but the principle idea immediately
carries over to our multi-predictor framework since in the MCMC algo-
rithm we are always working with sub-blocks of coefficients corresponding
to only one predictor component. Let l(η) be the log-likelihood depend-
ing on the predictor η. The quadratic approximation to the part of the
penalized log-likelihood term depending on η leads to the working model

z(t) ∼ N
(
η(t),

(
W (t)

)−1
)

where z = η + W−1v is a vector of working

observations with the predictor as expectation, v = ∂l/∂η is the score
vector and W are working weight matrices, with wi = E(−∂2l/∂η2

i ) on
the diagonals and zero otherwise. Based on this approximation, we obtain
that the IWLS proposal distribution for βj is N(µj , P

−1
j ) with expectation

µj = P−1
j Z ′jW (z − η−j) and precision matrix Pj = Z ′jWZj + 1

τ2
j
Kj , where
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η−j = η − Zjβj is the predictor without the j-th component. The result is
a Metropolis-Hastings algorithm for the different parameters.

4 First results

In a first step, the zero-inflated models have been applied to the claims
arising in a data set of size n = 162, 548 observations from a car insurance
in Belgium of the year 1997. Typical properties are age of the policyholder
and vehicle, engine power as well as previous claim experience, where all
of them are modeled continuously using P-splines. In addition to various
binary covariates, the data set provides spatial information about the domi-
cile of the policyholders, which is included by a Markov random field. A
raw descriptive analysis of the response gives roughly 80% of zero claims.
While this summary does not take into account potential covariate effects,
it already provides an indication that zero-inflation might be relevant. The
use of quantile residuals and empirical calculations give no sign of overdis-
persion in the data so that the zero-inflated Poisson model is applied. The
figure below shows the estimated spatial effect on both parameters. We es-
timate the rate to be higher in urban areas like Brussels, where by contrast
the probability of extra zeros is supposed to be smaller in such areas.

Estimated spatial effect on λ

−0.55 0.550

Estimated spatial effect on π

−0.11 0.110
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1 Wald Confidence Interval for Common Risk
Difference

When analyzing stratified 2× 2 tables, computing pooled estimators along
the lines of Cochran (1954) and Mantel and Haenszel (1959) is the es-
tablished procedure. The pooled estimator for the common difference of
proportion δ in i = 1, . . . ,K stratified 2× 2 tables is given by (Greenland
and Robins, 1985)

δ̂MH =

∑K
i=1 wi(yi1/ni1 − yi2/ni2)∑K

i=1 wi
=

∑K
i=1(ni2yi1 − ni1yi2)/ni+∑K

i=1 wi
, (1)

where wi = ni1ni2/ni+ are so-called Cochran weights and ni+ = ni1+ni2 is
the total sample size in stratum i. Throughout, we assume that the yij ’s are
independent binomial Bin(nij , πij), j = 1, 2. Greenland and Robins (1985)
plugged sample proportions into the expression for Var[ni2yi1 − ni1yi2] to

obtain and estimate for Var[δ̂MH ].
Under homogeneity of the risk difference one can write πi1 = δ + πi2 or
πi2 = πi1 − δ for all i. Substituting these into the variance formula for
Var[ni2yi1−ni1yi2] leads to two different expressions, which, when averaged,
yield

Var[ni2yi1 − ni1yi2] = E[δP +Q], (2)
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where P =
∑
i Pi and Q =

∑
iQi with

Pi =
n2
i1yi2 − n2

i2yi1 + ni1ni2(ni2 − ni1)/2

n2
i+

,

Qi =
yi1(ni2 − yi2) + yi2(ni1 − yi1)

2ni+
.

Replacing δ by δ̂MH in (2) and ignoring the expected value leads to the

variance estimator (Sato, 1989) V̂ar[δ̂MH ] =
(
δ̂MHP +Q

)
/W 2, where

W =
∑
i wi. A Wald-type confidence interval (CI) for δ has form δ̂MH ±

zα/2

√
V̂ar[δ̂MH ]. This confidence interval is presented in survey articles

(e.g., Agresti and Hartzel, 2001), while the one based on the Greenland
and Robins variance estimator is presented in widely circulated epidemiol-
ogy textbooks (e.g., Rothman 2002). Note that the CI above is equivalent
to the acceptance region of the test H0 : δ = δ0 vs. Ha : δ 6= δ0 using

T =
(δ̂MH − δ0)2

V̂ar[δ̂MH ]

as a test statistic, which is asymptotically Chi-square with df = 1.

1.1 A New Variance Estimator for the Mantel-Haenszel Risk
Difference

We expect better asymptotic performance when estimating the variance
under the null, as then the null distribution of the test statistic is closer to
Chi-square. One way to obtain a null variance estimator for δ̂MH is to plug
in δ0 for δ in Sato’s variance formula, leading to

V̂arδ0 [δ̂MH ] = (δ0P +Q) /W 2. (3)

Then,

T0 =
(δ̂MH − δ0)2

V̂arδ0 [δ̂MH ]

is an alternative test statistic for H0. Inverting T0, i.e., solving T0 = χ2
α for

δ0, where χ2
α is the upper α quantile of the Chi-square distribution with

df = 1 leads to a quadratic equation. Solving it yields the following closed-
form solution for the upper and lower bound of the confidence interval for
δ:

b/2±
√
b2/4− c, with b = 2δ̂MH + (P/W 2)χ2

α, c = δ̂2
MH − (Q/W 2)χ2

α.

This interval, as opposed to the Wald interval, is not symmetric about
δ̂MH , which is advantageous when the distribution of δ̂MH is skewed. An
alternative to (3) is to estimate Var[ni2yi1−ni1yi2] directly under H0 with-
out going through (2). This leads to score-type CI that cannot be discussed
here but are included in the simulations that follow.
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2 Simulation Study and Example

Figure 1 shows boxplots of the actual coverage probability (estimated via
7600 simulations) over 500 random parameter settings when K = 3, 5 or
10, equal and constant (across strata) sample sizes ni1 = ni2 = 25 and true
common risk difference δ = 0, 0.1 or 0.2.

Method to construct confidence interval for delta
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FIGURE 1. Coverage Probability for the common risk difference under various
setting for the number K of centers/studies and the true effect δ. The interval
estimators investigated are: Greenland-Robins (GR), Sato, the new approach
proposed in Section 1.1 (“Sato0”), the score interval for a linear combination of
proportions (“Score”), and the score interval similar to one proposed by Miettinen
and Nurminen (“MN”).

The new interval proposed in Section 1.1 (called ”Sato0”)and the
Miettinen-Nurminen score type interval outperform all others. Note that,
unlike the Miettinen-Nurminen interval, the Sato0 interval is available in
closed form and does not need iteration.
In a recent vaccine trial, a vaccine was compared to placebo in K = 56 dif-
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ferent centers. The sample sizes in the treatment group varied from around
20 to around 50 per center. Since allocation to treatment or placebo fol-
lowed a 3:1 ratio, sample sizes in the placebo group are by about 1/3
smaller. Table 1 shows data for a few selected centers.

TABLE 1. Data excerpt from stratified vaccine trial in 56 centers.

Center yi1 ni1 yi2 ni2 π̂i1 − π̂i2
1 10 46 2 15 0.08
38 4 18 0 6 0.22
45 3 18 1 5 -0.03

A 95% confidence interval for the common risk difference between the vac-
cinated group and the placebo group, using the new interval from Section
1.1 equals [-0.71%, 6.49%].
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1 Introduction

The advertising campaign is set according its goals and objectives. To en-
sure the highest efficiency of the campaign, the companies use different
approaches to scheduling and timing the advertisements. There are differ-
ent scheduling patterns identified to adjust the campaign timing according
to the communication goals. The volume of advertising during the cam-
paign may be continuous with steady (i.e. reminder advertising for matured
products or building brand awareness), rising (i.e. to concentrate attention
around a particular event) or falling (i.e. fade after initial launch of a new
product) trend during the campaign. There are more scheduling pattern
identified (i.e. flighting or pulsing) used for short and heavy advertising
periods. The campaign length also reflects the nature of the communicated
message and the goals of the campaign. For example longer campaigns
(weeks or years) are often directed towards building the longer term effects
of favorable brand image and strong brand loyalty

2 Data and research questions

In this paper, we concentrate on analysis of scheduling patters of so called
TV sponsorship spots broadcasted in the Czech TV channels during 2011.
The TV sponsorship is one possible type of the advertising campaign which
can take many forms, i.e., TV billboards, sponsored trailers, injections,
identifications, sponsorship reminders, break bumpers. Very often, the TV
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sponsorship comes before/after the broadcast (or within as a break bumper)
and is mostly 10 or 15 seconds long. Other often used types are injections
of various lengths (5 – 60 seconds).
Data for our analysis were gathered by the Mediaresearch company
(http:// www.mediaresearch.eu) which is the research agency conduct-
ing electronic monitoring of TV viewership in the Czech Republic. Data
contain the broadcasting history of more than 5 000 unique TV sponsor-
ship spots (unique commercials) that appeared during 2011 on one of 13
Czech TV channels that offer this type of advertisement.
Let us now introduce some notation. Let Yi,t be the number of broad-
casting occurrences of the ith commercial (i = 1, . . . , N) during week
t (t = 0, . . . , Ti) since its prime. Since only rarely (in less than 5% of
cases), a particular commercial is being broadcasted longer than 16 weeks
(4 months), we limit our analysis to data with t ≤ 16. Our goal is to use the

observed values of Yi =
(
Yi,0, . . . , Yi,Ti

)>
which characterize the scheduling

history of the ith commercial to identify typical scheduling patterns of the
TV sponsorship spots. This problem being often referred to as a problem
of segmentation.

3 Model based segmentation

The observed values of the scheduling histories Yi (i = 1, . . . , N) might be
viewed as longitudinal data and the problem of segmentation as a problem
of classification based on the observed longitudinal profiles. To this end,
a model based classification method of Komárek and Komárková (2013b)
and a related contributed R (R Core Team, 2013) package mixAK (Komárek
and Komárková, 2013a) might be exploited for this purpose.
As it is usual with model based classification, it is assumed that the schedul-
ing history Yi of the ith commercial is generated according to one of K
models where K is the number of segments (groups). History generation
according to the kth model (k = 1, . . . ,K) happens with an unknown prob-

ability wk, where 0 < wk < 1,
∑K
k=1 wk. In our particular application, the

following (linear mixed) model is assumed for the scheduling history Yi of
the ith commercial provided it belongs to the kth segment:

log(Yi,t) = bi,0 + bi,1 t+ bi,2 t
2 + εi,t, t = 0, . . . , Ti,

where the random effect vector bi =
(
bi,0, bi,1, bi,2

)>
is assumed to

follow a normal distribution with an unknown mean vector µk =(
µk,0, µk,1, µk,2

)>
and an unknown covariance matrix Dk. The random er-

ror vector εi =
(
εi,1, . . . , εi,Ti

)>
is assumed to be independent of bi and

following a zero mean normal distribution with a diagonal covariance ma-
trix with an unknown residual variance σ2 being the same for all segments.
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TABLE 1. Estimated characteristics of the scheduling patter segments.

Segment Weight Intercept Linear Quadratic
k wk µk,0 term µk,1 term µk,2

1 0.192 1.297 −0.0277 0.00102
2 0.470 0.311 0.0497 −0.00267
3 0.282 2.231 −0.1065 0.00321
4 0.056 2.574 −0.6740 0.06130

0 5 10 15

0
1

2
3

4
5

Tyden

Lo
g(

po
ce

t)

Segment 1

0 5 10 15

0
1

2
3

4
5

Tyden

Lo
g(

po
ce

t)
Segment 2

0 5 10 15

0
1

2
3

4
5

Tyden

Lo
g(

po
ce

t)

Segment 3

0 5 10 15

0
1

2
3

4
5

Tyden

Lo
g(

po
ce

t)

Segment 4

Week since prime

Lo
g(

co
un

t)

FIGURE 1. Observed (grey) and mean (black) evolution of the logarithmic num-
ber of broadcasted TV sponsorship in each of four segments.
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In summary, the kth segment (k = 1, . . . ,K) is characterized by the kth
mean vector µk and the kth covariance matrix Dk. The mean vector deter-
mines the mean evolution of the logarithmic number of weekly broadcasting
occurences of the kth segment whereas the covariance matrix the variabil-
ity of the individual scheduling patterns around the mean pattern given by
µk.
Komárek and Komárková (2013a) describe a Bayesian approach to esti-
mation of unknown parameters and subsequent classification. They also
suggest to use an approach based on penalized expected deviance (PED,
Plummer, 2008) for selection of an optimal number of segments. Their
methods have been applied to our application.

4 Results and discussion

The optimal number of segments according to PED is four, i.e., K = 4. Es-
timated segment weights and parameters of the segment specific patterns
represented by the mean vectors µ1, . . . ,µ4 are given in Table 1. Graph-
ically, the segment specific patterns together with the observed histories
for the individual creativities being classified in each patters are shown
on Figure 1. More detailed discussion of results and results of more ad-
vanced analyses exploting also information on additional characteristics of
each commercial (length, type of channel where broadcasted, . . . ) shall be
postponed to a journal paper being in progress.

Acknowledgments: The second and the third author have been sup-
ported by the Czech Science Foundation Grants GAČR P403/12/2175 and
P403/12/1557, respectively.
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Abstract: The detection of density dependent as an intrinsic factor influenc-
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a very useful information for a wiser management herd. In this work several
statistical models such as linear models, Ricker and Gompertz models, and an
autoregressive state-space model (SSM) have been tested in order to detect direct
Density-Dependence (DD) in red deer (Cervus elaphus hispanicus) populations
of Southern Spain. We use hunting data temporal series as population abundance
estimates. We found that the Gompertz model and the SSM lead us to parallel
conclusions that prove direct DD in our populations. Monitoring red deer in two
separate populations, but in the same climatic and Mediterranean environment,
allow us a better assessment of the effect of DD in contrast to extrinsic factor
such as hunting pressure.
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1 Introduction

In this work, we investigated the effect of intrinsic factor (DD) on popula-
tion growth rate fluctuation of free-living red deer (Cervus elaphus hispan-
icus) from two separated reserves of Southern Spain. Using hunting data
temporal series from 2001 to 2011 we explore for the first time in these
red deer populations direct DD through lineal mathematical models and
autoregressive SSM.

We have a database with the annual hunting extractions from years 2001
to 2011, and taking advantage of this data, we decided to use the hunting
extractions as an abundance index based on studies of Simard et al. (2012),
to detect the existence of DD in our reserves.
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We expect a consistent DD because a strong overabundance causing chronic
browsing and summer-autumn deer mortality on the study area before
1997.

2 Statistical Models

Our goal is to detect if abundance affects the population growth rate and
the population fluctuations. We assume that the discrete growth rate is
defined of the form:

rt = log

(
Ht

Ht−1

)
where rt is the realized per capita rate, Ht is the hunting size (abundance
index) at the year t and Ht−1 is the hunting size at the year t− 1.

The first model used to estimate direct DD is a simple linear model, direct
DD is defined by the slope of the regression coefficient β1 of the regression
line between the natural logarithm of hunting size at the year t, and the
natural logarithm of hunting size at the year t− 1, this model is given by:

log(Ht) = β0 + β1 log(Ht−1) + εt (1)

where the residuals εt are assumed to be Gaussian and uncorrelated. If
we have a negative slope of β1, this indicate direct DD. Turchin (2003)
suggests that facing Ht against Ht−1, can mask the presence of direct DD
and that to avoid this, it is more convenient to deal with rt against Ht−1.

Two of the easier and more popular models in which we test direct DD
by rt against Ht−1 are the stochastic Ricker and Gompertz models. The
Ricker model assumes an exponential DD and takes the form:

Ht = Ht−1 exp (a+ bHt−1 + εt) (2)

likewise, the Gompertz model is written as:

Ht = Ht−1 exp (a+ b log(Ht−1) + εt) . (3)

In both models, the residuals εt are assumed to be Gaussian and uncorre-
lated, we say that direct DD exists if the value of b is negative and signif-
icantly different from zero. In Turchin (2003), we have further description
of these models.

Another model to test direct DD is the autoregressive SSM, we will use
the Kalman filter to apply the likelihood function and restricted likelihood
function of Dennis et al. (2006) and adjust the stochastic Gompertz popu-
lation growth as a SSM:

log(Ht) = a+ c log(Ht−1) + Et

log(Yt) = log(Ht) + Ft
(4)
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in this case, Ht is supposedly the true population size, Yt is the observed
population size, Et ∼ N (0, σ2) and Ft ∼ N (0, τ2) are the error terms
with variance σ2 and sampling variance τ2 . When c = 1, the process is
density independent and on the log scale is a Gaussian random walk with
drift given by a. When |c| < 1, the model has a stationary distribution
and smaller values of c imply greater DD (see Staples et al.(2004),(2005);
Dennis et al.(2006); Seavy et al.(2009)).

3 Results

In the next two tables we can see the values of the fitted models to our
data to prove the existence of direct DD. The fitted models are the Ricker
model, the Gompertz model and the autoregressive SSM.

TABLE 1. Density dependence test for the red deer population between the
years 2001-2011. From left to right: reserve, type of model (Ricker or Gompertz),
slope (b), probability value, coefficient of determination (R2) and Shapiro-Wilk
test.

Reserve Model b p− value R2 S −Wtest

R1 Ricker -0.0018 0.1352 0.2303 0.8507
Gompertz -0.7102 0.0532 0.3547 0.1532

R2 Ricker -0.0017 0.1163 0.2512 0.0738
Gompertz -0.5428 0.1023 0.2688 0.0335

TABLE 2. Maximum likelihood (ML) and restricted maximum likelihood
(REML) parameters estimates in the Gompertz SSM. From left to right: reserve,
method, intercept (a), regression coefficient (c) of the Gompertz model on the
logarithmic scale, variance of real population densities time-series (σ2), variance
of the observation error (τ2) and Akaike information criterion (AIC).

Reserve Method a c σ2 τ2 AIC

R1 ML 0.3738 0.9355 0.0179 0.1276 18.0155
REML 0.3363 0.9419 0.0197 0.1403 20.4560

R2 ML 0.3888 0.9344 0.0687 0.4889 32.7929
REML 0.3248 0.9452 0.0756 0.5378 33.8900

The results of the direct DD test are reported in Table 1 for the two reserves
in study. In the R1 reserve, the Gompertz model accounted for direct DD
better than the Ricker model, with a higher value of b that was significantly
different from zero at the 95% level. In the R2 reserve, both Gompertz and
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Ricker models had a p-value higher than 95% level. For both models, the
R2 values were always low but we admit Gompertz and Ricker models. The
Shapiro-Wilk test was significant for all cases (except Gompertz model in
R2 reserve), suggesting a Gaussian distribution of residuals.

From Table 2, we can see that according to AIC the ML method is bet-
ter than the REML one. According to the values of the parameter c, we
conclude that, in both cases there exist direct DD.

Due to the analysis performed by previous models, we can conclude the
presence of direct DD in the two reserves. Monitoring red deer in two sep-
arate populations but in a same climatic and Mediterranean environment
allow us a better assessment of the effect of DD in contrast to extrinsic
factor such as hunting pressure.
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Abstract: The selection of optimal cutpoints in continuous diagnostic tests is an
important issue for classifying individuals in two groups (healthy and diseased).
Additionally, the incorporation of costs for the misclassification rates is crucial al-
though not taken into account most of the times. In the literature, several criteria
for choosing the optimal cutpoint have been studied depending on the ultimate
goal. One of them is the Generalized Symmetry Point that has been recently in-
troduced using two approaches: one based on the General Pivotal Quantity under
the assumption of normality and the other based on Empirical Likelihood without
any parametric assumptions. This work introduces the R package GsymPoint, for
estimating the Generalized Symmetry Point and the corresponding cost based
Sensitivity and Specificity accuracy measures. The use of this package is illus-
trated with a real biomedical dataset.
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1 Introduction

The classification of individuals in the healthy and diseased groups in con-
tinuous diagnostic tests is usually based on a cutoff value c, such that in
general, individuals with a diagnostic test value equal to or higher than c
are classified as diseased (positive test) and as healthy otherwise (negative
test). Several strategies for selecting optimal cutpoints in diagnostic tests
have been proposed depending on the ultimate goal (see for example, Pepe
2003). One of the best-known methods is based on the Symmetry Point
cS (Greiner et al. 1995), defined as the point where p(cS) = q(cS), with
p denoting the Specificity and q the Sensitivity. Taking into account the
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prevalence of disease π and the costs associated to the False Positives and
False Negatives misclassifications, cF− and cF+, respectively, we have de-
fined the Generalized Symmetry Point in López-Ratón et al. 2012, cGS , as
follows :

r(1− p(cGS)) = 1− q(cGS),

where r = 1−π
`π and ` = CF−

CF+
. In this work, we introduce GsymPoint, a

package written in R (R Development Core Team 2012) for estimating the
Generalized Symmetry Point in continuous diagnostic tests. In Section 2,
we briefly review two methods included in this package for obtaining point
estimates and confidence intervals for cGS , p(cGS) and q(cGS): one method
based on the Generalized Pivotal Quantity (GPQ) and the other on Em-
pirical Likelihood (EL). In Section 3, we describe the GsymPoint package.
Finally, in Section 4 we give an illustration of the practical application of
the package using a real biomedical dataset.

2 Inference methods

In this section, we briefly present the GPQ and EL methods. The GPQ
method was introduced by Weerahandi (1993). The Generalized Symmetry
Point, cGS , and the corresponding Sensitivity and Specificity measures are
computed following the same reasoning as in Lai et al. (2011), assuming
that the diagnostic test or a monotone transformation of Box-Cox type
follows a Normal distribution. The EL method was first introduced by
Thomas and Grunkemeier (1975). As the parameter of interest cGS can
be seen as two specific quantiles, the p(cGS)-th quantile of the healthy
population and the r(1 − p(cGS))-th quantile of the diseased population,
the same reasoning as in Mólanes-López and Letón (2011) is followed to
make inference on cGS , p(cGS) and q(cGS).

3 The GsymPoint Package

This section introduces the R-based GsymPoint package where the infer-
ence methods described in Section 2 have been implemented for practical
applications. This package only requires a data-entry file, which must, at
minimum, contain the variables that indicate the diagnostic marker, the
disease status (diseased/healthy) and whether the Generalized Symmetry
Point is computed according to the levels of a categorical covariate, the
variable that indicates such levels.
The main function of the package is the gsym.point() function, which
uses the selected method(s) to compute the Generalized Symmetry Point,
with its Sensitivity and Specificity accuracy measures, and creates a class
gsym.point object. The call to this function is as follows:
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gsym.point(methods, data, marker, status, tag.healthy,

+ categorical.cov = NULL, pop.prev = NULL, control =

+ control.gsym.point(), CFN = 1, CFP = 1, conf.level = 0.95,

+ trace = TRUE).

The methods argument is a character vector specifying the method/s used
for estimating the Generalized Symmetry Point (”EL”, ”GPQ” or both).
The data argument is the data frame containing the needed variables;
marker and status arguments are character strings with the names of the
diagnostic test variable and the variable that distinguishes healthy from
diseased individuals, respectively. The value codifying healthy individuals
in this last variable is indicated in the tag.healthy argument.
The categorical.cov argument is a character string with the name of
the categorical covariate according to which optimal cutpoints are to be
computed. By default it is NULL (no categorical covariate is considered).
The pop.prev argument is the value of the disease’s prevalence. By default
it is NULL, i.e., the prevalence is estimated by the sample prevalence,
appropriate for cross-sectional studies. However, when other type of studies
are considered, a given value for the prevalence can also be specified.
The CFN and CFP arguments are the costs of False Negative and False
Positive classifications, respectively. The default value is 1 for both.
The conf.level argument is the value of the confidence level (1-α), and
by default is equal to 0.95.
Moreover, there are some extra arguments, specific to each method. They
are included in the control argument, a list of control values for the esti-
mating process specified by means of the control.gsym.point() function.
When no arguments are given to this function, the default values are used.

4 Biomedical application

In this section, we describe the application of the R-based GsymPoint pack-
age, considering a study conducted on 141 patients admitted to the Cardi-
ology Department of a Teaching Hospital in Galicia (northwest Spain) for
evaluation of chest pain or cardiovascular disease. The aim of the study was
to investigate the clinical usefulness of leukocyte elastase determination in
the diagnosis of coronary artery disease (CAD). All patients underwent
coronary angiography during the investigation: 96 had coronary lesions
(diseased patients) and 45 had non-stenotic coronaries (non-diseased pa-
tients). More details of this dataset can be found in Amaro et al.(1995).
The main objective here is to select the optimal cutpoint of elastase concen-
trations, given by the Generalized Symmetry Point, to diagnose CAD. The
first step consists on downloading the GsymPoint package and the dataset
elas in R (included in the package):
R> library("GsymPoint")

R> data("elas")
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FIGURE 1. Output of GsymPoint package.

To compute the Generalized Symmetry Point using the elas dataset,
simply use the syntax shown below. In this case, we consider the sample
prevalence (pop.prev = 0.68), CFN = 2 and CFP = 1. Since these data
do not follow the parametric assumption needed by the GPQ method, we
only show the 95%-confidence intervals obtained with the EL method.

R> cutpoint <- gsym.point(methods = "EL", data = elas,

marker = + "elas", status = "status", tag.healthy = 0,

categorical.cov = + NULL, pop.prev = NULL, CFN = 2, CFP =

1, control =

+ control.gsym.point(), conf.level = 0.95, trace = TRUE)

A numerical summary of the results can be obtained by calling up the
summary.gsym.point() function, which can be abbreviated by summary():
R> summary(cutpoint)

In Figure 1, the output of GsymPoint package is shown. In this case, the
summary.gsym.point() function displays: firstly, a summary of leukocyte
elastase values in healthy and diseased populations; and secondly, the point
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estimates and the EL based 95%-confidence intervals for the Generalized
Symmetry Point and its corresponding Sensitivity and Specificity measures.
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Abstract: In this paper we propose a new cure rate survival model based on
a Birnbaum-Saunders distribution. The model is conceived inside a scenario of
latent competing causes with the presence of a cure fraction, where the occurrence
of the event of interest may be activated by different kinds of mechanisms. We
explore the use of Markov chain Monte Carlo methods to develop a Bayesian
analysis for the proposed model. Case deletion influence diagnostics are developed
based on the ψ-divergence, which includes the Kullback-Leibler, J-distance, L1

norm and χ2-square divergence measures. Simulation studies are performed and
proposed methodology is illustrated on a real malignant melanoma data.

Keywords: Birnbaum–Saunders distribution; Cure fraction models; Geometric
distribution; lifetime data.

1 Introduction

In many medical problems, such as chronic cardiac diseases and various
different types of cancer, a cumulative individual damage may be caused by
various unknown causes. This degradation leads to a fatigue process, whose
propagation lifetimes can be suitably modeled by a Birnbaum-Saunders
(BS) distribution (Balakrishnan et al, 2007; Leiva et al, 2008). The survival
function of the BS model is given by SBS(t) = Φ[− 1

α (
√
t/λ −

√
λ/t)], for

t > 0, where Φ(.) is the standard normal cumulative distribution function,
α > 0 and λ > 0 are respectively, shape and scale parameters.
The main goal of this paper is to present a generalization of the BS model,
hereafter the GBS cure rate (GBScr) model, conceived inside a scenario
of latent competing causes with the presence of a cure fraction, where the
occurrence of the event of interest may be activated by different kinds of
mechanisms (Cooner et al, 2007).
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2 Model Formulation

The GBScr distribution is derived as follows. For an individual in the popu-
lation, letM denote the unobservable number of causes of the event of inter-
est for this individual. Assume that M follows a geometric distribution with
parameter θ and probability mass function P (M = m) = θ(1− θ)m, m =
0, 1, . . . . The time for the jth cause to produce the event of interest is de-
noted by Zj , j = 1, . . . ,M . We assume that, conditional on M , the Zj
are i.i.d. with BS distribution with survival function given by SBS(.). Also,
we assume that Z1, Z2, . . . are independent of M . The observable time to
event is defined by the random variable Y = Z(R), where R depends on
M , Z(1) ≤ Z(2) ≤ · · · ≤ Z(R) ≤ · · · ≤ Z(M) are the order statistics and
Y = ∞ if M = 0. In many biological processes R can be interpreted as
a resistance factor of the immune system of the individual. If the event of
interest occurs (e.g., cancer relapse), then the random variable Y takes the
value of the Rth order statistics Z(R). In other words, as in Cooner et al
(2007), R out of M causes are required to produce the event of interest.
The resistance factor can be a fixed constant, a function of M or a random
variable specified through a conditional distribution on M .
In this paper, we deal with three specifications for R, R = 1 directing to
a first activation mechanism, random R directing to a random activation
mechanism and R = M directing to a last activation mechanism. Thus we
scan all possible mechanisms of activation.
Assuming that given M ≥ 1, the conditional distribution of R is uniform
on {1, . . . ,M} (random activation mechanism). Under this setup, the sur-
viving function for the population is given by

Sran(y) = P (Y > y)

= P (M = 0) +

∞∑
k=1

k∑
R=1

P (Z(R) > y|R,M = k)P (R|M = k)P (M = k), (1)

where P (Z(R) > y|R,M = k) =
∑R−1
i=0

(
k
i

)
(FBS(y))i(SBS(y))k−i, which

is the cumulative distribution function of a binomial distribution, with k
trials and success probability FBS(y) = 1 − SBS(y). Then, considering a
geometric distribution, the survival function of Y in (1) under random
activation mechanism is given by

Sran(y) = θ + (1− θ)SBS(y), (2)

where B(x; k, FBS(y)) = P (X = x) and X ∼ Binomial(k, F (y)). We ob-
serve that the (2) is a mixture cure model with cured fraction p0 = P (M =
0) = limy→∞ Sran(y) = θ.
As a second setup, the so-called first activation mechanism, we suppose
that the event of interest happens due to any one of the possible causes.
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Therefore, for R = 1, the time to event is Y = Z(1) = min{Z1, . . . , ZM},
with survival function given by

Smin(y) = θ/(1− (1− θ)SBS(y)). (3)

The cured fraction is given by p0 = θ.
In our third scenario, also known as the last activation mechanism, the
event of interest only takes place after all the M causes have been oc-
curred, so that R = M and the observed failure time is Y = Z(M) =
max{Z1, . . . , ZM}, with survival function given by

Smax(y) = 1 + θ − θ/(1− (1− θ)FBS(y)), (4)

so that the cured fraction is p0 = θ.
It his easy to proof that under conditions of models in (2), (3) and (4) we
have that, Smin(y) in (3) ≤ Sran(y) in (2) and Smax(y) in (4) ≥ Smin(y)
in (2).
Completing our model, we propose to relate the cured fraction to the
covariates by the logistic link θi = exp(x>i β)/(1 + exp(x>i β)), where
β = (β1, . . . , βp)

> encapsulates the vector of regression coefficients, so that
for each group of individuals represented by xi, we have a different cured
fraction.

3 Inference

Let us consider the situation where the failure time Y not completely ob-
served and is subject to right censoring. Let Ci denote the censoring time.
In a sample of size n, we then observe Ti = min{Yi, Ci} and δi = I(Yi ≤ Ci),
where δi = 1 if Ti is a failure time and δi = 0 if it is right censored, for
i = 1, . . . , n. Let xi = (xi1, . . . , xip)

> denote the vector of covariates for
the ith individual. Then, under non-informative censoring, we write the
likelihood function as L(ϑ;D), where ϑ = (α, λ,β>)> and D = (t, δ,x),
t = (t1, . . . , tn)>. Moreover, we assume that π(ϑ) = π(β)π(α)π(λ), with
all the hyper-parameters specified in order to express non-informativeness.
The joint posterior density π(ϑ|D) ∝ L(ϑ;D)π(ϑ) is analytically intracta-
ble. So, we based our inference on the MCMC simulation methods. Partic-
ularly, we resort to the Metropolis–Hastings algorithm.
Model comparison is made via deviance information criterion (DIC), the
expected Akaike information criterion (EAIC) and the expected Bayesian
(or Schwarz) information criterion (EBIC) can be used.
Bayesian case influence diagnostics is based on the ψ-divergence between P
and P(−i), where P denotes the posterior distribution of ϑ for full data, and
P(−i) denotes the posterior distribution of ϑ without the ith case. Specif-

ically, Dψ(P, P(−i)) =
∫
ϑ∈Θ

ψ
(
π(ϑ|D(−i))/π(ϑ|D)

)
π(ϑ|D) dϑ, where ψ

is a convex function with ψ(1) = 0. With ψ(z) = − log(z) defining the
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Kullback-Leibler (K-L) divergence, ψ(z) = (z − 1) log(z) defining the J-
distance, ψ(z) = 0.5|z−1| defines the variational distance or L1 norm, and
ψ(z) = (z − 1)2 defines the χ2-square divergence.

TABLE 1. Bayesian criteria (DIC/EAIC/EBIC) for the fitted models.

Activation First Last Random

Criteria 423.3/430.9/450.8 434.1/440.3/460.3 428.9/435.3/451.9

4 Malignant melanoma data

In this section we work out an example employing our modeling. The data
set includes 205 patients observed after operation for removal of malignant
melanoma in a period of following up of 15 years (Scheike, 2009). The
observed time (T ) ranges from 10 to 5565 days and refers to the time until
the patient’s death or the censoring. Patient dead from other causes, as well
as patients still alive at the end of the study are assumed to be censored
observations (72%). We take tumor thickness, ulceration status and sex as
covariates.
We fitted the GBScr models according to (2), (3) and (4). According to the
DIC, EAIC and EBIC criteria (Table 1), the GBScr model under the
first activation mechanism stands out as the best one, which we then select
as our working model. Considering the of the GBScr model under the first
activation mechanism the ψ-divergence measures were computed. For all
ψ-divergence measures, the case 5 was identified as the most influential.
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1 Introduction

Ordinary differential equations (ODEs) have many applications in mod-
elling the behaviours of systems, from fluid mechanics to systems biology.
Often, there is enough knowledge of a system to model it through mathe-
matical equations, but there is intrinsic uncertainty in the kinetic parame-
ters governing these. Conventional methods involving Markov Chain Monte
Carlo (MCMC) tend to involve integrating the system of ODEs at each it-
erative step, to compare how well the sampled parameters match the data.
However, the computational cost can be overbearing, making these methods
impractical for larger systems, and more modern methods have sought an
alternative to the explicit solution. The work by Calderhead et al. (2008),
Campbell and Steele (2012) and Dondelinger et al. (2013), involves fitting
an interpolant to the data, then comparing the gradients from the inter-
polant to those from the ODEs (known as gradient matching). The original
method proposed by Calderhead et al. (2008) uses a methodological sim-
plification, which effectively ignores the posterior correlation between the
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ODE parameters and the Gaussian process (GP) hyperparameters in the
sampling scheme, whereas Dondelinger et al. (2013) sample all the param-
eters from the posterior distribution (adaptive gradient matching (AGM)).
Both Dondelinger et al. (2013) and Campbell and Steele (2012) temper
towards the posterior (β-tempering, Section 2.), but Campbell and Steele
(2012) differs with regards to the mismatch parameter (the difference be-
tween the gradients). Whereas Dondelinger et al. (2013) infer the mismatch
parameter, Campbell and Steele (2012) temper this mismatch towards zero
(γ-tempering). Since this is gradual, it avoids convergence problems. We
combine both methods to create an adaptive gradient matching technique,
using Gaussian processes and parallel tempering (both the β and γ variety).

2 Methodology

Consider a set of T arbitrary time points t1 < ... < tT , and a set of
noisy observations Y = (y(t1), ...,y(tT )), where y(t) = x(t) + ε(t), N =
dim(x(t)), X = (x(t1), ...,x(tT )). The signals of the system are described
by ordinary differential equations (ODEs), of the form

x′ =
dx(t)

dt
= f(x(t),θ, t); x(t1) = x1 (1)

where θ is a parameter vector of length p, and ε ∼ N(0, σ2
nI). Then,

P (Y|X,σ) =
∏
n

∏
t

P (yn(t)|xn(t), σn) =
∏
n

∏
t

N(yn(t)|xn(t), σn) (2)

Now let xn and yn be T dimensional column vectors containing the nth

row of X and Y. Following Calderhead et al. (2008), we place a GP prior
on xn, p(xn|φ) = N(xn|0,Cφn), where Cφn is a positive definite matrix of
covariance functions with hyperparamters φn. As the derivative of a GP is
itself a GP, the conditional distribution for the state derivatives is

p(x′|x,φ) = N(mn,Kn) (3)

(analytical solutions to mn and Kn in Dondelinger et al. (2013)). Assuming
additive Gaussian noise with state-specific variance γn, from (1) we get

p(x′n|X,θ, γn) = N(fn(X,θ), γnI) (4)

Dondelinger et al. (2013) link the interpolant in (3) with the ODE model
in (4) using a products of experts approach, obtaining a joint distribution
for p(X′,X,θ,φ,γ). This can then be marginalised over in closed form (see
Dondelinger et al. (2013) for details), to obtain p(X,θ,φ,γ).
Following Dondelinger et al. (2013), we sampled θ and φ from the poste-
rior distribution with MCMC. However, we did not sample γ directly, but
instead followed Campbell and Steele (2012) to set up a ladder of fixed
values associated with the “temperatures” of a parallel tempering scheme,
choosing a Log10 scale. For details see the online supplementary material at
http://www.stats.gla.ac.uk/˜dhusmeier/MyPapers/IWSM2013Macd.pdf



Macdonald et al. 675

FIGURE 1. Parameter estimation accuracy of θ over noise instantiations, for the
Fitz-Hugh Nagumo (left) and Lotka-Volterra (right) systems. Some outliers in the
plots have been removed for scalability. The dashed lines show zero difference.
Top Row: Boxplots, over the 10 datasets, of differences between the median of
sampled parameters and true values. The solid line splits the D-Model/C-Model
(left) from the T-Model (right). Bottom Row: Boxplots, over the 10 datasets, of
the differences in parameter estimation accuracy for the D-Model and T-Model.
The p-values for a paired t-test are shown above the corresponding boxplot.

3 Results

We tested our method on the Fitz-Hugh Nagumo (FitzHugh (1961) and
Nagumo et al. (1962)) and Lotka-Volterra (Lotka (1932)) ODE models.
For space restrictions, details of the equations and parameters have been
relegated to the online supplementary material.
We introduce the abridged notation used in this section: The method de-
scribed in Calderhead et al. (2008) shall be denoted, C-Model, the method
described in Dondelinger et al. (2013), D-Model, and the new combined
method proposed in this paper, T-Model. For each system, method and
added observational noise level, 10 datasets were generated. By averaging
over these, we are able to remove specific characteristics of a dataset and
observe more clearly our method’s performance. The median was used as
an estimator of the parameters and the true values were subtracted from
the sampled parameter estimates. The distributions (of estimate minus true
value) over the 10 datasets were compared.
The first row of FIGURE 1. shows the distribution of the estimate to the
true parameter for the D-Model, C-Model and T-Model (Log10), for the
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FhN and LV systems. For zero noise, both the C-Model and T-Model have
boxplots centred very close to zero, displaying good performance. However,
when increasing the noise, the C-Model no longer has a distribution cen-
tred around zero (no part of the distribution for noise = 0.1 and only a
small part of the lower tail for noise = 0.5). For all noise instantiations, the
T-Model (and D-Model) has most of its mass centred around zero. There-
fore, if averaging over all datasets, for the T-Model, the true parameters
are close to the estimates i.e. this technique is unbiased. The second row
of FIGURE 1. allows us to check how robust our technique is. The plots
show the distributions of the differences between the absolute distance of
the estimator to the true parameter for the T-Model and D-Model. These
distributions are centred around zero, indicating that there is no notice-
able difference between the parameter estimation accuracy of these two
techniques. We can therefore see that our technique is robust to noise.

4 Conclusion

We have carried out a comparative evaluation of two schemes for adaptive
gradient matching: posterior inference vs. parallel tempering of the gradient
mismatch hyperparameter. The tempering scheme was originally proposed
in the context of splines-based regression, which we have adapted to non-
parametric Bayesian modelling, with Gaussian processes. An application
to data, generated from two different systems of ODEs, shows no signifi-
cant difference between the parallel tempering and posterior inference. We
found that both methods outperform a related method by Calderhead et
al. (2008), considered the current state of the art.
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Abstract: In the contribution the distribution of the net yearly incomes of the
Czech households in 2005-2010 is modelled with the use of finite mixtures of
lognormal and gamma distributions with unknown component membership. The
net yearly income per equivalised unit according to the methodology of the Eu-
ropean Union are studied together with the development of the household size
and number of equivalised units (according to EU and OECD definitions). Finite
mixture models are useful for the description of distributions of random variables
in non-homogeneous populations as the incomes of the households are. The mod-
els with 3 artificial components was chosen from mixtures with 2-4 components.
The EM algorithm is used to obtain estimates of parameters, all computations
are made in R.
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1 Introduction

The modelling of the distribution of incomes is a frequently treated prob-
lem as the results are of interest of a large spectrum of analysts and re-
searchers. Estimated characteristics as the mean or median income are
followed up by wide range of people. In this contribution data of incomes
of the Czech households are analyzed. The development of incomes per
capita in the Czech Republic can be found for example in B́ılková, Malá
(2012) or Bartošová, B́ına (2009). The goal of this text is to construct a
finite mixture models to fit net yearly equivalised incomes of the Czech
households in 2004-2010. Income data are usually very non-homogeneous
and mixture models are the suitable approach how to treat it. As a result
of the modelling we obtain information about components and its distribu-
tion as well as about structure of the mixture (proportions of components
in the mixture) and the distribution in the whole population of households.
Equivalised incomes are defined as a total net yearly income divided by the
equalised size of household (equalised number of units). Number of units
reflects the structure of the household and the possibility to share spend-
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ings and usually are evaluated according to two methodologies, European
Union (EU) and OECD:

OECD: first adult 1, members above 13 years 0.7, members below 13 0.5
EU: first adult 1, members above 13 years 0.5, members below 13 0.3.

All units (number of members, equivalised units given by EU and OECD
methodology) are equal for single member households, otherwise it follows

number of members > units OECD>units EU.

For the equivalised incomes the inequality is reversed. In this text equiv-
alised net year income in the the Czech Republic (in Czech koruna, CZK) is
treated according to EU methodology. All presented models are acceptable
(however chi-square test rejects the distribution), the Akaike information
criterion could be used to find the best model (in each year only). The
EM algorithm (McLachlan, Peel (2000)), implemented in the program R,
is used to find maximum likelihood estimates of unknown parameters.

2 Results

Suppose the distribution of equivalised income of the Czech households is
a mixture of K lognormal and gamma components. The mixture of prob-
ability distributions is given as

f(x,ψ) =

K∑
j=1

πjf(x,θj),

where for j = 1, ...,K f(x,θj) are probability densities of lognormal or
gamma distributions and πj denotes weights of the components in the
mixture. Unknown parameters in the model (if number of components K is
selected) are parameters of component distributions θj and K−1 parame-
ters πj . For two-parametric distributions the vector parameter ψ contains
2K+(K−1) parameters to be estimated, Kleiber, Kotz (2003), Wiper et al
(2001). For the estimation of unknown parameters data from the Living
Conditions Survey (a national module of the European Union Statistics on
Income and Living Conditions (EU-SILC)) dealing with the Czech house-
holds in 2005-2011, that cover incomes from 2004 to 2010, are used. The
survey has been carried by the Czech Statistical Office annually since 2005
(CZSO). From this survey, data about net incomes, number of members
of the household and number of equivalised units are used together with
the weights of households reflecting the two-stage samplings scheme. The
sample sizes in the analysed years are 4,351, 7,483, 9,675, 11,294, 9,911,
9,098 and 8,066 households. Large samples properties of estimates can be
used to obtain standard errors of estimates.
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FIGURE 1. Mean number of members and equivalised units 2005-2010.
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FIGURE 2. Estimated proportions of components 2005-2010, lognormal distri-
bution left column, gamma distribution right column.

From the Figure 1 the slow decrease in all three characteristics of the
size of the Czech households is observable, the number of members of the
households declines slowly from the mean value 2.37 in 2005 to 2.26 in
2010. Percentage of single member households increased from 22.5 per cent
by one percent.
The model with three components was chosen from the models with 2 to 5
components (according to the Akaike criterion, numeric results, interpreta-
tion). The three component model distinguishes three artificial subgroups
that can represent households with low, medium and high incomes. In the
Figure 2 the estimated component proportions are shown for lognormal and
gamma distributions. It is obvious that the percentage strongly depends on
the component distribution and they really differ for analysed distributions.
In the Figure 3 estimated expected values are shown for both distributions
(columns), values are similar for low and medium income households, there
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FIGURE 3. Estimated component expected values for both models 2005-2010.

is large difference in the high incomes component. The gamma model found
this component with high level and small proportion, the lognormal model
lower value with higher proportions. Estimated expected values from the
mixtures are given (dashed lines) in the Figure 3 together with the mean
values (solid line) evaluated from the samples.
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E-mail for correspondence: mameli@stat.unipd.it

Abstract: In real applications normality of the errors is a routine assumption
for the linear model, but it may be unrealistic. In fact often residuals exhibit
non-normal shape, with an heavy right or left tail. In this work, we relax the
normality assumption by considering that the errors follow a Beta skew-normal
distribution. The new regression model includes as special cases the skew-normal
and the normal one. We apply such model to study the longevity in Sardinia.
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1 Introduction

Sardinia has been called “the Centenarian island”(Deiana and Vaupel
(2006)). In fact, it turns out to be one of the regions with more alive cen-
tenarians in the world. In recent years, several projects have started with
the objective to understand and analyse which factors may be related to
the longevity in Sardinia. In particular, the project AKEA (see for example
Deiana and Vaupel (2006), Poulain et al. (2004) and the references therein)
was focused on a census of all centenarians living in Sardinia. This project
has highlighted the presence in the island of geographical areas in which the
phenomenon of longevity is particularly important. In this work we have
analysed data from the AKEA project, collected and validated in two vil-
lages of Sardinia. Our aim is to address the following question: Do members
of families in which there are centenarians live longer in average? This is
achieved by comparing the mean age at death for individuals belonging to
a centenarians’ family to that for individuals from families having not cen-
tenarians. Our response variable, the age of death, is strongly asymmetric.
Recent statistical literature has seen an increasing interest in the construc-
tion of flexible parametric families of distributions that exhibit skewness
and kurtosis different from the normal distribution. Azzalini (1985) defined
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the skew-normal distribution and studied its properties. Subsequently, Az-
zalini and Capitanio (1999) introduced the skew-normal regression model.
Recently, Mameli and Musio (2013) proposed a new distribution, called
Beta skew-normal (BSN), which generalizes the SN distribution. In this
work we propose an extension of the SN regression model, in which the er-
rors follow a BSN distribution. We apply this model to study the longevity
in Sardinia. The paper unfolds as follows: the definition of the BSN distri-
bution and the BSN regression model are presented in section 2. Section 3
is devoted to data and results of the statistical analysis. A brief discussion
is given in section 4.

2 Statistical model

2.1 The Beta skew-normal distribution

A random variable Z is said to have a Beta skew-normal distribution with
parameters λ, a and b (BSN(λ, a, b)), if its density is given by

gBΦλ(z)(z;λ, a, b) =
1

B(a, b)
(Φλ(z))a−1(1− Φλ(z))b−1φλ(z), z ∈ R,

with a > 0, b > 0, λ ∈ R. The functions Φλ(·) and φλ(·) are the cdf and
the pdf of the skew-normal distribution, respectively. Here, B(a, b) is the
beta function. The BSN distribution can be generalized by the inclusion
of the location and scale parameters which we identify as µ and σ > 0.
Thus if Z ∼ BSN(λ, a, b) then X = µ+ σZ is a BSN(µ, σ, λ, a, b).

2.2 The Beta skew-normal regression model

The Beta skew-normal regression model is defined as

yi = xiβ + σεi, for i = 1, . . . , n

where β = (β1, . . . , βk) is a k× 1 vector of unknown regression parameters
(k < n), xi = (xi1, . . . , xik) is the vector of k covariates. Under the as-
sumption that each error εi is distributed as a BSN(λ, a, b), the response
variable yi is distributed as a BSN(xiβ, σ, λ, a, b). The new model contains
as special cases the skew-normal and the normal regression models. The
log-likelihood function based on a sample of N independent observations is

l(θ) =

N∑
i=1

{
log (ti) + log (vi)

(a−1)
+ log (1− vi)(b−1) − log(σBeta(a, b))

}
,

where ti = φλ (zi) and vi = Φλ (zi), with zi = yi−xiβ
σ . The score vector

U(θ), obtained by differentiating l(θ) with respect to θ = (β, σ, λ, a, b), has
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the following components

Uβ(θ) =
∑N
i=1

[
xi(zi−witi−λhi)

σ

]
;

Uσ(θ) =
∑N
i=1

[
z2i−1−zi(witi+λhi)

σ

]
;

Uλ(θ) =
∑N
i=1

(
zihi + wi

∂vi
∂λ

)
;

Ua(θ) =
∑N
i=1 {log vi − [ψ(a)− ψ(a+ b)]} ;

Ub(θ) =
∑N
i=1 {log (1− vi)− [ψ(b)− ψ(a+ b)]} ;

where ψ(t) is the di-gamma function. Furthermore, wi = (a−1)+(2−a−b)vi
(1−vi)vi ,

and hi = φ(λ(zi))
Φ(λ(zi))

, where Φ(·) and φ(·) are the cdf and the pdf of the normal

distribution, respectively. Maximum likelihood estimates of the parameters
can be found by setting the above expressions equal to zero and solving
them simultaneously. Since analytical solutions are not available in closed
form, the R package maxLik is used to find estimates numerically.

3 Data description and statistical analysis

Data were collected in the two villages of Ovodda and Tiana in Sardinia,
located 5 km apart in the province of Nuoro, in an area characterized by
exceptional longevity. The data were taken from the project AKEA, and
cover the time period from 1860 to 2009. The experimental design was as
follows: we first identified the most recent centenarians who die; then we
included in the study all the present and previous members of their family,
as identified by the family name. In this way, 8 families were identified and
compared with 7 families in which, in the same period, there were no cente-
narians. The centenarians used to identify their families were removed from
the study. As the causes of death in children are very different in nature
from those in adults, we have restricted our analysis to individuals who
died in adulthood (at 30 years or more). The dataset contains 932 cases,
698 of which coming from families of centenarians. We consider as response
variable the age at death, which is strongly asymmetric. For each individ-
ual sampled we also know the date of birth, the sex and the year of death,
that we consider as potential predictors. Since this area is characterized
by an exceptional male longevity as well as a low female/male centenarian
ratio (see Poulain et al. (2004)), we have excluded the variable sex from the
model. As predictors we consider the year of death of each individual and
the dummy variable Cent1 (which is 1 if there is at least one centenarian
in the family and 0 otherwise). Then we assume the following model

yi = β0 + β1year deathi + β2Cent1i + σεi, for i = 1, . . . , 932

where the error εi follows a BSN(λ, a, b) density function. We use the
likelihood ratio (LR) test statistic for comparing the SN model against
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FIGURE 1. Histogram of the residuals with superimposed the BSN density

the BSN one. Based on the values of the LR test statistic, the BSN
model provides a better fit than the SN (LR = 9.604, p-value = 0.008).

The estimates of the regression parameters are β̂0 = 73.999, β̂1 = 8.211
and β̂2 = 2.394. The estimated density function is plotted in figure 1.

4 Discussion

In this paper we have introduced the BSN regression model and we have
used it to study the longevity in Sardinia. Our analysis shows a significant
effect on longevity for persons belonging to a centenarians’ family. Indeed,
the effect is probably underestimated, since we have taken no account of
the mother’s family. Even so, it seems clear that longevity has a genetic
cause. This finding should motivate more detailed studies to investigate the
genetic characteristics of centenarians’ families.
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Abstract: It is well-known that the Sun has an obvious effect on terrestrial
climate since its electromagnetic radiation is the main energy for the outer en-
velopes of Earth. This is one of the so-called solar-terrestrial physics problems.
It has been the subject of speculation and research by scientists for many years.
Understanding the behaviour of natural fluctuations in the climate is especially
important because of the possibility of man-induced climate changes. Many stud-
ies have been conducted to show correlations between solar activity and various
meteorological parameters, nevertheless historical observations of solar activity
were restricted to sunspot numbers and it was not clear how these could be
physically related to meteorological factors. The theoretical models proposed to
explain these relationships are not conclusive since the complexity of the system,
that is, many correlated variables, lack of data, and an incomplete understanding
of the physical mechanisms responsible for such an interaction. In this work we
study the problem through the application of the Vector AutoRegression Model
(VAR). The advantage of this approach is that we can analyse several variables
simultaneously and search for the causality among them. The results indicate
that the sun (described only by the number of sunspots and its total irradiance)
has a weak connection to Earth, at least for the major climate phenomena. Fur-
ther investigation must be conducted by including another proxy variables for
the solar activity and studying the solar cycles separately.

Keywords: time series; Vector Autoregression; climate; Sun.
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1 The solar and terrestrial connection

The Sun varies over a broad span of timescales, from its brightening over
its lifetime to the fluctuations commonly associated with magnetic activ-
ity over days to years. The latter activity includes most prominently the
11-year sunspot cycle and its modulations. Variations in the total solar
irradiance (TSI) incident on Earth’s atmosphere can cause imbalances in
Earth’s radiation budget that can induce temperature shifts near the sur-
face. The temperature of Earth can be understood to a first approximation
as controlled by the balance between the radiative energy received from the
Sun and Earth’s thermal emission of radiative energy to space. Thermal
emission increases with increasing temperature, and Earth can be thought
of as settling into an equilibrium by adjusting its temperature so that this
thermal radiation balances the solar energy absorbed by the planet. An
increase or a decrease in the TSI is expected on this basis to increase
or decrease the temperature of Earth. The observed sunspot number has
been demonstrated to be negatively correlated with the cosmic ray flux.
The cosmic-ray flux reaching Earth’s surface is modulated by the strength
of the solar wind. It is now understood that this decrease in cosmic rays
is due to changes in the magnetic field geometry in the heliosphere, the
bubble blown in the interstellar medium by the solar wind. Higher levels
of solar activity lead to a decrease in the cosmic-ray flux at Earth. Cos-
mic rays are potentially implicated in climate change on Earth because as
they penetrate Earth’s atmosphere they leave behind an ionized path that
could serve as a source of condensation centres that in turn affect cloudi-
ness and Earth’s albedo (reflectivity of solar radiation). Research is being
conducted on these potential mechanisms and their possible relevance as a
climate-forcing agent.

2 The Vector AutoRegression (VAR) model

The VAR model is one of the most successful, flexible, and easy to use
models for the analysis of multivariate time series. It is a natural extension
of the univariate autoregressive model (AR) to dynamic multivariate time
series (Sims 1972, 1980, 1982). It describes the evolution of a set of k
variables (called endogenous variables) over the same sample period (t =
1, 2, . . . , T ) as a linear function of only their past evolution

yt = c+ α1yt−1 + α2yt−2 + . . .+ αpyt−p + εt (1)

where c is a k × 1 vector of constants (intercept), αi is a k × k matrix (for
every i = 1, . . . , p), p is the number of lags (that is, the number of periods
back), and εt is a k × 1 vector of error terms. In addition there are some
assumptions about the error terms: a) the expected value is zero, that is,
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E[εit] = 0 with t = 1, . . . , T , and b) the errors are not autocorrelated,
E[εitεjτ ] = 0 with τ 6= t.
The determination of the number of lags p is a trade-off between the di-
mensionality and simpler models. To find the optimal lag length we can
apply a Log-Likelihood Ratio test (LR) test or an information criterion
(Lütkepohl 1993).
After the parameters in the V AR(p) model (Eq. 1) have been estimated
through Ordinary Least Squares (OLS), we need to interpret the dynamic
relationship between the indicated variables using the Granger causality.

3 Application of the VAR model to the Sun–Earth’s
Climate connection

Our purpose is to analyse the relationship between the Sun (solar activity)
and the major climate phenomena through a time series analysis. The data
are taken from the National Geophysical Data Center (NGDC) and the
National Climatic Data Center (NCDC).

3.1 Description of the data

Any study of a connection between solar variability and Earth’s climate
must involve historical observations, not only for developing empirical mod-
els but also for testing physically-based hypotheses. It is therefore impor-
tant to have long records of high-quality observations of both the Sun and
Earth’s climate and to be able to formulae a physical model explaining
the causality. However, there are few long-term observations that really are
suitable for such studies. The most complete long-term data sets that exist
are surface measurements of temperature, sea-level pressure, and sea surface
temperature. Similarly, there are few high-quality, long-term solar observa-
tions, and one of the few direct solar quantities that has been recorded for
more than 100 years is the sunspot activity. There also have been measure-
ments of the geomagnetic field for more than 100 years, and these records
hold some information about solar activity. Thus we have,

1. Solar activity. Comprises photospheric and chromospheric phenom-
ena such as sunspots, prominences and coronal disturbances. We se-
lect two indicators: Sunspot number (1700–today) and Total Solar
Irradiation (TSI) (1610–1978, reconstructed and 1978–today, satel-
lites).

2. Earth’s global climate. We are interested in a description of
Earth’s climate as a whole, with all the regional differences av-
eraged. We select the following variables: Pacific Decadal Oscilla-
tion (PDO) (1900–today), North Atlantic Oscillation (NAO) (1821–
today), Hemispheric temperature anomalies (1850–today).
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4 Summary

The possible relation between the solar activity and the terrestrial climate
has been addressed in many works. Most of them search for periodicities or
correlations among the set of variables that characterize the solar activity
and the major climate parameters. In this work we have proposed and esti-
mated a VAR model to explain such a “possible” connection. To apply the
VAR model we have analysed the time series for the most remarkable fea-
tures of both the solar activity and climate. From our statistical analysis we
find that the Sun can be modelled by a VAR(8) where the chosen variables
are good proxies for the solar activity. A second model which accounts for
the relation between the Sun and terrestrial climate is given by a VAR(4)
where the solar variables are taken as exogenous. This latter model is a first
evidence that the solar activity does not strongly affect the major climate
variables, in other words, the long-term variability. In a forthcoming work
we will include a term related to the cloudiness (albedo) and we will sep-
arate certain cycles in the solar activity to determine the epochs in which
the connection with the terrestrial climate could be stronger.
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Abstract: HIV RNA viral load measures are often subjected to some upper and
lower detection limits depending on the quantication assays, and consequently
the responses are either left or right censored. Linear and nonlinear mixed-effects
models with censored response (LMEC and NLMEC), are routinely used to ana-
lyze this type of data. Although normal distributions are commonly assumed for
random effects and residual errors, such assumptions make inferences vulnerable
to outliers. The sensitivity to outliers and the need for heavy tailed distribu-
tions for random effects and residual errors motivate us to use a likelihood-based
inference for linear and nonlinear mixed effects models with censored response
(NLMEC/LMEC) based on the multivariate Student-t distribution. In order to
examine the performance of the proposed model, some simulation studies are
presented in order to show the robust aspect of it against outlying and influential
observations. The sensitivity of the EM estimates under some usual perturbation
schemes in the model or data, the local influence curvatures are derived and some
diagnostic graphics are proposed. The one-step approximations of the estimates
in the case-deletion model are also obtained.

Keywords: Censored data; HIV viral load; EM Algorithm; Influential observa-
tions; Linear and nonlinear mixed models.

1 Introduction

Studies of HIV viral dynamics, often considered to be a key issue in AIDS
research, considers repeated/longitudinal measures over a period of treat-
ment routinely analyzed using linear and non-linear mixed effects models
(LME/NLME) to assess rates of changes in HIV-1 RNA level or viral load
(Wu, 2005, 2010). Viral load measures the amount of actively replicating
virus and its reduction is frequently used as a primary endpoint in clinical
trials of anti-retroviral (ARV) theraphy. However, depending on the diag-
nostic assays used, its measurement may be subjected to some upper and
lower detection limits, below or above which they are not quantifiable (re-
sulting in left or right censoring). The proportion of censored data in these
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studies may not be small (Hughes, 1999) and so the use of crude/adhoc
methods, such as substituting a threshold value or some arbitrary point
like mid-point between zero and cut-off for detection (Vaida & Liu, 2009),
might lead to biased estimates of fixed effects and variance components
(Wu, 2010).
Recently, Matos, Prates, Chen & Lachos (2012) proposed an algorithm for
linear and nonlinear mixed effects models with censored response based
on the multivariate Student-t distribution, using this models we developed
and presented diagnostic measures for assessing the local influence.
The study of influence analysis is an important and key step in data analysis
subsequent to parameter estimation. This can be carried out by conduct-
ing an influence analysis for detecting influential observations. There are
two primary approaches for detecting influential observations. The first ap-
proach is the case-deletion approach (Cook, 1977) and it is an intuitively
appealing method (see also Cook and Weisberg, 1982). Deletion diagnos-
tics such as Cooks distance or the likelihood distance have been applied to
many statistical models. The second approach, which is a general statis-
tical technique used to assess the stability of the estimation outputs with
respect to the model inputs, is the local influence approach of Cook (1986).
Following the pioneering work of Cook (1986), this method has received
considerable attention recently in the statistical literature on mixed effects
models (LME/NLME); see, for example, Lesaffre & Verbeke (1998), Zhu &
Lee (2001), Lee & Xu (2004), Osorio et al. (2007) and Russo et al. (2009),
among others.
Zhu & Lee (2001) developed an approach for performing local influence
analysis for general statistical models with missing data, and it is based
on the Q-displacement function that is closely related to the conditional
expectation of the complete-data log-likelihood in the E-step of the EM
algorithm. This approach produces results very similar to those obtained
from Cooks method. Moreover, the case-deletion can be studied by Q-
displacement function following the approach of Zhu et al. (2001). So, using
the same methods as in Matos et al. (2013) we develop here methods to
obtain case-deletion measures and local influence measures by using the
method of Zhu et al. (2001) (see also Lee & Xu, 2004; Zhu & Lee, 2001) in
the context of mixed effects models with censored response based on the
multivariate Student-t distribution.

2 Methodology

Based on Matos, Prates, Chen & Lachos (2012) where proposed an
algorithm for linear and nonlinear mixed effects models with censored
response based on the multivariate Student-t distribution, we developed
and presented diagnostic measures for assessing the local influence.
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Diagnostic analysis

Influence diagnostic techniques are used to identify anomalous ob-
servations that impact on model fitting or statistical inference for the
assumed statistical model. There are primarily two approaches for detect-
ing influential observations. The case- deletion approach (Cook, 1977) is
the most popular one for identifying influential observations. To assess the
impact of influential observations on parameter estimates some metrics
have been used for measuring the distance between θ̂[i] and θ̂, such as the
likelihood distance and Cooks distance. The second approach is a general
statistical technique used to assess the stability of the estimation outputs
with respect to the model inputs (Cook, 1986). By using the results of Zhu
et al. (2001), we introduce here the case-deletion measures and the local
influence diagnostics for the censored data on the basis of Q-function; see
Zhu & Lee (2001). We first consider the case- deletion measures, then the
local influence measures, and finally the perturbation schemes employed.

Numerical illustrations

We illustrate the performance of the proposed methods with the
analysis of two HIV datasets, previously analyzed by Vaida & Liu (2009),
and the analysis of a simulated example.
This work provides a new insight into the classical diagnostics methods
for censored linear and nonlinear mixed effects models, typically used for
analyzing censored HIV viral load outcomes, and also presents an use-
ful expectation conditional maximization (EMC) algorithm, which enable
the development of diagnostic influence measures. Explicit expressions are
obtained for the Hessian matrix Q̈ and for the matrix ∆ under different
perturbation schemes. For NLMEC, the analysis is mathematically (and
computationally) feasible through a linearization procedure. The proposed
methodology has been applied to two recent (left and right-censored) AIDS
studies, which is freely downloadable from R.
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Brazil.
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Abstract: In multilevel models for binary responses, estimation is computa-
tionally challenging due to the need to evaluate intractable integrals. In this pa-
per, we investigate the performance of a recently proposed Bayesian method for
deterministic fast approximate inference, called Integrated Nested Laplace Ap-
proximation (INLA). In particular, we conducted a simulation study, comparing
the results obtained via INLA with the results obtained via MCMC, i.e. the tra-
ditional estimation method in the Bayesian context, and via maximum likelihood
with adaptive quadrature. Particular attention is devoted to the case of small
sample size and to the specification of the prior distribution for the variance.

Keywords: Integrated Nested Laplace Approximations; Logistic multilevel mod-
els; MCMC estimation; Prior specification.

1 Introduction

Multilevel models are a standard tool for the analysis of hierarchically
structured data. However, in most non linear case the estimation process is
complicated by the fact that the likelihood cannot be written in closed form,
requiring numerical or Monte Carlo techniques. Two popular approaches
are maximum likelihood with Adaptive Gaussian Quadrature (AGQ) and
Bayesian inference via MCMC methods. The latter approach gives more ac-
curate results at the cost of increasing the computational effort and adding
a dependency of the results on the specification of the prior distributions
and in large samples the computational time of MCMC can be prohibitive.
Therefore, it is worthwhile to evaluate the performance of alternative es-
timation methods, such as the Integrated Nested Laplace Approximation
(INLA) proposed by Rue et al. (2009). This method performs approximate
Bayesian inference based on multiple Laplace approximations combined
with numerical integration. Fong et al. (2010) considered the application
of INLA to generalized linear mixed models. However, they did not carry
out any simulation study to assess the properties of the estimators; more-
over, the comparison was limited to maximum likelihood via PQL, which in
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general is less accurate than adaptive quadrature. In this paper we assess
the performance of Bayesian inference via INLA for a random intercept
logit model, making comparisons with Bayesian MCMC Gibbs sampling
and maximum likelihood with Adaptive Gaussian Quadrature.

2 The simulation study

The simulation study refers to the following two-level random intercept
logit model, for a dicothomous response yij , where level 2 units are indexed
by j = 1, ...., J and level 1 units by i = 1, ...., nj :

logit(πij) = α+β1x1ij+β2x2ij+γ1z1j+γ2z2j+u0j , u0j ∼ N(0, σ2
u0) (1)

where πij = P (yij = 1 | x1ij , x2ij , z1j , z2j , u0j), x1ij is a continuous level
1 variable, x2ij a binary level 1 variable, z1j a continuous level 2 variable
and z2j a binary level 2 variable.
We consider several balanced designs with different number of clusters (10,
40, 70, 100) and cluster size (10, 30, 50). For the level 2 variance σ2

u0, we
consider the values 0.25, 1.44 and 6.25. The number of scenarios is thus
4× 3× 3 = 36. For each configuration, 1000 datasets are generated.
The three examined estimation methods are: Bayesian inference via INLA,
using the R function inla; via MCMC (Gibbs sampling), using the JAGS
program; maximum likelihood through AGQ, using the R package lme4.
Moreover, for Bayesian methods we use flat prior distributions N(0,1000)
for the fixed effects and three different specifications for the precision (the
inverse of the level 2 variance): (i) Γ(1, 0.0005), the default choice of the
inla function; (ii) Γ(0.001, 0.001), the default choice of the BUGS software
(Lunn et al., 2000); (iii) Γ(0.5, 0.0164), recently suggested by Fong et al.
(2010). The last specification yields random effects u0j with a marginal
Cauchy distribution such that eu0j ∈ [0.1, 10] with probability 0.95.
We focus on three measures of performance: the relative bias for the fixed
effects and for the variance component, the coverage of confidence intervals
for the fixed effects and the computational time.,
The estimates of the fixed effects are accurate regardless of the sample size,
whereas the estimates of the variance component are quite sensitive to the
number of clusters. An extensive comparison of different prior specifications
is extremely time consuming with MCMC, but it is relatively fast with
INLA. Figure 1 shows, for the three considered prior specifications, the
plots of the relative bias on the level 2 variance in the case σ2

u0 = 0.25 (for
the other values of σ2

u0 the findings are analogous).
The INLA method always converged quickly. When the number of clus-
ters is large all the considered prior specifications yield satisfactory results.
However, in the case of 10 clusters, only the prior Γ(0.5, 0.0164) proposed
by Fong et al. (2010) gives an acceptable bias on the variance component,
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FIGURE 1. Relative bias for the level 2 variance σ2
u0 = 0.25 for the three

considered priors. INLA estimates.

whereas the prior Γ(1, 0.0005) (inla function default) yields a severe down-
ward bias and the Γ(0.001, 0.001) (BUGS default) yields a severe upward
bias. The prior Γ(0.5, 0.0164) also gives better coverage of the intervals for
the fixed effects.
For the simulations with MCMC, we considered the priors with the best
and worst performances (Γ(0.5,0.0164) and Γ(1,0.0005), respectively). We
also tested maximum likelihood with AGQ. Table 1 reports the relative bias
on the level 2 variance with σ2

u0 = 0.25 for INLA, MCMC and AGQ, where
the first two methods are based on the prior distribution Γ(0.5, 0.0164).

TABLE 1. Relative bias for level 2 variance σ2
u0 = 0.25 by number of clusters

and cluster size. Γ(0.5, 0.0164) prior for the precision 1/σ2
u0

.

J nj INLA MCMC AGQ

10 10 0.102 0.208 -0.444
10 30 0.056 0.088 -0.432
10 50 0.012 0.064 -0.256

40 10 0.060 0.058 -0.164
40 30 0.047 0.034 -0.124
40 50 0.038 0.028 -0.092

70 10 0.034 0.024 -0.104
70 30 0.020 0.022 -0.068
70 50 0.011 0.022 -0.064

100 10 0.011 -0.020 -0.088
100 30 0.004 -0.016 -0.036
100 50 0.000 0.004 -0.028

For both bias and coverage, the patterns of the three methods are similar.
Overall, INLA is more accurate than MCMC, which is more accurate than
AGQ, even if the differences vanish as the number of clusters increases.
The simulations for MCMC confirm the key role of the prior specification
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of the level 2 variance, so that a careful choice is far more important than
the estimation method. It is worth to note that, for Bayesian methods, the
sign of the bias on the level 2 variance depends on the prior specification,
whereas AGQ is certain to yield a downward bias consistently with the
findings of other simulation studies (Moineddin et al., 2007).
As for the computational load, the advantage of INLA over MCMC is
considerable and it rapidly increases with the sample size, for example the
computational time is 1 over 50 in the design with 100 clusters of size 50.
Moreover, in the same design, the computational times of INLA and AGQ
are nearly identical, thus closing the traditional gap in computational times
between Bayesian and maximum likelihood methods.

3 Conclusions

Our simulation study has shown that the INLA method is fast and accurate
for fitting random intercept logit models, even if, with few clusters, the
estimates of the level 2 variance are not robust to the choice of the prior
distribution for the precision. In the Bayesian context, the choice of the
prior distribution is far more relevant than the choice of the estimation
method. A noteworthy result is that the prior proposed by Fong et al.
(2010) yields satisfactory results. Finally, INLA is considerably faster than
MCMC and it has computational times similar to AGQ.
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able models for causal inference and analysis of socio-economic data.
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Abstract: The term structure of credit spreads is studied with an aim to pre-
dict its future movements. A completely new approach to tackle this problem
is presented, which utilizes nonlinear parametric models. The Brain-Cousens re-
gression model with five parameters is chosen to describe the term structure of
credit spreads. Further, we investigate the dependence of the parameter changes
over time and the determinants of credit spreads.

Keywords: nonlinear regression; random starting values; credit spreads.

1 Introduction and Motivation

We study the historical development of the credit spread curves, and are
interested in forcasting future movements of credit spreads. In economic
sciences, credit spreads represent the premium paid for specific risks em-
bedded in a bond. The risk factors include geopolitical and macroeconomic
variables. For details, see e.g. Schlecker (2009). The existing methods used
in the banking industry proved unsatisfactory in times of financial crisis,
as the relationship between issuer and reference curves has changed.
We scrutinize the behavior of credit spreads from a completely different
perspective. We model the credit spread curve not by the common layer-
factor approach, but we approximate the curve by a nonlinear parametric
function with several parameters. Then we concentrate on finding the de-
pendencies between these parameters and timely available and observable
indicators and market data. This is motivated by the fact that the com-
plexity of the parametric curve can be reduced to a small number of param-
eters so that changing patterns of the curve structure can be understood in
terms of changes in these parameters. Also, each nonlinear parametric curve
may be summarized by its parameter estimates as a single low-dimensional
multivariate observation, which then may be subject to a regression or a
correlation analysis.
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FIGURE 1. The term structure of ISDA fixings (S, dashed line), German gov-
ernment bonds (B, dotted line) and credit spreads (CS, solid line) on October
21, 2011 (left) and May 31, 2012 (right).

The following model which describes the structure of credit spreads yi for
given times to maturity xj is studied:

yi = y(xj) + εi,

where xj , j = 1, . . . , 12, denotes the time to maturity in years of quoted
credit spreads, usually x = (1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 15, 20), and εi ∼
F(0, σ2) are error terms with zero mean and constant variance σ2, for
i = 1, . . . , n.

2 Data Description

The analyzed data set is based on an excerpt from the Bloomberg data
base, and contains daily quotation of ISDA fixings for Euro and German
government bonds for all maturities for the period between June 2011 and
June 2012, i.e. n = 258. The credit spreads yi are obtained by subtracting
the issuer curve from the reference curve, as Figure 1 shows graphically.
Comparing credit spread curves in Figure 1 (left) and (right), it becomes
evident that the structure of credit spread curves is changing, and we need
a model that will be flexible enough to capture possible developments and
different shapes of credit spread curves.

3 Nonlinear Regression Model

We fit a parametric nonlinear logistic regression model and analyze the
term structure of credit spreads. The generalization of the log-logistic re-
gression, the so-called Brain-Cousens model (BC-model) is proposed by
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Ritz and Streibig (2008) for this kind of dependency. Some authors pro-
pose some variant of spline regression for similar problems, see e.g. Jarrow
et al. (2004).
The BC-model is defined by

y(xj) = c+
d+ f xj − c

1 + exp(b [ln(xj)− ln(e)])
, (1)

and the parameters in model (1) have the following meaning: c and d define
the upper and lower horizontal asymptotes, f is the slope of the upper
asymptote, while b and e describe the shape of the decrease of the curve,
i.e. e is the inflection point of the curve, and b is proportional to the slope
at xj = e. A similar approach for describing nonlinear dependancies is
proposed in Friedl et al. (2012).
The starting values for the iteration necessary to calculate the least squares
estimates of parameters are obtained either by using the parameter esti-
mates of the previous day or by generating random starting values. If the
parameter estimates from the previous day used as the starting values for
the next day’s estimation did not lead to convergence, random starting val-
ues from the interval [−2, 2] are used. This approach is introduced in order
to obtain convergence also in cases when the behavior of credit spreads
changes dramatically from one day to another. It also enables the iden-
tification of days when market fluctuations influence the development of
credit spreads strongly.
The results of the parameter estimation for both curves shown in Figure 1
are given in Table 1. We refer to Figure 2 for a graphical representation of
the fitted models. We note that for the model fit shown in Figure 2 (left),
nine random iterations of starting values were necessary to obtain conver-
gence. This method yields convergence for 231 out of 258 days. Without
random starting values, the convergence is obtained for only 180 days.

TABLE 1. MLEs (std. errors) of the BC-model (left) and (right).

b c d e f

4.9129 0.0772 0.9300 12.7469 -0.0209
(1.3833) (0.0648) (0.0307) (1.0744) (0.0094)

1.3550 -1.5464 -0.2754 2.4529 1.4679
(0.1951) (1.1451) (0.3344) (0.8448) (1.0474)

4 Conclusion

We study the term structure of credit spreads with an aim to predict their
future movements. We suggest a completely new approach to tackle this
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FIGURE 2. Fitted BC model given by (1) (solid line) and quoted credit spread
values at time to maturity on October 21, 2011 (left) and May 31, 2012 (right).

problem, and instead of modeling credit spreads by the means of the layer-
factor model, we utilize a nonlinear parametric model and concentrate on
its parameters. The Brain-Cousens regression model with five parameters
is chosen to describe the term structure of credit spreads. Random starting
values are introduced in order to obtain convergence of parameter estimates
also in cases when the behavior of credit spreads changes dramatically.
Eventually, the dependence of the parameter values and given microeco-
nomic factors over time is to be analyzed.
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Abstract: In longitudinal studies of disease, patients may experience several
events through a follow-up period. In these studies, the sequentially ordered
events (and the gap times) are often of interest and lead to problems that have
received much attention recently. In recent years significant contributions have
been made regarding these topics. Issues of interest include the estimation of
bivariate survival, marginal distributions and the conditional distribution of the
second gap time given the first gap time. In this work we consider the estimation
for the survival of second gap time given the first gap time. Different approaches
will be considered for estimating these quantities, all based on the Kaplan-Meier
estimator of the survival function. Real data illustration based on a bladder study
is included. In this dataset one major goal is to characterize the number of months
that a patient have without second recurrence given he/she has spent a certain
number of months without first recurrence.

Keywords: conditional survival; gap times; Kaplan-Meier.

1 Introduction

In many medical studies individuals can experience several events across a
follow-up study. In these studies, the times between two consecutive events
are often of interest and lead to problems that have received much attention.
The events of concern may be of the same nature (e.g. cancer patients may
experience recurrent disease episodes) or represent different states in the
disease process (e.g. alive and disease-free, alive with recurrence and dead).
If the events are of the same nature this are usually referred as recurrent
event, whereas if they represent different states (i.e. multi-state models)
they are usually modeled thought their intensity functions (Meira-Machado
et al. 2009).
Let (T1, T2) be a pair of gap times of successive events, which are ob-
served subjected to random right-censoring. Let C be the right-censoring
variable, assumed to be independent of (T1, T2) and let T = T1 + T2

be the total time. Because of this, we only observe (T̃1i, T̃2i,∆1i,∆2i),
1 ≤ i ≤ n, which are n independent replications of (T̃1, T̃2,∆1,∆2), where
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T̃1 = T1 ∧ C, ∆1 = I(T1 ≤ C), and T̃2 = T2 ∧ C2, ∆2 = I(T2 ≤ C2)
with C2 = (C − T1)I(T1 ≤ C) the censoring variable of the second gap
time. Define T̃ = T ∧C and let F1 and G denote the distribution functions
of T1 and C, respectively. Since T1 and C are independent, the Kaplan-
Meier product-limit estimator based on the pairs (T̃1i,∆1i)’s , consistently
estimates the distribution F1. Similarly, the distribution of the total time
may be consistently estimated by the Kaplan-Meier estimator based on
(T̃1i + T̃2i,∆2i)’s. Because T2 and C2 will be in general dependent, the
estimation of the marginal distribution for the second gap time is not
a simple issue. The same applies to the bivariate distribution function
F12(x, y) = P (T1 ≤ x, T2 ≤ y). This issue have received much attention re-
cently. In this work we present four estimators for the conditional survival
function of second gap time given the first gap time. Different approaches
will be considered, all based on the Kaplan-Meier estimator of the survival
function. We have conducted extensive simulation studies to compare all
four methods regarding its bias, mse and its variance. The performance of
the estimators was also investigated for different sample sizes.

2 Estimators

In this section we will present four different approaches for estimating the
conditional distribution function of the second gap time given the first gap
time S2|1(x, y) = P (T2 > y|T1 > x), all using the Kaplan-Meier estimator
of survival. A simple estimator for the conditional distribution function
(CKM) is given by

Ŝ2|1(x, y) = P (T2 > y|T1 > x) = ŜKM (y|T1 > x,∆1 = 1)

where ŜKM (y) the Kaplan-Meier estimator based on the pairs (T̃2i,∆2i)’s.
The ŜKM (y|T1 > x,∆1 = 1) is the conditional survival function for the
subset of T1 > x and ∆1 = 1 (the Kaplan-Meier estimator based on the
pairs (T̃2i,∆2i)’s such that T̃1i > x and ∆1i = 1). The idea behind the next
estimator is to use the Kaplan-Meier estimator pertaining to the distribu-
tion of the total time to weight the bivariate data (KMW) and it is given
by

S̃2|1(x, y) = P (T̃2 > y|T̃1 > x) =
P (T̃1 > x, T̃2 > y)

P (T̃1 > x)

=
P (T̃1 > x)− P (T̃1 > x, T̃2 ≤ y)

1− P (T̃1 ≤ x)

The P (T̃1 > x, T̃2 ≤ y) = 1
n

∑n
i=1WiI(T̃1i > x, T̃2i ≤ y), where

Wi = ∆2i

n−Ri+1

∏i−1
j=1

[
1− ∆2j

n−Rj+1

]
is the Kaplan-Meier weight attached to

T̃i when estimating the marginal distribution of T from (T̃i,∆2i)’s, and for
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which the ranks of the censored T̃i’s, Ri, are higher than those for uncen-
sored values in the case of ties. One estimator related to estimator above, in
which they assume a presmoothed version of the Kaplan-Meier estimator
(KMPW) (Dikta, 1998).

˜̃S2|1(x, y) =

n∑
i=1

W ?
i I(T̃1i > x, T̃2i ≤ y)

where W ?
i = m(T̃1i,T̃i)

n−Ri+1

∏i−1
j=1

[
1− m(T̃1j ,T̃j)

n−Rj+1

]
is the presmoothed Kaplan-

Meier weight, where m stands for a parametric binary regression model.
Another estimator for the conditional survival function is obtained using
Inverse Probability of Censoring Weighted (IPCW). Further details can be
seen in the paper by Meira-Machado et al. (2011).

3 Simulation study

In this section, we compare by simulations the four estimators, for the
conditional survival function. We consider one simulated scenario that
described in Lin’s paper (see their Section 3). In this scenario, the gap
times were generated from Gumbel’s bivariate distribution function, the
so-called Fairlie-Gumbel-Morgenstern families of bivariate cdf’s, F (x, y) =
F1(x)F2(y)[1 + δ(1− F1(x)((1− F2(y))] where |δ| ≤ 1 for a bivariate den-
sity to exist. The marginal distributions, F1 and F2 are exponential with
rate parameter 1. The case of independence is obtained for δ = 0 while the
maximum of correlation (between T1 and T2) for the bivariate exponential
distribution is obtained for δ = 1 with bound equal to 0.25 (Table 1).
For scenario we have considered two sample sizes, n = 100 and n = 1000
(Table 2) and for each simulation, 5000 samples were generated. For each
setting we computed the mean and standard deviations for the conditional
survival estimators at pairs of time points (x, y), where x and y takes values
corresponding to: marginal survival probabilities of 0.8, 0.6, 0.4 and 0.2 for
the bivariate exponential scenario.

TABLE 1. True values for conditional survival function with maximum correla-
tion.

0.2231 0.5108 0.9163 1.6094

0.2231 0.83203 0.64801 0.44799 0.23200
0.5108 0.86402 0.69601 0.49599 0.26401
0.9163 0.89602 0.74401 0.54400 0.29601
1.6094 0.92802 0.79201 0.59199 0.32801
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TABLE 2. MSE of the estimated conditional survival function along 5000 trials
for sample size n = 1000 with standard deviation.

y 0.2231 0.5108 0.9163 1.6094
x
0.2231 0.00033 0.00098 0.00296 0.01185

(0.0177) (0.0276) (0.0373) (0.0465)
0.5108 0.00046 0.00155 0.00511 0.02103

(0.0209) (0.0339) (0.0480) (0.0609)
KMW 0.9163 0.00075 0.00300 0.01089 0.04666

(0.0263) (0.0456) (0.0680) (0.0892)
1.6094 0.00181 0.00966 0.04029 0.16962

(0.0401) (0.0776) (0.1213) (0.1463)
0.2231 0.00033 0.00065 0.00163 0.00475

(0.0167) (0.0254) (0.0330) (0.0390)
0.5108 0.00044 0.00097 0.00284 0.00844

(0.0196) (0.0310) (0.0423) (0.0515)
KMPW 0.9163 0.00069 0.00171 0.00556 0.01714

(0.0245) (0.0407) (0.0577) (0.0717)
1.6094 0.00169 0.00417 0.01292 0.06591

(0.0383) (0.0639) (0.0901) (0.1062)
0.2231 0.00135 0.00316 0.00369 0.00245

(0.0183) (0.0243) (0.0263) (0.0274)
0.5108 0.00118 0.00269 0.00331 0.00278

(0.0215) (0.0298) (0.0347) (0.0400)
CKM 0.9163 0.00118 0.00273 0.00404 0.00701

(0.0274) (0.0403) (0.0513) (0.0791)
1.6094 0.00242 0.00712 0.02108 0.05922

(0.0470) (0.0811) (0.1422) (0.2098)
0.2231 0.00033 0.00098 0.00296 0.01185

(0.0177) (0.0276) (0.0373) (0.0465)
0.5108 0.00046 0.00155 0.00511 0.02103

(0.0209) (0.0339) (0.0480) (0.0609)
IPCW 0.9163 0.00075 0.00300 0.01089 0.04666

(0.0263) (0.0456) (0.0680) (0.0892)
1.6094 0.00181 0.00966 0.04029 0.16962

(0.0401) (0.0776) (0.1213) (0.1463)

4 Conclusion

In this paper we present several nonparametric estimators of the condi-
tional survival function for the second gap time given the first gap time.
Simulations showed that the estimator KMPW present better results.
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Abstract: This paper presents a semiparametric method for estimating the
marginal response and association parameters in a random effects multivariate
longitudinal count model. In the context of the generalized estimating equations
(GEE) framework, we use a specific form of the covariance matrix of the response
vector based on a model that induces dependence over time and outcomes using
random effects. This moment based method is robust to distributional misspecifi-
cation and reduces the computational burden associated with a high-dimensional
joint distribution by avoiding parametric assumptions on the response and unob-
served effects. Through a simulation study, we compare finite sample robustness
properties of this semiparametric method with a pseudo-likelihood approach that
imposes distributional assumptions. Both of these methods are then used to an-
alyze a dataset of insurance claim counts for three types of coverage over time.

Keywords: Generalized Linear Mixed Models; Correlated Count Data; Longi-
tudinal Data; Generalized Estimating Equations; Unobserved Heterogeneity.
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1 Introduction

Correlated count data commonly arise in fields such as business, economics
and demography through longitudinal studies. Methods for accounting for
correlation in a single longitudinal count outcome are well-established and
straightforward to implement. However, often times the researcher is pre-
sented with multiple longitudinal outcomes with an underlying relationship
that should not be ignored. For example, we are interested in how unob-
served individual-specific risk characteristics are related across three types
of personal insurance coverages: home, auto collision and auto compre-
hensive. Separate generalized linear mixed models for each of the claim
counts can be fit, but a joint model for the multiple claim counts prop-
erly addresses our research question. This research focuses on generalized
linear mixed models (GLMMs) with correlated random effects that induce
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marginal association between the multiple claim rates through the joint de-
pendence on the random effects. In such a model, the covariance structure
of the random effects tells us about the relationship between the unobserved
heterogeneity in the multiple claim counts.

Maximum likelihood estimation of the multivariate longitudinal GLMM
requires distributional specification of the unobserved heterogeneity and
is also computationally prohibitive. Specifically, assuming the count out-
comes yitk are conditionally Poisson distributed with mean λitk, it involves
maximizing the following marginal likelihood:

N∏
i=1

∫
uiK

...

∫
ui1

{
K∏
k=1

Ti∏
t=1

e−uikλitk
(uikλitk)

yitk

yitk!

}
g(ui1, ..., uiK)dui1...duiK

where g(ui1, ..., uiK) is the multivariate density of the random effects, K
is the number of dependent count variables, Ti is the time dimension for
subject i, and N is the number of subjects. Pairwise likelihood is one ap-
proach to reduce the computational complexity of evaluating and maxi-
mizing the above integral (Fieuws and Verbeke 2006). This method reduces
the full likelihood to a composite likelihood that involves fitting all pairwise
GLMMs, but this can still be computationally prohibitive as the dimension
of the random effect vector increases even in seemingly simple cases and is
not robust to misspecification. We present a semiparametric approach that
uses the moments implied by the GLMM with correlated random effects in
the framework of generalized estimating equations (Liang and Zeger 1986,
Prentice 1988, Gourieroux et. al. 1984) to estimate the joint model. In
simulation, we show that the robustness property of the semiparametric
approach is maintained in finite samples. In simulation and empirical anal-
ysis, we find that the semiparametric method runs about 25 times faster
than the pairwise likelihood method.

2 Methodology
2.1 Assumptions

The following formalizes the minimal assumptions associated with this class
of multivariate longitudinal count models with multiplicative correlated
random effects. These are the assumptions maintained in this research.

Conditional Moments and Model Assumptions

(i) E(yitk|xik, uik) = uikexp(x
T
itkβk) = uikλitk

(ii) E(yitk|xik, uik) = V ar(yitk|xik, uik)

(iii) E(uik|xik) = E(uik) = 1 and V ar(ui1, . . . , uiK |xik) = Σ

(iv) yitk ⊥ yisl|(uik, uil)

By the law of iterated expectations, the first two marginal moments for
this class of multivariate longitudinal count models can be derived.
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Marginal Moments

(i) E(yitk|xitk) = exp
(
xTitkβk

)
= λitk

(ii) Vi ≡ V ar(yi|xi) = diag(λTi ) + Σ⊗ 1Ti1
T
Ti ◦ λiλ

T
i

where ◦ is element-wise multiplication, ⊗ is the Kronecker product, and
1Ti is a Ti-dimensional vector of ones.

2.2 Semiparametric Estimation

The procedure for the semiparametric approach relies on the moment con-
ditions implied by the marginal mean and variance and involves iterating
between moment-based estimation of the covariance parameters of the ran-
dom effect, Σ, and moment-based estimation of the regression parameters,
β. This approach is an extension of quasi-generalized pseudo maximum
likelihood (QGPML) estimators developed by Gourieroux et. al. (1984) and
the extended GEE approach developed by Prentice (1988). The estimator

(β̂, Σ̂) for β and Σ is defined as the solution to:

U(β,Σ) =

N∑
i=1

(
DT
i 0

0 ETi

)(
Vi 0
0 Wi

)−1(
yi − λi

R∗i −V∗i

)
= 0

where Di =
∂λTi
∂β , Vi is the model based variance matrix, Ei =

∂V∗Ti
∂Σ∗ ,

Wi = ITiK and Ri is the cross product of residuals. Define R∗i , V∗i and Σ∗

to be the vector of unique elements of Ri, Vi and Σ, respectively.

The semiparametric estimator involves a two-step iterative procedure. After
finding initial estimates for β via a procedure such as nonlinear least squares
(i.e. ignoring any dependence), V ar(yi) can be consistently estimated by
the cross product of the residuals, Ri. Define the vector of residuals r̂ik =[
r̂i1k . . . r̂iTik

]T
with r̂itk = yitk − ex

T
itkβ̂k , so that:

Ri = V̂ ar(yi) =

 r̂i1
...

r̂iK

 [ r̂Ti1 . . . r̂TiK
]

Next the empirical variance estimate Ri and the model defined variance
structure Vi are used to estimate Σ. Specifically, the relation between Ri
and Vi implies KTi(KTi+1)

2 estimating equations for Σ from the distinct ele-
ments of the two matrices. These estimating equations define the estimator
Σ̂∗ for Σ∗:

U(Σ∗) =

N∑
i=1

ETi (β̂)W−1
i

(
R∗i (β̂)−V∗i (β̂,Σ

∗)
)

= 0

An estimate for V∗i can now be obtained by plugging Σ̂∗ into the model

defined variance structure. The estimator β̂ for β is then found as the
solution to:

U(β) =

N∑
i=1

DT
i (β)V̂ −1

i (β̂, Σ̂∗) (yi − λi(β)) = 0
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The roots of the estimating equations U(β,Σ) are solved for via an iter-
ative procedure, updated at each iteration by the previous value of the√
N -consistent estimator of β given Σ and the

√
N -consistent estimator

of Σ given β, until convergence. Consistency results follow from the work
of Liang and Zeger (1986), Gourieroux et. al. (1984) and properties of
two-step M-estimators. Standard errors are based on the joint asymptotic
distribution of

√
N(β−β̂) and

√
N(Σ∗−Σ̂∗) specific to the GEE framework

developed by Prentice (1988). Please see Morris (2012) for details.

3 Monte Carlo Simulation Studies

We conduct Monte Carlo simulation studies to assess the finite sample
performance of the semiparametric and the pairwise likelihood approach.
The following data generating process is considered:

yitk|uik, βk ∼ Poisson(uikλitk) where λitk = eβk0+xitkβk1

ui = (ui1, ui2, ui3) ∼ g(1,Σ)

Each simulation study varies the distributional assumptions for the true
random effect distribution g: (1) the base case where g is multivariate
lognormal, (2) the skewed case where g is a multivariate gamma distribution
constructed via a Gaussian copula, and (3) the bimodal case where g is
a mixture of multivariate lognormal distributions. Table 1 presents and
Figure 1 graphically depicts results of the simulation studies. Please see
Morris (2012) for a complete presentation and discussion of the results.

TABLE 1. Simulation Study Results: Semiparametric and Pairwise Likelihood

MV Log Normal MV Gamma MV Log Normal Mixture

Semipar. Pairwise Semipar. Pairwise Semipar. Pairwise

True Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

σ11 .47 .001 .047 -.003 .023 -.001 .029 .129 .132 -.003 .087 .313 .317
σ22 .16 .000 .010 -.001 .007 .000 .009 .010 .013 .000 .007 .046 .047
σ33 .56 .001 .058 -.001 .033 .000 .035 .131 .136 .007 .169 .077 .088
σ12 .14 .000 .013 -.001 .008 -.005 .012 .013 .016 .000 .009 .104 .105
σ13 .22 .001 .028 -.001 .016 -.012 .024 .032 .037 .001 .029 .197 .199
σ23 .11 .000 .012 .000 .009 -.005 .012 .006 .012 .000 .011 .063 .064

The pairwise likelihood approach results in a potentially seriously biased
estimator that, while more precise than the semiparametric estimator in
the correctly specified case, can lead to incorrect conclusions about Σ.
Our simulation studies indicate that under the chosen simulated settings,
which are empirically motivated by the insurance data, the semiparametric
approach offers an advantage in computing time (a 25-fold improvement -
.5 vs. 12 minutes) and robustness.
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FIGURE 1. Kernel Density of Variance Parameter Estimates from Simulation

4 An Empirical Application: Insurance Data

This research is motivated by interest in how unobserved heterogeneity is
associated between different types of insurance coverages. The unobserved
heterogeneity in an insurance claim rate model represents the intrinsic risk-
iness of the policyholder that affects the claim propensity, after accounting
for observable characteristics of the policyholder. The joint model of insur-
ance claim counts is estimated using data containing nine years of policy
and policyholder characteristics. Please see Barseghyan et. al. (2012) for
details of this data, a full version of the claim count model, and a thorough
discussion of the empirical results.

TABLE 2. Association Parameter Estimates & Standard Errors: Insurance Data

Balanced Panel Unbalanced Panel
8, 731 Policies, 78, 579 Obs. 62, 425 Policies, 294, 917 Obs.

Semipar. Pairwise Uni. GLMM Semipar. Uni. GLMM

σ11 .467 (.072) .396 (.035) .395 (.036) .320 (.077) .531 (.025)
σ22 .155 (.036) .181 (.021) .181 (.022) .123 (.023) .204 (.013)
σ33 .551 (.182) .540 (.077) .537 (.080) .571 (.109) .745 (.055)
σ12 .136 (.021) .137 (.019) . (.) .078 (.014) . (.)
σ13 .224 (.038) .223 (.035) . (.) .227 (.024) . (.)
σ23 .104 (.029) .120 (.027) . (.) .122 (.019) . (.)

Generally, we find comparable estimates in the balanced panel analysis,
albeit with larger standard errors for the variance estimates in the semi-
parametric approach consistent with the simulation study results. While
the pairwise likelihood is computationally prohibitive in the more com-
plete unbalanced panel analysis, the univariate GLMM and semiparamet-
ric methods result in significant differences in the estimates of the vari-



712 Multivariate Longitudinal Count Data

ance parameters. This result, in conjunction with simulation study results,
suggests that the log normality assumption may lead to an overestima-
tion of the association parameters. The semiparametric method is robust
to this potential bias. Just as in the simulation study, the semiparamet-
ric approach offers a computational advantage over the pairwise likelihood
approach (balanced: 2.5 hours vs. 60 hours, unbalanced: 22 hours vs. com-
putationally prohibitive).

5 Conclusion

We propose a semiparametric method for multivariate longitudinal data
based on a correlated random effects model and GEE. Joint modeling al-
lows for estimation and inference on association parameters for unobserved
heterogeneity, which is of economic interest in the insurance data as it
provides insight into underlying risk related characteristics of the policy-
holders. Compared to the pairwise likelihood method, the semiparametric
method shows a significant advantage in (1) computing time and (2) finite
sample properties when the random effect distribution is misspecified.

Acknowledgments: This work was completed during my doctoral studies
at Cornell University and benefited from guidance from Francesca Molinari,
Levon Barseghyan, Jim Booth, Rob Strawderman and Josh Teitelbaum.
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Abstract: A series representation for continuous-time quaternion random sig-
nals is given. The series expansion is based on augmented statistics and provides
uncorrelated scalar real-valued random variables. The proposed technique im-
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dimensional problem. As a particular case, the quaternion Karhunen-Loève ex-
pansion is obtained. Finally, an illustrative application to the quaternion widely
linear detection problem is presented.
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1 Introduction

Series expansions for stochastic processes comprise an essential tool for
providing a solution to different types of problems in statistical signal pro-
cessing. Its ability to split the time and random components of the signal
have enabled estimation, detection and simulation problems, among oth-
ers, to be solved. Specially interesting are those series representations that
provide uncorrelated variables, the Karhunen-Loève (KL) expansion be-
ing the most widely used because of its optimal properties in information
compression.
On the other hand, the mathematical theory of quaternions has recently
aroused a great interest due to its multiple applications in signal processing
such as in aerospace, computer graphics, image processing, vector-sensor
signals, etc. Quaternion domain has become a tool of increasing importance
in statistical multichannel processing since it accounts naturally for the cor-
related nature of the signal components. The suitable statistical processing
for quaternion requires the augmented statistics to be considered, i.e., re-
quires the operation on the quaternion and its involutions over the three
pure unit quaternions in an orthogonal basis. This approach, called quater-
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nion widely linear (QWL) processing, has been shown to outperform the
traditional quaternion linear processing (Cheong Took and Mandic (2011)).
In this paper we give a series expansion for the quaternion in continuous-
time by using augmented statistics. As a particular case, the KL expan-
sion for quaternionic signals is provided, thus extending the orthogonality
property to the time component. Such representations are obtained from
the definition of a real-valued univariate stochastic signal whose second-
order statistics match that of quaternion. This strategy avoids addressing
a four-dimensional vectorial problem which notably simplifies the obtain-
ing of series expansions. Finally, two potential applications in quaternion
signal detection and estimation problems are showed.

2 The WL Series Representations

We use boldfaced uppercase letters to denote matrices, boldfaced lowercase
letters for column vector, and lightfaced lowercase letters for scalar quan-
tities. Superscripts (·)∗, (·)T and (·)H represent quaternion (or complex)
conjugate, transpose, and Hermitian (i.e., transpose and quaternion conju-
gate), respectively. E is the expectation operator and rx is the correlation
function of the signal x. The Hilbert space spanned by the variables of the
stochastic signal x is denoted by H(x).
Let {q(t) = q1(t) + q2(t)i + q3(t)j + q4(t)k, t ∈ [0, T ]} be a quaternion
random signal with qn(t), n = 1, . . . , 4, zero-mean mean-square contin-
uous stochastic signals. Define the augmented quaternion vector q(t) =
[q(t), qi(t), qj(t), qk(t)]T where qη(t) = −ηq(t)η, η = i, j, k, are the three per-
pendicular quaternion involutions. The complete description of the second-
order statistics of q(t) in the quaternion domain is given by the aug-
mented quaternion vector q(t) or by its (augmented) correlation function,
Rq(t, s) = E[q(t)qH(s)].
We aim to find a series representation which accounts for the complete
second-order description of q(t). For that, we define the following real-
valued stochastic signal

x(t) =


q1(t), t ∈ [0, T ] = I1;
q2(−t), t ∈ [−T, 0) = I2;
q3(−t− T ), t ∈ [−2T,−T ) = I3;
q4(−t− 2T ), t ∈ [−3T,−2T ) = I4.

(1)

Let {fn}n be a basis of functions in L2[−3T, T ] and consider the Hilbert

space, H(ζn), spanned by the variables ζn =
∫ T
−3T

x(t)fn(t)dt, n = 1, 2, . . .
Thus, H(x) is separable, i.e., it follows that H(x) = H(ζn) and we have
that x(t) admits the representation

x(t) =

∞∑
n=1

ln(t)ξn
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where the series converges in quadratic mean (q.m.) uniformly in t ∈
[−3T, T ], with ξn orthonormal random variables defined by

ξn =

∫ T

−3T

x(t)gn(t)dt

and gn(t) =
∑n
m=1 cnmfm(t) where the coefficients cnm are obtained from

applying the Gram-Schmidt method to the random variables {ζn}∞n=1. Also
we have ∫ T

−3T

rx(t, s)gn(s)ds = ln(t), t ∈ [−3T, T ] (2)

Now we have conditions to find a series representation for q(t) depending on
uncorrelated variables, and hence for Rq(t, s). The augmented quaternion
vector has the series expansion

q(t) =

∞∑
n=1

φn(t)ξn (3)

in q.m. uniformly in t ∈ [0, T ], where φn(t) = [φn(t), φi
n(t), φj

n(t), φk
n(t)]T

with
φn(t) = ln(t) + ln(−t)i + ln(−t− T )j + ln(−t− 2T )k,

and the random variables ξn are real-valued and orthonormal of the form

ξn =

∫ T

0

ψH
n(t)q(t)dt (4)

with ψn(t) = [ψn(t), ψi
n(t), ψj

n(t), ψk
n(t)]T being

ψn(t) =
1

4
(gn(t) + gn(−t)i + gn(−t− T )j + gn(−t− 2T )k)

and where the set {ψn}n is biorthogonal to the set {φn}n. Also Rq(t, s)
admits the representation

Rq(t, s) =

∞∑
n=1

φn(t)φH
n(s) (5)

uniformly in t, s ∈ [0, T ]× [0, T ].
The proof of (3) and (5) can be found in Navarro-Moreno et al. (2012).
As a particular case, we have the following extension of the KL expansion
to the quaternion domain

q(t) =

∞∑
n=1

ϕn(t)εn (6)
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in q.m. uniformly in t ∈ [0, T ], where ϕn(t) = [ϕn(t), ϕi
n(t), ϕj

n(t), ϕk
n(t)]T

with

ϕn(t) =
1

2
(an(t) + an(−t)i + an(−t− T )j + an(−t− 2T )k)

and λn and an(t) are the eigenvalues and eigenfunctions, respectively, of

the kernel rx(t, s) on [−3T, T ]×[−3T, T ]. Likewise, εn =
∫ T

0
ϕH
n(t)q(t)dt are

real-valued random variables such that E[εnεm] = βnδnm, with βn = 4λn.
Hence, {ϕn}n constitute a particular choice of both {ψn}n and {φn}n.

3 Application: QWL Detection Problem

In order to illustrate a potential application, we consider the detection
of quaternion deterministic signals in additive quaternion Gaussian noise.
This problem can be modeled by the following hypothesis pair

H0 : y(t) = v(t) 0 ≤ t ≤ T
H1 : y(t) = q(t) + v(t) 0 ≤ t ≤ T

(7)

where {q(t), t ∈ [0, T ]} is a continuous completely known quaternion signal
and the noise {v(t), t ∈ [0, T ]} is a quaternion mean-square continuous
Gaussian noise. We also assume that the augmented quaternion noise v(t)
has the representation (3) and that q(t) belongs to the space spanned by
the set {φn}n. To study the problem of (7) we can consider the equivalent
hypothesis pair

H0 : yn = vn n = 1, 2, . . .

H1 : yn = ξn + vn n = 1, 2, . . .

where vn =
∫ T

0
ψH
n(t)v(t)dt, n = 1, 2, . . . Thus, assuming that the detection

problem (7) is not singular and according to Grenander’s theorem, the log-
likelihood ratio test is

LQWL(y) =

∞∑
n=1

ξnyn −
1

2

∞∑
n=1

ξ2
n
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Abstract: The graphical models (GM) for categorical data are models useful
to represent conditional independences through graphs. In this work we propose
a subclass of GMs proposed by Andersson, Madigan and Perlman (2001), having
interesting properties for the asymptotic theory. As we will show these models
can be parametrized with Marginal Models for categorical data, proposed by
Bergsma and Rudas (2002). In order to show the main results on GMs II, we
analyse the data from the European Values Study (EVS), (2008). The work will
be structured in two sections. In the first we will give basic concepts about the
methodology, furthermore graphical models for chain graph, marginal models and
the subclass of GMs that will be used. In the second section we will introduce
the different datasets and will be shown the applications on the different data,
with the main aspects.

Keywords: Categorical data; chain graphs; EVS; hierarchical and complete
marginal parametrization; log-linear parameters; Markov properties; smoothness.

1 Conditional Independence Models

1.1 Graphical Models

Graphical models for categorical variables represent the relationships
among variables with the help of graphs: mathematical objects where the
vertices act for the variables and the possible edges act for dependence re-
lationships. In chain graphs can be both directed and undirected edges and
there are no cycle or semi-cycles. So we can grouping the vertices in s com-
ponents T1, T2, ..., Ts in such way that within the components there are only
undirected arcs and between the components only directed arcs all pointing
in the same direction. When two vertices are connected by an undirected
edge, we can guess that the two linked variables are ”symmetrically” depen-
dently. In this case the two vertices are called neighbours (nb). On the other
hand, when there is a directed arc, we presume an unilateral dependence
relationship among the variable linked by a direct arc. In this case we call
parent (pa) the vertex from which the arrow starts and child (ch) the ver-
tex where the arc ends. Anderson, Madigan and Perlman (2001) introduced



718 Conditional independence models

Graphical models of type II (GM II, proposed by Andersson, Madigan and
Perlman) as generalization of both graphical models for undirected graphs
(UG) and graphical models for directed acyclic graphs (DAG) (for details
see Lauritzen). This choice is supported by different reasons. In the first, the
grouping of variables in components allows to split the variables in ”purely
explicative” variables, ”purely response” variables and ”intervening” vari-
ables. Secondly, in the GMs II, the relationship among a variable and its
explicative variables is considered marginally regarding the variables in the
same component. Finally, the GMs II model the association between the
variables within the same component using a log-linear approach. All these
topics make the GMs II one of the easiest interpretable models. The rules
to read a list of k conditional independences as Ai ⊥ Bi|Ci by a graph are
called Markov properties and, for the GM II are the three following:

C1) Th ⊥ ∪i<hTi \ paD(Th)|paD(Th)
C2a) A ⊥ Th \Nb(A)|paD(Th) ∪ nb(A) ∀A ⊆ Th
C3b) A ⊥ paD(Th) \ paG(A)|paG(A) ∀A ⊆ Th

(1)

∀h = 1, ..., s. Where Th denotes the h-th component, nb(A) denotes the
union of all vertices that are neighbours of A end Nb(A) = nb(A) ∪ A.
Finally paD(Th) and paG(Th) are respectively the set of parents of the
component Th and the set of parents of the set A. Unlikely, as Drton (2009)
showed, these three Markov properties do not always correspond to smooth
models. The property of smoothness guarantees the existence of the Max
Likelihood Estimation of the model. As the parametric marginal models
for categorical data have useful properties for the asymptotic theory of the
ML estimators, showed by Bergsma and Rudas (2002), we are interested
to study which GM of type II can be parametrized as marginal models.
At this purpose the next theorem defines a subclass of smooth GMs II.

1.2 Marginal Models

Bergsma and Rudas (2002), proposed a generalization of log-linear models
where the log-linear parameters are defined even in marginal distributions.
We consider q categorical variables V = {V1, ..., Vq}, collected in a contin-
gency table. At first it is necessary to define a hierarchical class of marginal
sets H = {M1, ...,Mr = V }. Secondly, we define the vectors of parameters

ηML = CML logMLπ (2)

Where, C and M are respectively a contrast and marginalization matrices.
Finally, the vector of all parameters is drawn stacking the previous vectors
respecting the properties of completeness and hierarchy, that is any log-
linear interaction must be defined one time in the first marginal where
it appears. These models present several advantages. First of all, Bergsma
and Rudas (2002, Theorem 1) proved that these models are always smooth.
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In addition, these models are also used to represent and to shape a list
of conditional independences constricting to zero certain parameters. We
used these properties to finding a subclass of GM II representable with
marginal models, that therefore is a smooth subclass of GM II . Thanks
to the Theorem 1 of Bergsma, Rudas and Neméth (2011), we can define
this smooth class with the following theorem.

Theorem A GMs II is a marginal model if, ∀Th the set of vertices Vj ∈
CHh, such that Nb(Vj) /∈ Ch , {K : K ∈ Kh;K ∩ nb(Vj) 6= ∅} ⊆ Jh.

where CHh is the set of all vertices Vj in the component Th having at least
one parent: paG(Vj) 6= ∅; Ch is the class of all complete subsets of Th; K
is the class of all connected subsets of Th; finally Jh is the class such that
A ∈ Jh iff paG(A) = paD(Th).

2 Application on European Values Study (EVS),
(2008)

In order to show the main results on GMs II, we analyse the data from
the European Values Study (EVS), (2008). The EVS is a research project
on human values in Europe. In particular, the research involves how Euro-
peans think about family, work, religion, politics and society. In order to
investigate trends on opinions about the previous themes, we taken into
account different variables. In particular, we divided the variables in three
groups. In the first group we placed the variables concerning the personal
data of the respondents (i.e. sex, range of age, country,...). In the second
group there are variables about the achievements of the respondents (i.e.
education level, house owner, employed, children...). Finally, the last group
regards the variables that consider the opinion of the respondents about
the main topics cited above (i.e. family, work, religion, politics and so-
ciety). We represented each group of variables with a component in the
chain graphs. We divided the Europe dataset in 5 subsets concerning the
big geographical areas ( Northern, Central, Southern, Occidental and Ori-
ental). For all datasets we proposed certain graphical models in order to
find the most representative model. In particular, the graphs in figure 1 and
2 represent the best conditional independence models for different areas of
Europe.
The variables involved are A: Range of Age (20 a 40 , 40 a 60 , > 60),
G: Gender (Male, Female), C: Children(Yes, No), E: Employed (Yes, No),
T: Trust in the people(Yes, No), LS: Life satisfaction(High, Low), OS:
Opinion on Society (High, Mean, Low), ID: Ideology (Freedom, Either,
Equality). We will highlight some interesting trends in the opinion of the
European citizens of different areas.
The statistical software R-project is used with the help of the package
”hmmm”, (that is available from the comprehensive R Archive Network



720 Conditional independence models

A

C

E

OS

T

LS

FIGURE 1. {A ⊥ LS,OS, T |C,E; OS ⊥ LS|T,C,E; LS,OS ⊥ E|C; T,OS ⊥ C|E}.

G

C

E

LS

ID

T

FIGURE 2. {G ⊥ LS, ID, T |C,E; LS ⊥ T |ID,C,E; LS, ID ⊥ E|C; ID ⊥ C|E}.
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out http://cran.r-project.org/web/packages/hmmm) for the test of the
marginal models and the estimation of the parameters and the packages
”gRbase” (http://cran.r-project.org/web/packages/gRbase) and ”RBGL”
(http://www.bioconductor.org/packages/release/bioc/html/RBGL.html)
to the part concerning the graphs.
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1 Introduction

Complex model structures may give rise to full likelihoods that are in-
tractable. It is then natural to consider, as a basis for inference, a simpli-
fied pseudo likelihood. One instance is composite likelihood (Lindsay, 1988;
Varin et al., 2011), useful when the fully specified likelihood is computa-
tionally cumbersome as well as when a fully specified model is out of reach.
Another instance is the pseudo likelihood of Gong and Samaniego (1981),
that eliminates nuisance parameters in a simple way. These two types of
pseudo likelihood may be combined, as is illustrated here.
When using a pseudo likelihood we have often to content ourselves with
maintaining only some of the properties of a full likelihood. We will con-
sider pseudo likelihoods whose score function remains, at least to first order,
an unbiased estimating function for the parameter of interest, i.e. the first
Bartlett identity still holds. But we will admit failure of the second Bartlett
identity, so that the variance of the pseudo score may differ from the ex-
pected value of minus the pseudo log-likelihood Hessian by O(n), where
n is proportional to a measure of information, conventionally the sample
size. Under the usual regularity conditions, the first Bartlett identity al-
lows to preserve consistency of the maximum pseudo likelihood estimator
of the parameter of interest. On the contrary, a serious failure of the second
Bartlett identity causes the asymptotic null distribution of the likelihood
ratio statistic to take the form of a linear combination of independent chi
squared random variables on one degree of freedom. The purpose here is
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to illustrate a rescaled pseudo likelihood ratio statistic which recovers the
usual asymptotic null chi squared distribution. In particular, we concen-
trate on inference for a parameter of interest based on composite likeli-
hoods, when nuisance parameters are estimated through general estimat-
ing equations. The resulting adjusted pseudo composite likelihood ratio is
developed in Pace et al. (2013), generalizing the proposal of Pace et al.
(2011) for composite likelihoods.

2 Pseudo composite likelihood

Consider inference about a p-dimensional parameter of interest θ, in
the presence of a q-dimensional nuisance parameter φ. Suppose that
y1, . . . , yn are independent observations of m-dimensional random variables
Y1, . . . , Yn.
Difficulties in modelling interdependencies between components of Yi may
suggest the consideration of a composite likelihood (Lindsay, 1988; Varin
et al., 2011) in place of the full likelihood. A composite log likelihood for
(θ, φ) has the form

c`(θ, φ) =

n∑
i=1

K∑
k=1

wk`k(θ, φ;Ak(yi)) , (1)

where Ak(yi), k = 1, . . . ,K, are K marginal or conditional events on the
sample space of Yi, giving log likelihoods `(θ, φ;Ak(yi)), and where wk,
k = 1, . . . ,K, are positive weights.
Let us consider inference about θ based on c`(θ, φ) when φ is replaced
by φ̃, solution of the estimating equation

∑n
i=1 gi(φ; yi) = 0, such that

Eθ,φ (gi(φ;Yi)) = 0, for i = 1, . . . , n, and for every θ and φ, or, more

generally, Eθ,φ (
∑n
i=1 gi(φ;Yi)) = O(1). Therefore, φ̃

.∼ Nq(φ,Σ), where

Σ = Q−1S(Q−1)T ,

Q = Eθ,φ

(
− ∂

∂φT
g(φ;Y )

)
,

S = Vθ,φ (g(φ;Y )) = Eθ,φ (g(φ;Y )g(φ;Y )T) .

The latter equality holds with error O(1) if Eθ,φ (
∑n
i=1 gi(φ;Yi)) = O(1).

The substitution of φ with φ̃ gives the pseudo composite log likelihood
c`
PS

(θ) = c`(θ, φ̃) and the pseudo composite log likelihood ratio

cW
PS

(θ) = 2
{
c`
PS

(θ̃c)− c`PS (θ)
}
,

where θ̃c is the maximizer of c`
PS

(θ). As happens for the profile composite
likelihood ratio, cW

P
(θ), the asymptotic null distribution of cW

PS
(θ) is a
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linear combination of p independent chi squared random variables on one
degree of freedom.
The adjusted version of cW

PS
(θ) proposed in Pace et al. (2013) is

cW adj
PS

(θ) = Ac(θ)cWPS
(θ)

.∼ χ2
p ,

where

Ac(θ) =
cU

PS
(θ)TK−1cU

PS
(θ)

cU
PS

(θ)TH−1
θθ cUPS (θ)

, (2)

with cU
PS

(θ) = (∂/∂θ)c`
PS

(θ) and matrices K and Hθθ calculated at (θ, φ̃)
and given by

K = Jθθ +HθφΣ(Hθφ)T − Ωθφ(Q−1)THT

θφ −HθφQ
−1ΩT

θφ ,

Hθθ = Eθ,φ{−∂cUθ(θ, φ)/∂θT} .

Above, cUθ(θ, φ) = (∂/∂θ)c`(θ, φ) and

Jθθ = Eθ,φ{cUθ(θ, φ)cUθ(θ, φ)T} ,
Ωθφ = Cov(cUθ(θ, φ), g(φ;Y )) = Eθ,φ(cUθ(θ, φ) g(φ;Y )T) ,

Hθφ = Eθ,φ{−∂cUθ(θ, φ)/∂φT} .

Wald and score statistics from c`
PS

(θ) are

cW e
PS

(θ) = (θ̃c − θ)THT

θθK
−1Hθθ(θ̃c − θ) ,

cWu
PS

(θ) = cU
PS

(θ)TK−1cU
PS

(θ) ,

both with asymptotic χ2
p null distribution.

3 Equicorrelated multivariate normal data

As an illustration, let us consider Yi as a multivariate normal with com-
ponents having mean µ, variance σ2, and correlation ρ between any two
components of Yi. This is a reparameterization of a one-way normal-theory
random effects model.
We focus on ρ as the parameter of interest with φ = (µ, σ2). A simple
composite log likelihood is the pairwise log likelihood. Denoting by yir, r =
1, . . . ,m, a generic element of yi, i = 1, . . . , n, the pairwise log likelihood
is given by (1) where the events Ak(yi) are defined in terms of pairs of
observations (yir, yis). Here, we will set all weights equal to 1.
Using for φ the moment estimate φ̃ = (µ̃, σ̃2), with

µ̃ = ȳ =
1

nm

n∑
i=1

m∑
r=1

yir, σ̃2 =

n∑
i=1

m∑
r=1

(yir−ȳi)2/(nm)+

n∑
i=1

(ȳi−ȳ)2/(n−1) ,
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we obtain the pseudo pairwise log likelihood c`
PS

(ρ) = c`(ρ, φ̃). Being the
parameter of interest one-dimensional, the modifying factor (2) is simply
Ac(ρ) = Hρρ/K, which is equal to

(n− 1) m (ρ+ 1)
2 (
ρ2 + 1

)
(mρ− ρ+ 1)

2 {(nmρ2 − ρ2 + 2mρ− 2 ρ+ 2nm−m− 1) ρ2 + nm−m}
.

Table 1 reports the empirical coverage probabilities of confidence intervals
for ρ in a simulation study with n = 5, m = 30, µ = 0, σ2 = 1 and
ρ = 0.2, 0.5, 0.9. Among the statistics based on c`

PS
(θ), cW adj

PS
(ρ) gives

empirical coverage probabilities reasonably close to the nominal levels, and
very close to those of the adjusted profile composite likelihood ratio of Pace
et al. (2011), cW adj

P
. Note also that both are often outperforming even the

profile likelihood ratio from the full model, W
P

.

TABLE 1. Percentage empirical coverage of confidence intervals based on different
statistics in three simulations, 10, 000 replications, n = 5, m = 30, µ = 0, σ2 = 1
and ρ = 0.2, 0.5, 0.9.

ρ = 0.2 ρ = 0.5 ρ = 0.9

90 95 99 90 95 99 90 95 99

W
P

82.9 89.9 96.9 82.8 90.1 97.0 82.1 89.4 96.8
cW adj

P
93.7 98.8 99.7 86.5 94.4 99.9 79.5 86.5 94.5

cW
PS

18.9 22.4 29.3 9.4 11.2 14.7 6.0 7.0 9.1
cW adj

PS
93.5 98.3 99.6 89.0 95.6 99.9 83.7 88.4 93.8

cW e
PS

69.7 73.9 79.9 74.5 79.8 86.1 86.6 91.0 95.9
cWu

PS
94.0 99.2 99.9 86.9 92.5 98.5 78.3 81.7 87.1
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1 Introduction

Testing for the equality population characteristics is a classical problem in
Statistics. In this paper we consider the comparison of k regression func-
tions in a general nonparametric setting. Let (Xj , Yj), 1 ≤ j ≤ k, be k
independent random vectors satisfying general nonparametric regression
models Yj = mj(Xj) + σj(Xj)εj , where mj(x) = E(Yj | Xj = x) is the
regression function, σ2

j (x) = V ar(Yj | Xj = x) is the conditional variance
function and εj is the regression error, which is assumed to be independent
of Xj . The regression functions, the variance functions, the distribution of
the errors and the distribution of the covariates are unknown and no para-
metric models are assumed for them. Under this framework our approach is
fully nonparametric. In this conditional setting, we are interested in testing
for the null hypothesis of the conditional means or regression functions

H0 : m1 = m2 = . . . = mk,

or, in other words, the mean effect of the covariates over the re-
sponses is equal in the k populations. The alternative hypothesis is H1 :
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H0 is not true.
The problem of testing for the equality of regression curves in nonpara-
metric settings has been previously treated in the statistical literature.
Particularly, Pardo-Fernández et al. (2007) studied an approach based on
comparing the distribution functions of the regression errors. More in detail,
let εj = {Yj−mj(Xj)}/σj(Xj) be the regression error in population j. Let
m0 be the common regression curve under the null hypothesis, and define

ε0j = {Yj −m0(Xj)}/σj(Xj) = εj + {mj(Xj)−m0(Xj)}/σj(Xj), (1)

1 ≤ j ≤ k. It turns out that the null hypothesis H0 is true if and only if, for
all 1 ≤ j ≤ k, the random variables εj and ε0j have the same distribution
(see Theorem 1 in Pardo-Fernández et al., 2007). This assessment can be
interpreted in terms of the cumulative distribution function (cdf) or in
terms of any other function characterizing the probability law of the errors.
Pardo-Fernández et al. (2007) restricted their attention to the cdf.
The probability law of any random variable X is also characterized by its
characteristic function (cf), ϕ(t) = E{exp(itX)}. Recent years have wit-
nessed an increasing number of proposals for hypothesis testing whose test
statistics measure deviations between the empirical characteristic function
(ecf) of the available data and an estimator of the cf under the null hy-
pothesis. See, for example, Jiménez-Gamero et al. (2005) or Hušková and
Meintanis (2009). An advantage of the cf approach over the one based on
the cdf, is that the former usually requires less stringent assumptions for
its validity. In addition, simulation results for finite sample sizes in these
and other related papers show that the tests based on the ecf compete
very satisfactorily with those based on the empirical cdf (ecdf). Having in
mind the reasons above, the purpose of the present paper is to test H0 by
comparing estimators of the cfs of the random variables εj and ε0j .

2 Testing procedure and asymptotic results

Let (Xjl, Yjl), 1 ≤ l ≤ nj , be iid observations from (Xj , Yj), 1 ≤ j ≤ k. Let

n =
∑k
j=1 nj , and let fmix(x) =

∑k
j=1 pjfj(x) be the density of the mix-

ture of covariates according to the weights p1, . . . , pk, where pj = limnj/n.
In order to estimate the regression errors, we first need estimators of the
regression functions, m̂j(x), the scale functions, σ̂j(x), and the common re-

gression function under H0, m̂0(x) =
∑k
j=1 pj{f̂j(x)/f̂mix(x)}m̂j(x). With

this aim we use nonparametric estimators based on kernel smoothing tech-
niques (Nadaraya-Watson or local-linear estimators). Based on these esti-
mators, for each population j, 1 ≤ j ≤ k, we construct two samples of
residuals:

ε̂jl =
Yjl − m̂j(Xjl)

σ̂j(Xjl)
and ε̂0jl =

Yjl − m̂0(Xjl)

σ̂j(Xjl)
,
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1 ≤ l ≤ nj , whose ecfs are

ϕ̂j(t) =
1

nj

nj∑
l=1

exp(itε̂jl) and ϕ̂0j(t) =
1

nj

nj∑
l=1

exp(itε̂0jl),

respectively. These ecfs are nothing but consistent kernel-based nonpara-
metric estimators of the population cfs ϕj(t) = E{exp(itεj)} and ϕ0j(t) =
E{exp(itε0j)}, respectively. The testing procedure consists of comparing
ϕ̂j(t) and ϕ̂0j(t), 1 ≤ j ≤ k, using a weighted L2−distance of the form

Tn =

k∑
j=1

nj
n

∫
|ϕ̂j(t)− ϕ̂0j(t)|2 w(t)dt,

where w is any given non-negative weight function (|z| denotes the modulus
of the complex number z). Under H0, ϕj(t) = ϕ0j(t), then Tn should be
close to zero. On the other hand, large values of Tn should lead to the
rejection of H0. In practice, given a significance level, α, a threshold value
above which H0 is rejected needs to be established. To this end we need to
study the null (asymptotic) distribution of Tn.
A summary of the theoretical results obtained are listed below (due to the
lack of space, we do not show the details of the statements):

• Under H0, nTn converges in distribution to W = Z ′AZ, where Z a
certain k-dimensional zero-mean Normal vector with covariance ma-
trix Σ and A = diag(a1, . . . , ak), where aj =

∫
t2|ϕj(t)|2w(t)dt.

• In other words, the limiting distribution of nTn under H0 is a linear
combination of independent chi-square variables,

∑k
j=1 βjχ

2
1,j , where

χ2
1,1, . . . , χ

2
1,k are independent chi-square random variates with one

degree of freedom and β1, . . . , βk are the eigenvalues of AΣ.

• The quantities βj are unknown. Estimators for them, say β̂j , can be
obtained by plug-in methods.

• The distribution of
∑k
j=1 β̂jχ

2
1,j can be approximated via Monte

Carlo methods. This approximation allows us to obtain critical values
and/or the p-value for the test based on Tn.

• It can be proved that if all the covariates have the same distribution,
the errors also have the same distribution and the variance functions
are equal, then the asymptotic distribution of nTn is a re-scaled χ2

k−1.

• Although the test based on Tn is fully nonparametric, it can detect
local alternatives converging to the null hypothesis at a rate n−1/2.
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TABLE 1. Observed rejection proportions of the test based on the asymptotic
distribution of Tn.

α: 0.100 0.100 0.050 0.050 0.010 0.010
model (n1, n2, n3) C: 2.00 3.00 2.00 3.00 2.00 3.00

(i) (50,50,50) 0.125 0.112 0.062 0.062 0.008 0.007
(100,50,50) 0.116 0.113 0.065 0.068 0.008 0.011
(100,100,50) 0.127 0.121 0.076 0.070 0.018 0.016
(100,100,100) 0.109 0.099 0.055 0.054 0.012 0.009

(ii) (50,50,50) 0.909 0.899 0.839 0.815 0.620 0.588
(100,50,50) 0.971 0.960 0.925 0.918 0.782 0.757
(100,100,50) 0.975 0.968 0.952 0.946 0.837 0.818
(100,100,100) 0.996 0.996 0.995 0.990 0.956 0.953

3 Simulations

We have performed an intensive simulation study to check the finite sample
performance of the test based on the critical values obtained from the ap-
proximation of the asymptotic null distribution of Tn. Here we only show a
small portion of the results. Consider the case of three populations (k = 3).
The regression functions are (i) m1(x) = m2(x) = m3(x) = x (null hy-
pothesis) and (ii) m1(x) = x, m2(x) = x + 0.2, m3(x) = x + 0.4 (alter-
native hypothesis). The variance functions are given by σ1(x) =

√
0.25,

σ2(x) =
√

0.25 and σ3(x) =
√

0.50. The covariates X1, X2 and X3 are
distributed according to Beta(1.5, 2), Beta(2, 1.5) and Beta(2, 2), respec-
tively, and all regression errors areN(0, 1). Nonparametric estimation of the
regression functions is performed by the local-linear estimator. Smoothing
parameters of the form h = Cn−0.375 are taken (cases C = 2 and C = 3 are
displayed). As weighting function w(t) we take the density of a N(0, 1). Ta-
ble 1 displays the observed proportion of rejections in 1000 simulated data
sets. The level is well approximated (model i), specially for large sample
sizes, and the behaviour in terms of power (model ii) is correct.
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1 Introduction

Formalisation of management accounting, measured as the extent of writ-
ten documentations of long-run concepts and strategies, is presumed as
determining factor for business success. Therefore the degree of formali-
sation is an interesting topic for research in business administration. The
level of formalisation itself is said to be influenced by several contingency
factors as enterprise size or structure (family or non-family firm). The ex-
tent of written documentations is measured on a three-point scale ranging
from ”less or not recorded” to ”fully recorded”. The goal of our analysis is
to find out which of various interesting aspects (size, structure, generation,
state and industry) are associated with the extent of formalisation (Duller
C., Feldbauer-Durstmüller B., Mitter C., 2011). The application is based
on survey data from Austrian and German enterprises.
We apply a Bayesian cumulative logit model and use variable selection with
spike and slab priors to determine relevant predictors. Inference is based
on sampling from the posterior distribution by MCMC methods and data
augmentation.
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2 Model

Let y denote the ordinal response variable taking a value in one of m
ordered categories and xi the vector of covariates of dimension 1 × p. To
link the covariates to the response we use a cumulative logit (proportional
odds) model, where

log
P (yi ≤ k|xi)
P (yi > k|xi)

= θk − xiβ

Here β is the p×1 vector of regression coefficients and θ1, . . . θm are category
specific parameters.

2.1 Data Augmentation for the Ordinal Logit Model

The proportional odds model has a representation via a latent utility

zi = xiβ + εi, εi ∼ Log (0, 1)

where
yi = k ⇐⇒ θk−1 < zi ≤ θk

and −∞ = θ0 < θ1 < · · · < θm =∞. Usually θ1 is fixed to θ1 = 0 and only
θ2, . . . , θm−1 are estimated. We use a very accurate approximation of the
standard logistic distribution with a finite scale mixture of normal distri-
butions (Frühwirth-Schnatter and Frühwirth, 2010) to obtain an auxiliary
normal model with heteroscedastic errors, given as

zi = ηbi + ε̃i ε̃i ∼ N (0, s2
ri),

where ri denotes the component indicator for the mixture component.
Hence additionally to the model parameters the auxiliary variables z =
(z1, . . . , zn) and r = (r1, . . . , rn) will be sampled using the MCMC scheme.

2.2 Priors

For θ we use a flat prior 0 < θ2 < · · · < θm−1 <∞. To implement variable
selection, we specify a spike and slab prior for β with a Dirac spike and
a normal independence slab. This prior can be specified hierarchically by
introducing an indicator vector δ, where δj = 1 if βj belongs to the slab
component, see Malsiner-Walli and Wagner (2011) for more details.

2.3 MCMC for the Ordinal Logit Model

Bayesian inference is based on the posterior distribution, formally given by
Bayes theorem as

p(δ,β,θ, z, r|y) ∝ p(y|δ,β,θ)p(z, r|y, δ,β,θ)p(β, δ)p(θ)
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This posterior distribution is not tractable analytically, but the parame-
ters and auxiliary variables (z, δ,β,θ) can be sampled from the posterior
distribution using the following Gibbs sampling scheme:

Step (I). Sample (θ, z, r) from p(θ, z, r|β,y)

Step (Ia). Sample θ from p(θ|β,y) marginalizing over (z, r).

Step (Ib). For i = 1, . . . , n sample zi from p(zi|β, yi).
Step (Ic). For i = 1, . . . , n sample ri from p(ri|β, zi, yi).

Step (II). Sample (δ,β) from p(δ,β|z)
The full conditional posterior distribution does not depend
on y and θ.

3 Analysis of Data on Management Accounting in
Austrian and German Family Firms

3.1 Data

We use data from a survey on family and non-family firms in Austria and
Germany collected between July 2009 and March 2010. This survey concen-
trated on the topics controlling, financial management and organisational
development of the companies. 1,052 of the questionnaires are the basis of
this study and 454 of them were removed because of missing values in the
possible regressors.
As potential covariates which might affect the extent of formalisation of
management accounting we use annual sales (categories: below 10 million
Euros, between 10 and 50 million Euros, at least 50 million Euros), number
of employees (dichotomous: below/at least 250 employees), business sector
(dichotomous: industrial/other), state (categories: Austria, German federal
states of Bavaria, Baden-Württemberg, North Rhine-Westphalia and Lower
Saxony), generation (categories: first or second, third, fourth, fifth or later
generation) and structure (dichotomous: no family firm and family firm).

3.2 Results

The posterior mean of the sampled threshold θ2 is 1.48. Table 1 shows
the posterior means and inclusion probability of the regressors based on
5,000 MCMC iterations after burn-in of 1,000. Estimated posterior inclu-
sion probabilities are higher than 0.5 only for two covariates: the indicator
for family firms and that for large firms. Family firms are less likely than
others to have more formalised plans, whereas firms with at least 250 em-
ployees are more likely to formalise their plans than those with less than
250 employees. Annual sales, the second indicator for the size of a company,
is not selected into the model. Also the effects of business sector, state and
generation in family firms are not selected.
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TABLE 1. Posterior means and inclusion probability of the regressors

Variable posterior inclusion
mean prob.

intercept 1.791 1
business sector (base: not industrial) 0.005 0.04
annual sales (base: up to 10 million)

10 to 50 million 0.041 0.12
more than 50 million 0.144 0.25

number of employees (base: 50 to 249)
250 and more 0.486 0.76

structure (base: no family firm)
family firm -0.514 0.85

state (base: Austria)
Baden-Württemberg 0.069 0.14
Bavaria -0.002 0.04
Lower Saxony -0.013 0.06
North Rhine-Westphalia -0.003 0.04

generation (base: first or second generation)
third generation -0.032 0.10
fourth generation -0.008 0.06
fifth generation or later 0.023 0.07
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1 Introduction

Mixture models for long-term survivors have been widely used for fitting
time-to-event data in which some individuals may never suffer the cause
of failure under study. The modeling was introduced by Berkson and Gage
(1952) and several authors have been considering them for survival model-
ing. Interested readers can refer to Maller and Zhou (1996)) and Perdona
and Louzada-Neto (2011) for more information and literature review.
In this paper we propose a general cure rate model. The formulation is
hazard-function-based since it describes the way in which the instantaneous
probability of failure for a component changes with time (Lawless, 2003).
The general hazard model embeds several existing lifetime models in a
more general and flexible framework. The model formulation allows the
accommodation of non monotone hazard function shapes, such as bathtub
and unimodal and also presents a parameter denoting the presence of long-
term survivors. Besides yielding a better fit to the data, the model allows
the determination of the most appropriate model for a particular dataset.
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2 Model Formulation

Let T be a nonnegative random variable representing the lifetime of an in-
dividual in some population. Following Lawless (2003), the hazard function
at time t, is defined as h(t) = lim∆t→0 Pr(t ≤ T < t+ ∆t | T ≥ t)/(∆t) =
f(t)/S(t). The class based in hazard functions Perdona and Louzada-Neto
(2011), is given by

h(t; p, θ, ν) =
pθ ∂[1−g(t;ν)]

∂t

1− p[1− g(t; ν)]θ
[1− g(t; ν)]θ−1, (1)

where the function g(t; ν) is the positive, monotone decrease, ν is a param-
eter vector of g(.) θ is shape parameter and the p parameter, 0 < p < 1,
denotes the proportion of long-term survivals. The advantage of the (1) is
the characterization of the modeling by the generic g(.) covering a wide
spectrum of hazard models.
Considering the case in which p = 1 and λ = 0 we have a simple Weibull
model. Consequently, for β = 1 we have the exponential model. For λ > 0,
we have the hazard function of a modified Weibull model (Lai, Xie and
Murthy, 2003). Considering 0 < p < 1 and λ = 0, following Berkson e Gage
(1952), we obtain the Weibull-type long-term mixture model. Consequently,
the long-term exponential case is obtained for β = 1.
Model (1) is very general, but it provides an easy way to test whether or
not particular cases fit a data set by fitting sub models and then comparing
the fit to the full model fitting. Moreover, a very important characteristic
of the proposed general hazard model (1) is related to its possible shapes.
It can accommodate increasing, decreasing, unimodal and bathtub hazard
function shapes basically depending on the values of the parameters λ and
β.

3 Inference

The estimation procedure is maximum-likelihood-based. Let T 0
1 , T

0
2 , ..., T

0
n

be the true survival times of a sample of size n. Assuming that they are
independent identically distributed random variables with hazard function
h0(t), for i = 1, ..., n, with observations subject to arbitrary right censor-
ing, the period of follow-up for the ith individual is limited to a value Ci.
Subsequently, the observed survival time of the ith individual is given by
Ti = min(T 0

i , Ci). Let δi = 1 if Ti = T 0
i (that is, if Ti is an observed death)

and δi = 0 if Ti < T 0
i (that is, if Ti is a censored observation). The maxi-

mum likelihood estimates (MLEs) of the parameters of model (1), can be
obtained by direct numerical maximization of the log-likelihood function
logL =

∑n
i=1 δi log h(ti) −H(ti),where H(t|z) =

∫ t
0
h(u)du is the cumula-

tive hazard function (Lawless, 2003). The advantage of this procedure is
that it runs immediately using existing statistical packages. Although the
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maximization procedure can be performed by solving the system of non-
linear equations given by the partial derivatives of l(p, α, β, λ) with respect
to the parameters, in our experience pure Newton-Raphson schemes are
extremely susceptible to failure to converge. Then, we consider the BFGS
algorithm to compute the MLEs implemented in the software R via the
optim function.
Large sample inference for the parameters can be based, in principle, on
the MLEs and their estimated standard errors. An simulation study for
examining the coverage probabilities of asymptotic confidence intervals for
the parameters reveled that, overall, the coverage probabilities of the 95%
confidence intervals for the parameters are close to the nominal coverage
for moderate-sized samples, decreasing to about 90% when the number of
units is small.
For comparison of nested models, which is the case when comparing the
general hazard model (1) to some of its special sub-models, we can compute
the maximum values of the unrestricted and restricted log-likelihoods to
obtain the likelihood ratio statistics (LRS) (Lawless, 2003). Large positive
values of the LRS give favorable evidence to the full model. However, for
testing H0 : λ = 0 versus H1 : λ > 0 and H0 : p = 0 versus H1 : p > 0
(for testing the presence of long-term survivors), the test is performed on
the boundary of the parameter space. In this case, following Ghitany and
Maller (1992), the LRS, is assumed to be asymptotically distributed as a
symmetric mixture of a chi-squared distribution with one degree of freedom
and a point-mass at zero, where the reference distribution is a chi-square
distribution with one degreee of freedom. Again, large positive values of
the LRS give favorable evidence to the full model.

4 Breast Cancer Data

We apply the proposed methodology to a set of data on breast cancer ex-
tract from Cobre et al (2012), which consist of 40 women diagnosed with
locally advanced invasive ductal carcinoma, treated at the Ribeirao Preto
School of Medicine Clinic Hospital, Brazil, where all patients were sub-
mitted to neo-adjuvant (pre-operatory) chemotherapy between 2003 and
2006. The mean patient age was equals to 50.6 years old, with standard
deviation (SD) equals to 6.0 years. Chemotherapy scheme consisted of two
drugs whose action mechanisms were different within the cell cycle: doc-
etaxel at mean dosage of 121.9 mg (SD=8.1 mg) per cycle and epirubicin
at mean dosage of 88.8 mg (SD = 9.7 mg) per cycle, with number of cycles
ranging from 4 to 6. We define the disease-free time as being the interval
between surgery and relapse, termed as disease-free survival. In the sample,
75% of the patients had their follow-up time censored and we do not faced
patients who die without prior relapse. After completing the neo-adjuvant
chemotherapy, the patients were submitted to surgical treatment of the
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breast affected by the neoplasia. The associated covariate was tumor size
(in cm) where the size were 0 to 2 cm, 2 to 5 cm and greater than 5 cm.
Accordingly, our general hazard model and some of its particular cases were
fitted to the data. We consider here only the fit of those models with long
term survivals since their presence is clear from the data. Table 1 shows
the MLEs (and their corresponding standard errors in parentheses) of the
parameters and the log-likelihood values, for the distributions: long term
Modified Weibull (LTMW) and long term Weibull (LTW). The LRS value
for testing the the LTMW and the LTW equals to 7.31 is significant, which
is evidence in favor of the LTMW distribution. Such a result is corroborated
by the plot of the empirical survival function which is superimposed by the
estimated survival function of the LTMW distribution.

Acknowledgments: Special Thanks to FAPESP and CNPq, Brazil.
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1 Introduction

Approximate Bayesian Computation (ABC) (or “likelihood-free” Bayesian
inference) methods are having a major impact in applied science across a
broad spectrum of disciplines for the Bayesian analysis of complex stochas-
tic models with computationally intractable likelihood functions. However,
it is assumed that it is possible to simulate data. The popularity of ABC
is, in part, due to its conceptual simplicity and ease in implementation. We
present here an extension of well-studied ABC algorithms for parameter
estimation in order to incorporate model choice problems.

2 Methodology

In essence, an ABC algorithm simulates parameter values from a prior
distribution and corresponding data from the model, and only accepts pa-
rameter values which generate simulated data similar to the observed data
as measured by a discrepancy function. It has been shown that straight-
forward implementation of ABC algorithms for model choice problems can
fail to produce sensible results (Robert et al., 2011). We have produced
here an ABC algorithm developed to handle model choice problems by ex-
tending the regression approach outlined in Fearnhead & Prangle (2012)
through the use of multinomial logistic regression to estimate model prob-
abilities from the data. Hence the discrepancy measure now involves both
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the model probabilities and posterior mean estimates. A similar approach
was also recently proposed by Prangle et al. (2013) although they advocate
the use of pairwise logistic regression for cases with more than 2 models
whereas our approach handles such cases straightforwardly.
We used the SMC ABC replenishment algorithm (Drovandi & Pettitt, 2010)
coupled with the regression approach introduced on a disease transmission
model choice problem.

3 Example: MRSA Transmission in an intensive care
unit (ICU)

We considered two different modes of cross-transmission, namely the direct
contact transmission (standard model) and indirect contact transmission
(alternate model) between healthcare workers (HCWs) and patients, to
arrive at a model choice problem to describe the transmission of MRSA in
an ICU. Data used were the weekly MRSA incidence as shown in Drovandi
& Pettitt (2011). The variables and parameters used in the models are
defined in Table 1. Stochastic simulation from each model were generated
using the relative rates shown in Table 2 (derivation outlined in Drovandi
& Pettitt (2008)).
It was assumed that there is no patient-patient or HCW-HCW transmis-
sion, perfect detection of colonisation, a constant number of patients in the
ICU, and the number of colonised HCWs are at their equilibrium value
given by the expression

Ȳh =
f (Yp)Nw

f (Yp) +
[

hNw
pph(1−h)

]
where f (Yp) = Yp for the standard model and f (Yp) = 1 (Yp > 0) for the
alternate model (with 1(.) denoting the indicator function).
The summary statistics used in the regression steps of Fearnhead & Pran-
gle (2012) were the mean, variance, median absolute deviance, maximum,
autocovariances and autocorrelations of lag 1 up to lag 5, number of zeros,
ones and twos recorded, the AR(1) regression coefficient and the coefficients
of categorical regression

xt = β0 +β11(xt−1 = 0) +β21(xt−1 = 1) +β31(xt−1 = 2) +β41(xt−1 > 2).

where xt is the weekly incidence for week t.
The final estimated model probability obtained from the ABC algorithm
was 0.7840 in favour of the standard model (Figure 1). This was well in
agreement with the posterior model probability of 0.7864 for the standard
model estimated using numerical integration.
The point and interval estimates obtained for φp (median of 0.0408 and 95%
empirical credible interval [0.031, 0.053]) were similar to previous estimates
reported in Drovandi & Pettitt (2011).
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4 Discussion

The model choice results obtained provide evidence that direct transmission
better explains the observed incidence of MRSA in the ICU compared with
indirect transmission between patients and HCWs. Some caution should
be taken in generalising this finding as the models considered are relatively
simplistic. However, they suffice for the illustration of the utility of the
ABC model choice algorithm presented here and enable the comparison of
the results obtained with the model probabilities computed using numerical
integration.

Acknowledgments: The authors are grateful to the Australian Research
Council for financial support.

TABLE 1. Definition of parameters and variables used in the MRSA transmission
models.

Symbol Description Value

Variables
Yh Number of colonised HCWs
Yp Number of colonised patients
N Incidence

Parameters of interest
φ Transmission rate for direct contact
φ′ Transmission rate for indirect contact

Fixed parameters
Nw Ward size 15
µ Discharge rate of uncolonised patients 1/4
µ′ Discharge rate of colonised patients 1/10.6
σ Proportion of patients already colonised upon admission 0.03
h Hand hygiene compliance parameter 0.39
pph Probability of colonisation of a HCW 0.13

TABLE 2. Relative rates of events for the MRSA transmission models.

Event Transition Relative rate

Colonisation upon arrival (Yp, N)→ (Yp + 1, N) µσ(Np − Yp)
Colonisation within ward (Yp, N)→ (Yp + 1, N + 1) φf(Ȳh)(Np − Yp)
Recovery (Yp, N)→ (Yp − 1, N) µ′(1− σ)Yp
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FIGURE 1. Model probabilities across SMC iterations for the standard model
(dark bars) and alternate model (light bars).
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Abstract: In this article we analyze trend and regional patterns of fatal
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1 Introduction and Data

In the Alps, backcountry skiing has become very popular in the last
50 years. Unfortunately, there are a lot of fatal accidents due to snow
avalanches caused by skiers and snowboarders. In Austria, about 25 fatal-
ities caused by snow avalanches every year are expected. Furthermore it
is reported that the number of fatalities is more or less constant over the
time (see for example Brugger et al., 2001).
In this paper our focus is on accidents caused by backcountry skiers keeping
in mind that accidents due to backcountry skiing is by far the most common
way to be involved in avalanche accidents. Until now there has not been an
investigation for this special group of avalanche incidents in Austria. For
our study we built a data base of fatal avalanche accidents recording the

• date

• municipal area where the accident took place

• federal state of the municipality

• number of persons involved

• number of fatalities

• type of activity (on/off-piste, backcountry skiing etc.)
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of fatal accident events in Austria within the years 1980-2011 which is
available from the annual reports of the Kuratorium fr alpine Sicherheit
(1973–2011) and the annual reports of the information services of the fed-
eral states (see Amt der Tiroler Landesregierung, 1994–2010). For years
before that time (back to 1968) we used aggregated information published
in the annual reports of the Kuratorium fr alpine Sicherheit.

2 Methods

We propose the following model for capturing the:

log(yt) = f(t) + xt

where yt denotes the number of annual avalanche fatalities over time t.
The logarithms of these count data are modeled as the sum of potentially
nonlinear trend function f(t) and a stationary remainder xt. To account
for potential serial correlation and periodic variation in the remainder,
we consider autoregressive moving-average (ARMA) effects. In order to
estimate the nonlinear function f(t) we use the R package mgcv (see R
Development Core Team, 2012; Wood, 2006).
Further on, for looking at the regional distribution of avalanche fatalities
we build small area maps based on Austrian municipalities using the GIS-
software ArcMap. We use Markov random field smoothing which helps us
to identify regional hot spots of avalanche fatalities.

3 Results

In Figure 1, we give the plot of the nonlinear trend function of avalanche
fatalities in Austria
If we look at the estimated function we take notice of an increasing trend
(1970: approx 12 fatalities, 2010 approx 22 fatalities). Further on we point
out that there is a lot of variation of the observed counts around the esti-
mated function. Additionally, we notice a peak in the 1980s (1982-1988).
We did not find any substantial serial correlation (contrary to the results
of Pfeifer, Zeileis (2012)) or any sort of periodicity in the remainder xt (see
Höller, 2009; Tschirky et al., 2000).
Figure 2 gives the spatial distribution of avalanche fatalities within the
years 1981 and 2011 based on Austrian municipalities. The coloring, how-
ever, is based on smoothed Markov random field estimates of avalanche
fatalities (the number corresponding with each spatial unit in the plot is
equal to the original count) .
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FIGURE 1. Observed and estimated annual avalanche fatalities in Austria within
1968–2011 including the 90% confidence band.

2
2

43

1

3

1

9

4
1

1

24

2

8
1

3

2
4

4

1

4

4

1

1

1

5

1

4

2

3

6

3

1

10

2

2
4

2

1

1
1

1

5

1

17

9
1

1

1

4

1

9

8

1

1

2

3

1

1

4

10

4

4

2

1

1

5

1

5

1
29

1

1
1 3

2

7
11

2

1

4

1

4

2

4

1

8

1

5

2

1

8

10

1

5

21
2

4

11

1

2

6
5

4

3

1 2

1

1 3

16

2

2

1
10

3

1

1

3

1 2

20

2

1

1

1

1

4
3

2

11

13

1

1

2
132

1

2

1
2

1

1

15

5

2

12
1

1

1

1

1

11

1

4

FIGURE 2. Regional distribution of avalanche fatalities in Austria within
1981–2010 including the observed numbers of fatalities within each spatial unit.
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4 Conclusion

As the result of the trend analysis we notice an increasing trend of avalanche
fatalities within the years 1968 and 2011. Additionally we take notice of a
peak in the 1980s (an unusual period of increased snowfall/covering of snow
in the 80’s is discussed as a reason for the higher avalanche frequency).
As the result of the regional analysis we notice two hot spots of avalanche
fatalities in Figure 2: ‘St. Anton a. Arlberg (29)’ (Arlberg-Silvretta) and
‘Slden (43)’ (southern part of tztal, Stubai-Khtai).
Because of the increasing trend and the rather ‘narrow’ regional distribu-
tion of the fatalities consequences on prevention of avalanche accidents are
discussed.
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Abstract: In this paper we study the testing for the grouping of individuals in
FDA. The response is a high-dimensional discrete observation of an underlying
functional, and groups can be previously defined or data-driven. The approach
is based in quasi U -statistics decomposition of wavelet diversity measures. The
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1 The Functional Model

Consider G groups of individuals for which iid discretized curves can be
drawn. Each observation is composed of K time-point evaluations of a
function of interest f such that

dXgl(t) = fg(t)dt+ εdWgl(t), t ∈ [0, 1], (1)

where ε is the diffusion parameter, fg(t) is a deterministic unknown function
and {Wgl(t) : t ∈ R} are either: independent standard Brownian motions
(Abramowich et al., 2004; Abramowich and Angelini, 2006) - case i.i.d.,
or independent CTARMA processes (Kist and Pinheiro, 2012) -case dep. ,
for g = 1, . . . , G, l = 1, . . . , ng. We call X11, . . . ,X1n1

, . . . ,XG1, . . . ,XGnG

the ng K-dimensional observations in group g = 1, . . . , G, respectively.
Suppose f belongs to a convenient Besov space. We write the nonlinear
wavelet estimators as f̂gl(·) =

∑
j,k ĉ

thr
gl,jkψjk(·). One can write the L2 norm

as ‖f̂gl − f̂g′l′‖2L2
=
∑
j,k(ĉthrgl,jk − ĉthrg′l′,jk)2. The hypotheses of interest are

H0 : f1(·) = · · · = fG(·) vs H1 : ∃1 ≤ g 6= g′ ≤ G : fg(·) 6= fg′(·).

Suppose:G (≥ 2) independent groups with respective distribution functions
(K-dimensional or even infinite dimensional) and sample sizes n1, . . . , nG,
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so that all F ’s are defined on a common probability space; and a non-
negative kernel function φ(x,y) which can be expressed as a convex linear
combination of one-dimensional convex kernels. Let

Un,g =

(
ng
2

)−1 ∑
1≤i<j≤ng

φ(Xgi,Xgj), g = 1, . . . , G. (2)

Note that the Un,g are U -statistics and, thus, they are unbiased estimators
for δ(Fg) = Eφ(X,Y), whenever X,Y i.d. Fg. Similarly, let

Un,gg′ =
1

ngng′

ng∑
i=1

ng′∑
j=1

φ(Xgi,Xg′j), 1 ≤ g < g′ ≤ G. (3)

two-sample U -statistics estimators for δ(Fg, Fg′) so that 2δ(Fg, Fg′) ≥
δ(Fg) + δ(Fg′). Take n = n1 + · · ·+ nG and the pooled sample U -statistics
which can be decomposed as within- (Wn) and between-groups (Bn):

Un =

G∑
g=1

ng
n
Un,g +

∑
1≤g<g′≤G

ngng′
n(n− 1)

{2Un,gg′ − Un,g − Un,g′}

= Wn +Bn, (4)

Wn > 0 a.s. under either H0 or H1. Under the latter, Bn may assume both
positive and negative values, but E(Bn) > 0, and large positive values of Bn
are statistically expected. Moreover, the classical Hoeffding non-degeneracy
and CLT hold, i.e., n1/2(Bn − E(Bn)) is asymptotically normal. On the
other hand, under H0, E(Bn) = 0 and the degeneracy on the kernel of Bn
leads to a nonstandard asymptotic situation, as follows. We use the squared
L2 distance as an example, but the analogous decomposability is true for
a larger class of kernel functionals. Let δFg = E

∫
(dXg1 − dXg2)2 = 2ε2,

δFg,Fg′ = E
∫

(dXg1 − dXg′1)2 =
∫

(fg − fg′)2 + 2ε2, g 6= g′ = 1, . . . , G.
We have EBn = 2

∑
1≤g<g′≤G

∫
(fg − fg′)2. Hence, under H0, EBn = 0

and, otherwise, EBn > 0. Bn can be written as: Bn =
∑1,n
i,j ηnijφ(Xi,Xj),

where ηnij = 1 if i and j come from different groups, and −(n−ng)/((ng−
1), if i and j are both from group g, for 1 ≤ g ≤ G. The first term of Ho-
effding’s decomposition of φ is given by φg′1,g(Xg1) =

∫
(fg − fg′)2 + ε2(1 +∫

(dWg1)2 + 2ε
∫

(fg − fg′)dWg, which means that φg′1,g(Xg1) +φg1,g′(Xg′1)−
φg1,g(Xg1)− φg′1,g′(Xg′1) = 2

∫
(fg − fg′)2 + 2ε[

∫
(fg − fg′)dWg − dWg′]. Un-

der H0, the first order Hoeffding term is zero a.s., and is a nondegenerate
r.v. otherwise (Pinheiro et al., 2009; 2011). We apply the sub-group de-
composition for the estimators of the fg’s (Kist and Pinheiro; 2012), thus
generating a quasi U -statistics for differences of fg for which the asymp-
totic normality can be proven following Pinheiro et al. (2011), leading to
nBn being asymptotically normal. We then have a asymptotically normal
test statistic under either H0 and H1, which is unusual for dissimilarity
cases. However, the test statistic converges to a normal distribution under
different rates: n1/2 for H1, and n for H0.
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2 Application

The procedure is illustrated in a data set composed by the movement curves
during 12 hours taken every 10 seconds for 8 males and 7 females from the
Gracilianus microtarsus species. We have G = 2 groups: females and males.
We then estimate f1 and f2 as seen in Figure 1. The diversity measures are
apportioned into their intra- and between-groups diversities components,
and the quasi U -statistic Bn is computed, and compared to the critical
value for testing H0 vs H1. The kernel was the squared L2-distance between
functionals.
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FIGURE 1. Regularized Wavelet Mean 12-hour Curve for the Movements of the
Female ((a)-(c)) and Male (d)-(f)) Gracilianus microtarsus. The wavelet filter is
the Symmlet8 ((a),(d)), Coiflets3 ((b),(e)), Daubechies6 ((c),(f)), and the regu-
larizing parameters are js = 5 and Jη = 9.

Figure 1 shows three estimators for each gender, based on three differ-
ent wavelet bases: Symmlets 8, Coiflets 3, and Daubechies 6. The data is
shown in green. The independent FANOVA model estimator is shown in
blue, and the dependent FANOVA model estimator is shown in red. One
can notice the differences between f̂1 and f̂2. Moreover, the proposed ’dep’
estimators are much more regularized then the previously available wavelet
estimators. The inferential conclusion is that there are statistically signif-
icant differences between males and females in their temporal movement
curves. The computed Bn bootstrap p-value is 0.0000 with 10000 bootstrap
replications.
The numerical studies involves several choices. Besides the three wavelet
bases, one could choose the dep-i.i.d. estimator, as well as the regularizing
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parameters for the thresholding procedure. Finally, robust MAD or the
standard deviation are employed for the estimates of the measure of the
noise variability.
Standard deviation is in general superior to MAD, since the latter yields
usually less regular estimated curves. The choice of the wavelet basis is quite
unimportant. The use of anyone leads to the same inferential results. Some
local characteristics of the estimated curves are highlighted or shadowed
by each basis, but the test results are the same.
The choice of the smoothing parameters is by far the most important issue
of all. The automatic procedures is not always successful, but in general
values within a reasonable range, far from both 0 and the maximum level,
yields the same inferential results.

3 Discussion

We present a novel test for functional data which can be easily computed
for even large sets (n ↑ ∞) of very finely sampled curves (K ↑ ∞). Pinheiro
et al. (2009; 2011) prove that this procedure provides one with good test
statistics under mild regularity conditions on both the kernel function and
the grouping (and/or sampling) characteristics. We embed our proposed
test statistic within the quasi U -statistics framework, and illustrate that
its use together with non-linear wavelet estimation yields very good results,
which are usable for noisy data, and under a variety of wavelet bases, and
thresholding policies.
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1 Multi state models

The analysis of categorical quantities changing their state over the course
of time is often needed in practice and therefore has a great tradition in
statistical research. The furthest developed model class is present for single
terminal event processes (called duration or survival analysis). Such a single
terminal event model is the simplest type of multi state models and is
characterized by a transition from the initial state at time origin to the
absorbing state at random time T .
Competing risk models generalize single event models by analyzing the
timing of various terminal events: as long as an individual is in its initial
state, several risks are concurrently active, leading to transitions into the
respective absorbing states. If one or more of the states is not absorbing,
another single or competing risk setting emerges instantaneously with the
actual transition into the non-absorbing state. This sequence of arising
single or competing risk models is called multi state model.

2 Functional gradient descent boosting

The functional gradient descent (FGD) boosting algorithm, in its compo-
nentwise definition, is a convenient estimation approach and a well estab-
lished answer to variable selection and model choice questions for regression
analyses in a lot of different response settings, e.g. linear, generalized linear,
structured (geo)additive, survival or quantile regression models (Kneib et
al., 2009).
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In general, boosting is a functional gradient descent method that seeks the
solution of the optimization problem

η∗ (x) = arg min
η(x)

E (ρ (y, η (x))) ,

where ρ (·, ·) is a suitable loss function. Further on, y denotes the response
and η (x) is the linear predictor depending on a covariate vector x, e.g.

η (x) = β0 +

p∑
j=1

fj (xj) .

The single parts fj (xj) of η (x) are refered to as model components and may
be of any type that is known from structured additive regression models,
e.g. linear terms βjxj , (geo)additive terms f (xj) using penalized spline
approaches, interaction terms βjxkxl, varying coefficients fj (xk) · I{xl 6=Ref.}
or effect surfaces fj (xk, xl).

In practice the loss function ρ (y, η) is replaced by the empirical risk

1

n

n∑
i=1

ρ (yi, η (xi)) .

We then aim to minimize this quantity iteratively with respect to η. There-
fore, we fit base learners gj (xj) that correspond to the model components
fj (xj) and reflect the desired properties, e.g. by penalized linear regression
aproaches

gj (xj) = X (XTX + λX)
−1

XTz,

where X is a suitable design matrix, K is a penalty matrix with λ as
corresponding smoothing parameter, and z denotes the working response,
which is defined as the negative derivative of the loss function with respect
to η and is recalculated in each of the m = 1, . . . ,mstop boosting iterations
by plugging in the current linear predictor η̂[m] (xi). This current linear
predictor version η̂[m] (xi) is formed by the step- and componentwise defi-
nition of the FGD boosting algorithm: In each boosting iteration, the best
base learner, i.e. the one that leads to the largest decrease of the (empirical)
loss, is selected and the respective parameter(s) is/are updated by a certain
amount ν ∈ (0, 1] of the respective base learner parameter estimate:

β̂
[m+1]
j = β̂

[m]
j + ν · ĝj (xj) , η̂[m+1] (xi) = xT

i β̂
[m+1]

j .

This strategy is followed until any further iteration leads to only neglectible
improvements of the likelihood (this early stopping is crucial for variable
selection and several possible strategies can be applied to find the number
mstop of performed iterations).
For detailed description of the FGD boosting algorithm, see Buehlmann
and Hothorn (2007).
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3 Partial likelihood & working response in multi
state models

3.1 Survival analysis

The construction of the loss function and the working response for FGD
boosting in survival models is based on Cox’s proportional hazards model
formulation (Cox, 1972), i.e. Cox’s log partial likelihood for observed event
times ti and censoring indicators Di, i = 1, . . . , n:

log (PL (β|t,D,X)) =
N∑
i=1

Di

η (xi)− log

 N∑
j=1

I{tj≥ti} · exp (η (xj))

 ,
The working response for Cox’s proportional hazards regression model is
then the partial first derivative of the log partial likelihood with respect to
η (xi) = xT

i β, evaluated at η (xi) = η̂[m] (xi):

z
[m]
i = Di −

N∑
j=1

DjI{ti≥tj} ·
exp

(
η̂[m] (xi)

)
N∑
k=1

I{tk≥tj} exp
(
η̂[m] (xk)

) .
3.2 Multi state models

A Cox type log partial likelihood for general multi state models with tran-
sitions q = 1, . . . , Q is given in Andersen et al. (1993) by

log (PL (β|t,D,X)) =

n∑
i=1

Q∑
q=1

 ∞∫
0

η (Xqi (t)) dNqi (t)−

− 1

n

∞∫
0

log

(
n∑
i=1

Yqi (t) exp (η (Xqi (t)))

)
dNq (t)

 .
Here, Nqi (t), Nq (t) and Xqi denote transition (and individual event history
specific) counting processes and design matrices, respectively.
We regard all observed transitions i = 1, . . . , n individually as if each of
them was originated by one unique individual i, with observed transition qi
at time ti and covariate observation xi. The xi are constructed by merging
products of transition indicators Dqi, q = 1, . . . , Q, and covariate observa-
tions xi1, . . . , xip. Since the integral of a function with respect to a counting
process is a convenient notation for a sum with a finite number of terms, we
may furthermore rewrite the log partial likelihood as sum of the function
evaluated at the jumping times

log (PL (β|t,D,X)) =

Q∑
q=1

n∑
i=1

Dqi

η (xi)− log

 n∑
j=1

Yqj (ti) exp (η (xj))

 .
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This likelihood is a pretty straightforward generalization of the single event
log partial likelihood formulation, with key changes by summing up poten-
tially multiple events of type q and more general risk sets that are no longer
strictly decreasing with time.

Calculating the first-order partial derivative with respect to η (xi) = xT
i β,

evaluated at η (xi) = η̂[m] (xi), i = 1, . . . , n, leads to the working response

z
[m]
i =

Q∑
q=1

Dqi −
n∑
j=1

Dqj · Yqi (tj) ·
exp

(
η̂[m] (xi)

)
n∑
k=1

Yqk (tj) exp
(
η̂[m] (xk)

)

 .

The indicator product Dqj · Yqi (tj) takes the value one if the left states
of i and j are equal and j transitions into the corresponding right state
of transition q. Since every observation is composed of only one unique
transition qi, we can rewrite the working response as:

z
[m]
i = 1−

Q∑
q=1

 n∑
j=1

Dqj · Yqi (tj) ·
exp

(
η̂[m] (xi)

)
n∑
k=1

Yqk (tj) exp
(
η̂[m] (xk)

)

 .
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Abstract: Data grouped in relatively wide histogram bins are frequently en-
countered in practice. Here, in particular, grouped data by age are considered.
We propose a penalized composite link model to estimate smooth densities by
single years of age when data are provided in coarse age classes only. The per-
formance of the model is examined in two applications: the first one illustrates
mortality trajectories by age and the second studies simulated patterns of age at
first marriage.
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1 Introduction

Grouped data are common. In demographic and epidemiological contexts
age distributions are habitually provided in 5-year age intervals, often with
a wide open age class at the highest ages. Typical examples are so called
abridged life tables, as provided by the WHO or EUROSTAT. Figure 1
shows an example taken from the Human Mortality Database.
However, often more detailed information is needed when age-specific pat-
terns are to be compared across time or across countries. In particular,
wide age groups for the elderly can pose an obstacle. Therefore efficient
methods of ungrouping coarse histograms are needed.
Here we present an approach based on the penalized composite link model
(Eilers, 2007). This model implements the idea that the observed counts
are indirect observations of a latent sequence that represents the true distri-
bution. This distribution has to be estimated from the composite observed
data. The only assumption made about the true distribution is smoothness,
which is enforced by a penalty.
We will demonstrate the efficiency of the approach by two applications
where we can assess its performance. The first example is an age at death
distribution, the second example studies the age-specific incidence of first
marriages.
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2 Penalized composite link model for ungrouping

We denote the actually observed counts in the I bins by y = (y1, ..., yI)
′.

The yi are realizations from Poisson distributions with E(yi) = µi. How-
ever, the vector µ ∈ RI results from grouping the J > I original (expected)
counts γ = (γ1, ..., γJ)′ into the histogram bins: µ = Cγ with

C =


1 . . . 1 0 . . . . . . . . . 0
0 . . . 0 1 . . . 1 0 . . . 0

...
. . .

...
0 . . . . . . 0 1 . . . 1

 ∈ RI×J .

C is a matrix that ‘composes’ µ from γ, and it describes how the latent
distribution γ was mixed before generating the data. The number of ‘1’
in each row of C corresponds to the number of elements of γ that are
grouped into one bin. The aim of ungrouping a histogram is to estimate
the original distribution, i.e., the vector γ. As I < J , this problem is ill-
defined and additional constraints need to be imposed. We assume that the
latent distribution is smooth and implement this assumption by a difference
penalty on the elements of γ. This is the penalized composite link model
(PCLM).
To guarantee non-negative values of γ we write γ = exp(Xβ). Here X is the
identity matrix, and smoothness of γ results if β is smooth. If the number
of elements in γ is large, we can replace the design matrix X by a B-spline
basis; again a smooth coefficient vector β produces a smooth distribution γ.
Eilers (2007) showed that the PCLM can be estimated by an appropriately
modified version of the interatively reweighted least squares (IRWLS) al-
gorithm. The system of equations becomes

˘(X ′W̃ X̆ + λD′dDd)β = X̆ ′W̃ [W̃−1(y − µ̃) + X̆β̃]. (1)

where Dd is the matrix that computes the dth differences of the components
of β. In the practical applications we chose a difference order of d = 2. The
matrix X̆ has elements x̆ik =

∑
j cijxjkγj/µi, and can be considered a

‘working X’ in the IRWLS algorithm. For a given value of λ the system
can be easily solved.
The parameter λ modulates the smoothness of β, as forced by the difference
penalty, against the fit to the observed data. We choose the value of λ that
minimizes the Akaike’s Information Criterion (AIC).

3 Applications

We now study the performance of the approach in two examples where
we can analyze both the original data before grouping and the PCLM-
ungrouped distribution. This allows us to compare how well the proposed
method works.
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3.1 Age at death distribution

We first apply the PCLM to mortality data. We consider period life table
death counts by age in Sweden for the year 2011. The data are taken from
the Human Mortality Database (HMD; available at www.mortality.org),
and they are available by single years of age from 0 to 109, and then a final
group 110+.
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FIGURE 1. Top left: Age at death distribution, Sweden in 2011. Original data
by single years of age (blue solid line), grouped counts and PCLM estimates (red
dashed line). Top right: AIC over log10 λ. Bottom left: Death rates (on log scale)
from empirical data (blue solid line) and from PCLM estimates (red dashed line).
Bottom right: Relative differences between original death counts by single year
of age and PCLM estimates.

We artificially grouped the death counts in 5-year age classes plus an open-
ended age interval starting at 85. This age interval of 85+ years has been
common in many epidemiological databases, at least in the past, which is
why we chose this particular grouping. Furthermore, we added an extra bin
from 115 to 120 with 0 counts. This was done after realizing that without
this information the PCLM approach had a tendency to ‘stretch out’ too
far into the right-hand tail. The assumption of practically no deaths after
age 115 can safely be made.
Figure 1, top left, shows the age at death distribution derived directly from
the HMD as well as the ungrouped PCLM estimate. The concordance is
striking. Additionally, we calculated the corresponding hazard (death rates)
from the density because very often this characteristic of the distribution
is of particular interest. The result is shown in Figure 1, bottom left.
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3.2 Age at first marriage

To check whether the method is able to reproduce hazards with a com-
pletely different shape equally well, we considered the distribution of ages
at first marriage. These data are usually not available by single years of age.
However, there is a widely used model for this age distribution (Coale and
McNeil, 1972), which has been shown to match the distribution in human
populations very closely.
Using the Coale-McNeil model we simulated s = 2000 ages at first marriage,
rounded to full years. These data were grouped in 5-year age classes from
which the original distribution was estimated by the PCLM.
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FIGURE 2. Left: Simulated ages at first marriage. Single-year counts (blue solid
line), histogram and PCLM estimates (red dashed line). Right: Age-specific first
marriage rates. Theoretical rate from Coale-McNeil model (green dotted line),
empirical rates by single ages (blue solid line) and hazard derived from the PCLM
estimates (red dashed line), average over 50 repetitions.

Again one bin with 0 counts was added, this time at the left end of the
distribution, i.e., for ages younger than 15. Like in the mortality example
this additional empty bin considerably improved the PCLM estimate. The
result can be seen in Figure 2 and again the model performs very well.
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Abstract: A regression model for zero-truncated count data based on the hyper-
Poisson distribution is developed. This regression model generalizes the zero-
truncated Poisson regression model. The hyper-Poisson regression model intro-
duces the regressors in the equation of the mean and additionally, regressors can
also be introduced in the equation of the dispersion parameter in order to model
under- and over- dispersion.
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1 Introduction

In count data modelling there are situations for which the response vari-
able cannot obtain a value of zero. A typical example is the length of hos-
pital stay, in days. In the literature common models for this situation are
zero-truncated Poisson model and zero-truncated negative binomial model.
The zero-truncated Poisson model displays underdispersion (Winkelmann,
2008; Cameron and Trivedi, 1998), when overdispersion is present, the zero-
truncated negative binomial model is used (Hilbe, 2011).
In order to cope with the presence of over- and under- dispersion Sáez-
Castillo and Conde-Sánchez (2013) introduced a regression model for count
data in which the Crow-Bardwell or hyper-Poisson distribution (Johnson
et al., 2005) is used for the response variable. The main advantage of the
hyper-Poisson regression model is that the regressors may be introduced
in the mean at the same time that they can influence the over- or under-
dispersed behavior of the distribution. This allows us to model data which
present both, overdispersion and underdispersion, in different levels of the
observations, determined by different combinations of the values of the
covariates. In this paper a zero-truncated regression model based in the
hyper-Poisson distribution is developed.
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2 The hyper-Poisson distribution

The hyper-Poisson distribution, from now in, hP , (Johnson et al., 2005)
has probability mass function (p.m.f.)

fy =
1

1F1 (1; γ;λ)

λy

(γ)y
, y = 0, 1, 2, ...,

where γ, λ > 0, (a)r = a (a+ 1) ... (a+ r − 1) = Γ(a+r)
Γ(a) for a > 0 and r a

positive integer, and

1F1 (a; c; z) =

∞∑
r=0

(a)r
(c)r

zr

r!
,

is the confluent hypergeometric series (Johnson et al. 2005). The main
characteristic of this distribution is that it is overdispersed if γ > 1, is the
Poisson distribution if γ = 1 and is underdispersed if γ < 1; that is because
γ is interpreted as a dispersion parameter.
It can be proved (Sáez-Castillo and Conde-Sánchez, 2013) that the mean
(µ) is given by

µ = λ− (γ − 1) (1− f0) = λ− (γ − 1)
1F1 (1; γ;λ)− 1

1F1 (1; γ;λ)
.

It is clear that when γ = 1 (the Poisson distribution case), the mean
matches up with λ, but, in general, λ is not always near the mean.
When γ > 1 the hP distribution may be seen as a Poisson compound
distribution with a confluent hypergeometric distribution which, in general,
is given by a density function

f (p) =
pu−1 (1− p)v−1

e−λp

Beta (u, v) 1F1 (u;u+ v;−λ)
.

Thus, in this overdispersion context, the hP distribution may be compared
with other compound Poisson distributions, such as the negative binomial
distribution.

3 Zero-truncated hyper-Poisson distribution

In this section the main properties of the zero-truncated hP distribution
are developed. First, the p.m.f. is given by

fy =
1

1F1 (1; γ;λ)− 1

λy

(γ)y
, y = 1, 2, ..., (1)

where γ, λ > 0.
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FIGURE 1. Contour plots for the variance-mean ration in terms of λ and γ.

It can be verified that when γ = 1 it is the zero-truncated Poisson distri-
bution.
It is easy to prove that (1) verifies the recurrence equation

(γ + y) fy+1 = λfy y = 1, 2, ..., . (2)

An expression of the mean can be obtained if we sum (2) from y = 1 to∞,
obtaining

µ = λ+ f1 − (γ − 1) (1− f1) . (3)

From (1), multiplying both members by y + 1 and adding from y = 1 to
∞, a relation between mean and variance, σ2, can be deduced,

σ2 = λ (µ+ 1) + f1 − (γ − 1) (µ− f1)− µ2.

The probability generating function (p.g.f.) is given by

g (z) =
1F1 (1; γ;λz)− 1

1F1 (1; γ;λ)− 1
.

An alternative expression of the mean may be obtained from the derivative
of the probability generating function evaluated in one, given by

µ = g′(1) =
λ

γ
1F1 (2; γ + 1;λ)

1F1 (1; γ;λ)− 1
.

In order to display the dispersion properties of the zero-truncated hP dis-
tribution, the variance-mean ratio has been analyzed in terms of λ and γ.
Thus, Figure 1 shows a contour plot for the variance-mean ratio for a wide
range of values of λ and γ.
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4 The zero truncated hyper-Poisson regression model

Let be yi the value of the response variable of the i− th individual of the
sample and xT

i = (1, xi1, xi2, ..., xik) the observed covariates in this i− th
individual. Let us consider that yi follows a zero-truncated hP distribution
with mean

µi =ex
T
i β

Two possible models have being considered depending on the parameters
that are estimated: on one hand, the parameter λ will be determined by
(3) from the values of µi and γ; from now on, we will name this model
zero-truncated hP (λi, γ). On the other hand, to obtain µi and λ estimates
and γ will be determined by (3). In this case it is obtained a zero-truncated
hP (λ, γi) model.
The estimation of the regression coefficients β is carried out maximizing
the log-likelihood function. If we have a sample y1, ..., yn, it is given by

logL (γ, λ)=−
n∑
i=1

log Γ (γ + yi)+log(λ)nȳ+n (log (γ)−log (1F1 (1; γ;λ)−1)) .

It is very important to highlight that this function depends on γ and λ,
while we are modelling µ, so we must replace the parameter λ or the pa-
rameter γ with its expression in terms of the mean µ, which can be deduced
from (3), in each step of the optimization process. The problem is that there
is not a closed expression of λ in terms of µ and γ nor of γ en terms of µ and
λ, but we have overcome this difficulty solving the resulting equation by
numerical methods in each evaluation of the log-likelihood function within
the optimization process.
This model has been applied to real data for illustrative purposes.

References

Cameron, A. C. and Trivedi, P. K. (1998). Regression Analysis of Count
Data. Cambridge University Press.

Hilbe, J. (2011) Negative Binomial Regression. Cambridge University
Press.

Johnson, N. L., Kotz, S., Kemp, A. W (2005). Univariate Discrete Distri-
butions. Third edition. New York: Wiley.
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Abstract: It is common in longitudinal surveys for a number of the partici-
pants to dropout or simply omit responses upon follow up. The Edinburgh Study
of Youth Transitions and Crime is a longitudinal survey of 4,300 young people.
Whilst both attrition and omission at each sweep are small, the impact of this on
the number of complete-cases is large. By multiply imputing the missing data,
standard analysis methods can then be used in a way that reflects the uncer-
tainty arising from the imputation process. A sensitivity analysis is performed by
building models to predict joyriding on both the complete-case data and the mul-
tiply imputed data. The results show that an analysis of only the complete-case
data would be misleading and that there are major differences in key parameter
estimates as well as the variables selected during model selection.

Keywords: missing data; multiple imputation; model building.

1 Introduction

The Edinburgh Study of Youth Transitions and Crime (ESYTC) is a longi-
tudinal cohort study of 4,300 young people concerned with personal changes
during adolescence that explain why some, among all who engage in delin-
quent behaviour go on to become serious offenders and why others do not
(Smith and McVie, 2003). The ESYTC commenced study in 1998, target-
ing all adolescents who were aged between 11 1

2 and 12 1
2 and thus due to

start secondary school. Information was collected via self-completion ques-
tionnaires. Of particular interest are the delinquent behaviour items that
were asked at every sweep. In total there are 15 items, ranging from fare
dodging, being noisy in public to carrying a weapon and joyriding. Each
delinquency item consisted of an initially “yes/no” response as to whether
or not the participant had engaged in the behaviour, and positive responses
were followed by a question on the volume (frequency of occurrence) of the
behaviour. The initial sweep collected information regarding behaviour over
the participants lifetime up to this point. Subsequent sweeps occurred at 12-
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FIGURE 1. Edinburgh Study response rates at each sweep, how many of those
where complete-cases, and the size of the multiply imputed data set.

monthly intervals, and were concerned with acts and changes in behaviour
since the last sweep.
Shown in Figure 1 are the response rates to the individual sweeps, as well as
the survey as a whole and the size of the multiply imputed data. While the
attrition at each sweep is small, only 50% of the respondents who respond
to all four sweeps have complete-cases and a further 49% have less than
5% missing. The priority is to multiply impute responses for analysis.
From the perspective of the individual items all but one item (gender) had
missing responses. The largest amount of missing data was found to be
4.8%, but 90% of the items had less than 1% missing.

2 Model-based multiple imputation

A complete-case analysis on incomplete data makes the Missing Completely
At Random (MCAR) assumption (Rubin, 1976), that those with incom-
plete observations do not differ in any systematic way from those with
complete observations. This is often unrealistic, and if it is incorrect then
parameter estimates can be biased. A more realistic assumption, Missing At
Random (MAR) (Rubin, 1976), assumes that the omission of responses de-
pends to some extent on the observed data. By taking a modelling approach
to imputation it is possible to assume MAR, and by creating multiple im-
puted data sets the uncertainty about the imputed values themselves can be
maintained. The method used to multiply impute is the Fully Conditional
Specification (FCS) of Van Buuren et al. (2006) which imputes multivariate
missing data on a variable-by-variable basis. FCS requires the specification
of an ‘imputation model’ for each incomplete variable which, in part, then
maintains the relationships that will be examined in the ‘analysis model’,
as well factors predictive of non-response. In this respect, three delinquency
items were associated with future non-response: the volume responses for
fighting and skiving, and the binary response for stealing from home.
An important aspect of the questionnaire that needed to be taken into
account was whilst some participants simply did not respond for a given
delinquency item others responded “yes” but omitted how many times.
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For example, at Sweep A, 21 participants failed to provide any information
regarding “have you ever stolen from home?”, while 18 answered “yes”
but failed to specify a volume. Missing volume response should therefore
be imputed conditional on the binary response being observed. By using
the FCS approach, it was possible to implement this through a custom
imputation function for the delinquency volume responses.
Ten imputed data sets were created in R 2.15.2 using the mice 2.13 pack-
age (Van Buuren and Groothuis-Oudshoorn, 2011); the algorithm was ran
for 20 iterations. In order to assess convergence, the associations between
the delinquency items and the background characteristics were monitored.
Convergence was satisfactory with statistics from each of the ten data sets
being equally varied and freely mixed.

3 Predicting future joyriding: a sensitivity analysis

Compared to the other delinquent acts in the ESYTC, joyriding is one of
the few that is also a criminal offence. Though it has a very low prevalence
(2% at sweep A), it increases over time (8% at sweep D). It is therefore
of interest to identify factors that are associated, positively or negatively,
with engaging in this behaviour. To predict future occurrences of joyriding,
the binary responses from sweeps B, C and D were stacked and a logistic
transition model fitted with the explanatory variables being the previous
sweep’s background and delinquent behaviour responses. Since each par-
ticipant has three sets of responses, previous joyriding was automatically
included in order to control for this lack of independence in the data.
In order to identify a parsimonious model, a two stage routine was devised.
Starting with a saturated model, all binary delinquency items other than
joyriding and background characteristics were considered for removal via a
backwards elimination procedure using the pooled Wald test. The second
stage then tested if the model could be improved by swapping the remain-
ing binary delinquency items for their volume counterpart. This routine
was applied to the complete-case data and the final results recorded (M1).
In order to apply this routine to the ten imputed data sets a strategy sug-
gested by Wood et al. (2008) was used. The routine ran on each of the
imputed data sets, and the items included in each were recorded. Those
that appeared in more than half the models were then used to create a
so called supermodel. This supermodel was then fitted to each of the im-
puted data sets (M2), with parameter estimates and standard errors being
pooled using Rubin’s rules (Rubin, 1987). Finally, the pooled Wald test
was used to determine if any items could be dropped. A model based upon
the covariate structure of M2 was fitted to the CC data (M3) in order to
highlight any differences in parameter estimates.
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3.1 Results

All the items selected by M1 were also selected by M2. In addition, M2
contained four more binary delinquency items and three more background
characteristics, one of which was gender. From the covariates included in
M2, only arson (7/10) and noisy in public (7/10) were not selected by all
ten models. Due to limited space the parameter estimates for M2 and M3
have not been included here but will be shown on the poster. The parameter
estimates show that the baseline odds ratio of an individual joyriding is very
low, however M2 suggests a higher rate than M3. Another key difference is
the effect of current joyriding, M2 suggest that the link between current and
future joyriding incidences is slightly weaker than that suggested by M3.
An association with the participant not living with either of their birth
parents (reference category: living with birth parents) and joyriding was
found in M3 but not M2, and therefore maybe spurious. The other major
difference is the obvious increase in confidence in estimates for M2.

4 Discussion

When a longitudinal study contains missing data, analyses assuming
MCAR such as analyses performed on only CC data should be avoided.
In the case of the ESYTC, despite the amount of missing data being small,
a CC analysis would only consider half of the participants. A practical
alternative is to multiply impute missing responses and make the more
plausible assumption of MAR. FCS, a model-based approach to imputa-
tion, was used which maintained the relationships that were later examined,
and included predictive factors of non-response. By FCS requiring an ‘im-
putation model’ to be specified for each incomplete variable, it was possible
to accommodate the difference between providing no information regarding
a delinquent behaviour and only omitting a volume response. The sensitiv-
ity analysis showed that the CC model (M1) selection process was inferior
to that performed on the MI data (M2), with a difference of several delin-
quency and background items being missed. In addition, fitting a model
with the same covariate structure as M2 to the CC data (M3) showed key
differences in parameter estimates, namely M3 underestimates the rate of
joyriding compared to M2, slightly overstated the link between current and
future joyriding, and potentially has a spurious association with who the
participant lives with in terms of parents.
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1 Introduction

Mixed effects models are useful tools for analyzing correlated data. Al-
though Verbeke and Lesaffre (1997) showed that the distribution of random
effects does not have much influence in the parameters estimates, Osorio
et al. (2007) concluded that assuming elliptical distributions for the ran-
dom effects and errors may provide more robust estimates against outlying
observations in linear and nonlinear mixed models. For nonlinear mixed
elliptical models, Russo et al. (2012) also showed that score-type tests for
variance components may be slightly more sensitive to perturbations un-
der normality. However, no studies have been developed about estimating
methods for variance components under the elliptical assumption.

2 The model

A linear mixed effects models for a vector of response variable Yi (m× 1)
may be written as
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Yi = Xiβ + Zibi + εi, i = 1, . . . , n, (1)

where Xi and Zi are matrices of known constants, β = (β1, . . . , β)> a
vector of unknown parameters and bi = (bi1, . . . , bir)

> the random-effects
coefficients. It is usual to assume bi and εi to be independent and to follow a
normal distribution. Osorio et al. (2007) extended this model by considering
a multivariate elliptical distribution for (Yi,bi), such that[

Yi

bi

]
∼ Elmi+r

{(
Xiβ

0

)
;

[
ZiDZTi + σ2Imi ZiD

DZTi D

]}
. (2)

The matrices Σi = ZiDZ>i + σ2Imi , D, and ZiD are proportional to the
variance-covariance matrices Var(Yi), Var(bi) and Cov(Yi,bi). In this pa-
per we assume D is unstructured and τ are the vector of elements of D.
The notation W ∼ Elm indicates that a vector W (m × 1) is elliptically
distributed with mean µ ∈ Rm and scale matrix Σ (positive definite), with

p. d. f. given by f(w) = |Σ|− 1
2 g[(Y−µW )TΣW

−1(Y−µW )], where g : R→
[0,∞), continuous and twice differentiable, is known as density generating
function, with

∫∞
0
u
m
2 −1g(u)du < ∞. Examples of elliptical distributions

are the normal and Student-t distributions which can be obtained when
g(u) = (2π)−m/2 exp(−u/2) and g(u) = q (1 + u/ν)

−(ν+m)/2
, respectively,

with q a constant and u = (Y − µ)TΣ−1(Y − µ). It is usual to work with
the quantities Wg(ui) and W ′g(ui) such that Wg(ui) = [d log g(ui)]/dui,

W ′g(ui) = [dWg(ui)]/dui and ui = [(yi −Xiβ)>Σ−1
i (yi −Xiβ)] (see, for

instance, Osorio et al., 2007).
The marginal model is given by Yi ∼ Elmi(Xiβ; Σi), which preserves the
mean of the hierarchical model without requiring numerical integration.

3 Unconstrained estimation method

An example of an unconstrained estimation method would be the maximum
likelihood estimation of θ = (β,γ)> = (β, σ2, τ11, τ12, τ22)>. One possible
algorithm would be the Fisher scoring method, given by

β̂
(m+1)

= β̂
(m)

+ K
−1(m)
ββ U

(m)
β ,

γ̂(m+1) = γ̂(m) + K−1(m)
γγ U(m)

γ , for m = 0, 1, 2, ...

The score functions Uβ and Uγ and the Fisher information matrix ele-
ments, Kββ and Kγγ , are presented, for example, in Osorio et al. (2007).
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4 Constrained estimation methods

Under the marginal model, the variance components of the random effects
do not need to be positive, as long as the matrix Σi is. In the context of ellip-
tical mixed models, the most used estimation method is a (unconstrained)
iterative process, which could theoretically produce a solution where some
elements of the main diagonal of D could be negative, so as |Σi|. There
are some ways to restrain the log-likelihood function and work with a con-
strained algorithm. One possibility would be to include a penalty a log |Σi|
to the likelihood function or to consider a decomposition of the matrix D,
for instance the Cholesky decomposition or the spectral decomposition. In
the last case, an unconstrained solution would be sought. Here we search
for a solution preserving the link to the hierarchical model, which means
to impose that the elements of the main diagonal of D are positive.

5 Application

The rats data presented by Verbeke and Lesaffre (1999) is an example where
one variance component is negative. As expected, the maximum likelihood
reached by the unconstrained method is greater than in the constrained
method. In this application, we fit a model of type (1) for a response mea-
sured in different ages of rats, with an intercept and three covariates indi-
cating the time effects in three groups, divided by the administrated doses
of a substance. Results are presented in Table 1.

TABLE 1. Maximum likelihood estimates for normal model obtained to the rats
data.

Unconstrained Method Constrained Method
Parameter Estimate Estimate

β0 68.6210 68.6071
β1 7.2748 7.3157
β2 7.4750 7.5080
β3 6.8865 6.8697
σ2 1.5312 1.4349
τ11 2.8122 3.4159
τ12 0.4838 0.0185
τ22 -0.3325 0.0000

MaxLogLike -462.9178 -464.3272

6 Simulation results

We consider different scenarios for a simulation study with n = 120 and
mi = 4 for i = 1, . . . , 4, and similar results were reached, showing that,
even if the sample comes from a population where the variance elements of
D are positive, the unconstrained estimation method may provide negative
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estimates to some of the terms in the main diagonal of D, which disconnects
the hierarchical and the marginal model and provides unrealistic estimates
for D. The constrained method pointed lower bias and mean squared error
of the variance components estimators, although larger bias of σ̂2. For
fixed parameters, no differences were observed. It is worth noting that the
differences were minimal, meaning that both methods reach practically the
same results.

TABLE 2. Simulation results in one scenario, with measures along time points 8,
10, 12 and 14.

Unconstrained Method Constrained Method
Param. Real Estim. Bias MSE Estim. Bias MSE

β0 5 4.9953 -0.0047 0.1592 4.9953 -0.0047 0.1592
β1 2.5 2.4992 -0.0008 0.0032 2.4992 -0.0008 0.0032
σ2 1.5 1.4908 -0.0092 0.0764 1.4503 -0.0497 0.0627
τ11 3 2.8640 -0.1360 1.6599 2.9425 -0.0575 1.6235
τ12 0.1 0.1099 0.0099 0.0218 0.0911 -0.0089 0.0185
τ22 0.01 0.0100 0.0000 0.0007 0.0164 0.0064 0.0004

MaxLogLike -229.8647 -230.0404

7 Discussion

In this paper we propose a comparison between unconstrained and con-
strained estimation methods for variance components in elliptical mixed-
effects models. Our preliminary results show that the (unconstrained)
maximum likelihood estimation method may provide unrealistic and with
greater biased estimates for the variance components, but still good esti-
mates.
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Abstract: Health effects among populations living in the vicinity of nuclear in-
stallations have been a major area of concern for several decades already. The
main focus is on childhood leukaemia. The dominant approach is an ecological
study using residential proximity to the nuclear site, however complex radio-
active discharge models have also been used. This paper describes an ecological
study on leukaemia incidence in children living in the vicinity of nuclear installa-
tions in Belgium. Each nuclear site was treated as a point-source and single-site
focussed hypothesis tests were used to test for a gradient in childhood leukaemia
incidence with residential proximity to the site. In addition, two other surro-
gate exposures were used: prevailing wind direction and simulated radioactive
discharges. The use of multiple measures of surrogate exposures and multiple
statistical methods has added value when investigating a priori defined point-
sources.
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1 Introduction

Health effects among populations living in the vicinity of nuclear instal-
lations have been a major area of public concern for several decades al-
ready. Positive findings in recent peer reviewed articles, as well as incidents
with nuclear installations, have further boosted this concern. In partic-
ular Kaatsch et al (2008) has reported a 2.2 fold [1.51;+∞] increase in
leukaemia incidence in children living within 5 km of a German nuclear
power plant (NPP). Furthermore, in the year 2008 an INES 3 incident has
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occurred at the Institute for Radio-Elements in Fleurus, Belgium, accom-
panied by gaseous release of I-131 to the environment (Degueldre et al
(2011)). Following these events, the Belgian Minister of Social Affairs and
Public Health had commissioned a national epidemiological study of the
health effects of living in the vicinity of nuclear sites. A multi-disciplinary
group decided that in first instance, an exploratory ecological study should
be undertaken, focussing on childhood leukaemia and thyroid cancer inci-
dence and making use of readily available data. In this paper we present the
surrogate-exposure modelling approach and results for childhood leukaemia
incidence. The corresponding findings for thyroid cancer and for near versus
reference analyses, are described elsewhere (Bollaerts et al (2012)).

2 Data

Childhood Leukaemia incidence (0-14 years) data by age-sex, year and com-
mune, were obtained from the Belgian Cancer Registry. Data were avail-
able for the years 2000-2008 for the Flemish Region and 2004-2008 for the
Walloon-Brussels-Capital Region. Population data were obtained from the
Belgian Directorate-general Statistics and Economic Information. Popula-
tion counts by age-sex, year and commune were obtained for Januari 1st
for each incidence year. For each commune, a wealth index was obtained,
consisting in the ratio between the commune-specific average income per
inhabitant and the national average income per inhabitant. Because this
index shows large temporal variation, an average wealth index was calcu-
lated for each agegroup (0-4, 5-9, 10-14 years) by averaging over the wealth
indices experienced during the whole lifetime, assuming no migration be-
tween communes. The study considered all sites with nuclear installations
of Class I as defined by the Royal Decree of July 20th 2001 on protection
of the population, the workers, and the environment against the hazard of
ionising radiations. This includes two NPPs, Doel and Tihange; as well as
the sites of Mol-Dessel and Fleurus. The latter are host to a combination of
research and industrial activities in the nuclear sector. Of the nuclear sites
outside the Belgian territory, two reside within 20 km of the border: Chooz
(France) and Borsele (Netherlands). No cases of childhood leukaemia inci-
dence were detected within the 20 km proximity zones for both sites, during
the study period. For the remainder of the paper we will consider only the
sites in Belgium.

3 Surrogate Exposure

Three surrogate exposures were constructed: (inverse) residential proxim-
ity to the nuclear site, prevailing winds and radioactive discharge fraction.
Residential proximity from a site was calculated as the Euclidian distance
between the commune and the nuclear site. In order to calculate this, each
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nuclear site was treated as a point source. For Mol-Dessel and Fleurus, the
highest potential source was determined, whereas for both classical NPPs
a central point between the multiple facilities on the site was georeferenced
using Google Maps. For each commune a centroid was obtained. Wind
speed and direction were obtained from on-site measurement stations for
each site, for the period 2003-2008. 16 sector wind roses were calculated,
omitting wind speeds below 0.2m/s: such low wind speeds are associated
with frequently changing directions. Thus for each site was calculated the
percentage of time the wind blows from the site into a specific sector. The
communes within the 20 km proximity area around each nuclear site, were
categorised into the 16 sectors by use of their centroids and the coordinates
of the nuclear sites, as obtained for the residential proximity. For a contin-
uous discharge, the prevailing winds accurately represents the fractions of
the gaseous discharge that are blown towards the different communes in the
proximity of a nuclear site. Both prevailing winds and residential proxim-
ity are surrogates created from the relative positions of site and commune.
Both surrogates are complementary and the next step would be to combine
them into a single variable that better reflects the true exposure. Noting
that the deposition of gaseous discharges is not linearly dependent on resi-
dential proximity, this requires transforming the residential proximity into
the fractions of radionuclide that reach different distances from a given site.
The Hotspot Model ref was used by the FANC. Hotspot is a biguassian
dispersion model that takes into account the effective release height, the
(mean) rainfall, the (mean) windspeed and the deposition velocity in wet
and in dry weather of one or more radionuclides. It is assumed that the
concentration profiles are approximately normal on the axis of the wind di-
rection, as well as on the plane perpendicular to this axis. Multiplying this
site- and distance-specific fraction with the site-specific prevailing winds
fraction, yields an estimate for the radioactive discharge fraction. For the
site of Mol-Dessel the nuclides Ar-41 and I-131 were modelled, whereas for
Fleurus the nuclides I-131 and Xe-133 were modelled. These radionuclides
were chosen because they are the most relevant ones for exposure to these
sites.

4 Methods

We used focussed hypothesis tests, treating each nuclear site as a point
source. Under the null-hypothesis, there is no relationship between surro-
gate exposure and cancer incidence. The alternative hypotheses are posi-
tive association between inverse distance and incidence, between prevailing
winds fraction and incidence, and between radioactive discharge fraction
and incidence. For each surrogate exposure and site, three tests were per-
formed: Bithell linear risk score test (Bithell (1995)), Bithell’s test using
ranks and Stone’s likelihood ratio test (Stone (1988)). P-values were ob-
tained by Monte Carlo simulation from the multinomial distribution with
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5000 iterations. The simultaneous use of the three tests is an approach is
often justified because each test is powerful only with respect to a more
specific alternative hypotheses: Bithell linear risk score test test is opti-
mal when the relation is a linear increase, whereas Stone’s test assumes
only a non-descending function. Noting that the main goal is to improve
the overall power and that these tests are not independent, adjustment
for multiple testing seems both tedious and counter-productive. For each
of the four nuclear sites, up to three surrogate exposures were used, with
three different alternative hypotheses. The multitude of tests allows for
outcomes that are seemingly at odds. For visual guidance, Generalized Ad-
ditive Models (Hastie and Tibshirani, 1990) were used to estimate the sur-
rogate exposure-response relations. GAMs allow for any smooth relation-
ship and are therefore very flexible. In particular, we used overdispersed
Poisson model with surrogate exposure, age, sex and average wealth index
as covariates. We used P-splines and choose the smoothing parameter by
optimizing the AIC.

5 Results

Before using the surrogate exposures, a classical near versus reference anal-
ysis was made using overdispersed Poison Generalized Linear Models in-
cluding a dummy variable for proximity, age, sex and average wealth index.
For the classical NPPs the results showed no excess risk and were not sen-
sitive to the size of the proximity area. For Mol-Dessel and Fleurus, results
were dependent on the definition of the proximity area. Table 1 shows the
results of the focussed hypothesis tests. For the classical NPPs these results
are again consistent and show no relation between surrogate exposures and
childhood leukaemia cancer incidence. For the site of Fleurus, some results
are significant or borderline significant, however the majority of the results
is not. For the site of Mol-Dessel, most of the results are significant.
Figure 1 shows the relative risk as a smooth function of estimated I-131
exposure. For Fleurus, the curve does not suggest a monotone increasing
relation. This is consistent with the non-significant results of Stone’s like-
lihood ratio test and Bithell’s linear risk score test. The single significant
result obtained when applying Bithell’s test to the ranks of surrogate ex-
posure, is not confirmed in the image. Furthermore the other surrogate
exposures do not show an association with childhood leukaemia incidence.
For Mol-Dessel the majority of the focussed hypothesis tests provide sig-
nificant results, however not all of them. Figure 1 provides some clues as
to why Stone’s test and Bithell’s test have very dissimilar results: for the
latter the non-uniform distribution of surrogate exposure leads to a much
higher influence of the most exposed commune.
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FIGURE 1. Rate Ratios (RR) and 95% point-wise confidence band of acute
leukaemia incidence 0-14 years within the 20km proximity area as a smooth
function of estimated gaseous I-131 discharge fraction. A scatter of the RRs for
the different communes within the 20km proximity area is given on top, together
with their 95% CIs. The dotted line represents the standardised incidence ratio
obtained from a 20km near versus reference comparison.

6 Discussion

The current study has an ecological design, which has many limitations,
most notably ecological bias: the average risk of a commune with an aver-
age exposure X is not necessarily equal to the individual risk at individual
exposure X. This bias can be both towards or away from the null and
the size of the bias depends on the within-area variation of exposure: with
zero within-area variation, there is no ecological bias. Because all surrogate
exposures are constructed from geographical coordinates, the within-area

TABLE 1. The results (p-values) of Stone’s test, Bithells Linear Risk Score
test (LRS), and Bithells Linear Risk Score test using ranks (LRS2) for the three
surrogate measures of exposure: (i) the (inverse) residential proximity to the
nuclear site, (ii) prevailing winds fraction, and (iii) radioactive discharge fraction.

Nuclear site Distance Prevailing winds
Stone LRS LRS2 Stone LRS LRS2

Mol-Dessel < .01+ .01+ .01+ .42 .01+ .03+

Doel .72 .84 .86 .56 .35 .53
Fleurus .35 .14 .12 .11 .13 .41
Tihange .24 .89 .91 .18 .62 .47

I-131 Xe-133/Ar-41
Stone LRS LRS2 Stone LRS LRS2

Fleurus .44 .08 .02+ .43 .07 .03+

Mol-Dessel .43 < .01+ < .01+ .7 < .01+ < .01+
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variation in surrogate exposure is a function of the size of the communes,
which is not a constant for all communes. For inverse distance and radionu-
clide discharge fraction, the within-area variation is also dependent on the
distance between the commune and the nuclear site: communes that are
further away have less within-area variation than those that are close to
the nuclear site. These facts further emphasize the influence of the com-
mune that has the the highest surrogate exposure of all communes near the
site of Mol-Dessel, because that commune also has a very high within-area
variation. The prevailing winds and inverse distance surrogate exposures
are less representative of the true exposure at the centroid of a commune,
however they exhibit less within-area variation than radionuclide discharge
fraction, in essence trading one source of bias for another. Because consis-
tent results reinforce their credibility and inconsistent results diminish it,
we argue that both the use of multiple surrogate exposures and the com-
bination of multiple test types with graphical methods allows for a better
qualitative judgement. For the classical NPPs, the results are consistently
showing no relation with surrogate exposure. For Fleurus the majority of
the results also indicates no relation, however for Mol-Dessel most of the
outcomes suggest a potential link between the site and increased childhood
leukaemia incidence. Taking into account the weaknesses of the study, it is
recommended to investigate this further.
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1 Introduction

Fossil fuels form the foundation of energy balance in the European Union
member countries. Their share in the total primary energy supply in 2010
amounted to respectively: oil (33.3%), gas (25.5%) and coal (16.2%). Net
import constituted 55.5% of the total primary energy supply in 2010 and
increased in comparison with 2000, when it constituted 49%. A growing
dependence of the EU on imported energy and diminishing deposits of its
own resources make the issues connected with energy security and energy
policy of the EU one of the most important topics of debates. Addition-
ally, energy balance of the EU does not correspond to energy balance of its
particular member countries due to their diversification, which results in
difficulties with developing a single energy policy. The EU member coun-
tries differ in their energy balance structure, the level of dependence on
import and the level of diversification of energy suppliers. Those aspects,
Papiez (2013), make the issue of energy security of the EU and the EU
member countries worth considering.
There are numerous definitions of energy security developed by coun-
tries and international organizations (e.g. the International Energy Agency
(IEA, 2009), the Asia Pacic Energy Research Centre (APREC, 2009) or
the World Energy Council (WEC, 2009), since energy security depends on
national priorities and their national concerns. Thus, it is difficult to define
the term energy security precisely. Generally, most definitions of energy
security make reference to its three aspects (energy, economy and ecology)
and describe it as the availability of ’uninterrupted energy supplies at ac-
ceptable prices with respect to the natural environment’. Energy security
is not directly measurable, although it can be approximated by multivari-
ate set of variables. That is why in order to evaluate energy security in
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quantitative terms the authors have developed indicators describing the
relations between energy consumption and economic development, natural
environment and social issues. The aim of the paper is to analyse energy
security in the EU member countries in the period 2000 - 2010.

2 Empirical results

Taking into account a great variety of objects analysed with regard to the
indicators describing energy security, which results in high volatility and
the occurrence of outliers, partitioning among medoids (PAM) procedure
developed by Kaufman and Rousseeuw (1990) was used. Similarly to a
traditional k-means method, it assumes partitioning n observations into
k clusters. PAM operates on the dissimilarity matrix, is less sensitive to
outliers because it is based on the most centrally located object in a cluster
(i.e. medoids), provides the silhouette which allows to determine which
objects lie well within their clusters and which do not, and also shows
how good is the quality of the clustering obtained. They suggested that
silhouettes, i.e. average silhouette width, can be used for the selection of
the best number of clusters in PAM (or in k-means methods).
In the second part of the analysis the authors focused on interpretations of
the differences between the countries and clusters of countries. The classical
principal components (PC) analysis is the most popular extraction and
dimension reduction tool. It seeks the linear combinations of the original
variables which capture maximal variance. Each PC is a linear combination
of all variables and the loadings are usually non zero, which makes the
interpretation difficult. Zou et al. (2004) proposed a new method called a
sparse principal component analysis (sPCA). They used the lasso (elastic
net) to generate modified principal component with sparse loadings. The
idea is to formulate PCA as a regression-type optimization problem and
obtain sparse loadings by imposing the lasso constraint on the regression
coefficients.
The analysis of the level of energy security in EU member countries in
the period 2000 - 2010 was conducted on the basis of variables used to
obtain the Aggregated Energy Security Performance Indicator (AESPI) in
(Martchamadol, Kumar 2013). As not all the values of the variables were
accessible, only 15 out of 25 were selected for the analysis. The first stage of
the analysis focused on the assessment of the quality of clustering based on
average silhouette width. The value of average silhouette width (0.27) indi-
cates a poor quality of clustering, which may indicate an artificial division
of countries into clusters. The poor quality of clustering may also result
from geographic, political and economic factors significantly differentiating
the EU member countries.
The application of sPCA indicated four main components of energy secu-
rity, which explained 78% of total variance. The components were named
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FIGURE 1. The situation in EU countries with respect to the new dimensions of
energy security

according to their economic interpretation. The first sPCA component rep-
resents energy efficiency of the economy. The higher its value, the worse
the economic situation of a given country with regards to energy efficiency.
The highest energy efficiency in 2000 was found in Denmark and the United
Kingdom, and the lowest in Bulgaria. It can be noticed that ’old’ EU coun-
tries are characterised by higher energy efficiency and ’new’ ones - by lower
energy efficiency.
The second sPCA component represents energy dependence, i.e. depen-
dence on energy source and type. The higher the component is, the more
energy dependent a country is. In 2000 Belgium was the country with the
highest dependence, and Denmark and the United Kingdom were the coun-
tries with the lowest energy dependence.
The third sPCA component represents the impact of energy use on the
environment. The higher the component is, the more negative impact of
energy use on the environment in a given country can be noticed. The lowest
negative impact was observed in 2000 in Sweden, Finland, Lithuania and
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Latvia, and the highest in Cyprus.
The fourth sPCA component represents the social costs of obtaining energy.
The higher the component is, the less it costs a society of a given country
to obtain energy. The lowest value of this component in 2000 was noticed in
Belgium, Finland and the Netherlands and the highest in Lithuania, Latvia
and Romania.

3 Conclusion

The results obtained indicate that the greatest improvement of energy ef-
ficiency took place in Romania, Bulgaria and Slovakia, and deterioration
in Lithuania, Belgium and Estonia. The highest increase of energy depen-
dency was noted in the United Kingdom and Lithuania, and the greatest
decrease of energy dependency in Estonia. The negative impact of energy
use on the environment decreased in Denmark and Portugal, and increased
in Finland and Estonia. The social costs of obtaining energy decreased most
in the United Kingdom and Ireland, and increased in Estonia.
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1 Introduction

Assessing and interpreting the V ×E interaction, also referred to as geno-
type by environment interaction (G×E), is a major challenge in any plant
breeding/crop evaluation program. Widely used statistical techniques in
the analysis of large sets of MET data involve two stage approach (Smith
et al 2001). The first stage comprises single site analyses from which the
spatially adjusted variety means and weights are obtained. At the second
stage, a linear mixed model is used for the analysis of the combined set.
Cullis et al (2010) presented an approach where factor-analytic techniques
were applied for exploring V ×E interaction. This paper presents a statis-
tical model for the analysis of MET data and illustrates it on example of
lupin variety testing data.

2 Statistical Model

Presented here model for MET data considers a series of t trials with total
of m varieties grown, not necessarily at all trials. Trials performed at the
same location but different years are considered as different environments.
Let y[n×1] denote the vector of individual plot yields combined across trials
and n =

∑t
j=1 nj where nj is the number of plots in the jth trial. We assume

a linear model for yield written as

y = Mη + ε, (1)
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The vector η[mt×1] = (η11, η21, · · · , ηm1, · · · , η1t, · · · , ηmt) is the vector of
the variety by environment (V × E) effects, ordered as varieties within
the environments and M[n×mt] is a design matrix that assigns variety by
environment combinations to the vector of yields. The combined vector of
residual effects from all trials is ε[n×1].
The model for η, used in the context of MET data, is

η = 1mtµ+ (1t ⊗ Im)α+ (It ⊗ 1m)θ + ρ (2)

where µ is the overall mean, α = (α1, α2, ..., αm)′ is the m × 1 vector of
variety main effects, θ = (θ1, θ2, ..., θt)

′ is the t × 1 vector of environment
main effects and ρ is the mt × 1 vector of V × E interaction effects, 1mt

and 1m are unit vectors, and Im is the identity matrix.
A mixed model analogue of Principal Components Analysis (PCA) for the
analysis of MET data was first used by Piepho (1997) and Smith et al
(2001). Basically, in their approach the matrix of estimated V ×E interac-
tion effects from the model of equation (2) is subjected to PCA. The V ×E
interaction term is decomposed into a number of multiplicative terms. A
random variety effect and fixed environment effect is assumed for the fol-
lowing model

η = 1mtµ+ (1t ⊗ Im)α+ (It ⊗ 1m)θ + (Λe ⊗ Im)fv + δ (3)

where Λe
[t×k] is the matrix of environmental loadings, fv

[mk×1] is the as-
sociated vector of variety scores and k is the number of the multiplicative
terms (components) included in the analysis. The variance structure for the
V × E interaction effects, namely (ΛeΛe

′ + Ψe) ⊗ Im is known as factor
analytic structure of order k. It is also assumed that the vector θ comprises
fixed effects and α, fv and δ are random effects with joint distribution α

fv
δ

 ∼ N
 0

0
0

 ,

 σ2
αIm 0 0
0 Ik ⊗ Im 0
0 0 Ψe ⊗ Im

 ,
where Ψe

[t×t] is a diagonal matrix with elements commonly referred to as
specific variances. Therefore,

E(η) = 1mtµ+ (It ⊗ 1m)θ

var(η) = σ2
α(Jt ⊗ Im) + (ΛeΛe

′ + Ψe)⊗ Im (4)

The vector of residual effects ε in (1) is presented as ε = (ε′1, ε
′
2, · · · , ε′t)′,

where ε
[nj×1]
j is the vector of residuals effects for the jth trial, j = 1, 2, ..., t

and
∑
j nj = n. Then the following model for the residual effects is consid-

ered:
εj = Xpj

τpj
+ Zpj

upj
+ ej (5)
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where τpj
and upj

are vectors of fixed and random effects, respectively with
design matrices Xpj

and Zpj
and ej is the vector of plot error effects for

the jth trial. It is assumed that(
upj

ej

)
∼ N

[(
0
0

)(
Gpj

0
0 Rj

)]
.

,

Random and fixed effects account for local and global spatial field trends
and for some extraneous variation due to agronomic or trial management
practices.
Selection of the final FA model is based on the Restricted/Residual
Maximum Likelihood (REML)log-likelihood, Akaike Information Criterion
(AIC) and on the proportion of the genetic variation explained by each of
the FA models fitted. The percentage variance explained for example for

the first factor can be calculated as the ratio
tr(λ1λ

′
1)

tr(ΛΛ′+Ψ) × 100 .

In regards to the prediction of the V × E effects, we obtain their best
linear unbiased predictors (BLUPs) by following the approach of Cullis
et al (2010). More precisely, we obtain the empirical BLUPs (E-BLUPs),
since the unknown variance parameters have been replaced by their REML
estimates in the mixed model equation.

3 Example

This example illustrates the use of the techniques described above in the
analysis of 2011 MET lupin Angustifolius (further in the text referred as
lupin) data from the Australian National Variety Testing Program. There
are in total 33 trials, all the latest year of testing prior to release. There is
a good connectivity (varieties in common) between the 2011 lupin trials,
ranging between 14 and 38 varieties in common with exception of 4 trials
having 5-9 varieties in common.
Sequence of the fitted models, as described in is presented and followed in
Table 1. The modelling first commences with fitting the diagonal (DIAG)
model, which assumes different genetic variances for the trials and no ge-
netic correlation between the trials. The genetic variances obtained from
the DIAG model are further used as initial values when next fitting the FA1
model. Table 1 also presents the % variance accounted for in modelling VxE
for each model, from 2 to 7, it starts with 53.5% and reaches 94.5%. The
comparison of the models is based on the REML log-likelihood and AIC.
The FA6 model shows the lowest values for AIC and is significantly better
than FA5 (the REML log-likelihood ratio test used for comparing FA5 and
FA6 showed significant difference, p=0.024).
The estimated genetic correlation matrix for model FA6 is used to produce
the dendrogram on Figure 1. The trials are ordered in accordance with
the agglomerative hierarchical clustering of their genetic correlations. The
dendrogram cut-off point of 0.4 (see the line at height 0.4 on Figure 1)
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TABLE 1. Summary of the models fitted for the NVT lupin Angustifolius MET
2011 data.

Model Name REML Log- % Variance No Var AIC
Likelihood Accounted Parameters

1 DIAG 664.60 33 -1263.19
2 FA1 831.48 53.50 66 -1530.96
3 FA2 892.83 69.90 97 -1591.66
4 FA3 929.79 77.90 123 -1613.59
5 FA4 963.49 87.00 149 -1628.98
6 FA5 989.38 90.30 173 -1632.76
7 FA6 1019.47 94.50 195 -1648.94

defines 8 clusters of trials, 4 of which consist of a single trial. Apart from the
dendrogram, a heat map (Figure 2 ) is a very helpful tool in selection of the
clusters by visualizing the genetic correlations within clusters. The analyses
have been performed in R environment (R Core Development Team, 2009),
using ASREML-R (Butler et al, 2010) and the agnes R function for the
hierarchical clustering.
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FIGURE 1. Cluster diagram of the trials based on the REML estimate of the
genetic correlation for the FA6 model



Stefanova 787

LMNA11DIGG3
LMNA11COOR6
LMNA11MULL6

LMNA11WONG6
LMNA11MING6
LMNA11WALK6
LMNA11ERAD6
LMNA11BINN6

LMNA11TOOL5
LMNA11PING6

LMNA11NEWD6
LMNA11MERR6
LMNA11KALA6
LMNA11KEIT5

LMNA11HENT2
LMNA11KATA6
LMNA11HYDE6
LMNA11BADG6
LMNA11ESPE6
LMNA11HARD2
LMNA11ARTH6
LMNA11GILG2
LMNA11SPAL5
LMNA11WALP3
LMNA11HOPE3
LMNA11MUND5
LMNA11LAME5
LMNA11CONA2
LMNA11UNGA5
LMNA11GOON2
LMNA11WELL2

LMNA11FIEL5
LMNA11ARIA2

L
M

N
A

1
1
A

R
IA

2

L
M

N
A

1
1
F
IE

L
5

L
M

N
A

1
1
W

E
L
L
2

L
M

N
A

1
1
G

O
O

N
2

L
M

N
A

1
1
U

N
G

A
5

L
M

N
A

1
1
C

O
N

A
2

L
M

N
A

1
1
L
A

M
E

5

L
M

N
A

1
1
M

U
N

D
5

L
M

N
A

1
1
H

O
P

E
3

L
M

N
A

1
1
W

A
L
P

3

L
M

N
A

1
1
S

P
A

L
5

L
M

N
A

1
1
G

IL
G

2

L
M

N
A

1
1
A

R
T
H

6

L
M

N
A

1
1
H

A
R

D
2

L
M

N
A

1
1
E

S
P

E
6

L
M

N
A

1
1
B

A
D

G
6

L
M

N
A

1
1
H

Y
D

E
6

L
M

N
A

1
1
K

A
T
A

6

L
M

N
A

1
1
H

E
N

T
2

L
M

N
A

1
1
K

E
IT

5

L
M

N
A

1
1
K

A
L
A

6

L
M

N
A

1
1
M

E
R

R
6

L
M

N
A

1
1
N

E
W

D
6

L
M

N
A

1
1
P

IN
G

6

L
M

N
A

1
1
T
O

O
L
5

L
M

N
A

1
1
B

IN
N

6

L
M

N
A

1
1
E

R
A

D
6

L
M

N
A

1
1
W

A
L
K

6

L
M

N
A

1
1
M

IN
G

6

L
M

N
A

1
1
W

O
N

G
6

L
M

N
A

1
1
M

U
L
L
6

L
M

N
A

1
1
C

O
O

R
6

L
M

N
A

1
1
D

IG
G

3

−1.0

−0.5

0.0

0.5

1.0

C1

C2
C3

C4

C5

C6

C7
C8

FIGURE 2. Heat map representation of the REML estimate of the genetic cor-
relation for the FA6 model

Both, the dendrogram and the heat map, indicate that clusters 1, 4, 5 and 6
consists of relatively large number of trials, ranging between 5 and 10. The
average genetic correlation between trials within these clusters is around
0.7. An interesting and very distinctive feature of the grouping is that
cluster 1, the biggest cluster, consists of trials entirely of Eastern States and
South Australia. Cluster 6 consists of trials only from Western Australia
and clusters 4 and 5 predominantly, of trials from Western Australia. This
reflects the typical environmental diversity in Australia.
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Abstract: This contribution makes an attempt to analyze students’ ratings of
university teaching on a broad prospective, trying to adjust the final assessment
from a wide range of factors which jointly may influence the process under evalu-
ation: academic year peculiarities, course characteristics, students’ characteristics
and item dimensionality. From a methodological point of view, by setting complex
Item Response models as special case of Generalized Linear or Mixed Models a
large flexibility is introduced in the specification of ad hoc modelling approaches
for the analysis of students’ ratings.

Keywords: IRT; multidimensional; multilevel; longitudinal; Mokken Scale Anal-
ysis.

1 Introduction

The survey on university teaching quality aims to assess the quality of uni-
versity course by indirect measurements provided by students’ ratings. To
make meaningful evaluations, the final measure of synthesis of students’
ratings has to fulfill the following conditions: i) uni-dimensionality of the
indicator items which define the latent variable; ii) absence of association
with relevant units’ characteristics (at level of student, course, class) which
are external to the process under evaluation; iii) adjustment of the charac-
teristics of the units under comparison (teachers, courses, etc) to remove
the effect of confounding factors on the final assessment. Specifically, a good
measurement scale should be characterized by items which contribute to
build up a reliable measure of the locations of the units on the scale. This
requires firstly the items measure the same aspect of the phenomenon under
analysis. Whenever the uni-dimensionality condition is not satisfied the risk
is to summarize in a single statement trends related to different aspects,
balancing the positive and negative performances in a measure which is
not adequate to highlight outstanding cases. For concepts that are multi-
dimensional in their nature, firstly the construct needs to be structured in
more sub-dimensions, secondly each sub-dimension has to be operationally
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defined via a set of suitable indicator items. The detection of association
between covariates external to the process under evaluation is a signal that
factors which exist independently of the concept may potentially have in-
fluenced the intensity of the latent variable. In the analysis of students’
ratings of teaching quality these external factors may be related to stu-
dents, lecturers, courses or more generally, environment characteristics or
annual/term disturbances (Sulis et al, 2011). Previous researches on the
topic indicate students’ previous interest towards the subject regardless
the way the course is taught together with students self-state assessment
on the sufficiency of their previous knowledge of the topic as the indi-
vidual factors (among students’personal and curricula details) which have
the greatest power in explain variation between ratings (Sulis and Capursi
2013). Thus, it is likely to attend that the same lecturer will receive, in
average, different evaluations in classes where there are students with dif-
ferent levels of motivation in attending and studying the topic or whit
different lack of basic knowledge that are supposed to be acquired in pre-
vious courses or in the secondary schools. As the same time, the omission
of relevant covariates at course or teacher level, such as for instance the
topic of the course, may contribute to leave unexplained the heterogeneity
on the quality of university teaching not directly ascribable to lecturer’s
capabilities. For instance it is well known that in any formative path there
are major and minor disciplines; a negative feeling towards the subject,
together with inadequate skills to succeed, may have as a consequence low
motivation and decreased levels of participation; all these status can affect
the final assessment based on students’ ratings.

2 A longitudinal analysis of SET using IRT models

Item Response Theory (IRT) (Fox, 2011) is considered the methodological
approach that can provide the greatest information with respect to the aim
of having a likely measure of an attribute measured on a set of categorical
items . The classical IRT models are simple descriptive models since they
investigate the characteristics of persons and items without considering the
complexity of the relationships between external factors: the effect of ob-
served subjective factors as well as the effect of group-level membership. In
the last decades a number of IRT models have been developed in the statis-
tics and psychometrics literature as extensions of the most basic descriptive
models which allows us to easily deal with multidimensional latent trait,
hierarchical data, analysis of the phenomena over time and the presence of
significant covariates (Bacci and Caviezel 2011; Sulis and Capursi 2013).
The most interesting part of these extensions concern the structural part
of the model and the effect of the predictors, which can be either fixed or
mixed and which can influence person or item parameters. Specifically, by
considering the so called person parameters as random rather than fixed
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effects, the basic descriptive IRT model (and its generalizations) is a simple
level-2 multilevel model with measurement occasions nested within persons
(descriptive two-level model) (Fox, 2011, Bacci, 2011). As well, a multilevel
IRT model can be straightforwardly set up as a level-3 random-effect mod-
els where a further random term is added to take into account of the nesting
of persons in groups (classes, schools, degree programs) (Bacci and Caviezel
2011; Sulis and Capursi 2013).

3 The data and the modelling approach

This study here presented concerns evaluation forms related to 42 lectur-
ers gathered in a Faculty of an Italian university in three academic years.
The items related to measure students’ opinion on the quality of university
course take the form of preposition on which the student has to declare
the level of agreement on a four category scale:decidedly no (DN), more no
than yes (MN), more yes than no (MY), decidedly yes (DY). To consider
the role of peculiarities which can bias students’ perception of the quality
of the aspect related to teaching in a particular academic year the study
considers the evaluations related to the same lecturer in three academic
years (Sulis et al, 2011), even if they refer to different classes. The dimen-
sionality of the items related to teaching activities has been analyzed using
a non parametric IRT (NIRT) model, known as Mokken Scale Analysis
(MSA). The main goodness of fit indexes associated to NIRT are based on
the Loevinger’ H coefficient (Sijtsma, 2000) which indicates how much the
scale departs from the perfect Guttman scalogram. For a set of j = 1, . . . , J
items (Y1, . . . , Yj), measured on K ordered (k = 1, . . . ,K) categories HS

is defined as

H =

∑J
j=1 Cov(Yj , R−j)∑J

j=1 Cov(Yj , R−j)max

with the sum score defined as Y+ =
∑J
j=1 YJ and the rest score as

R−j = Y+ − Yj . On the basis of H value a set of item is defined weakly
scalable if 0.3 ≤ H < 0.4, moderately scalable if 0.4 ≤ H < 0.5 and highly
scalable if H ≥ 0.5. If a Mokken Scale is weakly monotone it satisfies
the minimum necessary conditions which are required by any parametric
IRT models, specifically: uni-dimensionality, local independence, and latent
monotonicity. The last assumption implies the probability to observe a re-
sponses not lower than a specific category (k) is a non-decreasing monotone
function of the latent trait. In probabilistic terms, given two values of the
latent trait θv and θw with θv ≤ θw, P (Yj ≥ k|θv) ≤ P (Yj ≥ k|θw) ∀j,∀Y .
Diagnostic tests to assess the weakly monotonicity assumption (WMA)
classify respondents who show close values of the rest score in rest score
groups (s = 1, . . . , S) of a minimum size and for any group s check if the
condition P (Yj ≥ k|R−j ∈ s) ≥ P (Yj ≥ k|R−j ∈ r)∀j, Yj and s > r holds.



792 Short title used as left header

Table 1 shows how many (#) times for each item the WMA is violeted in #
comparisons, where the # of comparisons depends on the number of groups
(van der Ark, 2007). On the basis of the MSA results, the items related
to teaching have been structured in two dimensions: attitude to organize
teaching activities -S1- and ability in teaching -S2-(Table 1).

TABLE 1. Mokken Scale Analysis.

Dimension 1: Attitude to organize teaching activities HS1 = 0.43

Item Contains Hj # (co) #(vi)
I1 Clear exam rules 0.44 63 0
I2 Clear indications on how to study the discipline 0.44 84 0
I3 Presence at lecture 0.37 45 0
I4 Clear course aims 0.49 84 0
I5 Presence at office hours 0.43 108 0
I6 Respect of lectures timetables 0.40 78 0
I7 Suitability of the teaching materials 0.39 84 0

Dimension 2: Ability in teaching HS2 = 0.64

Item Contains Hj # (co) #(vi)
I8 Ability to motivate the interest toward the topic 0.68 45 0
I9 Ability to highlight the most important aspects 0.59 63 0
I10 Availability to answer questions in class 0.56 58 0
I11 Clarity explanations 0.67 41 0
I12 Utility of teacher’s lectures 0.66 63 0

From here on, given the strong negative skewness of the responses pro-
vided to the items of the two dimensions, we merged the responses DN,
MN, MY in the same category and we focus the analysis on factors which
influence the probability to be or not definitely yes satisfied. An explorative
analysis has been carried out by considering a level-three variance compo-
nent model (with logit link) and exploring the effect of the introduction
of covariates on the variance of the random terms at level-two (students)
and level-three (lecturers). Results show that at student-level, the variabil-
ity is mainly explained by students’ assessment on the sufficiency of their
previous knowledge on the topic and on their interest towards the topic re-
gardless the way the course has been carried out. The variability ascribable
to lecturers is partially explained by introducing the following covariates
at course-level: information on the subject of the course (the courses have
been classified in macro-area, i.e. Statistics, Economics, etc.), the percent-
age of students in the class who declare to have sufficient knowledge on
the topic and who are interested in the topic. None significant trend is
detected at Faculty-level ascribable to the year the evaluation refer to. In-
dexing with j (j = 1, . . . , J) the responses to single items of the scale, with
i (i = 1, . . . , n) the evaluation form/student and with s (s = 1, . . . , S) the
lecturers, we model the logit of the probability to be DY satisfied as follows

logit[P (Yjis = 1)] = α+XT

j β +DT

isγ + ZT

s δ + λTujs + ηTvs (1)

where uis ∼ N(0,Ωu) and vs ∼ N(0,Ωv) are respectively a bivariate vec-
tor of random terms at student-level and vs a trivariate vector of random
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terms at lecturer-level. The last vector is introduced to inspect possible tra-
jectories of performances at lecturer-level over the time. Xj is a vector of
indicator variables which indicate on which item the response is related, Dis

is a vector of students’ or courses’ covariates and Zs is a vector of lecturer’s
covariates. λ is a binary vector which specifies on which dimension the item
loads, whereas η is a binary vector which specifies to which academic year
the evaluation belongs to. The model has been estimated with the runml-
win routine (Leckie and Charlton 2013) which adopts Markov Chain Monte
Carlo bayesian estimation methods in order to approximate the likelihood.
Comparisons across models have been made using the Bayesian Deviance
Information Criterium (DIC) that summarize the fit and the complexity of
the model.
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1 Introduction

Missing data is a problem in the analysis of multi-item Likert-type data
collected to measure latent traits. Item Response Theory (IRT) is the mod-
elling approach which provides the greatest insight to summarize individu-
als responses. In this work we discuss some imputation methods for Likert-
type scales and we compare the performances of these methods with two
ad hoc multiple imputation approaches for categorical variables: Multiple
Imputation by Stochastic Regression (MISR) and Multiple Imputation by
Latent Class Analysis (MILCA).

2 An overview (brief) of methods to handle missing
data in the IRT framework

Methods that have been advanced in literature to cope with missing data
can be classified as based on single or multiple imputation. The standard
single imputation methods include the substitution of the missing value of
an item with the mean of the item calculated over non missing units (Total
Mean Substitution – TMS) or the intra-individual mean of the respondent
for all non missing items (Valid Mean Substitution – VMS). A refinement
of both methods especially designed for Likert-type scale is the Relative
Mean Substitution (RMS). In the IRT framework, the imputation methods
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that replace each missing observation with a single imputed value tend to
underestimate the real variance (Raghunathan, 2004). Multiple Imputation
Analysis (MIA) (Rubin, 1987) enable to overcome this drawback.

3 The MISR and MILCA procedures

The MISR (Sulis and Porcu 2010) procedure works in two steps. Consider a
data matrix Y and set yi as the vector which contains the responses of unit
i to the J (j = 1, . . . , J) categorical items measured on K categories. In the
first step, the procedure starts building up for each unit i the distribution
of the relative frequencies of ratings in each of the K response categories.
Unobserved items for unit i are replaced by drawing values from a Multi-
nomial distribution with parameters set equal to the relative frequencies of
ratings observed for each category. In the second step a regression model
is fitted: J regression equations are specified (one for each of the items in
the data-set) where each of the J item is considered as a response variable
whose values depend upon the set of the (J − 1) remaining predictors, and
(J − 1) times as predictor (e.g. the value of y1 is assumed to depend on
y2 − y6 and so forth). Next, we fit a proportional odds logistic regression
model to predict the probability to answer a category lower rather than
greater than k: logit[P (Y ≤ k|x)] = αk + βTx. The probability to provide
a response in each category is

πk =
[ exp(αk + βTx)

1 + exp(αk + βTx)
− exp(αk−1 + βTx)

1 + exp(αk−1 + βTx)

]
. (1)

The α̂ks and β̂ks are estimated using the complete data-set generated in
Step 1. Next, for each unobserved unit, a random draw is made from a
Multinomial with the estimated parameters [π̂1(x), . . . , π̂K(x)].
The MILCA procedure relays on Latent Class Analysis (LCA). LCA as-
sumes that any dependency across subjects’ responses to manifest categori-
cal indicators is explained by a single unobserved latent categorical variable
z which has R categories (z1, . . . , zR). The idea to multiple impute variables
using the results of the LCA has been introduced by Vermunt (2008). The
main differences with MILCA are described in Sulis (2013). Denote with
yijk the indicator variable which takes value 1 if observation i (i = 1, . . . , n)
selects category k (k = 1, . . . ,K) of item j, the joint probability density

function of yi is specified as P (yi|p, π) =
∑R
r=1 pr

∏J
j=1

∏K
k=1(πrjk)yijk .

πrjk denotes the probability that an observation in latent class r provides
the k outcome to item j ; pr is the probability to belong to each of the r
classes. The EM algorithm is then used until convergence is reached: i) in
the expectation step the posterior class membership P̂ (r|yi) of each unit i
is calculated using Bayes’ formula; (ii) in the maximization step new val-
ues of the key parameters are estimated; iii) the new values are set as new
parameters in (i).
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4 Assessing the accuracy in estimation of MISR and
MILCA procedures

To assess the accuracy in estimation (AE) of the MISR and MILCA proce-
dures we have compared their performances with those achieved with the
RMS imputation and with the Multiple Imputation by Chained Equations
(MICE) (Groothuis-Oudshoorn and van Buuren, 2011) procedure.

TABLE 1. AE of IRT model: item-threshold (βk) and item-discrimination (λj)

% of MAR obs.
5 10 15 20 25 30

MORAIβ
MICE 1.100 1.089 1.148 1.120 1.055 1.154
RMS 1.340 1.721 2.196 2.559 3.384 3.903
MILCA 3LC 1.037 1.009 1.374 1.250 1.025 1.065

4LC 1.118 1.068 1.117 1.135 1.245 1.440
5LC 1.164 1.095 1.254 1.078 1.079 1.190
6LC 1.127 1.212 1.246 1.179 1.056 1.038

MISR 1.079 1.004 1.017 1.129 1.196 1.347
MORAIλ

MICE 0.114 0.126 0.141 0.150 0.172 0.146
RMS 0.122 0.184 0.330 0.435 0.665 0.985
MILCA 3LC 0.114 0.134 0.155 0.162 0.159 0.209

4LC 0.112 0.119 0.127 0.184 0.156 0.289
5LC 0.108 0.117 0.132 0.143 0.195 0.229
6LC 0.113 0.120 0.124 0.166 0.162 0.197

MISR 0.110 0.116 0.143 0.158 0.172 0.223
MORAIβ,λ

MICE 1.214 1.215 1.289 1.270 1.226 1.300
RMS 1.462 1.905 2.526 2.994 4.049 4.888
MILCA 3LC 1.152 1.143 1.529 1.412 1.184 1.274

4LC 1.230 1.187 1.243 1.319 1.401 1.729
5LC 1.272 1.212 1.387 1.220 1.273 1.419
6LC 1.239 1.332 1.369 1.345 1.218 1.235

MISR 1.189 1.120 1.160 1.287 1.368 1.571

To this end a Graded Response Models (GRM) have been fitted for a com-
plete dataset with 8 categorical variables measured on a 4 category Likert-
type scale; estimates of the category-threshold (βjk) parameters, of the
item-discrimination parameters (λj), and of the person random parame-
ter θi ∼ N (0, σ2

θ) have been calculated. yij is the response given on a k
categories scale by individual i to variable j. Six data sets with different
rates (5%, 10%, 15% ,20%, 25%, 30%) of missing units have been generated
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deleting observations from the complete dataset according to two missing
data generating processes: Missing Completely at Random (MCAR) and
Missing at Random (MAR) (Rubin, 1987). In the following we will con-
sider only the results obtained in the 6 datasets with observations simu-
lated MAR. In the three multiple imputation procedures (MISR, MILCA
and MICE) M has been set equal to 5. The imputed data sets have been
used to estimate βjk and λj parameters of the GRM. Two measures of
efficiency have been considered: the Mean Square Error (MSE) and the
Relative Accuracy Index (RAI). The latter has been defined by the au-

thors as RAI(ϑ̂t) = ( ϑ̂tϑt − 1)2 + V ar(ϑ̂t) ∀ϑ̂t, ϑt 6= 0.
For the MILCA procedure, 4 models with different number of latent classes
(ranging from 3 to 6) have been specified to evaluate the effect of overfit-
ting and underfitting the LCA model on the AE (Vermunt et al. 2008, Sulis
2013). To make easier an assessment of the overall accuracy of the proce-
dures in terms of MSE and RAI, both indexes have been summarized by
taking the sum over the 24 item-threshold and 8 item-discrimination pa-
rameters of each of the 42 estimated models (6 rate of missingness × 7 miss-
ing data recovering methods). Table 4 summarizes the results. Specifically:
the Model Overall Relative Accuracy Index of discrimination parameters
- MORAIβ =

∑
j

∑
k RAI(βjk); the Model Overall Relative Accuracy In-

dex of discrimination parameters −−MORAIλ =
∑
j RAI(λj); the sum of

MORAIβ,λ = MORAIβ +MORAIλ. The higher the values are, the worse
is the overall estimation accuracy of the related imputation procedure.
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Abstract: This paper proposes a new approach to predict the random effects for
new groups of a mixed logistic regression, by using nearest neighbors technique.
The method, named as nearest neighbors prediction method (NNPM), computes
the distances between a new group and the groups with known random effects,
based on the covariates. Then, the random effects of the nearest neighbors can
be considered in order to define the value of the random effects for the new
group. The approach was compared with recent methods and presented superior
performance in an application study.
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1 Related Works

Mixed logistic model considers that, conditional on αi, yij ’s are indepen-
dent Bernoulli’s, in which i indexes the group, i = 1, . . . , q, j indexes the
observation within the i-th group, j = 1, . . ., ni. This model is given by

logit{P (yij = 1|αi)} = log{ pij
1− pij

} = xtijβ + ztijαi, (1)

in which β is an unknown vector of fixed effects (p × 1) and αi is an
unknown vector of random effects (k × 1) of the i-th group. Vector xtij
of known covariates (1 × p) is associated with β, defined by xtij=(1, x1ij ,
x2ij ,. . ., x(p−1)ij). Vector ztij of known covariates (1× k) is associated with
αi, defined by ztij=(1, z1ij , z2ij ,. . ., z(k−1)ij). This model assumes that
α1, . . . ,αq are i.i.d. with αi ∼ Nk(0, Σ), in which Σ is the unknown
covariance matrix of the random effects.
Tamura and Giampaoli (2011) proposed to use the empirical best predictor
(EBP) to predict the outcome probability of the i-th new group in the
observation level of model (1) based on the conditional expectation of the
random effects. In this case, numerical integration methods must be used
to solve the k-dimensional integration.
Non-parametric prediction method (NPPM) models the dependence of the
outcome (empirical random effects obtained by model (1)) in relation to
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the covariates aggregated in the group level by considering the additive
non-parametric model (Hastie and Tibshirani (1990)). For the new groups,
the random effects are predicted based on estimate function of the non-
parametric model. Then, the predicted random effects are inserted in the
linear predictor of the mixed logistic regression, providing the outcome
probability of a new group in the observation level. More details, see
Tamura and Giampaoli (2012).

2 Nearest Neighbors Prediction Method (NNPM)

The proposed approach is based on the nearest neighbors (NN) technique,
which is commonly used for supervised pattern classification. According
to Cover and Hart (1967), based on feature vectors, the task is to as-
sign a nominal outcome to a given element. The classification is based on
the feature vectors (covariates) by using a distance (e.g. Euclidian, Ma-
halanobis, City Block, etc). Considering l nearest neighbors, the original
method chooses the most voted nominal outcome. Recently, the technique
has allowed continuous outcome, e.g. Nigsch et. al (2006).
In this paper, the goal is to assign random effects to new groups based
on feature vectors, corresponding to covariates in the observation level or
aggregated in the group level. Since the random effects are continuous out-
comes, we applied the NN technique, in which the assignment is performed
by considering some centrality measurement (e.g. mean, median, medoid,
etc) of the known random effects of the l nearest neighbors.
Applied to mixed logistic regression, NNPM is described as follows. For
each i ∈ G = {1, . . . , q}, there is a feature vector gi, and a known random
effects vector α̂i=(α̂1i, . . . , α̂ki) estimated by model (1). For each new group
i′, with i′ = 1, . . . , q′, there is only a feature vector gi′ , with i′ 6∈ G. The
aim is to predict the values of the random effects for the i′-th new group
represented by αi′ . The NNPM algorithm is described as follows:
———–
1:For i′ in 1 to q′ {
2: For i in 1 to q {
3: Compute the distance d(i′,i) between gi′ and gi;
4: }
5: Sort the elements of d(i′,.) = (d(i′,1), d(i′,2), . . . , d(i′,q)) in increasing order;
6:}
7:For l in 1 to q {
8: For i′ in 1 to q′ {
9: Compute a centrality measurement of the known random effects,
αi′=(ᾱ1., . . . , ᾱk.),

corresponding to the l first elements of the sorted d(i′,.);
10: The random effects αi′ are inserted in the linear predictor of the mixed logistic

regression, providing the outcome probability of the i′-th new group
in the observation level;

11: }
12:}
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13: Select l which maximizes the performance prediction of the mixed logistic model.

———–

In the algorithm, lines 1-6 compute the distances, which can be stored
in a matrix with elements d(i′,i). In lines 7-13, the approach computes l
that maximizes the performance prediction, based on the predicted random
effects for new groups.
In the following application, we considered NNPM as centrality measure-
ment the mean of the known random effects, and the Euclidian distance.

3 Application

The nutritional information of 241 newborns were collected in 7 periods of
observation after the birth. The outcome is the HAZ-score, a nutritional
classification based on the height of the children, classified into two cate-
gories: 1 - heavy unnourished and 0 - otherwise. To model the HAZ-score,
we considered the covariate zij , which is a function of the weight of the
i-th child in the j-th period of observation. Mixed logistic regression with
2 random effects was fitted by

logit[P (yij = 1|(α1i, α2i))] = β0 + β1zij + α1i + α2izij . (2)

We considered a random sample of 50% of the children (training data set) to
fit model (2). The remaining children were considered in the validation data
set to predict the outcome of new groups, based on the parameters estimate
from the training data set. Table 1 presents the estimate parameters of
model (2) by Laplace approximation.

TABLE 1. Estimates, standard error and p-value of the mixed logistic regression.

Parameters Estimate Standard Error P-value

β0 1.635 0.390 <0.001
β1 -5.294 0.594 <0.001

(σ1;σ2) (2.226; 3.212)
ρ -0.167

To evaluate the performance prediction, we considered AUC (Area Under
the Curve) and KS (Komolgorov-Smirnov) measurements. The values of
AUC and KS vary between 0% and 100%, in which the higher the value,
the better the performance of the model.
Table 2 presents the prediction performance of EBP, NPPM and NNPM,
applied in the validation data set. NPPM and NNPM I considered z̄i., the
average of zij , as the covariate aggregated in the group level. NNPM II
considered the covariates in the observation level, taking into account the
tendency over the time. We noticed that NNPM I and NNPM II outper-
formed the other prediction methods. For [NNPM I; NNPM II], the max-
imum value of AUC=[85.1%; 85.6%] considered the average of l = [25; 10]
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TABLE 2. Performance of the prediction methods.

Prediction Method AUC KS

EBP 82.9% 50.0%
NPPM 84.4% 53.4%
NNPM I 85.1% 57.2%
NNPM II 85.6% 59.0%

nearest neighbors, while the maximum value of KS= [57.2%; 59.0%] con-
sidered the average of l = [16; 9] nearest neighbors. Comparing NNPM I
with NNPM II, we observed that by considering the covariates in the obser-
vation level improved the prediction performance and required less nearest
neighbors. Moreover, we noticed that if the empirical random intercept and
the random slope do not follow a normal distribution, as seen in this ap-
plication, NPPM and NNPM can be more appropriate than EBP, because
these methodologies do not require this assumption.

4 Conclusions

The main advantages of the proposed NNPM are: prediction of the out-
come without assuming any distribution of the random effects and a better
performance by considering covariates in the observation level. For a future
work, it is interesting to compare these methodologies (EBP, NPPM and
NNPM) by simulation studies, and to evaluate the impact of the misspec-
ification of the random effects distribution in the prediction methods.
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Abstract: The illness-death model allows individuals to move from the “healthy”
state to the “dead” state either directly or having been in the “diseased” state
before. Regression models like proportional transition intensities models are used
to assess the impact of individual factors on each transition. We propose to in-
corporate random effects for group-specific factors in them. The motivating data
set on dementia lead us to an illness-death model and its estimation that allow
for left-truncated and interval-censored data.
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1 Introduction

Dementia research in epidemiology is often based on data from prospective
cohort studies. The individuals are initially non demented and have follow-
up visits at more or less regular intervals to determine their health status.
Consequently, for demented individuals the onset of dementia is interval
censored between the diagnostic visit and the previous one. Moreover, these
cohorts are composed of elderly individuals who are likely to die during the
follow-up period. For dead individuals who were non demented at their last
visit, there is an uncertainty about their health status since they may have
been demented between last visit and death. These special features of the
data can be handled by an illness-death model that allows individuals to
move from the “non-demented” state (state 0) to the “dead” state (state
2) either directly or having been in the “demented” state (state 1) before
(see Figure 1).

2 Motivating data set

The motivating data set is from the french elderly Paquid cohort study
(Letenneur et al, 1999). The individuals were randomly sampled from the
general population of 75 communities of South-Western France. 3675 par-
ticipants aged 65 years or older entered the study in 1988. The number of
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FIGURE 1. Illness-death model

participants by community varies from 15 to 724. Then, visits for dementia
screening were planned at 1, 3, 5, 8, 10, 13, 15, 17, 20 years of follow-up.
To enter the study, individuals had to be non demented. Note that we have
to deal with left-truncated data because age is chosen as the basic time
scale. Over a 20-year period, 2937 deaths occurred and 832 cases of demen-
tia were observed (among them, 639 died afterwards). In some analyses
of Paquid data set, an illness-death model for left-truncated and interval-
censored data have been fitted with individual factors measured at baseline,
like level of education (Commenges et al, 2004). However, it is likely that
individuals belonging to the same community share certain factors (envi-
ronmental factors – like climate, aluminium content in tap water, etc. –,
social factors, etc.) which may impact risks of dementia and risk of death.
Our aim is to improve an illness-death model model for left-truncated and
interval-censored data by accounting for both individual factors and group-
specific factors, where groups are communities.

3 Model

In an illness-death model, the functions of interest are the transition in-
tensities α01(.), α02(.), α12(.) that are instantaneous probabilities of direct
transition between states 0 and 1, 0 and 2, 1 and 2. Regression models are
used to assess the impact of individual factors on each transition. Usually,
one assume proportional transition intensities models: for individual i and
for (k, l) ∈ {(0, 1), (0, 2), (1, 2)},

αkl,i(t|zkl,i) = αkl,0(t)eβ
T
klzkl,i

where αkl,0(.) is the baseline transition intensity and zkl,i the covariate
vector for transition k → l. In a similar way to shared frailty models in
survival analysis (see Duchateau and Janssen, 2008 and Hougaard, 2000),
we propose to take into account random effects of group specific factors in
addition to fixed effect of individual factors using proportional intensities
models with frailty terms on each transition. For individual j of group i:
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α01,ij(t|z01,ij , u01,i) = α01,0(t)eβ
T
01z01,ij+u01,i

α02,ij(t|z02,ij , u02,i) = α02,0(t)eβ
T
02z02,ij+u02,i

α12,ij(t|z12,ij , u12,i) = α12,0(t)eβ
T
12z12,ij+u12,i

where β01, β02, β12 are the fixed effects vectors; u01,i, u02,i, u12,i are the
random effects (frailties) of the ith group, that are the actual values of a
sample from normal distributions:
U01 ∼ N (0, σ2

01), U02 ∼ N (0, σ2
02), U12 ∼ N (0, σ2

12).

The likelihood is:

I∏
i=1

∫ ∫ ∫ ni∏
j=1

Lij(xij |u01,i, u02,i, u12,i)fU01(u01,i)fU02(u02,i)fU12(u12,i)du01,idu02,idu12,i∫ ∫ ni∏
j=1

P(X(t0,ij) = 0|u01,i, u02,i, u12,i)fU01(u01,i)fU02(u02,i)du01,idu02,i

where: I is the number of groups; ni is the number of individuals in group
i; fU01

, fU02
, fU12

are the probability density functions for U01, U02, U12;
t0,ij is the age of individual j of group i at entry into the cohort; X(t)
is the state in which he is observed at age t, xij contains observations of
individual j of group i.
The contribution of individual j of group i, Lij(xij |u01,i, u02,i, u12,i), and
the term due to left truncation, P(X(t0,ij) = 0|u01,i, u02,i, u12,i), can be
expressed in terms of transition intensities (see Joly et al, 2002 in a context
without random effect). The parameters to estimate are the parameters
of the baseline transition intensities, the regression parameters and the
variance of the random effects. We use either a parametric approach with
Weibull baseline intensities, or, a semi-parametric approach with M-spline
approximation of the baseline intensities. We maximise the likelihood in
the parametric approach or a penalized likelihood in the semi-parametric
approach.
Note that in the above formula, we consider different random effects on each
transition. The likelihood would be simplified if we consider for example the
same random effect on mortality i.e. on transition 0→ 2 and 1→ 2. Note
also that we can consider dependant random effects by adding covariance
parameters.
Some statistical tests for the significance of the random effects can be done.
For example, one can test for the significance of the random effect on transi-
tion 0→ 1 by testing the null hypothesis “σ2

01 = 0”. A corrected likelihood
ratio test is used because the null hypothesis is on the boundary of the
parameter space (Verbeke and Molenbergghs, 2000).
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Abstract: The classical approach to the modeling of heterogeneity in repeated
measurements is to allow for random effects. Random effects are an efficient
tool but inference may depend on the assumed mixing distribution. Moreover,
potential correlation between random effects and predictors is ignored. Fixed
effects models are an alternative but suffer from the large number of parameters.
Regularized estimation methods allow to obtain estimates. We are in particular
interested in the identification of clusters of units that share the same effect and
propose corresponding regularized estimation procedures.
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1 Introduction

When the observations are clustered, as in longitudinal studies, or as in
subsamplings of the primary sampling units in cross-sectional studies, the
heterogeneity amongst the units has to be considered. Often, random ef-
fects are employed to model the heterogeneity of effects (see Verbeke and
Molenberghs, 2009; Tutz, 2012). Fixed effects models where the effects are
considered as unknown but fixed, are an alternative. Fixed effects models
are especially useful when one is interested in the performance of specific
units. Moreover, they are not affected by the potential misspecification of
the mixing distribution. The objective of the paper is to show that subject-
specific approaches in combination with regularized estimates are an attrac-
tive alternative to existing approaches in cases where the units themselves
are of interest. In particular, they allow to identify clusters with identical
effects on the response.

2 Modeling heterogeneity

We briefly consider two approaches that are able to model heterogeneity –
methods that are based on random effects and subject-specific models that
are more flexible but call for regularized estimation procedures.
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2.1 Random effects models

Let the observations be given in clusters with yit denoting the observa-
tion t in cluster i, i = 1, . . . , n, t = 1, . . . , Ti. In addition, let xT

it =
(1, xit1, . . . , xitp) be a covariate vector associated with fixed effects and
zT
it = (zit1, . . . , zitq) be a covariate vector associated with random effects.

The structural assumption in a generalized linear mixed effects model
(GLMM) for clustered data specifies that the conditional means µit =
E(yit|bi, xit, zit) have the form

g(µit) = xT

itβ + zT

itbi = ηpar

it + ηrand

it , (1)

where g is a monotonic and continuously differentiable link function and
ηpar

it = xT
itβ is a linear parametric term with the parameter vector βT =

(β0, β1, . . . , βp), which includes an intercept. The second term, ηrand
it = zT

itbi,
contains the vector with the cluster-specific random effects bi that model
the heterogeneity of clusters. For the random effects, one assumes a distri-
butional form, typically a normal distribution, bi ∼ N(0, Q), with covari-
ance matrix Q.
In a GLMM, one assumes that yit|bi, xit, zit follows a simple exponential
family. Moreover, it is assumed that the observations yit are conditionally
independent with means µit = E(yit|bi, xit, zit).
The focus of random effects models is on the fixed effects; the distribution
of the random effects is used to account for the heterogeneity over clusters.
However, assuming a distribution for the random effects prevents that units
are clustered. Moreover, the random effects and the explanatory variables
are assumed to be independent.

2.2 Fixed effects models

In the subject-specific model, one assumes

g(µit) = xT

itβ + zT

itβi (2)

for the link between explanatory variables and the mean µit =
E(yit|xit, zit). In addition to the global parameter vector β, each unit has
its own parameter βi = (βi0, . . . , βiq), i = 1, . . . , n; whereby parameters
βi = (βi0, . . . , βiq) are weights on the vector zT

it = (1, zit1, . . . , zitp). The
large number of parameters can render the estimates unstable and encour-
age overfitting. However, under the assumption that observations form clus-
ters with respect to their effect on the response, the number of parameters
reduces and estimates are available. In contrast to common approaches,
and in order to avoid identifiability problems, we assume that zit is not a
subset of xit.
The subject-specific term in (2) can also be seen as a varying-coefficient
term. It represents the interaction between the variable zit and the factor
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that represents the clusters. Let us consider the simple intercept model
g(µit) = xT

itβ + βi0, where zit = 1. By using the dummy variables xC(1),
. . . , xC(n) to code the individuals in C = {1, . . . , n}, the model has the
form

g(µit) = xT

itβ + xC(1)β10 + · · ·+ xC(n)βn0.

3 Regularized estimation for subject-specific models

The basic concept to enforce the clustering of units by their effect strengths,
is penalized maximum likelihood estimation. Let all the parameters be
collected in αT = (βT, βT

1 , . . . , β
T
n), with βj , j = 1, . . . , n, denoting the

subject-specific parameters. Instead of maximizing the log-likelihood, one
maximizes the penalized log-likelihood lp(α) = l(α) − λJ(α), where l(α)
denotes the familiar un-penalized log-likelihood, λ is a tuning parameter,
and J(α) is a penalty term that enforces clustering. A specific penalty term
with this property is

J(α) =

q∑
s=1

∑
i>j

|βis − βjs|. (3)

A simple example is the penalty with zit = 1 representing a random inter-
cept only. With the model given by g(µit) = xT

itβ+βi0, the penalty has the
form J(α) =

∑
i>j |βi0 − βj0|. If λ = 0, one obtains the usual un-penalized

estimates of α and each unit has its own intercept. If λ → ∞ the penalty
enforces that all parameters are set to equal; that is, just one cluster is
identified. Thus, λ determines the number of clusters in the data.
Adaptive versions of penalties that include weights have been shown to
have better properties in terms of selection consistency; see, Zou (2006)
who considered adaptive versions of the Lasso (Tibshirani, 1996). With
wijs = |β̃is − β̃js|−1, where β̃is denotes an

√
n-consistent estimate like the

maximum likelihood (ML) estimate, an adaptive version of penalty (3) is
obtained.

4 Mortality after myocardial infarction

We consider a 22-center clinical trial of beta blockers for reducing mor-
tality after myocardial infarction (see for example, Aitkin, 1999). In each
center, the number of deceased/successfully treated patients in control/test
groups was observed. Hence, the first-level units are the hospitals; the pa-
tients represent the second-level units. The binary response (deceased/not
deceased) suggests a logit model. A classical model that has been used
on this data set is the random intercept model, which has the form
logitP (yit = 1) = β0 + bi + βT · Treatmentit, where the random effects
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bi follow a normal distribution and where Treatmentit ∈ {0, 1} codes the
treatment in hospital i.
The subject-specific model with varying intercepts has the form

logitP (yit = 1) = β0i + βT · Treatmentit,

i = 1, . . . , 22 Centers, t ∈ {control, test}, where βi are fixed unknown
parameters. To identify clusters of hospitals, parameters βi are penalized
based on penalty (3) but with adaptive weights. In the resulting estimates,
basically five clusters of hospitals are distinguished in terms of the basic
risk captured by the intercepts while subtle distinctions between the centers
are still present.
As alternative approach, we fitted the finite mixture model of Grün and
Leisch (2008) with adjusted coding and predictor

g(µit) = β0m + βT · Treatmentit, i = 1, . . . , 44 Cases,

where m ∈ {1, . . . ,K} refer to the partition of the 22 centers into K groups.
The predictor contributes to a mixture likelihood that is maximized by
an EM algorithm. We assume 3 and 5 clusters. The clusters obtained by
regularization show the same structure as in the finite mixture models.
The fitted treatment effect has approximately the same size in all models.
However, only the regularization approach combines data driven clustering
with stable results.
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Abstract: In surveys, when the number of respondents in a post-stratum is
small relative to the population size in that post-stratum, post-stratification
weights are inflated and modifications are required to obtain less variable es-
timates. Weight smoothing models, random-effects models that induce shrinkage
across post-stratum means, are such modifying methods. We describe the empir-
ical Bayes weight smoothing model approach to estimate the overall mean of a
binary survey outcome. The generalized linear mixed model formulation of this
model allows easy fitting. Two extensions of the model are presented. The esti-
mation of the prevalence and incidence trend of influenza-like illness using the
Great Influenza Survey in Flanders, Belgium, is considered as an application.
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1 Introduction

Stratification is the process of dividing the population into homogeneous
mutually exclusive strata before sampling to improve the representative-
ness of the sample. In observational studies post-stratification can be used
to correct for known differences between the obtained sample and the pop-
ulation. This is done by equating the distribution of a secondary variable
(e.g., age) measured in the sample with its distribution in the population,
and adjusting estimates using weighting techniques. This can improve both
the accuracy and precision of estimates (Little, 1991).
Let Y denote a binary survey outcome variable and X a discrete post-
stratifying variable with H levels and known population distribution.
Let Nh and nh denote the population and sample size in post-stratum
h, respectively. We assume that Nh is known. Define N =

∑H
h=1Nh

and n =
∑H
h=1 nh. We consider inference for the finite population mean

Ȳ =
∑H
h=1 PhȲh, where Ȳh is the population mean in post-stratum h and

Ph = Nh/N is the population proportion in post-stratum h.
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An estimate for the population mean is of the form ȳ = 1
n

∑n
i=1 wi(h)yi,

where wi(h) is the weight of observation i belonging to post-stratum h. The
unweighted sample mean, ȳunw, is obtained when wi(h) = 1 (∀i), and can be

written as ȳunw =
∑H
h=1 phȳh, where ph = nh/n is the sample proportion

and ȳh is the sample mean in post-stratum h. Whenever ph deviates from
its population proportion Ph, the unweighted mean is a biased estimate.
The post-stratified mean estimate, ȳps, is obtained when wi(h) = Ph/ph
(∀i). While ȳps is an unbiased estimate of Ȳ , it has greater variance than
ȳunw. This increase in variance can overwhelm the reduction in bias, so
that the post-stratified mean estimate actually increases the mean squared
error. This happens especially when some weights are large.
A common approach to deal with this problem is weight trimming. This
procedure uses the bias-variance trade-off by introducing some bias in the
estimate, but effectively reducing the variance. An alternative model-based
strategy is to model the stratum means directly by random-effects. These
so-called weight smoothing models make a distributional assumption for
the Yi and use the model to predict the non-sampled values of Y . For a
Gaussian survey outcome these models are well explained in literature (see
e.g., Elliott and Little, 2000). For a binary survey outcome only the full
Bayesian approach has been discussed (Elliott, 2007) in the context of gen-
eralized linear regression estimators. We describe the empirical Bayes esti-
mation approach of weight smoothing models for binary data and present
two extensions of these models.

2 Weight Smoothing Models for Binary Data

The general form of the weight smoothing models for a binary survey out-
come is

Yi(h)|ph ∼ Binom(1, ph) and δ∗ ∼ NH(δ,D), (1)

where g(E[Yi(h)|ph]) = δ∗h, δ∗ = (δ∗1 , ..., δ
∗
H)T and δ = (δ1, ..., δH)T are

unknown vectors, D is an unknown H × H covariance matrix and g(·) is
the logit-link function. Under model (1) the weight smoothed estimate of
Ȳ is

ȳws = E[Ȳ |y] =
1

N

H∑
h=1

{nhȳh + (Nh − nh)µ̂h}, (2)

where µ̂h = E[Ȳh|y] = E[µh|y] = g−1(δ∗h). The unweighted and post-
stratified mean are obtained as estimates of (2) if D → 0 and D → ∞,
respectively. We consider four other cases of model (1) (Little, 1991; Lazze-
roni and Little, 1998; Elliott and Little, 2000):
(a) Exchangeable random effects (XRE): δh = β for all h,D = σ2

DIH .
(b) First order autoregressive (AR1): δh = β for all h, (D)ij =
σ2
Dρ
|i−j| for i, j ∈ {1, . . . ,H}.
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(c) Linear (LIN): δh = β0 + β1Xh for all h,D = σ2
DIH .

(d) Nonparametric (NPAR): δh = f(Xh) for all h,D = σ2
DIH , where

f is a nonparametric spline function. We use the approximating thin plate
spline family.
All these models can be cast in the generalized linear mixed model (GLMM)
framework. The model is fit by pseudo-restricted maximum likelihood esti-
mation based on linearisation. At convergence, estimates of µ̂h are obtained
and ȳws can be calculated. Calculation of the variance for ȳws can be either
done analytically or by a bootstrap method.

Extension 1: Assume a binary survey outcome is measured at different
time points, and interest is in the estimation of the time trend of the overall
mean, namely Ȳt = 1

Nt

∑Nt
i=1 Yit, for t = 1, ..., T . At each time point, the

unweighted or post-stratified mean can be calculated. However, one can use
a smoothed weight approach which exploits the time-trend. The general
form of this model is

Yi(h),t|pht ∼ Binom(1, pht), ∀ t, and δ∗t ∼ NH(δt,D). (3)

The unknown parameters δt = (δh1, ..., δhT )T are additively decomposed
into δht = δh + δt. For δh and D we assume models (a)-(d). For the time
trend a non-parametric trend, namely δt = ft(t), is assumed.

Extension 2: Misspecification in (1) leads to biased estimates for µ̂h in
(2) and consequently a biased estimate of ȳws. We propose the use of a
doubly robust weight smoothed estimate of the form

ȳws,dr =
1

N

H∑
h=1

{
nh
π̂h
ȳh + (Nh −

nh
π̂h

)µ̂h

}
, (4)

in analogy with doubly robust estimates in the missing data context. The
π̂h represent inclusion probabilities and are calculated using a method that
resembles a trimming weights approach.

3 Application

The Great Influenza Survey (GIS) is an observational survey based on the
voluntary participation of individuals via the internet aiming at the mon-
itoring of influenza-like illness (ILI). We use data from the Flemish GIS
from the 2010-2011 influenza season (n = 4551). Interest is in the esti-
mation of the overall prevalence and the incidence trend of ILI. The age
distribution of the GIS population is very dissimilar to the overall Flemish
population age distribution (Figure 1(a)). Post-stratification weights range
from 0.46 to 35.70 (18 age groups of length 5 years as post-strata). The un-
weighted mean estimate of the prevalence is 5.12% (95% CI: 4.52-5.80%),
whereas the post-stratified mean estimate is 7.10% (95% CI: 5.31-9.45%).
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FIGURE 1. (a) Age distribution of the GIS and Flemish population. (b) Esti-
mated unweighted and post-stratified trend with confidence intervals (CIs). (c)
Estimated weight smoothed and doubly robust weight smoothed trend with CIs.

The weight smoothed estimate using the NPAR model yields 6.88% (95%
CI: 5.69-8.30%). The doubly robust approach for the prevalence yields simi-
lar results, namely 6.82% (95% CI: 5.61-8.28%). The results of the incidence
trend estimation (using the NPAR model) is shown in Figure 1(b) and Fig-
ure 1(c). It is seen that the weight smoothing results are a compromise
between the unweighted and post-stratified trends.

4 Discussion

Weight smoothing models offer a good solution for inference of a binary sur-
vey outcome when some post-stratification weights are large. These models
can be cast into the GLMM framework which allows for implementation in
standard statistical software. In the real-life data application it was shown
that the different approaches yield substantially different results. It is there-
fore important to use weight smoothing models in this specific data context.
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Abstract: In this paper we propose a semiparametric regression model suitable
for data set analysis in which the distribution of the response is strictly positive
and asymmetric. In this model we describe the median of the response variable
using a nonlinear function and skewness using a nonparametric function (natural
cubic spline). We show that the proposed model allows the description of the
response using distributions with tails heavier than those of log-normal (i.e., log-
Student-t and log-power-exponential), providing the ability to reduce and control
the influence of extreme observations in the parameter estimates and inference.
A data set previously analyzed under parametric models is reanalyzed under
log-symmetric regression models. Diagnostic methods are applied to select an
appropriate model.

Keywords: Natural cubic spline, Skewness, Semiparametric regression models.

1 Introduction

Nonlinear regression models are commonly applied in areas such as Biology,
Chemistry, Medicine, Economics and Engineering. The analysis based on
models under normal errors and constant variance is the most popular when
the variable of interest is continuous, due to desirable statistical properties
and a comprehensive developed theory. However, the application of such
models may be inadequate in some scenarios commonly found in practice.
For example, if the response variable distribution is asymmetric, modeling
the median instead the mean can provide a better description of the be-
havior of the response variable. On the other hand, if the response variance
is not constant the application of a model under the heteroscedasticity as-
sumption may introduce loss of efficiency in estimation and loss of power in
the hypothesis testing. Furthermore, it is well known that modeling under
the assumption of normally distributed errors can be highly influenced by
extreme observations in the response. With these motivations, in this paper
we propose a semiparametric modeling methodology that allows simulta-
neously dealing with asymmetry and extreme observations in the response
variable (or with heteroscedasticity, symmetry and extreme observations),
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even when skewness (or dispersion) depends on the explanatory variables
in an unknown form. Recent results under homocedastic semiparametric
symmetric models are given in Ibacache-Pulgar et al. (2013).

Initially in this paper we present the log-symmetric distribution class as a
generalization of the log-normal distribution. We describe some of the prop-
erties of this class and list some distributions that are part of it, among them
we can mention the log-normal, log-Student-t and log-power-exponential
distributions. In the second part of this paper, we propose a semiparamet-
ric regression model suitable for data set analysis in which the distribution
of the response is strictly positive and asymmetric. In this model, we de-
scribe the median of the response variable using a nonlinear function and
skewness using a nonparametric function (natural cubic spline as described,
for instance, in Green and Silverman, 1994). Furthermore, we show that
the proposed model allows the description of the response using distribu-
tions with tails heavier than those of log-normal, providing the ability to
reduce and control the influence of extreme observations in the parameter
estimates and inference. The proposed model can be applied by fitting the
transformed response variable (i.e., Y = log(T ), where T is the response
variable in the original scale) to a symmetric nonlinear model, where the
variance of the random error is not constant and is modeled using a natu-
ral cubic spline. In the third part of the paper, we develop some diagnostic
measures such as deviance for location (median or mean) as well as for
skewness (or dispersion), residual analysis and local influence analysis un-
der various perturbation schemes (see Cook, 1986). Finally, the proposed
methodology is illustrated by applying it to a data set previously analyzed
under parametric models.

1.1 Ultrasonic calibration

These data, analyzed previously by Lin et. al (2009) and Lachos et. al
(2011), consists of 214 observations generated in an ultrasonic calibration
study, in which the response variable, T , is the ultrasonic response and
the explanatory variable, X, is the distance to the metal. In the boxplots
of T versus the X values (omitted here) we observed that the ultrasonic
response decreases with the distance from the metal and the skewness of
the response distribution depends (in an unknown manner) on the distance
to the metal, which motivates the data set to be described using a nonlinear
function for the median and a nonparametric function for the skewness.

2 Model formulation

We assume that T1, . . . , Tn is a set of n independent random variables
representing the measure T performed on n individuals or experimental
units. It is assumed that Tk can be written in the following form:
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Tk = ηk ξ
√
φk

k , k = 1, . . . , n, (1)

where
ηk : median of the Tk distribution,
ξk : multiplicative random error affecting ηk,
φk : skewness (positive) of the Tk distribution,

and ξ1,. . .,ξn is a set of independent random variables following distribution

ξk∼LS(1, 1, g(·)), which implies that ξ
√
φk

k has unit median and that the
probability density function of ξk is given by

f(ξ, g(·)) ∝ 1

ξ
g[log2(ξ)], ξ > 0, (2)

with g(·) being a density generator function such as g(u) > 0 for u > 0 and∫∞
0
u−1/2g(u)∂u <∞. From (1) and (2) we have the T distribution belong-

ing to the log-symmetric class denoted by LS(η, φ, g(·)). For example, using

g(u) = exp(−u/2), g(u) = (1 + u/ν)−
ν+1
2 and g(u) = exp[−u1/(1+κ)/2],

we have that the random error ξ follows log-normal, log-Student-t (with
ν degrees of freedom) and log-power-exponential (with shape parameter
−1 < κ < 1) distributions, respectively. It is further assumed that ηk and
φk can be written aslog(ηk) = µk = µ(xk;β), k = 1, . . . , n,

log(φk) =
R∑
r=1

γr(bkr),

where xk = (xk1, . . . , xkp)
T and bk = (bk1, . . . , bkR)T are vectors of ex-

planatory variable values for ηk and φk, respectively, with µk being a con-
tinuous and twice differentiable function of β and γr(·), r = 1, . . . , R, a
nonparametric function (natural cubic spline).

Using the properties of log-symmetric distributions we can write the model
(1) in the following way:

log[Tk]︸ ︷︷ ︸
Yk

= log[ηk]︸ ︷︷ ︸
µk

+
√
φk log[ξk]︸ ︷︷ ︸

ek

,

where
µk : mean of the Yk distribution,
ek : additive random error affecting µk,
φk : dispersion parameter of the Yk distribution,

with −∞ < µk <∞ and φk > 0 being the location and dispersion param-
eters of Yk, respectively, and e1, . . . , en being a set of independent random
variables having a probability density function given by f(e) ∝ g(e2) for
−∞ < e <∞. The Y distribution belonging to the symmetric class will be
denoted denoted by S(µ, φ, g(·)).
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FIGURE 1. Ultrasonic calibration data: normal probability plots with simulated
envelopes for the fitted model under log-power-exponential (κ = 0.55) errors.

3 Ultrasonic calibration

We fitted the model (1) to the ultrasonic calibration data set for an appro-
priate nonlinear function µ(xk;β) under log-normal, log-Student-t and log-
power-exponential errors. Based on residual analysis and sensitivity studies
we noticed the the log-power-exponential model with κ = 0.55 seems to
present the better fit. Figures 1a-1b describe the normal probability plots
with generated envelope for standardized residuals corresponding to the fit-
ted mean and fitted skewness, respectively. We observe no unusual features
neither outlying observations in both graphs.

Acknowledgments: The authors are grateful to CNPq and CAPES,
Brazil, for the financial support.

References

Cook, R.D. (1986). Assessment local influence (with discussion). Journal
of the Royal Statistical Society B, 48, 133 – 169.

Green, P.J. and Silverman, B.W. (1994). Nonparametric Regression and
Generalized Linear Models. Chapman and Hall: Boca Raton.

Ibacache-Pulgar, G., Paula, G.A., and Cysneiros, F.J.A. (2013). Semi-
parametric additive models under symmetric distributions. Test
(to appear).

Lachos, V.H., Bandyopadhyay, D. and Garay, A.M. (2011). Heteroscedas-
tic nonlinear regression models based on scale mixtures of skew-
normal distributions. Statistics & Probability Letters, 81, 1208 – 1217.

Lin, J.G., Xie, F.C., and Wei, B.C. (2009). Statistical diagnostics for
skew-t-normal nonlinear models. Communications in Statistics. Sim-
ulation and Computation, 38, 2096 – 2110.



A Score Test for Zero-adjusted Effect in
Claim Severity Modeling

Alicja Wolny-Dominiak1

1 University of Economics in Katowice, Poland

E-mail for correspondence: alicja.wolny-dominiak@ue.katowice.pl

Abstract: Classification ratemaking in non-life insurance is focus on the risk
segmentation via rating variables and outlining criteria to consider when using
a certain risk characteristics as a rating variables. At present, the typical sta-
tistical technique used in such ratemaking is the generalized linear model GLM.
In this paper we consider multiplicative model for estimating claim severity. As
the insurance data are usually non-negative and skewed to the right, we assume
gamma distribution. Under this assumption consequently in estimation no claims
policies are omitted. However, in classification ratemaking the valuable informa-
tion is ”what is going on in the group of non-claims policies”, e.g. if policyholders
do not no report of small claims, what is not cost-effective because of the bonus-
malus system or they really do not cause claims. That is why it is reasonably
to assume modified gamma distribution with zero-adjusted effect proposed by
(Rigdby and Stasinopoulos (2007)). The goal of this paper is to obtains the score
test for testing the significance of this effect.

Keywords: classification ratemaking; zero-adjusted effect; score test.

1 Introduction

Important part of data analysis in insurance business is the construction
of a fair tariff structure called classification ratemaking. The goal of this
classification is partition all policies in particular portfolio into homoge-
neous classes. Within every class, all policyholders pay the same premium.
To design classification rating plans, actuaries use the generalized linear
models (GLM) technique. In GLM model, the dependent variable Yg is
usually the claim severity or the claim frequency. In the paper we focus on
the claim severity defined as the total claim amount divided by the number
of claims. As Yg variable is positive and skewed to the right, we assume
gamma distribution. The rating variables X1, . . . , Xp are usually categori-
cal with few categories like e.g. gender or a large number of categories like
e.g. spatial variables. Consider the independent observations y1, . . . , yn of
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claim severity with gamma density of the form

f (yi | µi, ν) =

(
ν

µi

)ν
yν−1
i e

− νyiµi

Γ(ν)
, yi > 0,

where E(Yg) = µi and V (Yg) = µi
2

ν . Assume ηi =
∑
i βiXi be the lin-

ear predictor of rating variables connected with µi via log-link function.
Then the structure of GLM model, according to McCullagh and Nelder
(1989) notation, is as follows: link function – ηi = ln (µi), variance function

– V ar(yi) =
µ2
i

ti
, ti – prior weigh (exposure) and a dispersion parameter

φ = 1
ν . However this GLM model for claim severity is only for positive

claim size, so non-claim policies in portfolio are omitted. Taking the ex-
posure as the duration of a policy measured in year, we assume ti = 1,
i = 1, . . . , n. However this GLM model for claim severity is only for posi-
tive claim size, so non-claim policies in portfolio are omitted. The possibility
to take those policies into account is modified the gamma distribution as
in (Heller, Stasinopoulos et al., 2007). In this modified distribution zero-
adjusted effect is added. Suppose $i is the probability of zero claim yi.
Than the density is defined by

fZA (yi | µi, $i, ν) =

{
$i, if yi = 0

(1−$i) f (yi | µi, ν) , if yi > 0
(1)

Taking into account that the parameter $i is for yi = 0 and does not affect
the expected value, we have E(Y ) = (1−$i)µi. From the same reason the
general form of variance is V ar(Y ) = (1−$i) = (1−$i)E(Yg

2)−E(Y )2.
As E(Yg

2) = µi(
1
ν + 1), finally we obtain V (Y ) = (1 − $i)µi

2( 1
ν + 1) −

(1 − $i
2)µi

2) = (1 − $i)µi
2($i + 1

ν ). We assume log-link and logit-link
functions for covariates

ηi = ln(µi), η$i = ln

(
$i

1−$i

)
, (2)

where η$i =
∑r
i=1 γiZi is the linear predictor of variables Z1, . . . , Zr influ-

ence the occurrence of claim. The set of rating variables affect the mean of
claim severity and the occurrence of claim may be the same or different. The
zero-adjusted effect is similar to the zero-inflation effect, which appears in
claim frequency modeling. The difference between those two effects, some-
times used in literature incorrectly interchangeable, is that in the first case
there is a possibility to draw a zero value from Poisson distribution, so there
are two kinds of zeros in data structural zeros and sampling zeros. But
in case of gamma distribution, zeros are simply added to non-zero data.
Thus testing the zero-inflation effect can be interpreted as testing if there
are sampling zeros in data. In case of zero-adjusted effect, the test shows if
there are significant fraction of zeros in data. If this fraction is insignificant,
it is reasonable to skip no claim policies in classification ratemaking.
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2 The score test for zero-adjusted effect

In further calculations we apply gamma density (1) in exponential form

f (yi|µi, ν) = e

(
−yi
µi
−log µi

)
ν+(ν−1) log(yi)+ν log(ν)−log(Γ(ν))

. (3)

Only the case with no covariates for $ is under consideration, so this
parameter is treated as constants value, 0 < $ < 1 . The log-likelihood
function is as follows

l(µi, γ, ν; yi) =

n∑
i=1

ln [$ + (1−$)f(yi | µi, ν)] =

=

n∑
i=1

[
ln(1−$) +

$ + (1−$)

(1−$)
f(yi | µi, ν)

]
= (4)

=

n∑
i=1

[− ln(1 + γ) + ln (γ + f(yi | µi, ν))] ,

where γ = $
1−$ . We test the null hypothesis H0 : $ = 0 by using the score

test (Cox and Hinkley (1974)). The score statistics S (β,$, ν) is define by

S (β,$, ν) = UT (β,$, ν) I−1 (β,$, ν)U (β,$, ν) , (5)

where U(p+2) and I(p+2)×(p+2) denote (p+2) respectively the score function
and Fisher information matrix. Differentiating the log likelihood (5) with
respect to β1, . . . , βp, γ and ν gives:

∂l

∂βr
=

n∑
i=1

f(yi|µi, ν)

γ + f(yi|µi, ν)

[
yi
µi
− 1

]
xirν, r = 1, . . . , p, (6)

∂l

∂γ
=

n∑
i=1

1− f(yi|µi, ν)

(1 + γ) (γ + f(yi|µi, ν))
, (7)

∂l

∂ν
=

n∑
i=1

f(yi|µi, ν)

γ + f(yi|µi, ν)

[
− yi
µi

+ log

(
yiν

µi

)
+ 1− (log (Γ(ν)))

′
]
.(8)

Taking MLE estimates β̂ and µ̂i, under the null hypothesis $ = 0 deriva-
tives (6), (7), (8) simplify and the score function partitioned on two vectors:

U
(
β̂, 0, ν̂

)
=
[
Û1, Û2

]
(9)

has block vectors: Û1 = [0]p×1 and

Û2 =
[∑n

i=1

[
µ̂iΓ(ν̂)
ν̂ν̂e−ν̂

− 1
] ∑n

i=1

[
log (ν̂) + 1− (log (Γ (ν̂)))

′]]T
.
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Now, partition Fisher information matrix Î
(
β̂, 0, ν̂

)
, we have

Î
(
β̂, 0, ν̂

)
=


[
Î11

]
p×p

[
Î12

]
p×2[

ÎT
12

]
2×p

[
Î22

]
2×2


(p+2)×(p+2)

.

To inverse the matrix Î
(
β̂, 0, ν̂

)
, we use the Schur complement yield:

Î−1
(
β̂, 0, ν̂

)
=

[
E−1 −E−1Î12Î

−1
22

Î−1
22 Î

T
12E

−1 Î−1
22 + Î−1

22 Î
T
12E

−1Î12Î
−1
22

]
, (10)

where [E]p×p = Î11 − Î12Î
−1
22 Î

T
12. Substituting (9) and (10) to (5) the score

statistics has a form:

S
(
β̂, 0, ν̂

)
= ÛT

2

(
Î−1
22 + Î−1

22 Î
T

12E
−1Î12Î

−1
22

)
Û2 . (11)

Suitable Hessian matrix and Fisher information matrix is calculated in the
appendix not included in this paper (contact author). In ongoing stud-
ies we accomplish a simulation study to check if the score statistics (11)
corresponds to the chi-square approximation.
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Abstract: We investigate the use of Hidden Markov modelling of two-
dimensional point data with an attraction towards a known location. The hidden
states of the models are based on features of the data of primary interest as well
as other characteristics that arise from limitations of the equipment used in the
experimental study. Posterior distributions of the parameters corresponding to
the features of primary interest are used to compare data collected under different
conditions. An application to an extensive data set from an entomological study
illustrates the advantages of using complex Hidden Markov models.
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1 Introduction

Consider an observed bivariate diffusion process, in which the initial lo-
cation, x0, is known and the subsequent path, (x1, . . . ,xn), is determined
by various component processes. To be specific, we have a global attrac-
tion to a point a together with more localized features and these may be
represented by processes

(P1) Xt+1|Xt ∼ N{a + Γ(Xt − a),Φ},

(P2) Xt+1|Xt ∼ N(Xt,Σ).

Although we could use mixture models to switch between states, Hidden
Markov modelling (HMM) offers a more appropriate and flexible approach
(Frühwirth-Schnatter, 2006). In the application in Section 3 the global pro-
cess (P1) is attraction towards or repulsion from a particular chemical of
interest, and the localized process (P2) is associated with small movements
related to the way the position of the experimental subject was observed.
Of course, we may include further processes, (P3), (P4), . . . , to account for
other features.
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2 Hidden Markov modelling

We initially considered a single state model for the data introduced in Sec-
tion 3 based on (P1) alone. In this case it is possible, for a particular prior
distribution, to obtain an explicit posterior distribution for the parameters
of the model (Tiao and Zellner, 1964). However, we found that important
features of the data could not be adequately accounted for using this ap-
proach as the model was oversimplistic. We therefore adopted models based
on (P1) and (P2) above, with the inclusion of a variety of other processes.
The following (independent) prior distributions were used,

(i, j) element of Γ ∼ Normal(1, 102), i, j = 1, 2,

Φ ∼ Inverse-Wishart
(
10−5I, 2

)
,

Σ ∼ Inverse-Wishart
(
10−5I, 2

)
, (1)

and represent vague prior information (Leonard and Hsu, 1999). The prior
distributions of πij , the elements of a probability transition matrix P of
moving between states for the HMMs, were

(πi1, . . . , πim) ∼ Dirichlet

(
1

2
, . . . ,

1

2

)
, i = 1, . . . ,m, (2)

where m is the number of states. Again these represent vague prior infor-
mation. Posterior distributions were estimated with a Markov chain Monte
Carlo approach using WinBUGS/OpenBUGS (Lunn et al., 2000).

3 Application

In this section we consider the application of Hidden Markov modelling
to observed diffusion path data collected in a research project concerned
with developing approaches to pest management. In this study, it was of
interest to investigate chemicals to which the larvae of a pest are attracted
or repelled, and assess the level of attraction or repulsion. The locations of
a larva were sampled at a rate of 5 per second for 30 minutes. The point
a in (P1) is the position of the chemical being studied, and is at a given
distance in the y direction from the initial point x0.
As the off-diagonal elements of Γ are approximately zero, the (2,2) element
of Γ, i.e. parameter γ22, of fitted Hidden Markov models may be used to
quantify the features of interest. Furthermore, posterior densities provide
useful information on how the attraction and repulsion differ under dif-
ferent experimental conditions. Table 1 presents the summary statistics of
estimated posterior distributions for a three-state HMM. The third state
considered here represents no change in location (due to intense sampling),

(P3) Xt+1 is the same as Xt,
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and we have a 3× 3 probability transition matrix

P =

 π11 π12 π13

π21 π22 π23

π31 π32 π33

 .

The estimated posterior densities of the parameter γ22 are shown in Fig-
ure 1 for two experiments under different conditions, one with an attractant
(Experiment I) and one with a repellent (Experiment II). Clearly, the pos-
terior probability of being above unity is negligible for the former while
being substantial for the latter.

4 Discussion

Model comparison using BIC indicates that the three-state model is far su-
perior to a single state model based on (P1), or two-state HMM or mixture

TABLE 1. Summary statistics of estimated posterior distributions for the ele-
ments of the parameters Γ, Φ, Σ and P of a three-state HMM for Experiment I
(test attractant chemical) and Experiment II (test repellent chemical). Only re-
sults for diagonal elements of the matrices are shown. Priors (1) and (2) used.

Posterior summary statistics
Experiment Parameter MeanMedian SD 2.5% 97.5%

I γ11 0.9986 0.9986 0.0012 0.9964 1.0010
γ22 0.9998 0.9998 0.0003 0.9992 1.0000

φ†11 3.4421 3.4360 0.1492 3.1760 3.7561

φ†22 0.5811 0.5804 0.0249 0.5334 0.6318

σ‡11 0.1168 0.1167 0.0056 0.1063 0.1280

σ†22 3.4310 3.4240 0.1687 3.1280 3.7900
π11 0.2850 0.2847 0.0136 0.2584 0.3122
π22 0.2715 0.2713 0.0152 0.2427 0.3016
π33 0.8330 0.8330 0.0043 0.8244 0.8413

II γ11 1.0000 1.0000 0.0001 0.9998 1.0000
γ22 1.0021 1.0020 0.0031 0.9948 1.0080

φ‡11 0.6232 0.6182 0.0711 0.5004 0.7806

φ†22 2.6028 2.5890 0.2917 2.0394 3.2302

σ†11 3.1366 3.1025 0.3898 2.4370 3.9681

σ‡22 0.8225 0.8167 0.1035 0.6434 1.0411
π11 0.3295 0.3289 0.0364 0.2592 0.4017
π22 0.3626 0.3616 0.0483 0.2800 0.4450
π33 0.8107 0.8110 0.0130 0.7848 0.8347

† Values multiplied by 104.
‡ Values multiplied by 107.
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FIGURE 1. Estimated posterior densities of γ22, the (2,2) element of Γ, for
Experiment I (solid line) and Experiment II (dashed line). Priors (1) and (2)
used.

models based on (P1) and (P2). Inclusion of further states is possible, as is
increasing the order of dependence for the state (P1), but similar conclu-
sions are reached concerning the parameter of primary interest; posterior
densities obtained from these models are similar to those shown in Figure 1.
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Abstract: The “journeys” of children in public care has been an issue of con-
cern for some time. Whilst a number of studies have explored specific features
of children’s journeys, none have incorporated the sequence of placements and
legal statuses experienced, the time spent in each, and the reasons for children
subsequently exiting care. This study uses these features together to develop un-
derstanding of children’s routes through care. A model was fitted to the first
two “events” in children’s journeys, yielding insight into factors associated with
particular care pathways and into future model development.
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1 Introduction

A recent Child Protection system review in England argued that the cur-
rent system is not sufficiently child centered, and that performance manage-
ment’s target-focus fails to understand children’s time in care holistically
(Munro,2010, 2011a & 2011b). Research can be similarly critiqued; while a
number of studies have explored individual features of children’s journeys
(eg Khoo et al, 2012; Akin, 2011; McSherry et al, 2010; Ward, 2009; Sinclair
et al, 2007; Wulczyn et al, 2003; Webster et al, 2000; Rowe et al, 1989), few
have explored movement through care explicitly; modelling transitions from
one situation to another with regards their nature and duration. Existing
longitudinal studies have utilised simplistic tables of placement orderings
(Usher, 1999), flow diagrams, (Schofield et al, 2007), and qualitatively iden-
tified patterns in journeys (James et al, 2004). One study utilised competing
risks modelling but was limited to contrasting restoration home and a sub-
sequent placement (Fernandez, 1999). Moreover, legal status was typically
not a focal point, yet a recent court judgment highlighted that legal status
does have welfare consequences (A and S v Lancashire County Council,
2012). This study responds to increased interest in the journeys of children
in care: seeking to explore and model placements, legal statuses and exits
experienced over time, and incorporating potentially influential factors.
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2 Data

The data came from records held by one England LA. Information was
provided on all 1081 children who entered care for the first time between the
1st April 2006 and the 31st March 2009, with follow-up information capped
at four years. The cohort was chosen to yield a representative sample of
adequate size and ensure a reasonable period of follow-up. Data capture
included information on the nature of placements and legal statuses over
time and, where relevant, the circumstances of children’s exits from care.
Demographic information was extracted in addition to the reason for care
being required and the district team responsible for the child’s case.
Profile plots were used to visualise children’s placement or legal journeys
and motivate the modelling strategy. An example is shown in Figure 1:
the graph shows the legal journeys of all children who entered care under
a voluntary (S20) agreement; superimosed dots highlight the time-point
children either exited care or were censored due to being in care at the end
of the study. A S20 agreement occurs when parents agree to their child
being accommodated by the LA, requires no court involvement, and can
be terminated at any time by the parents (Children Act, 1989; Allen, 2005;
Brammer, 2010). By contrast, all other legal routes require court involve-
ment and effect parental responsibility. Whilst around 60% of chidren enter
care under S20 only around 30% of the care population are in care under
S20 (Department for Education, 2011). One explanation is that those start-
ing on S20 exit quicker than those entering compulsorily. However, Figure 1
indicates a number of children actually switch from S20 to compulsory care.
While there was variation in the legal status they progressed to and the
timing of their transitions, those who transitioned tended to spend slightly
longer in care than those who did not.
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FIGURE 1. Profile plot visualising the legal journeys of all children who entered care

under a voluntary (S20) agreement.
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3 Modelling Approach

Since interest lies in modelling the times to specific events a Multistate
approach was taken. As an extention of standard Survival Analyis, this
technique can handle censoring, which features for children who have no
events or who remain in care at the end of folllow-up, and can incorporate
potentially influential factors (Putter et al, 2007; Hougaard, 1999).
The technique models the instantaneous hazard of transitioning from the
current state, Xt− = m, to the destination state, D = k, at time t. This
hazard is given as

hmk(t) = lim
δt→0

P (t ≤ T < t+ δt,D = k|T ≥ t,Xt− = m,Ft−)

δt

where the numerator is the probability of transitioning from state m to
k between time point t and t + δt, for δt tending to zero, given that the
transition has not already occurred pior to time point t, and given the
child’s care history, Ft− (Putter et al, 2007; Hougaard, 1999). The Cox-
Proportional Hazard model in the multistate senario:

himk(t) = eβ
T
mkxihomk(t)

assumes the hazard of individual i transitioning from state m to k at time t,
himk(t), is proportional to the baseline hazard, h0mk(t), of the same tran-

sition. eβ
T
mkxi , termed the hazard ratio (HR), represents the quantity by

which the hazard of transitioning from state m to k at time t for an indi-
vidual i, with certain characteristics xi, is increased (or reduced) beyond
that of the baseline hazard (Putter et al, 2007).

4 Preliminary Results

A multistate model of time to the first two events was fitted using the soft-
ware R. Possible events were change in placement, change in legal status,
change in both, and, exit from care via, for example, Reunification with
Parents or Adoption. Explanatory variables were gender, financial year of
entry and starting placement and legal status, which were included based
on forward selection using the Likelihood Ratio Test. Due to restrictions on
space only a selection of the results have been reproduced here (Table 1),
focusing on transitions out of the care system through reunification with
parents and transitions within in terms of placement change.
Children whose starting legal status was emergency measures were more
likely to be reunified than children who entered under S20. This indicates
that despite serious legal involvement, reunification was not ony possible
but more likely than when parents agreed to their child entering care. Chil-
dren placed with kin on entry were less likely to experience reunification,
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and, less likely have a placement move, than those placed with foster carers
inside the LA, suggesting kin care is being used as a successful alternative
permanence option to reunification.
Interestingly, factors associated with reunification or placement change fol-
lowing entry differ to those associated with these events following a place-
ment change. In particular, the effect of entering care due to emergency
measures on returning home did not remain after the child had experi-
enced a placement change. Intriguingly, initially being placed with parents
increased a child’s chances of experiencing a second placement compared
with that of foster care inside the LA. A gender bias was also identified for
experieincing a second placement.

TABLE 1. Results for time-to reunification and change of placement from the multistate

model of the first and second events to occur after entry to care.

Event Predictor HR (95% CI)

Reunification as the first event after entry to care
Start legal status: Emergency Measures v Voluntary (S20) 6.25 (4.23, 9.23)
Start legal status: Youth Justice (YJ) v Voluntary (S20) 3.93 (2.35, 6.55)
Start legal status: Interim Care Order (ICO) v Voluntary (S20) 0.16 (0.10, 0.26)
Start placement: Kin care v Foster care (inside LA) 0.50 (0.27, 0.89)
Start placement: Other v Foster care (inside LA) 0.23 (0.08, 0.62)

Remain in care but experience a change in placement
Start placement: Kin care v Foster care (inside LA) 0.27 (0.17, 0.43)
Start placement: Foster care (outside LA) v Foster care (inside LA) 0.36 (0.20, 0.65)

Reunification after experiencing a change in placement
Start legal status: Youth Justice (YJ) v Voluntary (S20) 5.50 (2.22, 13.61)
Start legal status: Interim Care Order (ICO) v Voluntary (S20) 0.41 (0.17, 1.00)

Remain in care after experiencing a second change in placement
Gender: Male v Female 1.51 (1.08, 2.13)
Start legal status: Interim Care Order (ICO) v Voluntary (S20) 1.63 (1.02, 2.61)
Start legal status: Emergency measures v Voluntary (S20) 0.13 (0.02, 0.94)
Start placement: Home or hostel v Foster care (inside LA) 3.43 (2.02, 5.83)
Start placement: Parents v Foster care (inside LA) 1.77 (1.11, 2.83)

5 Discussion

This study makes use of administrative data, routinely collected on chil-
dren in care in England for performance monitoring, but rarely analysed
extensively using sophisticated modelling techniques accounting for its lon-
gitudinal nature. This study has began to explore children’s journeys in care
with regards to placement and legal status and has started to yield insight
into care pathways. Future work will incorporate additional explanatory
factors and extend modelling to subsequent events.
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Gonçalves, Arminda Manuela,

577, 625

Gonzalez, Javier, 465

Gosselin, Pol, 773

Gottard, Anna, 171

Greven, Sonja, 363, 533

Grilli, Leonardo, 693
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