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• Stefan Lang
University of Innsbruck, Austria

• Brian Marx
Louisiana State University, USA

• Claire Miller
University of Glasgow, UK

• Vicente Núñez-Antón
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Betsabé G. Blas: Skew-normal controlled calibration model . . . . . 47



vi Contents
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Lukas M. Schäfer, Bruce J. Worton: Modelling wind direction
with an application . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251

Sabine K. Schnabel, Federico Torretta, Matthias West-
hues: Quantifying LD decay by quantile regression – a case study 255

Max Schneider, Gilles Blanchard, Christian Levers, To-
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Measurement error modelling for
accelerometer activity data using Bayesian
integrated nested Laplace approximation

George Agogo1, Hilko van der Voet1, Laura Trijsburg2, Fred A.
van Eeuwijk1, Pieter van’t Veer2, Hendriek Boshuizen1

1 Biometris, Wageningen University, Netherlands
2 Human Nutrition, Wageningen University, Netherlands

E-mail for correspondence: george.agogo@wur.nl

Abstract: Regular physical activity (PA) is associated with good health. PA
cannot be measured exactly with an accelerometer, leading to measurement error
(ME). ME results in loss of statistical power to detect an association between an
exposure and an outcome of interest and bias in the association. We propose a
ME model for a triaxial actigraph accelerometer and quantify loss of statistical
power with a correlation coefficient between true and measured Total Energy
Expenditure (validity coefficient) as derived from the accelerometer, and bias in
the association with an attenuation factor. We estimated parameters in the ME
model with Bayesian integrated nested Laplace approximation and compared the
results with those of a Markov chain Monte Carlo and a Maximum Likelihood
method. We applied the proposed method to the DuPLO validation study. Both
the validity coefficient and the attenuation factor estimates were about 0.8; this
implies a modest effect of ME.

Keywords: Accelerometer; Bayesian INLA; MCMC; Maximum likelihood; Mea-
surement Error.

1 Introduction

Regular physical activity (PA) is associated with good health. Measuring
PA with an accelerometer is difficult, leading to measurement error (ME).
An accelerometer is a device that monitors body accelerations. ME leads to
loss of statistical power to detect an association between an exposure (e.g.,
PA) and an outcome of interest (e.g., disease), and bias in the PA-outcome
association. Loss of statistical power can be quantified with a correlation

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).



4 Accelerometer Measurement Error modelling

coefficient between true and measured values (hereafter, validity coefficient)
and the bias in the association with an attenuation factor (Carroll et al.,
2006). In validation studies, doubly labelled water (DLW) is used as gold
standard for total energy expenditure (TEE). TEE is composed of three
components: energy expended due to PA, known as activity energy expen-
diture (AEE); energy expended at rest, known as basal energy expenditure
(BEE) and thermic effect of food (TEF). To estimate TEE with accelerom-
eter, AEE is estimated from accelerometer activity data using a prediction
equation, BEE is estimated from anthropometric and demographic data
using a prediction equation, and TEF is usually taken as 10% of TEE.
The prediction equations are subject to error. The DLW measurements are
used to validate the accelerometer data in the DuPLO study. The DuPLO
study is a recently concluded validation study on PA and dietary assess-
ment methods conducted in Wageningen and environs (in the Netherlands).
In the DuPLO study, PA was assessed with a triaxial actigraph accelerom-
eter that monitors body acceleration in three planes. Studies on validation
of this accelerometer model are lacking. This study aims to quantify ME
in daily TEE measurements from the accelerometer in the DuPLO study.
We propose a ME model for the accelerometer. The proposed ME model
contains latent true TEE, fixed bias terms and random error components
(Ferrari et al., 2007). We estimated the ME model parameters with fast,
non-sampling-based integrated nested Laplace approximation (INLA)(Rue
et al., 2009), using data augmentation technique (Muff, 2015). We compare
INLA results with those of a Markov Chain Monte Carlo (MCMC) with
Gibbs sampler, and a Maximum Likelihood (ML) method with adaptive
Gaussian quadrature.

2 Methods

2.1 Linear mixed measurement error (LMME) model

We denote the jth replicate of DLW measurement for the ith person by
Rij , accelerometer measurement by Aij and the latent true daily TEE by
Ti. We relate Aij and Rij with latent Ti by a linear additive ME model as

Aij = β0 + βATi + rAi + εAij (1)

Rij = Ti + εRij ,

where rAi ∼ N(0, σ2
rA), εAij ∼ N(0, σ2

εA), cov(rAi , εAij ) = 0, εRij ∼
N(0, σ2

R); Ti ∼ N(α0 + αTZZ, σ2
T ) and Z is a vector of covariates.

2.2 Quantification of ME in the accelerometer

With the parameters from model (1), we quantify the loss of statistical
power due to the ME in TEE with validity coefficient (ρAT ) and bias in
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the TEE-outcome association with attenuation factor (λA), defined as:

ρAT =
cov(A, T )√

var(A)var(T )
=

βAσT√
(β2
Aσ

2
T + σ2

rA + σ2
εA)

λA =
cov(A, T )

var(A)
=

βAσ
2
T

β2
Aσ

2
T + σ2

rA + σ2
εA

.

We use non-informative priors. For each of the 3 chains in MCMC, we
discard 105 burn-in samples, save every 5th of the remaining 5× 105 sam-
ples, resulting in 105 samples per chain. We assess mixing with trace plots.
In ML, we use 10 quadrature points and bootstrapping to estimate the
confidence interval(CI).

3 Results

Figure 1 plots the within-subject difference versus the subject average for
the TEE measurements from the accelerometer (a) and the subject average
TEE measurements from the accelerometer versus the subject average TEE
measurements from the DLW (b). There is no discernible trend on the scat-
ter plots, suggesting an additive within-subject random error (Figure 1(a));
a similar observation was made for scatter plots of TEE measurements from
the DLW (figure not shown). Figure 1(b) shows that TEE for subjects with
large mean DLW values are underestimated more with the accelerometer
measurements than for subjects with small mean DLW values. This sug-
gests a proportional scaling bias in the accelerometer measurements. These
exploratory TEE data analyses support the choice of the LMME model.
Table 1 presents the posterior mean estimate (95% credible interval) for
the validity coefficient and attenuation factor from MCMC and INLA, and
the point estimate (95% confidence interval) from ML. TEE measurements
from the accelerometer correlates strongly with true TEE with ρAT ≈
0.8.This implies modest loss of statistical power to detect significant TEE-
outcome associations. Similarly, the attenuation factor is estimated as λA ≈
0.8 to imply minimal bias in TEE-outcome association. For instance, if the
outcome model is linear and a true coefficient is Ω, then the observed
coefficient from the use of the accelerometer will be 0.8Ω. INLA results are
similar to those of MCMC and ML.

4 Conclusion

The accelerometer has satisfactory validity for measuring TEE in the Du-
PLO study population. There is minimal loss of statistical power to detect
TEE-outcome association, when TEE is derived from accelerometer data.
ME in the accelerometer causes modest bias in TEE-outcome association.
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FIGURE 1. Within-subject difference versus subject average for accelerometer
TEE, mean difference (middle dashed line) and 95% limits of agreement(extreme
dashed lines) (a), and subject average accelerometer TEE versus subject average
DLW TEE measurements(b).

TABLE 1. Parameter estimates (95 % CI) for validity coefficient (ρAT ) and
attenuation factor (λA) as estimated with INLA, MCMC and ML; CI is credi-
ble/confidence interval.

Quantity INLA MCMC ML

ρAT 0.794(0.651; 0.893) 0.770(0.592; 0.886) 0.810(0.620;0.879)
λA 0.813(0.564; 1.025) 0.791(0.461; 1.083) 0.818(0.528;1.080)
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Bayesian multinomial logit model: an
application to agriculture
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Abstract: Chufa, Cyperus sculentus, also known as tiger nuts, is a herbaceous
plant from which the horchata, a popular soft drink in Valencia (Spain), is ob-
tained. Over the last four years, the cultivation of the chufa has suffered from a
disease consisting in the appearing of black spots in some tubers, which must be
discarded thus causing important economical losses to farmers.
This study deals with the statistical analysis of the seed transmission of the black
spots to the harvest tubers. Bayesian generalized linear models with multinomial
response are used to analyze data from an experiment in greenhouse containing
asymptomatic and diseased seeds.

Keywords: Black spots in tiger nuts; Bayesian analysis; Posterior relative risk.

1 Introduction

Chufa, Cyperus sculentus, is a herbaceous plant that produces edible tubers.
In Europe, its cultivation mainly occurs in Valencia (Spain), where is used
for the preparation of horchata, a popular soft drink (Figure 1) with a long
tradition.
Over the last four years, the chufa presents a pathology consisting in the
appearance of black spots. This disease has unknown origin and tubers
suffering from it must be discarded for precautionary reasons thus causing
important economical losses to farmers.
The aim of this study is to statistically analyze the transmission of the
black spots disease from the seed to the harvested tubers.

2 Experiment

The experiment was conducted on the premises of the Valencian Institute
for Agricultural Research (Spain). The seeds were divided into two groups
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FIGURE 1. Chufa and horchata (Source: www.lavanguardia.com).

of eight replicates each, the groups are classified as asymptomatic and with
severe symptoms of the disease. After the harvest, the following information
for each replicate was collected:

• asymptomatic: number of asymptomatic tubers;

• mild: number of tubers with mild symptoms;

• severe: number of tubers with severe symptoms

and our interest is focused on modeling the probability of harvesting an
asymptomatic, mild or severe tuber from each group of seeds.

3 Bayesian multinomial logit model

Our variable of interest takes a finite number of values, which we refer as
categories or classes (Congdon, 2005). A natural choice for analyzing this
type of data is through generalized linear models with multinomial response
(McCullagh and Nelder, 1989). We use logit links which connects each
response category with the baseline category, asymptomatic seeds (Agresti,
2013).

(YYY i|ni,θi) ∼ Multinomial(ni,θi)

log

(
θij
θi1

)
= αj + βi, j = 2, 3, i = 1, 2,

where Yi = (Yi1, Yi2, Yi3)T represents the number of asymptomatic tubers,
with mild and severe symptoms, respectively, coming from the ith group
of seeds, θi = (θi1, θi2, θi3)T are the subsequent probabilities for the group

i, with
∑3
j=1 θij = 1 for all i, and ni is the total number of tubers from

a type i seed. We assume prior independence among the parameters, α’s
and β’s, in the model and consider non-informative normal distributions
for the subsequent marginal priors.
The posterior distribution for the parameters of the model has been approx-
imated by Markov chain Monte Carlo methods (Gelman et al, 2013). The
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FIGURE 2. Posterior distributions for the probabilities θij associated to tubers
harvested from asymptomatic seeds (a) and seeds with severe symptoms (b).

MCMC algorithm has run for three Markov chains with 100000 iterations
after a burn-in period with 1000 iterations. The effective iterations were
thinned storing every 5th iteration in order to decrease auto-correlation
in the sample. Figure 2 shows the posterior marginal distribution for the
probabilities θij , where remember that i refers to the group of seeds and
j to the type of harvested tuber. For asymptomatic seeds, the probability
of harvesting asymptomatic tubers (posterior mean 0.62) is greater than
the probabilities corresponding to tubers with mild (posterior mean 0.29)
and severe symptoms (posterior mean 0.09). In the case of seeds with se-
vere symptoms, the probability of harvesting tubers with severe symptoms
(posterior mean 0.75) is greater than the probabilities corresponding to tu-
bers with mild symptoms (posterior mean 0.23) and asymptomatic tubers
(posterior mean 0.02).
Probabilities of harvesting tubers with mild and severe symptoms with
regard to the probability of harvesting asymptomatic tubers in each group
of seeds are compared by means of the relative risks (RR).

RRij =
θij
θi1

, j = 2, 3, i = 1, 2. (1)

Figure 3 shows the posterior distribution for the relevant RR. In the group
of asymptomatic seeds, the posterior RR expectation of harvesting a tuber
with mild and severe symptoms is 0.47 and 14.96, respectively. Posterior
RR mean for mild and severe tubers harvested from seeds with severe
symptoms is 0.14 and 49.43, respectively.
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FIGURE 3. Posterior relative risk between the types of tubers in groups of
asymptomatic seeds (a) and seeds with severe symptoms (b).

4 Conclusions

This study indicates a relevant mean reduction in the probability of harvest-
ing asymptomatic tubers from seeds with severe symptoms of the disease.
This interpretation is supplemented by the high relative risk of harvesting
tubers with severe symptoms, compared with asymptomatic tubers, from
seeds with severe symptoms. Furthermore, the results show that the selec-
tion of seeds seems to have a positive effect on the reduction of the preva-
lence of the disease. The fact that farmers can only market asymptomatic
and mild symptoms tubers, combined with the information provided by
the posterior distribution of the probability of harvesting tubers without
severe symptoms, advise against the use of seeds with severe symptoms to
obtain marketable tubers.
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Abstract: The purpose of the study is to estimate the population size under a
truncated count model that accounts for heterogeneity. The proposed estimator
is based on the Conway-Maxwell-Poisson (CMP) distribution. The benefit of us-
ing the CMP distribution is that it includes the Bernoulli, the geometric and the
Poisson distributions as special cases and, furthermore, allows for heterogeneity.
Parameter estimates can be obtained by exploiting the ratios of successive fre-
quency counts in a weighted linear regression framework. The results of the com-
parisons with Turings, the maximum likelihood Poisson, Zeltermans and Chaos
estimators reveal that our proposal can be beneficially used.

Keywords: Capture-recapture methods; Ratio plot; Heterogeneous populations.

1 Introduction

Capture-recapture (CR) methods have been adopted in a wide range of
applications, including ecology (Alunni-Fegatelli and Tardella, 2013; Far-
comeni, 2011), criminal activity (van der Heijden et al., 2003; Farcomeni
and Scacciatelli, 2013), epidemiology (Böhning et al., 2005), official statis-
tics (Rocchetti et al., 2011), in the estimation of the size of hidden pop-
ulations. CR analyses are based on the repeated sampling from a pop-
ulation and, consequently, on the use of recapture information to infer
the number of uncaptured units. Let Xi, i = 1, . . . , N , denote the num-
ber of times unit i is captured over the m sampling occasions, and let
px = Pr(Xi = x). Also let fx denote the frequency of units captured exactly
x times, x = 0, 1, . . . ,m. As Xi = 0 is not observed, the corresponding f0 is
unknown and might be replaced by its expected value Np0. However, p0 is
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usually unknown and has to be estimated. Basically, the Poisson model with
parameter λ may represent a natural starting point, however, this model is
restrictive because it assumes a unit variance-to-mean ratio. Hence, even if
the Poisson distribution can be recognized as an important tool to model
count data, it may not be suitable for CR data, which are characterized by
overdispersion/underdispersion, i.e. the variance is grater/lower than the
corresponding sample mean, mainly due to unobserved heterogeneity.

2 Model inference

We wish to contribute extending a more general count distribution that
captures a wider range of dispersion settings than existing distributions. In
detail, we look at a two-parameter generalized form of the Poisson distribu-
tion, called the Conway-Maxwell-Poisson (CMP) distribution (Shmueli et
al., 2005) to account for heterogeneity as it includes as special sub-models
important distributions (i.e. Poisson, Bernoulli, and geometric distribu-
tions) and generalizes the Poisson distribution allowing for overdispersion
as well as underdispersion.

2.1 The Conway-Maxwell-Poisson distribution

The CMP distribution is a flexible model for analyzing count data. Its prob-
ability mass function CMP(λ, ν) is given by px = λx

(x!)ν
1

z(λ,ν) , x = 0, 1, 2, . . . ;

λ ≥ 0; ν ≥ 0, where the normalizing constant z(λ, ν) =
∑∞
j=0

λj

(j!)ν is a gen-

eralization of well-known infinite sums. The CMP distribution has been
overlooked for long time due to the complexity in dealing with the infinite
sum z(λ, ν), that is often approximated.

2.2 The ratio-plot

In this work, we avoid classical approaches to estimation of population size
and propose a method based on ratios of successive probability counts,
namely, rx = (x + 1)px+1

px
which is a function of the observed count x. In

CR studies, the zero counts are truncated and, hence, the observed sam-
ple frequencies f1, f2, . . . arise from the zero-truncated distribution px

1−p0
.

However, the ratio rx for the truncated and the untruncated distribution
is identical. This is an important result as it makes the ratio applicable
into a CR framework. The ratio for the CMP distribution has the form

rx = (x + 1)px+1

px
= (x + 1)

λx+1

{(x+1)!}ν
1

z(λ,ν)
λx

(x!)ν
1

z(λ,ν)

= λ(x + 1)1−ν and does not

depend on the complex normalizing constant term z(λ, ν). If we consider
the ratio on the log-scale, we achieve a linear relationship. Accordingly,
log(rx) = log λ + (1 − ν) log(x + 1) = β0 + β1 log(x + 1). We have that
λ = exp(β0) and ν = 1 − β1; however, due to ν ≥ 0 (or, equivalently,
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1 − ν ≤ 1), we must constrain β1 ≤ 1. In practice, we approximate cap-
ture probabilities by relative frequencies, therefore the ratio can be ob-

tained by r∗x = (x + 1) p̂x+1

p̂x
= (x + 1) fx+1/N

fx/N
= (x + 1) fx+1

fx
, as well as

log(r∗x) = log
{

(x+ 1) fx+1

fx

}
, where fx is the frequency of count x and

N =
∑m
x=0 fx. By plotting log(r∗x) against log(x + 1), we derive a graph-

ical diagnostic tool for detecting the validity of Conway-Maxwell-Poisson
model. A log-ratio plot showing a positive slope indicates for the pres-
ence of overdispersion with respect to the Poisson distribution. On the
other hand, in the case of underdispersion, the log-ratio plot displays a
straight line with a negative slope. Finally, when the log-ratio plot dis-
plays a horizontal line, the equi-dispersion case is the Poisson distribu-
tion. Accordingly, the unknown f0 can be then estimated by consider-

ing that log
(
f1

f0

)
= β̂0, hence f̂0 = f1 exp(−β̂0), where f̂0 is the unob-

served frequency estimator. The linear regression estimator based on the
Conway-Maxwell-Poisson distribution (LCMP) of target population size

can be readily achieved as N̂LCMP = n + f̂0 = n + f1 exp(−β̂0). We also
obtain an estimated probability of the count to be zero (unobserved) as

p̂0 = f̂0

N̂LCMP
. The asymptotic variance estimator of N̂LCMP is obtained as

V̂ar(N̂LCMP ) = nf1e
−β̂0

n+f1e−β̂
0 + (e−β̂0)2f1[1 + f1Var(β̂0)].

3 Simulation study

In the simulation study schemes with different population sizes N = 100,
1000, 10000 and levels of heterogeneity, and five estimators of population
size were compared: the Turing’s estimator, the maximum likelihood esti-
mation under the zero-truncated Poisson model, Chao’s lower bound es-
timator, Zelterman’s estimator and (weighted) linear regression estimator
under the zero-truncated Conway-Maxwell-Poisson model. We further test
estimators performance by generating data from a CMP distribution. We
expect that the LCMP estimator, as well as Chao and Zelterman esti-
mators, outperforms Turing and MLEPoi estimators under heterogeneous
schemes. Overall, the LCMP has the best performance when the popu-
lation size is small or medium, whereas Turing and MLEPoi estimators
underestimate the population size. Even the other heterogeneous estima-
tors tend to underestimate the population size, providing reasonable results
for N = 10000 only. Indeed, the CMP distribution is a very general one
and accounts for many (possible) data features, that may not be captured
by existing estimators.
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4 Conclusion

A diversity of estimators in the capture-recapture field exists, being widely
applied in many areas of interest. Here, we have introduced a new method
of estimating the population size under a specific form of heterogeneity
based on the Conway-Maxwell-Poisson distribution. We have also been
able to see how accurate and precise the method is performing when it
is compared to other frequently used estimators. Although the proposed
estimator showed superior performance in terms of accuracy, it evidently
gave also the largest variation; nonetheless, the variation of the new es-
timator considerably decreases for large population size (1000 and more)
which is typically the case in real-world applications. We also provided a
formula of variance approximation of the new estimator. This variance for-
mula is not only useful to determine the efficiency of estimating, but it can
be also used to construct confidence intervals. In short, the new estimator
can be an alternative form of population size estimation especially for large
populations and heterogeneous capturing probabilities.
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Abstract: The objective of this research is to compare the estimation of the Non-
Linear AutoRegressive (NLAR) model with Smoothing Spline (SS) and Penal-
ized Spline (PS) methods in a class of nonparametric regression method. NLAR
model consists of a response variable and a function of predictor variable as a
past of response variable. Moreover, the nonparametric regression method has
been developed the smoothing technique which produces a smoother based on
NLAR model. The SS and PS methods are computed to fit NLAR model with
stationary and nonstationary time series data. For simulation study, the data is
generated by the autoregressive process with several coefficient autocorrelations
and sample sizes. The performance of SS and PS methods is used the criterion by
minimizing the average mean square error values. The SS method exhibits a good
power estimation in all cases of stationary and nonstationary data. For economic
data, the gold price is an important factor for pretty much all of the world mar-
ket. The gold price (US Dollars per Troy Ounce) is then applied by using SS and
PS methods that collected in term of the monthly volume from January, 1984 to
December 2013. The result is founded that the SS method performs better than
PS method which is similar the result in case of simulation study.

Keywords: Nonlinear autoregressive model; Smoothing splines; Penalized splines.

1 Introduction

Parametric regression method is widely used for estimating regression func-
tion when dependent variable and independent variable are focused on the
relationship. More specifically, parametric regression method requires sev-
eral assumptions. To overcome these assumptions, nonparametric regres-
sion method is a choice for estimating function when the data may not
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be available to use. The basic idea of nonparametric regression method
is to let the dependent variable produce a smoothing function from inde-
pendent variable. Popular nonparametric regression methods can be used
by smoothing spline method (Wahba, 1990; Green and Silverman, 1994)
and penalized spline method (Ruppert et al., 2003). The nonlinear autore-
gressive (NLAR) model is developed from the autoregressive model and
mixed the smoothing function of nonparametric regression model in terms
over the previous values. In this paper, we propose the smoothing spline
method and penalized spline method to approximate smoothing function
from NLAR model.

2 The nonlinear autoregressive model

The nonlinear autoregressive model is written as

yt = µ(yt−1) + εt, t = 2, 3, . . . , n, (1)

where yt are the dependent variables, yt−1 are the past of independent
variables at lag 1, µ(yt−1) are the smoothing function of nonlinear autore-
gressive model, and εt denote the error terms.

3 Nonparametric regression

3.1 Smoothing spline method

The smoothing spline was studied by Wahba (1990) that the smoothing

spline estimator is estimated the natural polynomial spline S
(K)
λ (µ). Green

and Silverman (1994) emphasized the natural cubic spline to fit the non-
parametric regression function by minimizing

S
(K)
λ (µ) =

n∑
t=1

{yt − µ(xt)}2 + λ

∫ b

a

{µ′′(xt)}2dxt.

In this case, we propose the NLAR model via smoothing spline method,
and the natural cubic spline can be written as

S
(K)
λ (µ) =

n∑
t=2

{yt − µ(yt−1)}2 + λ

∫ b

a

{µ′′(yt−1)}2dyt.

The smoothing spline estimator is approximated by minimizing S
(K)
λ (µ).

Wahba (1977) suggested Generalized Cross-Validation (GCV) for choosing
the smoothing parameter λ.
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3.2 Penalized spline method

Penalized spline smoother is estimated using the truncated power function
(Ruppert and Carroll, 2000). The natural cubic spline of called the low-rank
thin-plate spline representation of µ(·) is

µ(xt, θ) = α0 + α1xt +

K∑
k=1

βk|xt − τk|3, t = 1, 2, . . . , n,

where θ = (α0, α1, β1, . . . , βK)T is the vector of regression coefficients, and
τ1 < τ2 < · · · < τK are fixed knots. In this case, we focus the NLAR model
based on penalized spline method, then the natural cubic spline can be
written as

µ(yt−1, θ) = α0 + α1yt−1 +

K∑
k=1

βk|yt−1 − τk|3, t = 2, 3, . . . , n.

To avoid overfitting, we minimize the natural cubic spline to estimate pe-
nalized spline estimator.

4 Simulation study

At the beginning, we generate data yt, t = 1, 2, . . . , n, from an AutoRegres-
sive (AR) process at lag 1 by taking the coefficients ρ = 0.1, 0.5, 0.7, and
0.99 in the equation as

yt = ρyt−1 + εt, t = 1, 2, . . . , n,

where ρ is the AR coefficients and εt is the error in term of normal dis-
tribution with µ = 0 and σ2 = 1. We simulate data with sample sizes
n = 50, 100, 200, and 400 and repeat the generation at 500 times by R
program. The criterion to assess the efficiency of the smoothing spline and
the penalized spline method is the Mean Square Error (MSE).
From Table 1, the average MSE of smoothing spline method is less than
penalized spline method for all cases. However, when the sample size n is
large, the average MSE of smoothing spline method and penalized spline
method is slightly different.

5 Application to real data

In this section, we consider the application of NLAR model using smoothing
spline and penalized spline methods that we developed in the previous
section. As financial data, we use the monthly volume of gold price (US
Dollars per Troy Ounce) from January, 1984 to December 2013. The MSE
values show that the MSE of smoothing spline is 685.0235 and penalized
spline is 733.9173. Therefore it can be concluded that the smoothing spline
method outperforms penalized spline method.



18 Estimating nonlinear autoregressive models using splines

TABLE 1. The average MSE of Smoothing Spline (SS) method and Penalized
Spline (PS) method based on NLAR model.

Method n ρ = 0.1 ρ = 0.5 ρ = 0.7 ρ = 0.99

SS 50 3.0353 2.9404 2.9606 2.7581
100 3.7652 3.7804 3.7402 3.6566
200 3.8829 3.8596 3.8608 3.8906
400 3.9451 3.9684 3.9544 3.9254

PS 50 3.8311 3.8084 3.7417 3.6084
100 3.8414 3.8934 3.8404 3.7827
200 3.9291 3.9130 3.9163 3.9378
400 3.9684 3.9905 3.9809 3.9553

6 Conclusion

We have focused on smoothing spline method and penalized spline method
for fitting NLAR model. Depending on the simulated data, and real data,
the smoothing spline method works more efficient than the penalized spline
method. Furthermore the smoothing parameter could be sensitive to fit
mean function because the smoothing parameter with GCV can be con-
verged to interpolating spline in a class of smoothing spline estimator.
This finding suggests that the user can choose smoothing spline method
that provided a good approximation for fitting mean function. the exam-
ples very tightly.
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Abstract: A critical problem in repeated measurement studies is the occurrence
of nonignorable missing observations. A common approach to deal with this prob-
lem is joint modelling the longitudinal and survival processes for each subject on
the basis of a random effect that is usually assumed to be time constant. We relax
this hypothesis allowing for time-varying subject-specific random effects, which
follow a first-order autoregressive process. We also adopt a generalised linear
model formulation to accommodate for different longitudinal outcomes (i.e., con-
tinuous, binary, counts). Estimation of the likelihood of the resulting joint model
is based on quasi-Newton algorithms and on recursions developed in the hidden
Markov literature. The properties of the proposed approach will be illustrated by
a Monte Carlo simulation study.

Keywords: Generalised linear models; Nonignorable missing; Survival process.

1 Introduction

A typical situation encountered in the context of longitudinal data is the
presence of informative dropout or nonignorable missing data (Little and
Rubin, 2002), usually due to the manifestation of a certain event of interest,
typically death. A possible approach to model these data is based on Joint
Models (JMs; Wulfsohn and Tsiatis, 1997; Rizopolous, 2012), where an
underlying latent process is introduced and it affects both the longitudinal
and the missing (or survival) processes.
The standard formulation of JMs is characterised by a generalised lin-
ear mixed model for the longitudinal process, with subject-specific time-
constant normal random effects, and by a proportional hazard model for
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the survival process, where the risk of the event of interest at a given time
depends on the expectation of the longitudinal response at the same time.
In order to relax the restrictive assumption of time-constant random effects,
Bartolucci and Farcomeni (2014) introduce a family of mixed latent Markov
models, where the nonignorable missing process is accounted for through
a discrete time-to-event history approach. Differently, Barrett et al. (2015)
illustrate an approach for continuous longitudinal responses based on the
discretisation of time-to-event and on a probit model for the dropout.
In our contribution, we propose to adopt a first-order autoregressive pro-
cess, AR(1), instead of a discrete one, so that the resulting model is more
parsimonious than that of Bartolucci and Farcomeni (2014), and we gen-
eralise the approach of Barrett et al. (2015) to different longitudinal out-
comes, such as binary, ordinal, and count responses.

2 The proposed model

Our proposal consists in formulating a random intercept generalised linear
model for the longitudinal process for observation j of individual i taken
at time tij following in a certain period sij = s(tij):

g(µij) = αisij + xT

ijβββ,

where g(·) is a suitable link function, µij is the conditional expected value
of the outcome yij = yi(tij), and xij = xi(tij) is the corresponding vec-
tor of covariates that may include time tij itself. Note that our proposal
is completely general in the sense that any type of outcome is admitted
(i.e., continuous, binary, counts). Besides, we assume that αis = αi,s−1ρ+

ηis
√

1− ρ2, with s > 1, αi1 = ηi1, ρ = cor(αi,s, αi,s−1), and independent
errors ηis ∼ N(0, σ2).
The formulation of the proposed JM is completed by a logit model for
the survival process, that is, logit [p(Si > s|Si > s− 1, αis)] = αisγ+ wT

isδδδ,
with Si denoting the number of periods that individual i survives, with Si ∈
{1, . . . ,m}, and wis a vector of covariates affecting the survival process.
Estimation of model parameters relies on the maximisation of the likeli-
hood function, which is defined on the basis of a quadrature method using
an equally spaced grid of nodes and a recursion developed in the hidden
Markov literature (Baum et al., 1970). Moreover, as the exact likelihood
approach of Barrett et al. (2015) cannot be implemented in our general
model, we base the maximisation of the likelihood on alternating quasi-
Newton algorithms, in which the observed information matrix is obtained
by a numerical method based on finding the zeros of the score vector.

3 Simulation study

We simulated longitudinal data with dropout for n = 1000, 2000 individuals
and different longitudinal sub-models (with continuous, binary and count
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outcomes). The longitudinal measurements are randomly distributed over
m = 5, 10 time intervals, with 1-10 or 1-20 repeated measurements per
person. Each individual may have a varying number of visits in each time
interval. We considered a uniform distribution for the visit time, and we
assumed that the dropout may occur during any time interval. For each
simulation study, we generated 500 datasets. Following Barrett et al. (2015),
we included two covariates, in both longitudinal and survival models: age,
with initial values generated uniformly from the interval (10-30), and a
binary covariate (sex), which assumes value 1 with probability 0.5. We
then considered two different values for the variance of the random effects,
by letting σ2 = 1, 4, and for the parameters γ = 0.05, 0.5, and ρ = 0.7, 0.9.
For continuous data, we also let τ2 = 1, 4, with τ2 denoting the variance of
the repeated measures.
With reference to four different scenarios with continuous outcomes, Table
1 reports the values of the mean and related standard errors and root mean

TABLE 1. Mean parameter estimates (standard errors in parentheses) and root
mean square errors (RMSE) under four different scenarios for continuous data.

Scenario 1 Scenario 2 Scenario 3 Scenario 4
(Benchmark) σ2 = 4 m = 10 n = 2000
Mean RMSE Mean RMSE Mean RMSE Mean RMSE

Longitudinal
β0 89.995 0.136 90.002 0.217 90.003 0.119 89.995 0.091

(0.136) (0.217) (0.119) (0.091)
Time -1.701 0.017 -1.701 0.024 -1.700 0.010 -1.700 0.012

(0.017) (0.024) (0.010) (0.012)
Age t0 -1.700 0.006 -1.700 0.010 -1.700 0.005 -1.700 0.004

(0.006) (0.010) (0.005) (0.004)
Sex 2.005 0.067 1.998 0.117 1.997 0.064 2.005 0.047

(0.067) (0.117) (0.064) (0.046)
Survival

δ0 2.000 0.225 2.007 0.237 1.997 0.178 1.992 0.155
(0.225) (0.237) (0.178) (0.154)

Time 0.008 0.040 0.008 0.038 0.010 0.016 0.010 0.025
(0.039) (0.038) (0.016) (0.025)

Age t0 0.010 0.009 0.010 0.010 0.010 0.007 0.010 0.006
(0.009) (0.010) (0.007) (0.006)

Sex 0.104 0.108 0.096 0.100 0.097 0.087 0.010 0.006
(0.108) (0.100) (0.087) (0.006)

γ 0.049 0.077 0.049 0.033 0.050 0.076 0.051 0.057
(0.077) (0.033) (0.076) (0.057)

Others
τ2 1.001 0.032 0.997 0.032 1.002 0.043 1.000 0.022

(0.032) (0.032) (0.043) (0.022)
σ2 0.992 0.055 3.993 0.148 0.995 0.062 1.000 0.038

(0.054) (0.148) (0.062) (0.038)
ρ 0.698 0.026 0.699 0.018 0.699 0.030 0.700 0.019

(0.026) (0.018) (0.030) (0.019)
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square errors (RMSE) of the considered estimators. The first scenario as-
sumes the same parameter setting as in Barrett et al. (2015), which is taken
as benchmark design. More in detail, we have βββ = (90,−1.7,−1.7, 2)T,
δδδ = (2, 0.01, 0.01, 0.1)T, γ = 0.05, τ2 = 1, σ2 = 1, ρ = 0.7, n = 2000,
m = 5, and 10 repeated observations. Scenario 2 is based on a larger vari-
ance of the random effects, with σ2 = 4, whereas Scenario 3 is based on a
larger number of time intervals, m = 10. The last scenario evaluates the
effect of an increase in the number of individuals, with n = 2000. The
results lead us to conclude that, under all scenarios, the means of the pa-
rameter estimates are close to the true values. The first scenario confirms
the results illustrated in Barrett et al. (2015). This allows us to validate the
proposed estimation method. Under the second scenario, we observe that
the standard errors and the RMSE of parameter estimates for the longitu-
dinal model and those for σ2 are larger that those obtained under Scenario
1. On the other hand, the standard error of the estimator of γ is smaller.
Under Scenario 3, we observe an improving of the behavior of the estima-
tors of the survival model parameters, with smaller standard errors and
RMSE. Finally, as n increases, the behaviour of the proposed estimation
method improves for all parameters.

Acknowledgments: Authors acknowledge the financial support from the
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models for causal inference and analysis of socio-economic data,” which is
funded by the Italian Government (RBFR12SHVV).
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Log-Gaussian Cox processes with spatially
varying second order properties
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Abstract: We consider log-Gaussian Cox processes, a class of point processes
that accounts for spatial aggregation through a Gaussian random field. These
models may be interpreted as latent Gaussian models in a Bayesian hierarchical
modelling framework, and hence be fitted to point pattern data using integrated
nested Laplace approximation (INLA).
While modelling approaches typically assume that second order properties of the
latent spatial field are the same everywhere, this assumption may not be realistic
in practice. This poster considers situations where the range of the Gaussian field
varies in space, giving different cluster sizes in different regions, while the average
number of points within a region remains constant.

Keywords: Spatial point process; Non-stationary; SPDE; Ecology.

1 Non-stationary point patterns

As an illustration, Figure 1 shows a simulated point pattern with a non-
stationary structure. Specifically, the upper half of the pattern does not
seem to exhibit much clustering, while the lower half of the pattern has a
distinct clustering structure. We can set up a hierarchical model and fit it
to the data using INLA. The model is

yi ∼ u(si) +m, (1)

u(s)−∇h−2∇u(s) = h−1τW(s), (2)

where u(s) is the Gaussian Field, h and τ are constants. Also,∇ =
(
∂
∂x ,

∂
∂y

)
,

andW(s) denotes white noise. For more details, see Lindgren et al. (2011).
This model’s latent Gaussian field is a stationary Matérn field, and there

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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FIGURE 1. A simulated point pattern with non-stationary second order be-
haviour.

are no covariates. Inference yields the estimated log-intensity in Figure 2.
At first sight, the estimated field seems to reflect the observed structure.
However, when we use the posterior mean estimates of the hyper-parameters
to simulate new intensity fields and point patterns, the simulations do not
have the same structure as our original dataset. See Figure 3 for an exam-
ple of such a simulated point pattern. This pattern does not have the same
structure as the original data in Figure 1; the points on the bottom half
of the plot are clearly not more clustered than the points on the top half.
The reason this happens is that our stationary model does not allow for
different clustering structure, but uses the same range in both parts of the
field.
To remedy this, we propose to allow for non-stationarity in the field, using
what we will refer to as the Difficult Terrain model, see Section 2 for details.
The inferred field is shown in Figure 4. We see that the top half of the
field is almost completely flat, representing the scattered structure of the
data in that region. This is clearly non-stationary, because the field has
a rapid transition from the flat part (in the top) to the varying part. In
addition, point patterns simulated from this non-stationary model exhibit
non-stationary behaviour. The data presented in Figure 1 were actually
generated using the Difficult Terrain model.
In the poster, we will illustrate the relevance of non-stationary models in
an ecological context including point patterns of rainforest trees in different
habitats.
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FIGURE 2. The estimated log-intensity field for the model in equation (1).
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FIGURE 3. A point pattern simulation from the posterior INLA model. The
log-intensity field underlying this pattern was simulated using the same range as
for the inference in Figure 2.
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FIGURE 4. The posterior mean of the log-intensity field you get with a non-
stationary difficult terrain model.

2 Details of the difficult terrain model

The Gaussian field in the non-stationary difficult terrain model used here
is defined by the solution u(s) to

u(s)−∇h−2(s)∇u(s) = h−1(s)τW(s), (3)

where u(s), s ∈ Ω ⊆ R2 is the GF, h(s) is a locally constant function, and

τ is constant. Also, ∇ =
(
∂
∂x ,

∂
∂y

)
, and W(s) denotes white noise. To see

how this can be approximated with a GMRF, see Lindgren et al. (2011),
and note that we have taken their equation (2), but re-parametrized it and
fixed α = 2.
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Abstract: This paper presents a case study of the current state of the queueing
system of trucks in the receiving process of the consumer product distribution
center in Bangkok, Thailand. This study emphasizes methods of reducing the high
cost of lost time expense that is paid for trucks that are waiting to transfer goods
in the receiving process. There are 3 receiving gates. Gate 1 receives only home
care products. Gate 2 receives only personal care products and Gate 3 receives
only food products. Data collected from the database of truck usage time at each
point of the distribution center and a survey form of the moving and storing time
of products was analyzed. Arena 14.0 was used to create the simulation model,
then verify and validate the model. The model represented the actual system
used to test each policy to improve the receiving process. The findings from this
study show that the first policy is to allow Gates 1 and 2 to receive both home
care products and personal care products. This could reduce the average time of
the receiving process by 35.07% and reduce the lost time expense by 3.7%. The
second policy is to add one checker and one staff member for moving and storing
products at each gate. This could reduce the average time of the receiving process
by 25.99% and reduce lost time expense by 1.28%. The third policy is to change
the sequence of the receiving process by removing the truck canvas before going
to wait in the car park. This is found to reduce the average time of the receiving
process by 48.09% and lost time expense by 11.23%.

Keywords: Simulation model; Receiving process; Distribution center.

1 Introduction

Distribution Center is a warehouse which is designed for specific purposes
to make it more convenient for storing and moving products in and out.
It is for collecting products from plant and distributing them to retailers,

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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wholesalers or customers (Lambert et al., 1998). The case study of the dis-
tribution center is of a consumer product distribution center. This research
studies the process of trucks circulating in the receiving process of the dis-
tribution center. Each day trucks enter the distribution center and carry
different types of products in different quantities. Each receiving gate is
specific for each type of product, and in peak time, there are a lot of trucks
entering the distribution center where manpower and receiving gates are
limited. This causes the receiving process to be delayed. The distribution
center needs to pay for lost time expense for trucks waiting over one hour,
and this greatly increases operation costs of the distribution center.

2 The scope of this research

This research simulated the receiving process of a case study consumer
product distribution center and does not concern about the distribution
process. This distribution center does not have any problems with the dis-
tribution process. The distribution center staff of the receiving process were
informed by the truck drivers in advance about the product type and quan-
tity, staff used Exceed system to check and prepare the space for products
that will arrive at the distribution center. Therefore, there was no problem
with the space available.

3 Methodology

3.1 The study of the receiving process

The case study distribution center operates 24 hours per day and is divided
into 3 shifts: The morning shift is from 6.30 a.m. to 2.30 p.m. The afternoon
shift is from 2.30 p.m. to 10.30 p.m. and the night shift is from 10.30 p.m.
to 6.30 a.m. It operates from Mondays to Saturdays and closes on Sundays.
This distribution center has 3 receiving gates. Gate 1 receives only home
care products. Gate 2 receives only personal care products and Gate 3
receives only food products. Gate 1 and Gate 2 have two staff members for
moving and storing products and two checkers. Gate 3 has only one staff
member for moving and storing products and one checker. The steps for
the receiving process are as follows:
1. Trucks enter the distribution center and security staff at the gate will
scan to record the plate no. and the truck arrival time, then check the type
of product and the receiving gate of that type whether it is available. If the
receiving gate is not available, trucks will process to a parking space.
2. When the receiving gate is available, the receiving staff will inform the
security staff. The truck needs to be scanned again at the gate to record
the time of entry inside the distribution center. Then proceed to remove
canvas.
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3. After removing canvas, trucks proceed to the receiving gate.
4. Moving and storing staff members move the products down and place
them at the front of the receiving gate.
5. The checker checks products and matches with the documents. If so,
(s)he returns the documents to the truck driver and prints labels to indicate
where to place the products.
6. The truck travels from the receiving gate to the exit gate and scans again
to record the departure time.
7. After placing products inside the receiving gate the receiving gate be-
comes available and then informs the security guard to call the next truck.
Staff members move and store products on shelves.

3.2 Data collection and analysis

The distribution center system recorded the truck usage time, starting from
arrival at the distribution center, and going through each point in the re-
ceiving process until departing from the distribution center. Data collected
from the database of the truck usage time at each point of the distribution
center and a survey form of moving and storing time of the products.

TABLE 1. The probability distribution of time related to the receiving process
that was analyzed by Input Analyzer of Arena 14.0 and Chi-square test.

Time in the receiving process The probability distribution

Trucks arrival time 2+EXPO(22,2)
From security gate to car park U(0.86, 1.34)
From car park to security gate 0.75+0.6*BETA(1.93, 1.68)
From security gate to remove canvas U(0.85, 1.45)
Moving products down and placing U(4.5, 6.5)
at the front of receiving gate
Removing canvas 24.5 + 17 * BETA(1.32, 1.5)
From removing canvas to receiving gate N(1.15, 0.119)
Moving products down and placing at U(4.5, 6.5)
the front of receiving gate
Inspecting time for truck with 22 pallets U(4.5, 6.5)
Inspecting time for truck with 44 pallets U(10.5, 12.5)
Time of pushing products inside the gate U(23.5, 25.5)
From receiving gate to security gate U(2.5, 4.5)

3.3 Model building, verification and validation

Simulation is the imitation of the operation of a real-world process or sys-
tem over time (Banks et al., 2005). By Arena 14.0, a discrete-event simula-
tion model of receiving process was built. The model was verified and vali-
dated extensively in order to confirm that the model represents the current
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receiving process and experiments with the policies to improve the receiv-
ing process. In a total of 1000 simulation runs, the average truck spending
time in distribution center of the model is less than the actual system by
4.62%, the average truck waiting time in the car park of the model is less
than the actual system by 4.25% and the average truck spending time in the
receiving gate is less than the actual system by 2.78%, which is not beyond
an acceptable range of 10% (Law, 2007). Therefore, the model represents
the current receiving process.

3.4 Set the policies to improve the receiving process

From the study of the receiving process, we found that 42% are home care
products, 23% are personal care products and 35% are food products. Since
trucks need to remove canvas before going to the receiving gate and the
time for removing canvas is quite long, we set three policies to improve
the receiving process as follows. The first policy is to allow Gates 1 and
2 to receive both home care products and personal care products. The
second policy is to add one checker and one staff member to move and
store products at each gate. The third policy is to change the sequence of
the receiving process by removing the truck canvas before going to wait in
car park.

4 Results and conclusion

The indication of the efficiency of the system is the truck spending time in
the distribution center. The first policy can reduce trucks spending time
in the distribution center from 276.49 min to 179.52 min which decreased
by 35.07% and reduced the lost time expense by 3.71%. The second policy
can reduce trucks spending time in the distribution center from 276.49
min to 204.63 min which decreased by 25.99% and reduced the lost time
expense by 2.33%. The third policy can reduce trucks spending time in
the distribution center from 276.49 min to 43.52 min which decreased by
48.09% and reduced the lost time expense by 13.23%. This third policy
should be implemented since it can greatly minimize the average time of
the receiving process and the lost time expense. The drawback of this policy
is that it does not work well in the rainy season because the products may
get wet so we should build a roof to cover the car park.
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Abstract: We develop a statistical model for classifying publicly-traded stocks
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1 Introduction

Stock trading is often seen as a task for experts. Most people choose to
invest in what they perceive as a simpler, safer approach such as trading
in either mutual funds, where a basket of stocks is selected by analysts,
or index funds, which include all stocks in an exchange or category. While
diversification is a prudent strategy in general, many funds might over-
diversify in the sense that they include highly correlated stocks, which do
not significantly reduce risk as intended. There are a number of reasons why
learning to invest in an informed way is not easy. First, performing research
on each stock is time consuming. Second, comparing stocks or funds is
hard. One may choose from a host of performance indexes, but it is not
clear which index is most informative, or how to combine information from
several indexes. Third, although several indexes provide intuition about
the value or state of a company, there is usually no probabilistic model for
investment choices. Our goal is to provide a novel, model-based approach
which yields a probabilistic criterion for selecting stocks. While we do not
claim that it is possible to predict future performance of stocks, we aim to
create useful and robust technical indicators that reflect stocks’ profitability
and volatility.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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FIGURE 1. Left: each line represents the ordered daily changes, δi(τ), of a stock,
over a period of 754 days. The index of the sorted 754 observations is converted
to be equally spaced values in (-1,1). Right: The dashed line represents the sorted
daily change value for one stock, and the dotted line is obtained from fitting our
model to the data.

1.1 The model

Let bit and eit be the open and close values, respectively, of stock i =
1, . . . , n at time t = 1, . . . , k. Let the daily change in stock value be δit =
(eit − bit)/bit. We sort the values of δit in increasing order, and denote the

sorted list by δi(t). We transform the index (t) by using τ = (t)−k/2−1/2
k .

Then, we consider the sorted daily changes as a function, δi(τ), observed
at equally spaced values in [−1+ 1

k , 1−
1
k ]. The left panel of Figure 1 shows

the values of δi(τ) for 3,112 stocks, over 754 days. This plot motivates our
modeling approach. We assume that

δi(τ) = ηi log

(
γi(1 + τ)

1− τ

)
. (1)

A stock can be characterized in terms of the parameters ηi > 0 and γi > 0.
The parameter ηi represents the slope of the curve δi(τ). A large ηi is
obtained if the variance of the daily changes is large (higher volatility). The
parameter γi represents the x-intercept: when γi = 1, we have δi(0) = 0,
which means that exactly half the time the stock moved up, and half the
time it went down. When γi > 1 the intercept is at τ < 0 which means
that the stock value increased more often than it decreased. We obtain the
following parameter estimates:

ηi =
δi(τ0)− δi(−τ0)

4τ0
(2)

γi = exp

(∑
τ∈(−1,1) δi(τ)

kηi

)
, (3)

where τ0 is close to 0. Note that ηi is obtained from the derivative of δi(τ)
at τ = 0, where the function is approximately linear. In practice, we take
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several (small) values of τ0 and compute the average of the estimates we
obtain from (3).
Next, we want to estimate the distributions of ηi and γi, across all com-
panies. To do that, we assume that each parameter is drawn from a mix-
ture of three log-normal distributions, representing low/medium/high lev-
els. Specifically, we assume that

log ηi ∼ c0ηN(µ0η, σ
2
0η)+c1ηN(µ0η+µ1η, σ

2
1η)+c2ηN(µ0η−µ1η, σ

2
1η), (4)

and similarly for log γi, with parameters c0γ , c1γ , c2γ , µ0γ , µ1γ , σ
2
0γ , σ

2
1γ . We

estimate the parameters using the EM algorithm (Dempster et al., 1977),
treating the indicator variables cjx (x = η, γ, and j = 0, 1, 2), as ‘miss-
ing data’. The expected values of cjx are estimated using Bayes’ rule, as
in Bar et al. (2014). Thus, ĉjx are conveniently interpreted as posterior
probabilities. For example, if ĉ2γ(i) > 0.8, then stock i increases signifi-
cantly more often than it decreases. Furthermore, this modeling approach
allows us to associate a bivariate index ψi = (ηi, γi) with each company, as
demonstrated in the next section.

2 Analyzing US stock data, 2012 – 2014

We obtained a list of 6,683 US stock symbols from NASDAQ. For each stock
we obtained the 2012-2014 daily values from Yahoo Finance and key ratios
from Morningstar. We used Excel, Python, and R to retrieve and parse the
data. We excluded stocks with low median trading volume, and stocks that
were not traded in all business days in the 2012-4 period. Greenblatt (2010)
points out that utilities and financial stocks can be problematic due to their
accounting methods so we removed ‘income trust’ companies. For each of
the remaining 3,112 stocks we fitted model (1) and obtained estimates for
ηi and γi, using equations 2 and 3. Then, we used the mixture model (4) to
fit the distributions of log(ηi) and log(γi). The two distributions are shown
in the left and middle panels of Figure (2). The dotted curves represent
the fitted normal distributions for the three mixture components in (4),
and the solid, purple curve is their weighted mixture. In both cases the
EM algorithm yields an excellent fit. For log(γi) we obtain µ0γ = 0.056,
and σ0γ = 0.072, and the probability of being in the ‘null’ component of
the mixture is 0.87. Thus, for 87% of the stocks, γi is approximately 1.06,
and their daily change, δi(τ), is expected to be positive only slightly more
often than negative. The probability of the negative component of log γ is
0.12, while the probability of the positive component is 0.006. Thus, there
is a very small number of stocks whose daily change is negative much more
often than positive, and approximately 12% of the stocks are classified as
having a significant posterior probability for δi(τ) to be positive. The right
panel in Figure (2) shows the bivariate distribution of log(ηi) vs. log(γi).
The dashed lines represent µ̂0η and µ̂0γ . According to model (1), points
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FIGURE 2. Left, Middle: histograms of log(ηi), log(γi), and the fitted
three-component mixture distributions. Right: the bivariate distribution of
(log(ηi), log(γi)). The dashed lines represent the means of the null components.
The red dots represent the 500 companies with the largest market capitalization.

in the left-upper quadrant are ‘good stocks’, in the sense that their daily
change is more likely to be positive than negative and the magnitude of
the daily changes is relatively small (low volatility). In contrast, points in
the lower-right quadrant are ‘bad stocks’. The red dots represent the 500
companies with the largest market capitalization.
In summation, we find that our model fits daily trading data very well
and provides intuitive classification of stocks. We plan to test how security
selection using our model compares with other models, using historical
data. For example, methods based on P/E ratios, the Capital Asset Pricing
Model (CAPM), etc. (Malkiel, 1999). We also plan to check whether our
approach is useful to detect market cycles, and how it performs in different
market conditions (e.g., ‘bull’ vs. ‘bear’ markets).

Acknowledgments: We thank Mr. Dennis Merryfield, for useful conver-
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Abstract: We study the problem of D-optimal experimental design under two
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size and on the total cost of the experiment. For computing a size-and-cost con-
strained approximate D-optimal design, we propose a “barycentric” algorithm
with sequential removal of redundant design points, whose convergence can be
proved analytically.
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1 Introduction

The role of the optimal design of experiments as a statistical discipline is to
study methods of conducting an experiment so that the maximum amount
of the useful information is attained (e.g., Pukelsheim, 2006).
The research related to the optimal experimental designs is usually focused
on situations with a single linear constraint on the “size” of the experiment.
However, situations with multiple constraints do occur in practice; they can
represent restrictions on various resources consumed by the experiment, see,
e.g., Cook-Fedorov (1995). This extended abstract deals with an important
special case of constrained designs and is based on the submitted paper
Harman and Benková (2015).
We can represent the experimental design by an n-dimensional vector w of
“design weights”, with components wx ≥ 0, x ∈ X = {1, . . . , n}.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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Our goal is to propose a method of constructing a D-optimal design w∗ in
the set of all designs that satisfy both the size constraint (2) and the cost
constraint (3)

w∗ ∈ argmaxw{φ(w)} (1)

subject to
∑
x∈X

wx = 1, (2)∑
x∈X

cxwx = 1. (3)

In above, cx is a positive constant representing the “normalized” cost of
the trial in the design point x ∈ X and the function φ : [0,∞)n → [0,∞)

is the criterion of D-optimality defined by φ(w) = det1/m(M(w)), where
M(w) =

∑
x∈X wxf(x)fT(x) is the standardized information matrix of the

size m×m. For simplicity, we will assume regularity in the sense that the
vectors f(1), ..., f(n) span Rm, and f(x) 6= 0m for all x ∈ X . The vectors
f(x), x ∈ X , can represent known regressors of the linear regression model

y(x) = f(x)Tβ + ε(x),

where β ∈ Rm is a vector of unknown parameters and ε(x), x ∈ X are
uncorrelated homoscedastic errors with mean values equal to zero.
It is possible to show that the criterion of D-optimality is continuous,
concave, monotonic, and homogeneous on [0,∞)n. Due to the homogeneity
of φ, a statistically natural definition of efficiency of a design wa relative
to a design wb with φ(wb) > 0 is given by eff(wa|wb) = φ(wa)/φ(wb).
It can be shown that having a proper method to find a solution to (1)-
(3) is enough to solve the real-life motivated problem given by restrictions∑
x∈X wx ≤ 1 and

∑
x∈X cxwx ≤ 1 (see Harman and Benková (2015)).

Note that it is important that we require both (2) and (3) to be satisfied;
the single cost constraint (3) can be easily transformed to the size constraint
(2) and solved by standard methods.

2 Theoretical results and the barycentric algorithm

Let X+ = {x ∈ X : cx > 1}, X− = {x ∈ X : cx < 1}, X0 = {x ∈ X : cx =
1}. In order to ensure feasibility of (1)-(3), we assume that X+ 6= ∅ and
X− 6= ∅. We will also assume that X0 6= ∅; all results can be modified in a
straightforward way for the (simpler) case X0 = ∅.
Define δx+ = cx+ − 1 > 0 for x+ ∈ X+ and δx− = 1− cx− > 0 for x− ∈ X−
and let Qn+ denote the the polytope of all feasible designs of (1)-(3).
For any regular w ∈ Qn+, let d(w) denote the variance (sensitivity) function,
which is, in our case, the n-dimensional vector with components dx(w) =
fT(x)M−1(w)f(x); x ∈ X .
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Theorem 1 Let w ∈ Qn+ be a regular design. Then, the following three
statements are equivalent: (i) The design w is D-optimal in Qn+. (ii) There
exists h ∈ R such that dx(w) ≤ m + h(cx − 1) for all x ∈ X . (iii) It holds
that maxx0∈X0 dx0(w) ≤ m and

max
x+∈X+

dx+
(w)−m
δx+

+ max
x−∈X−

dx−(w)−m
δx−

≤ 0.

The barycentric algorithm is a multiplicative method proposed in Harman
(2014) for computing approximate D-optimal designs under linear con-
straints on the weights. The key component is a formula for barycentric
coordinates of each w ∈ Qn+ in the set of all extreme vectors of Qn+. This
formula results in a proper form of the barycentric transformation (5)-(8).
For any regular w ∈ Qn+ and x+ ∈ X+, x− ∈ X− define the weighted

variances d̃x+x−(w) = (δx+ + δx−)−1(δx+dx−(w) + δx−dx+(w)).

The barycentric algorithm starts with a positive design w(0) ∈ Qn+ and

computes a sequence of designs {w(t)}∞t=0 by the formula

w(t+1) = TB(w(t)) for all t = 0, 1, . . . , (4)

where TB(·) is for any regular w ∈ Qn+ given by

TB(w) = w � dπ(w), (5)

where � is the componentwise multiplication and dπ(w) is given by

dπx+
(w) =

∑
x−∈X− wx−δx− d̃x+x−(w)

msδ(w)
; x+ ∈ X+, (6)

dπx−(w) =

∑
x+∈X+

wx+
δx+

d̃x+x−(w)

msδ(w)
; x− ∈ X−, (7)

dπx0
(w) =

dx0(w)

m
; x0 ∈ X0, (8)

where sδ(w) =
∑
x+∈X+

δx+
wx+

=
∑
x−∈X− δx−wx− , for all w ∈ Qn+.

The general theory in Harman (2014) implies that the sequence of infor-
mation matrices {M(w(t))}∞t=0 corresponding to the sequence of designs
generated by (4) converges to some non-singular matrix M∞, but it is
does not guarantee that M∞ is the optimal information matrix. However,
for the specific case of size-and-cost constrained designs and the specific
barycentric coordinates used, the following theorem holds.
Theorem 2 Let w(0) ∈ Qn+ be a positive design and let w(t+1) = TB(w(t))

for t = 0, 1, . . . . Let lim inft→∞ sδ(w(t)) > 0. Then, limt→∞ φ(w(t)) =
φ(w∗), where w∗ is any solution of (1)-(3).
The second part of the following theorem introduces a “deleting rule”,
which can be employed to remove redundant design points in order to
increase the speed of the algorithm.
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Theorem 3 Let w ∈ Qn+ be a regular design, let w∗ ∈ Qn+ be a D-optimal

design, and let ε = max
(

maxx+∈X+,x−∈X− d̃x+x−(w),maxx0∈X0 dx0(w)
)
−

m. Then,

eff(w|w∗) ≥ m

m+ ε
.

Let hm(ε) = m
(

1 + ε/2−
√
ε(4 + ε− 4/m)/2

)
. Then,

(i) maxx−∈X− d̃x+x−(w) < hm(ε) for some x+ ∈ X+ implies w∗x+
= 0.

(ii) maxx+∈X+
d̃x+x−(w) < hm(ε) for some x− ∈ X− implies w∗x− = 0.

(iii) dx0(w) < hm(ε) for some x0 ∈ X0 implies w∗x0
= 0.

Figure 1 displays times and efficiencies of 100 randomly generated problems
computed by the barycentric algorithm and selected competing methods.
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FIGURE 1. A comparison of selected algorithms for computing approximate
D-optimal size-and-cost constrained designs.
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Abstract: The drug discovery and development processes are typically costly
and time consuming. Hence, it is crucial to identify early failure of candidate
compounds and thereby save time and investment in a later stage. We propose
structural equation modeling (SEM) based approach for an integrated analysis
which combines information from three data sources: (1) bioactivity variables,
(2) variables representing the chemical structure of the compounds, and (3) gene
expression data. The proposed model allows to estimate the effects of the gene
expression on the biological activity variable and furthermore, it allows to de-
compose the effect of the chemical structure on the biological activity into direct
and indirect (i.e. the effect via the gene expression) effects.
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1 Introduction

The drug discovery and development processes are typically costly and
time consuming. Hence, it is crucial to identify early failure and thereby
save time and investment in a later stage. The decision to continue/stop
a development process in drug discovery should ideally be based on scien-
tific parameters that are predictive of later outcomes, and which can be
determined quickly and at relatively low cost.
Currently, microarray technology (Amaratunga et al., 2014) is used to mon-
itor simultaneously the activity of thousands genes and their response to
a certain drug. Microarrays are providing new insights into the molecular
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pathology of human cancers and are helping to identify many new addi-
tional targets for drug discovery. By understanding gene expression pat-
terns, researchers can gain information that can link sites of expression,
biochemical pathways, and normal or pathological functions in organs and
whole organisms.
However, relevant biologically data are acquired in a late stage of the re-
search process. The use of biomarkers can reduce the costs and increase
efficiency, and they should be incorporated early in the development pro-
cess to gain information that can aid the development. In this paper we
propose an approach based on structural equation modeling to combine
information from the three data source, i.e., the bioactivity, the chemical
structure of the compound, and the gene expression, and select a subset of
genes which can be used as biomarkers.

2 Methodology: Structural equations modeling
(SEM)

Three data sources were obtained from an oncology project, which focused
on the inhibition of the fibroblast growth factor receptor (Verbist et al.,
2015). The chemical structure (presence or absence of fingerprint feature,
FFP, in a compound/molecule), the gene expression data and the bioactiv-
ity (IC50) outcome. Let Xij be the jth gene expression (j = 1, . . . , 3595), of
the the ith compound (i = 1, . . . , 35). The measurement for the bioactivity
is denoted by Yi. Let Zi be an indicator variable, which takes value 1 if the
fingerprint feature (FFP) is present in the ith compound, and 0 otherwise.
The key idea behind a structural equation model (SEM) is that the causal
relationships among the variables determine the expected pattern of corre-
lation (Li et al., 2006). For the analysis presented in this paper, SEM with
observed variables were considered (Bollen, 1989). The main advantage of
our approach is that it allows to decompose the total effect of chemical
substructure on the bioassay into the direct (effect of the Z on Y unmedi-
ated by X) and indirect effects (effect of the Z on Y , mediated by X). Our
primary interest is to select genes which maximize the indirect effects. The
indirect and direct effects are shown in Figure 1.
The SEM consists of a structural model (i.e., a path analysis model) which
describes the casual relationship between the variables. The model is visu-
alized in Figure 1 (right panel). Formally the model can be expressed as
set of two models given by:

X = γ1Z + ε1, Y = γ2Z + βX + ε2, (1)

where: γ1 and γ2 are the fingerprint effects on the gene expression and the
bioassay respectively, β is the gene specific effect on the bioassay, ε1 and
ε2 are the uncorrelated measurement errors. It is assumed that (ε1, ε2) ∼



Bigirumurame et al. 41

FIGURE 1. Fingerprint feature and gene expression direct effects on the bioassay
(blue arrows in the left panel. Fingerprint feature indirect effect on the bioassay
through the gene expression (red arrows in the right panel).

N(0, ψ), var(Z) = φ, and cov(εi, Z) = 0. The indirect effect of the FFP for
a given gene j is equal to γ1jβ, whereas the direct effect is γ2.
The unknown parameters can be estimated using the maximum likelihood
estimation method. The model in Equation (1) is fitted gene by gene, and
multiple testing adjustment using FDR (Benjamini and Hochberg, 1995) is
performed to find significant parameters.

3 Results

In this section we present results for one of the genes that was selected
using the SEM. This gene (gene 1) corresponds to the subset of genes
which maximize the indirect effects. For these subset of genes, we expect to
explain most of the FFP effects on the bioassay through the FFP effects on
the gene expression. This type of genes is characterized by high FFP direct
effect on the gene expression and high gene direct effect on the bioassay.
These genes have relatively high correlation between the gene expression
and the bioassay and they are differentially expressed. Figure 2 shows a
typical gene. The indirect effect was equal to −0.56 and the direct effect was
equal to −0.11. Note that the BH-FDR procedure was applied to correct
for multiple testing

4 Discussion

There are many challenges in the drug discovery and development. Relevant
biological data are acquired too late in the research processes and the use of
biomarkers can reduce the cost and increase efficiency. The SEM presented
in this paper can be used to select genetic biomarkers which can help in
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FIGURE 2. Typical gene which maximizes the indirect effect.

the development process. Genes maximizing the indirect effect could help
in explaining the the effect of the FFP on the bioassay.
After detecting significant genes, one can find to which pathways they be-
long, in order to have an insight about the mechanism of action of given
chemical. The gained information, thus could help in lead optimization. If
toxicity related genes are identified, it could help in deciding to continue/or
stop the development process with compounds having a given chemical sub-
structure.
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Abstract: The present paper contributes to the literature in the following way.
We investigate shrinkage for time-varying Parameter (TVP) models based on the
normal-gamma prior which has been introduced by Griffin and Brown (2010) for
standard regression models. Our approach extends Belmonte et al. (2014) who
considered the Bayesian LASSO prior, which is a special case of the normal-
gamma prior. We show how the normal-gamma prior can easily be extended to
the TVP models. We present both a univariate and a multivariate application.
First we choose EU area inflation modelling based on the generalized Phillips
curve, then we draw our attention to a multivariate time series with a time-
varying covariance matrix and analyse DAX-30 data. Our findings suggest, that
the normal-gamma prior bears advantages over the Bayesian Lasso prior in terms
of statistical efficiency and performs significantly better when drawing attention
to the predictive performance.

Keywords: Time-varying parameter model; Hierarchical shrinkage; Normal-
gamma prior.

1 Introduction and model

Time-varying parameter (TVP) models are a popular tool for handling
data with smoothly changing parameters. The model reads:

yt = xtβ + εt, εt ∼ N (0, σ2
t ),

βt = βt−1 + ωt, ωt ∼ Nd(0,Q),

where βt follows a random walk starting from the unknown initial val-
ues β0, which is assumed to be specified by a normal prior distribution
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β0 ∼ Nd(a0,P0), further β0 is independent of (εt) and (ωt), which are
independent and mutually independent Gaussian innovations. xt is a d-
dimensional vector xt = (xt1, . . . , xtd) with xt1 = 1 containing the re-
gressors of this regression model. We assume Q to be a diagonal matrix. In
general we allow σ2

t to be time-dependent which allows to introduce flexible
error models such as stochastic volatility error models. However, in situ-
ations with many parameters the flexibility underlying these models may
lead to overfitting models and, as a consequence, to a severe loss of statisti-
cal efficiency. This occurs, in particular, if only a few parameters are truely
time-varying, while the remaining ones are constant or even insignificant.
As a remedy, hierarchical shrinkage priors have been introduced. We make
use of the normal-gamma prior and show how it can easily be extended
to TVP models. In particular we use shrinkage priors for the initial values
and the square root of the variances in a non-centered reparametrization
(cf. Frühwirth-Schnatter and Wagner, 2010) of the model above:

βj ∼ N (0, τ2
j ), τ2

j ∼ G(aτ , aτλ2/2),
√
θj ∼ N (0, ξ2

j ), ξ2
j ∼ G(aξ, aξκ2/2),

Obviously the gamma distribution with aτ = 1 corresponds to the expo-
nential distribution and subsequently the Bayesian Lasso prior results as
a special case of the normal-gamma prior. We assume that aτ and aξ are
fixed. λ2 and κ2 follow a gamma distribution with fixed hyperparameters
d1, d2, e1, e2. We discuss the critical choice of these hyperparameters and
aim at giving a guideline for users.

2 Applications

In order to demonstrate the capability of our approach we apply it to a
real-world dataset. We follow Belmonte et al. (2014) and analyse EU-area
inflation based on the generalized Phillips curve. In this context inflation
depends on lags of inflation and other predictors such as unemployment
rate, money supply and changes in the oil price.
Due to the lack of formal classification rules, like posterior inclusion prob-
abilities, one needs to find an alternative way to classify the predictors into
three different categories of interest (time-varying, significant but static,
insignificant). One possible way it to use simple visual inspection. Figure 1
displays the posterior paths of the regressors in the centered parametriza-
tion βtj = βj +

√
θj β̃tj and Figure 2 shows the corresponding posterior

densities of
√
θj of those four predictors for two different hyperparame-

ters settings. The blue line indicates a normal-gamma prior setting with
aτ = aξ = 0.1 and the red line the special case of a Lasso prior setting with
aτ = aξ = 1.0. Neither 1-year Euribor (Euro Interbank Offered Rate) nor
Loans exhibit a signed square root of the variance which significantly differs
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FIGURE 1. Posterior paths of four regressors βtj = βj +
√
θj β̃tj .

FIGURE 2. Posterior densities for various predictors; blue: aτ = aξ = 0.1, red:
aτ = aξ = 1.0; d1 = d2 = e1 = e2 = 0.001.

from zero. Therefore the hypothesis of time-variation of those parameters
can be rejected in both cases. For Unemployment Rate we can find a dif-
ferent pattern. It exhibits clearly time-varying behaviour as indicated by
the bimodal structure of the posterior density plots, for Monetary Aggre-
gate M3 it is difficult to decide whether it can be regarded as significant
or time-varying, depending on the choice of hyperparameters the outcome
differs. In the interest of comparing the predictive performance of various
shrinkage priors we evaluate the cumulative log predictive scores for various
shrinkage priors as in Figure 3. We can see, that the normal-gamma prior
significantly outperforms the Bayesian LASSO prior, which is a special case
of the normal-gamma prior with aξ = aτ = 1.0.
Our approach can easily be extended to a multivariate time series yt ∼
Nd(0,Σt) with time-varying covariance matrix. We analyse German stock
index data (DAX-30) between 2001 and 2012. Using a time-varying Cholesky
decomposition in the spirit of Lopes et al. (2013), it is possible to present
this model as a set of time-varying regressions. We estimate more than
400 dynamic coefficients βij,t and find a very sparse pattern as shown in
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FIGURE 3. Predictive evaluation for various shrinkage priors over the last 80
months. Red: aτ = aξ = 1.0; green: aτ = aξ = 0.1, black: aτ = aξ = 0.01,
d1 = d2 = e1 = e2 = 0.001.

FIGURE 4. Comparing Cholesky factors βij,t for t = 750. Left: Shrinkage via the
normal-gamma prior, right: without a shrinkage prior setting.

Figure 4 for most of the time, here we show only one point in time: t = 750.
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Abstract: The so called normal linear calibration model (Usual-M) is used fre-
quently in many areas. In analytical chemistry to determine the concentration
of an element in samples, beforehand the analyst makes up a set of standards
of know concentrations and assumes that the measurement error on this sample
standards preparation process is negligible. Those measurement errors can lead
to incorrect statistical inferences on the Usual-M. In the last two decades, the
skew-normal distribution has been shown beneficial in dealing with asymmetric
data in various theoretic and applied problems. In this work, we introduce a new
calibration model considering skew-normal distributed error model, replicated
measurement on the response variable and also assuming measurement errors on
independent variable, which has the Usual-M as special case. Illustrative exam-
ples with chemical real data are reported.
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1 Introduction

In analytical chemistry, a calibration model is a general method for deter-
mining concentration of a substance in a sample. The calibration models
are defined on two stages, in the first stage, it was prepared standard solu-
tions with known concentrations (say, X) chosen to cover a required range,
and then it was measured the absorbance (say, Y ) of each solution. In
the second step, it was measured the absorbance (say, Y0) of the unknown
concentration (say, X0) solution.
Linear calibration models with measurement errors can be found in Blas
et al. (2007) and Blas and Sandoval (2010). In many applied problems,
those calibration models may be not suitable when the data involves highly
asymmetric observations. Figueiredo et al. (2010) studied the linear cali-
bration model assuming that the errors have skew-normal distribution, as
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one generalization of Figueiredo’s work we propose the new linear calibra-
tion model by assuming measurement errors and skew-normal distribution
for the error model. The rest of this extended abstract unfolds as follows.
Section 2 briefly outlines some preliminaries of the skew-normal distribu-
tion. In Section 3 it is shown the hierarchical representation for the skew
controlled calibration model (SCCM) by incorporating two latent variables.
In Section 4 we apply to a real data set.

2 The skew-normal distribution

As developed by Azzalini (1985) a random variable Y follows a univari-
ate skew-normal distribution with location parameter ξ, scale parameter
σ2 and skewness parameter λ ∈ R if it has the density ψ(y|ξ, σ2, λ) =
2
σφ
(
y−ξ
σ

)
Φ
(
y−ξ
σ

)
, where φ(·) and Φ(·) denote the standard normal den-

sity function and cumulative distribution function, respectively; then, for
brevity, we say that Y ∼ SN(ξ, σ2, λ). Nota that if λ = 0, the density of
Y reduces to the N(ξ, σ2) density.
Using the Henze (1986) reparametrization we write the variable Y ∼ SN(ξ,

σ2, λ) as Y = ξ + σ
(

λ√
1+λ2

Ui + 1√
1+λ2

Vi

)
, with Ui ∼ HN(0, 1) and

Vi ∼ N(0, 1). Hence, considering the reparametrization τ = σ λ√
1+λ2

, η =

σ 1√
1+λ2

we write Y = ξ + ηUi + τVi.

3 New approach

The skew-normal controlled calibration model is defined by:

Yij = α+ βxi + εij j = 1, . . . ,mi, and i = 1, . . . , n, (1)

xi = Xi + ui i = 1, . . . , n, (2)

Y0i = α+ βX0 + ε0i i = 1, . . . , r (3)

with the following assumptions on the random errors: εij , ε0i
ind∼ N(0, σ2

ε ),

ui
ind∼ SN(0, σ2

u, λ), cov(ui, εij) = 0 for all i, j and cov(ui, ε0j) = 0 for all
j = 1, . . . ,mi and i = 1, . . . , n. The model parameters are α, β,X0, σ

2
ε and

σ2
u and the main interest is the estimation of the unobserved quantity X0.

Some comments are in order here. The variable Xi in (1) is controlled, then
(εij + βui) is independent of Xi (Berkson-type errors).
Considering the reparametrization defined in the model (1) – (3) can be
written as hierarchical form as

Yij |xi ∼ N(α+ βxi, σ
2
ε ), xi|ti ∼ N(Xi +4ti,Γ), ti ∼ HN(0, 1),

Y0j ∼ N(α+ βX0, σ
2
ε ), (4)

where 4 = σuδ, Γ = σ2
u(1− δ2) and δ = λ√

1+λ2
. An approximation for the

variance of X̂0 is derived from the Fisher information matrix.
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3.1 The EM algorithm

From the hierarchical model (4), it follows that the complete-data log-
likelihood function, which is denoted by lc(θ|Y,Y0,x, t), with t = (t1, . . . , tn),
x = (x1, . . . , xn), Y = (Y >1 , . . . , Y >n )>, Y0 = (Y01, . . . , Y0r)

> and Yi =
(Yi1, . . . , Yimi), i = 1, . . . , n.

For the current value θ̂
(k)

= (α̂(k), β̂(k), X̂0, σ̂2
ε

(k)
, σ̂2
u

(k)
) in the iteration k,

the E-step of the EM-type algorithm requires the evaluation of Q(θ|θ̂
(k)

) =

E[lc(θ|Y,Y0,x, t)|Y,Y0, θ̂
(k)

], where the expectation is taken with respect
to the joint conditional distribution of x given Y and Y0. Let the follo-

wing quantities x̂i
(k) = E[xi|Y,Y0, ti, θ̂

(k)
], x̂2

i

(k)
= E[x2

i |Y,Y0, ti, θ̂
(k)

],

t̂i
(k)

= E[ti|Y,Y0,xi, θ̂
(k)

], t̂2i
(k)

= E[t2i |Y,Y0,xi, θ̂
(k)

], and t̂ixi
(k)

=

E[tixi|Y,Y0, θ̂
(k)

], then the EM algorithm is given by:

E-Step: Given θ = θ̂
(k)

, compute x̂i
(k), x̂2

i

(k)
, t̂i

(k)
, t̂2i

(k)
and t̂ixi

(k)
for

i = 1, . . . , n.

M-Step: Update θ̂
(k+1)

by maximizing E[lc(θ|Y,Y0,x, t)|Y,Y0, θ̂
(k)] over

θ(k).

4 Application

An application is presented by using the data supplied by the chemical
laboratory of the ”Instituto de Pesquisas Tecnológicas (IPT)” - Brazil.
The main interest is to estimate the unknown concentration value X0 of
the element barium.
Table 1 (a) presents the fixed values of concentration of the standard so-
lutions and the corresponding observed intensities for the element barium,
which are supplied by the plasma spectrometry method. This data set is
referred to as the first stage of the calibration model. Table 1 (b) presents
the observed intensities corresponding to the 3 sample solutions. This data
set is referred to as the second stage of the calibration model. All estimates
were computed considering the intensities divided by 10000 in order to
achieve numerical stability.
Table 2 describes the ML estimates for α, β,X0, σ

2
ε , σ

2
δ and the confidence

interval amplitude U(X̂0) for the normal controlled calibration model (N)
and for the skew normal controlled calibration model (SN). The amplitude
U(X̂0) is given by the product of the squared root of the estimated variance
of X̂0 and 1.96. We can observe that the estimated asymptotic standard
errors from the new model are smaller than the values obtained from the
usual model N.
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TABLE 1. Left: Concentration (mg/g) and intensity of the standard solutions
from barium element. Right: Intensity of the sample solutions of barium element.

Xi

X1 = 0.1 X2 = 0.2 X3 = 0.5 X4 = 1.06

185082.2 373543.2 913829.3 1895804.6
184583.0 375166.9 894229.6 1926319.8
184906.3 369481.1 911759.2 1886632.8

Intensity (Y0)

279034.2
279562.1
278462.2

TABLE 2. Parameter estimates of the proposed and usual models. Values in
parenthesis are the estimated asymptotic standard errors.

distribution α̂ β̂ X̂0 U(X̂0)

SN 1.073 1.786e+02 1.502e-01 2.548e-05
(0.184) (0.518) (1.3e-05) -

N 1.138 1.786e+02 1.499e-01 7.031e-03
(0.437) (0.733) (0.003) -

5 Concluding remarks

In the application we can observe that estimated asymptotic standard er-
rors from the new model is smaller than the usual model. In the error
proposed model term, due to spectral interferences, stray light and slow
response of the amplifier-recorder system, also due to the measurement
errors from the standard sample preparation process seem to lead to a
skew-normal error distribution. Thus, this new approach could fit better
for chemical data.
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Abstract: Uncertainty of observations is modelled as a distribution over the po-
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1 Introduction

When data are observed exactly, nonparametric estimation of the underly-
ing density is an established alternative to parametric models. Several ap-
proaches to nonparametric density estimation are available, their proper-
ties have been thoroughly studied, and the additional flexibility mostly
outweighs the loss in efficiency as compared to parametric methods.
If data are not observed exactly, but an uncertainty distribution over the
potential values is given for each observation, the situation is less well
studied. The aim of this work is to assess and compare the performance
of a nonparametric and a corresponding parametric method for density
estimation based on uncertain observations by means of a simulation study.

2 Model and methods

We denote by X the continuous random variable of interest with probability
density function f and cumulative distribution function F . The support
of the target density is partitioned into K (narrow) disjoint intervals Ik
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of length ∆ with midpoints uk, k = 1, . . . ,K. This implies that P (X ∈
Ik) =

∫
Ik
f(x) dx and we denote these probabilities by γk. To keep notation

simple, we also denote this discretized version of the random variable by
X and identify the interval Ik with the midpoint uk, so that P (X = uk) =
γk. Estimation of the density f essentially is replaced by estimating the
vector of probabilities γ = (γ1, . . . , γK)T. Instead of a sample of exact
data (x1, . . . , xn) we only obtain uncertain observations. That is, for each
observation i we have a distribution gi = (gi1, . . . , giK) over the potential
values uk, with gik ≥ 0 and

∑
k gik = 1. The properties of the individual

gi can vary across i but here we will consider the following scenario: The
uncertainty distributions are centered around the true observation and have
non-zero elements over an interval [li, ri] only. The interval ranges over
1 + 2 ε

∆ discretization intervals Ik, where the middle interval contains the
true observation. The size of ε determines how wide the interval [li, ri] is;
for ε = 0 we would obtain exact (discretized) observations. (Intervals at
the boundaries are adapted so that they stay within the support of the
distribution.) The probabilities gik are always such that the expected value
of the uncertainty distribution is equal to the true value. The uncertainty
distributions are collected in a n×K matrix G = (gik)i,k.

2.1 Nonparametric estimation

To estimate γ = (γ1, . . . , γK)T, and thereby the underlying density f , non-
parametrically based on the uncertain data collected in the matrix G, we
only assume that f (and consequently the elements of γ) is smooth. The
element gik gives the contribution of observation i to the interval Ik. As
proposed by Çetinyürek Yavuz and Lambert (2011), we can construct pseu-
docounts yk =

∑n
i=1 gik as column sums of G, which describe the contribu-

tion of the whole sample to the interval Ik, k = 1, . . . ,K. (Note that these
pseudocounts in general are not integer numbers, but we could round yk to
the nearest integer value.) Then, y = (y1, . . . , yK)T has a multinomial dis-
tribution with probability vector γ. Equivalently, we can view the yk as in-
dependently Poisson distributed with expectation µk = nγk. We apply the
discrete penalized likelihood smoothing introduced by Eilers and Borgdorff
(2007) to derive a density estimate from the pseudocounts. That is, we

maximize the penalized log-likelihood lp =
∑K
k=1(ykηk − µk)− λ

2 η
TDTDη,

where ηk = logµk and Dη are second or third order differences of the el-
ements of η = (η1, . . . , ηK)T. The smoothing parameter λ is chosen using
AIC or BIC (Çetinyürek Yavuz and Lambert, 2011).

2.2 Parametric estimation

To estimate the density f in a parametric model, that is, under the as-
sumption that it is known up to a finite-dimensional parameter vector θ,
we modify the estimating strategy as follows. Again we use pseudocounts as
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in Section 2.1, however, we replace the vector γ by an appropriate function
of the parameters θ. The specific form of γ(θ) depends on the distribution
that is to be estimated in the following way: The expected values µk of the
pseudocounts yk are given by µk = nγk = n

∫
Ik
f(x; θ) dx. If the length ∆

of the discretization intervals Ik is sufficiently small, µk can be approxi-
mated by n∆f(uk; θ). This parameterization of µk enables us to estimate θ
by fitting a corresponding Poisson model with a predictor that is nonlinear
in θ. The gnm-package in R offers algorithms to estimate such generalized
nonlinear models (Turner and Firth, 2012).

3 Simulation study

A simulation study was conducted in order to examine and compare the
two approaches. We generated samples of size n = 100 and n = 1000
according to two target distributions: a unimodal Gompertz distribution
and a bimodal mixture of two Gompertz distributions. The target interval
[0, 110] was subdivided into K = 110 intervals of length ∆ = 1.
Several uncertainty distributions g were implemented by varying the in-
terval width ε and the shape of g (truncated normal or uniform). Each
setting was replicated 100 times. We assessed the quality of the estimates
graphically and by a discrete approximation to the integrated squared er-
ror, ISE(f̂) ≈

∑K
k=1 ∆(f̂(uk)− f(uk))2.

4 Discussion and outlook

Differences between the two approaches become noticeable only when the
width of the uncertainty intervals is considerable. Figure 1 illustrates the
results for n = 100 and interval width ε = 8. For the unimodal Gompertz
distribution both methods are fairly equal, while the parametric approach
naturally is advantaged in the bimodal case (if the model is specified cor-
rectly), if only slightly. The setting will be extended further to uncertainties
that show some systematic pattern over the range of X.
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FIGURE 1. Uncertainty distribution with ε = 8. Top: uniform, bottom: truncated
normal. Nonparametric estimates based on AIC and penalty order 3. Sample
size n = 100. Solid black line: true distribution, dashed black line: mean of 100
replications.
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Abstract: In order to group variables of survey data into homogeneous sub-
groups, usually the exploratory factor analysis is used. This method is based on
the common factor model. In the present study an alternative approach is sug-
gested that does not make assumptions about an underlying model. We propose
two new k-means approaches: k-means scaled distance measure where items are
represented in a coordinate system in a way so that their distance is based on one
minus their correlation; and k-means cor where items inter-correlations are di-
rectly taken as the coordinate points of the items. The comparative performance
of both methods is tested with real data and simulated data. Advantages of these
new methods are discussed.

Keywords: K-means; Clustering of items; Exploratory structure detection.

1 Introduction

The most frequently used method for exploratory structure detection in
psychometric data is the exploratory factor analysis (EFA). The aim of
EFA is the detection of the ”‘true”’ factor model,

Σ = ΛΦΛT + U2,

where Σ is the p× p correlation matrix of the p observed variables, U2 is
the diagonal p × p matrix of the unique variances, Λ is the p ×m matrix
of the factor loadings on the m < p factors, and Φ stands for the m ×m
matrix of the factor inter-correlations.
However, EFA is known to exhibit some problems. The major mathematical
drawback is the factor indeterminacy. Further problems are for example its
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tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
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weak performance in small sample sizes (n ≤ 150) and with high cross-
loadings (e.g. Sass, 2010; Velicer and Fava, 1998), as well as the general
issue of the underlying measurement model including uncorrelated residual
variances, what may be difficult to justify (MacCallum and Tucker, 1991).
We suggest two new k-means approaches as an alternative.

2 Non-hierarchical clustering of items

2.1 K-means clustering of items

The idea of k-means clustering of items is that the items are points in a
coordinate system and the square distances between each item of a cluster
and its centre are minimized iteratively. Therefore, a way has to be found
in which the items can be represented in a coordinate system. Both of the
methods suggested here are based on correlations.
In the first approach, k-means scaled distance measure (sdm), the idea is to
create coordinate points in a way so that the distance between these points
are directly based on correlations. Therefore, the distance between the two
variables X1 and X2 is described as

dsdm(X1, X2) =
√

0.5− 0.5 · Cor(X1, X2)

To represent the items in a coordinate system in a way so that the distance
between two items is dsdm(X1, X2), a scaling procedure is used that is based
on the idea of multidimensional scaling.
The idea of the second approach is that the correlations between the items
are directly used as the coordinates of the items. The vector of correlations
of one item to all the other items is represented as the coordinates of this
item. The distance between two items is then

dcor(X1, X2) =
∑
i

(
Cor(X1, Xi)− Cor(X2, Xi)

)2
The item assignment to clusters has to be preceded by a dimensionality
assessment in which the best-fitting number of clusters is determined.

2.2 Silhouette width for assessment of dimensionality

The silhouette width (Brock et al., 2008) is based on each item’s silhouette
value, which is defined in the following manner:

S(j) =
bj − aj

max(bj , aj)
,

where aj is the average distance between j and all the other observations
in the same cluster, and bj is the average distance between j and all the
observations in the nearest neighboring cluster.
These values are then all summed up across items in order to get the
silhouette width. The number of clusters is selected for which the silhouette
width is highest.
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3 Comaparison of methods

3.1 Design of the simulation study

The two new k-means approaches are compared to EFA and existing cluster
analysis approaches: ClustOfVar and two hierarchical clustering methods,
CAAL and CACL. Three different types of simulations are used for com-
parison of the accuracy of the used methods. First, we use the Real World
simulation, a new approach using real data. Second, a traditional Monte-
Carlo simulation is conducted. And third, we make a cross validation with
confirmatory factor analysis (CFA).
The Real World simulation is a resampling technique in which the results
of each method in a real, huge data set is regarded as the population model.
Samples of different sizes are then drawn with replacement from this data
set and the results of each method in the sub samples are compared to the
population model. The two data sets we use are the NEO-PI-R, a widely
used big-5 personality inventory (n = 11724) and the IST-2000-R, that
measures intelligence in three major domain (n = 1352).
For dimensionality assessment, success rates are reported for each sample
size, i.e. the percentage of identical number of factors as in the population
data. And for item assignment, we set the number of factors to the the-
oretically assumed number. Similarity is then determined using the Rand
Index (Rand, 1971), calculated by counting the number of correctly classi-
fied pairs of elements.
In the traditional Monte-Carlo simulation, we specify the factor model, the
EFA has found in each of the population data sets and draw samples of
different sizes. In the first simulation condition, all parameters are taken
from the population model and in the second simulation condition, residual
correlations are set to zero.
For the CFA cross-validation, we specify factor models with combinations of
different dimensionality assessment methods and different item assignment
methods on sub-samples of the data set. We subsequently test the specified
model on the entire data set with CFA, reporting BIC values.

3.2 Results

In the Real World simulation the dimensionality assessment methods with
the highest success rates are in both data sets the EFA methods and k-
means cor with silhouette. The hierarchical CA methods with silhouette
had the lowest success rates across data sets. For item assignment, the new
k-means sdm shows the highest Rand Index of all methods in both data
sets (see Figure 1). Especially for smaller sample sizes it outperforms EFA.
In the traditional Monte-Carlo simulation, when specifying the popula-
tion model without residual correlations, EFA dimensionality assessment
methods were the ones to achieve the highest success rates. When adding
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FIGURE 1. Item assignment: Rand Indexes for Real World simulation and tra-
ditional simulation.

residual correlations though, their performance dropped considerably while
other methods like k-means cor performed better. For item assignment in
the traditional simulation, the highest Rand Indexes were achieved by k-
means sdm followed by EFA.
In the CFA cross-validation, the combination of k-means sdm and EFA
Parallel Analysis obtained the lowest BIC’s in both data sets.

4 Discussion

The above results show that the main advantage of the new approaches are
(a) that cluster scores are determinate and (b) for item assignment k-means
sdm obtains better results than EFA and other cluster analysis approaches.
We therefor suggest to use a combination of EFA Parallel Analysis methods
for dimensionality assessment and k-means for item assignment.
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Abstract: The use and misuse of antibiotics has over time lead to resistance of
bacteria to several antibiotics. The aim of this study is to compare persistence
of resistance to penicillin and erythromycin in respiratory streptococci. Based on
a forward selection procedure for a multiple logistic regression model, a general-
ized estimating equations model was constructed. Because we assume that there
is some residual resistance in the population, the link function was adjusted. Us-
ing this model we have shown that the evolution of resistance to penicillin and
erythromycin over time does not differ significantly and that parameter estimates
are influenced greatly by accounting for residual resistance in the population.
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1 Introduction

Antibiotic resistance poses a substantial threat to public health as it is
related to treatment failure and increased mortality (French, 2005). One
part of the solution to this problem is to study the relationship between
antibiotic use and resistance in order to develop targeted interventions.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
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The impact of antibiotic use on resistance in oropharyngeal streptococci has
been assessed in two randomized placebo-controlled trials (RCTs) (Malhotra-
Kumar et al., 2007; Chung et al., 2007). These studies have shown that
persistence of resistance after exposure to macrolides lasts for more than
six months, while it is estimated to be much shorter after exposure to
amoxicillins. The objective of this paper is to compare the evolution of
resistance to penicillin and erythromycin in respiratory streptococci based
on routinely collected data with RCT results.

2 Methodology

Information on resistance of respiratory streptococcus isolates to penicillin
or erythromycin (data for 2005) was coupled with information on oral con-
sumption of penicillins and cephalosporins (CD) or macrolides and tetra-
cyclines (AF), respectively (reimbursement data for July 2004 – December
2005) (Catry et al., 2008). For each isolate antibiotic use prior to sam-
pling was considered and isolates for which time between use and sampling
was at least four days were selected. The data contain information on the
status of resistance for 358 isolates in 339 patients. Explanatory variables
that were considered in the statistical analyses are treatment (CD or AF),
bacteria (S. pyogenes (PY) or S. pneumoniae (PN)) and log(time).
A multiple logistic regression model using a logit link and the status of
resistance as the binary response was constructed. A forward selection pro-
cedure was used to reach a model that includes all significant exploratory
variables and two-way interactions. Included variables were treatment, bac-
teria and log(time). Since we were mainly interested in the difference in the
evolution of resistance between the two treatment groups, the interaction
between log(time) and treatment was added to this model. A generalized
estimating equations (GEE) model including these four variables and an
independent working correlation was constructed in order to account for
the dependency between isolates from the same patient.
Both models implicitly assume that the resistance rate falls back to 0%
when there is enough time between use and sampling. To relax this assump-
tion, we acknowledged the residual resistance in the population (baseline
resistance (BR)) and adjusted the link function accordingly:

log

(
p

1− p

)
→ log

(
p

g − p

)
with g = 1−BR.

3 Results

We plotted the evolution of BR over time, where BR was calculated as
the percentage of resistant isolates with time between use and sampling
between t − 186 and t (with t = 186, . . . , 372) (Figure 1). Because this
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estimate was rather unstable, we conducted a sensitivity analysis in which
we fitted the GEE model using different BR estimates (for t = 248 (BR
3−8 months), t = 310 (BR 5−10 months) and t = 372 (BR 7−12 months))
(Table 1).
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FIGURE 1. Evolution of baseline resistance over time for S. pyogenes (left) and
S. pneumoniae isolates (right) after treatment with macrolides and tetracyclines
(top) or penicillins and cephalosporins (bottom).

TABLE 1. Estimates (95% confidence intervals) of baseline resistance (BR) for S.
pyogenes (PY) and S. pneumoniae (PN) isolates after treatment with macrolides
and tetracyclines (AF) or penicillins and cephalosporins (CD).

BR 3− 8 months BR 5− 10 months BR 7− 12 months

PY AF 0.044 (0.002; 0.210) 0.063 (0.003; 0.283) 0.091 (0.005; 0.377)
PY CD 0.014 (0.001; 0.073) 0.000 (0.000; 0.065) 0.000 (0.000; 0.096)
PN AF 0.273 (0.132; 0.482) 0.177 (0.062; 0.410) 0.133 (0.037; 0.379)
PN CD 0.082 (0.036; 0.178) 0.059 (0.016; 0.191) 0.053 (0.003; 0.246)

When comparing the four GEE models, it can be seen that parameter
estimates altered by accouting for different BR estimates (Table 2). The
interaction between log(time) and treatment was not significant for all four
models. Further reduction of the models would result in a model including
treatment, log(time) and bacteria (for BR = 0 and 7 − 12 months) and a
model including treatment and log(time) (for BR 3−8 and 5−10 months).
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TABLE 2. Parameter estimates for the adjusted GEE model when using different
values for baseline resistance (BR).

Parameter BR = 0 BR 3− 8 BR 5− 10 BR 7− 12
months months months

Intercept -0.1011 -9.8544 -0.7523 -0.7255
Treat AF -2.4276 6.5846 -2.4914 -2.4976
Bacteria PY 1.5141** 1.2608 1.1099 1.3522*
Log(time) 0.5970** 5.3333 0.9936 0.9408*
Log(time)*treat AF 0.0974 -4.1991 0.0836 0.0901

*: p-value < 0.05; **: p-value < 0.01.

4 Conclusions

Compared to the RCT results, in this study no significant difference in the
evolution of resistance after treatment with penicillins or cephalosporins
and macrolides or tetracyclines was found. Our recommendation for fu-
ture studies on persistence of resistance is to acknowledge that baseline
resistance might not be zero and to adjust the link function accordingly.

References

Catry, B., Hendrickx, E., Prael, R., and Mertens, R. (2008). Eindrapport
IMA-BAPCOC-WIV: Verband tussen antibiotica consumptie en mi-
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Abstract: Urban air pollution exposure is associated with increased respiratory
health effects. Traffic-related air pollution specifically has been linked to adverse
respiratory health outcomes, and living near major roadways is associated with
increased respiratory illness. The city of Windsor, Ontario, is located on the
USA-Canada border and affected by trans-boundary air quality issues with high
density traffic burdens from trucks, cars, and commercial vehicles. A land use
regression (LUR) study (Wheeler et al., 2008) to predict seasonal multiple-source
pollutant concentrations of NO2, SO2 and volatile organic compounds indicated
that concentrations increased in the city with proximity to the international
border, with strong inter-pollutant correlations. Air pollution exposure can also
interact with socio-economic factors. Living in communities with lower household
income and education levels has been shown to be associated with increased
vulnerability to air pollution (Cakmak et al., 2006). Living near major roadways
is related to increases in respiratory illness and asthma in children (Dockery
DW, 2002). However, none of the previous studies linking ambient air pollution
to the prevalence of asthma considered spatial clustering. There could be two
types of clustering: first, clustering within neighbourhood. Clustering will induce
a positive correlation of the response of subjects in the same location and thus
suggest that there are inadequately modeled risk factors specific to the location
itself. Failure to account for this clustering issue can lead to underestimation of
the uncertainties associated with effect estimates. Second, health responses of
subjects living in closer neighbourhoods may be more similar compared to health
responses of subjects living in neighbourhoods further apart. Failure to account
for this type of clustering can also lead to underestimation of the uncertainties
associated with effect estimates. In this study, we present a spatial regression
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model linking spatial variation in ambient air pollution to respiratory health.
Our methods are illustrated with an analysis of respiratory health of elementary
school children in Windsor, Canada to determine whether indicators of social
status, such as family income and education, modify the respiratory health effects
of gaseous and particulate air pollution, as well as the effect of roadway or traffic
density on children’s respiratory health.

Keywords: Spatial model; GLM; Land use regression; Population health.

1 Introduction

The study included children with and without asthma in grades 4 to 6
in the Windsor public school system. An estimated 7,200 children were
approached for inclusion in 2005, with 2328 participating. Family socio-
economic status and medical history information were collected from the
Windsor Children’s Respiratory Health Study questionnaires. The volume
and type of traffic were collected for roadways in the vicinity of the sub-
jects home by a trained observer using an electronic counter within the
city of Windsor’s Public Works Department and Geomatics Division. The
Simple Traffic Count (STC) is the total volume of cars and trucks on each
road segment, expressed as a daily average. It is measured for approxi-
mately one week by an automated counter and data are available for all
arterial roads, and 75 percent of collector roads. The Turning Movement
Count (TMC) is the volume of traffic on a roadway segment, determined
by the volume and direction of traffic entering or leaving the segment of
roadway at adjacent intersections. The distance of the child’s home to var-
ious types of roadways is determined by creating a 200 m radius around
each child’s neighbourhood, centered on the postal code. This radius was
chosen as traffic-related pollutants (e.g., nitrogen oxides, carbon monox-
ide, volatile organic compounds) peak close to roadways and fall to back-
ground levels approximately 200 m from the pollutant source. Exposure to
traffic-related air pollution is calculated as the sum of the traffic counts
on all roadways within this boundary. Yearly city wide levels of air pollu-
tion were estimated by averaging measurements from two fixed monitors
within the city for hourly fine particulate matter (PM2.5), nitrogen dioxide
(NO2, ppb), and sulphur dioxide (SO2, ppb), obtained from Environment
Canadas National Air Pollution Monitoring System (NAPS) resolved to
the participants neighborhood using a land use regression model. Subjects
were categorised into three income levels based on questionnaire responses:
< $35000, $35000 – 80000, and > $80000, and into three education levels:
less than high school, high school or community college, and university or
higher. We then applied a statistical model for linking spatial variation in
ambient air pollution to prevalence of asthma. Our methods are illustrated
with an analysis of respiratory health of the elementary school children in
Windsor, Canada to determine whether indicators of social status, such as
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income and education, modify the respiratory health effects of gaseous and
particulate air pollution, as well as the effect of roadway or traffic density
on children’s respiratory health.

2 Statistical model

The model is formulated in two stages. In “Stage One”, health outcome
data is modeled by covariates at the individual level and indicator functions
for each community. Community-level covariates, such as air pollution, are
not included at this stage. Three basic regression models are considered
here: linear, logistic, and time to event. Estimates of the community-specific
health responses are determined using standard computer software for lin-
ear, logistic and Cox proportional hazard survival models. We used SAS
procedures because they can accommodate very large sample sizes (SAS,
1997). For linear and logistic regression models, we do not specify an inter-
cept term. The estimates of the indicator functions can be interpreted as the
average response in a specific community after adjusting for individual-level
covariates. If these individual-level covariates are deviated from their mean
value, then the community-specific outcomes can be interpreted as the pre-
dicted health response for a subject whose risk factors are all evaluated at
the average for all respondents. Output from stage one is the community-
specific adjusted health responses denoted by {δ̂(s), s = 1, . . . , S}, where s
denotes a zero dimensional point in Cartesian (x, y) space representing the
location of one of communities under study. Additional output from this
stage is the variance-covariance matrix of the δ̂(s), denoted by v̂, which de-
scribes the uncertainty in the estimates of the community-specific adjusted
health response.
In “Stage Two”, estimates of community health responses are related to
risk factors defined at the community level using a linear random effects
regression model as follows:

δ̂(s) = ζ(s) + βTZ(s) + η(s) + ε(s),

where ε(s) is a random process with zero expectation, variance-covariance
matrix v̂, independent of the spatial random effects process η(s). ζ(s) is
the two-dimensional trend term to account for residual spatial variability,
and β is a vector of unknown regression coefficients linking the vector of
spatial level risk factors, Z(s), to the community-specific health responses.
We assume that the spatial process η(s) is stationary (i.e., expectation does
not vary in space), has zero expectation, variance Θ > 0, and correlation
matrix Ω with dimension S. The correlation of the random effects between
two areas can be modeled by their distance apart or some other character-
istic of their locations. Here, δ̂(S) has expectation µ(s) = ζ(s) + βTZ(s)
and variance-covariance matrix Σ = ΘΩ + V̂ . We consider non-parametric
smoothed estimates of ζ(s) using the robust locally-weighted regression
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(LOESS)(Green and Silverman, 1994) smoothers within the generalized ad-
ditive model (GAM) framework (Hastie and Tibshirani, 1990). This method
is implemented in the statistical computing software package S-Plus(6.2).
The unknown parameter vector β is also estimated using GAM in S-plus.

3 Results and discussion

With regards to clustering within neighbourhoods, while our model gave
similar air pollution asthma prevalence estimates as the standard logistic
model, the standard errors of these estimates were somewhat higher than
those from the standard logistic model. With regard to between neighbour-
hoods, we have observed a pattern of spatial autocorrelation in asthma
prevalence that cannot be fully explained by ambient air pollution concen-
trations, even after controlling for a host of risk factors measured at the
individual level. We also found that the association between air pollution
and prevalence of asthma was somewhat sensitive to the specification of the
complexity of the spatial surface, with more complex surface specifications
resulting in lower estimates of the air pollution effect and higher standard
errors. We have also found that asthma risk is higher in the lower education
group compared to the university educated. These results suggest that there
may be some confounding due to missing or systematically mis-measured
risk factors that are also spatially correlated with pollution. We demon-
strate that the spatial auto-correlation in community health outcomes can
be accounted for through the inclusion of location in the deterministic com-
ponent of the model assessing the effects of air pollution on prevalence of
asthma.
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1 Introduction

Measurement errors problem in calibration models can be of considerable
interest for researchers whose main field of study covers regression models.
The model we present in this work is an extension of the beta calibration
model (BCM) proposed by Cavalcante and Blas (2014). Similarly to the
original model, it is also suitable for a nonlinear response variable which lies
in the open interval (0, 1), as it is the case for beta-distributed variables.
However, in the present case, x is an unobservable random variable, but a
pre-fixed value of its surrogate is available. The relationship between x and
its surrogate (W ) is modelled through the Berkson model, which means
that x = W − δ, where δ is the measurement error variable such that
δ ∼ N(0, σ2

δ ). In this case, we say thatW is a controlled variable. Estimation
of the parameters of the proposed model can be carried out considering two
cases for the measurement error variance: known and unknown σ2

δ .

2 Beta calibration model (BCM)

Cavalcante and Blas (2014) suppose for the BCM that the response variable
y is beta-distributed, y ∈ (0, 1), with p > 0 and q > 0 (i.e. y ∼ B(p, q)). A
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regression structure for y is obtained following a reparameterization for its
probability density function (pdf). Then, if y ∼ B(p, q), with p > 0, q > 0,
for the first stage (calibration stage), and y0 ∼ B(p0, q0), with p0 > 0,
q0 > 0, p 6= p0 and/or q 6= q0 for the second stage, the reparameterization
is: µ = p

p+q , φ = p+ q, µ0 = p0

p0+q0
, and φ0 = p0 + q0.

Now, let yi ∼ B(µi, φ), with i = 1, . . . , n, and yi0 ∼ B(µ0, φ0), with i =
n+1, . . . , n+k, be a random sample. For a logit link function g : (0, 1)→ R,
strictly monotonic, and twice differentiable, with g(µi) = ηi = α+βxi and
g(µ0) = η0 = α + βx0, we get µi = E(yi) = h(α + βxi), µ0 = E(yi0) =

h(α+ βx0), V ar(yi) = µi(1−µi)
1+φ , and V ar(yi0) = µ0(1−µ0)

1+φ0
.

Cavalcante and Blas (2014) obtained the maximum likelihood estimates
(MLEs) for the regression parameters (α, β, x0, φ, φ0) by maximizing the

joint likelihood function of (yi, yi0), with ψ(x) = d log(Γ(x))
dx , x > 0, and Γ(·)

as a gamma function. Since the ML estimators for these parameters do
not have closed form, they used numerical methods to obtain them (e.g. L-
BFGS-B). For estimation and simulation purposes, the Fisher’s information
matrix can be approximated by numerical methods.

3 Beta controlled calibration model (BCCM)

In real data applications, there are situations where it is impossible to
observe the values of xi directly, but its surrogate values (Wi) are available.
If we assume that Wi has a pre-fixed value (i.e. it is a controlled variable),
we can write xi = Wi − δi, where xi is unobservable and δi is a random
variable such that E(δi) = 0, and E(δi, δj) = 0, ∀i 6= j. In this case, the
measurement error process follows a Berkson model.
Building on the BCM assumptions, we suppose, for the BCCM’s first stage,
that the measurement error δi is non-differential, that is v(yi|xi,Wi) =
v(yi|xi) (Roy et al., 2005). Also, for the measurement error process, if
δi ∼ N(0, σ2

δ ) and E(δi, δj) = 0, ∀i 6= j,

xi|Wi ∼ N(µx|W , σ
2
x|W ) (1)

with µx|W = E(x|W ) = W , σ2
x|W = V ar(δ) = σ2

δ , since Cov(δi,Wi) = 0.

For y ∈ (0, 1) with a non-differential δi (Roy et al., 2005, p. 271), we get

P(0 < y < 1|xi,Wi) =

∫
x|y∈(0,1)

h(α∗ + β∗xi)s(xi|Wi)dxi (2)

where s(xi|Wi) is the distribution in (1) and h(·) is a link function.
For a logit link function, the integral in (2) does not have a closed form,
but it can be approximated (Monahan and Stefanski, 1992). Then,

h

 BTWi√
1 + BTΣB

k2

 , (3)
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where BT = [α∗, β∗], WT

i = [1,Wi], Σ =

[
V ar(1|Wi) 0

0 V ar(xi|Wi)

]
,

and h(u) = exp(u)
1+exp(u) . Roy et al. (2005) assume that k2 = 1.70.

Since V ar(1|Wi) = 0, for the calibration stage, we have µ∗i = E(yi) =

h(α∗ + β∗Wi) and V ar(yi) =
µ∗i (1−µ∗i )

1+φ∗ . Analogously, for the second stage,

µ∗0 = E(yi0) = h(α∗ + β∗x0) and V ar(yi0) =
µ∗0(1−µ∗0)

1+φ∗0
. Note that α∗ = α

b

and β∗ = β
b are the same for both stages, where b =

√
1− β2V ar(xi|Wi)

k2 ,

and α and β as the parameters for the naive model (BCM). Here, we follow
Blas, et al. (2007) and assume that there is no measurement error related to
the parameter x0. It is easy to see that, when σ2

δ = 0, this model becomes
the BCM, with xi = Wi. The joint likelihood function for the BCCM is

`(y,y0, µ
∗, µ∗0, φ

∗, φ∗0) =

n∑
i=1

`i1(µ∗i , φ
∗) +

n+k∑
i=n+1

`i0(µ∗0, φ
∗
0), (4)

where y = (y1, . . . , yn)T, y0 = (y(n+1)0, . . . , y(n+k)0)T, µ∗ = (µ∗1, . . . , µ
∗
n)T,

`i1(µ∗i , φ
∗) = log f1(yi|µ∗i , φ∗), `i0(µ∗0, φ

∗
0) = log f0(yi0|µ∗0, φ∗0), and f1(·)

and f0(·) as beta pdfs for the first and second stages, respectively.
In order to obtain the MLEs for (α∗, β∗, x0, φ

∗, φ∗0), we consider two cases:
(i) known V ar(xi|Wi) = σ2

δ ; and (ii) unknown V ar(xi|Wi) = σ2
δ . In case

(i), the MLEs for the parameters of interest can be calculated in the same
way as in the BCM after making the appropriate substitutions in α∗ and β∗

formulae. For case (ii), however, the set of score functions differs from that
of Cavalcante and Blas (2014) by including the first derivative of (4) with
respect to σ2

δ . So, we need to obtain the MLEs for (α∗, β∗, x0, φ
∗, φ∗0, σ

2
δ ).

4 Application to MnO−
4 concentration

We considered a real data set presented by Barros Neto et al. (2010) to
test this model. This sample was obtained from a set of standard solutions
that were submitted to ultraviolet-visible spectrophotometric analysis to
determine their permanganate (MnO−4 ) concentration for one wavelength
(λ = 440 nanometers (nm)), yielding readings in absorbance units (A).
Permanganate proportion was in milliliters (mL).
The present analysis considers that because measurement errors might arise
during the preparation of these solutions, MnO−4 concentration (Wi) which
was pre-fixed (controlled for each experiment) might not be the real con-
centration for each solution (xi), which leads to a Berkson-type error.
We applied the Beer-Lambert law’s logarithmic transformation to all read-
ings in absorbance (i.e. A = − log10 T , where T is transmittance, T ∈
(0, 1)). Our sample had n = 6 and k = 3 data points for the first and
second stages, with y0 assumed to be associated to an unknown x0, despite
the fact that x0’s true value was 5.0. This procedure allowed us to measure
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how far apart was x̂0 from its true value. We had no prior information
regarding the true σ2

δ , so we treated it as unknown (case (ii)).
For BCCM, ML parameter estimation was performed using the R package
optim (algorithm L-BFGS-B), with (x0, φ

∗, φ∗0, σ
2
δ ) ∈ R+

4 . The same applies
to BCM estimation, excluding σ2

δ . Table 1 presents the results.

TABLE 1. MLEs results for BCCM and BCM.

Model α̂ β̂ φ̂ φ̂0 x̂0 σ̂2
δ V̂ ar(x̂0)

BCCM −0.1307 −0.0846 346.05 409.48 5.3436 1.7619 0.8686
BCM −0.1307 −0.0846 346.05 409.47 5.3437 - 0.8687

Table 1 shows that ML parameter point estimates for both models are
pretty close for all parameters. For x0, in particular, their estimates are not
very different from its true value (5.0) for BCCM and BCM. Their variance
estimates differ only by 0.0001. These results suggest that the presence of
a Berkson-type error, under the assumption made for k2, appear to have
no or very little effect on MLEs results for the BCC model.
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1 Introduction

Evaluation data originated by rating one or more items can be modeled by
means of CUB distributions (Piccolo, 2003). This is the convex combination
of a discrete Uniform and a shifted Binomial distribution:

P (x;θx) = πx

(
m− 1
x− 1

)
(1− ξx)x−1ξm−xx + (1−πx)

1

m
, x = 1, . . . ,m.

We will refer to this probability mass distribution (pmf) asX ∼ CUB(π, ξ).
The model mimics a simplified choice mechanism which is supposed to
underly the moulding of the judgements when a rater is requested to ex-
press preferences, degree of satisfaction about a certain item or, generally
speaking, his agreement with a given statement by means of a Likert scale
(Iannario and Piccolo, 2012 and therein references). The model is statisti-
cally identifiable when m > 3 (Iannario, 2010). The interest for CUB model
relies on its flexibility in representing observed data by means of a parsimo-
nious formulation and on the fact that the interpretation of the estimated
parameters can be easily found. In particular, (1 − πx) is interpreted as a
measure of uncertainty that affect the rater’s judgements whereas (1− ξx)
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describes the strength of attraction (feeling) that the rater feels towards
the object under evaluation. Parameters may be related to explanatory
variables characterizing raters by means of a logistic link function, but this
aspect will not be considered in the present work.
Some recent contributions have investigated the problem of modelling mul-
tivariate ordinal data with CUB margins (Corduas, 2014; Andreis and Fer-
rari, 2013; Giordano, 2014). In the same line, in this article, we propose to
apply the approach developed by Panagiotelis et al. (2012) in order to build
a multivariate distribution using pair copulas. For this aim, we will consider
the Plackett distribution as a possible copula to produce the distributions
involved by the various steps of the algorithm based on the discrete vine
representation.

2 The joint distribution

Firstly, we briefly recall the method introduced by Plackett (1965) for con-
structing a one parameter bivariate distribution from given margins. A
bivariate Plackett random variable (X,Y ) is characterized by the following
joint cumulative distribution function:

C(F (x), G(y);ψ) =
M(x, y)− [M2(x, y)− 4ψ(ψ − 1)F (x)G(y)]1/2

2(ψ − 1)
,

where ψ ∈ (0,∞). Here, F (x) and G(y) are the pre-defined marginal dis-
tribution functions. Moreover, M(x, y) = 1 + (F (x) + G(y))(ψ − 1). The
parameter ψ is a measure of association between X and Y ; specifically,
ψ = 1 implies that X and Y are independent, whereas ψ < 1 and ψ > 1
refer to negative and positive association, respectively.
Molenberghs et al. (1994) introduced the multivariate Plackett’s distribu-
tion but its construction is in general rather demanding from a compu-
tational point of view. However, the bivariate Plackett’s distribution may
become the building block for constructing a multivariate discrete distri-
bution where the scalar variables follow a CUB distribution.
Without loosing in generality, we consider the case of a three dimensional
variable: (Y1, Y2, Y3) where each scalar random variable Yi takes values
yi ∈ S(Yi) = {1, . . . ,m}, m is given and the ordinal scale is such that 1 is
associated to the worst judgement and m to the best one.
Following the approach by Panagiotelis et al. (2012), given an observed
sample of ordinal data, (y1i, y2i, y3i), for i = 1, . . . , n, the estimation algo-
rithm is summarized as follows. In order to simplify the notation, whenever
possible we drop the reference to the argument of the function.

• The CUB model is fitted to each sample of observed ordinal data
(yhi), for i = 1, . . . , n, h = 1, 2, 3 obtaining the marginal models:
CUB1(π1, ξ1), CUB2(π2, ξ2), CUB3(π3, ξ3) and the corresponding
cumulative distribution functions: F1, F2, F3;
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• Estimate the joint distributions using the Plackett bivariate copula
C: F12 = C(F1, F2;ψ12) and F32 = C(F3, F2;ψ32). These yield the
evaluation of the corresponding joint pmf P12 and P32;

• Compute the conditional distributions F1|2(y1|y2 = i;ψ1|2=i) and
F3|2(y3|y2 = i;ψ3|2=i), i = 1, . . . ,m;

• Estimate the joint conditional distribution functions by means of the
copula: F13|2=i = C(F1|2(y1|y2 = i), F3|2(y3|y2 = i);ψ13|2=i), and
then, from those, the conditional pmf P13|2 for i = 1, . . . ,m;

• Compute the multivariate joint distribution P123 = P13|2P2.

Note that in each step at most a bivariate copula is needed. The estimation
can be performed either by means of the IFM (Inference For the Margins)
method (Joe, 1997), or by full maximum likelihood.

3 An empirical application: extra-virgin olive oil data

The proposed method is applied to the ratings that 1000 Italian consumers
from AC Nielsen panel gave about on extra virgin olive (EVO) oil (Corduas,
2014). Each interviewee was asked to rate the importance of three EVO oil
attributes (colour, taste, clarity) in determining his/her purchase decision
on a 7 point Likert scale (where 1 denoted “not important at all” and
7 “extremely important”). In Table 1. we summarize the results of the
best fitted model for the mentioned attributes (in parenthesis the jackknife
estimated standard error is reported).

TABLE 1. Extravirgin olive oil.

Colour Taste Clarity

π 0.873 0.469 0.736
s.e. 0.024 0.007 0.039
ξ 0.308 0.353 0.307
s.e. 0.015 0.031 0.009

(Colour,Taste) (Clarity, Taste)
ψ12 = 2.616 (0.112) ψ32 = 2.210 (0.107)

(Colour,Clarity|Taste)
ψ13|2=1 = 10.644 (4.876) ψ13|2=2 = 6.853 (3.043)
ψ13|2=3 = 20.825 (7.467) ψ13|2=4 = 14.604 (3.588)
ψ13|2=5 = 8.022 (2.219) ψ13|2=6 = 13.328 (3.705)
ψ13|2=1 = 16.120 (5.392)

R2
CU = 0.753

The adequacy of the model has been assessed by means of the pseudo-R2:
R2
CU = (1−exp(LRno/n))/(1−exp(LRmax/n)) where LRno = 2(LM−L0)
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and LRmax = 2(Lmax−L0), being: LM the maximized log-likelihood value
of the considered model, L0 is the value of the log-likelihood of the null
model where independence among the scalar random variables is assumed,
Lmax is the log-likelihood value of the model with a perfect fit (Cragg and
Uhler, 1970).
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1 Introduction

1.1 Tort reform

Throughout the United States, medical doctors face the consistent risk
of unnecessary litigation. These concerns often manifest themselves in in-
creased health care costs by impelling doctors to order unnecessary tests
(Kessler and McClellan 1996; Studdert et al 2005, Crain et al 2009). In
some situations, these risks prevent doctors from even pursuing fields of
medicine that they are interested in. Reforms to the civil justice system to
ameliorate these issues are known as tort, or in this specific context, medical
malpractice reforms. In this paper, we improve upon existing semiparam-
etic statistical methodologies to quantify the impact of recently instituted
tort reforms reforms to the medical profession.
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1.2 Density ratio estimation

Density ratio estimation (DRE) methods have been used since the late
1970s. The general idea behind DRE methods is instead of assuming a
strict parametric distribution for a statistical model, to assume that the
distribution in question as well as another “reference” distribution have a
particular ratio (Prentice and Pyke 1979; Owen 1988; Qin and Zhang 1997;
Qin and Zhang 2005). This semiparametric methodology has seen many
uses in applied statistical research ranging from biostatistics to time series
analysis to public health among many others (Fokianos 2004; Kedem et al.,
2009, 2014).
However, despite the fact that a few studies have utilized Bayesian meth-
ods in conjunction with empirical likelihood applications, no studies, to
our knoweldge have done so joining the semiparametric DRE method with
Bayesian statistics to model heterogeneity (e.g. Yang 2012; Mengersen et
al., 2013). In this study, we address this issue, incorporating state-level het-
erogeneity regarding litigiousness as there is no reason to assume that all
states respond to tort reforms in an identical manner.

1.3 Bayesian inference using density ratio estimation

Define G(x) = GI+1(x) as our reference cumulative distribution function
and let pij = dG(xi,j) = dGI+1(xi,j). The empirical likelihood function,
based on our amalgamated data xij is:

L(θθθ,GM ) =

M∏
i=1

ni∏
j=1

pij

I∏
i=1

ni∏
j=1

eαi+βββ
T
i h(xij),

where θθθ = (α1, . . . , αI , β11, . . . , βIP ) and h(xij) is a mapping specified a
priori by the researcher. We assume that ni = 1 ∀i = 1, . . . , I and nI+1 =
nM = N = I. Without loss of generality, we can marginalize the empirical
likelihood function across normally distributed heterogeneity distributions
as follows:

ML(µα,µµµβββ ,ΣΣΣβββ , GM ) =

∫
R
· · ·
∫
R

M∏
i=1

ni∏
j=1

pij

I∏
i=1

ni∏
j=1

eαi+βββ
T
i h(xij)

1√
2π
e−

(αi−µα)2

2

×
P∏
p=1

1√
2πσ2

βp

e
−

(βip−µβp )2

2σ2
βp dαidβip

=

M∏
i=1

ni∏
j=1

pij

I∏
i=1

ni∏
j=1

eµα+ 1
2 eµµµ

T
βββh(xij)+

1
2 h(xij)

TΣΣΣβββh(xij).

This marginalized likelihood can be estimated subject to constraints similar
to those used in Voulgaraki et al. (2012), i.e., pij ≥ 0,

∑M
i=1

∑ni
j=1 pij = 1,
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and
M∑
i=1

ni∑
j=1

pije
µα+ 1

2 +µµµT
βββh(xij)+

1
2 h(xij)

TΣΣΣβββh(xij) = 1.

This constraint is easy to see after integration of both sides of the constraint
imposed in Voulgaraki et al. (2012):

∑M
i=1

∑ni
j=1 pije

αk+βββT
kh(xij) = 1 over

the heterogeneity distribution F , providing us with∫ M∑
i=1

ni∑
j=1

pije
αk+βT

k h(xi,j)dF =

∫
1dF ∀k = 1, . . . , I.

The marginalized empirical likelihood function can be optimized numeri-
cally to estimate µα, µµµβββ , and ΣΣΣβββ . Distribution functions for computation
of probabilities can also be obtained as discussed in Dayaratna (2014). The
advantage of this approach is that the marginalization dramatically reduces
the dimensionality of the problem involving a vast number of densities (and
hence parameters) to just two.

2 An application: tort reform

Our dataset was identical to that used in the Crain et al. (2009) study,
which also examined per capita tort losses. We used the model specifi-
cation described above allowing h(xij) to be the identity mapping. Our
results computing the probabilities of extreme medical malpractice losses
are below. Confidence intervals were estimated via a bootstrap approach:

TABLE 1. Analysis of 2004 tort loss data, using Bayesian DRE approach.

Probability Estimate Lower 95% Limit Upper 95% Limit

P(Tort Losses > 35000) 0.100 0.010 0.148
P(Tort Losses > 45000) 0.085 0.005 0.104
P(Tort Losses > 55000) 0.019 0.000 0.060

TABLE 2. Analysis of 2006 tort loss data, using Bayesian DRE approach.

Probability Estimate Lower 95% Limit Upper 95% Limit

P(Tort Losses > 35000) 0.068 0.010 0.144
P(Tort Losses > 45000) 0.045 0.005 0.102
P(Tort Losses > 55000) 0.019 0.000 0.060

The above results indicate a notable reduction in probabilities of extreme
tort losses in 2006 compared to 2004, indicating the efficacy of state-based
malpractice reforms instituted around that time period. These results and
their implications, along with model comparisons, are discussed in detail
in Dayaratna (2014).
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Abstract: We present local diagnostics techniques to assess the influence of ob-
servations on Gaussian spatial linear models with multiple replications, consid-
ering appropriated perturbation in the response variable and in the scale matrix.
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1 Introduction

Geostatistical data are collected at known locations in space, from a pro-
cess that has a value at every location in a certain domain. Given a model
for the trend, and under some stationary assumptions, geostatistical mod-
eling involves the estimation of the spatial correlation. For this study the
observations are taken from different experimental units, which is different
geographical location, where each variable is observed more than once. To
assess the effect of small perturbations in the model (or data) on the pa-
rameter estimates, Cook (1986) has proposed the local influence method.
Uribe-Opazo et al. (2012) used diagnostic techniques to assess the sensitiv-
ity of the maximum likelihood estimators, covariance functions and linear
predictor to small perturbations in the data and/or in the Gaussian spa-
tial linear model assumptions. We consider appropriate perturbation in the
response variable and in the scale matrix proposed by Zhu et al. (2007).
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2 Gaussian spatial linear model with multiple
replications

Let Y = Y(s) = vec(Y1(s), . . . ,Yr(s)) be an nr × 1 random vector of r
independent stochastic processes of n elements each, that depend on the
position s ∈ S ⊂ R2. It is assumed the ith stochastic process Yi(s) =
vec(Yi(s1), . . . , Yi(sn)), represents the n× 1 vector, for i = 1, . . . , r, which
can be expressed as a linear model by Yi(s) = µi(s)+εi(s), where µi(s) is
an n×1 vector, the means of the process Yi(s), and εi(s) is an n×1 vector
of a stationary process, with E[εi(s)] = 0 and covariance Σ. As assumed
by Smith (2001), the mean vector µi(s) can be written as a spatial linear
model by µi(s) = X(s)β, where β = (β1, . . . , βp)

T is a p × 1 vector of
unknown parameters, and X = X(s) = [Xi1(s), . . . ,Xip(s)] is an n × p
matrix of p explanatory variables.
Let Σi = [Ci(su, sv)] be the n × n covariance matrix of Yi(s) for ith
repetition, i = 1, . . . , r. The matrix Σi is non-singular, symmetric and pos-
itive defined, associated to the vector Yi(s), where for the stationary and
isotropic process, the elements Ci(su, sv) depend on the Euclidean between
points su and sv. We considered an homogeneous process where Σi = Σ,
has a structure which depends on the vector of parameters φ = (φ1, φ2, φ3)T

or φ = (φ1, φ2, φ3, φ4)T, depending on the form of the covariance structure
Σi = Σ = φ1In + φ2R, where φ1 ≥ 0 is known as nugget effect; φ2 ≥ 0
is known as sill; R = R(φ3, φ4) = [(ruv)] or R = R(φ3) = [(ruv)] is an
n×n symmetric matrix, which is function of φ3 > 0, and sometimes also a
function of φ4 > 0; φ3 is a function of the model range (a), φ4 when exists
is known as the smoothness parameter, and In is an n×n identity matrix.
For each repetition of the random vector, Yi ∼ Nn(Xβ,Σ).

3 Local influence

The local influence method investigates the role of observations on the
parameters estimation under small perturbations introduced by a vector
ω = (ω1, . . . , ωs)

T ∈ Rs. We assume that there is a point ω0 ∈ Ω, where
there is no perturbation. The influence of the perturbation ω on the ML
estimator proposed by Cook (1986) is evaluated by the likelihood displace-

ment given by LD(ω) = 2[L(θ̂)−L(θ̂|ω)], where θ̂ is the maximum likeli-

hood (ML) estimator of θ in the postulated model and θ̂ω is the ML estima-
tor of θ in the model perturbed by ω. Cook (1986) proposed to study the lo-
cal behavior of LD(ω) around ω0 and showed that the normal curvature Cl
of LD(ω) at ω0, in direction of some unit vector l, is given by Cl = Cl(θ) =
2|lT∆TL−1∆l|, with ||l|| = 1, where −L is the observed information ma-

trix evaluated at θ = θ̂ and ∆ = (∆(1), . . . ,∆(r)), ∆(i) = (∆
(i)>
β ,∆

(i)>
φ )T,

where ∆
(i)
β = ∂2Li(θ|ω)/∂β∂ωT and ∆

(i)
φ = ∂2Li(θ|ω)/∂φ∂ωT, evaluated



De Bastiani et al. 81

at θ = θ̂ and at ω = ω0. Let define F = ∆TL−1∆. Since Cl is not invariant
under uniform change of scale, Poon and Poon (1999) proposed the con-
formal normal curvature Bl = Cl/tr(2F). We denote by Bi = 2|fii|/tr(2F)
the conformal curvature in the unit direction with ith entry 1 and all other
entries 0. To check appropriate choice of a perturbation vector and to cal-
culate influence measures we followed Zhu et al. (2007).
Perturbation on the scale matrix: Let us assume ω−1

i Σ instead of Σ for
this perturbation scheme, with ω = (ω1, . . . , ωr)

T the perturbation vector,
ωi > 0, and ω0 = (1, . . . , 1)T being the vector of non-perturbation. The log-
likelihood for each repetition is given by Li(θ|ωi) = −n2 log(2π)− 1

2 log |Σ|+
n
2 logωi − 1

2ωiε
T
i Σ
−1εi, ∆

(i)
β = XTΣ̂

−1
εi and ∆

(i)
φ = ∂vecT(Σ)

∂φ
vec(Σ−1εi

εT
i Σ
−1), where εi = (Yi −Xβ), evaluated in ω = ω0 and θ = θ̂.

Perturbation on the response variable: We can write Yiω = Xβ+ εi,
with Y = Yi+(−1)Aωi. We have that Li(θ|ω) = −n2 log(2π)− 1

2 log |Σ|−
1
2δiω, where δiω = [Yi − µ(ωi)]

TΣ−1[Yi − µ(ωi)], µ(ω) = Xβ + Aω.

So µ(ωi) = Xβ + Σ1/2ωi is a perturbation scheme appropriate for i =

1, . . . , r, as shown in De Bastiani et al. (2014) and ∆
(i)
β = XTΣ−1/2 and

∆
(i)
φ = εT

i (Σ−1 ∂Σ1/2

∂φj
−Σ−1 ∂Σ

∂φj
Σ−1/2), where εi = (Yiω −Xβ), evaluated

in ω = ω0 and θ = θ̂.

4 Application

The data set was collected in a grid of 7.20× 7.20 m an experimental area
with 1.33 ha, for the harvest years from 1998/1999 to 2002/2003 with 255
observations each. Soybean productivity data and four chemical contents
of soil considered as explanatory variables were collected: phosphorus (P),
potassium (K), calcium (Ca) and magnesium (Mg).
In Table 1 we note that P and Mg has an inverse proportional relationship
with the mean of the productivity, and the opposite happens with K and
Ca. The Gaussian geostatistical model was chosen by the maximum log-
likelihood value and cross validation criteria.
In Figure 1 (left side) we can see that the repetition 5, which correspond to
the year 2002/2003, has more influence of the estimation process. Figure 1

TABLE 1. Parameters estimates for Coodetec data - GeoR - and the asymptotic
standard errors (in parenthesis) considering the Gaussian geostatistical model.

β̂0 β̂1 (P) β̂2 (K) β̂3 (Ca) β̂4 (Mg) φ̂1 (nugget) φ̂2 (sill) φ̂3 f(range)

2.401 -0.002 0.327 0.012 -0.059 0.193 0.058 40.684
(0.046) (0.005) (0.078) (0.018) (0.023) (0.018) (0.022) (26.842)
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FIGURE 1. The data for five repetitions (five years) from 1998/1999 until
2002/2003 Bi vs i considering perturbation on the scale matrix (left side) and
perturbation on the response variable (right side).

(right side) shows that observations belonging to the data collected on the
latest year has more influence.

5 Conclusions

The local influence technique allowed us more than just identify influential
observations, allow us to understand better the modeling process.

Acknowledgments: Fundação Araucária of Paraná State, Capes, CNPq
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Abstract: Estimation of high dimensional covariance matrices is a commonly
encountered problem in the analysis of genomics data. The widely used sample
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1 Introduction

The starting point of many statistical procedures in graphical modelling
is the estimation of the structured covariance matrix of a normally dis-
tributed random vector. We tackle the estimation of the covariance matrix
when the number of variables under consideration is at least of the same
order of magnitude as the number of available statistical units, a situation
encountered particularly often in genomics setting.
To obtain an invertible and well conditioned estimate of a covariance matrix
in high dimensional settings, Ledoit and Wolf (2004) proposed a shrinkage
approach. Their shrinkage estimator is a weighted average of the sample
covariance matrix and the identity matrix (sometimes referred to as the
target). We adapt the approach of Ledoit and Wolf (2004) to the graphical
models setting by replacing the identity matrix with a target that encodes
the presumed graphical structure.
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2 The proposal

Consider a p-variate normal random vector X and assume that there is an
undirected graph G = (V,E), such that the distribution of X is Markov
with respect to G. We thus have

(X1, . . . , Xp)
T ∼ Np(µ,Σ), µ ∈ Rp,Σ−1 ∈ S+(G),

where S+(G) is the set of all p × p symmetric positive definite matrices
with null elements corresponding to the missing edges of G.
To estimate Σ, we propose an estimator of the following form

U = λT + (1− λ)S, (1)

where S is the sample covariance matrix, T is a target matrix and λ is
the shrinkage parameter. In Ledoit and Wolf (2004) T is taken to be an
identity matrix I.
Our choice of matrix T is guided by two criteria: it should be positive def-
inite, so that U , being a convex combination of a positive semidefinite and
a positive definite matrix, is also positive definite; and it should reflect the
graphical structure of the considered distribution. We propose one target
and three different specifications of it, each characterized by a different
number of parameters. The target is obtained in two steps. We first start
from the following working matrix W

W =


v1 r

√
v1v2 · · · r

√
v1vp

r
√
v2v1 v2 · · · r

√
v2vp

...
...

. . .
...

r
√
vpv1 r

√
vpv2 · · · vp

 ,

for which we consider three different specifications. In the second step, we
impose constraints on the inverse of W , such that W−1 ∈ S+(G). The
resulting matrix is our target matrix.
As far as specifications are concerned, we consider W with equal correlation
and different variances, of equal correlation and equal variances (v1 = · · · =
vp), and of fixed equal correlation and equal variances (for example, r =
0.1, v1 = · · · = vp = 1). We refer to the target resulting from the first,
the second and the third specification as T1, T2 and T3, respectively. With
the first two specifications, we estimate the unknown parameters from the
data and then pass the resulting working matrices to the IPS (Iterative
Proportional Scaling) algorithm to ensure that their inverses have the right
zero structure.
The matrix U resulting from (1) will be invertible, but its inverse, in gen-
eral, will not have the desired zero structure corresponding to the missing
edges of G. Therefore in the last step, we apply the IPS algorithm to U to
ensure that the model constraints are satisfied.
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Clearly, choosing the right weight (shrinkage intensity) to give to the target
is essential. We follow the asymptotic approach of Ledoit and Wolf and
choose an asymptotically optimal λ. The optimal value minimizing the
expected loss E‖U −Σ‖F /p, where ‖A−B‖F =

√
tr[(A− B)T(A− B)] is:

λ∗ =

∑p
i=1

∑p
j=1 [var(sij)− cov(tij , sij)]∑p
i=1

∑p
j=1 E (tij − sij)2 .

To compute the quantities featured in the above expression, we propose to
adopt a bootstrap approach. When the cost of resampling is prohibitive, we
consider the third specification, containing no parameters. Since the target
matrix is now deterministic, the previous expression simplifies to

λ∗ =

∑p
i=1

∑p
j=1 [var(sij)]∑p

i=1

∑p
j=1 E (tij − sij)2 .

To estimate the quantities in the numerator, we follow Schafer and Strim-
mer (2005).

3 Simulation studies

Performances of the proposed approach are studied via simulation. We
compare three novel shrinkage estimators based on targets T1, T2 and T3

with the standard shrinkage estimator (where the target is the identity ma-
trix I). For purpose of comparison, we also include the sample covariance
matrix S. We consider a directed acyclic graph (DAG) describing a par-
ticular biological pathway, the B cell pathway. The DAG derived from this
pathway contains 35 nodes and is shown in Figure 1. This graph, alongside
measurements of the expression levels of the participating genes, is an ex-
ample featured in the R package topologyGSA (Massa and Sales 2013). We
use these expression measurements to estimate the parameters of the mor-
alized graph, and then use the estimated model to simulate 10000 datasets
for each of the considered sample sizes. The results are shown in Table 1.
The shrinkage estimators based on T1 and T2 give the best results in this
simulation study. An interesting observation is that for the small sam-
ple sizes the standard shrinkage estimator (I) outperforms the competing
shrinkage estimator (T3), a result probably due to the chosen value for the
common correlation coefficient (0.1).
This shrinkage method seems to be a simple and affordable way to insert
apriori information in the shrinking procedure about the structure of rela-
tions among variables. We are currently investigating the effects of misspec-
ification of the graphical structure on the expected loss of the estimators
(results not reported here). When misspecification foresees more edges than
the truly existing ones, the performance appears to be not affected.
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TABLE 1. The B cell pathway model: root mean square error (and standard
deviation) of different covariance estimators, multiplied by 102.

n T1 T2 T3 I S

10 4.74 4.37 5.30 4.91 12.51
(0.81) (0.54) (0.72) (0.47) (1.71)

20 3.47 3.50 4.33 4.12 8.73
(0.54) (0.34) (0.47) (0.33) (0.86)

30 3.01 3.12 3.82 3.76 7.03
(0.41) (0.38) (0.38) (0.25) (0.63)

50 2.57 2.62 3.34 3.36 5.43
(0.30) (0.38) (0.28) (0.22) (0.37)

100 1.99 1.95 2.36 2.79 3.83
(0.24) (0.30) (0.23) (0.17) (0.26)
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FIGURE 1. DAG representing the B cell pathway.
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Abstract: The odds ratio is the predominant measure of association in 2 × 2
contingency tables, which, for inferential purposes, is usually considered on the
log-scale. A drawback however is that in case of a sampling zero, the log odds ratio
is estimated as infinite or minus infinite. Under an information theoretic view, it is
connected to the Kullback-Leibler divergence. Considering a generalized family of
divergences, the φ divergence, alternative association measures are derived. Their
properties are studied and asymptotic inference is developed. For some members
of this family, the estimated association measures remain finite in the presence of
a zero cell and have finite variance, allowing thus the construction of confidence
intervals. Special attention is given to the power divergence, which is a parametric
family. The role of its parameter, in terms of the asymptotic confidence intervals’
coverage probability and average relative length, is lightened via an evaluation
study.
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1 Introduction

One of the most fundamental measures of association in contingency tables
analysis is the odds ratio, playing an important role in modeling. Focusing
on 2×2 contingency tables, the bibliography on inference for the odds ratio
is enormous rich, with part on the study of the behavior of corresponding
confidence intervals when a zero cell count occurs. In such cases, the odds
ratio is estimated either as 0 or ∞. To ensure that the estimate exists,
usually a small constant c (0 < c < 1) is added on all cells, when one of
them is zero. For large samples, approximate confidence intervals (CIs) for
the odds ratio are obtained, based on the asymptotic normality of the log
odds ratio, derived by the delta method (cf. Agresti, 2013). The presence
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of zero cells leads furthermore to infinite asymptotic variance estimates,
which is avoided by the c-corrected estimator. Over the years, there have
been proposed alternative asymptotic CIs, targeting to a better behavior
for relative small samples. For a short overview of the literature on the
odds ratio, we refer to Kateri (2014, Section 2.5.2).
In this work, we propose a generalization of the log odds ratio by replacing
the log-scale through a family of scales, based on a generalized family of
divergences, the φ divergence. In Section 2, the φ-scaled odds ratio is intro-
duced and its properties are discussed. Some members of this family do not
face the problem of infinite estimation of the log-scale while others have
finite variance as well. In case of the Kullback-Leibler (KL) divergence, the
φ-scaled odds ratio turns out to be the classical log odds ratio. Special at-
tention is given to the power divergence (Cressie and Read, 1984), which is
a broad family itself, controlled by a link parameter, λ. The Wald asymp-
totic CI for the φ-scaled odds ratio are derived and an indicative example
is provided. For the power divergence, the role of λ in the behavior of CIs
is investigated in an extensive evaluation study for various table structure
scenarios. These results are shortly commented in Section 3.

2 The φ-scaled odds ratio

Let n = (nij) be a 2 × 2 contingency table of counts, observed under a
multinomial sampling scheme with

∑
i,j nij = n and probability matrix

π = (πij), satisfying πij > 0, i, j = 1, 2. Let further X, Y denote the
binary row and column classification variables, respectively. The log odds
ratio is then defined as log θ = log π11π22

π12π21
and is estimated by log θ̂ =

log n11n22

n12n21
. The estimator log θ̂ of log θ is approximately normal distributed

with asymptotic variance estimated by σ̂2 = 1
n11

+ 1
n12

+ 1
n21

+ 1
n22

. For given
marginal probabilities, i.e. for given π1+ and π+1, the value of log θ specifies
uniquely the underlying probability table, with log θ = 0 corresponding to
the probability table under independence of X and Y . The information
actually required for specifying a 2 × 2 probability table, additional to
(π1+, π+1), is a measure of the underlying association of the form θg =

g
(

π11

π1+π+1

)
+ g

(
π22

π2+π+2

)
− g

(
π12

π1+π+2

)
− g

(
π21

π2+π+1

)
, which compares the

departure of the cell probabilities from the independence, scaled through g.
When this departure is measured by the φ divergence, for a strictly convex
φ-function, then it can be proved that g = φ′ (through the φ-association
models for I × J tables (Kateri and Papaioannou, 1995); for I = J = 2,
the model is saturated).
The φ divergence between two discrete finite bivariate distributions p =

(pij) and q = (qij) is defined as Dφ(p,q) =
∑
i,j qijφ

(
pij
qij

)
, where φ is

a convex function on [0,∞), such that φ(1) = φ′(1) = 0, 0 · φ(0/0) = 0,
and 0 · φ(x/0) = x · limu→∞ φ(u)/u. It was introduced in 1963 by Csiszár.
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Well-known members of the φ-divergence family are the KL divergence
[φ(x) = x log x− x+ 1], the Pearson divergence [φ(x) = 1

2 (x− 1)2] and the

power divergence of Cressie and Read (1984) for φλ(x) = xλ+1−x−λ(x−1)
λ(1+λ)

(λ 6= −1, 0). The last is a parametric family, including the Pearson (λ = 1)
and the KL (λ→ 0) divergences.
Hence, for strictly convex φ-functions, we define the φ-scaled odds ratio as

θφ = θφ(π) =
∑
i=j

φ′
(

πij
πi+π+j

)
−
∑
i 6=j

φ′
(

πij
πi+π+j

)
, i, j = 1, 2, (1)

which is estimated by θ̂φ = θφ(n), obtained by replacing in (1) the proba-
bilities with the corresponding sample frequencies. Using the φ-function for
KL divergence, θφ in (1) becomes the log odds ratio. The θφ corresponding
to the power divergence (θφλ) was introduced by Rom and Sarkar (1992).
However, their approach was model based and their focus different.
The φ-scaled odds ratio is sampling scheme invariant, in the sense that
the φ-scaled odds ratio under product binomial sampling turns out to be
equivalent to (1).
Properties:
(P1) θφ = 0 if and only if X and Y are independent.
(P2) For fixed row and column marginals, θφ is increasing in π11.
(P3) For fixed row (column) marginals, θφ is increasing in the column

(row) marginals.
(P4) θφ is invariant under table rotation.
(P5) θφ changes sign when rows or columns are interchanged.

Although log θ is unbounded, θφ is bounded if φ is twice differentiable and
strictly convex with φ′(0) = limt↘0 φ

′(t) > −∞. In this case, θ̂φ remains

finite in the presence of a sampling zero. The asymptotic distribution of θ̂φ

is derived by the delta method. Note that although θ̂φ is invariant of the
sampling scheme, its variance is not. For the KL divergence the variances
under multinomial and product binomial sampling coincide. Furthermore,
the estimated standard error of θ̂φ (SEφ) is finite if φ′′(0) = limt↘0 φ

′′(t)
exists finitely.
The θ̂φλ for λ = 0, 1/3, 1 are illustrated for the data of Table 1 (left). They
are provided in Table 1 (right). The underlying sampling scheme is the
product binomial with n1 = n2 = 15.

3 Discussion

Focusing on the θφλ , evaluation studies were performed with regard to
the coverage probabilities of the associated 95% asymptotic CIs and for
various scenarios for the sample size of the tables and the balancing among
the cell probabilities. The log odds ratio CIs tend to underweight extreme
situations, which explains the low coverage when | log θ| > 4 as Agresti
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TABLE 1. Prednisolone data (Source: Kristensen et al., 1992; Journal of
Int. Med., 232, 237 – 245). Estimates, bounds, standard errors and asymptotic
95% Wald CIs for θφλ , for c = 0 and c = 0.5 in the upper and lower part,
respectively.

Normalization

Yes No

Prednsl. 7 8

Placebo 0 15

λ θ̂φ Range SE 95 % CI

0 ∞ (−∞,∞) - -
1/3 4.40 [-7.56, 7.56] - -

1 2.61 [-4.00, 4.00] 0.22 [2.18, 3.04]

0 3.31 [-6.87, 6.87] 1.52 [0.33, 6.29]

1/3 2.79 [-5.10, 5.10] 0.88 [1.06, 4.53]

1 2.33 [-3.75, 3.75] 0.46 [1.43, 3.24]

(1999) also pointed out. In such cases, we suggest to use λ = 1/3, since the
corresponding CI improves the coverage when approaching the boarders of
the parameter space. Overall, the λ = 1/3-odds ratio CI is less conservative
than the classical log odds ratio CI. Comparisons among CIs for different
φ-scaled odds ratios with respect to average length are not straight forward,
due to the scale difference. For this, they are compared in terms of their
average relative length. For example, for the data of Table 1, the relative
lengths of the CIs for λ = 0 and λ = 1/3, when c = 0.5, are (6.29−0.33)/(2·
6.87) = 0.434 and (4.53− 1.06)/(2 · 5.10) = 0.340, respectively.
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Abstract: In many situations, individual subjects or units may experience events
that occur repeatedly. We illustrate the use of modern event-history analysis in
the analysis of recurrent diarrhoea episodes in three cohorts of infants. The data
are complicated by time-dependent covariates, time-dependent effects, intermit-
tent missingness and dropout. In our approach the conditional mean based on
the history is modelled as a function of possibly time-varying covariates through
an additive regression model for longitudinal binary data subject to both inter-
mittent missingness and dropout. The idea is to show how the array of additive
intensity modelling techniques can be applied to longitudinal binary data, pro-
viding valuable inferences without highly computationally intensive procedures.
In addition to this, it is easy to assess the effect of covariates on the event of
interest, even for complex time varying effects of time varying covariates. On the
other hand the more natural logistic regression approach can be unstable when
events are rare, and the use of the Firth correction may lead to biased predictions,
especially when, as here, we sum over a large number of ages.

Keywords: Additive model; Counting process; Recurrent event.

1 Introduction

Recent research has focussed on complex recurrent event settings which
include large number of recurrent events, time-dependent covariates, time-
dependent effects and dependent censoring among other features. One way
to analyse data of this type is to use longitudinal techniques for count or
binary outcomes, either the number of episodes over a period of time, or
the presence/absence of diarrhoea each day. The conditional mean based
on the history is modelled as a function of possibly time-varying covariates
through an additive regression model for longitudinal binary data subject

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
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to both intermittent missingness and dropout. We illustrate the use of mod-
ern event-history analysis in the analysis of recurrent diarrhoea episodes
in three cohorts of infants. In particular, we will be interested in recurrent
events, which are multiple occurrences of the same event for an individual,
in our case repeated episodes of diarrhoea. The aim is to incorporate evo-
lution over time, measured on three scales: time in study, calendar time,
and age of subject through dynamic models. These models include time
dependent covariates representing individual-specific histories not known
at outsent of study (Fosen et al., 2006; Borgan et al., 2007). This is a real
issue since it is hoped that incidence of diarrhoea would decline in calendar
time as sanitation and health awareness improves, but at the same time it
is known that incidence declines with increasing age. The analysis is further
complicated by the presence of heterogeneity between children and missing
data.

2 Methods

The present approach can be viewed as a flexible alternative in which the
conditional mean based on the history is modelled as a function of possibly
time-varying covariates. Consider Ni(t) to be a process that counts the
number of events observed for child i up to age (or time) t. If a diarrhoea
episode is observed in a small interval of age (or time), then Ni(t) jumps
one unit. Denote by Fit be the all information available to the researcher at
age (or day) t (on diarrhoea episodes, covariates, missing observations, etc
for individual i. At each event time a vector of 0s and 1s (for people at risk)
at age (or time) is formed (dN(t)). Then dNi(t) is a binary random variable
indicating the number of events that are seen to occur for individual i in
the short interval [t; t+ dt). It is possible to model its conditional mean by
the observed intensity function

E[dNi(t)|Ft] = P (dNi(t) = 1|Ft) = Yi(t)αi(t|Ft)dt,

where Yi(t) is a risk indicator (0 if cannot observe any change in Ni(t) at
t, 1 otherwise), and αi(t|Ft−) is the true underlying intensity function. In
other words, Ni(t) will have a jump at time t if an event occurs and is
observed to occur. The at-risk process can be allowed to depend on the
observed past, though this is suppressed in the notation. Usually αi(t|Ft−)
is of most interest and is the object of statistical modelling.
According to Andersen et al. (1993), the counting process Ni(t) has a com-
pensator Λi(t) such that Mi(t) = Ni(t) − Λi(t) is a martingale, which can
be thought of as a type of residual or noise process. In our case Λi(t) is
the cumulative intensity process. General martingale theory can be used to
derive asymptotic properties of estimators (via the martingale central limit
theorem) and as the basis of variance estimation, with few assumptions
and almost no additional work (Andersen et al., 1993). We will assume
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that individuals are mutually independent and associated with individual
i is a collection of possibly time-varying covariates Xi1(t), . . . , Xip(t). The
Aalen additive model that underlies our work is of the form

αi(t|Ft−) = β0(t) + β1(t)Xi1(t) + · · ·+ βp(t)Xip(t), (1)

and, loosely, dNi(t) = Yi(t)dB0(t) +
∑p
k=1 Yi(t)dBk(t)Xik(t) + dMi(t),

where β0(t) is the baseline intensity, βj(t) are regression functions (j =

1, . . . , p), and Bj(t) =
∫ t

0
βj(u)du are cumulative coefficients. More complex

versions of (1) might incorporate covariate trajectories rather than their
instantaneous values, or summaries of previous event patterns as in the dy-
namic models of Fosen et al. (2006) or Borgan et al. (2007). For each age t,
this model has the form of a standard linear regression model with uncorre-
lated errors. Therefore, we may estimate informally the regression functions
β(t) by least squares estimation. Technically this is because B̂(t) is a con-

sistent estimator whereas β̂(t) is not, and the martingale theory touched on
above applies to B̂(t): subject to mild conditions

√
n(B̂(t)−B(t)) converges

in distribution to a mean zero (p+1)-dimensional Gaussian martingale with
a variance matrix that can be estimated easily from the data.

3 Analysis and results

This work arose out of issues encountered in a large-scale sanitation pro-
gramme carried out from 1997 to 2004 in Salvador, Brazil, which involved
three longitudinal studies designed to evaluate the impact of environmen-
tal sanitation measures on the health of the population. For the analysis,
we used 21 areas (similar socioeconomic and sanitary conditions, called
sentinal areas) common to all three studies, and also the same covariates.
A day with diarrhoea was defined as the occurrence of three or more liq-
uid or loose stools starting when the child woke in the morning (Morris
et al., 1994). For brevity in this report we will concentrate on diarrhoea
prevalence as the outcome variable of interest. Prevalence is defined as the
probability that a child has diarrhoea on a given day, and prevalent days
form the recurrent events. To investigate the effect of the various socio-
economic and demographic factors, particularly sanitation arrangements,
and as the three studies varied by calendar and follow up periods, we used
an age rather than calendar time scale to adjust all three cohorts in the
same structure on scale: 6 months to 36 months (Age). The advantage of the
additive regression model is that the plots of cumulative regression func-
tions have a direct interpretation despite possibly complex effects. Periods
when a cumulative regression function decreases implies that the covariate
reduces the risk of the event happening over those ages, and an increas-
ing cumulative regression function implies the opposite. We have assumed
in this analysis that covariate effects are common across phases. Separate
analyses of each phase indicate that this is a reasonable assumption. Our
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FIGURE 1. Cumulative regression function estimates.

results showed an overall reduction in diarrhoea as age increases (not in-
cluded) and also across the phases (Figure 1).

4 Conclusion

In the reported analysis we focused on the additive regression model for
recurrent events data. This method presents several advantages when deal-
ing with this kind of data. First, the model is very simple as it is of linear
form and therefore the computations are almost instant, as we can use least
squares estimation. Second, it is easy to assess the effect of covariates on
the event of interest, even for complex time varying effects of time vary-
ing covariates. Third, powerful martingale theory supports inference and
model checking. A disadvantage is that there is no constraint for intensity
estimates to be non-negative. On the other hand the more natural logistic
regression approach can be unstable when events are rare, and the use of
the Firth correction may lead to biased predictions, especially when, as
here, we sum over a large number of ages.
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1 Introduction

Since the seminal studies of Engle and Granger (1987) and Johansen (1988),
the interest regarding cointegration increased significantly in literature.
However, traditional models consider the assumption that the cointegra-
tion vector does not change over time (Lütkepohl, 2005). As pointed by
Bierens and Martins (2010), this assumption may be considered very res-
trictive. Hence, the main objective of the article will be, unlike traditional
cointegration models, analyze the economic assumption of cointegration
varying over time. Similar to Bierens and Martins (2010), we propose to
model the cointegration vector temporally, via decomposition by wavelets.

2 Time-varying vector error correction models
representation with wavelets

Assuming that Πt = αβT
t with fixed α, consider a time-varying vector

error correction model of order p (TV-VECM(p)) with Gaussian errors,
without intercepts or time trends

∆Yt = αβT

t Yt−1 + ΓXt + ut, (1)
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where T is the number of observations, t = 1, . . . , T and ut = (u1t, . . . , unt)
T
,

with ut ∼ Nn(0,Σu). For the n×1 vector time series Yt, we supposed that
there are fixed r < n linearly independent columns of the time-varying n×r
matrix βt = (β1t, . . . , βnt)

T of cointegrating vectors. We can represent the
components βit of βt, i = 1, . . . , n, by a linear combination of wavelet
(mother) and scaling (father) functions as (Nason, 2008)

βit =
∑
k∈Z

cj0,kφj0,k(t) +

∞∑
j=j0

∑
k∈Z

dj,kψj,k(t), (2)

where φj,k(t) and ψj,k(t) respectively represents the functions of wavelet
and scale functions of the chosen base. In turn, c and d terms represents the
coefficients of the linear combination. Using (2), it is possible to rearrange
Equation 1, such that

∆Yt = αWT

JY
(J)
t−1 + ΓXt + ut,

where

Γ = [Γ1, . . . ,Γp−1],

Xt = [∆YT

t−1, . . . ,∆YT

t−p+1]T,

WT

J = [cT

0,0, . . . ,d
T

J,2J−1],

Y
(J)
t−1 = [φ(t)YT

t−1, . . . , ψJ,(2J−1)(t)Y
T

t−1]T.

3 Numerical results

Here we present the estimation of a specific simulated TV-VECM(p) model,
namely

Y1t = β2tY2,t−1 + u1t

Y2t = Y2,t−1 + u2t

with βt = [1, β2t]. Note that the βt component varies with time only
through the component β2t.

3.1 Considering just one change on β2t over time

In this case, the component β2t receives only two distinct values over time.
In other words, we have two regimes for the cointegration relations, i.e.

β2t =

{
β21 if 1 ≤ t ≤ T

2

β22 if T
2 < t ≤ T.

We estimate the components of the β2t vector via conditional maximum
likelihood in three situations, as can be seen in the Table 1. Note that, in
each case, we satisfactorily estimate the correct value of β2t, even in the
case where this vector does not vary with time (traditional cointegration).
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TABLE 1. Considered cases to simulate the components of the β2t vector.

β2t β21 β22 Description

Case 01 -1 +1 Change in signal
Case 02 -1 -2 Change in scale
Case 03 -1 -1 Traditional cointegration
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3.2 Allowing vector β2t freely vary with time

In this case, we consider the component β2t receiving distinct values over
time. Thus, we can envisage other forms to the cointegration vector varying
with time, as can be seen in the Table 2. Like the first case, we estimate
the components of β2t vector via conditional maximum likelihood.

TABLE 2. Considered cases to simulate and estimate the β2t vector.

β2t Description

Case 04 Three distinct values over time
Case 05 Seasonal behaviour
Case 06 Linear trend
Case 07 Logarithmic trend

Note that, we also satisfactorily estimate the correct value of β2t.
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4 Concluding remarks

Considering βt which varies with time permits a natural generalization of
traditional cointegrated models. Combining wavelets and conditional maxi-
mum likelihood estimation proved to be a powerful tool to model the time-
varying cointegration vector, especially when it assumes exotic behaviour
over time. Using this method, we also can estimate other parameters of the
model along with likelihood ratio tests.
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Abstract: Model selection introduces additional uncertainty into the model-
building process, but the standard errors of parameter estimators obtained from
the selected model by standard statistical procedures will under-estimate the true
variability. Model averaging aims to incorporate the uncertainty associated with
model selection into parameter estimation, by combining estimates over a set
of possible models. We have carried out a series of Monte Carlo experiments to
compare the theoretical properties of model selection and model averaging pro-
cedures for multiple regression models when some covariate values are missing
and have to be imputed. A restrictive strategy (where minimal use is made of
auxiliary variables in both prediction and imputation models) and a strategy us-
ing non-overlapping variable sets (where the auxiliary variable is only used in the
imputation model) were investigated. The mean square error of prediction at a
standard grid of points in covariate space was used to compare the predictive abil-
ity of model selection and model averaging procedures. The results showed that
model averaging often provides better prediction than the best model obtained
through model selection. It is advisable to use model averaging with a restrictive
strategy, as opposed to non-overlapping variable sets, to make predictions in the
presence of missing data.

Keywords: Restrictive; On-overlapping; Auxiliary variable; Single imputation.

1 Introduction

Model selection is well-known for introducing additional uncertainty into
the model-building process (Buckland et al., 1997) but the properties of
standard parameter estimates obtained from the selected model do not re-
flect the stochastic nature of model selection. This problem can be more
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severe in the presence of missing data (Wood et al., 2008). In the litera-
ture, model averaging has been proposed as an alternative to model selec-
tion which is intended to overcome the under-estimation of standard errors
that is a consequence of model selection. The main objective of this paper
is to compare model selection and model averaging in imputed data sets
in the context of missing data, in terms of prediction, using a restrictive
strategy and non-overlapping variable sets. Collins et al. (2001) defined a
restrictive strategy as including few or no auxiliary variables in both the
imputation and prediction models, where auxiliary variables are defined as
variables that are included in an analysis solely to improve the performance
of missing data procedures. A strategy of using non-overlapping variable
sets (an extremely restrictive strategy) is defined as not including aux-
iliary variables in the prediction model. In contrast, an inclusive strategy
includes numerous auxiliary variables and overlapping variable sets in both
the imputation and prediction models.

2 Design of simulation

All data were simulated from the following multiple linear regression model

Yi = β0 + β1X1i + β2X2i + εi, i = 1, . . . , n, (1)

where Y is the response variable, X the explanatory variables, β the pa-
rameters of the model/coefficients, ε a normal error term and n the number
of observations. X (X1, X2, and later X3) values, where X3 is an auxiliary
variable, were simulated from a multivariate normal distribution with fixed
zero means and a specified covariance matrix. ρ23 denotes the correlation
between X2 and X3, ρ23 = −0.75,−0.5,−0.25, 0, 0.25, 0.5, 0.75, and ρ12 =
ρ13 = 0. The Y values were created based on (1), the simulated X1 and X2

values and error terms simulated from N
(
0, σ2

ε

)
where σ2

ε = 1
16 , 1, 16. In

all simulations, β0 = β1 = β2 = 1. Some X2 values were deleted from the
simulated data set completely at random. Simulations were carried out for
every combination of sample size (n = 50, 100, 200, 400), missing percent-
age (m = 0, 25 and 50) and covariance matrix. The ”norm.nob” imputa-
tion method in the MICE package (van Buuren and Groothuis-Oudshoorn,
2011) was used to impute any missing observations ofX2 using the auxiliary
variable X3. The imputation model used in both the restrictive strategy
and non-overlapping variable sets was

X2i = ϕ̂0 + ϕ̂3X3i + hi. (2)

ϕ̂0 and ϕ̂3 were estimated from the complete cases using least squares, and
hi was a random error from N

(
0, σ̂2

h

)
. For the restrictive strategy, eight

possible prediction models were considered based on all possible subsets of
variables X1, X2 and X3. Whereas, for the non-overlapping strategy, four
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possible prediction models were considered based on all possible subsets of
variables X1 and X2 only. Model averaging was carried out across these sets
of models using AICc based weights (Buckland et al., 1997). Model selection
was carried out using AICc as the model-selection criterion (Claeskens and
Hjort, 2008).

3 Results and discussion

Figure 1 shows the comparison between the MSE(P) values obtained using
the restrictive strategy and non-overlapping variable sets on model aver-
aging and model selection for each ρ23, missing percentage, sample size
(n = 50 and n = 400) and σε = 0.25, 1, 4. In both the restrictive strat-
egy and using non-overlapping variable sets, the MSE(P) for the selected
best model and model averaging decreases as sample size increases and,
generally, as |ρ23| increases. The negative and positive correlations of same
magnitude showed similar results of MSE(P) for model selection and model
averaging using the restrictive strategy and using non-overlapping variable
sets. As the error variance increases, the MSE(P) for the selected best model
and model averaging increases. MSE(P) for model averaging is lower than
for model selection both in complete data sets and after imputation of miss-
ing values, and the difference is bigger for smaller sample sizes. However,
the MSE(P) for model selection using non-overlapping variable sets is lower
than using a restrictive strategy. A similar simulation study was carried out
using an inclusive strategy in order to compare it with the restrictive strat-
egy. However, the results showed that there is no clear difference between
the restrictive and inclusive strategies in these simple contexts.

4 Conclusion

In conclusion, researchers need to clearly define the purpose of their model-
building process with missing data and decide whether they are most inter-
ested in identifying which variables to include in the model for the response
or in making the best predictions. If the interest of the research with missing
data is to identify which variables to be included when making predictions,
one should use model selection with non-overlapping variable sets (using
the auxiliary variable only in the imputation model). On the other hand,
it is advisable to use model averaging with restrictive strategies (using the
auxiliary variable in both the imputation and prediction models) to make
predictions. Researchers can use an auxiliary variable with high positive
correlation to improve imputation. However, an auxiliary variable with a
high negative correlation can degrade the performance of model selection,
especially when there is relatively large error variance in the response.
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FIGURE 1. Comparison between the restrictive strategy and non-overlapping
variable sets on model averaging and model selection for σε.
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Abstract: With regard to multiple change-point models, much effort has been
devoted to the selection of the number of change points. But, the proposed ap-
proaches are either dedicated to specific segment models or give unsatisfactory
results for short or medium length sequences. We propose to apply the slope
heuristic, a recently proposed non-asymptotic penalized likelihood criterion, for
selecting the number of change points. In particular we apply the data-driven
slope estimation method, the key point being to define a relevant penalty shape.
The proposed approach is illustrated using two benchmark data sets.

Keywords: Data-driven slope estimation; Latent structure model; Model selec-
tion; Multiple change-point detection.

1 Introduction

The slope heuristics were introduced by Birgé and Massart (2001) as a new
non-asymptotic penalized likelihood criterion for model selection. They
showed that there exists a minimal penalty such that the dimension of
models (and the associated estimator risk) selected with lighter penalties
becomes very large. Moreover, they proved that considering a penalty equal
to twice this minimal penalty allows to select a model close to the best pos-
sible (or oracle) model in terms of estimator risk. This approach has been
recently popularized by the introduction of the data-driven slope estimation
method by Baudry et al. (2012) which is a practical method for implement-
ing slope heuristics. In the maximum likelihood estimation framework, this
practical method is based on the expectation of a linear relation between
the penalty shape (a function of the model dimension) and the maximized
log-likelihoods for overparameterized models. We focus here on the appli-
cation of the slope heuristics for selecting the number of change points in

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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multiple change-point models.

2 Defining the log-likelihood function and the penalty
shape for multiple change-point models

For multiple change-point models, the two possible log-likelihood functions
are:

• log f(s∗,x; J), the log-likelihood of the most probable segmentation
s∗ in J segments (the number of change points is therefore J − 1)
of the observed sequence x. Lebarbier (2005) used this log-likelihood
function for defining a slope heuristic for Gaussian models.

• log f(x; J), the log-likelihood of all the possible segmentations in J
segments of the observed sequence x with f(x; J) =

∑
s f(s,x; J).

These log-likelihoods for K = 2, . . . , J can be exactly computed by a single
application of a dynamic programming algorithm for log f(s∗,x; J) and a
smoothing algorithm for log f(x; J) (Guédon, 2013). The slope estimation
relies on maximized log-likelihoods computed for overparameterized models
and, as shown in Guédon (2013, 2015), the most probable segmentation
is often meaningless for overparameterized models. Consistently with our
view of multiple change-point models as latent structure models (Guédon,
2013; 2015), we will thus focus on the log-likelihood of all the possible
segmentations log f(x; J) for defining a slope heuristic. We investigated on
several data sets this log-likelihood over the range of J values corresponding
to overparameterized models and noted that this log-likelihood function is
markedly concave for overparameterized models if J < T (e.g. 10 < T/J <
100), where T is the sequence length, but far less if J � T .
To apply the slope heuristics, it is required that (Baudry et al., 2012):
(C1) The log-likelihood increases with J .
(C2) The penalty shape penshape(J) increases with J .
To these two standard requirements, we add the two following specific re-
quirements for multiple change-point models:
(C3) The penalty shape penshape(J) depends on the sequence length T .
Adding a segment for say J = T/10 entails a smaller increase of the penalty
shape than adding a segment for J � T .
(C4) The first-order differenced penalty shape penshape(J)−penshape(J−1)
decreases with J . This decrease is not a linear function of J .
For the definition of the penalty shape, our starting point was penshape(J) =

log nJ where nJ =
(
T−1
J−1

)
is the number of possible segmentations in J seg-

ments. Consider the limiting case where all the segmentations are equally
probable for a fixed J , then log f(x; J) = log γJ + log nJ . In fact for over-
parameterized models, as shown in Guédon (2013, 2015) using different
examples, log f(x; J) decomposes into a structural part corresponding to
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true change points and a noise part that increases with J . To respect the
monotonicity of penshape(J) as a function of J , we finally propose

penshape(J) = log

{
T J−1

(J − 1)!

}
,

with

penshape(J)− penshape(J − 1) = log

(
T

J − 1

)
.

3 Illustrations on benchmark data sets

The use of the proposed slope heuristic for multiple change-point models
is illustrated using two benchmark data sets corresponding to different
segment models and sequence lengths. The slope heuristic is compared
with the “exact”ICL criterion proposed by Rigaill et al. (2012).

3.1 British coal mining disasters

The data consist of the dates of 191 coal mining disasters between 1851
and 1962 summarized as annual counts during the 112-year period. We
assume that the number of disasters in any year has a Poisson distribution,
and the underlying Poisson distribution parameter is piecewise constant
through time.

TABLE 1. British coal mining disaster data: comparison of the exact ICL crite-
rion and the slope heuristics (SH) with J as the penalty shape (penshape0) and the
proposed penalty shape (penshape1). The criterion value and the corresponding
posterior model probability P (MJ |x) are given for each J .

J 1 2 3 4 5

ICLJ −413.14 −358.70 −362.31 −369.34 −375.74
P (MJ |x) 0 0.855 0.141 0.004 0
SHJ (penshape0) −419.68 −358.81 −357.04 −358.55 −361.01
P (MJ |x) 0 0.2 0.49 0.23 0.07
SHJ (penshape1) −407.72 −360.19 −368.05 −377.00 −385.38
P (MJ |x) 0 0.98 0.02 0 0

The slopes were estimated over the range J = 6, . . . , 20 and, we obtained a
residual standard deviation of 1.05 with the naive penalty shape J instead
of 0.04 with the proposed penalty shape. Both the exact ICL criterion and
the slope heuristic with the proposed penalty shape favour 2 segments while
the slope heuristic with the naive penalty shape J favours 3 segments and
puts weight on 4 segments which is not consistent with the outputs of the
different validation approaches shown in Guédon (2013, 2015); see Table 1.



106 Slope heuristics for multiple change-point models

3.2 Well-log data

The data consist of 4050 measurements of the nuclear-magnetic response
of underground rocks. The underlying signal is roughly piecewise constant,
with each segment relating to a single rock type that has constant physical
properties. We estimated Gaussian change in the mean and variance models
on the basis of these data.

TABLE 2. Well-log data: comparison of the exact ICL criterion and the slope
heuristic (SH) with the proposed penalty shape. The criterion value and the
corresponding posterior model probability P (MJ |x) are given for each J .

J 15 16 17 18 19 20

ICLJ −69355.4 −69330.0 −69316.3 −69309.7 −69309.6 −69313.3
P (MJ |x) 0 0 0.014 0.378 0.403 0.063
SHJ −69479.6 −69461.8 −69466.0 −69478.6 −69482.8 −69495.4
P (MJ |x) 0 0.89 0.11 0 0 0

The slope was estimated over the range J = 30, . . . , 80. The exact ICL
criterion favours 18 and 19 segments while the slope heuristic with the
proposed penalty shape favours mainly 16 segments; see Table 2. The 16-
segment model selected by the slope heuristic is far more consistent with
the analysis of the segmentation space presented in Guédon (2013) than
the 18- or 19-segment models selected by the exact ICL criterion.
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Abstract: The use of priors can stabilise inference in bivariate meta-analysis,
so that Bayesian inference has recently become attractive. However, Bayesian
analysis is often computationally demanding and a well-motivated prior for the
covariance matrix of the bivariate random effects is crucial. Integrated nested
Laplace approximations provide an efficient solution to the computational issues,
but the important question about prior elicitation remains. We apply the new
penalised complexity prior framework to derive priors for the variance parame-
ters and the correlation parameter. This allows us an intuitive specification of
the hyperpriors based on interpretable contrasts. Using a simulation study we
show that the new priors perform better than previously suggested priors in
terms of sharpness, MSE and the proper Dawid-Sebastiani score. All method-
ology is implemented in the new user-friendly R-package meta4diag which pro-
vides a GUI for easy model specification and can be downloaded from R-forge
http://meta4diag.r-forge.r-project.org.

Keywords: Bayesian analysis; Bivariate random effects; Integrated nested Laplace
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1 Introduction

A diagnostic test study usually presents a two-by-two table from which
pairs of sensitivity and specificity can be computed. A bivariate meta-
analysis summarises the results from separately performed studies while
keeping the two-dimensionality of the data (Chu and Cole, 2006). Since
the number of studies is often small and data may be sparse, maximum
likelihood estimation can be challenging. Paul et al. (2010) proposed to
perform full Bayesian inference using integrated nested Laplace approxi-
mations (INLA) (Rue et al., 2009). Harbord (2011) noted that INLA has

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
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considerable promise for use in routine analysis as no MCMC sampling is
involved, but that it is hard to specify suitable prior distributions.
Recently penalised complexity (PC) priors have been proposed (Simpson et
al., 2014), which allow the user to specify hyperparameters using intuitive
contrasts about the parameter the prior is defined for. Here, we apply this
approach to derive interpretable prior distributions for the precision and,
in particular, the correlation parameter. The methodology is available to
the applied scientist in the R-package meta4diag providing a GUI.

2 Bayesian bivariate meta-analysis

Let TP, FP, TN and TN denote the number of true positives, false pos-
itives, true negatives, and false negatives, respectively. Further, let Se =
TP/(TP+FN) be sensitivity and Sp = TN/(TN+FP) specificity. A bivari-
ate model summarises the results of several diagnostic studies i = 1, . . . , I
by modelling sensitivity and specificity jointly:

TPi|Sei ∼ Binomial(TPi + FNi,Sei), logit(Sei) = µ+ Uiα+ φi,

TNi|Spi ∼ Binomial(TNi + FPi,Spi), logit(Spi) = ν + Viβ + ψi,(
φi
ψi

)
∼ N

[(
0
0

)
,

(
σ2
φ ρσφσψ

ρσφσψ σ2
ψ

)]
,

(1)

where µ, ν are intercepts for logit(Sei) and logit(Spi), respectively, and Ui,
Vi are possibly available covariates vectors. The covariance matrix of the
random effects parameters φi and ψi is parameterised using between-study
variances σ2

φ, σ2
ψ and correlation ρ (Chu and Cole, 2006).

Usually vague or mildly informative priors are used for σ2
φ, σ2

ψ and ρ. Har-
bord (2011) proposed to use a stronger prior for ρ that is possibly not sym-
metric around zero, but defined around a (negative) constant ρ0. Penalised
complexity (PC) priors allow for such a specification. Thinking about ρ, let

Σbase =

(
1 ρ0

ρ0 1

)
and Σflexible =

(
1 ρ
ρ 1

)
denote the covariance matrices of the base model and the flexible model,
respectively. The increased complexity introduced by N (0,Σflexible) com-
pared to N (0,Σbase) can be measured by the Kullback-Leibler discrepancy
(KLD). We assume a constant rate penalisation of the distance d(ρ) =√

2KLD(ρ) to both sides of ρ0 = −0.2, say, leading to a two-sided expo-
nential prior with parameter λ. Motivated by real studies we would like
to distribute the density mass unequally to both sides leading to two rate
parameters λleft and λright which can be inferred by the user using in-
terpretable and intuitive contrasts motivated from findings in comparable
meta-analyses. Here, we use P(ρ > −0.2) = 0.6 and P(ρ < −0.95) = 0.05,
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FIGURE 1. PC-prior (solid) for ρ compared to a N (0, 5) prior for the Fisher’s
z-transformed correlation (Paul et al., 2010) (dashed).

leading to λleft = 1.48 and λright = 0.99. Figure 1 shows the obtained PC-
prior for ρ and compares it with the prior used in Paul et al. (2010). Priors
for σ2

φ and σ2
ψ are constructed analogously.

3 Simulation study

We performed a simulation study to compare the Bayesian approach with
either PC-priors or the priors of Paul et al. (2010) to the frequentist ap-
proach metandi (Harbord and Whiting, 2009). For both Bayesian settings,
we report summary statistics on the variance stabilising transformed pa-
rameters, which represent a more natural scale. Confidence intervals (CI)
obtained by metandi were consequently transformed to the same scale. Ta-
ble 1 shows the results for the transformed correlation parameter ρ in five
different simulation settings, where the true correlation is either −0.6, −0.4,
−0.2, 0 or 0.2. The Bayesian approach shows higher coverage probabilities
compared to the frequentist approach and using the PC-prior the shortest
average CI width is obtained over 1000 simulated datasets. Of note, when
the true ρ is close to ρ0 = −0.2, which corresponds to our base model,
the empirical coverage is slightly higher than the nominal level but this
is expected due to the concentration of the prior around −0.2. Although
metandi gives a smaller bias, the MSE is larger than in both Bayesian
approaches. To combine the measures of calibration and sharpness, we re-
port the proper Dawid-Sebastiani score, where smaller values are preferred.
Based on the mean DSS the PC-prior outperforms both other approaches.
We conclude that the Bayesian approach is to be preferred over the frequen-
tist approach. Further, the novel PC-priors show better behaviour than the
prior proposed by Paul et al. (2009). Most importantly, the PC-prior ap-
proach allows the applied user to incorporate prior knowledge in a straight-
forward and intuitive way by specifying probability contrasts.
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TABLE 1. Results for the Fisher’s z-transformed correlation parameter. The
95%-coverage, the average 95% interval length (given in squared brackets), mean
bias, mean squared error (MSE) and the mean Dawid-Sebastiani score (DSS) for
1000 simulated independent datasets from the bivariate model with µ =logit(0.8),
ν =logit(0.7), σ2

φ = σ2
ψ = 1 and different values of ρ are given.

True Value Model Coverage [ CI-Length ] Bias MSE DSS

Paul et al. 0.946 [ 2.25 ] 0.026 0.358 -0.142
ρ = −0.6 PC-prior 0.944 [ 2.23 ] 0.129 0.365 -0.084

metandi 0.946 [ 2.30 ] -0.101 0.440 -0.015

Paul et al. 0.951 [ 2.12 ] 0.026 0.315 -0.245
ρ = −0.4 PC-prior 0.962 [ 2.01 ] 0.087 0.256 -0.479

metandi 0.932 [ 2.15 ] -0.052 0.379 -0.080

Paul et al. 0.947 [ 2.06 ] 0.028 0.294 -0.297
ρ = −0.2 PC-prior 0.975 [ 1.94 ] 0.031 0.222 -0.657

metandi 0.930 [ 2.09 ] -0.008 0.350 -0.114

Paul et al. 0.958 [ 2.05 ] -0.003 0.264 -0.377
ρ = 0 PC-prior 0.974 [ 1.94 ] -0.049 0.209 -0.627

metandi 0.929 [ 2.07 ] -0.003 0.316 -0.193

Paul et al. 0.955 [ 2.06 ] -0.025 0.288 -0.340
ρ = 0.2 PC-prior 0.955 [ 2.02 ] -0.101 0.278 -0.373

metandi 0.942 [ 2.09 ] 0.009 0.336 -0.170
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Abstract: Bayesian analysis of max-stable process models for spatial extremes
is complicated by the fact that the likelihood function is usually intractable for
more than a few locations. A potential solution to this problem is to resort to
approximate Bayesian computation (ABC) techniques. However, using ABC im-
mediately raises the question as to which summary statistic should be employed
to compare the simulated pseudo-data to the observed data. Previous attempts
have used the estimated extremal coefficients, often resulting in high-dimensional
summary statistics. We instead propose to use the composite score vector derived
from the pairwise likelihood representation of the intractable full likelihood. This
reduces the dimensionality of the summary statistic to the number of unknown
parameters. We perform an extensive simulation study to assess the utility of the
composite score summary statistic compared to using the extremal coefficients.

Keywords: Max-stable processes; Approximate Bayesian computation; Com-
posite score functions; Indirect inference.

1 Max-stable processes

Max-stable processes are a popular class of models for spatial extremes
data. If it exists, the limiting distribution of the maximum of a suitably nor-
malized sequence of independent and identically distributed (multivariate)
random variables is in the family of multivariate extreme value distributions
(MEVDs). Max-stable processes are the infinite-dimensional generalization
of MEVDs. The D-dimensional marginal distribution of a max-stable pro-
cess observed at D locations follows a D-dimensional MEVD. The uni-
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variate margins are members of the univariate Generalized Extreme Value
(GEV) family. To reduce complexity, it is common to consider max-stable
processes with unit-Fréchet margins (Pr(Z ≤ z) = exp(−1/z)). The anal-
ysis then focuses on the dependence structure of the max-stable process.
The univariate GEV parameters can be estimated separately for each loca-
tion in a first step, and the data can be transformed to unit-Fréchet scale
using these estimates. For an overview of max-stable process models see
e.g. Davison et al. (2012).
There are many ways to construct max-stable processes with unit-Fréchet
margins, leading to different models such as the so-called Smith, Schlather,
Brown-Resnick, or extremal-t model (see Davison et al., 2012). Unfortu-
nately, for most of these models, it is infeasible to compute the likelihood
function for more than a few locations. Therefore, classical or Bayesian in-
ference based on the likelihood function would be impossible. However, the
pairwise likelihoods can be used to construct a composite likelihood. The
maximum composite likelihood estimator (MCLE) is a consistent estimator
of the model parameters, see Ribatet et al. (2012).

2 ABC estimation

Several strategies have been proposed up to this point to perform Bayesian
inference for max-stable process models. Ribatet et al. (2012) adjust the
magnitude and curvature of the overly concentrated composite likelihood
and use it instead of the true likelihood in a standard Bayesian estima-
tion framework. Erhardt and Smith (2012), on the other hand, perform
approximate Bayesian computation (ABC).
The basic idea of ABC is to simulate pairs of parameter values, {θi}Ni=1, and
pseudo-data, {zi}Ni=1, from the model and to give higher weight to param-
eter samples with a small distance between the corresponding pseudo-data
and the observed data, zobs. In this way, a sample from an approximate pos-
terior distribution is obtained. The tolerance level governs which discrepan-
cies between pseudo-data and observed data, denoted by d(zi, zobs), are con-
sidered as “close” enough to warrant non-negligible weights. However, it is
usually not advisable to compare the whole data set. Due to the curse of di-
mensionality, it would require a prohibitive amount of computing resources
to maintain a desired approximation accuracy when the data are high-
dimensional. Therefore, one usually seeks to find low-dimensional summary
statistics of the data and to compare these, so d(zi, zobs) = d(s(zi), s(zobs)).
For the max-stable process model, Erhardt and Smith (2012) define and
estimate the tripletwise extremal coefficients between all triplets of loca-
tions and use them as summary statistics. The set of extremal coefficients
is not a sufficient statistic for this model, but it nonetheless provides a
very good summary of the dependence structure. However, since there are(
D
3

)
tripletwise extremal coefficients, Erhardt and Smith (2012) group them
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into K clusters according to the shapes of the triangles formed by the lo-
cation triplets (only depending on the locations, not on the data). Then
they compute the means of the extremal coefficients within the K clusters,
which results in a K-dimensional summary statistic. In their simulations
with D = 20 locations, they use K = 100 clusters, which is still quite a
large dimension for the summary statistic. We will denote the approach of
using the extremal coefficients as summary statistics by ABC-ec.

3 Composite score function

If a composite likelihood function is available, Ruli et al. (2015) propose
to use the score vector of the composite likelihood function as a sum-
mary statistic for ABC and call it ABC-cs (where cs denotes composite
score). For models in the exponential family, the score vector is a suffi-
cient statistic. Thus, the score vector is likely to provide informative sum-
mary statistics also for more general models, even in the case of composite
likelihoods. The composite score vector is evaluated at the MCLE of the
observed data, θ̃obs, so s(zobs, θ̃obs) = 0. Ruli et al. (2015) show that us-
ing the discrepancy function d(s(zi, θ̃obs), s(zobs, θ̃obs)) = d(s(zi, θ̃obs), 0) =
s(zi, θ̃obs)

TJ(θ̃obs)
−1s(zi, θ̃obs), where J(θ̃obs) is the variance-covariance ma-

trix of the composite score vector evaluated at the MCLE of the observed
data, leads to approximate posterior distributions with the correct curva-
ture. Furthermore, this discrepancy function is invariant to reparameteri-
zations.
One major advantage of using the composite score vector as summary
statistic is that the dimension of the statistic equals the dimension of the
parameter space. Hence, if the model is parsimonious, the summary statis-
tic will be of a low dimension. If the composite score function is available
analytically, a second advantage is that the summary statistics are usually
easy and fast to compute.

4 Simulation study

Our goal is to assess the utility of using the composite score vector as
summary statistic for max-stable process models compared to using the ex-
tremal coefficients. In particular, we consider the Schlather (extremal Gaus-
sian) model with a Whittle-Matérn correlation function. We performed our
simulation studies for various settings, varying the number of locations, the
number of repeated observations per location, and the true correlation pa-
rameters to produce strongly or weakly correlated observations. For each
setting, 300 data sets were generated and ABC-cs and ABC-ec were ap-
plied to obtain approximate posterior samples for each data set. We used
a slightly modified version of the adaptive population Monte Carlo (PMC)
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algorithm developed by Lenormand et al. (2013). This simple but flex-
ible PMC algorithm automatically reduces the tolerance level until the
acceptance rate of newly simulated samples falls below some predefined
threshold.
Mean squared errors of the posterior parameter samples and of the pos-
terior means and posterior modes were computed and graphical analyses
were made. These analyses often gave mixed results, with slight advan-
tages for ABC-cs in most cases. However, the ultimate goal is to accurately
estimate the dependence structure. For the Schlather model, the corre-
lation function captures all information about the dependence structure.
Furthermore, it is known that widely differing parameter values can lead
to similarly shaped correlation functions. Therefore, we computed the in-
tegrated squared correlation difference (ISCD) for each sampled posterior
parameter θi ∈ {θj}Nj=1:

ISCDi =

∫ ∞
0

(ρ(h; θi)− ρ(h; θtrue))2dh,

where ρ(h; θ) denotes the correlation function with correlation parameters
θ evaluated at distance h. This gives us a posterior sample of ISCDs for
each of the 300 data sets, for which we can calculate summary statistics
like the posterior mean or the posterior median. We observe that ABC-cs
yields lower average posterior mean ISCDs (averaged over the 300 data
sets) than ABC-ec in all settings that we considered. Using the integrated
absolute correlation differences instead leads to the same conclusions.
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E-mail for correspondence: philipp.hermann@jku.at

Abstract: Standard mathematical procedures in the area of shape analysis are
applied on Wilms tumor. A platonic body C60 is constructed for renal tumors
with the aid of landmarks on the basis of 3D objects, computed from 2D mag-
netic resonance images. Differentiation between Wilms and non-Wilms groups is
performed in addition to a pre and post clinical trial for chemotherapy patients.

Keywords: Shape analysis; Wilms tumor; Chemotherapy.

1 Introduction

Wilms tumor, also named nephroblastoma, is a cancer type which mainly
affects the kidney of children under 7 years old. It is one of the three most
frequent types of embryonal tumors in children (Ward et al., 2014). Genetic
predisposition is suspected to increase the risk of nephroblastomas. There-
fore, Wilms tumor is said to be one of the flagship-examples for abnormal
developments which can be assigned to cancer predisposition in an organ
(Schwab, 2001). The chance of curing cancer has been increasing in the last
years, however, it is highly dependent on age, histological type, postopera-
tive acuteness or volume of the tumor itself. Screenings every three months
is advisable for risk groups in order to detect possible tumors as soon as
possible (Ward et al., 2014).
Magnetic resonance images (MRI) deliver 2D images after being prescribed
due to suspicion of Wilms tumor. Images of these screenings are basis for
constructing a three dimensional object of the renal tumor as visible in
Figure 1 taken from Giebel et al., (2012) and Hermann et al., (2015). Re-
searchers have a huge interest to find markers for a good differentiation to
avoid misclassifications (Giebel et al., 2012). Shape analysis allows to form

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
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FIGURE 1. Left: transversal image of a renal tumor; middle: 3D Image of a renal
tumor; right: surface of tumor and platonic body.

more-dimensional objects with the aid of mathematical procedures, char-
acterizing objects on the basis of key points, called landmarks. However,
standardization and centralization regarding size and position of the object
allow comparing objects and differentiating between stages of tumors. In
total 60 landmarks are taken as the cut-points between the surface of the
tumor and the vector of the edge of the platonic body C60 (see Giebel et
al., 2010, 2012). This platonic body, plotted in Figure 1, is formed on an
explorative approach around the renal tumor with respect to minimization
of Euclidean volume of the object.

2 Data analysis

The sample size consists of 40 patients compound of 30 patients affected
with Wilms tumor, 7 with Non-Wilms and 3 missing values. Phrasing “Non-
Wilms” represents patients with Wilms tumor of lower malignancy group,
i.e. group I of four groups. The number of measured points in order to
get the exact location of the landmarks varies to a greater extent (be-
tween 186 and 6638) due to the explorative approach based on geometric
methods. Wilcoxon- and t-test yield evidence for statistical significance of
recognized differences in descriptive statistics (mean, median) between the
two groups. As a next step distributional differences between Wilms and
non-Wilms patients are tested with the aid of a two-sample KS-test. In
addition to p-values, density estimators with Gaussian kernel are given for
all coordinates in Figure 2 indicating that significant differences concerning
the distributions between the groups are observed.
Furthermore, we transform the data according to the three dimensional
center point. Therefore, landmarks are reduced by their corresponding
center value for every observation and coordinate. Due to this central-
ization approach, mean as well as median are very close to zero. Testing
for differences between the means with the Wilcoxon-test does not de-
liver significant p-values. In contrast to that, the t-test would suggest that
within x-coordinate different mean values are observed. Analogously to the
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FIGURE 2. Left: density estimators of the coordinates and groups; right: density
estimators of the centered coordinates and groups.

non-centered data, KS-test has been used to test for equal distribution,
where only for x-coordinate the null-hypothesis of equal distributions was
rejected. Centering the data leads to a loss in distributional differences be-
tween the groups. Former significant differences in the landmarks between
the groups are removed due to this geometrical centralization, comparable
to standardizations which are used e.g., to transform normal distributions
to standard normal distributions.

3 Impact of chemotherapy

A pre and post clinical trial has been performed with 10 patients in order
to test for developments of the landmarks before and after chemotherapy,
resulting in 20 observations. For allowance of comparison of the size of
the object, each landmark was centered according to its center value in
advance. A decrease in the mean of the standard deviation can be observed
for y- and z-coordinate after therapy. Moreover, mean and median are close
to zero, however, minima and maxima are smaller for all coordinates after
therapy, which allows the assumption that therapy could lead to a decrease
of the volume of the object. In order to have a graphical comparison of
the data before and after chemotherapy, density estimators were given in
Figure 2(b) in Hermann et al. (2015). These figures show that therapy leads
to less variance in the distribution for every coordinate, which strengthens
the previous arising assumption. Testing for normality of the distributions
before and after therapy has been performed in Hermann et al. (2015).
The results of Shapiro test do not allow to reject normality for the y-
coordinate before therapy as well as y- and z-coordinate after therapy.
Although normality is still rejected for the x-coordinate, its p-value at
least increases and a development in direction of normality can be assumed,
among others because the shape of the density estimator is similar to the
normal distribution.
Figure 3 contains 3D-scatterplots in order to compare the size of the object
for three of the patients before and after therapy. Plots of the landmarks
before therapy can be found in the first line and the corresponding plots af-
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FIGURE 3. Scatterplot for patients before and after therapy.

ter therapy are beneath. Apparently, the volume of the object decreases for
all displayed patients (all axes have same scale), but in different magnitude.

4 Conclusion

The standardly used mathematical procedure of constructing the platonic
body C60 for the renal tumor allows to differentiate on the basis of dis-
tributions and means between the groups. Medical staff can be supported
in the diagnosis decision process with this geometrical approach built on
MRI, however, in its current stage the analysis is preliminary.

Acknowledgments: Milan Stehĺık acknowledges Proyecto Interno 2015,
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1 Introduction

Cellulose can be produced by some bacterial species and it is expected
to be a new commodity with diverse applications if production conditions
could be improved. In this study, an experiment was conducted to analyze
the effect of pH and cultivation time on the production of bacterial cellu-
lose using the microorganism Gluconacetobacter medellinensis. In order to
describe the behavior of the experimental units, different models were con-
sidered using GAMLSS models (Generalized Additive Model for Location
Scale and Shape).

2 GAMLSS

Rigby and Stasinopoulos (2005) proposed GAMLSS models (Generalized
Additive Model for Location Scale and Shape) that assume the response
variable yi, with i = 1, . . . , n, are independent with probability density
function f(yi | θi) in which θi = (µi, σi, νi, τi)

T corresponds the to param-
eter vector. The first two elements µi and σi are location and scale param-
eters while the remaining are shape parameters. GAMLSS allow that each
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parameter could be a function of a set of explanatory variables and the
distribution of random variable yi is not limited to the exponential family
(Stasinopoulos and Rigby, 2007). The GAMLSS models consider continu-
ous as well as discrete distributions with different parameterizations for the
same distribution of the response variable. Details of distributions and pa-
rameterizations used in GAMLSS can be found in (Rigby and Stasinopou-
los, 2010, page 199).
Another advantage of GAMLSS models is that the models allow the use
of fixed effects, random effects and (semi) parametric univariate in the
specification regression models, where all the parameters of the assumed
distribution for the response can be modeled as additive functions of ex-
planatory variables.

3 Results

Figure 1 shows the density plot and boxplot for cellulose variable, from
these plots we can observe that response variable is right-skewed with min-
imum 0.0181, median 0.0787, maximum 0.5707 and five points from 32 that
seem like outliers. For these reasons it seems reasonable to use a skewed
distribution to model the cellulose yield. Figure 2 shows the scatterplot for
bacterial cellulose yield, pH and time. We observed that maximum bacte-
rial cellulose yield was obtained with pH 3.5 and 13 days, it was noted that
the yield tends to decreases as the pH increases and it tends to increases
as the time increases too.
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FIGURE 1. Density and boxplot for bacterial cellulose yield (g).

According to Figure 1, several models with gamma, log-normal and inverse
Gaussian distribution were fitted for the response variable. For each model
were considered polynomials up to grade two with pH and Time as co-
variates in the structure of µ and σ parameters. The preferred model was
the one with the minimum AIC value (Akaike information criterion pro-
posed by Akaike, 1973) that assumed gamma distribution for the response
variable. The structure, covariates and results for this model are shown in
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FIGURE 2. Scatterplot for bacterial cellulose yield (g), pH and time (days).

Table 1. From Table 1 we obtained the estimated expressions for µ and σ
parameters as:

log(µ̂) = −1.45− 0.65pH + 0.18Time (1)

log(σ̂) = 1.58− 0.56pH. (2)

Due to the fact that parameterization considered for gamma distribution,
the mean and variance of cellulose yield can be expressed as:

Ê(Y ) = µ̂ = e−1.45−0.65pH+0.18Time (3)

ˆV ar(Y ) = µ̂2σ̂2 = e0.26−2.42pH+0.36Time. (4)

From the above expressions it was observed that for each additional day, at
a fixed value of pH, the mean of bacterial cellulose yield increases in 19.72%
(obtained from e0.18 = 1.1972); similarly, if we fixed the time, then for each
additional unit of pH, the variance decreases in 91.11% (obtained from
e−2.42 = 0.0889). Figure 3 shows a plot of estimated mean and variance for
several values of time. From this figure we observed that mean and variance
for cellulose yield decrease as pH increases, the opposite occurs for mean
and variance when time increases.

TABLE 1. Parameter estimates.

log(µ) model Estimate Std. Error t value P-value

Intercept -1.45 0.58 -2.52 1.785e-02
pH -0.65 0.09 -7.43 5.468e-08

Time 0.18 0.03 5.36 1.173e-05

log(σ) model Estimate Std. Error t value P-value

Intercept 1.58 0.57 2.79 0.0095142
pH -0.56 0.12 -4.54 0.0001058
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FIGURE 3. Estimated mean and variance for three time values.

4 Conclusions

The results found here agree with Castro et al. (2012) that conclude that
optimal bacterial cellulose yield is found near pH 3.5. The two explana-
tory variables used in the model were significant to explain the mean and
variance of bacterial cellulose yield, the equations 3 and 4 could be used
to model the system behavior to those conditions and allow describing the
variability of bacterial cellulose yield.
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1 State of the art

Biological dosimetry is essential for the timely determination of the radia-
tion dose received by an exposed individual in the event of a radiation ac-
cident or unplanned exposure. Biodosimetry relies on the relation between
the amount of damage induced by radiation at a cellular level, e.g. count-
ing micronuclei. The frequency of chromosome aberrations is a established
biological indicator of radiation dose received.

1.1 Classical methodology and Bayesian alternative

Calibration curves are produced by irradiating n blood samples from a
healthy donor with several doses xi, i = 1, . . . , n. Then, for each dose, ni
cells are analysed and the counts of observed chromosomal aberrations yij ,
j = 1, . . . , ni are recorded. For the dicentric assay it is usually assumed
that the counts yij follow a Poisson distribution whose population mean
is a function of xi and a set of parameters β, i.e. E(yij) = f(xi;β). The
parameters of this regression model are usually estimated by maximum
likelihood, and the MLE and its estimated variance-covariance matrix are
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calculated and recorded. Therefore, in a case of suspected overexposure,
given a blood sample from an irradiated patient, m lymphocytes are scored
obtaining the counts ỹ1, . . . , ỹm. The classical approach to estimate the
received dose x and its confidence limits is to use the inverse regression
method described as a standard procedure in the IAEA manual (2011).
Groer and Pereira were the first to investigate the use of Bayesian models in
chromosome dosimetry neutron exposure, and since then several researchers
have used Bayesian methods in radiation biodosimetry. They presented a
method for the Poisson model for the simple case where f(x;β) = βx using
a Gamma distribution as a prior for β. A review of Bayesian methods in
biodosimetry can be found in Ainsbury et al. (2013).

2 Original contributions

In Higueras et al. (2015), given a Poisson regression model the posterior of
the population mean is approximated to a Normal distribution, using the
asymptotic normality of the posterior distribution for large samples and
the delta-method, i.e.

µ|x ∼ N
(

(f(x, β̂), δ̂),∇ · Σ̂ · ∇T

)
,

where Σ̂ is the estimated covariance matrix and ∇ is the gradient of f(x;β).
This asymptotic Normal posterior distribution of the population mean can
be approximated to a Gamma distribution, and the resulting calibrative
density for solving the inverse problem is expressible in terms of a mixture
of a Poisson distribution with a Normal (or Gamma) distribution,

f(x|ỹ) ∝ p(x)

∫
L(ỹ|µ)P(µ|x)dµ,

i.e., the Hermite (or Negative Binomial) distribution. A new R package en-
titled radir (Moriña et al., 2015) for the models presented here is available
at CRAN repository, see http://cran.r-project.org/web/packages/radir/.

2.1 Example: analysis of doses in thyroid cancer patients

Serna et al. (2008) studied chromosomal damage in lymphocytes of thyroid
cancer patients after radioiodine treatment. The authors performed a mi-
cronucleus assay in binucleated cells of blood samples from 25 patients 3
days after internal Iodine-131 exposure. The in vitro calibration curve was
fitted by a linear-quadratic model with intercept, f(x;β) = Gβ2x

2+β1x+β0

according to Poisson’s law, and the estimate of β0 was not taken into ac-
count, because the authors in Serna et al. (2008) argued that the intercept
could change for each patient. The constant G is the Lea-Catcheside gen-
eralized dose-protraction factor, being G = 1 for the in vitro assay. Taking
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into account the characteristics of the Iodine-131 treatment, the authors in
Serna et al. (2008) found the factor G to be close to 0.1. Then β0, the back-
ground of each patient, can be estimated counting the micronuclei of the
patient from a blood sample taken before the treatment. This leads to the
fitted regression model f(x; β̂) with a covariance matrix that incorporates

the variance of β̂0 without correlation with β̂1 and β̂0. To illustrate the
novel techniques presented here, the dose received by Patient 1 in Serna
et al. (2008) is estimated. The patient presented 13 cells with just one
micronucleus each in a total of 500 cells.

TABLE 1. Statistical summary of the calibrative dose densities for both Uniform
dose priors.

Prior dose distribution Mode Mean SD 95% HPD

U(0, 2) 1.140 1.141 0.481 (0.319, 2.000)
U(0, 4.5) 1.140 1.561 0.858 (0.055, 3.281)

Therefore, µ|x will be considered to follow a distribution with f(x, β̂) =

Gβ̂2x2 + β̂1x+ β̂0 and variance v(x, β̂) = ∇· Σ̂ ·∇T, where ∇ = (1, x,Gx2).
In this case a Gamma mean prior is preferred instead of a Normal, due
to constraint reasons. For a Gamma mean prior, the predictive posterior
distribution represents the probability of a Negative Binomial random vari-
able taking a value of 13 counts, with mean 4.810 · 103x2 + 0.177x+ 0.130
and variance 4.326·106x4+2.036·104x3+9.922·103x2+0.177x+0.133. Two
calibrative densities have been calculated applying two different Uniform
prior dose distributions, from 0 to 2 and 4.5 Gy. Figure 1 shows the plot of
both densities of the estimated dose for the test data. Their statistics are
indicated in Table 1. These results agree with those displayed in Serna et
al. (2008), where the dose estimate for Patient 1 was 1.14 Gy.
This result can be reproduced with very simple R commands using radir.

> f <- expression(b0+b1*x+0.1*b2*x^2); pars <- c("b0","b1","b2")

> beta <- c(0.01, .0136, .0037)

> cov <- matrix(c(1.98e-05,0,0,0,.3121*10^(-4),-.0798*10^(-4),0,

+ -.0798*10^(-4), .0256*10^(-4)),nrow=3)

> ex.u1 <- dose.distr(f, pars, beta, cov, cells=500, dics=13,

+ prior.param=c(0, 2)); summary(ex.u1)

> ex.u2 <- dose.distr(f, pars, beta, cov, cells=500, dics=13,

+ prior.param=c(0, 4.5)); summary(ex.u2)

The Bayesian approach has a number of obvious advantages for cytogenetic
radiation dose estimation, where high quality prior information is generally
available and where the estimated dose is more correctly represented by a
distribution of possible values, the calibrative density presented here. The
above results demonstrate that the approach described is accurate and
informative for practical cytogenetic dosimetry.
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FIGURE 1. Calibrative dose densities from a U(0, 2) (solid line) and a U(0, 4.5)
(dashed) prior dose.
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Abstract: In this paper two alternative approaches are proposed to model a
response variable Y measured on the interval from zero to one, including both zero
and one. The first proposed model employs a flexible four parameter distribution
for 0 < Y < 1, for example a logit skew exponential power distribution, inflated
by including point probabilities at 0 and 1. The second proposed model is a
generalised Tobit model, obtained from a flexible four parameter distribution
on (−∞,∞), for example the skew exponential power distribution, by censoring
below 0 and above 1. The proposed models are applied to a real data set and
compared with current popular models.
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1 Introduction

The purpose of this paper is to provide two flexible modelling approaches
for a proportion response variable measured on the interval from 0 to 1,
including both 0 and 1, i.e. range [0, 1]. In the first approach a flexible
distribution for Z with range (−∞,∞) is transformed to Y with range
(0, 1), using an inverse logit transformation Y = 1/(1+e−Z), which is then
inflated by including point probabilities for Y at 0 and 1. Any available
distribution on (−∞,∞) within the gamlss package, Stasinopoulos and
Rigby (2007), can be used for Z, for example the flexible four parameter
skew exponential power (SEP) and skew student t (SST) distributions.
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The second approach is a generalised Tobit model, in which a flexible dis-
tribution on (−∞,∞) is truncated below 0 and above 1 to provide range
0 ≤ Y ≤ 1 with probabilities at 0 and 1. Again any available distribution
on (−∞,∞) including the SEP and the SST can be used for this purpose.

2 Inflated logitSEP distribution

2.1 Logit skew exponential power (logitSEP) distribution

Any distribution on range−∞ < Z <∞ can be transformed to a restrictive
range 0 < Y < 1 by using an inverse logit transformation Y = 1/(1+e−Z).
The reason for the proposed model is that the usual beta distribution for
0 < Y < 1 is often inadequate for modelling a proportion response variable.
The inverse logit transformation of the skew exponential power distribu-
tion, Fernandez et al. (1995) called the logitSEP distribution, is intro-
duced here to provide an improved model on the interval (0, 1). Note that
if Z ∼ SEP(µ, σ, ν, τ) for −∞ < Z < ∞, then Y = 1/(1 + e−Z) ∼
logitSEP(µ, σ, ν, τ) for 0 < Y < 1. The logitSEP distribution is created
using the gamlss function gen.Family(), which allows any gamlss distri-
bution with range (−∞,∞), (e.g. SEP), to be transformed to a new gamlss

distribution, (e.g. logitSEP), with range (0, 1).

2.2 The logitSEP distribution, inflated at 0 and 1

The inflated logitSEP distribution is suitable for a proportion response
variable on 0 ≤ Y ≤ 1 that includes both 0 and 1. The inflated logitSEP
distribution is a mixture of a logitSEP distribution for 0 < Y < 1 and a
Bernoulli distribution for Y at 0 or 1. The model includes three components:
a discrete value 0 with probability p0, a discrete value 1 with probability p1

and a logitSEP(µ, σ, ν, τ) distribution on the unit interval (0, 1) with prob-
ability (1− p0− p1). The mixed (continuous-discrete) probability (density)
function of Y ∼ Inf.logitSEP(µ, σ, ν, τ, ξ0, ξ1) is given by

fY (y|µ, σ, ν, τ, ξ0, ξ1) =

 p0 if y = 0
p1 if y = 1
(1− p0 − p1)fW (y|µ, σ, ν, τ) if 0 < y < 1

for 0 ≤ y ≤ 1, where W ∼ logitSEP(µ, σ, ν, τ) has a logitSEP distribution
with −∞ < µ < ∞ and σ > 0, ν > 0, τ > 0 and 0 < p0 < 1, 0 < p1 < 1
and 0 < p0 + p1 < 1. The parameters ξ0 and ξ1 are related to p0 and p1

by ξ0 = p0/p2, ξ1 = p1/p2, where p2 = 1 − p0 − p1, so ξ0 > 0 and ξ1 > 0.
Hence p0 = ξ0/(1 + ξ0 + ξ1) and p1 = ξ1/(1 + ξ0 + ξ1).
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The default link functions relate the parameters (µ, σ, ν, τ, ξ0, ξ1) to the
predictors (η1, η2, η3, η4, η5, η6), i.e.

µ = η1

log σ = η2

log ν = η3

log τ = η4

log(p0/p2) = log(ξ0) = η5

log(p1/p2) = log(ξ1) = η6.

The dependence of the predictors of the parameters (i.e. η1 to η6) on ex-
planatory variables may be linear, nonlinear, non-parametric smooth, re-
gression trees or neural network models. The parameter sets (µ, σ, ν, τ)
and (ξ0, ξ1) are ‘information’ orthogonal. The inflated (inverse logit) trans-
formed distributions (e.g. Inf.logitSEP) have the advantage of extra flexibil-
ity, in that the probabilities of Y at 0 and 1 are modelled independently of
the distribution on (0, 1), (e.g. logitSEP), but with the cost of introducing
extra parameters (ξ0, ξ1) into the model. Note that the logit transformation
is sensitive to values of Y very close to 0 or 1.

3 Generalised Tobit model

The original Tobit model for a response variable Y on [0, 1] assumes that
the response follows a normal distribution censored below 0 and above 1,
Tobin (1958).
The generalised Tobit model on [0, 1] requires censoring below 0 and above
1 of a flexible model response variable distribution on (−∞,∞) for its pos-
itive probabilities at 0 and 1. Censoring refers to the transformation of
observations outside the limiting interval to the border values, Hoff (2007).
Here the values in the model distribution below 0 and above 1 are trans-
formed to 0 and 1 respectively.
Let Y1 ∼ D(µ, σ, ν, τ) be a flexible uncensored distribution on (−∞,∞).
Let Y ∼ Dc(µ, σ, ν, τ) be the corresponding distribution left censored below
0 and right censored above 1 with resulting range [0, 1]. Then

Y =

 0 if Y1 ≤ 0
Y1 if 0 ≤ Y1 ≤ 1
1 if Y1 ≥ 1.

Hence the (mixed continuous-discrete) probability (density) function of Y
is given by

fY (y) =

 P (Y1 ≤ 0) if y = 0
fY1

(y) if 0 < y < 1
P (Y1 ≥ 1) if y = 1
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for 0 ≤ y ≤ 1. In principle D can be any distribution on (−∞,∞), for
example the four parameter SEP or SST distribution given in Section 2.1.
In the generalised Tobit models the probabilities of Y at 0 and 1 are directly
related to the distribution between 0 and 1 and so are less flexible, but the
model is more concise (i.e. parsimonious) in that it has less parameters.
Also the Tobit model is not so sensitive to values of Y very close to 0 or 1.

4 Conclusion

This paper proposed two models for a proportion response variable mea-
sured on the interval [0, 1] including 0 and 1. The first proposed model
transforms a flexible four parameters distribution on (∞,−∞), (e.g. SEP),
to range (0, 1), using an inverse logit transformation, and then extends the
range to [0, 1] by including point probabilities at 0 and 1, giving an inflated
distribution (e.g. Inf.logitSEP). The second proposed model is a gener-
alised Tobit model, obtained by censoring below 0 and above 1 a flexible
four parameter distribution on (∞,−∞), (e.g. SEP), giving range [0, 1].
The dependence of each of the parameters of the two proposed models
on explanatory variables can be linear, nonlinear, non parametric smooth
function, regression trees or neural network models. The models can be
fitted in R using the packages gamlss, gamlss.cens, and gamlss.inf. The
models are applied to a proportion response variable loss given default.
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Abstract: The use of statistical methods for analyzing ordinal categorical data
has increased dramatically, particularly in biomedical, social sciences, and mar-
keting research. Several statistical methods for univariate and correlated multi-
variate categorical responses have been introduced. They are based on two main
approaches: methods concerning latent variables linked to observed categorical
responses via threshold models and methods which directly derive from a prob-
ability distribution. For the second approach a close relationship with the data
generating process is required whereas for the first class of models more strin-
gent fitting aptitudes are pursued. In this proposal we present a comprehensive
mixture model which includes both paradigms and allows to unify most of the
current proposals. The generalized mixture which we present is an useful frame-
work to compare models, to discover unexpected similarities and to introduce
new interesting distributions.
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1 Introduction

The starting point for devising a framework which encompasses some of
the different proposals nowadays available in the literature for the analysis
of univariate ordinal categorical data is the consideration that any model
is or may be considered as a finite mixture of two components which we
call feeling and uncertainty. The first is a combination of attractiveness,
satisfaction, awareness whereas the second one is the summary of indeci-
sion, fuzziness, blurriness concerning the stochastic mechanism behind the
discrete choices. These components have to be conveniently weighted by
means of a mixture which is a convex combinations of different probability
mass distributions.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).



132 Modelling ordinal categorical data

The detailed specification of the two components allows to introduce a
comprehensive mixture. It includes the main frameworks for the analysis
of ordinal responses as the case study shows.

2 Components of the generalized mixture model

Focusing on the notation, with respect to a given item I, we denote as
Ri the final response expressed by the i-th subject and by Yi and Vi,
i = 1, . . . , n, the corresponding random variables for feeling and uncer-
tainty, respectively. All these random variables are defined over the discrete
support {1, . . . ,m}, for a known m. Let θ = (β,Ψ) the set of all param-
eters characterizing the distribution of (R1, . . . , Rn) and Ψ = (η, Tm) the
parameters for the feeling component.
Available information on the subjects’ characteristics (covariates) are col-
lected in a matrix T, and T(π) and T(Ψ) are submatrices of T containing
subjects’ covariates for uncertainty and feeling components, respectively.
Then, the basic formulation of the mixture approach is:

Pr(Ri = j|θ) = πi Pr(Yi = j|t(Ψ)
i ,Ψ) + (1− πi) Pr(Vi = j) (1)

for i = 1, . . . , n and j = 1, . . . ,m, where πi = π(t
(π)
i , β) ∈ (0, 1] has been

introduced to weight the two components and t
(π)
i ∈ T(π). Here, Yi and Vi

are the random variables for the feeling and uncertainty, respectively. The
case πi ≡ 0 is logically possible if we are assuming that the selection process
is controlled solely by indecision; however, this assumption rules out the
identifiability of parameters concerning the feeling. Hereafter we prefer to
set πi > 0, ∀i. The probability distribution of uncertainty is assumed known
on the basis of a priori assumptions and it does not require parameters.
An increase of πi implies a reduced impact of the uncertainty component;
thus, the quantity (1 − πi) is a (normalized) measure of the uncertainty
implied by the model.
If we concentrate the attention on the feeling Y , ordinal phenomena are
genuinely observed or are derived by a continuous variable Y ∗ (a latent
variable) which for convenience or necessity is examined in a discrete ver-
sion by means of Y . In the first case the correspondence with integers is
immediate (although the scale may be not metric) and the assumptions
about a latent variable are not so relevant since we begin the statistical
procedures with a direct consideration of Y (Piccolo, 2003). In the sec-
ond case the discretization of Y is obtained by means of cutpoints which
transform the continuous support of Y ∗ into a sequence of ordered bins
concerning Y (McCullagh and Nelder, 1989).
Then, a classification of models for ordinal data commonly used in the
literature derives from the information available on the set of cutpoints
which we denote as Tm = {−∞ = τ0, τ1, . . . , τm−1, τm = +∞}, where
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τj−1 < τj for j = 1, . . . ,m. In this regard, we distinguish between unsu-
pervised (classes I and II) and supervised discretization (class III). In the
class I there are no cutpoints to define the ordered sequence, thus Tm ≡ ∅.
In this case, we directly formalize the probability mass distribution of Y .
In the class II the cutpoints are defined on a priori basis since they are
known or conventionally defined. Specifically, a density function for Y ∗ is
transformed into a discrete version Y by means of some arbitrary conven-
tion. In the class III cutpoints are unknown and arbitrarily located on the
support of Y ∗. In this case, the mapping from Y ∗ to Y is obtained by an
ad hoc specification of cutpoints which are determined by data during the
estimation process.
In all situations, Yi is a discrete random variable characterized by a struc-
tured probability distribution mass Pr(Yi = j | Ψ). However, this distribu-
tion may be reached in a direct way (case I), or by means of the probability
distribution function FY ∗i (.) of a continuous latent variable Y ∗i character-
ized by the η parameters and the knowledge (or the estimation) of the
cutpoints in Tm necessary to discretize Y ∗i into Yi (cases II or III).
In cases II and III, the cutpoints (τ1, . . . , τm−1) contained in Tm produce
an exhaustive splitting of an ordinal variable with m categories.
Let pVj a fully specified probability distribution for the uncertainty compo-
nent. Then, the Generalized mixture model with uncertainty (gem) which
summarizes the main models is defined as follows:

Pr(Ri = j|θ) = πi∆Gj(t
(η)
i ; Tm, η) + (1− πi)

V

Pr
j

for i = 1, . . . , n, j = 1, . . . ,m, where θ = (β,Ψ) and Ψ = (Tm, η).
Then, the probability mass function for the feeling Yi is

∆Gj(ti; Tm, η) =

{
Pr(Yi = j|η) for a discrete distribution;

FY ∗i (τj ; η)− FY ∗i (τj−1; η) for a latent distribution.

Table 1 shows an overview of models for ordinal data encompassed by the
generalized mixture. Possible new candidates for the latent variable ap-
proach for both components characterized by few parameters of location,
variability and/or shape which can be related to subjects’ covariates by
adequate link functions may be included. This framework may be used to
compare models, discover similarities and introduce new interesting dis-
tributions that sometimes improve the fitting results. The following case
study shortly shows the main results obtained by the implementation of the
presented approach. Data concern the evaluation of Obama’s political atti-
tudes scored on a Likert scale, with m = 7 categories (where 1=completely
unsatisfactory and 7=completely satisfactory). Sample data (n = 710) col-
lected in 2012 include several subjects’ covariates: age, which we consider
with log transformation in the analysis, among them. Observe that the
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TABLE 1. Main models encompassed by the generalized mixture.

Class DGP Models Variations

I (no cutpoints) Discrete ihg
Unsupervised discretization random sb

variables cub vcub
hcub
lc-cub

cube vcube
cub+shelter gecub

cub-dk

II (known cutpoints) Continuous cun
Unsupervised discretization variables d-beta

III (estimable cutpoints) Latent cumulative Logit/Probit
Supervised discretization continuous C-log-log

variables cup (idem)

TABLE 2. Models fitted to the ordinal response (with covariates).

Models 1− π̂ γ̂0 γ̂1 log(σ̂) φ̂ Log-lik BIC

ihg −2.703 −0.414 −1180.3 2373.7
cub 0.129 −1.548 −0.502 −1080.1 2179.9
d-beta 0.247 0.127 −0.040 −1210.7 2447.7
pom 0.633 −1065.4 2176.7
cup 0.090 0.713 −1065.2 2183.0
cube 0.088 −1.477 −0.486 0.066 −1071.4 2169.1

maximum of log-likelihood is obtained for a cup model (with 8 parame-
ters) whereas a comparable fit is obtained by a cube model (with just 4
parameters) which turns out to achieve the minimum BIC.

Acknowledgments: This research has been supported by FIRB 2012
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Abstract: Translational Medicine promotes the convergence of basic and clini-
cal research disciplines and the transfer of knowledge on the benefits and risks of
therapies. In an analogous fashion we propose the concept of translational statis-
tics (Newell and Hinde, 2014) to facilitate the integration of Biostatistics within
clinical research and enhance communication of research findings in an accurate
and accessible manner to diverse audiences (e.g. policy makers, patients and the
media). As nomograms are a useful tool to achieve this aim, we present a new R
package, ”DynNom”, to generate dynamic nomograms to aid this translational
process.

Keywords: Translational statistics; Dynamic nomograms; Shiny package in R.

1 Introduction

As statistical inferential methods become more computational the models
arising are increasingly complex and difficult to interpret. Translational
Statistics is useful in helping to avoid the common mistakes which often
arise when some statistical results are reported by non-statisticians. One
example of this knowledge transfer occurs when modelling a binary out-
come where the usual summary is an odds ratio. It has been argued that,
when possible, a summary quoting the underlying probabilities is more
informative than one based on ratios of odds or indeed of probabilities.

2 Nomograms

Nomograms are particularly popular in biomedical research to inform clini-
cal decision making because of their ability to allow an individual calculate
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a point estimate of a response variable, for a particular set of values for the
explanatory variables, in the model of interest. A nomogram also provides
a graphical summary of the relative importance of each predictor variable.
Frank Harrell’s rms library contains a function called nomogram for cre-
ating a (static) nomogram based on models supported by his rms library
(Harrell 2001). The emergence of the rpanel (Bowman, 2007) and Shiny
packages in R allow the creation of user-friendly graphical interfaces for R
code to be displayed either in a standalone window (rpanel) or delivered as
a webpage (Shiny).

3 Dynamic nomograms (DynNom package)

In this paper I will introduce my DynNom R package which makes it pos-
sible to present the results of a lm or glm model object as a dynamic
nomogram using Shiny that can be interacted with in a web browser. The
package allows an investigation into the results of the proposed model,
the relative importance of each explanatory variable (e.g. modifiable risk
factors) and an assessment of model assumptions through accompanying
model diagnostics.
The following flowchart shows the steps taken to create the DynNom pack-
age:

A Shiny application consists of two scripts, the user-interface, which con-
trols the look and feel of the application, and the server script, which spec-
ifies the R actions. A reactive function is an R expression that uses widget
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inputs and returns R outputs thereby updating the output whenever the
original input changes.
The following screen shot depicts a DynNom object used to model a bi-
nomial outcome, namely the probability of a woman having a caesarian
section:

It is conceivable that such a model, appearing in a scientific publication
in medicine for example, could be accompanied with a URL directing the
reader to the dynamic nomogram.
The next step in this project is to extend the package to include model ob-
jects created by linear and non-linear mixed models (e.g. lme4 and nlme)
and models for time to event data (e.g. parametric survival and Cox pro-
portional hazards models).
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Abstract: We address the “curse of dimensionality” arising in time-varying co-
variance estimation by modeling the underlying volatility dynamics of a time
series vector through a lower dimensional collection of latent dynamic factors.
Furthermore, we apply a Normal-Gamma shrinkage prior to the elements of the
factor loadings matrix, thereby increasing parsimony even more. Estimation is
carried out via MCMC in order to obtain draws from the high-dimensional pos-
terior and predictive distributions. To guarantee efficiency of the samplers, we
utilize several ancillarity-sufficiency interweaving strategies (ASIS) for sampling
the factor loadings. Estimation and forecasting performance is evaluated for sim-
ulated and real-world data.
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1 Introduction

We extend the standard factor stochastic volatility (SV) model (see, e.g.,
Chib et al., 2006, and the references therein) to allow for shrinkage of the
loadings matrix towards zero. Within a Bayesian framework this can be
achieved by employing the Normal-Gamma prior (Griffin and Brown, 2010)
for the factor loadings. This hierarchical prior features excellent properties
in the sense that factors which are irrelevant (exhibit little or no contribu-
tion to the likelihood) for certain components are effectively shrunk towards
zero a posteriori. At the same time, the Normal-Gamma prior is flexible
enough to cater for informative factors without “overshrinking”. The model
reads

yt = Λft + Σ
1/2
t εt, ft = V

1/2
t ut,
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where yt denotes the vector of (potentially demeaned) log-returns of m ob-
served time series at time t for t = 1, . . . , T , Λ is an unknown m× r factor
loadings matrix with elements Λij , and ft = (f1t, . . . , frt)

T represents the

common latent factors at time t. V
1/2
t = Diag(exp(h1t/2), . . . , exp(hmt/2))

denotes the latent idiosyncratic (i.e., component-specific) volatilities, and

V
1/2
t = Diag(exp(hm+1,t/2), . . . , exp(hm+r,t/2)) denotes the latent factor

(i.e., common) volatilities. The errors εt ∼ Nm(0, Im) and ut ∼ Nr(0, Ir)
represent i.i.d.m- respectively r-variate normal innovations with zero means
and unit covariance matrices, where εt and us are assumed to be pairwise
independent for all t, s ∈ {1, . . . , T}. Both the latent factors and the id-
iosyncratic shocks are allowed to follow independent SV processes, i.e.

hit = µi + φi(hi,t−1 − µi) + σiηit, ηit ∼ N (0, 1).

Following Griffin and Brown (2010), we substitute the usual factor loadings
prior, Λij ∼ N (0, τ2) with τ2 fixed, by a hierarchical Normal-Gamma prior,

Λij |τ2
ij ∼ N (0, τ2

ij), τ2
ij ∼ G(ai, aiλ

2
i /2), λ2

i ∼ G(ci, di),

with ai, ci, and di fixed. Choosing ai small enforces strong shrinkage to-
wards zero, while choosing ai large imposes little shrinkage. Note that the
Bayesian Lasso prior arises as a special case when ai = 1. Univariate SV
process priors are the same as in Kastner and Frühwirth-Schnatter (2014).

2 Identifiability and sampling efficiency

Without identifying the scaling of either the jth column of Λ or the variance
of fjt, the model is not identified. Aguilar and West (2000) assume that
Λjj = 1, while the level µm+j of hm+j,t (which corresponds to the scaling of
fjt) is modeled to be unknown. Alternatively, one can fix the level µm+j at
zero and leave the diagonal elements Λjj unrestricted. This is the baseline
approach adopted in this paper.
It is fruitful to notice that by letting Λ∗ := Λ×Diag(Λ−1

11 , . . . ,Λ
−1
rr ) denote

the restricted factor loadings matrix and f∗i· := Λiifi· denote the corre-
spondingly transformed factor for i = 1, . . . , r, one can easily move from
one identification scheme to the other. This transformation can be exploited
to substantially improve the usual Gibbs-sampler by utilizing ASIS (Yu and
Meng, 2011) to redraw the factor loadings.
To illustrate the effectiveness of these simple reparameterizations, we con-
sider simulated data. The top panel of Figure 1 exemplifies the output of
the sampler for the first series’ loading on the first latent factor without
using any form of interweaving on the factor loadings. It stands out that
even after a thinning of 100, posterior draws show extremely high autocor-
relation. In fact, the extent of autocorrelation in these draws is so high that
the dependence on the starting values is non-negligible, also after the long
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FIGURE 1. Trace plots for 1000 draws, exemplified for the first loading on factor
one. Top panel: No interweaving. Bottom panel: ASIS. The draws are thinned;
every 100th draw is displayed. Horizontal lines indicate data generating values.

burn-in of 50 000 draws. There seems to be little reason to believe that the
sampler has converged at all. The bottom panel displays draws obtained
from the sampler using ASIS, exhibiting practically no autocorrelation.

3 Prediction

To illustrate the feasibility of our approach for obtaining draws from the
m-dimensional predictive distribution, we consider 20 exchange rates pre-
viously analyzed in Kastner et al. (2014). Figure 2 illustrates the bivari-
ate marginals from the one-day-ahead predictive distribution on 2008-05-16
(arbitrarily chosen). Evaluating the predictive density at the observed value
gives immediate rise to the predictive likelihood. Analogously to Kastner
(forthcoming), this measure of forecasting accuracy can straightforwardly
be used for model comparison.
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1 Introduction

Evaluation of performance of hospitals is a topic of interest in all countries
with a functional system of public health care. Due to significant share of
costs on consumed health care, the financial performance and effectiveness
are then the most important quantities next to the quality ones. In this
paper, it is our aim to analyze a financial performance of hospitals located in
the Czech Republic during the period 2007 – 2011. Among other things, this
period is interesting due to the fact that it followed a change of a legal form
of many hospitals from a non-for-profit type of the health care provider to a
standard business company (mostly of the type of the joint-stock company).
Such changes were initiated by the regional governments in some parts
of the country (Czech Republic is divided into 14 regions which are into
some extent autonomous) in belief that increased flexibility of the business
company (compared to the non-for-profit organization) will have a positive
impact on the financial performance of the hospital expressed by its positive
or balanced economic result.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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2 Data and research problems

Data regarding the financial performance of hospitals for the period 2007 –
2011 were obtained from publicly available annual reports and from the
public register of companies. A primary (longitudinal) outcome is the eco-
nomic result of the hospital in a particular year. Data for at least one of
the considered years were available from 155 hospitals out of a total of 189
hospitals being registered in the Czech Republic. Our primary goal will be
to use longitudinally observed economic result to find groups (segments) of
hospitals with its similar development. Secondary, we would like to relate
the clusters to some characteristics of the hospitals, in the first place, to
their regional affiliation.

3 Model-based clustering

To proceed, we introduce some notation. Let Xi,t denote the economic
result (in CZK) of hospital i (i = 1, . . . , N , N = 155) at year 2007 + t
(t = 0, . . . , T , T = 4). Segmentation of hospitals will be performed by
a model-based clustering methodology of Komárek and Komárková (2013).
To this end, we specify a mixture model for two outcomes derived from the
values of the economic result Xi,t. The first derived outcome, denoted here
as Yi,t takes into account both a numeric value of the economic result
and its sign and is defined as Yi,t = sgn(Xi,t) log10(1 + Xi,t). The second
derived outcome, Zi,t, is only an indicator of a profit or balanced economy,
i.e., Zi,t = 1 if Xi,t ≥ 0 and Zi,t = 0 if Xi,t < 0.
In the mood of a model-based clustering, let Ui ∈ {1, . . . ,K} denote a
(hidden) allocation of the ith hospital (i = 1, . . . , N) into one of K seg-
ments with P(Ui = k) = wk, k = 1, . . . ,K, where w =

(
w1, . . . , wK

)T
are

unknown proportions of the segments. Initially, K is assumed to be known.
Given the ith hospital belongs to segment k, i.e., given Ui = k, the follow-
ing multivariate generalized linear mixed model (MGLMM) is assumed for
the derived outcomes

{
(Yi,t, Zi,t) : t ∈ Ti

}
, where Ti ⊆ {0, . . . , T}:

Yi,t |Bi ∼ N
(
Bi,1 +Bi,2 t, σ

2
)
,

P
(
Zi,t = 1

∣∣Bi

)
= pi,t(Bi), logit

{
pi,t(Bi)

}
= Bi,3,

Bi =
(
Bi,1, Bi,2, Bi,3

)T ∼ N3

(
µk, Dk

)
.

 (1)

The kth segment (k = 1, . . . ,K) is then characterized by (a) the mean
µk = E

(
Bi

∣∣Ui = k
)

and (b) the covariance matrix Dk = var
(
Bi

∣∣Ui =

k
)

of the hospital specific intercept (Bi,1) and slope (Bi,2) of the trend
of the transformed economic result Yi,t and of the hospital specific logit
transformed probability (Bi,3) of making a profit.
A Bayesian approach implemented in the R package mixAK (Komárek and
Komárková, 2014) is used to infer on unknown model parameters vector
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FIGURE 1. Observed longitudinal profiles of the transformed economic result by
segments.
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θ =
(
wT,µT

1 , . . . ,µ
T

K , vecT(D1), . . . , vecT(DK), σ2
)T

. Segmentation of the
hospitals is then based on the posterior distributions of the individual com-
ponent probabilities, i.e., on the posterior distributions of derived parame-

ters pi,k(θ) = P
(
Ui = k

∣∣∣{(Yi,t, Zi,t) : t ∈ Ti
})

, i = 1, . . . , N , k = 1, . . . ,K,

expression of which follows from the assumed model (1). Selection of a num-
ber of clusters is based on the concept of a penalized expected deviance
(PED, Plummer, 2008).

4 Results and discussion

The optimal number of segments according to the PED appeared to be
three, i.e., K = 3, with the posterior means of their weights (proportions)
being 0.437, 0.159, 0.405. The three segments are graphically visualized on
Figure 1 showing the observed longitudinal trajectories of the transformed
economic result Yi,t by segments. It is seen that segment 1 contains only
hospitals that made, in all considered years, a profit. With this respect,
segment 2 is opposite to segment 1 in the sense that all hospitals being
classified in segment 2 managed with loss in all years 2007 – 2011. The third
segment is then mostly composed of hospitals that alternated between loss
and profit.
Selected results of additional exploration of the relationship between some
characteristics of the hospitals and the three segments are found on Fig-
ure 2. It shows representation of the segments in each of the fourteen regions
of the Czech Republic. Interestingly, none of the hospitals of the South Bo-
hemian region (JHC) that were all changed from a non-profit type of the
health care provider into a joint-stock company shortly before 2007, is clas-
sified in segment 2 (economic loss in all years 2007 – 2011). This suggests
that the expectation of the regional South Bohemian government of an
economically positive impact of this change was justifiable.
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1 Ordinal regression models

Power benefits from ordinal regression models are often highlighted (Ca-
puano et al., 2007). The present study outlines additional advantages for
ordinal models over simpler alternatives, and identifies problems from inap-
propriate use of the latter. We focus our study on cumulative logit models
as defined by (McCullagh, 1980):

logit(P (Yi ≤ j)) = log


j∑

k=1

πik/

C∑
k=j+1

πik

 , j = 1, . . . , C − 1,

where Yi is an ordinal response variable with C categories following a multi-
nomial distribution and where parameters π are the probabilities of being
in each category and P (Yi ≤ j) are the cumulative probabilities.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).



148 A simulation study assessing the advantages of cumulative link models

These models rely on the concept of thresholds on a continuous latent scale
which are cut-points defining the categories of the ordinal variable. Thresh-
olds can be constrained, for example as either symmetric or equidistant.
The proportional odds model is defined within this framework as follows:

logit(P (Yi ≤ j)) = αj +

p∑
k=1

βkXik, j = 1, . . . , C − 1,

where Yi is interpreted in terms of a same covariate effect β for each re-
sponse category, independently of the thresholds α1 < α2 < · · · < αC−1.
More generally, we have partial proportional odds models, for example:

logit(P (Yi ≤ j)) = αj +

p0∑
k=1

βkXik +

p∑
k=p0+1

βjkXik, j = 1, . . . , C − 1,

which allow some or all coefficients to vary by category (here βjk).

Simulation study: Figure 1 highlights the consequences of using two dif-
ferent approaches for modelling ordinal responses. We suppose the existence
of data on an underlying continuous latent response, and show simulated
points plotted against a covariate x. The true relationship is a straight line,
drawn here in black. The horizontal, dotted lines show the cut-points used
to create an ordinal response (with values shown on the left-hand y-axes)
from the latent response; note that subsequently treating this ordinal re-
sponse as numeric introduces a “warping” of the true scale, indicated by
the values on the right-hand y-axes (where midpoints of the classes are
shown).
Treating the derived ordinal scale as numeric and using linear regression
produces the red lines, which miss the true relationships owing to the bias
caused by the (unknown) warping of the real scale. Using a cumulative
logit model, the scale is not warped in this way, and back-calculating the
fitted lines onto the numeric scale produces fits (shown in blue) which
are hard to distinguish from the true relationships. If the thresholds had
been equispaced, we would not expect to see this bias; for the symmetric
threshold spacing in (b), the bias appears in the estimated slope, whereas
for the asymmetric spacing in (a), the bias is visible in the intercept. We
suggest the result for (b) is more serious, as this is affecting the size of the
estimated effect of the covariate, and may impact any associated inference.
To consider the effect of modelling choice on inference, we have simulated
repeated data sets in the manner of those in Figure 1. We study the propor-
tion of occurrences of statistically significant and non-significant results for
asymmetric thresholds at both the 5% and 1% significance level for mod-
elling: (i) the original latent response via linear regression; (ii) the ordinal
response as if it were continuous via linear regression; and (iii) the ordinal
response via a cumulative logit model.
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FIGURE 1. Model fitting comparison for simulated thresholds.

Preliminary results from the simulations show that there is a closer agree-
ment between the results of (iii) and (i) than between (ii) and (i). In around
one third of the simulated data sets, model (iii) alone gave the same results
as for the latent response model (the “correct” model) for 5% significance
(slightly fewer for 1%). All three models resulted in the same decisions
around 50% of the time for 5% significance and 70% for 1%. Only rarely
(3% of the time for both 5% and 1% significance) did the “ordinal as con-
tinuous” results alone match the correct model’s results.

2 Socio-economics case study

Ordinal responses are common in social and economics research, where
variables are often measured in the form of classes or by means of scales
(e.g. Likert); examples include measures of wellbeing and opinion surveys.
Our case study assesses the effects of the interaction of connectedness to
nature and experience. 350 individuals were asked to provide ratings of
pleasantness (as a response) for two categories of experience (nature and
shopping) given their reported measurement for connectedness to nature
(CNS), which is a 3-level factor ranging from 1 = hard to 3 = light. From
exploratory analysis, the presence of an interaction between the two in-
dependent variables becomes apparent. Table 1 summarises results of the
analysis of the data using a linear model.

TABLE 1. Results: linear model.

Estimate Std. error t value Pr(> |t|)

CNS2 0.2865 0.2299 1.2462 0.2135
CNS3 0.4737 0.2259 2.0969 0.0367
Experience Shopping −1.7576 0.2411 −7.2889 < 0.001
CNS2:Experience Shopping −0.5139 0.3258 −1.5776 0.1156
CNS3:Experience Shopping −1.3188 0.3195 −4.1275 < 0.001
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TABLE 2. Results: partial proportional odds model, symmetric thresholds.

Estimate Std. error z value Pr(> |z|)

CNS2 0.7142 0.2710 2.636 0.0084
CNS3 1.1568 0.2842 4.070 < 0.001
CNS2:Experience Shopping −0.9070 0.3596 −2.523 0.0117
CNS3:Experience Shopping −1.9097 0.3693 −5.171 < 0.001

We found evidence that the proportional odds assumption was not satisfied.
Table 2 shows results of the best fitting model for the data, i.e., a partial
proportional odds model with symmetric thresholds, relaxing the propor-
tional odds assumption for the variable experience. Results qualitatively
differed in terms of parameter significance, and did not show signs of poor
fit during model checking. Using a model appropriate to the response data
type has thus produced different inference compared to a simpler model.
All simulations and modelling were performed in R (R Core Team, 2015).
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Abstract: Competing theories advancing different determinants for economic
long-term growth have been proposed and thus a large set of potential deter-
minants of economic growth may be included in empirical analyses. In addition
to the uncertainty about the variables to include in a regression, the functional
relationship between the determinants and the dependent variable is also not
known and most empirical analyses impose a linear relationship neglecting the
possibility of a non-linear relationship.
In this paper we investigate the use of the spike-and-slab prior to combine
Bayesian variable selection with penalized spline regression and thus identify ro-
bust determinants of economic growth while allowing for a non-linear relationship
between the determinants and long-term economic growth.
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1 Introduction

Competing theories to explain long-term economic growth propose differ-
ent determinants leading to a vast number of potential variables which
need to be considered in empirical research. This uncertainty about the
determinants to include as explanatories in a regression with long-term
economic growth as dependent variable has led to the development of meth-
ods which allow for the identification of robust determinants of economic
growth. Sala-i-Martin et al. (2004) for example analyze a data set con-
sisting of 88 countries and 67 explanatory variables using Bayesian model
averaging (BMA, Hoeting et al., 1999) of classical linear regression models
and identify 18 out of the 67 explanatory variables as being significantly
and robustly partially correlated with long-term growth.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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The approach by Sala-i-Martin at al. (2004) accounts for the model un-
certainty regarding the variables to include. However, the method requires
the assumption that the functional relationship between the determinants
and long-term economic growth is linear. This assumption might be too re-
strictive and constitute a misleading oversimplification such that important
determinants, which are related to long-term economic growth through a
non-linear functional relationship, remain undetected.
There is growing empirical evidence in the growth literature that there
are non-linear functional relationships present. Henderson et al. (2011) for
instance use non-parameteric estimation methods on only a small subset
of potential determinants of long-term economic growth to identify which
determinants have a non-linear functional relationship with the dependent
variable. However, they are not able to fully take the model uncertainty
regarding the vast number of potential determinants into account.
In this paper we try to address both types of model uncertainty within the
same modeling framework: uncertainty about the functional form of the
influence (linear versus non-linear effects) and uncertainty about the ex-
plaining variables (variable uncertainty). We use recently developed meth-
ods for semi-parametric regression (Scheipl et al., 2012) to investigate po-
tential non-linear determinants of long-term economic growth which can
be identified in a robust way despite model uncertainty. The unknown ef-
fects are modeled by flexible penalized spline functions. Stochastic search
techniques are used to identify relevant variables along with their func-
tional relationships. The regression analysis is performed with the R pack-
age spikeSlabGAM (Scheipl, 2011).

2 Model

In the Bayesian framework, the problem of selecting an appropriate subset
of explanatory variables and at the same time determining, whether linear
or more flexible functional forms are required to model the relationship
between explanatory variables and response, is translated into the issue of
estimating marginal posterior probabilities.
The R package spikeSlabGAM implements fully Bayesian variable selec-
tion in combination with the determination whether linear or more flexible
functional forms are required to model the effects of the respective covari-
ates. A spike-and-slab prior structure is employed for the prior variance of
a regression coefficient or a coefficient group resulting in a two-component
scale mixture around zero as a prior, with one narrow component (spike)
and a flat component covering a wide range of values for the coefficient or
coefficient group. Then, for the specific coefficient or coefficient group, the
posterior mixture weight for the slab component can be interpreted as the
posterior probability of variable inclusion into the model.
In order to model regressor effects of an unknown shape for p potential
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covariates, i.e.

y = f1(x1) + · · ·+ fp(xp) + ε, ε ∼ N (0, σ2), (1)

the unknown functions fj are approximated by a linear combination of B-
spline basis functions. A generous number of basis functions is selected and
overfitting is avoided by penalizing the basis coefficients in order to induce
smooth fitting results (Eilers and Marx, 1996). The penalization is achieved
by specifying an improper Gaussian random walk prior of second order on
the coefficients, with the variance of the prior acting as the penalization
parameter. This choice leads to a model specification where the stochastic
search is performed by selecting the linear terms separately from the higher
order terms and a distinction between linear effects and additional non-
linear effects for each covariate is possible based on the posterior inclusion
probabilities of each of these effects.

3 Application

In order to identify robust non-linear predictors of economic growth, the
model is fitted to the data set used by Sala-i-Martin et al. (2004). The
prior specifications for the spike-and-slab approach are τ2 ∼ G−1(5, 25) for
the variance of the slab and ν0 = 0.0000025 for the variance of the spike.
The results are summarized in Table 1. If the model is fitted by only allow-
ing linear terms, the most important predictors identified by Sala-i-Martin
et al. (2004) in the context of BMA of classical linear regression models
can be reproduced using a slightly different model specification regarding
the prior structure as well as estimation method. However, if in addition
smooth effects are included in the model, three new predictors (“Popula-
tion Density”, “Fraction GDP in Mining”, and “Higher Education”) appear
among the list of the “top ten” regressors.
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TABLE 1. Data set by Sala-i-Martin et al. (2004). Posterior inclusion probabilities
(PIP) of the top 15 explanatory variables identified by Sala-i-Martin et al. (2004)
(“SDM”) and the spike-and slab framwork (Scheipl et al., 2012) with only linear
terms (“SpSl (lin)”) or additional smooth terms (“SpSl (lin+smo)”). “Rk” de-
notes rank, “Pop.” and “Ex.”abbreviates population and exchange respectively,
and possible terms are factor (“fct”), linear (“lin”) and smooth (“smo”).

SpSl (lin+smo) SpSl (lin) SDM
Rk Term PIP Rk PIP Rk PIP Variables

1 fct 0.752 1 0.825 1 0.823 East Asian Dummy
3 lin 0.581 3 0.392 2 0.796 Primary Schooling ’60
8 lin 0.331 5 0.334 3 0.774 Investment Price

6 0.306 4 0.685 log GDP ’60
5 lin 0.370 4 0.337 5 0.563 Fraction of Tropical Area

10 0.153 6 0.428 Coastal Pop. Density ’60
6 lin 0.357 2 0.427 7 0.252 Malaria Prevalence ’60

11 lin 0.232 8 0.269 8 0.209 Life Expectancy ’60
4 fct 0.408 7 0.270 9 0.206 Fraction Confucian

10 fct 0.238 15 0.144 10 0.154 African Dummy

11 0.149 Latin American Dummy
7 smo 0.349 12 0.124 Fraction GDP in Mining

14 0.132 13 0.123 Spanish Colony
9 0.167 14 0.119 Years Open 1950–94

15 0.114 Fraction Muslim

11 0.151 Fraction Buddhist
12 0.149 Gov. Consum. Share ’60
13 0.148 Real Ex. Rate Distortions

2 smo 0.704 Pop. Density ’60
9 smo 0.263 Higher Education ’60

12 smo 0.223 Tropical Climate Zone
13 smo 0.218 Ethnolinguistic Fractional.
14 smo 0.218 Political Rights
15 smo 0.214 Fraction Pop. in Tropics



Simulated adjustment of the signed scoring
rule root statistic

Valentina Mameli1, Monica Musio2, Laura Ventura3

1 Dept. of Environmental Sciences, Informatics and Statistics, Ca’ Foscari Uni-
versity of Venice, Italy

2 Dept. of Mathematics and Computer Science, University of Cagliari, Italy
3 Dept. of Statistical Sciences, University of Padova, Italy

E-mail for correspondence: mmusio@unica.it

Abstract: We focus on adjustments of the signed scoring rule root statistic
generalizing results for likelihood quantities. In particular, for a scalar parameter
of interest, we investigate a bootstrap adjustment of the signed scoring rule root
statistic. An example is discussed.

Keywords: Asymptotic expansions; Bootstrap; Higher-order inference; Tsallis
scoring rule.

1 Introduction

A scoring rule is a loss function S(x,Q) measuring the quality of a quoted
probability distribution Q for the random variable X, in the light of the
realized outcome x of X. It is proper if, for any distribution P for X, the
expected score S(P,Q) := EX∼PS(X,Q) is minimized by quoting Q = P .
There is a wide variety of proper scoring rules (see, e.g., Dawid and Mu-
sio, 2014, and references therein). A prominent example is the log-score
S(x,Q) = − log q(x), with q(·) the density (or the probability mass func-
tion) of X. Another useful example is the Tsallis score, given by

S(x,Q) = (γ − 1)

∫
q(y)γdµ(y)− γq(x)γ−1, with γ > 1, (1)

also called the density power score (Basu et al., 1998). Other examples of
special proper scoring rules are given in Dawid and Musio (2014). Proper
scoring rules, different from the log-score, can be used as an alternative to
the full likelihood, when the aim is to increase the robustness or to simplify

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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computations. For instance, Dawid et al. (2014) give sufficient conditions
that guarantee the robustness of the estimator based on (1).
Proper scoring rule inference is usually based on the first-order approxima-
tions to the distribution of the scoring rule estimator or of the scoring rule
ratio test statistic. However, several examples (see e.g. Dawid et al., 2014,
Mameli and Ventura, 2015, and reference therein) illustrate the inaccuracy
of first-order methods, even in models with a scalar parameter, when the
sample size is small or moderate. For more accurate inference refinements
can be considered to improve the first-order approximations.
Analytical higher-order asymptotic expansions for proper scoring rules,
generalizing results for likelihood quantities but allowing for the failure
of the information identity, have been discussed in Mameli and Ventura
(2015). However, the calculation of the quantities involved in the analyti-
cal adjustments of the signed and signed profile scoring rule root statistic
is cumbersome when the dimension of the parameter (or of the nuisance
parameter) is large, even for simple models.
Paralleling results for likelihood statistics (see, e.g., Young, 2009), the aim
of this paper is to discuss the alternative approach to higher-order ad-
justments, based on a parametric bootstrap. In particular, focus is on the
signed profile scoring rule root statistic.

2 Background on first-order inference

Suppose that we wish to fit a parametric statistical model Fθ = F (x; θ),
with θ ∈ Θ ⊆ Rk, based on the random sample (x1, . . . , xn).
To estimate θ, we might consider the goodness-of-fit by the total empirical
score S(θ) =

∑n
i=1 S(xi, Fθ). Asymptotic arguments indicate that θ̂S =

arg minθ S(θ) → θ0 as n → ∞, where θ0 is the true parameter value.
Maximum likelihood estimation, as well as composite likelihood estimation,
are special cases of score estimation when S(θ) is the negative log-likelihood
(Dawid and Musio, 2014).
Score estimation forms a special case ofM -estimation (Huber and Ronchetti,
2009). Indeed, let s(x, θ) = ∂S(x, Fθ)/∂θ. Under suitable regularity condi-
tions on the scoring rule and on the statistical model, θ can be estimated by
θ̂S , the root of the estimating equation s(θ) =

∑n
i=1 s(xi, θ) = 0, which is an

unbiased estimating function. In particular, θ̂S is consistent and asymptot-
ically normal with mean θ and variance V (θ) = K(θ)−1J(θ)K(θ)−1, with
J(θ) = Eθ(s(θ)s(θ)

T) and K(θ) = Eθ(∂s(θ)/∂θ
T). The form of V (θ) is due

to the failure of the information identity since, in general K(θ) 6= J(θ). In
view of this, the asymptotic distribution of the scoring rule ratio statistic
WS(θ) = 2{S(θ)− S(θ̂S)} departs from the familiar likelihood result, and
involves a linear combination of independent chi-square random variables
When θ is partitioned as θ = (ψ, λ), where ψ is a scalar parameter of inter-
est and λ is a (k − 1)-dimensional nuisance parameter, the profile scoring
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rule ratio statistic for ψ is given by WS
p (ψ) = 2(S(θ̂Sψ) − S(θ̂S)), where

θ̂Sψ = (ψ, λ̂Sψ) represents the constrained score estimate. The asymptotic
distribution of WS

p (ψ) is a linear combination of independent chi-square
random variables (see Dawid et al., 2014). Also the asymptotic distribu-
tion of the profile signed scoring rule root statistic

rSp (ψ) = sgn(ψ̂S − ψ)
√
WS
p (ψ) (2)

departs from the familiar likelihood result. A simple adjustment of (2),
which recovers normality, is rSp adj(ψ) = µ1(ψ)−1/2rSp (ψ), with µ1(ψ) =

[Gψψ(θ̂Sψ)
−1
Hψψ(θ̂Sψ)]−1, where Gψψ(θ) and Hψψ(θ) are sub-matrices of

the inverses of G(θ) and H(θ), respectively.

3 Adjustments of rSp (ψ)

Let us focus on the profile signed scoring rule root statistic (2) for a scalar
parameter of interest. As for likelihood quantities, theory in Mameli and
Ventura (2015) shows that a suitable centering and scaling of rSp (ψ), i.e.

rSpM (ψ) =
rSp (ψ)−m(ψ)√
µ1(ψ) + v(ψ)

, (3)

improves the accuracy of the asymptotic normal approximation to the dis-
tribution of rSp adj(ψ). In (3) we have that m(ψ) is of order O(n−1/2) and

v(ψ) is of order O(n−1). The analytical expressions of m(ψ) and v(ψ) are
derived in Mameli and Ventura (2015) and they involve several expected
values of scoring rules derivatives. However, the analytical calculations of
m(ψ) and v(ψ) are cumbersome as the dimension of the nuisance parameter
is large, even for simple models.
Here we exploit a parametric bootstrap approach in order to compute (3).

The idea is, for a fixed ψ, to draw B samples from the distribution F (x; θ̂Sψ)
and compute (3) using the bootstrap mean and variance of rSp (ψ). In the

classical likelihood approach, the parametric bootstrap provides a O(n−3/2)
order of accuracy, and the resulting approximation is sometimes called
constrained pre-pivoting of the signed likelihood root statistic (see DiCiccio
et al., 2001).

Example: Let us consider the linear regression model y = Xβ+σε, where
X is a n × p fixed matrix, β ∈ Rp (p ≥ 1), σ = 1, and ε an n-dimensional
Gaussian vector. Let ψ = β2 be the scalar parameter of interest, and let
λ = (β1, β3) be the nuisance parameter. We ran a simulation experiment,
for n = 10, 20 and β = (1, 2, 3), in order to assess the accuracy of the para-
metric bootstrap Tsallis modified profile signed scoring rule root statistic
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(rTpMb(β2)). Note that the Tsallis score estimator is B-robust since the influ-
ence function is bounded (see Dawid et al., 2014 and Mameli and Ventura,
2015). Table 1 gives the results of the study based on 10,000 simulations
with B = 500 bootstrap replications. We note that the accuracy of the
parametric bootstrap depends mainly on the choice of the estimate to use
for generating samples. Indeed, parametric bootstrap of the Tsallis profile
signed scoring rule root statistic rTpM (ψ) under the model F (y; θ̂Sψ), pro-
vided B is large enough, yields an accurate parametric inference approach,
bypassing any analytical computation. On the contrary, results, not shown
here, indicated that the same accuracy is not retained when we sample
from F (y; θ̂S). Note that also in the likelihood framework θ̂Sψ is the best
choice to providing accurate inference (Di Ciccio et al., 2001).

TABLE 1. Empirical coverages of 95% confidence intervals for β2. Pivots used:
parametric bootstrap higher-order signed profile likelihood root (r∗pb) and para-
metric bootstrap Tsallis modified profile signed scoring rule root (rTpMb) with
γ = 1.2.

n r∗pb rTpMb

10 0.9498 0.9500
20 0.9536 0.9547
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Abstract: We introduce a multivariate multidimensional mixed-effects regres-
sion model in a finite mixture framework. We relax the usual unidimensionality
assumption on the random effects multivariate distribution. Thus, we introduce
a multidimensional multivariate discrete distribution for the random terms, with
a possibly different number of support points in each univariate profile, allowing
for a full association structure. Our approach is motivated by the analysis of
economic growth. Accordingly, we define an extended version of the augmented
Solow model. Indeed, we allow all model parameters, and not only the mean, to
vary according to a regression model. Moreover, we argue that countries do not
follow the same growth process, and that a mixture-based approach can provide
a natural framework for the detection of similar growth patterns. Our empiri-
cal findings provide evidence of heterogenous behaviors and suggest the need of a
flexible approach to properly reflect the heterogeneity in the data. We further test
the behavior of the proposed approach via a simulation study, considering several
factors such as the number of observed units, times and levels of heterogeneity
in the data.
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1 Introduction

In modelling panel economic data, it is common to account for the unob-
served heterogeneity between sample units, that is, the heterogeneity that
cannot be explained by means of observable covariates. Addressing the het-
erogeneity of analyzed processes is of fundamental importance to the study
of economic growth, since sample units (i.e. countries) could be character-
ized by heterogeneous income performances and has led to a substantial
evidence for the existence of variations in growth patterns across countries.
Indeed, since Solow’s seminal paper (1956), different econometric and sta-
tistical approaches are used to look at countries’ growth. Dynamic panel
data with fixed effect (Caselli et al., 1996), as well as extreme bound anal-
ysis (Levine and Renelt, 1992), Bayesian model averaging (Fernandez et
al., 2001) or model on varying coefficients are performed to deal with the
main empirical challenges in growth theory: unobserved heterogeneity (see
e.g. Caselli, 1996), uncertainty (Temple, 2000) and omitted variable bias
(Durlauf and Quah, 1999). Recently, data-driven approaches to estimate
multiple (heterogeneous) growth processes have been employed within the
wide class of mixture models (Alfó et al., 2008), and extensions of the finite
mixture approach for panel data are available in the literature (Pittau et
al., 2010).
We contribute to the literature about finite mixture models for panel data
by extending the approach introduced by Alfó et al. (2008), and provid-
ing an empirical formulation of the augmented Solow model based on a
multivariate-multidimensional specification, that allows to solve the unob-
served heterogeneity issue. We address the heterogeneity issues related to:
varying parameters across countries, omitted variables and non-linearities
in the production function.

2 Empirical model

We propose an approach to panel growth data based on a flexible bivariate
location-scale finite mixture approach allowing for all model parameters
to depend on covariates in a regression framework. We relax the common
unidimensionality assumption of the random effects distribution, allowing
for a general and flexible association structure among the outcomes. In-
deed, we develop an endogenous clustering approach lying on a bivariate
bidimensional model recovering Bernanke (2002) intuition: country’s rate
of investment and of human capital and the population growth rate are
correlated with the long run growth rate of output per capita. Further-
more, we jointly determine the evolution of income per capita and volatil-
ity of growth by expliciting the variance of the growth rate as dependent
on explanatory variables. Thus, we introduce two separates equations for
the location and scale parameters of the dependent variables, such that
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the explanatory variables are also associated to the unpredictability of the
variable itself.
Computational complexity is often the price we have to pay to flexibility.
However, we show that parameter estimates can be obtained by extending
the Expectation-Maximization (EM) algorithm (Dempster et al., 1977) for
finite mixture to the multidimensional case. Furthermore, we avoid any re-
striction on the covariance structure of the random effects as assumed e.g.
by the so-called one-factor model (Winkelmann, 2000), which is more parsi-
monious but could be hard to justify in empirical applications. By allowing
the number of mixture components to grow with the sample size, the pro-
posed model can be also used as a semiparametric estimator of multivariate
mixed effects models, where the distribution of the random effects is esti-
mated by a discrete multivariate random variable with a finite number of
support points. This can be seen as a possible solution to computational
issues arising with multivariate mixed models.
We illustrate the proposal by a simulation study in order to investigate
the empirical behaviour of the proposed approach with respect to several
factors, such as the number of observed units and times and the distri-
bution of the random term (with varying number of support points). The
simulation study addresses the properties of the maximum likelihood esti-
mator we propose for the multidimensional bivariate random model, and
the goodness of classification.

3 Results

We test the proposal by analysing a sample taken from the Summers-Heston
Penn World Tables (PWT) version 8.0 and the World Bank database for
years 1975 – 2005 for non-oil countries. In order to avoid the endogeneity
problems related to growth model estimation, we consider non-overlapping
5-year period with explanatory variable averaged over the corresponding
time period; while the dependent variables are taken 5 periods ahead.
Our empirical findings confirm the augmented Solow model. The intercept
term in the GDP level equation for the location scale is left free to vary
among clusters, in order to capture the omitted country-specific features,
such as, institutional characteristic and technological factors and may con-
tribute to reach (or not) economic convergence. This relies on the idea
that accumulation driven growth equation is incomplete (see e.g. Alfó et
al., 2008). Different levels of heterogeneity are detected in GDP and GDP
growth, respectively. We find that our sample is much more heterogeneous
with respect to GDP levels than growth patterns. Although this result
sounds obvious, previous empirical results, based on unidimensional spec-
ification of the latent structure, were not able to distinguish for different
heterogeneity levels (see e.g. Alfó et al., 2008).
Entering into details, six clusters are identified with respect to GDP levels,
in which, coherently with the literature, we find the highest value for the
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random effect for the component clustering the richest and more industri-
alized countries, such as USA and UK. Results show the existence of two
groups with respect to the growth rate of GDP, representing high-growth
and low-growth countries: the first group characterized by a negative and
significant effect of the initial level of GDP on the growth pattern, confirm-
ing economics theory about convergence; the second group is characterized
by the possible existence of multipla equilibria and the lack of convergence.
These results suggest the presence of a convergence club.
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Abstract: Clustering is one of the major and interesting tools for many data
analysis in business, science, medical, social network and other sources. Various
clustering methods are available and applied in different fields, but unfortunately
they are still limited especially when the data modelled are not completely in k
disjoint partitions and may belong to multiple clusters. One of the ways to solve
such a clustering problem or limitation is to find and calculate the overlapping
proportions in order to better understand and model the data structure. Many
overlapping approaches are proposed in the literature based on different meth-
ods, in this paper we using and extending the recent new approach based on
incidental and proportion matrices related to forward and backward movement
of the objects at different number of clusters when K-means method/algorithm is
applied. The degree of separation and overlap between these clusters is evaluated,
discussed and analysed through a simulated dataset.

Keywords: K-means; Clustering algorithm; Clusters overlap; Proportion matrix.

1 Introduction and related work

Often studies utilizing clustering techniques for large datasets have not
been able to produce useful results especially for clustering analysis due to
lack of prior knowledge. A variety of clustering algorithms are available and
established in the literature but for complex and sparse data (especially in
health and economics) there are still many challenges and problems re-
main to be solved for better and effective outcomes especially in relation to
cluster overlapping. Using a simple clustering approach may not produce a
useful knowledge for large and complex datasets. In this presentation, we
will focus on K-means clustering results for adjacent and non-adjacent set
of clusters to determine the degree of overlapping between clusters. This
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will be based on the forward and backward mapping of proportion of com-
mon elements to develop combined information of the K-means clustering
algorithm results.
In cluster analysis especially for K-means clustering user specified the K
number of clusters and can produce as many clusters as N-1 clusters from
the dataset D with N observations. The main issue is to find, if exist,
the clusters set that is completely disjoined or non-disjoint with degree of
overlapping between clusters. Numbers of studies are carried out in clus-
ter analysis, which includes determining the stability of cluster analysis
and estimating the optimal values of K in the datasets using K-means
clustering. Different types of validation techniques for K-means clustering
results have been found in the literature by Dunn (1974), Kaufman and
Rousseeuw (1990), and the formulation of these indexes has been briefly
described Mehar et al. (2013).
Extraction of hidden patterns and strategic knowledge from large datasets
is a growing challenge facing organizations, analyst and researchers. The
new MMM approach or technique Mehar et al. (2013) provided informa-
tion and initial approach for optimal number of clusters that are completely
isolated and amount of overlapping when non-disjoint clusters are exist.

2 Clusters overlapping method

In the real world datasets most of the clusters obtained may have inherently
some degree of overlapping. A forward and backward approach mapping
the adjacent clusters and combining the information was used to develop
MMM index described in Mehar et al. (2013) with one distant step k + 1
from adaptive application of K-means algorithm. This method compares
cluster mapping at adjacent consecutive k numbers. In this paper we will
further map the proportion of common elements at k + 2, k + 3, . . . , k +
9 including non-adjacent distance steps. This new approach is based on
changes in cluster membership as k varies with non-adjacent proportion of
mapping common elements, and provides more systematic solution which
is more independent of cluster characteristics, and more consistent in its
behaviour across a wider range of potential k values that was introduced
and discussed in Mehar et al. (2010, 2013). The underlying idea behind this
approach is to analyse the movement of elements between clusters to find
the common elements for range of k+ 1, k+ 2, . . . , k+ 9 adjacent and non-
adjacent distant steps. The approach is described as follows. For a given
choice of k = number of clusters, a given choice of clustering technique U,
and a given choice of V = set of parameters v1, . . . , vn used to control the
clustering technique, we first construct a set of clusters Ck(U, V ) = Ck,i
and Ck+1(U, V ) = Ck+1,i using the same clustering technique, where i =
1, . . . , k. We may write these cluster sets more simply as Ck and Ck+1. Now
these two (Ck, and Ck+1) consecutive groups at k will be used to find the
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number of common elements from Ck to Ck+1 and Ck+1 to Ck, to create a
rectangular mapping of common elements matrix of size k × k + 1, where
k and k+ 1 correspond to rows and columns of forward matrix Pk,k+1. We
denote the proportion of data elements in common between a particular
pair of clusters, say cluster Ck,i from Ck and cluster Ck+1,j from Ck+1 by
p(Ck,i, Ck+1,j), which can be abbreviated to pk,k+1,i,j . Similarly, we can
compute Pk+1,k to create another rectangular matrix of size (k + 1) × k
where k+ 1 correspond to rows and k to columns. In general Pk+1,k is not
equal to Pk,k+1 and they have different dimension and size.
To investigate how much movement of objects occurs from Ck to Ck+1 and
from Ck+1 to Ck we multiply the corresponding proportion matrices to
obtain k × k matrix with the entries showing the joint probabilities of the
forward/back movement of the objects between the set of clusters from k
to k+ 1 and k+ 1 to k. The results will be called joint information matrix
Qk,k and that is Qk, k = Pk,k+1Pk+1,k, where, Pk,k+1 = pk,k+1,i,j is the
k × k + 1 forward proportion matrix from k to k + 1, Pk+1,k = pk+1,k,j,i is
the k+ 1× k backward proportion matrix from k+ 1 to k, i = 1, . . . , k and
j = 1, . . . , k + 1.
Due to the row sum constant of 1 the resultant Qk,k is also known as a
row stochastic matrix Johnson (1981). This Qk,k matrix will be used to
determine clusters overlap or the degree of separation from one another.
The elements of [Qk,k] matrices represents the proportion of clusters sepa-
ration or the level of overlap between clusters, and the mean value of the
diagonal for each [Qk,k] matrix is computed as µ(k,k+1) =

∑k
i=1 qii/k to

represent different Qk,k combined information for different distant steps.

3 Analysis and results

Usually the clustering techniques are heuristic calculations making it im-
possible to assess which is the best or most informative K clusters. The
degree and details of the clusters overlap and the compactness of cluster
memberships at any choice of k is essential and important for understand-
ing and explaining the homogeneity and separation of clusters when apply-
ing the k-means clustering algorithm for two or multidimensional datasets.
In this presentation we will only focus on synthetic dataset with two di-
mensions, real dataset with multi-dimensions will not be discussed here.
Computational experiments start with applying the k-means clustering al-
gorithm for k = 2 to 11 to cover and create all possible homogenous groups
for each dataset. Using the resultant clusters from K-means we will cal-
culate the overlap Qk,k matrices with adjacent k + 1 and non-adjacent
distant steps k + 2, k + 3, . . . , k + 9. For this purpose we have simulated
2-dimensional dataset (Dataset2D with 700 observations) using normal dis-
tribution with different values of parameters mean (µ) and standard devi-
ation (σ); n = 400 with µ = (40, 30), σ = 7 and n = 300 with µ = (60, 50),
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σ = 7. This data is presented in Figure 1 plot (a) below, and plots (b)-
(d) corresponding to clusters when k = 2, 3, and 4. Plot (e) shows the
line plot for different Qk,k of the combined proportion mean values with
coloured lines for different distant steps. It is clear from plot (e) and at
k = 2 clusters are not completely isolated and the degree of overlap is less
than 2% compared to other values of k where the degree of overlapping
among them are much higher. This matrix also showed the changes in the
overlap proportions associated with different k values. These information
are important to better fit and model the structure of the data, it also help
and can be used as part of criteria in the construction of the clusters espe-
cially when it shows the proportions are monotonically decreasing with k.
This new approach will also allow us to handle complex problems in large
datasets by detecting the level of overlaps. Efficient exploitation of the new
approach in the simulated and variety of real datasets will lead us to solve
more challenging problems in this area of analysis and research.

FIGURE 1. Dataset2D clusters at k = 3 and k + 1 = 4.
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Abstract: In longitudinal studies of disease, patients may experience several
events through a follow-up period. In these studies, the sequentially ordered
events are often of interest and lead to problems that have received much at-
tention recently. Issues of interest include the estimation of bivariate survival,
marginal distributions and the conditional distribution of the second gap time
given the first gap time. In this work we consider the estimation for the survival
given the first gap time. Different nonparametric approaches will be considered
for estimating these quantities, all based on the Kaplan-Meier estimator of the
survival function. Real data illustration based on a German breasts cancer study
is included.

Keywords: Conditional survival; Gap times; Kaplan-Meier; Nonparametric es-
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1 Introduction

In many medical studies individuals can experience several events across
a follow-up study. The events of concern can be of the same nature (e.g.,
cancer patients can experience recurrent disease episodes) or represent dif-
ferent states in the disease process (e.g., alive and disease-free, alive with
recurrence and dead). If the events are of the same nature, this is usu-
ally referred as recurrent events, whereas if they represent different states
they are usually modeled through their intensity functions (Andersen et
al., 1993). In this studies several issues are often of interest and lead to
problems that have received much attention. Most of the times, one will be
interested in describing the distribution of the joint gap times (see e.g., Lin
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et al., 1999; de Uña-Álvarez and Meira-Machado, 2008; de Uña-Álvarez and
Amorim, 2011). In other cases the interest is more focussed in the survival
function, such as the estimation of the bivariate survival (Wang and Wells,
1997), the estimation of gap time survival functions or the conditional sur-
vival function of the gap times (Wang and Chang, 1999; Schaubel and Cai,
2004). In this work we propose four estimators for the conditional survival
function in a three state progressive model. The proposed methods can be
easily extended to the k-state progressive model.

2 Nonparametric estimators

Consider n independent and identically distributed pairs of successive fail-
ure (gap) times (T1i, T2i), 1 ≤ i ≤ n. These pairs of gap times are subject to
univariate right-censoring at times Ci which we assume to be independent
of (T1i, T2i). Because of this, we only observe (T̃1i, T̃2i,∆1,∆2) where T̃1i =

min(T1i, Ci), ∆1i = I(T1i ≤ Ci), T̃2i = min(T2i, C2i), ∆2i = I(T2i ≤ C2i)
where C2i = (Ci − T1i)I(T1i ≤ Ci). Let T = T1 + T2 be the total time and

put T̃ = min(T,C). Since the censoring time is assumed to be indepen-
dent of the process, the survival function of the first gap time T1, say S1,
may be consistently estimated by the Kaplan-Meier estimator based on the
(T̃1,∆1). Similarly, the distribution of the total time may be consistently

estimated by the Kaplan-Meier estimator based on the (T̃i,∆2i)’s. In this
work we are interested in the estimation of the conditional survival function
S(y | x) = P (T > y | T1 > x).
Recently de Uña-Álvarez and Meira-Machado (2008) proposed estimators
to empirically estimate the bivariate distribution function for censored
gap times. The idea behind estimation is to use the Kaplan-Meier es-
timator pertaining to the distribution of the total time to weight the

bivariate data. Since S(y | x) = P (T > y|T1 > x) = P (T>y,T1>x)
P (T1>x) ,

a natural estimator for the conditional survival function is obtained us-
ing the same ideas (i.e., Kaplan-Meier weights). The proposed estimator
(Kaplan-Meier Weighted Estimator, KMW) is given by ŜKMW(y | x) =∑n
i=1WiI(T̃1i > x, T̃i > y)/Ŝ(x), where Ŝ(x) is the Kaplan-Meier estima-

tor of survival of T and where Wi are Kaplan-Meier weights attached to T̃i
when estimating the marginal distribution of T from (T̃i,∆i)’s.
The conditional survival will be hard to estimate in the right tail where
censoring effects are stronger. Because of this we consider alternative ex-

pressions for the conditional survival S(y | x) = 1 − P (T1>x,T≤y)
1−P (T1≤x) . The

corresponding estimator (transformed Kaplan-Meier Weighted Estimator,
tKMW) can be obtained in a similar way as introduced the KMW estima-
tor.
Another way to introduce a nonparametric estimator for the conditional
survival is by considering specific subsamples or portions of data at hand.
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For example, given the time point x, to estimate S(y | x) = P (T > y|T1 >
x) the analysis can be restricted to the individuals with a first gap time
greater than x. Let nx = # {i : T1i > x} and introduce ŜcKMW(y | x) =

1 −
∑nx
i=1W

x
i I(T̃i ≤ y), the survival function of T computed from such a

subset.
The standard error of the cKMW estimator may be large when the censor-
ing is heavy, particularly with a small sample size. Interestingly, the vari-
ance of this estimator may be reduced by presmoothing (de Uña-Álvarez
and Amorim 2011). The corresponding presmoothed estimator (Kaplan-
Meier presmooth weighted estimator, cKMPW) involves replacing the cen-
soring indicators in the building of the Kaplan-Meier weights, W x

i , by a
smooth fit (e.g. using logistic regression). In the limit case of no pres-
moothing, the cKMPW estimator reduces to the cKMW estimator.

3 Example of application

To illustrate our methods we will use data from a German Breast cancer
study. In this dataset, a total of 686 woman with primary node positive
Breast cancer were recruited in the period between 1984 and 1989. From
this total 299 developed a recurrence and among these 171 died. For each
patient, the two gap times (time to recurrence and time from recurrence to
death) and the corresponding indicator status is recorded. Other covariates
were also recorded. The covariate recurrence is the only time-dependent
covariate, while the other covariates included are fixed. Recurrence can be
considered as an intermediate transient state and modeled using a three-
state progressive model with states “Alive and disease-free”, “Alive with
Recurrence” and “Dead”. For illustration purposes we show in Figure 1 the
plot for S(y | x) for all four methods by fixing T1 = 1084 and T1 = 1684.
From this plot we can see the behavior of all methods. With the exception
of the KMW estimator, all perform similarly. As expected, the cKMPW
estimator has less variability.

4 Conclusions

In this paper, the problem of estimating the conditional survival function
for ordered multivariate failure time data has been reviewed, and four es-
timators has been considered. Two new sets of estimators have been pro-
posed. Simulation results, not reported here, reveal that a new proposals
perform favorably when compared with the competing methods.
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FIGURE 1. Estimated conditional survival for S(y|x), x = 1084 (left) and
x = 1684 right. Breast cancer data.
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Abstract: This project involves development of flexible statistical regression
models with a particular focus on the modelling requirements for types of data
that arise in survival analysis. We apply nonparametric Bayesian (NPB) meth-
ods, which substantially enhance the flexibility of standard parametric models
while providing a full probabilistic framework for inference. Under the NPB
paradigm, the unknown distributions of the model are treated as random (infinite-
dimensional) parameters necessitating specification of stochastic nonparametric
priors, such as Dirichlet or Gaussian proceses, over spaces of distributions. Here
we will develop BNP survival models and associated MCMC fitting methods.
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1 Introduction

A standard way to develop a parametric regression model is to allow param-
eters to depend on covariates in a pre-specified way. Classical semiparamet-
ric methods specify parametrically the regression relationship between the
response and covariates, but leave the actual survival distribution unspec-
ified. The disadvantages of these methods stem from inflexible functional
forms of parametric models and limited inference of classical semiparamet-
ric techniques. In particular, fixed specification of distributional properties
for the random error terms in the model, while typically mathematically
convenient, may be inadequate for the actual data, which clearly calls for
more flexible and robust modelling approaches. We use the nonparamet-
ric Bayesian (NPB) methods, which substantially enhance the flexibility of
standard parametric models while providing a coherent unified probabilis-
tic framework for inference. We propose NPB regression models for survival
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data and use Dirichlet process (DP) mixture models as nonparametric pri-
ors for the survival distributions.

2 Nonparametric Bayes

A DP mixture model is a mixture with a parametric kernel and a random
mixing distribution modeled with a DP prior, see Ferguson (1973, 1974),
Antoniak (1974), Escobar and West (1995). The definition of the DP in-
volves a parametric distribution function G0, the center or base distribution
of the process, and a positive scalar precision parameter ν. The larger the
value of ν the closer a realization of the process is to G0. A DP mixture
model is given by

F (·;G) =

∫
K(·|θ)G(dθ),

where K(·|θ) is the distribution function of the parametric kernel of the
mixing and G ∼ DP(νG0).

3 Bayesian nonparametric survival analysis

Bayesian nonparametric methods are very well suited for survival data
analysis, enabling flexible modelling for the unknown survival function, cu-
mulative hazard function or hazard function, and providing techniques to
handle censoring and truncation. The DP mixture modelling framework al-
lows the incorporation of prior information and provides a rich inferential
framework that can be extended to distributions with support on R+ for
application to survival data (Kottas, 2006).

Modelling DP mixtures for the distributions that have support on R usu-
ally employs normal kernels, but in the context of survival analysis choosing
the kernel becomes more delicate. In this case we usually use Lognormal,
Weibull or Gamma kernels (Kottas, 2006). The Weibull distribution seems
preferable because it has an increasing hazard and also its survival function
is in closed form.

In the case of Weibull distribution where KW (t|α, λ) = 1 − exp(−λ−1tα)
and kW (t|α, λ) = λ−1αtα−1 exp(−λ−1tα), the base distribution is assumed
to be as follows:

G0(α, λ|φ, γ) = Uniform(α|0, φ)× IGamma(λ|d, γ).

Denoting the survival times by ti, i = 1, . . . , n, following Kottas (2006) the
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full model can be written in the hierarchical form:

ti|αi, λi
ind∼ KW (ti|αi, λi), i = 1, . . . , n,

(αi, λi)|G
iid∼ G, i = 1, . . . ,

G|ν, γ, φ ∼ DP(νG0),

ν, γ, φ ∼ Gamma(ν|aν , bν)Gamma(γ|aγ , bγ)Pareto(φ|aφ, bφ). (1)

We model the unknown survival distribution with a Weibull Dirichlet pro-
cess mixture, mixing on both the shape and scale parameters.

4 Simulation based model fitting

Here we present the Gibbs sampler designed to fit model (1). To simplify
some of the full conditionals, we assume here that all of the survival times
are uncensored. Our initial goal is to generate from (αi, λi), which subse-
quently allows generation from the predictive distribution ti.

In Bayesian nonparametric method the discreteness of the random distri-
bution G induces a clustering of (αi, λi). Let n∗ be the number of clusters
in the vector ((α1, λ1), . . . , (αn, λn)) and denoted by (α∗j , λ

∗
j ), j = 1, . . . , n∗,

the distinct (αi, λi). The vector of configuration indicators s = (s1, . . . , sn),
defined by si = j if and only if (αi, λi) = (α∗j , λ

∗
j ), i = 1, . . . , n, determines

the clusters. Let nj be the size of cluster j, i.e., |{i : si = j}|, j = 1, . . . , n∗.

Gibbs sampling to draw from ((α1, λ1), . . . , (αn, λn), ν, γ, φ|data) is based
on the following full conditionals:

1. [(αi, λi, si)|{(αi′ , λi′ , si′ ), i
′ 6= i}, ν, γ, φ, data], for i = 1, . . . , n. Once

this step is completed, we have a specific number of clusters (n∗), a
specific configuration (s = (s1, . . . , sn)), and the associated cluster
locations (α∗j , λ

∗
j ), j = 1, . . . , n∗.

2. [(α∗j , λ
∗
j )|s, n∗, γ, φ, data], for j = 1, . . . , n∗. This step improves the

mixing of the chain by moving the cluster locations.

3. [ν|n∗, data], [φ|{(α∗j , λ∗j ), j = 1, . . . , n∗}, n∗] and [γ|{(α∗j , λ∗j ), j =
1, . . . , n∗}, n∗]. In this step we draw from the full conditionals.

The full conditionals in the first step are obtained by using the Pólya urn
representation of a DP. Assume ti, i = 1, . . . , n, corresponds to the un-
censored survival times, we could draw from the first step full conditionals
based on the following mixed distribution:

q0
0h

0(αi, λi|γ, φ, ti) +
∑n∗−

j=1 n
−
j q

0
j δ(α∗j ,λ∗j )(αi, λi)

q0
0 +

∑n∗−

j=1 n
−
j q

0
j

,
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where q0
j = kW (ti|α∗j , λ∗j ) and q0

0 = dνγd

φti

∫ φ
0

αtαi
(γ+tαi )d+1 dα.

Also h0(αi, λi|γ, φ, ti) ∝ kW (ti|αi, λi)g0(αi, λi|φ, γ) and g0 is the density

function of G0. In this step with probability
q0
0

q0
0+

∑n∗−
j=1 n−j q

0
j

we generate a

new value from h0 and otherwise we sample from the previous (α∗, λ∗).
In the above formulas ”-” denotes all relevant quantities when (αi, λi) is
removed from the vector ((α1, λ1), . . . , (αn, λn)).

In step 2 for each j = 1, . . . , n∗,

[(α∗j , λ
∗
j )|s, n∗, γ, φ, data] ∝ g0(α∗j , λ

∗
j |φ, γ)

∏
{i:si=j}

kW (ti|α∗j , λ∗j ).

Finally, we go to step 3, where we update ν, the precision parameter
of the Dirichlet process, using the augmentation method in Escobar and
West (1995). Also the full conditional for φ and γ are proportional to

[φ]
∏n∗

j=1 φ
−11(φ≥α∗j ) and [γ]

∏n∗

j=1 γ
d exp(−λ∗−1

j γ), where [φ] and [γ] are

the prior density in model (1).

5 Future work

We will complete the implementation of this model. Then we will incorpo-
rate censoring in the model and, finally, try to use other models instead of
the Weibull distribution.
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Abstract: We propose a spatially adaptive extension of the state-of-the-art
EMOS postprocessing model. As our method introduces a Markovian depen-
dence structure on the model parameters by employing Gaussian Markov random
fields, we call it Markovian EMOS (MEMOS). For fitting the MEMOS model in
a Bayesian fashion we utilize the recently developed INLA approach that al-
lows for fast and accurate approximation of the posterior distributions of the
parameters. We apply the MEMOS method to 24-h forecasts of surface temper-
ature over Germany for the years 2010 and 2011, using the 50-member ensemble
of the European Center for Medium-Range Weather Forecasts (ECMWF). Our
proposed method outperforms the raw ensemble and the ensemble postprocessed
with standard univariate global and local EMOS.

Keywords: Probabilistic weather forecasting; Ensemble postprocessing; Gaus-
sian Markov random fields, Integrated nested Laplace approximation.

1 Introduction

Ensemble forecast systems aim to reflect and quantify sources of uncer-
tainty in the numerical weather prediction (NWP) model forecasts. How-
ever, they tend to be biased and underdispersed (Hamill and Colucci, 1997).
Therefore statistical postprocessing methods for ensemble forecasts are re-
quired to properly calibrate the resulting distribution.
Univariate postprocessing methods such as Ensemble Model Output Statis-
tics (EMOS), introduced by Gneiting et al. (2005) have been developed
successfully for a variety of univariate weather quantities. However, they
are designed only for a single weather quantity, for fixed locations and fixed
forecast horizons. Therefore, they are not accounting for multivariate de-
pendence structures, as for example inter-variable, spatial and temporal

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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dependencies. To account for spatial dependence structures, we develop a
spatially adaptive Bayesian extension of the EMOS model.

2 Markovian EMOS

Let ys denote the surface temperature at location s, s = 1, . . . , n, where n
is the total number of stations that are considered. Further, x1, . . . , xm de-
note the m ensemble forecasts. Our proposed Markovian EMOS (MEMOS)
model then assumes

ys|ηs, σ2, x1,s, . . . , xm,s ∼ N(ηs, σ
2), (1)

ηs = γ + as + bsx̄s. (2)

Here, ηs is the linear predictor and σ2 the variance of the error term ε with
εs ∼ N(0, σ2) for all s = 1, . . . , n. Further, γ denotes an overall fixed effect
intercept, x̄s the mean over the m ensemble members at location s, and
as as well as bs represent random effects bias correction coefficients. We
assume as and bs to be realizations of latent Gaussian fields (GFs) a(s)
and b(s), respectively.
To fit the MEMOS model in a Bayesian framework and at the same time in
an efficient way, we utilize two recently developed approaches. The INLA
methodology (Rue et al., 2009) allows to perform fast and accurate approx-
imation of the posterior margins of the parameters. It is combined with the
SPDE approach proposed by Lindgren et al. (2011) whose basic building
block is the fact that a GF with Matérn covariance function is the sta-
tionary solution to a certain linear fractional stochastic partial differential
equation (SPDE). By solving the SPDE on a triangulated domain with n
vertices, an explicit Gaussian Markov random field (GMRF) representation
xn(s) of the GF x(s) can be obtained via a linear combination of piecewise
linear basis functions.
To approximate the posterior margins (especially) of ηs and σ2 in model
(1), the R-SPDE-INLA package (see www.r-inla.org) is used.

3 Application to ECMWF temperature forecasts

We apply our method to 24-h ahead surface temperature forecasts of the 50-
member European Center for Medium-Range Weather Forecasts (ECMWF)
ensemble (Buizza, 2006) over Germany. Our data covers the time period
February 2, 2010 to April 30, 2011, with a total of n = 518 available
stations. The verifying observations are provided by the German Weather
Service (DWD).
In our case study we compare the predictive performance of the proposed
MEMOS model with the raw ensemble and two variants of EMOS, global
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and local EMOS. While global EMOS estimates a single set of parame-
ters for all stations, local EMOS estimates a separate set of parameters
at each considered station, however, without accounting for spatial depen-
dence structures. Therefore, local EMOS is a natural benchmark for our
MEMOS method. For fitting the postprocessing models, a 25 days rolling
training period is used.
The predictive performance of the models is measured in terms of several
univariate verification scores, namely the continuous ranked probability
score (CRPS), the mean absolute error (MAE) and the root mean square
error (RMSE) (Wilks, 2011), on the test set containing the dates March
24, 2010 to April 30, 2011. In addition, we investigate the verification rank
histogram of the raw ensemble and PIT histograms (Wilks, 2011) of the
postprocessing methods to check the calibration of the respective method.
Table 1 shows that our proposed MEMOS method clearly outperforms
the raw ensemble as well as global and local EMOS in terms of all con-
sidered scores. When looking at the rank histograms in Figure 1 the raw
ensemble exhibits a strong underdispersion indicated by the U-shape of
the histogram. Applying a postprocessing method such as global or local
EMOS improves the calibration to a high extent. When inspecting the PIT
histogram for MEMOS, a further improvement in calibration is visible.
The MEMOS PIT histogram is closest to uniformity in comparison to the
PIT histograms of both EMOS versions, while (especially local) EMOS still
exhibits a slight underdispersion.

TABLE 1. Predictive performance of the different postprocessing methods and
the raw ensemble in terms of univariate verification scores, aggregated over all
days and stations in the test set.

CRPS MAE RMSE

Raw ECMWF 2.498 2.807 3.762
Global EMOS 1.792 2.489 3.242
Local EMOS 1.415 1.964 2.551
MEMOS 1.384 1.938 2.508

4 Discussion

We propose a spatially adaptive Bayesian extension of the standard EMOS
postprocessing model, that induces a Markovian dependence structure on
the model parameters. By this, the predictive performance and calibration
can be improved further in comparison to EMOS. In a next step we propose
to combine the basic MEMOS model with the ECC method (Schefzik et
al., 2013), as ECC is computationally efficient and aims at recovering the
multivariate dependency information present in the raw ensemble.
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FIGURE 1. Univariate verification rank histogram and PIT histograms over all
stations and dates in the test set.
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Abstract: In the pharmaceutical industry, dose-response studies are a central
experimental tool for drug development. Within the dose-response framework,
order restricted hypotheses are usually of interest when a differential effect of
the dose is foreseen. Usually, in determining the correct dose-response profile
for the trend or the minimum effective dose, several shapes of the dose-response
trend can be fitted to the data and compared with goodness of fit statistics
(such as AIC, BIC, etc.). However, estimation and inference ignores the fact that
there are different models that can be fitted and estimation and inference is thus
based on a selected model. Such a procedure is called a post selection estimation
and inference procedure. In order to account for model uncertainty, we propose
Bayesian variable selection (BVS) models for order-restricted hypothesis. In BVS,
several models are fitted simultaneously and the posterior probability for each
model given the observed data computed. Parameter estimates and inference is
based on all possible (order-restricted) models and therefore take into account
model uncertainty for both estimation and inference. Furthermore, the estimated
dose-response curve can be interpreted as a model average of all possible order
restricted models that can be fitted to the data. The proposed method is ap-
plied to independent and correlated datasets. In particular, the properties of the
posterior distribution of the BVS estimates are investigated.
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1 Introduction

Statistical modelling of dose-response data usually involves several steps.
First, a candidate set of R models g1 . . . gR is proposed. For each candidate
model gr, statistical analysis is performed and a comparison between com-
peting models is usually done based on information criteria such as Akaike
information criterion and Bayesian information criterion (Lin et al., 2012;
Otava et al., 2014). Subsequently, inference for parameters of interest such
as the minimum effective dose (MED) are based on the selected model. The
shortcoming however is that inference is performed ignoring the uncertainty
with regards to the best model amongst candidate models (Cooke, 2009;
Claeskens and Hjort, 2008). Several approaches to account for model un-
certainty have been proposed (Kato et al., 2006). In particular, within the
model averaging approach, estimation and inference is based on the model
average of all candidate models. Weights for model averaging are computed
using the information criterion for each model. Thus, instead of having a
point estimate from the selected ’best’ model, a weighted-average of esti-
mates from all models is used (Claeskens and Hjort, 2008). In this paper, we
propose a Bayesian variable selection (BVS, O’Hara et .al., 2009) approach
to model binary dose-response data while accounting for model uncertainty
specifically for monotone increasing dose-response profiles, although the
methodology is applicable to non-monotone dose-response profiles as well.

2 Methodology

Consider a binomial outcome Yi which denotes the number of patients who
were pain-free after receiving a dose i = {0, 2.5, 5, 10, 20, 50, 100, 200} of a
given treatment;

Yi ∼ Binomial(πi, ni)

logit(πi) = β0 +

J∑
j=1

Zjδjdi
(1)

πi denotes the probability of being pain-free for patients who received dose
i while ni denotes the total number of patients who received dose i. The
parametrization of the dose-response relationship in (1) includes the BVS
procedure via an indicator variables Zj . We specify a hierarchical Bayesian
model in which the prior distributions assumed for the model parameters
are shown in (2).

πi ∼ Uniform(0, 1)

β0 ∼ Normal(0, 0.001)

δj ∼ Normal(0, 0.001)I(0).

(2)

The indicator variable Zj is assumed to be a Bernoulli random variable
Zj ∼ Bernoulli(φj) sampled with a uniform probability φj ∼ Uniform(0, 1).
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Note that a monotone increasing dose-response profile is specified by con-
straining the prior for δj to positive values. As shown in Lin et al. (2012),
the posterior mean of Zj denotes the posterior model probability Z̄j for
the model corresponding to that given set of sampled Zj . Moreover, the
posterior mean of φj denotes the posterior inclusion probability φ̄j of the
corresponding dose. By using the posterior mean of the model probabilities
as the models’ weights, a model-averaged estimate of the parameters of
interest can be obtained.

3 Application to a binary dose-finding study

Using binomial migraine data from the DoseFinding R package. Pinheiro
et al. (2013) applied non-linear sigmodal Emax models of different shapes
to this data. Since there were seven active doses, there were 128 plau-
sible monotone increasing dose-response profiles resulting from the mean
structure specified in (1]. Figure 1 shows the model-averaged fit for the
dose-response profile based on the BVS logistic regression model and the
sigmoidal Emax model. The BVS model provided a good fit for the data
comparable to the sigmoidal Emax model.
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FIGURE 1. Migraine data: Dose-response profile based on Bayesian variable se-
lection as well as sigmoidal Emax model.

The model weights for all the 128 models are shown in Figure 2. The most
probable model had a probability of 4%. In addition, only 73 out of the
128 models had a non-zero probability; hence these 73 models are the only
ones that contributed to the model-averaged estimates plotted in Figure 2.

4 Conclusion

In this paper, while modelling dose-response profiles, model uncertainty
was accounted for through BVS techniques. By introducing appropriate
selection indices and specifying appropriately constrained priors, monotone
increasing profiles of different shapes were fitted simultaneously. The results
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FIGURE 2. Posterior model probability from BVS model fitting. These proba-
bilities are the weights for BMA.

shown in this paper were based on the model averaging approach for which
128 monotone increasing models were simultaneously fitted and averaged.
Thus, the simultaneous fitting of the candidate set of models while only
requiring the specification of only one model for which all the subsequent
models are derived is a desirable property of BVS. While we illustrated
the methodology with independent binary data, the concept of Bayesian
variable selection is applicable to other types of outcomes as well as for
correlated data.
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Abstract: In this work we consider a new four parameter distribution, called the
Birnbaum-Saunders generalized-t distribution, that includes some other models
as special cases, such as the Birnbaum-Saunders-t (BS-t) and Birnbaum-Saunders
power exponential (BSPE) distributions. We study its probability density func-
tion, provide maximum likelihood estimation and present an application to show
the flexibility of this new model, comparing it with Birnbaum-Saunders, BS-t
and BSPE distributions.
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1 Introduction

In the last few years different distributions are being created in order to
solve problems that demand very flexible models. Dı́az-Garćıa and Leiva
(2005) proposed a generalization of the Birnbaum-Saunders (BS) distri-
bution (Birnbaum and Saunders, 1969) in order to develop really flexible
distributions called the Generalized Birnbaum-Saunders (GBS) family of
distributions, wherein they present eight new models besides the standard
BS. We say that a positive random variable T that follows a GBS distri-
bution, denoted by T ∼ GBS(α, β; g), can be defined by a transformation
from any symmetric model as

T = β

αX
2

+

√(
αX

2

)2

+ 1

2

, x ∈ R (1)
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where α > 0 represents the shape parameter, β is the scale parameter
and also the median of the distribution and X ∼ S(µ, σ; g) with location
parameter µ = 0 and scale parameter σ = 1. As α → 0, the BS distribu-
tion becomes symmetrical around β, whereas when α grows the distribution
becomes positively asymmetric. The probability density function (pdf) cor-
responding to (1) is given by

fT (t|α, β; g) = c
t−

3
2 (t+ β)

2αβ
1
2

g

(
1

α2

[
t

β
+
β

t
− 2

])
, t > 0,

where g(·) is the kernel of the density of X and c is the normalizing constant
such that fX(x) is a proper density.
In this present work, we will propose a new model, that belongs to the class
of GBS distributions, called Birnbaum-Saunders generalized-t (BSGT, for
short) distribution, based on the BS transformation (1) from the general-
ized t (GT) distribution for X. Its usefulness is illustrated through a real
data set application regarding female patients who died from lung diseases
in the United Kingdom (UK).

2 The BSGT distribution

The GT distribution, GT (µ, σ, ν, τ), was proposed by McDonald and Newey
(1988) and its pdf is given by

fX(x|µ, σ, ν, τ) =
τ

2σν
1
τ B
(

1
τ , ν
)(

1 +
|x− µ|τ

νστ

)ν+ 1
τ

, x ∈ R, (2)

where µ ∈ R is a location parameter, σ > 0 is the scale parameter, ν > 0

and τ > 0 control the shape of the density and B(a, b) =
∫ 1

0
wa−1(1 −

w)b−1dw is the beta function. Small values of ν, the parameter that can
be associated with the student-t distribution will result in heavier tails.
Small values of τ , the parameter that can be associated with the power
exponential (PE) distribution, will result in thicker tails and a sharper
peak, while high values of τ will result in lighter tails and a flatter peak.
Applying the Birnbaum-Saunders transformation (1) to X ∼ GT (0, 1, ν, τ)
gives the Birnbaum-Saunders generalized-t distribution, denoted by T ∼
BSGT (α, β, ν, τ), with pdf given by

fT (t|α, β, ν, τ) =
τt−

3
2 (t+ β)

4αβ
1
2 ν

1
τ B
(

1
τ , ν
)
1 +

1

νατ

∣∣∣∣∣ tβ +
β

t
− 2

∣∣∣∣∣
τ
2

−(ν+ 1
τ )

,

where α, β > 0 are defined in (1); and ν, τ > 0 are the parameters related
to the tails of the distribution and as in (2) small values of both ν and τ
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result in heavier tails. Similarly, larger values of ν or τ will produce lighter
tails and as in (2) low or high values of τ will produce sharper or flatter
peaks, respectively.
We provide estimation of the parameters of BSGT distribution through
the maximum likelihood method. Let Ti, i = 1, . . . , n, be a random variable
following a BSGT distribution with parameter vector θ = (α, β, ν, τ)>. The
total log-likelihood function for θ is given by

l(θ) = n log(τ)− 2n log(2)− n log(α)− n

2
log(β)− n log

[
B

(
1

τ
, ν

)]
−n
τ

log(ν)− 3

2

n∑
i=1

log(ti)−
(
ν +

1

τ

) n∑
i=1

log

(
1 +
|ωi|

τ
2

νατ

)

+

n∑
i=1

log(ti + β) (3)

where ωi = ti/β + β/ti − 2.
The elements of the score vector of θ are obtained easily by taking the
derivatives of (3) with respect of each of its parameters. The maximum

likelihood estimate (MLE) θ̂ of θ is obtained solving the equations Uα(θ) =
0, Uβ(θ) = 0, Uν(θ) = 0 and Uτ (θ) = 0. This could be achieved by a
numerical maximization algorithm using the R functions optim or gamlss.

3 Application

The data refer to the monthly female deaths from bronchitis, emphysema
and asthma in the UK in years 1974 – 1979 and is presented on Diggle
(1990) and is also available on R software. Table 1 displays the MLEs and
standard errors (SE) of the BS, BS-t, BSPE and BSGT parameters and
their corresponding AIC and BIC values.
We can clearly see that the BSGT distribution outperformed all its special-
cases, since it produced the smallest values of AIC and BIC (928.514 and
937.620, respectively). The high SE value from parameter τ could be related
to its high correlation with parameter ν. Plots of the fitted distributions
are displayed in Figure 1.

4 Conclusion

We presented a new four parameter distribution, called the BSGT distri-
bution and show its flexibility through a real data set application related
to deaths caused by lung diseases. Due its flexibility this distribution could
be applied to different fields of application.
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TABLE 1. MLEs and SE (in parentheses) of the model parameters for the lung
diseases data and their corresponding model AIC and BIC values.

Model α̂ β̂ ν̂ τ̂ AIC BIC

BSGT 0.454 555.573 0.337 21.200 928.514 937.620
(0.039) (13.184) (0.450) (5.506)

BSPE 0.519 561.577 – 4.659 932.227 939.057
(0.035) (17.172) – (1.129)

BS-t 0.304 535.683 100∗ – 942.961 949.791
(0.026) (19.149) (fixed) –

BS 0.306 535.928 – – 940.587 945.141
(0.025) (19.037) – –

∗BS-t did not converge and so parameter ν was fixed resulting in the BS distribution

FIGURE 1. Comparison of the fitted distributions to the lung diseases data set.
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Abstract: Parameter inference in mechanistic models of coupled differential
equations is a challenging problem. We propose a new method using kernel ridge
regression in Reproducing Kernel Hilbert Spaces (RKHS). A three-step gradient
matching algorithm is developed and applied to a realistic biochemical model.
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1 Introduction

Many processes in science and engineering can be described by dynamical
systems models based on nonlinear ordinary differential equations (NODEs).
However, the parameters of the NODEs are often unknown and not directly
measurable. Direct inference requires a computationally expensive numer-
ical integration of the NODEs every time the parameters are adapted.
For that reason, approximate methods based on gradient matching have
recently gained much attention; see e.g. Dondelinger et al. (2013) and
Heinonen et al. (2014). The purpose of the present article is to try a
new variant of this approach based on reproducing kernel Hilbert spaces
(RKHS). We consider systems governed by first order multivariate NODEs:

ẋ =
dx

dt
= f

(
x(t), θ

)
, (1)

with initial value x(t1) = x1, where x(t) is an r dimensional vector of state
variables (x(t) ∈ Rr). We observe the states of the system at n time points
(y1, ..., yn) and assume that the observations consist of the states corrupted
by Normal additive iid noise yi = x(ti) + εi, where εi ∼ N(0, σ2) iid. In
this work, a framework of penalized regression for vector-valued functions
in RKHS is used to make predictions of the system state. A three step
gradient matching approach is developed to learn the NODEs parameters:

This paper was published as a part of the proceedings of the 30th Interna-
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188 Inference in nonlinear differential equations

1. Learn a smooth function g over the observations using an RKHS ap-
proximation with observation (y1, . . . , yn) at time points (t1, . . . , tn).

2. Given g, learn the NODEs parameters θ by gradient matching to
minimize the difference between ġ(t) and f(g(t), θ).

3. Re-estimate g using the optimised θ and observed trajectory y. Given
re-estimated g, optimise θ as in step 2.

2 Methodology

For each state variable xs indexed by s = 1, . . . , r, a positive definite kernel
ks : R × R → R is used to define the Hilbert space Gs of the smoother
function gs. The squared exponential kernel (Gaussian kernel) is used in
this study with lengthscale parameter l: k(tk, ti) = exp

(
− l−2(tk − ti)2

)
.

In step one, kernel ridge regression is used to learn gs, the smoother of the
sth state with the following loss function:

L1(ls) =

n∑
i=1

(gs(ti)− ysi)2 + ||gs||2 (2)

gs(ti) =

n∑
k=1

bskks(tk, ti) (3)

bs = (Ks + λsI)−1ys, ||gs||2 = λsb
T

sKsbs, (4)

where ks(·, ti) is the ith basis function and Ks is the Gram kernel matrix. ys
is the vector of observations for the sth state, ||gs|| is the norm of Gs and the
regularisation factor λs is estimated using leave-one-out cross validation. I
is the n× n identity matrix. Different states are assumed to have different
lengthscales, ls, and these are estimated independently through a gradient-
based quasi-Newton optimisation routine. With the optimised ls, the state
estimation gs(tj) of xs(tj) is made on a uniform grid of m time points
indexed by j = 1, . . . ,m. The gradient of the smoother is:

ġs(tj) =

n∑
i=1

bsi
dk(ti, tj)

dti
. (5)

In step 2, the NODE parameters are estimated by gradient matching for
all states with the loss function:

L2(θ) =

r∑
s=1

m∑
j=1

(
ġs(tj)− f

(
gs(tj), θ

))2

, (6)

where f(gs(tj), θ) is the target gradient generated by feeding the output
of the sth smoother, gs(t), into the NODEs system. θ is optimised using a
gradient-based quasi-Newton routine.
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Finally, in step 3, we use the estimated θ from step 2 to construct the NODE
system. The lengthscale vector l for all state variables is then re-estimated
using the full loss function.

L3(l) =

r∑
s=1

( n∑
i=1

(gs(ti)− ysi)2 + ||gs||2 +

m∑
j=1

(ġs(tj)− f
(
gs(tj), θ)

)2)
. (7)

The updated smoother g̃(t) is calculated using l. The refined θ can then be
optimised iteratively by repeating the second step.

3 Application: calcium model

The calcium model (Peifer and Timmer, 2007) represents the oscillations
of calcium signaling in eukaryotic cells via a dynamic system with states
corresponding to the concentrations of free calcium in cytoplasm Cac and
endoplasmic reticulum Car, as well as active Gα. and phospholipase-C, Pc.

dGα
dt

= k1 + k2Gα − k3PcR1(Gα)− k4CacR2(Gα)

dPc
dt

= k5Gα − k6R3(Pc)

dCac
dt

= k7PcCacR4(Car) + k8Pc + k9Gα − k10R5(Cac)− k11R6(Cac)

dCar
dt

= −k7PcCacR4(Car) + k11R6(Cac), (8)

where Ri(x) = x
x+kmi

. We followed Oates et al. (2014) and fixed the kmi

parameters, leaving k1:11 to be inferred.
Three scenarios were tested: the noise-free case, and adding iid Gaussian
noise with signal-to-noise ratio SNR = 50db and SNR = 10db to the
numerical solution of the model. We sampled n = 100 (t1 = 0, t100 = 20)
regularly spaced observations, and made state predictions on m = 200 grid
points. For 10db and 50db noise, 100 independent data sets were generated.
The mean NODEs parameter estimates with error bars are shown in Fig-
ure 1. We see that when no noise is added, our estimates closely agree with
the true values. The parameter estimates at SNR = 50db noise are similar
to the noise-free case when the parameters are smaller than 10, but drift
away from the true value for parameters larger than 10. For the highest
noise level, SNR = 10db, the NODEs parameter estimates become worse,
although we still have 4 reliable estimates out of 11 parameters. For the
SNR = 50db case, the length scale parameters l1:4 for the 4 states at the
optimum after step 2 are [0.06, 0.18, 0.01, 0.05]. After step 3, these change to
[0.06,0.81,0.22,0.79], suggesting that a regularising effect from the NODEs
exists.
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FIGURE 1. Scatter plot of true versus estimated NODEs parameters in three
noise scenarios. No noise (black crosses), SNR = 50db (red circles) and
SNR = 10db (blue triangles) noise. Left and right plots show parameters with
true values < 10 and > 10 respectively.

4 Conclusion

We have described an RKHS based gradient matching approach for pa-
rameter inference in a system of NODEs. In low noise scenarios we obtain
good parameter estimates for a realistic biochemical application, and we
have quantified the deterioration resulting from increased noise levels. We
have demonstrated that in the proposed three-step algorithm, the length
scale parameters of the kernels are regularised by the gradient matching
step. A potential explanation for the poor performance in the high-noise
regime is related to the choice of kernel. In our future work, we will ex-
plore the effect of using non-stationary kernels (like the MLP kernel) and
less smooth kernels (like the Matérn class kernels) as alternatives to the
squared exponential kernel.
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1 Introduction

Ordinary Differential Equations (ODEs) arise in the study of several ar-
eas of science and engineering. However, carrying out parameter inference
is challenging for a number of reasons. First, the likelihood can be highly
multi-modal. Second, direct numerical integration of ODEs for several set-
tings of the parameters can be prohibitively expensive to be feasible. Moti-
vated by encouraging results reported in Wilkinson (2014), we explore the
feasibility of emulation based on Gaussian processes (GPs) for accelerated
inference in ODEs such that an explicit numerical solution is only required
for a comparatively small set of parameters. We report an experimental
evaluation of the proposed emulation approach on a two-parameter Lotka-
Volterra (LV) model where we can gain insights into the potential and the
limitations of the proposed method.

2 GP emulation for ODEs

A general continuous time dynamical system described by the interaction
of S state variables can be modelled by a functional equation of the form

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
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ẋ(t) = f(t,x(t);θ), θ ∈ Ω[θ] ⊂ RM , where the S states at time t are x(t) =
[x1(t), . . . , xS(t)]T and the vector valued function describing their evolution
over time is f ≡ [f1, . . . , fS ]T. We define X = [x(t1), . . . ,x(tT )]T ∈ RT×S
to be the numerical solution of the ODE for a set of times t = [t1, . . . , tT ]T

and we assume that observations Y are a noisy realisation of X. Any opti-
misation or inference scheme for ODE parameters would entail repeatedly
solving ODEs for different configurations of the parameters. Instead, we
propose an emulation approach based on GPs as follows. We consider N
parameter configurations Θ = {θn}Nn=1. For each of the N configurations
of the parameter θ we compute the numerical solution X(θn) of the ODE.
Then we compare these numerical solutions with the noisy signal Y using
the Residual Sum of Squares (RSS) score rss(θn) = ‖vec[Y ]−vec[X(θn)]‖22
obtaining the vector r̃ = [rss(θ1), . . . , rss(θN )]T. We then fit a GP to the
training dataset D = {(θn, rn)}Nn=1 = {Θ, r}, where the training vec-
tor r is the normalised r̃ vector: the latter minus its mean and divided
by its standard deviation, r = β−1(r̃ − α1), where α = r̃T1/N and
β = (N − 1)−1/2‖r̃ − α1‖2. In this way, we can infer the optimal ODE
parameters relying on the GP emulation. The proposed hierarchical non-
parametric Bayesian model makes use of a Squared Exponential kernel
whose hyperparameters are ψ = [τ2, l1, . . . , lM ]T. The regression model
rn = z(θn) + εn postulates our training outputs as observations from a
latent function z(·) which is given a Gaussian process prior, corrupted by
additive i.i.d. N(0, υ2) noise:

r | z, υ2 ∼ NN (z, υ2I)

z(·) | ψ ∼ GP(m(·), κψ(·, ·))
ψ, υ2 ∼ P (τ2)P (l1) . . . P (lM )P (υ2),

(1)

where z = [z(θ1), . . . , z(θN )]T, r = [r1, . . . , rN ]T and as a consequence of
normalisation we assume that m(θ) ≡ 0 for all θ ∈ Ω[θ]. The GP formula-
tion yields predictions for the normalised RSS score r(·) corresponding to
any ODE parameters θ ∈ Ω[θ] using standard properties of GPs. In the
case of observations Y assumed to be distributed as a Gaussian centred at
the solution of the ODE with variance σ2, we can interpret our approach as
emulating the negative logarithm of a power of the likelihood of the model:
`(θ) = logP (D | θ) = const− 1

2σ2 rss(θ) = const− β
2σ2 r(θ), θ ∈ Ω[θ].

3 Experimental evaluation

We test the performance of our method on a non-standard variant of the
Lotka-Volterra system, introduced in Mingari Scarpello and Ritelli (2003):

ẋ1(t) = a [1− exp{x2(t)}] ẋ2(t) = −c [1− exp{x1(t)}] , (2)

where the components of x ≡ [x1, x2]T represent the populations of ‘log’
preys and ‘log’ predators respectively. We obtained a numerical solution
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FIGURE 1. The emulated log likelihood (left); the emulated likelihood (centre
left); the kernel density estimate of the optima from 5000 different datasets (cen-
tre right); the ODE solution using θKDE = arg maxθ p̂(θ) as parameter shown
in red and the true signal shown in black (right) for two different T and SNR
settings. See text for details.

X at times t in a given scenario where θ = {a, c} = {2, 1} and we
added i.i.d. Normal noise with signal-to-noise ratio SNR to obtain Y .
The priors over GP hyper-parameters used in our model are P (τ2) =
Ga(τ2 | 1, rate = 10); P (log(l1)) ∝ 1, P (log(l2)) ∝ 1 and υ2 was fixed
to 10−5. We then obtained a grid of G = 20 values for the a, c parameters
around their true values {2, 1}. Figure 1 shows the emulated log-likelihood,

const+ ˆ̀(θ) = −β/(2σ2)m?
ζ(θ)−max[−β/(2σ2)m?

ζ(θ)], on the left and the

emulated likelihood, const× L̂(θ) = exp{const + ˆ̀(θ)}, on the centre left;
both transformations of the GP posterior mean m?

ζ(·) with hyperparam-

eters ζ = {τ2, l1, l2, υ
2} optimised by taking the Maximum A Posteriori

(MAP).
Given the GP posterior mean we estimated the ODE parameters by the
maximum of the emulated likelihood, using a trust-region-reflective algo-
rithm. We optimised m?

ζ(·) in 5000 different datasets, each with 50 starting

points for θ in the interval [0.75, 5]2. The chosen design included the first
three smallest values in r and we added 47 randomly initialised parameter
configurations. The simulation results show that the likelihood is charac-
terised by some local optima in the case of higher uncertainty (T = 5 and
SNR = 1) while in the case T = 50 and SNR = 10 we find a distribu-
tion of points scattered around the true configuration (2, 1). In order to
more clearly understand the distribution of the optima we fitted a multi-
variate kernel density estimator (KDE), shown in Figure 1 (centre right).
The argument that maximises the density estimate in the first scenario is
θKDE = [2.18, 0.96]T and θKDE = [1.98, 1.01]T in the last. This allows us
to make a comparison in the parameter space with the true configuration
θ = [2, 1]T. In order to compare the estimates with the true parameter in
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the function space instead, in Figure 1 (right) we show the solution of the
ODE for each θKDE (in red) and we can compare it with the true signal (in
black). The symbols + and ◦ represent the noisy observations on preys and
predators respectively. We can see that the maximum of the distribution
of the optimal parameters, obtained by using a KDE applied to a sample
from 5000 independent data instantiations, is an approximately unbiased
estimator of the true ODE parameter vector.

4 Conclusions and future work

In this paper we investigated an emulation approach based on GPs to opti-
mise ODE parameters. The emulation entails fitting a GP to a normalised
version of the RSS evaluated on a set of configurations of parameter where
ODEs are explicitly solved.
Working with a GP-based emulator of the normalised RSS has strong ad-
vantages over direct numerical integration of the ODEs. The hyperpriors
on the GP hyperparameters have an easy interpretation and the compu-
tational time was reduced. To solve the same problem by dealing with the
true RSS using an interior-point algorithm we would need 12 hours and a
half, while in only 5 hours we solved half a million optimisation tasks which
involved fitting 10000 different GPs.
Also, the results show that the parameter configuration that has the highest
estimated density of the optimised parameters is a very good estimate of
the true one. In our future work, we will apply the proposed method to
more complex ODEs with higher-dimensional parameter vectors, and we
will investigate the use of adaptive design strategies.
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1 Introduction

Earth Observation instruments such as MERIS (Medium-Spectral Resolu-
tion, Imaging Spectrometer) and AATSR (Advanced Along-Track Scanning
Radiometer) from the European Space Agency’s (ESA’s) Envisat satellite
platform have been commonly used for ocean color and sea surface tem-
perature retrievals, respectively. Recent developments have enabled these
instruments to now be applied to lakes to investigate lake water quality
and lake surface water temperature (LSWT). These expansive spatiotem-
poral data sets simultaneously enable global assessment of environmental
changes and present new statistical challenges.
GloboLakes (www.globolakes.ac.uk) is a 5-year Natural Environment Re-
search Council consortium project involving 6 UK research groups. One of
the aims of Globolakes is to investigate temporal coherence (similarities in
major fluctuations in a set of time series) of water quality for 1000 lakes
using a 20-year archive of satellite based spatial images (e.g. bi-monthly at
1◦ resolution). Determinands of interest include temperature, chlorophyll
and coloured dissolved organic matter.
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The aim of this paper is to present a dimensionality reduction and func-
tional data approach for the clustering of remotely sensed spatiotemporal
data from within lakes. The approach proposed is applied to LSWT data
and provides a means of dealing with long periods of ice cover in some
lakes.

1.1 Data

The ESA funded ARC-Lake project (MacCallum and Merchant, 2012) has
employed the use of the AATSR instrument in order to derive observations
of LSWT data for a large number of lakes across the globe. The data con-
sidered in this paper are spatially and temporally complete reconstructions
of the ARC-Lake LSWT products for one lake, Lake Superior, from the
ARC-Lake version 3 data-set (see www.geos.ed.ac.uk/arclake/data for de-
tails). The data-set for the lake is comprised of bi-monthly spatial images
(each with 4094 pixels) for the 18-year period from 1995 to 2012. The time
series includes periods of zeros which indicate time points with ice cover.

2 Methods

We propose initially to reduce the dimensionality of the individual lake
spatiotemporal images. For each pixel within each lake, a functional data
analysis (FDA) approach has been taken where each time series is repre-
sented as,

yi(t) = Gi(t) + εi(t) i = 1, . . . , n, t = 1, . . . , T,

where Gi is a smooth curve and εi is a normally distributed independent
random error term. The curve Gi is a spline function of degree d which can
be expressed as a linear combination of B-splines, written in the following
functional form for the spline

Gi(t) =

K+d−1∑
l=1

βi,lBl(t),

where βi = (βi,l, . . . , βi,K+d−1)T is a vector of real-valued coefficients,
B = (B1(t), . . . , Bk+d−1(t))T are the B-spline basis functions and K is
the number of knots. To accommodate periods of ice cover we propose us-
ing an over-saturated basis to represent the curve, removing basis functions
at periods of ice cover and then applying a smoothing parameter to fit the
curve. Therefore, the βi vector is estimated by least squares with a penalty:

(BTB + λD)−1BTy,

where λ is the smoothing parameter and D is a penalty matrix based on
the integral of the squared second derivative of G. The curve Gi is then
approximated by Ĝi(t).
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Functional principal components analysis (FPCA) is then applied to the
smooth curves, Ĝ, to reduce dimensionality, and hence identify the dom-
inant modes of variation in the data set. This provides a very computa-
tionally efficient way of exploring any underlying structure in the data,
producing functional component scores:

fik =

∫
ξk(t)Gi(t)dt, i = 1, . . . , N, k = 1, . . . ,K, t = 1, . . . , T,

where ξ is eigenfunction k. Finally, a variety of clustering approaches have
been applied (k-means, hierarchical and model-based (Fraley and Raftery,
1998)) to the functional component scores (formed as fikwj). These have
been adjusted to identify coherent regions within each lake, where wj is a
weight to account for the proportion of variability each functional compo-
nent explains. Spatial correlation is accounted for via weights within the
clustering procedure.

3 Results

Curves were fitted to the time series data for each pixel in Lake Superior
using a cubic b-spline basis of 150 equally spaced functions. The smoothing
parameter was set so that, after removal of basis functions in areas where
there were zeros, there was one degree of freedom per 3 month season (66
in total). An example of a fitted curve for a single pixel is shown in the
left panel of Figure 1 where points represent the data and the solid line
represents the fitted smooth curve. As can be seen, there is good agreement
between the fitted curve and the observations and the curve has captured
the periods of ice cover well.
After applying FPCA and clustering, the statistically optimal number of
clusters for describing the underlying variability in the pixel curves can be
determined using approaches such as the L-curve or Gap statistic (Tib-
shirani et al., 2001). Four clusters was found to be statistically optimal in
terms of describing variability in Lake Superior. The clusters are displayed
on a map of Lake Superior in Figure 1 (right). There were clear distinc-
tions between the mean functions corresponding to these groups with the
key discrepancy being the amplitude of the seasonal patterns each year.
Group 1 pixel curves had the greatest amplitude (cooler in winter, warmer
in summer) whilst Group 4 had the smallest.

4 Conclusions

The use of weighted functional PCs based on penalised over-saturated
B-splines enables the data dimensions to be reduced substantially, while
appropriately accounting for sequences of zeros in the time series. While
methods have been developed for LSWT, we are currently applying and
extending them for water quality measures such as chlorophyll.
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FIGURE 1. Left: Time series for a randomly selected pixel (points) and fitted
spline function (solid line). Right: Map of Lake Superior, Canada, showing spatial
distribution of estimated clusters.
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Abstract: An important duty for actuarial and financial modelers is to assess
the dependence between loss distributions from related lines of business. Copulas
have become a prevalent tool for analyzing the characteristics of such random
variables, including tail dependence. A range of parametric copulas is available for
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tested on both real and simulated data sets.
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1 Data

Two data sets are used to assess the performance of Bayesian model aver-
aging for copula-based estimation of upper tail dependence.

1) Bivariate-t distribution using real loss data – 300 bivariate-t data points
are simulated from a t copula based on an underlying dependence structure
sourced from real insurance loss data. Hence the t copula should provide the
best fit and give the most accurate estimate of the upper tail dependence
coefficient λu, where the true λu can be calculated in advance and implies
weak upper tail dependence.

2) Bivariate gamma and beta distribution using simulated loss data - 300
bivariate data points from gamma and beta distributions respectively are
simulated, based on an underlying dependence structure sourced from sim-
ulated insurance loss data. The t copula should again provide the best fit
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and give the most accurate estimate of λu, where the true λu is again known
in advance and implies strong upper tail dependence.

2 Methods

2.1 Copulas

Sklar’s Theorem (Sklar, 1959) describes the dependence between two or
more random variables X1, . . . , Xd. It states that the joint cumulative dis-
tribution function (CDF) of the random variables, H(x1, . . . , xd), can be
expressed as a copula function C of the marginal CDFs, F1(x1), . . . , Fd(xd)
and is unique if all marginal CDFs are continuous:

H(x1, . . . , xd) = P (X1 ≤ x1, . . . , Xd ≤ xd)
H(x1, x2, . . . xd) = C(F1(x1), . . . , Fd(xd)).

2.2 The upper tail dependence coefficient

Upper tail dependence between two random variables is the phenomenon
whereby knowledge of the realisation of a large (tail) value for one random
variable increases the probability of a large value being realised for the
other random variable. The concept extends to the general case of multiple
random variables. The upper tail dependence coefficient (Fischer and Klein,
2007), λu, is a numerical value that captures this information. For the
bivariate case with marginal random variables X and Y , the upper tail
dependence coefficient λu is defined as:

λu = lim
η→−1

[
P (Y > F−1

Y (η) |X > F−1
X (η))

]
= lim
η→−1

[
(1− 2η + C(η, η))

(1− η)

]
.

The copulas selected for consideration under the Bayesian model averaging
framework here are the t copula, the Gumbel copula and the Joe copula,
all of which are gaining increasing traction in the insurance industry (De-
marta and McNeil, 2005). However the method can easily be extended to
a wider range of copulas. The t copula has been envisaged as a potential
widespread successor to the Gaussian copula, given its incorporation of
tail dependence (namely symmetric upper and lower tail dependence). Its
upper tail dependence coefficient is calculated according to the formula:

λu,t = 2P

(
tη+1 <

−
√
η + 1

√
1− ρ√

1 + ρ

)
,

where η is the copula degrees of freedom and ρ is the value of the correlation
coefficient between the two marginal distributions. This “known” value of
λu for the t copula will be exploited in assessing the performance of the
BMA method for the motivating data sets. The Gumbel and Joe copulas
also incorporate upper tail dependence, with zero lower tail dependence.
All three are freely available for application using the R package copula.
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2.3 Bayesian model averaging

Bayesian model averaging (BMA) is a statistically robust, widely used
means of reliably combining information from multiple candidate models
for a given data set, which has been shown to improved predictive per-
formance in a range of applications (Hoeting et al., 1999). BICj is the
Bayesian information criterion (BIC) value associated with the jth copula,
j = 1, . . . , J , and is calculated as BICj = −2 logLj + kj log n, where the
number of parameters associated with the jth copula is kj , n is the number
of observations in the data set and Lj is the likelihood value associated
with the jth copula. The BMA-based weighted estimate of the upper tail
dependence coefficient is then calculated as λu,BMA =

∑J
j′=1WCjλu,Cj ,

where the weight associated with the jth copula, WCj is given by:

WCj =
exp(−0.5BICj)∑J
j′=1 exp(−0.5BIC ′j)

.

3 Results

3.1 Bivariate t results

The true value of λu corresponding to the underlying t copula can be
calculated in advance as 0.232 (weak upper tail dependence). The BIC
for the “best” (correct) model is significantly greater than that for the
other models (see Table 1): exp−0.5BICj ≈ 0 for all copulas aside from
the t copula. Hence in this case the BMA weighting approach simply, but
valuably, identifies the correct model as giving the best estimate of upper
tail dependence. The BMA weighted estimate λu,BMA is equal to λu,t,
which is very close to the actual value for λu.

TABLE 1. Results for upper tail dependence coefficient and BIC for the t,
Gumbel and Joe copulas applied to Bivariate t data simulated from a t copula
with weak upper tail dependence.

Copula Upper tail dependence coefficient BIC

t 0.238 -1205.35
Gumbel 0.471 -146.74
Joe 0.620 -157.58

3.2 Bivariate gamma and beta results

The true value of λu corresponding to the underlying t copula can be
calculated in advance as 0.785 (strong upper tail dependence). The BICs
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for all three candidate copulas are relatively close (see Table 2), with the
t copula yielding the optimum BIC value, as expected given the data were
in fact simulated from a t copula (notably we would not have knowledge of
this fact in real world applications). The BMA-based weights are calculated
as WCt = 0.884, WCGumbel = 0.104 and WCJoe = 0.012, with significantly
stronger weight being given to the t copula. This results in an overall BMA-
weighted estimate of upper tail dependence of λu,BMA = 0.779 versus the
true value of 0.785.

TABLE 2. Results for upper tail dependence coefficient and BIC for the t,
Gumbel and Joe copulas applied to Bivariate gamma and beta data simulated
from a t copula with strong upper tail dependence.

Copula Upper tail dependence coefficient BIC

t 0.781 -1439.96
Gumbel 0.764 -1435.68
Joe 0.759 -1431.34

4 Conclusions

Bayesian model averaging is a computationally efficient, statistically robust
method of identifying when a copula model for tail dependence is signifi-
cantly better than other candidates; or to blend information from multiple
copula models for tail dependence when more than one copula is plausible.
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Abstract: When analysing proportion data, a useful framework is that of gen-
eralized linear models. Random effects may be included in the linear predictor
for different reasons, e.g., to incorporate correlation between observations taken
within the same subject or to model overdispersion. In this work, we use binomial
mixed models to model the occurrence of entomopathogenic fungi in five different
Brazilian biomes in the dry and humid seasons of 2012. We add an observation-
level random effect to incorporate overdispersion and test for the significance of
the interaction effect between biome and season.

Keywords: Overdispersion; Biological control; lme4 package; Logistic-normal
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1 Introduction

In Brazil there are several ecosystems and living organisms that are as-
sociated to the climatic conditions, soil, water and other factors. A range
of microrganisms live in the soil, amongst them the fungi, which may con-
tribute to arthropod regulation. There are several products made with fungi
used to control insects in different crops, e.g., Beauveria bassiana, Isaria
fumosorosea and Metarhizium anisopliae, see Faria and Wraight (2007).
In this context, it is important to understand the occurrence of these en-
tomopathogenic fungi in different Brazilian biomes to plan preservation
strategies and test their potential in controlling different pests.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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2 Material and methods

2.1 Case-study

To study the occurrence of entomopathogenic fungi, soil samples were col-
lected in areas that represented the native vegetation of the Brazilian
biomes Amazon, Caatinga, Atlantic Forest, Cerrado and the Pampas in
the humid and dry seasons of 2012. Sampling was made in four different
farms per biome and in each farm, six points were sampled, totaling 120
observations per season. Then, 10 larvae of Galleria mellonella and 10 lar-
vae of Tenebrio molitor were exposed to each soil sample and after three
weeks, the number of insects dead due to fungal infection was observed.
This is a hierarchical design and observations within the same farm are
correlated so this must be taken into account in the modelling process.

2.2 Statistical models

The data in this experiment consist of proportions so a reasonable assump-
tion is that the number of insects dead due to fungal infection Yijk ∼
Bin(mijk, πijk). An initial step was to fit a binomial generalized linear
mixed model with logit link and the linear predictor

logit(πijk) = µ+ αi + γj + (αγ)ij + σZzij , (1)

where µ is the intercept, αi is the effect of the ith biome, γj is the effect of
the jth season, (αγ)ij is the interaction between the ith biome and the jth
season, σ2

Z is the variance of the random effect associated with the farms
and Zij are standard normal random variables.
To model overdispersion, a random effect at the observation level was in-
cluded in the linear predictor, so that model (1) became

logit(πijk) = µ+ αi + γj + (αγ)ij + σZzij + σWwijk, (2)

where σ2
W is the variance of the random effect at the observation level and

Wijk are standard normal random variables. This model is also called a
logistic-normal model, see Demétrio et al. (2014).
To test for the significance of fixed effects, we used likelihood-ratio tests
for nested models. Goodness-of-fit was assessed via half-normal plots with
simulation envelopes (Moral et al., 2014) using R (R Core Team, 2014).

3 Results and discussion

We verified that for both species model (1) did not fit well to the data, see
Figures 1(a) and (c). So we studied the inclusion of an observation-level
random effect (model (2)) to incorporate overdispersion, resulting in a bet-
ter model fit, see Figures 1(b) and (d). The interaction between biome
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and season was significant at 5% significance level for both species, see
Table 1 for estimated parameters. It was found that a larger proportion
of entomopathogenic fungi infected G. mellonella in the dry season when
compared to the humid, however the opposite result was obtained for T.
molitor in the Amazon, see Figure 2. Moreover, there is a clear difference
between the proportion of infected insects for humid and dry seasons in
the Caatinga biome for G. mellonella, which was not found for T. moli-
tor. Apparently, the patterns are the same for both species in the biomes
Cerrado, Atlantic Forest and Pampas. The data is zero-inflated for some
biome×season combinations and this is subject of ongoing work.

TABLE 1. Parameter estimates for model (2) fitted to both species’ data.

Species

Parameter G. mellonella T. molitor

Intercept (µ) −0.28 (0.30) −3.88 (0.49)
Caatinga (α2) 1.24 (0.43) 1.09 (0.62)
Cerrado (α3) −1.89 (0.46) 1.46 (0.61)
Atlantic Forest (α4) −1.66 (0.46) −0.15 (0.69)
Pampas (α5) −1.92 (0.46) 4.92 (0.61)
Humid season (γ2) −3.34 (0.55) 1.78 (0.60)
Caatinga × humid season (αγ22) 3.74 (1.21) −1.42 (0.82)
Cerrado × humid season (αγ32) 5.96 (0.73) 0.61 (0.78)
Atlantic Forest × humid season (αγ42) 1.75 (0.77) −2.53 (0.99)
Pampas × humid season (αγ52) 3.81 (0.73) −1.99 (0.77)
σZ 0.0143 0.0898
σW 1.2766 1.4082
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FIGURE 1. Half-normal plots with simulation envelopes for (a) model (1) and
(b) model (2) for G. mellonella and (c) model (1) and (d) model (2) for T.
molitor.
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Abstract: Bivariate regression models for mixed discrete and continuous res-
ponses whose joint distributions are constructed by the conditional approach
(probability density functions, pdf, as the product of a marginal pdf and a condi-
tional pdf) have been found in the literature (Fitzmaurice and Laird, 1995; Yang
et al., 2007). However, the lack of more flexible and general models is noticed.
In this paper a wide general class of models for mixed responses is proposed.
It is assumed that the distribution of the discrete response and the conditional
distribution of the continuous response given the discrete variable belong to one-
or two-parameter exponential family of distributions. Furthermore, the marginal
means are related to the covariates by link functions using linear and/or nonlinear
predictors and a dependency structure between the responses is inserted into the
model via the conditional mean. Classic estimation method, diagnostic analysis
and influence techniques are presented as well as a simulation study considering
a Bernoulli-exponential model, a particular case of the proposed class. Finally,
the proposed model is used in a real data set involving the total cost of care for
each patient during hospitalization, the use or not of the intensive treatment unit
and the age of the patient.

Keywords: Bivariate model; Discrete and continuous responses; Conditional
approach.

1 Introduction

In many areas of science, such as economics, medicine and psychology,
are common situations which are simultaneously observed two responses
associated with the same individual. In these cases the intrinsic relationship
between the two variables should be considered in the analysis. In this

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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context, bivariate models, which allocate a dependent structure between
the two responses, should be taken into account.
Bivariate distributions constructed by the conditional approach has been
used in the literature. Catalano and Ryan (1992) considered a bivariate
model assuming normal distribution for the continuous response and a
Bernoulli distribution for the discrete response given the continuous re-
sponse. Laird and Fitzmaurice (1995) proposed a bivariate model in which
it is assumed that the discrete response variable follows the Bernoulli distri-
bution and the continuous response variable follows a normal distribution
given the Bernoulli response. Yang et al. (2007) developed a regression
model for mixed Poisson and continuous responses while George et al.
(2007) formulated a fully parametric regression model for clusters of bi-
variate data with binary and continuous components in which data from
the same cluster are assumed to be exchangeable. However the lack of
more flexible and general models is noticed, especially the models where
the conditional distribution is not normal. In this article we propose a wide
general class of models for mixed responses whose joint distributions are
constructed using the conditional approach.

2 Bivariate models for mixed responses

It is assumed that the distribution of the discrete response (Yi) and the
conditional distribution of the continuous response given the discrete vari-
able (Xi|Yi = yi) belong to one- or two-parameter exponential family of
distributions. Further, covariates are available to predict Yi and Xi and
are related to the marginal means by link functions using linear and/or
nonlinear predictors.
The dependence between the response variables is determined in the model
by the conditional mean λi = E(Xi|Yi = yi). This mean is related to
µiX (marginal mean of Xi), to Yi (discrete response), to µiY (marginal
mean of Yi) and to γ (parameter included in the model, which may be the
correlation coefficient or other measure of association between the response
variables), by a linear or nonlinear function.
Maximum likelihood method is considered where iterative methods such
as Newton-Raphson and Fisher score are required to solve the system of
the resulting likelihood equations. The asymptotic covariance matrix of the
maximum likelihood estimates of the parameters is obtained by inversion
of the expected or observed information matrix. A diagnostic analysis and
local and global influence measures are presented for the proposed model.
Introduced by Fitzmaurice and Laird (1995), Bernoulli-normal bivariate
regression model is a particular case of the proposed class of models. In
this particular case we assume that Yi ∼ Bernoulli(µiY ) and Xi|Yi = yi ∼
N(λi, σ

2), i = 1, . . . , n with λi = µiX + γ(yi − µiY ) and σ2 unknown. In
addition, p covariates are available for predicting Yi and Xi, considering
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both linear predictors. In this case, the likelihood equations can be solved
iteratively using Fisher and reweighted least squares methods.
Introduced by Yang et al. (2007), Poisson-normal bivariate regression model
is another particular case of the proposed class. This model is analogous to
the Bernoulli-normal model except that now Yi ∼ Poisson(µiY ).
The Bernoulli-exponential model is also a particular case of the proposed
class. Consider Yi ∼ Bernoulli(µiY ) and Xi|Yi = yi ∼ Exponential( 1

λi
) with

λi = (1−yi+µiY )µiX . Logit and logarithmic link functions are considered
to relate µiY and µiX to the available covariates. Linear predictors are
adopted. The likelihood equations can be solved iteratively using Newton-
Raphson algorithm. For this model, a simulation study is carried out, and
the model is used in a real data set.

3 Simulation

A simulation study is carried out in different predetermined scenarios in
order to analyze the behavior of maximum likelihood estimates of the
Bernoulli-exponential model parameters with respect to the bias, the square
root of the mean square error (

√
MSE), the standard deviation of the esti-

mates (Sd), the average of the asymptotic standard errors (ASE M) and the
coverage probability of the asymptotic confidence intervals. The behavior
of different residuals is also analyzed via simulation studies. The results are
satisfactory in all treated scenarios. In fact, the bias values are quite small
and generally decreases with increasing sample size which also occur with
the values of

√
MSE, Sd and ASE M. Regarding the coverage probability,

the results are good overall, with estimated coverage probability close to
the nominal coverage probability.

4 Real data set

A real data set containing information related to admissions of patients
provided by a managed care plans is analysed by using the Bernoulli-
exponential model. Composed by information from 300 admissions, the
total cost of care for each patient during hospitalization and the use or
not of the intensive treatment unit are adopted as continuous and discrete
response variables, respectively. The age of the patient is categorized into
less than 25 in group 1, 26-44 years in group 2, 45-64 years in group 3,
65-83 years in group 4 and above 84 in group 5. Thus, there are 4 dummy
variables (zi1, zi2, zi3 and zi4) which are considered as covariates, where
zij = 0 or 1, for j = 1, . . . , 4 and i = 1, . . . , 300. Table 1 presents the max-
imum likelihood estimates of the model parameters and theirs estimated
standard errors. A residual and influence analysis are performed. The re-
sults are satisfactory, consistent with those found in the simulation studies.
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TABLE 1. Maximum likelihood estimates and theirs standard errors.

β̂0 β̂1 β̂2 β̂3 β̂4

Estimates −1.0662 2.2342 1.4229 1.1681 −0.1119
(Standard errors) (0.3153) (0.4240) (0.3690) (0.3721) (0.4941)

δ̂0 δ̂1 δ̂2 δ̂3 δ̂4
Estimates 7.1431 0.4331 1.1015 1.3170 1.3412

(Standard errors) (0.2162) (0.2590) (0.2478) (0.2514) (0.3260)

5 Conclusion

The proposed general class of bivariate regression models is more flexible
since it encompasses a variety of models. As a particular case, it is con-
sidered the Bernoulli-exponential model. Using a simulation study in some
predetermined scenarios we can observe the good properties of the model
parameter estimates as well as the behavior of the diagnostic techniques.
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Abstract: This paper presents a model of functional regression between weather
data from meteorological stations and satellite data. The model was fitted by
integrating spatial correlation structure in the errors. The study aims to integrate
rainfall and ground data using remote sensing, in order to make predictions in
unobserved sites. For the study, 92 meteorological stations from Valle del Cauca
(Colombia) and Tropical Research Measurement Mission (TRMM) satellite data
for the period 1993 – 2011 were used. The results showed the existence of spatial
correlation due to the proximity among the meteorological stations. Finally, the
satellite information had a significant contribution in the fitted model throughout
the analysis period.
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1 Case study

Rainfall is measured through the meteorological stations. These provide
specific measurements, but insufficient in some regions. On the other hand,
there is a weather satellite, it can measure rainfall covering the whole area
of study, however, contains errors associated equipment limitations and
weather variability (Funk and Verdin, 2003). Since there are two types of
data, it is important to study methodologies to integrate the data for the
accuracy of the meteorological stations and satellite coverage, in order to

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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predict the rainfall in unobserved sites to generate information for farmers,
research centers, health institutions, etc. With the advancement of infor-
mation systems has emerged the need to develop statistical methods for an-
alyzing large data sets (Finley et al., 2009). As alternative, the analysis of
functions (Noguerales et al., 2010) arises. The statistical study of functions
is framed in an area called Functional Data Analysis (FDA) (Noguerales
et al., 2010). Modeling pentadal rainfall through the FDA, can represent
an ongoing process. However, the model of functional regression assumes
no correlation structure between the functional data (Febrero, 2008; Silver-
man and Ramsay, 2005), generating a statistical problem, since the data
to be modeled may have a spatial correlation due to the closeness among
the meteorological stations. In this research we propose to work with con-
current functional regression model incorporating the structure of spatial
correlation in the errors.

2 Material and methods

Data from 92 meteorological stations from Valle del Cauca (Colombia) was
used. In a first step the data was obtained from historical series of total daily
rainfall, which came from the meteorological stations. The satellite rainfall
data used was TRMM (Tropical Rainfall Measurement Mission) with a
resolution of 5x5 km. For this research a model of functional regression
with correlated errors is fitted. The model is fitted by using Generalised
Least Square method and the covariance structure of the errors is modelled
by using geostatistics for functional data (Giraldo, 2009). The fitted model
has the form:

Y(t) = X∗(t)b + ε(t), (1)

where Y(t) are functional data from meteorological stations, X∗(t) are
functional data from satellite, b are coefficients associated with the model
parameters, and ε(t) are functional errors. Using generalized least squares,
we have to find b that minimize:

MCG(b) =

∫
[Y(t)−X∗(t)b]

T
Ω−1 [Y(t)−X∗(t)b] dt,

where the matrix Ω is the matrix of variances and covariances of the resid-
uals ε(t) of the model estimated from functional geostatistics. Finally the
parameters from generalized least squares are:

β̂(t) = Θb̂.

3 Results

We displayed only the results of 2011. The mean and standard deviation
curve, had higher values when the rainfall comes from meteorological sta-
tions compared with satellite data (Figure 1). The presence of spatial au-
tocorrelation is evident. Trace-variogram bin shows a lower semivariance
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close to zero values on the axis of the semivariance. It indicates that mete-
orological stations located at a shorter distance have similar rainfall values,
while at greater distances (30 – 50 km), is found higher semivariance val-
ues, indicating that meteorological stations far away among them have less
similar rainfall values (Figure 2 left). The model fitted with spatially corre-
lated errors, showed a significant contribution of functional curves satellite
in the period of analysis, this is denoted, because the confidence bands
(95%) of the functional coefficient were above zero in the most pentadales
times (Figure 2 right).
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FIGURE 1. Left: functional data from meteorological stations. Right: functional
data from satellite, period 2011.
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FIGURE 2. Left: trace-variogram bin of functional residual. Right: functional
regression coefficient associated of the satellite data, period 2011.

4 Conclusions

The methodology enables a robust statistical analysis with high volume of
data and includes in the functional linear regression model, the modeling
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of the spatial correlation in the errors due to the closeness among meteoro-
logical stations. The inclusion of satellite data in the model was important
throughout the period analysed, providing an additional tool in estimat-
ing rainfall in unobserved sites at the Valle del Cauca, Colombia. These
results are important in emerging areas where ground monitoring networks
are scarce, since the measurement via satellite allows real-time estimates
of rainfall.
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Abstract: Sparse modelling is an important issue particularly in regression mod-
els with ordinal predictors. One way to reduce the dimension of the model is to
fuse categories with the same effect on the response. We compare the performance
of two different prior specifications that encourage sparsity by effect fusion, i.e.
spike and slab prior and normal-gamma prior, to an uninformative prior using a
simulation study.
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1 Introduction

In regression models the collected covariates often are measured on an
ordinal scale. The usual strategy of using dummy variables for modelling
the effect of one level with respect to the reference category can easily lead
to high-dimensional models. A sparser model can be achieved by removing
covariates with no effect on the response or by fusing levels with the same
effect.
In this work we compare two different prior specifications which encourage
sparsity by effect fusion of ordinal predictors to an uninformative prior in
regression models.

2 Model specification

Let y denote the normal response in a standard linear regression model
with j = 1, . . . , p ordinal covariates cj . We assume that the jth covariate
has Kj + 1 categories 0, . . . ,Kj where 0 defines the reference category. To

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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achieve sparsity in modelling the effect of cj we follow Gertheiss and Tutz
(2009) and use split-coded regressors Xjk, i.e.

Xjk =

{
1 for cj ≥ k
0 otherwise

k = 1, . . .Kj

and specify the linear regression model as

y = µ+

p∑
j=1

Kj∑
k=1

Xjkθjk + ε, ε ∼ N (0, σ2).

Here, the regression coefficient θjk can be interpreted as the effect difference
of level k with respect to the previous level k − 1. Both levels of covariate
cj have a different effect on the response if θjk 6= 0 and they have the same
effect, if θjk = 0.

3 Priors and inference

We consider two different types of priors for sparse modelling that encour-
age shrinkage of small regression effects to zero: The first, the spike and
slab prior, is a finite mixture prior of two components and the second is
the Normal-Gamma prior.

3.1 Spike and slab prior

A spike and slab prior (George and McCulloch, 1993) for the regression
coefficient θjk can be specified hierarchically as

p(θjk|δjk, τ2
j ) ∼ δjkN (0, τ2

j σ
2) + (1− δjk)N (0, rτ2

j σ
2)

p(δjk = 1) = wj

p(wj) ∼ B(a0, b0)

p(τ2
j ) ∼ G−1(s0, S0),

where r is a small value and δjk is an indicator for the slab component.
wj corresponds to the mixture weight for variable cj and τ2

j is the variance
parameter. Note that both, the spike and the slab component, are spec-
ified as a scale mixture of Normal distributions with an Inverse Gamma
mixing distribution, which results in a scaled t-distribution. Sparsity is ac-
complished by the spike component: If δjk = 0, θjk, is assigned to the spike
component and hence shrunk aggressively to zero, whereas it experiences
only little shrinkage when assigned to the slab component.
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3.2 Normal-Gamma prior

The Normal-Gamma prior, introduced by Brown and Griffin (2010), is also
a scale mixture of Normal distributions, with a Gamma mixing distribution.
We consider two versions of this prior: The first is specified hierarchically
as

p(θjk|ψjk) ∼ N (0, ψjkσ
2)

p(ψjk|λ, γ) ∼ G(λ, 1/(2γ2)),

whereas in the second version we put a covariate specific hyperprior on the
scale parameter γj of the Gamma distribution

p(γj) ∼ G−1(gj , Gj).

Also the Normal-Gamma prior shrinks small effects severely to zero, how-
ever in contrast to the spike and slab prior, effects are not explicitly clas-
sified as zero or non-zero.

4 Simulations

4.1 Simulation setup

We compare the performance of the various prior settings in terms of accu-
rate coefficient estimation in a simulation study, where we consider three
ordinal covariates, each with 11 categories. 100 observations are gener-
ated from the model y = 0.5 + Xβ + ε with ε ∼ N (0, 1) with dummy
coded regressors. Regression effects are β1 = (0, 0, 0, 0, 2, 2, 2, 5, 5, 5), β2 =
(2, 2, 4, 4, 5, 5, 5, 7, 7, 7), whereas no level of the third covariate has an effect,
i.e. β3 is a vector of zeros.
We specify the spike and slab prior with s0 = 5, S0 = 25 and a0 = b0 = 1.
Following Brown and Griffin (2010) we set λ = γ = 1 for the Normal-
Gamma prior with fixed hyperparameters and choose gj = 2 and Gj = 1
for the more flexible variant. For comparison we estimate also the full model
where the regression coefficients are assigned a flat Normal prior with mean
zero and variance 10,000.
Bayesian inference is accomplished by sampling from the posterior distribu-
tion using MCMC methods. Performance of the various prior specifications
is compared by the mean squared errors (MSE) of the estimated coeffi-
cients. Figure 1 shows boxplots of the results for 100 simulation runs.

4.2 Results

Generally, priors encouraging sparsity outperform the uninformative prior
and the spike and slab prior outperforms both variants of Normal-Gamma
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FIGURE 1. MSE of coefficient estimation.

prior for all three covariates. The most pronounced difference in the MSE
is observed for the third covariate, where all level effects are equal to zero.
For this covariate the normal-gamma prior with fixed parameters performs
better than the version with hyperprior, whereas there is little difference
for the other two covariates.
With respect to computational effort the prior specifications that encourage
a sparser model are comparable, the uninformative prior is considerably
faster.

5 Conclusion

We compared the performance of various prior specifications that encour-
age sparsity by effect fusion, i.e. spike and slab prior and two variants
of Normal-Gamma prior, with each other as well as to an uninformative
prior. For all covariates the priors for effect fusion perform better than
the uninformative prior and spike and slab outperforms both variants of
Normal-Gamma prior. An improvement by covariate specific hyperpriors
on the parameters of the Normal-Gamma prior could not be observed.

Acknowledgments: We acknowledge gratefully financial support by the
Austrian Science Fund FWF, project number P25850 ’Sparse Bayesian
modelling for categorical predictors’.
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Abstract: In this paper we discuss estimation and model selection procedures
for partially linear models with first-order autoregressive symmetric errors. Es-
timation is performed by maximum penalized likelihood and by using natural
cubic splines. A reweighed iterative process based on the back-fitting algorithm
is derived for the parameter estimation and the inference is based on the penal-
ized Fisher information matrix. Some model selection procedures are derived and
a real data set is analyzed under the proposed models.
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1 Introduction

Partially linear models have been investigated under independent errors
(see, e.g., Ibacache-Pulgar et al., 2013, and the references therein), but
few has been investigated under correlated data. The aim of this paper
is to derive an estimation procedure and some model selection methods
for partially linear models with first-order autoregressive (AR(1)) sym-
metric errors. The idea is to improve the goodness-of-fit of linear models
with AR(1) errors by taking into account the relationship between time
and response in the systematic component, and since this kind of form is
in general nonlinear, nonparametric forms seem to be more flexible than
parametric ones. From an appropriate penalized log-likelihood function a
back-fitting algorithm is derived for the parameter estimation. Some model
selection procedures are also derived and a real data set is analyzed under
the proposed models.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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2 The model

Partially linear models with first-order autoregressive symmetric errors as-
sume the following relationship between the response and the explanatory
variable values:

yi = xT

i β + f(ti) + εi, (1)

where εi = ρεi−1 + ei, −1 < ρ < 1, for i = 1, . . . , n, yi denotes the ith
response value, xi is a p × 1 vector of explanatory variable values from
the ith experimental unit, β is the p × 1 fixed parameter vector, ρ is the
autoregressive coefficient, f(ti) is an arbitrary univariate smooth function
of the time that contributes nonparametrically on the response yi and ei is
a random error assumed to follow a symmetric distribution with zero mean

and dispersion parameter φ, namely ei
iid∼ S(0, φ). According to Green and

Silverman (1994) we apply the following penalized log-likelihood function
 Lp(θ, α) =  L(θ)− α

2 fTKf, where θ = (βT, fT, φ, ρ)T,  L(θ) denotes the regu-
lar conditional log-likelihood function, α > 0 is the smoothing parameter, K
is a q×q non-negative definite smoothing matrix and f = (f(t01), . . . , f(t0q))

T

with t0j , for j = 1, . . . , q, denoting the distinct and ordered values of ti, for

i = 1, . . . , n, namely a ≤ t01 < t02 < · · · < t0q ≤ b.

3 Parameter estimation

Applying the Fisher scoring method, the (u + 1)th step of the iterative
process for obtaining the maximum penalized likelihood estimates of β
and f, by fixing ρ and φ, may be expressed as

(
β(u+1)

f(u+1)

)
=

 Sβ

[
r

(u)
β +

{
In − D(u)(v)

4dg

}
Aµ(u)

]
Sf

[
r

(u)
f +

{
In − D(u)(v)

4dg

}
Aµ(u)

]  , (2)

for u = 0, 1, . . . , where A = A(ρ) is an n× n matrix appropriately defined
for AR(1) errors, µ = Xβ + Nf, X is an n × p matrix with rows xT

i ,
D(v) = diag{v1, . . . , vn} with vi > 0 named weights, i = 1, . . . , n, N is the
n× q incidence matrix, In is the identity matrix of order n, dg are known
quantities derived for each symmetric distribution,

Sβ = {(AX)T(AX)}−1(AX)T and Sf =

{
(AN)T(AN) +

φαK

4dg

}−1

(AN)T

are the smoothing matrices, and

r
(u)
β = A

{
D(u)(v)y

4dg
−Nf(u)

}
and r

(u)
f = A

{
D(u)(v)y

4dg
−Xβ(u)

}
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are named partial residuals with y = (y1, . . . , yn)T. In particular, for A =
In we recover the independent case. The iterative process (2) should be
alternated with the iterative process

φ(s+1) = φ(s) + {Uφ
p/I

φφ
p }(s) and ρ(s+1) = ρ(s) + {Uρ

p/I
ρρ
p }(s), (3)

for s = 0, 1, . . ., where Uφ
p and Uρ

p are the penalized score functions whereas

Iφφp and Iρρp are the respective penalized Fisher information of φ and ρ, re-
spectively. Expression for the effective degrees of freedom df(α) and the
generalized cross-validation score GCV(α) were obtained. The model se-
lection may be performed by minimizing either GCV(α) or AIC(α) =

−2 Lp(θ̂, α)+2{2+p+df(α)}. The approximate variance-covariance matrix

of θ̂ is derived from the inverse of the penalized Fisher information matrix

for θ̂. So, we have V̂arapprox(θ̂) = Iθθ
−1

p |θ̂, where Iθθp denotes the penalized
Fisher information matrix.
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FIGURE 1. Dispersion graph between the monthly mean temperatures of
Ubatuba and Cananéia (left) and Ubatuba monthly mean temperature from Jan-
uary 1974 to December 1994 (right).
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4 Application

As illustration we consider the analysis of the relationship between the
monthly mean temperatures of two beach cities, Ubatuba and Cananéia,
in São Paulo state, Brazil, from January 1974 to December 1994 (see Fig.
1). We suppose the model yi = β0 + β1xi + f(ti) + εi, for i = 1, . . . , 252,
where yi and xi denote, respectively, the mean temperature of Ubatuba
and Cananéia at the ith time ti (ith month), whereas f(ti) is an arbitrary

univariate smooth function, εi = ρεi−1 + ei with ei
iid∼ S(0, φ).

Comparing normal and Student-t error models we found that the Student-t
model with ν = 3 degrees of freedom presents the lowest AIC(α) and ac-
commodated better the outlying observations observed in Figure 1. In ad-
dition, the parameter estimates from the Student-t model appear less sen-
sitive than the remaining error models under various perturbation schemes,
as illustrated in Figure 2 for f̂ under the case-weight perturbation scheme.
For the selected model we found β̂0 = 5.190(0.318), β̂1 = 0.808(0.014),

φ̂ = 0.167(0.010) and ρ̂ = 0.342(0.042). Using the model selection meth-
ods AIC(α) and GCV(α) jointly with df(α) we obtain α = 2000 and
df(α) = 20.57. In Figure 3 we use the data from January 1974 to De-
cember 1990 for predicting the 48 months ahead. We may notice a very
good agreement between the observed and estimated values.
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FIGURE 3. Observed (black line), estimated and predicted (dotted line) monthly
mean temperature of Ubatuba from the Student-t model.
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Abstract: Copulas are a very flexible tool to highlight structural properties of
the design for a wide range of dependence structures. A natural question for
these models is whether design techniques might be used in order to discriminate
between different dependencies. In this work we introduce the Ds-optimality cri-
terion for special models constructed as convex combination of copulas, with the
aim of finding the design that best discriminates the two copulas involved.
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1 Introduction

In many areas of applied statistics, copula functions are largely employed
as a flexible tool to describe the behaviour of the dependence between
random variables. However, the use of such a function in design theory is
a new part of this field. A first step was made by Denman et al. (2011),
while a more complete framework for copula models was described in our
previous work (Perrone and Müller, 2014), where a Kiefer-Wolfowitz type
equivalence theorem for D-optimality was also provided.
The tools reported in Perrone and Müller (2014) allow one to find the D-
optimal design for a particular copula model. However, a natural question
regards the choice of the copula, an issue that can be seen in the design
framework as a problem of discrimination between different models.
In this work, we focus on this new aspect and we provide a way to use
Ds-optimality for discriminating between two different copulas. In fact,
by considering the meaningful interpretation of the copula parameters, we
construct a flexible model where one of the copula parameter is a link
parameter between two copula families and, then, we use the well-known
Ds-criterion to study the impact of the link parameter on the design ob-

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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tained. Then, in order to check how good the D-optimal design fares for
discrimination, we compare this design with the Ds-optimal one.

2 The general framework

We shall consider a vector xT = (x1, . . . , xr) ∈ X of control variables, where
X ⊂ Rr is a compact set. The results of the observations and of the expec-
tations in a regression experiment are the vectors y(x) = (y1(x), y2(x)),

E[Y(x)] = E[(Y1, Y2)] = η(x,βββ) = (η1(x,βββ), η2(x,βββ)),

where βββ = (β1, . . . , βk)T is a certain unknown parameter vector to be esti-
mated and ηi (i = 1, 2) are known functions. Let us call FYi(yi(x,βββ)) the
margins of each Yi for all i = 1, 2 and fY(y(x,βββ),ααα) the joint probabil-
ity density function of the random vector Y, where ααα = (α1, α2) is the
unknown (copula) parameter vector.
According to Sklar’s theorem (see Nelsen, 2006), let us assume that the
dependence between Y1 and Y2 is modeled by a copula function

Cα(FY1
(y1(x,βββ)), FY2

(y2(x,βββ))).

The Fisher Information Matrix for a single observation is a (k+2)×(k+2)
matrix whose elements are

E

(
− ∂2

∂γi∂γj
log
[ ∂2

∂y1∂y2
Cα(FY1(y1(x,βββ)), FY2(y2(x,βββ)))

])
, (1)

where γγγ = {γ1, . . . , γk+2} = {β1, . . . , βk, α1, α2}. The aim of design the-
ory is to quantify the amount of information on both sets of parameters ααα
and βββ, respectively, from the regression experiment embodied in the Fisher
Information Matrix. For a concrete experiment with N independent obser-
vations at n ≤ N support points x1, . . . ,xn, the corresponding information
matrix then is

M(ξ,βββ,ααα) =
1

N

n∑
i=1

wim(xi,βββ,ααα),

n∑
i=1

wi = 1, ξ =

{
x1 . . . xn
w1 . . . wn

}
.

The approximate design theory is concerned with finding ξ∗(γ) such that it
maximizes some scalar function φ(M(ξ, γ)), the so-called design criterion.

2.1 Ds-optimality

In our previous work we consider as design criterion the D-optimality.
In this work we focus on the Ds-criterion, i.e. φs(M) = log det(M11 −
M12M

−1
22 M

T
12), if M is nonsingular and where

M =

(
M11 M12

MT
12 M22

)
,
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with M11 is the (s × s) minor related to the estimated parameters. Start-
ing from the Kiefer-Wolfowitz type equivalence theorem proved in Perrone
and Müller (2014), a generalization of such type is also possible for the
Ds-optimality, as showed by the following Theorem, proved elsewhere.

Theorem 1 For a localized parameter vector (γ̄), the following properties
are equivalent:

• ξ∗ is Ds-optimal;

• let us call A = (Is 0), then ∀x ∈ X

tr[M(ξ∗, γ̄)−1A(ATM(ξ∗, γ̄)−1A)−1ATM(ξ∗, γ̄)−1m(x, γ̄)] ≤ s;

• over all ξ ∈ Ξ, ξ∗ minimize

max
x∈X

tr[M(ξ∗, γ̄)−1A(ATM(ξ∗, γ̄)−1A)−1ATM(ξ∗, γ̄)−1m(x, γ̄)].

For the comparison of designs we define Ds-Efficiency of the design ξ with
respect to the design ξ∗ as the ratio(

|M11(ξ, γ̄)−M12(ξ, γ̄)M−1
22 (ξ, γ̄)MT

12(ξ, γ̄)|
|M11(ξ∗, γ̄)−M12(ξ∗, γ̄)M−1

22 (ξ∗, γ̄)MT
12(ξ∗, γ̄)|

)1/s

.

3 Example

We analyze an example with possible application in clinical trials. We con-
sider a bivariate binary response (Yi1, Yi2), i = 1, . . . , n with four possible
outcomes {(0, 0), (0, 1), (1, 0), (1, 1)} where 1 usually represents a success
and 0 a failure (of e.g. a drug treatment where Y1 and Y2 might be efficacy
and toxicity). For a single observation denote the joint probabilities of Y1

and Y2 by py1,y2
= Pr(Y1 = y1, Y2 = y2) for (y1, y2) = (0, 1). Now, define

p11 = Cα(π1, π2), p10 = π1 − p11,
p01 = π2 − p11, p00 = 1− π1 − π2 + p11.

(2)

Let us now allow the strength of the dependence itself be dependent upon
the regressors x. As in our context only positive associations make sense
we consider in the following the τ modelled by a logistic:

τ(x, α1) =
eα1x−c

1 + eα1x−c
,

where c is a constant chosen such that τ takes values in [ε, 1] for α1 ∈
[0, 1]; for our computations we chose ε = 0.05. Then, using the relationship
between the Kendall’s τ and the copula parameter, we model p11 by a
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convex combination of the Clayton and the Gumbel copulas by linking
them at the same τ values, so we end up with

C(π1, π2;α1, α2) = α2C1(π1, π2; 2eα1x−c) + (1− α2)C2(π1, π2; 1 + eα1x−c).

In this model, the impact of the dependence structure and the association
level is reflected by two different parameters, as the α1 parameter is only
related to the measure of association Kendall’s τ , while the α2 parameter
is strictly related to the structure of the dependence. Therefore, applying
the Ds-criterion on α2, we find a design for discriminating, in this specific
model, between the copula Clayton and Gumbel. We compare the design
obtained for different τ intervals and localized values for α2 with the D-
optimal design obtained for the same localized values. Analysing the rather
high losses in Ds-efficiency reported in Table 1, it shows that the D-criterion
alone is not sufficient when we require information about the structure of
the model.

TABLE 1. Losses in Ds-efficiency in percent.

ᾱ2 τ ∈ [0.05, 0.3] τ ∈ [0.05, 0.95] τ ∈ [0.05, 0.995]

0.1 38.66 45.01 43.34
0.5 53.54 39.61 45.52
0.9 38.13 33.39 42.93
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Abstract: The generalized extreme value distribution and its particular case, the
Gumbel extreme value distribution, are widely applied for extreme value analysis.
Our goal is to extensively collect in the present literature the distributions that
contain the Gumbel distribution embedded in them and to identify those that
have flexible skewness and kurtosis, are heavy-tailed and could be competitive
with the generalized extreme value. The generalizations of the Gumbel distribu-
tion are described and compared using an application to a wind speed data set
and Monte Carlo simulations. We show that some distributions suffer from over-
parameterization and coincide with other generalized Gumbel distributions with
a smaller number of parameters, i.e., are non-identifiable. Our study suggests
that the generalized extreme value distribution and a mixture of two extreme
value distributions should be considered in practical applications.

Keywords: Generalized extreme value distribution; Gumbel distribution; Heavy-
tailed distribution; Non-identifiable model.

1 Introduction

Extreme value data usually exhibit excess kurtosis and/or heavy right tails.
This is particularly common in environmental data, e.g., maximum water
level, maximum wind speed, spatial and temporal variability of turbulence,
daily maximum ozone measurement, and largest lichen measurements. The
generalized extreme value distribution (GEV) is fairly well-accepted as a
standard working model. Despite of such well-established theory, extreme-
value distributions are not always preferred in studies of empirical data
which do not contemplate the conditions to use extreme value theory re-
sults. Sometimes, the fit for finite samples is poor. To surpass these issues
other generalizations of the Gumbel distribution were proposed. The Gum-
bel distribution is also used to model extreme values. However, its skewness
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and kurtosis coefficients are constant, and its right tail is light. General-
izations of the Gumbel distribution with flexible skewness and kurtosis
coefficients could provide a better fit for extreme value data.
We present a comparative review of distributions that contain the Gumbel
distribution as a special or limiting case. Some distributions suffer from
overparameterization and coincide with other generalized Gumbel distri-
butions with smaller number of parameters. We limit our study to the
identifiable family of distributions only. We compare their coefficients of
skewness and kurtosis (which are invariant under location-scale transforma-
tions) that are primarily controlled by the extra parameters. We highlight
those that can achieve high values of skewness and kurtosis with a heavy
right tail. To study the tail behavior of the distributions, we also employ
the regular variation theory (de Haan, 1970) and a criterion proposed by
Rigby et al. (2014).

2 The Gumbel distribution and its generalizations

The Gumbel distribution is one of the three possible limiting laws of the
standardized maximum of independent and identically distributed random
variables (Gnedenko, 1943). This distribution is also known as the extreme
value (EV(µ, σ) ) or type I extreme value distribution.
Table 1 gives distributions that contain the Gumbel distribution as a spe-
cial or limiting case; the nonidentifiable distributions are marked with an
asterisk (*). The coefficients of skewness and kurtosis of the Gumbel dis-
tribution are constant (γ1,EV = 1.14 and γ2,EV = 5.4, respectively), i.e.,
parameter independent. The other distributions have a range of values of
skewness and kurtosis coefficients which are primarily controlled by the ex-
tra parameters. The GEV distribution is the only one that allows unlimited
skewness and kurtosis.
From the regular variation theory (de Haan, 1970), the generalized extreme
value distribution GEV(µ, σ, α) has a heavy right tail with tail index α when
α > 0 (Fréchet family). It has a non-heavy right tail when α = 0 (Gumbel
family). The other identifiable distributions addressed in this paper are all
non-heavy right tailed distributions. Hence, among the identifiable distri-
butions addressed in this work, the GEV distribution is the only one with
a heavier right tail with respect to the Gumbel distribution under the tail
index approach.
To distinguish among the generalized distributions we used the Rigby et
al. (2014) criterion. The criterion splits the distributions in three types, I,
II and III, in decreasing order of heaviness of the tails. The right tail of the
GEV distribution with α > 0 is of type I. If α > 1, the GEV distribution
has a heavier right tail than the Cauchy distribution. If α > 1/2, the right
tail heaviness of the GEV distribution is greater than that of the Student-t
distribution with two degrees of freedom, which is uncommon in real data.
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TABLE 1. Generalizations of the Gumbel distribution.

Distribution Proposed by

Generalized extreme value GEV(µ, σ, α) Jenkinson (1955)
Type IV generalized logistic GLIV(µ, σ, α) Prentice (1975)
Two-component extreme value TCEV(µ, σ, µ1, σ1, α) Rossi et al. (1984)
Three parameter exponential-gamma EGa(µ, σ, α) Ojo (2001)
Exponentiated Gumbel EGu(µ, σ, α) Nadarajah (2006)
Transmuted extreme value TEV(µ, σ, α) Aryal & Tsokos (2009)
Generalized three-parameter Gumbel GGu3(µ, σ, α) –
Generalized type I extreme value GGu(µ, σ, α, β)* Dubey (1969)
Exponential-gamma ExpGamma(µ, σ, α, β)* Adeyemi, Ojo (2003)
Beta Gumbel BG(µ, σ, α, β)* Nadarajah, Kotz (2004)
Kummer beta generalized Gumbel KBGGu(µ, σ, α, β, γ)* Pescim et al. (2012)
Kumaraswamy Gumbel KumGum(µ, σ, α, β)* Cordeiro et al. (2012)
Exponentiated generalized Gumbel EGGu(µ, σ, α, β)* Cordeiro et al. (2013)

The Gumbel distribution and all of the other generalizations are of type
II. The EGu, EGa, and GLIV distributions have heavier right tail than the
Gumbel distribution when α < 1. The TEV, GGu3 and TCEV distributions
have lighter right tail than the GEV, EGu, EGa, and GLIV distributions.
The TEV distribution when α < 0 and the TCEV(0, 1, 10, 5, α) distribution
have heavier right tail than the Gumbel distribution. The right tail of the
GGu3 distribution is lighter than that of the Gumbel distribution.

3 Simulation and application

A simulation study was carried out to compare the distributions and an ap-
plication to a maximum monthly wind speed in Florida, was done and will
be given in the poster presentation. Our simulation and application results
revealed that the GEV distribution is more flexible in fitting data with a
heavy right tail than the other generalizations of the Gumbel distribution.
The TCEV distribution can also be a good choice.
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Abstract: We propose new methodologies to assess Undergraduate performance
dissimilarities. Emphasis is given to the sector of High School education from
which the College student comes – private or public. Due to the complex struc-
ture of Undergraduate courses, the overall performance of a student is not based
only upon its GPA (grade point average). The sample consists of all undergrad-
uate students entering Unicamp at years 2000 – 2005 as follows. For each student
a vector is formed by his/her grades in each course taken: multiple scores are
considered whenever fail/pass grades happen. These vectors are then used in
pairwise comparisons of common courses grades between all individuals who en-
tered college in the same year taking into account the entrance rank. These forms
a generalized U-statistic based on the classical signed rank kernel. We apply the
decomposability of quasi U-statistics to define average distance measures within
and between groups. Test statistics for homogeneity among groups are devel-
oped and asymptotic normality under mild conditions can be proved for the test
statistic under the null hypothesis.

Keywords: Diversity measures; Jackknife; Nonparametric methods; U-statistics.

1 Introduction

We propose new methodologies to evaluate the differences in performance
of students from entrance to graduation in Undergraduate School. Some
work has been done addressing this problem using other methodologies
(Pedrosa et al., 2007). Here, we will consider at each year the average of
the entrance exam score (EES) in Undergraduate School and the grades
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in all the courses taken by each individual. U-statistics theory and all the
pairwise comparisons among individuals will be used.
Average distance measures within and between groups for each year is de-
fined. Following Pinheiro et al. (2009, 2011), a test statistic for homogeneity
tests among groups can be developed and asymptotic normality under mild
conditions can be proved for the test statistic under the null hypothesis.
An application with real data will be illustrated comparing performances
of the students of the University of Campinas (Unicamp) from different
groups, for example, those came from Public High Schools (PrS) compared
with those who came from Private High Schools (PuS). The data set con-
sists of all the students who were admitted at Unicamp from 2000 to 2005.
Unicamp is a public institution, located in the State of São Paulo and one
of the top research universities in Brazil.

2 Notation and U-statistics

Let Zai = (Zai1, . . . , Zaiki)
T be the vector of grades for individual i who

entered at year a, l = 1, . . . , ki be the index indicating the course taken
by individual i. Also, let Z̄0i and Z̄0j be the average of the EES for indi-
viduals i and j, respectively. Note that even though Z’s can be thought
as continuous random variables, we actually observe discrete grades, since
they are rounded by one decimal point. So, let Yail be the discrete grades
for individual i. For instance, yail ∈ {0.0, 0.1, 0.2, . . . , 10.0}, i.e., yail = 0.0,
if yail ∈ [0.0, 0.05), yail = 0.1, if yail ∈ [0.05, 0.15), . . . , yail = 9.9, if yail ∈
[9.85, 9.95), yail = 10.0, if yail ∈ [9.95, 10.0]. Analogously, we can define Ȳ0i

and Ȳ0j as the discrete versions of the EES Z̄0i and Z̄0j for individuals i and
j, respectively. Also, let Kij = ki ∩kj be the total number of courses taken
in common by individuals i and j, K be the total number of courses offered
by the University and let Il(i, j) = I(i took course l)× I(j took course l),
where I(A) = 1, if A is true and 0 otherwise. Define

φ(Yi,Yj) = φ(Yail, Yajl, Ȳ0i, Ȳ0j) = I(Yail > Yajl)I(Ȳ0i < Ȳ0j)

+ I(Yail < Yajl)I(Ȳ0i > Ȳ0j)− I(Yail > Yajl)I(Ȳ0i > Ȳ0j)

− I(Yail < Yajl)I(Ȳ0i < Ȳ0j). (1)

If we want to give weights according to the type of courses taken by the
students, say ”required” (the number of required courses is Kij1) and ”elec-
tive” (the number of elective courses is Kij2) courses, a weighted version
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of incomplete U-statistics can be written as

W̄ (1)
n,a,gg =

∑
i<j:(i,j)∈n(1)

ag

φ∗(1)(Y
g
i ,Y

g
j )/n(1)

ag , (2)

W̄ (2)
n,a,gg =

∑
i<j:(i,j)∈n(2)

ag

φ∗(2)(Y
g
i ,Y

g
j )/n(2)

ag , (3)

W̄ (3)
n,a,gg =

∑
i<j:(i,j)∈n(3)

ag

φ∗(3)(Y
g
i ,Y

g
j )/n(3)

ag , (4)

where n
(1)
ag = #(i, j) : Kij1 > 0,Kij2 > 0; n

(2)
ag = #(i, j) : Kij1 > 0,Kij2 =

0 and n
(3)
ag = #(i, j) : Kij1 = 0,Kij2 > 0, with φ∗(1)(Yi,Yj) =[∑2

t=1
1

Kijt

∑Kijt
lt=1 wtI(l ∈ lt)φ(Yialt , Yjalt , Ȳ0i, Ȳ0j)

]
I(Kij1 > 0,Kij2 > 0);

φ∗(2)(Yi,Yj) =
[

1
Kij1

∑Kij1
l1=1 w1I(l ∈ l1)φ(Yial1 , Yjal1 , Ȳ0i, Ȳ0j)

]
×

I(Kij1 > 0,Kij2 = 0) and φ∗(3)(Yi,Yj) =[
1

Kij2

∑Kij2
l2=1 w2I(l ∈ l2)φ(Yialt , Yjalt , Ȳ0i, Ȳ0j)

]
I(Kij1 = 0,Kij2 > 0). l1

stands for the required courses and l2 for the elective ones and w1 and
w2 are the respective weights for required and elective courses.
Then, for each year a, in each set (i.e., set (1): {Kij1 > 0,Kij2 > 0}, set
(2): {Kij1 > 0,Kij2 = 0} and set (3): {Kij1 = 0,Kij2 > 0}), we may define
overall measures of divergence within and between groups as W̄n,a,gg =

W̄
(1)
n,a,gg + W̄

(2)
n,a,gg + W̄

(3)
n,a,gg and W̄n,a,gg′ = W̄

(1)
n,a,gg′ + W̄

(2)
n,a,gg′ + W̄

(3)
n,a,gg′ .

Using the theory for incomplete U-statistics, we know that W̄
(d)
n,a,gg and

W̄nagg′ are asymptotically normal distributed. Following Pinheiro et al.
(2009, 2011), Bnagg′ = 2W̄nagg′ − W̄nagg − W̄nag′g′ is a quasi U-statistics
and also follows a normal distribution.
Under the null hypothesis, we expect the distributions for the groups to
be the same, i.e., H0 : 2αgg′ − αgg − αg′g′ = 0 for all g 6= g′, where
αgg is a measure of divergence within group g and αgg′ is a measure of
divergence between groups g and g′, with individuals i and j from group
g and from groups g and g′, respectively, given that they took Kij courses
in common. Under some general conditions (normality, for instance) this
is a one sided test and some hypothesis tests for the interaction effect can
be done using the union intersection principle (UIP) discussed in Sen and
Silvapulle (2005) in order to maximize the power of the tests.

3 Description of the data set

The dataset is composed by 12168 (57.3% male and 43.7% female) students
which have enrolled at Unicamp at years 2000 to 2005 in Bachelor’s degree
courses of the areas of Arts (A), Health Science (HS), Engineering and
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Exact Sciences (EngES) and Social Sciences (SS). The academic situation
of these students were classified as following: Active (students who were still
enrolled in the University and had not graduated yet - 0.9%), Graduates
(students who have already graduated - 77.1%), and Others (the ones who
drop out from the University - 22.0%). The students were, in their majority,
between 16 and 23 years old (94.3%) from all Brazilian regions and enrolled
in 45 different courses from the areas of HS (19.8%), EngES (55.7%), SS
(18.5%) and A (6%). About 70% of students who enrolled between 2000
and 2005 come from PrS.
The data shows that the performance at the EES of students who studied
in PrS seems to be better than for those coming from PuS, but once they
get into the University and we look at their GPA scores, the situation seems
to get reversed or at least, on average, they have equal GPA scores.
As we know that students from different Areas and different years of en-
trance are more likely to take different courses, we will separate the analysis
of students’ performance by Area and by Year of Entrance.
The main interest here is to test the following hypotheses: H01: There is
no difference in performance between female and male; H02: There is no
difference in performance between students coming from Public and Private
High Schools; H03: There is no interaction between sex and type of High
School.
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Abstract: In regression analyses of spatially structured data, it is a common
practice to introduce spatially correlated random effects into the model to reduce
or even avoid bias in the estimation of other covariate effects. If besides the
response also the covariates are spatially correlated, the spatial random effects
may confound the effect of the covariates or vice versa. In these cases the model
fails at identifying the true covariate effect due to multicollinearity problems.
For highly collinear continuous covariates path analysis and structural equation
modeling techniques proved to be helpful to disentangle direct covariate effects
from effects arising from correlation with other variables. This work discusses the
applicability of these techniques in regression setups where spatial and covariate
effects coincide at least partly and classical geoadditive models fail to separate
these effects.
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1 Introduction

Spatial confounding in regression analysis arises when both the response
and the covariate are spatially structured on the same or a similar spa-
tial scale. The resulting estimated effects are most likely biased and in-
terpretation in terms of causal relationships is no longer possible. Aim of
current research has therefore become the development of techniques to
avoid confounding bias. Hodges and Reich (2010), for instance, encoun-
tered this problem while analyzing the relationship between the stomach
cancer incidence ratio and the socio economic status on level of municipali-
ties in Slovenia. Paciorek (2010) describes the influence of the spatial scales
on which response and covariate vary on the degree of confounding bias.
Hughes and Haran (2013) provide methods to alleviate spatial confounding
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FIGURE 1. Path diagram of spatial confounding when space is measured dis-
cretely. Each region k ∈ {1, . . . , d} has an influence on the response Y2 directly
and through the covariate effect β21.

by a reparametrization of geoadditive models. The common factor of the
mentioned papers is that they provide Bayesian methodology and assign
all occurring spatial variation to the covariate and hence don’t allow for
additional spatial structure in the response.
In our contribution, we interpret the role of space conceptually different in
the sense that space is allowed to have an effect on the covariate and the
response simultaneously. Figure 1 illustrates this idea for discretely mea-
sured space (regions 1, . . . , d). The total spatial information in the response
Y2 is composed of the direct spatial effect (solid arrows) and the spatial
effect in the covariate Y1 transported to the response through the covariate
effect β21 (dashed arrows). We establish a frequentist estimation strategy
which is based on multiple regression equations unified in the framework
of Structural Equations Models (SEM). SEM techniques provide us with
the methodology to estimate all occurring effects shown in Figure 1 in one
single step. Estimation is based on the joint likelihood of Y1 and Y2 con-
ditioned on the location of the observations (X1, . . . , X2). We investigate
under which circumstances classical geoadditive approaches fail to sepa-
rate the effects and illustrate the applicability of SEM techniques in this
context.

2 Structural equation models with observed variables

Using standard SEM notation, we denote by yi = (y1i, y2i)
T the i-th ob-

servation of the endogenous variables, where y2i is the response variable
and y1i corresponds to the covariate of interest. Space is considered as an
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exogenous variable. Figure 1 can be translated into two structural equations

y1i =

d∑
k=1

xkiγ1k + ε1i (1)

y2i =

d∑
k=1

xkiγ2k + y1iβ21 + ε2i, (2)

where we assume εji
iid∼ N (0, σ2

j ), i = 1, . . . , n, for j = 1, 2 and indepen-
dence between ε1 and ε2. The variables xki are dummies indicating the
location of observation i. Combining Equations (1) and (2) yields the bi-
variate model equation

yi = Byi + Γxi + εi,

where the two spatial effects are summarized in Γ = (γ1,γ2)T and B =(
0 0
β21 0

)
contains the covariate effect. The estimation is based on the

resulting likelihood arising from the normality assumptions.

3 Results

To illustrate the applicability of the introduced method a simulation study
was performed, similar to that of Hughes and Haran (2013). Data was
generated according to

y1i = γ1i + ε1i

y2i = β21y1i + γ2i + ε21

ε1i ∼ N (0, σ2
1)

ε21 ∼ N (0, σ2
2)

with a fixed sample size of n = 100 and variance combinations (σ2
1 , σ

2
2) =

(0.2, 1), (1, 1) and (1, 0.2). Here, γji denotes the spatial components for
covariate and response and was generated on an artificial map consisting
of 49 regions. Figure 2 shows the estimated covariate effect for increasing
variability σ2

1 of the covariate beyond the spatial scale. The results for a
classical geoadditive approach (red boxplots) are compared to the results
from decomposing the effects using path analysis methodology (black box-
plots). Geoadditive regression models are incapable of avoiding bias if the
covariate does not vary (or only few) beyond the spatial scale. This result
is in line with Paciorek (2010). Our methodology reduces the bias in this
case, but shows increased uncertainty. For higher variability in the covariate
both models lead to unbiased estimates.
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FIGURE 2. Simulation results for geoadditive (red) and SEM (black) estimation
for increasing variability of the covariate beyond the spatial scale (from left to
right). The true covariate effect is β21 = 3 (blue horizontal line).

4 Discussion

In the present study we incorporate discrete spatial information into the
framework of observed variable SEM and provide a methodology to reduce
the bias in the estimation that results from spatial confounding. In case
of a strong spatial structure within the covariate estimation with the SEM
approach is still unbiased but shows increased uncertainty. In contrast to
existing techniques to alleviate confounding bias our method allows for
spatial variation in both, the covariate and the response.
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Abstract: In this work we study the Archimedean copula model generated by the
Laplace transform (LT) of the Power Variance Function (PVF) frailty distribution
to model the dependence structure of multivariate lifetime data. The PVF copula
family includes, among others, the Clayton, Gumbel (Positive Stable) and Inverse
Gaussian copulas as special or limiting cases. Dependence properties of the copula
models are described. From a Bayesian framework, parameters of the marginal
distributions and the PVF copula are simultaneously estimated using piecewise
exponential distributions. We illustrate the usefulness of the methodology using
data from the Australian NH&MRC Twin registry.
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1 Introduction

The independence assumption no longer holds for multivariate survival data
in situations when each individual can experience the serial recurrence of
the same type of event such as recurrent asthma attacks, or different par-
allel events such as the onset of retinopathy in left and right eye, nor does
it hold for clustered failure times such as failure times of twins or pa-
tients in the same hospital. In these situations, the association between the
time-to-events within an experimental unit or a cluster needs to be taken
into account. The two most popular approaches for analysing multivari-
ate survival data are copula models and frailty models. In a frailty model,
the survival times are considered conditionally independent, given a latent
subject-specific random effect, taking implicitly the correlation structure
between failure times into account. However, an explicit modelling of the
dependence is possible via a copula model, that models the marginal dis-
tributions and the association structure separately. In this work we study

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
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the Archimedean copula model generated by the LT of the PVF frailty
distribution. It includes, among others, three common choices of copulas
as special or limiting cases: the gamma (Clayton), positive stable (Gum-
bel) and inverse Gaussian distributions. We provide a comprehensive study
of dependence properties of the PVF copula family. Using a Bayesian ap-
proach to the joint modelling of bivariate survival data using the PVF
copula which allows a one-stage estimation of marginal hazards and cop-
ula simultaneously, we illustrate the methodology on data sets from the
Australian Twin Study (Duffy et al., 1990) with the main objective to
compare monozygotic (MZ) and dizygotic (DZ) twins as to the strength of
correlation of the times to appendectomy between the twins.

2 The PVF copula model

A random variable W has a three-parameter PVF(α, δ, θ) distribution if
the probability density function is given by

f(w|α, δ, θ) = − 1

πw
exp(−θw+δθα/α)

∞∑
k=1

Γ(kα+ 1)

Γ(k + 1)

(
−w−αδ
α

)k
sin(αkπ)

for 0 < α < 1, δ > 0, and θ ≥ 0. The LT takes the form LW (s) =
exp

{
− δ
α [(θ + s)α − θα]

}
. If θ > 0 all positive moments exist, the ex-

pected value and variance are given by E[W ] = δθα−1 and Var[W ] =
δ(1 − α)θα−2, respectively. As shown by Oakes (1989), any multiplicative
frailty model for multivariate survival data has an Archimedean copula rep-
resentation. In the bivariate case, let (T1, T2) be continuous random vari-
ables with marginal survival functions given by (S1, S2) and corresponding
copula C. Then for non-negative (T1, T2) that are conditionally indepen-
dent given a random variable W , i.e. S(t1, t2|w) = S1(t1|w)S2(t2|w), the
joint survival function can be expressed as S(t1, t2) = C(S1(t1), S2(t2)) =
ϕ−1 [ϕ(S1(t1))ϕ(S2(t2))], with generator ϕ−1(·) = LW (·) equal to the in-
verse LT of W . By considering the PVF distribution as the frailty distribu-
tion, we obtain the Archimedean PVF copula. Under the reparametrization
δ = η1−α and θ = η with α ∈ (0, 1) and η > 0, the bivariate PVF copula
function is

Cα,η(u1, u2) = exp

{
− 1

α

[
η1−α

(
g(u1)

1
α + g(u2)

1
α − η

)α
− η
]}

,

where g(s) = ηα − αηα−1 log s and uj = Sj(tj), with j = 1, 2. For α → 0
we obtain the Clayton copula, if η = 0 the Gumbel copula and the inverse
Gaussian copula can be obtained by considering α = 0.5. For the PVF
copula Kendall’s tau does not have a closed-form expression but can be

computed numerically and is given by τ = 1 + 4
∫ 1

0
ϕ(t)
ϕ′(t)dt, where 0 <

τ < 1. The survival times (T1, T2) are independent if either α → 1 for all
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η ∈ R+ or when η → ∞ for all α ∈ (0, 1). The comonotonicity copula,
is obtained when both parameters go to zero. The PVF copula has no
tail dependence. The Clayton family has lower-tail dependence, LTDC =
2−1/η, but does not have upper-tail dependence. The Gumbel family has
no lower-tail dependence but has upper-tail dependence, UTDC = 2− 2α.
The inverse Gaussian has no tail dependence. For the PVF copula the cross-
ratio function can be expressed by χ(v) = 1 − 1−α

α log v−η . Note that χ(v) =

χ(S(t1, t2)) is decreasing in both t1 and t2. As α → 0, χ(v) = η−1 + 1,
which is constant over (t1, t2) (Clayton copula). If η = 0, χ(v) = 1− 1−α

α log v

(Gumbel copula), and when α = 0.5, χ(v) = 1 − (log v − 2η)−1 (inverse
Gaussian copula), which are both decreasing functions in t1 and t2.

3 Illustration

We apply the PVF copula to analyze data on the time to appendectomy for
adult twins in the Australian NH&MRC Twin Registry given in Duffy et al.
(1990). This study was conducted to investigate whether the strength of de-
pendence within twin pairs as to the risk of the onset of various diseases, in-
cluding acute appendicitis, is different for monozygotic (MZ) and dizygotic
(DZ) twins. We present the results of the analysis of female and male twin
pairs who had an appendectomy. These comprised of 1798 MZ (1231 female
and 567 male pairs) and 1098 DZ twins (748 female and 350 male pairs).
We fit three copula models (PVF, Clayton, Gumbel) with piecewise ex-
ponential (PWE) marginal distributions implementing the joint one-stage
estimation procedure as in Romeo et al. (2006). Assuming prior distri-
butions for the parameters of the marginal distributions and independent
prior distributions for the copula parameters, we use the Gibbs sampler for
posterior computations which is implemented using the WinBUGS software
(Lunn et al., 2000). Instead of the conventional approach of analysing MZ
and DZ separately, we allow the association parameter to depend on co-
variates (Meyer and Romeo, 2015), i.e., including the type of zygosity as
a dichotomous covariate as well as the sex of the twins. Specifically, we
consider the inclusion of the covariates through the logit link in the depen-
dence parameter α for PVF and Gumbel models and through the log link
for the η parameter in the Clayton model. The PVF- and Gumbel copula
models, see Table 1, provide a better fit than Clayton model. As the differ-
ences in DIC and LPML values between PVF and Gumbel copula models
are negligible and the posterior estimate of η (0.007 ± 0.014) in the PVF
model is close to zero, in Table 2 we summarize the posterior distributions
of the parameters for the Gumbel model but as functions of the Kendall’s
τ coefficient. As expected, the dependence between MZ pairs was stronger
than between DZ pairs suggesting a genetic component to the disease. Also,
the dependence between female pairs is stronger than male twins.
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TABLE 1. Model selection criteria for copula models, Australian twin data.

Model AIC BIC DIC pD LPML

PVF-PWE 15122.71 15254.07 15100.77 22.06 -7551.83
Clayton-PWE 15147.71 15273.10 15127.03 21.33 -7564.39
Gumbel-PWE 15122.61 15248.00 15101.74 21.13 -7551.68

TABLE 2. Posterior Kendall’s τ , Gumbel copula model, Australian twin data.

Parameter Mean Median SD HPD

τMZ−Female 0.229 0.230 0.024 0.183, 0.276
τMZ−Male 0.143 0.143 0.031 0.079, 0.197
τDZ−Female 0.141 0.141 0.025 0.094, 0.193
τDZ−Male 0.085 0.083 0.026 0.040, 0.137

4 Conclusion and discussion

In this work we presented a Bayesian analysis of the Archimedean cop-
ula model induced by the PVF frailty distribution. The methodology was
applied to the Australian twin data on appendectomy. Parameters of the
marginal distributions and the PVF copula were simultaneously estimated.
Allowing the association parameter to depend on covariates, lets the esti-
mation of different Kendall’s τ parameters for MZ and DZ twins by sex.
In general, such modelling of the copula parameter as a function of other
covariates offers considerable flexibility.
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Abstract: The inverse Gamma distribution is a standard prior for variances of
nonlinear and random effects in Bayesian structured additive and related regres-
sion models. In this talk we provide an in-depth investigation of the sensitivity
of estimation results on the choice of the hyperparameters of the inverse Gamma
distribution. We focus on the estimated effects, model fit as well as model se-
lection. We additionally discuss the sensitivity on the Bayesian credible intervals
(or more generally on posterior quantiles) of nonlinear curves and random effects.
Our analysis is based on both theoretical results and on extensive simulation ex-
periments. Our findings are illustrated with an application on Austrian real estate
prices.

Keywords: Bayesian hierarchical models; Inverse gamma distribution; Posterior
sensitivity; Mixed models; P-splines.

1 Structured additive regression models

Suppose the observations (yi, zi,xi), i = 1, . . . , n, where yi is a continu-
ous response variable, and zi = (zi1, . . . , ziq)

T and xi = (xi1, . . . , xip)
T are

vectors of covariates. For the variables in z possibly nonlinear effects are as-
sumed whereas the variables in x are modeled in the usual linear way. The
components of z are not necessarily continuous covariates. A component
may also indicate a time scale, a cluster- or a spatial index (e.g. municipal-
ity, district or county) a particular observation pertains to. We assume an
additive decomposition of the effects of zij (and xij) and obtain the model

yi = f1(zi1) + · · ·+ fq(ziq) + xT

i γ + εi. (1)

Here, f1, . . . , fq are nonlinear functions of the covariates zi and xT
i γ is the

usual linear part of the model. The errors εi are assumed to be mutually
independent Gaussian with mean 0 and variance σ2, i.e. εi ∼ N(0, σ2).
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The nonlinear effects in (1) are modeled by a basis functions approach, i.e. a
particular function f of covariate z is approximated by a linear combination
of basis or indicator functions

f(z) =

K∑
k=1

βkBk(z). (2)

The Bk’s are known basis functions and β = (β1, . . . , βK)T is a vector of
unknown regression coefficients to be estimated.
Effect modeling and priors depend on the covariate or term type. In a
Bayesian framework a standard smoothness prior is a (possibly improper)
Gaussian prior of the form

p(β|τ2) ∝
(

1

τ2

)rk(K)/2

exp

(
− 1

2τ2
βTKβ

)
· I(Aβ = 0), (3)

where I(·) is the indicator function. The key components of the prior are the
penalty matrix K, the variance parameter τ2 and the constraint Aβ = 0.
Usually the penalty matrix is rank deficient, i.e. rk(K) < K, resulting in
a partially improper prior.
The amount of smoothness is governed by the variance parameter τ2. A
conjugate inverse Gamma prior is employed for τ2, i.e. τ2 ∼ Γ−1(a, b). The

two hyperparameters a and b of the density p
(
τ2
)
∝
(
τ2
)−a−1

exp
(
− b
τ2

)
determine the shape of the distribution. In cases of limited information for
τ2 the specific choice of the hyperparameters may affect posterior inference.
Fahrmeir and Kneib (2009) elaborate a variety of special cases based on the
shape and scale parameter and also show necessary or sufficient conditions
for the propriety of the posterior:

• a = −1, b = 0 result in an improper flat prior τ2 ∼ const.

• a = −1/2, b = 0 corresponds to a flat prior for the standard deviation√
τ2 ∼ const.

• a = b = ε with a small ε > 0 serve as a proper approximation to
Jeffrey’s prior with ε = 0 which is uniform on the log scale.

• a = 5, b = 25 are popular for spike and slab priors.

2 Theoretical results

Our results are illustrated with the following one component random effects
model

y|γ ∼ N
(
Zβ +Xγ, σ2I

)
γ|τ2 ∼ N

(
0, τ2I

)
τ2 ∼ Γ−1 (a, b) .
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The posterior mode can be computed iteratively using similar methodology
as in usual linear mixed models. The estimator for the variance parameter
is then of the form

τ̂2 =
γTγ

2 + b
q
2 + a+ 1

(4)

with q being the number of effects γ = (γ1, . . . , γq). The estimator is based
on the average effect error with a (resp. b) reducing (increasing) the esti-
mated variance.

3 Simulation

Three different simulation designs are used to characterize the relationship
of the hyperparameter and the model estimation:

• A linear model is set up with a second order random walk P-spline
to investigate the automatic model selection quality.

• A sinus in the smooth model emulates the necessity of functional
flexibility.

• Varied prior shapes may influence the size and significance of group
effects in a random intercept model.

We simulated models with different sample sizes and error variances. Hy-
perparameter combinations of a = 0.001, 1, 5, 25 and b = 0.001, 1, 5, 25
together with a = −1, b = 0 and a = −1/2, b = 0 are tested.
Evaluated are the overall performance via the deviance information crite-
rion (DIC), the quality of the estimated functions with the mean squared
error (MSE) together with tabulated median posterior distributions to cap-
ture the variability of the posterior distribution.
The posterior distribution of the parameter variance is shifted towards
(resp. away from) zero with increased a (resp. b). (4) already suggests that
behavior from the ML estimate. Furthermore the variance of the estimated
parameter variance decreases (increases) with increased shape parameter a
(scale parameter b). The uninformative hyperparameter combinations pro-
duce overestimated results by tendency, however some other combinations
are clearly worse.
Hyperparameter changes only affect the corresponding flexible term. There
we observe some small effect on the mean and median estimate. The cred-
ibility intervals are influenced and sensitivities can change. Intuitively hy-
perparameter combinations resulting in larger averaged median variance
estimate also produce larger credibility intervals. Improved data quality
(increased sample size or decreased error variation) reduce this effect.
Even though one can observe an increase (decrease) in the median DIC
with an increase of the scale parameter b (shape parameter a) in most of
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the cases these changes are not substantial based on Spiegelhalter, et al.
(2002). For that reason the uninformative hyperparameter combinations
do not perform substantially better, but it also means that one can simply
remain with them. More details on our results will be given in the talk.

4 Application

The application is based on house prices from 2770 owner-occupied single-
family houses in Austria from 1997 to 2008 collected by the UniCredit Bank
Austria AG to assess credit risk. Details will be given in the conference talk.

Acknowledgments: This work was supported by funds of the Österreich-
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Abstract: We show an extension of Bayesian quantile regression models when
the response variable is reported as a proportion and spatial correlation is present.
We are specially interested in the data of the last presidential election in Brazil,
which was decided by 2% of the valid votes, approximately. We use quantile
regression models to show how some sociodemographic variables are associated
with different quantiles of the distribution of votes in this close election.
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1 Introduction

Quantile regression has become a effective method when one considers that
the conditional distribution of the response variable has more to offer than
just the conditional mean. This is usually the case when the data presents
heteroskedasticity, for which quantile regression can estimate regression pa-
rameters for different quantiles. A Bayesian version with a convenient Gibbs
sampler of this model was proposed by Kozumi and Kobayashi (2011).
Following, Santos and Bolfarine (2014) extended this model to allow the
response variable to vary only between zero and one, and also with the
possibility of having a mass of points at zero or one.
Moreover, we are interested in Brazil‘s last presidential election. Brazil re-
elected its current president, Dilma Rousseff, in 2014 and the election ended
with a very small difference between the final two candidates. She won this
election by around 2% of the valid votes and the distribution of votes had,
to some extent, some spatial clusters, as one can see in Figure 1. Given
this result, we decided to study this data in the light of a Bayesian spatial
quantile regression model. This paper is organized as follows. We make a
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quick review of Bayesian spatial quantile regression models in Section 2.
We address Brazil’s election problem in Section 3, highlighting the main
contributions we aim with our work.

2 Bayesian spatial quantile regression model

When the response variable is defined as a proportion, i.e., being in the
interval (0,1), Santos and Bolfarine (2014) showed that a Bayesian quantile
regression is suitable to explain its conditional quantiles. The authors show
that it is possible to consider the posterior inference consistent in this case.
Although there is no need to transform the response variable to estimate
the Bayesian quantile regression for this type of data, it is important to
avoid considering densities with values outside the proper range (0,1) in
the likelihood, thus they suggest working with h(Y ) instead of Y , where
h : (0, 1)→ R.
In order to take into account the spatial correlation, Reich et al. (2011)
and Lum and Gelfand (2012) proposed Bayesian spatial quantile regression
models. The former paper considers spatially varying regression coefficients,
which are defined as a weighted sum of Bernstein basis polynomials, while
the latter uses a representation of the asymmetric Laplace distribution as
location-scale mixture of normal and exponential distributions.
Following Lum and Gelfand (2012), a Bayesian spatial quantile regression
model through an asymmetric Laplace process (ALP) can be defined as

Y (s) = xT(s)β(τ) + ετ (s), ετ (s) = ψ
√
σξ(s)Z(s) + θξ(s)

Z(s) ∼ GP (0, ρZ(s, s′;λ),

where θ = (1 − 2τ)/(τ(1 − τ)) and ψ2 = 2/(τ(1 − τ)); σ > 0 is a scale
parameter; Z(s) is a Gaussian process with zero mean and valid covariance
function between two locations, for which we take a exponential correlation
function with parameter λ; β(τ) is the quantile regression coefficient for the
τth quantile. For this alternative representation of the asymmetric Laplace
distribution to be correct, we assume Z(s) and ξ(s) to be independent. Due
to computational difficulties, we consider the iid assumption for ξ(s), i.e.,

ξ(s)
iid∼ Exp(σ). Marginally, we still continue with the errors ετ (s) being

distributed according to a asymmetric Laplace distribution with location
parameter equal to zero, scale parameter σ and skewness parameter τ .
Due to the size of the dataset of interest, Brazil’s presidential election data
with its more than 5000 cities, the ALP is too computational demanding.
Considering high dimensional cases like this, Lum and Gelfand (2012) pro-
posed an asymmetric Laplace predictive process (ALPP), which is related
to Gaussian predictive process models proposed by Banerjee et al. (2008).
We make use of this method when we analyze our data in the next section.
To complete our Bayesian specification we need to elicit our priors, but
in the interest of conciseness we leave it for a extended version of this
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manuscript. We make use of similar posterior distributions of Lum and
Gelfand (2012).

3 Brazil’s presidential election data

The last presidential election in Brazil, which happened in 2014, will be
remembered as one of the closest decisions, as the incumbent president won
it by 2%, approximately, with more than 100 million people voting. As a
result of a such close call, one could be interested in understanding what
factors could be associated with the win for one candidate or with the loss
for the other. A similar exercise was done by Shikida et al. (2009), where
the authors looked at the data for the reelection of president Lula in 2006.
However, their article relies only on the conditional mean of the distribution
of votes given other variables. Our work aims to help this discussion by
considering a more complete picture of this distribution, through the use
of a Bayesian spatial quantile regression model. We extend the results of
Santos and Bolfarine (2014) to allow the response variable to have a spatial
correlation structure.
The data illustrated in Figure 1 shows the proportion of votes candidate
Dilma Rousseff received in the second round of voting, where there were
only two candidates still competing to be the next president of Brazil. The
data is accessible at http://www.tse.jus.br/eleicoes/estatisticas/

repositorio-de-dados-eleitorais and available for every city in the
country. In order to understand what could have affected this election,
we selected for the explanatory variables: dummies for the five regions
of Brazil, leaving the Southeast region as the reference; human develop-
ment index (HDI); income per capita (INCPC); growth of income per
capita between 2000 and 2010 (G INCPC); ratio of Gini index between
2000 and 2010; proportion of people older than 18 years old, who are eco-
nomically active in the population of the city (EAP); proportion of fam-
ilies who receive help from a Conditional Cash Transfer program called
Bolsa Famı́lia (P BF); average value that each family receives from Bolsa
Famı́lia (Val BF). The data of the explanatory variables is available at
http://www.atlasbrasil.org.br/2013/en/download/.
The main result of our work is to show how quantile regression is advan-
tageous when dealing with this type of data, while adjusting for spatial
correlation. We are able to infer that for several variables the parameter
coefficient is not constant over different quantiles, which could not be ver-
ified by looking just at the conditional mean. For example, although the
coefficient is always positive for P BF, the magnitude of this effect is higher
for smaller quantiles. In a interesting manner, the estimates for the South
Region are positive for τ < 0.5 and negative for τ > 0.8. Also, the esti-
mates for HDI are only significant and positive for τ < 0.4. Furthermore,
the estimates for EAP are significant and negative for τ > 0.7.
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FIGURE 1. Distribution of votes for reelected president Dilma Rousseff, in per-
centage of total votes for each city of Brazil.
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Abstract: In this paper we investigate various approaches to model directional
data. The motivating example relates to a wind direction dataset collected at the
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evaluate the properties of a numerical estimation procedure.
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1 Introduction

We consider methods for modelling direction data. In particular, we investi-
gate modelling extensive data collected by the School of Geosciences at the
University of Edinburgh. Datasets for the weather station are available at
http://www.geos.ed.ac.uk/abs/Weathercam/station/data.html over
several years. In this paper we consider a subset of the wind direction data
in our analyses; the dataset relates to wind directions with wind speeds
greater than 5ms−1 and recorded at 12 noon in the year of 2013.

2 The WFGSN model

We investigate the Wrapped Flexible Generalized Skew Normal (WFGSN)
model proposed by Hernández-Sánchez and Scarpa (2012) for analysis of
the wind direction data. The WFGSN density may be expressed as

f(θ)=
2

ω

∞∑
r=−∞

φ

(
θ+2πr−ξ

ω

)
Φ

{
α

(
θ+2πr−ξ

ω

)
+β

(
θ+2πr−ξ

ω

)3
}
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FIGURE 1. Comparison of densities: true and maximum likelihood estimated
using an artificial dataset with n = 50.

for 0 ≤ θ ≤ 2π, ξ ∈ R, ω > 0, α ∈ R and β ∈ R and WFGSN is a bimodal
and asymmetrical distribution. In our modelling we also considered a more
general version of the WFGSN distribution of degree 2k−1 with k = 1, 2, . . .
defined by

f(θ; ξ, ω,κ) =
2

ω

∞∑
r=−∞

φ

(
θ + 2πr − ξ

ω

)
Φ

{
k∑
i=1

κi

(
θ + 2πr − ξ

ω

)2i−1
}
,

for 0 ≤ θ ≤ 2π, ξ ∈ R, ω > 0 and κ = (κ1, . . . , κk)T ∈ Rk.

3 Simulation study

We investigate the ML estimation of the parameters from the WFGSN
model. The log likelihood function, based on observations θ1, . . . , θn, for
the first version of WFGSN is given by

l(ξ, ω, α, β) = n log(2)− n log(ω)+

n∑
i=1

log

[
∞∑

r=−∞

φ

(
θi + 2πr − ξ

ω

)
Φ

{
α

(
θi + 2πr − ξ

ω

)
+ β

(
θi + 2πr − ξ

ω

)3
}]

.

We used the function nlminb in R to maximize the log likelihood, and this
seemed to work well for both the simulation study and the application to
real data which is given in the following section. Figure 1 gives a graphical
comparison of a true model and a fitted model to an artificial dataset with
sample size n = 50. This provides an illustration that ML estimation can
work well. Table 1 gives the results of a simulation study, which is part of
a larger study. In some cases the ML estimators were biased but generally
they seemed satisfactory.
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FIGURE 2. Rose diagram with densities of fitted WFGSN distributions, k = 1, 2.

4 Application to wind direction dataset

We now consider application of the WFGSN model to the wind direction
dataset, to investigate the nature of the weather patterns. Figure 2 shows
densities of fitted models for WFGSN distributions, k = 1, 2. For compari-
son, Figure 3 gives a fitted mixture of von Mises distributions (Mardia and
Jupp, 2000; Jammalamadaka and SenGupta, 2001).

TABLE 1. Simulation study results.

Parameters

ξ ω α β

True value 0.000 1.0000 10.0000 −5.0000
n = 100 Mean −0.0055 1.0025 17.0381 −8.5205

Bias −0.0055 0.0025 7.0381 −3.5205
SD 0.0247 0.0723 11.0265 5.1575
RMSE 0.0253 0.0723 13.0813 6.2445
CI Lower −0.0104 0.9881 14.8502 −9.5438
CI Upper −0.0006 1.0168 19.2260 −7.4971

n = 500 Mean −0.0022 0.9987 10.6971 −5.3579
Bias −0.0022 −0.0013 0.6971 −0.3579
SD 0.0108 0.0313 1.6519 0.9740
RMSE 0.0110 0.0313 1.7930 1.0377
CI Lower −0.0044 0.9925 10.3694 −5.5512
CI Upper −0.0001 1.0049 11.0249 −5.1647
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FIGURE 3. Rose diagram with density of fitted mixture of von Mises distribu-
tions.

5 Discussion

We have seen that the WFGSN can produce fits which are flexible. Our
initial modelling involved using finite mixture models, and we had some
issues with possibly poor fits, but the WFGSN approach seemed to provide
an attractive alternative model which suited the data well. The simulation
study illustrated that the WFGSN model seemed to have some nice features
with regard to the estimation of the parameters.

Acknowledgments: We are particularly grateful to the School of Geo-
sciences at the University of Edinburgh for making the wind direction
dataset available.

References

Hernández-Sánchez, E. and Scarpa, B. (2012). A wrapped flexible gener-
alized skew-normal model for a bimodal circular distribution of wind
directions. Chilean Journal of Statistics, 3, 129 – 141.

Jammalamadaka, S.R. and SenGupta, A. (2001). Topics in Circular Statis-
tics. Singapore: World Scientific.

Mardia, K.V. and Jupp, P.E. (2000). Directional Statistics. New York: Wi-
ley.



Quantifying LD decay by quantile regression
– a case study

Sabine K. Schnabel1, Federico Torretta2, Matthias Westhues3

1 Biometris, Wageningen University and Research Centre, The Netherlands
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Abstract: Through recent developments in genotyping (e.g. of plant popula-
tions) more information on genetic markers become available. In order to perform
powerful genome-wide association studies (GWAS) it is important to analyse link-
age disequilibrium (LD) through pairwise comparisons of genetic markers. Large
numbers of these markers pose new problems in terms of analysis and visualiza-
tion. In a case study for Maize we explore and quantify LD decay using monotone
quantile regression.
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1 Introduction and motivation

Genome-wide association studies have emerged as a great tool for the lo-
calization of QTLs (quantitative trait loci) in plant and animal breeding
programs. However, a crucial requirement to powerful GWAS is the in-
vestigation of the genetic relatedness (kinship matrix) (Astle and Balding,
2009). For an appropriate kinship matrix, insight into LD between genetic
markers is necessary. This matrix is best based on a set of independent
markers (Listgarten et al., 2012). To find such a set of suitable markers
(e.g. single nucleotide polymorphism – SNP) we need to explore LD decay
over the whole genome. LD is commonly measured in terms of the squared
Pearson correlation coefficient R2 between pairs of genetic markers (Hill
and Robertson, 1968). As an example, we are using data from chromosome
1 of a Maize population consisting of 123 European Dent inbred lines and
114 European Flint inbred lines (Fischer et al., 2008). Figure 1(A) shows
an LD decay plot for this part of the genome.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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2 Analysis and application

Chromosome 1 of the above described Maize genome has almost 5000 mark-
ers, resulting in more than 12 million pairwise comparisons between two
markers on the same chromosome. Visualization of these large data sets is
challenging. We used a scatterplot smoother (Eilers and Goeman, 2004) for
depicting global LD decay on chromosome 1 (length ≈ 300 Mbp (Mega base
pairs)) in Figure 1(A). As mentioned above, the most common measure for
LD decay is the squared Pearson correlation R2. In order to improve the
quality of the fit as well as the visualization, we advocate to use

√
|R| in-

stead. Further investigation concerning this transformation will be reported
elsewhere. In our case, it is of interest to examine what happens to LD decay
on a smaller scale. Therefore we investigate local LD decay in subsequent
overlapping sliding windows of 2.5 Mbp width and fit a set of quantile
curves to each of these sections of the whole plot. We use non-parametric
quantile regression with a monotonicity constraint, µτ = sτ (d), where µτ is
the quantile function at percentile τ , d is the SNP distance between pairs
of markers and sτ (·) is a smooth and unknown function (Muggeo et al.,
2013; Bollaerts et al., 2006). We choose P−splines for a smooth functional
form. By imposing bk < bk−1, with bk as the coefficient of the kth spline,
a monotone decreasing curve is ensured (that is in line with the under-
lying biological assumptions). This analysis can be done for any quantile
of interest. In Figure 1(B) quantile curves for τ = 0.25, 0.5, 0.75 are plot-
ted as well as a threshold in terms of LD decay (on the initial scale of
R2=0.1, therefore here at 4

√
0.1 = 0.56). For the exploration of local LD

decay we might be interested in the distance ∆0.5 from which onwards the
LD decay is falling beneath the threshold. This can be interpreted as the
average distance within this window from which onwards two marker loci
are considered to be independent of each other. Such two markers could,
for example, be selected for the computation of a kinship matrix. In the
example, local LD decay in terms of median distance at threshold 4

√
0.1

is 249666 bp. On Chromosome 1 of this population we have about 1000
sliding windows of 2.5 Mbp width with an average of 2000 points falling
into one window. The distances ∆τ for all sliding windows are collected
and plotted in Figure 1(C) at the respective center of the window. We col-
lect these data for τ values that are of interest. While these data points
are an interesting result as such to quantify local LD decay, it is hard to
judge by eye the relationship that is plotted in Figure 1(C). Therefore we
used P−splines to fit a smooth curve to these results as displayed by the
curve in Figure 1(D). For our example, we observe a bi-modal form of the
relationship. The black vertical line in the graph indicates the so-called
centromere. We have reason to believe that the left mode is around the
centromere. However, this bi-modal phenomenon could not be observed for
all of the 10 chromosomes in this data set.
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3 Conclusion and discussion

This is a case study of how to explore and quantify local LD decay patterns
in Maize. We are using quantile regression with monotonicity constraints for
a first summary of the LD decay. On top of that we are applying P−splines
to smooth the median local LD decay. These curves are easier to interpret
and to inspect for the collaborating biologists.
While the presented steps are a good tool to quantify local LD decay, they
have also been instrumental in identifying problems with the underlying
genotypic data that have previously been overlooked. In this sense they can
serve as a diagnostic tool. On the one hand we discovered sliding windows
with low sample sizes which suggests undercoverage in certain distances in
LD decay. While fitting the smooth curves in Figure 1 (D), we observed a
noticeable clustering in terms of correlation values in some of the subsets
of the data. This phenomenon was unknown to date in this data set and
has lead to adjustments in subsequent data analyses.
More results from this case study will be reported elsewhere.
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search Centre in winter 2014/2015. We are indebted to the group of Prof.
Dr. Ruedi Fries, from Technische Universität München, for the SNP geno-
typing of the parental lines, which was funded by the German Federal
Ministry of Education and Research (BMBF) within the AgroClustEr Syn-
breedSynergistic plant and animal breeding (FKZ:0315528d).
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FIGURE 1. (A) Plot of LD decay for Chromosome 1 using scattersmooth. (B)
Sample of data with threshold R2=0.1(

√
|R| = 0.56) and ∆0.25,0.5,0.75 shown. (C)

Collection of ∆0.25,0.5,0.75 in Red/Green/Blue for Chromosome 1 at the center of
the sliding window with indication of the centromere. (D) Smooth fit to ∆0.5.
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Abstract: Agricultural abandonment (AA) is a significant land use process in
the European Union (EU) and modeling its driving factors has great scientific
and policy interest. Past studies of drivers of AA in Europe have been limited by
their restricted geographic regions and their use of traditional statistical methods
which fail to consider the spatial variation in both predictors and AA itself. In
this study, we implement a modeling framework based on boosted classification
with spatially-varying terms, choosing the squared loss function and P-splines for
the base learner, for their preferred statistical properties. By comparing models
containing both constant and spatially-varying coefficients, we observe telling
spatial trends in the relationship between the drivers and AA.

Keywords: Boosted regression; Spatial modeling; Agricultural abandonment.

1 Motivation and background

The abandonment of agricultural land is a key process of land use and
management over the recent history of the European Union. Here, the
extent of agricultural land has been declining for numerous reasons, e.g.,
increasing yields on productive lands, conservation policies or urban pull
factors (Cramer et al., 2008). This shift in land use has both negative and
positive effects on, e.g., local biodiversity, occurrence of fire and cultural
changes in rural areas (Benayas et al., 2007; Baumann et al., 2011). There
is thus pressing scientific and policy interest in better understanding of the
process of agricultural abandonment (AA), which stems from improved
models of its leading drivers.

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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A number of studies have previously modeled AA; however, two key limita-
tions remain. Available studies focus on spatially limited regions in Europe,
counterintuitive to the many EU-wide regulations and programs related to
AA (Baumann et al., 2011; Gellrich et al., 2007). In addition, the majority
use basic forms of logistic regression to model the binary response variable
(agriculture abandoned or not?) with a set of regressors driving the re-
sponse. This traditional approach ignores the spatial trend that inevitably
exists both within AA and the corresponding explanatory variables.
In this study, we identify drivers of agricultural abandonment in a wall-to-
wall fashion for the first 27 member states of the EU (the EU27). Not only
do we cover a broader spatial region (and thus, a far larger dataset) than
previous work, but we also explicitly modelize spatial characteristics of the
hypothesized drivers and AA itself. For this aim, we build a series of models
using a modified form of boosted classification as proposed by Hothorn et
al. (2011). This results not only in variable selection for the top drivers
of AA but also model selection between a set of candidate models which
isolate the importance of the spatial variation of these drivers. Comparing
across models, we find noticeable differences in the behavior of top drivers
over the spatial domain.

2 Spatial boosting as a classification framework

In classical boosted classification (a form of boosted regression), a set of p
regressor variables x = (x1, . . . , xp) is related to a binary response variable,
yi (i = 1, . . . , n), yi ∈ {0, 1}, using a regression technique referred to as a

base learner h(x, θ̂). The parameters for the base learner, θ̂, are chosen such
that they minimize a loss function, L(y, f), where f is the model predicting
y. We compute the negative gradient of this loss function, evaluated with f
as the best-fit regression model given the empirical dataset. This is a vector
of values and is denoted F̂ . The base learner is then used to construct a
model to fit x onto the negative gradient vector, minimizing the model’s
residual sum of squares. This process is repeated iteratively over subsequent
loss negative gradients and in each step, a weighted version of the parameter
values are added to the previous iteration’s parameter values. Algorithm 1
describes the steps for the specific procedure we implement.
The loss function used in our case is the squared loss L(y, f) = (y− f)2/2,
which means that its negative gradient is simply the residual, Ui = yi −
F̂m(x). This method is called L2Boost and has been proven to improve the
mean squared error (MSE) over a standard linear learner, the regression
tool commonly found in the literature (Bühlmann and Yu, 2003). It was
further shown that smoothing splines will produce a minimax-optimal MSE
when taken as the base learners in L2Boost; we thus use a penalized version
(called the P-spline) as the base learner. A constant smoothing parameter
is used for all regressors and is drawn from the literature (Hothorn et al.,
2011).
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Another critical parameter in the boosting procedure is the stopping iter-
ation mstop, as allowing for too many iterations results not only in over-
fitting and also increased computational cost. Theoretical study of early
stopping iterations has discovered that an mstop obtained using cross val-
idation on the data will converge in probability to the minimax-optimal
iteration (Caponnetto and Yao, 2010). We thus choose a cross-validated
mstop to terminate model fitting.

Algorithm,
Step 1. Given data (yi, xij), i = 1, . . . , n, j = 1, . . . , p, fit an (initial) P-

spline F̂0(x) = h(x; θ̂Y,x). Set m = 0.

Step 2. Calculate residuals Ui = yi − F̂m(x). Fit a P-spline to the current

iteration’s residuals. The current iteration’s fit is denoted f̂m+1(•). Then,

update F̂m+1(•) = F̂m(•) + ŵm+1f̂m+1(•), where ŵm+1 is the weight given
to that (m+ 1)-th iteration’s fit.
Step 3 (iteration). Iteration index m = m+1 and repeat step 2. Continue
until reaching the stopping iteration, mstop.

In order to understand the effect of the regressors’ spatial variation on AA,
we build several classification models, each consisting of various model com-
ponents. Following earlier uses of boosting in georegression (Kneib et al.,
2009), we apply different forms of P-splines. One set of model components
consist of the P-spline base-learner applied to each individual regressor,
fconst(xj) = hj(xj); these do not consider any spatial information and thus
have constant coefficients over space. Another set of terms in the model is
fvary(xj , s) = β(s)xj , or the regressor with a spatially varying coefficient
β(s), which we generate using a bivariate tensor product P-spline, and
where s is the location latitude-longitude. The final model component is
fs, a tensor product P-spline over the AA values for the entire region. Us-
ing the R package mboost, we construct six boosted models: three models
only using one of the above three model components, two models with two
of the model components and finally, the full model with all three com-
ponents. These models are compared by their empirical risk, among other
performance metrics; better scores of the models containing fvary(xj , s)
over models containing fconst(xj) indicates that the spatial variation of
top predictors is pertinent in process understanding of AA.

3 Data and results

A massive dataset was collected for both AA and its potential drivers for the
EU27, containing 2.4 million pixels of agricultural land on a resolution of 1
km2. The AA data stems from twelve single year classifications (from 2001
to 2012) of fallow and active agricultural land, derived from satellite images.
Data for 15 climate, landscape and socioeconomic variables hypothesized to
influence AA were obtained from government and academic data sources. A
stratified random sample was drawn from the data to speed computation of



262 Spatial variation of drivers of agricultural abandonment

analysis of the models; this was stratified to retain the proportion of pixels
in the five identified landscape zones of Europe (Mücher et al., 2011).
Evaluation of the six models showed that models with spatially-varying
terms performed better than those with constant terms. The best model
based on both performance metrics and model parsimony was that with
only a fvary(xj , s) component and no fs(s) or fconst(xj) terms. This model,
stopped at a cross-validated iteration, consisted of six drivers: Land Under
Agricultural Use (in hectares); High Nature Value Farmland (in percent of
pixel); Elevation (in meters); Aridity Index (a ratio of precipitation to po-
tential evapotranspiration); Distance from Nearest Forest (in kilometers);
and Population-Density-Weighted GDP. Marked spatial trends across the
EU27 in the relationship between the drivers and AA were also observed.
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Abstract: The severity of genito-urinary toxicity is assessed for prostate cancer
patients who are given different doses of radiation. The ordinal responses, pa-
tient’s severity of side effects, are recorded longitudinally along with the cancer
stage, and the differences among the patients due to time-invariant covariates.
To build up a suitable framework for the data analysis, a self-modeling ordinal
longitudinal model is employed where the conditional cumulative probabilities
for a category of an outcome has a relation with shape-invariant model on the
framework of a linear mixed model. The population time curve is modeled with a
penalized regression spline. A simulation study is performed via Newton-Raphson
(NR) and EM algorithms. The method is applied to a real data set.
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1 Introduction

Often, the response of interest is measured in a series of ordered categories.
We consider the model proposed by McCullagh (1980). The estimation of
the response curve shape is done under the self-modeling approach (Lawton
et al., 1972). Each individual’s curve is some simple transformation of the
common shape curve, leading to the so-called shape invariant (SI) model,
a special case of the self-modeling regression method (Altman 2004),

Yij = α0i + exp(α1i)µ0(β0i + exp(β1i)tij) + εij , (1)

where Yij is the observed response on subject i at time tij . Here α0i, α1i, β0i

and β1i are unknown parameters which may be functions of observed co-
variates, εij is an unobserved error which may be correlated within subject,
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and µ0 is a shape function which is common to all subjects. Inferences based
on the SI model are very similar to the use of parametric nonlinear mixed
models, in the sense that parameters embody all the information about co-
variate effects. Inference for the parameters conditional on the fitted shape
is straightforward, as the conditional model is an ordinary nonlinear mixed
effect model. We consider the SI model defined for the conditional cumu-
lative probabilities for a category of an outcome. Therefore, in our model
there is no direct relation between the observed response and parameters.
A smooth unknown regression function is estimated by assuming a func-
tional parametric shape constructed via a high dimensional basis function.
The dimension of the basis is chosen to achieve the desired flexibility, while
the basis coefficients are penalized to ensure smoothness of the resulting
functional estimates (Ruppert et al, 2003). These often perform well if the
number of the intra-individual measurements is not small and the variabil-
ity of random effects is not large, but when some of the individuals have
sparse data or the variability of the random effects is large there are con-
siderable errors in approximating the likelihood. Exact methods such as
Monte Carlo EM algorithm have been used, in which the E step is approx-
imated using simulated samples from the exact conditional distribution of
the random effects given the observed data (Wei and Tanner, 1990).
On the application we focus on the question of whether the dose level
of radiation affects the severity of genito-urinary (bladder) toxicity as a
side effect. In particular, we investigate the interaction between the dose
effect and follow-up time. A simulation study not shown due to space con-
straints was performed. The result provide further evidence of the proposed
method’s advantages.

2 The model

The conditional cumulative probabilities for the L categories of the outcome
yij as Pijl = Pr(yij ≤ l| ·υi, xij , zij) =

∑l
k=1 pijk, where pijk represents the

conditional probability of response in category k. The logistic GLMM for
the conditional cumulative probabilities is given by log[Pijl/(1 − Pijl)] =
ηijl, (l = 1, . . . , L− 1), where the ηijl = τl − ωij and ωij = xT

ijβββ + zT
ijυi.

Given the L − 1 strictly increasing model thresholds τl (i.e., τ1 < · · · <
τL−1). xij is the (p+ 1)× 1 covariate vector (including the intercept), and
zij is design vector for the r random effects, both vectors being for the
jth timepoint nested within subject i. Also, βββ is the (p + 1) × 1 vector of
unknown fixed regression parameters. Let υ = Tθ, where TTT = Συ is the
Cholesky factorization of random-effect variance covariance matrix Συ.
The self-modeling regression (SEMOR) Model is expressed as

yij = πi{µ0[κi(tij)]}+ eij ,

where yij is the response for curve i, i = 1, . . . , N , measured at ni times,
tij . πi(x) is a monotone inverse link transforming the regression function
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and κi(x) is a monotone transformation of the time axis. µ0 is a shape
function that is common to all the curves, and eij are errors. We focus
on nonparametric modeling of µ0 and parametric modeling of πi(x) and
κi(x) with known correlation structure for eij . We give special attention
to shape invariant model and apply the SI model (SIM), so ωij = α0i +
exp(α1i)µ0(t∗ij), where t∗ij = β0i + exp(β1i)tij . Therefore, we have ηijl =
log[Pijl/(1− Pijl)] = τl − [α0i + exp(α1i)µ0(t∗ij)].
If one has physical or theoretical justification to pre-specify µ0(t∗ij) para-
metrically, this is just a special case of nonlinear regression. The semi-
parametric SEMOR model allows flexible modeling by estimating µ0(t∗ij)
non-parametrically. We consider θi = (α0i, α1i, β0i, β1i)

T, so that θi =
Xiφ+Ziψi+εi, where Zi is the design (or covariate) matrix for the random
effect vector ψi. If µ0 is a known parametric function, and if we assume
that ψi, εi and eij are normally distributed, we have a parametric nonlinear
mixed model and the model can be fitted using maximum likelihood.
We fit µ0 using the penalized spline model. The use of the spline method
with penalty chosen by generalized maximum likelihood is equivalent to
fitting the model µ0(t∗ij) = Uγγγ + Vζζζ, where µ0(t∗ij) is the vector of means
at the transformed times, U is a design matrix for a cubic polynomial in
t∗ij , V is a design matrix for cubics in t∗ij which are left-truncated at the
knot, γγγ is a vector of unknown parameters and ζζζ is normally distributed
with zero mean and covariance matrix ΣΣΣζ .

3 Likelihood estimation

The conditional log likelihood for the observed responses can be written as

`(Yi|θθθ) =

ni∏
j=1

L∏
l=1

(Pijl − Pijl−)Iyij (l),

where θθθ = (φφφT, σ2
ψ, σ

2
ε , τττ)T and Iyij (l) = 1 if yij = l and zero otherwise.

Then the marginal likelihood function is

L(θθθ,Y) =

N∏
i=1

∫ ni∏
j=1

L∏
l=1

(Pijl − Pijl−1)Iyij (l)f(θθθi|ψψψi)f(ψψψi|σ2
ψi)dθθθidψψψi.

Since ψψψi and εεεi have Nq(0,ΣΣΣ(σ2
ψ)) and N4(0, σ2

εI4), respectively, we write
the joint likelihood of conditional cumulative probabilities of ordered out-
comes and the random effects θθθi and ψψψi as

lic =

ni∑
j=1

L∑
l=1

Iyij (l) log(Pijl − Pijl−1) + log
(
ΦΦΦ(θθθi|Xiφφφ+ Zi,ψψψi, σ

2
εI4)

)
+ log

(
ΦΦΦ(ψψψi|0, σ2

ψi)
)
.
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Our proposal’s first two steps predict µ0 and step 3 provides estimates
for the parameters for the cummulative logit model through MCNR and
MCEM.

4 Application to prostate cancer data

The study aims to assess the effects of the different doses of radiation on the
patients. N = 243 patients of different ages (A) in two Chicago hospitals
(H = 0, 1) were treated with randomly prescribed dose levels of radiation
(D = 1, 2, 3 for weak, medium, strong). Three stages of prostate cancer
(S = 1, 2, 3 for minor, medium, severe) are recorded and the patients were
followed up over 6 years where the measurement time points differ among
the patients. Physicians assessed the severity of genito-urinary (bladder)
toxicity, which is a side effect of radiation therapy (gu = 0 for no symp-
toms, gu = 1 for pain/local bleeding but no required intervention, gu = 2
for bleeding lesion and minor intervention, and gu = 3 for serious lesion
requiring hospitalization). The analysis is based on our proposed model
with the severity of toxicity as a response variable.
The deviances for the models D, D and A, D, A and H, or D, A, H and S
are given by 2210.1, 2203.0, 2195.8 and 2195.6, respectively. Table 1 shows
the estimates of intercepts and coefficients for the latter model. The model
can be written as log[Pij1/(1−Pij1)] = 3.9847− [α0i + exp(α1i) +µ0(t∗ij)],
log[Pij2/(1− Pij2)] = 5.7957− [α0i + exp(α1i) + µ0(t∗ij)] and log[Pij3/(1−
Pij3)] = 7.0340−[α0i+exp(α1i)+µ0(t∗ij)], where θθθi = (α0i, α1i, β0i, β1i)

T =
−0.1682Di − 0.0221Ai − 0.3421Hi + 0.0312Si.

TABLE 1. Estimates - Model Dose, Age, Hosp, and Stage.

Par. Est. (Std.Error) p-value Var. Est. (Std. Error) p-value

τ1 3.9847 (0.6714) 0.0000 Dose −0.1682 (0.0847) 0.0520
τ2 5.7957 (0.6820) 0.0000 Age −0.0221 (0.0085) 0.0065
τ3 7.0340 (0.7147) 0.0000 Hosp −0.3421 (0.1468) 0.0120

Stage 0.0312 (0.1147) 0.6814
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Abstract: In this paper, we consider Alchemilla vulgaris L. (or common lady’s
mantle), which is an herbaceous perennial plant. It is known that within this
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groups having minor morphological differences. We study spatial distributions
of the microspecies found in various localities as well as possible interaction be-
tween different microspecies.
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1 Introduction

Study of agamic complexes in such genera as Alchemilla, Crepis, Citrus,
Hieracium, Poa, Potentilla, Rubus, Taraxacum etc. is of particular interest
in plant biology; see Grant (1981). The complexes can be defined as groups
of angiosperm (or flowering) plants that are characterised by apomictic re-
production (or apomixes), which is a form of seed reproduction without fer-
tilization. In this paper, we study Alchemilla plants growing within Eastern
Europe, which is considered as agamo-sexual complex Alchemilla vulgaris
L.s.l. (Glazunova (1977)). A number of agamospecies are described within
the agamo-sexual complex of Alchemilla plants. Such rather homogeneous
groups with minor morphological differences are called microspecies. From
a taxonomic point of view, it is quite difficult to classify microspecies of
agamo-sexual complex Alchemilla vulgaris. The taxonomy is usually possi-
ble for plants in generative period, which are collected in June, during the
first flowering. The microspecies may vary in nature and degree of fluffiness
of radical leaves, flowers, generative stems as well as in size and form of
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lamina, lobes and their teeth. There are about a thousand of microspecies
in the genus (e.g., see Fröhner, 1995), in Europe there are more than 300
microspecies, 38 are in Central Russia (Tikhomirov et al., 1995), and 31
are in the Republic of Mari El (the study region); see Abramov (2008).

2 Data and methodology

The data were collected from 28 localities (habitats), which are charac-
terised by different environmental conditions: bottomland meadow, dry
meadow, fallow land, edge of mixed and coniferous forest. The plants were
considered on square sites with the area of 1 m2. The surveyed area in the
localities varies from 2 to 169 m2. Alchemilla plants of generative period
were excavated and put in a herbarium. The diagnostics of microspecies
was carried out by a set of qualitative morphological traits of the plants
preserved in the herbarium. The number of microspecies within the same
locality varies from 1 to 14, while 28 different microspecies were identified.
In this paper, we consider locality M1, which has the largest number of sites.
Within this locality, we study spatial distribution of each microspecies and
co-occurrence of different microspecies.

3 Results and discussion

In each ofN sites (quadrants) we record whether the particular microspecies
has or has not been observed. The i-th site can be coded as either xi = 1
(B, black) or xi = 0 (W, white). As a result, we have a mosaic map of
black and white sites (see Figure 1). Following the chess terminology (e.g.,
see Upton and Fingleton, 1985), we consider two widely used definitions of
contiguity on a lattice: rook’s (touching edges) and queen’s (either touching
edges and touching corners). In order to determine whether neighbouring
sites are more likely to be the same colour or different colours, we can count
the numbers of BB, BW or WW joins (where, for example, BB denotes a
join between two black sites) and compare these numbers with the corre-
sponding expected numbers of joins under the null hypothesis of no spatial
autocorrelation among the sites.
Let W = {wij} be a spatial proximity matrix of size N × N (where N is
the total number of sites) in which wij = 1 if i-th and j-th sites are joined,
and wij = 0 otherwise. Then the join-count statistics are given by

BB =
1

2

N∑
i=1

N∑
j=1

wijxixj , BW =
1

2

N∑
i=1

N∑
j=1

wij(xi − xj)2,

WW = the total number of joins− (BB +BW ).

The expected values and the variances of the join-count statistics under
non-free sampling (or sampling without replacement) are given in Cliff and
Ord (1981).
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Using the joincount.multi function in R package spdep Bivand (2014),
we can find the values of the join-count statistics. Table 1 shows the values
of the join-count statistics and the z-values for a particular microspecies.
In this example, the observed value of BB differs significantly from its ex-
pected value implying clustering of B sites in the locality (positive autocor-
relation); see Figure 1. The analysis shows that all microspecies identified
in locality M1 are spatially autocorrelated but the measures (based on the
normalised join-count statistics) of the spatial autocorrelation considerably
vary for different microspecies.

TABLE 1. The observed and expected values of the join-count statistics for
microspecies A. tubulosa Juz. in locality M1.

Rook Queen

Observed Expected z-value Observed Expected z-value

BB 8 2.9890 3.1982 10 5.7481 1.9325
BW 49 56.7912 −2.2225 107 109.2139 −0.3521
WW 255 252.2198 1.1653 483 485.0380 −0.3644

In order to test whether there exists an interaction between two microspecies,
we use a modified chi-squared test of independence in 2 × 2 contingency
tables; see Cerioli (1997). The results of the analysis suggest that there is
significant interaction between several pairs of microspecies.
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101 102 103 104 105 106 107 108 109 110 201 211 221 

111 112 113 114 115 116 117 118 119 120 202 212 222 

121 122 123 124 125 126 127 128 129 130 203 213 223 

131 132 133 134 135 136 137 138 139 140 204 214 224 

141 142 143 144 145 146 147 148 149 150 205 215 225 

151 152 153 154 155 156 157 158 159 160 206 216 226 

161 162 163 164 165 166 167 168 169 170 207 217 227 

171 172 173 174 175 176 177 178 179 180 208 218 228 

181 182 183 184 185 186 187 188 189 190 209 219 229 

191 192 193 194 195 196 197 198 199 200 210 220 230 

231 232 233 234 235 236 237 238 239 240 261 262 263 

241 242 243 244 245 246 247 248 249 250 264 265 266 

251 252 253 254 255 256 257 258 259 260 267 268 269 

 

FIGURE 1. Layout of sites in locality M1. The 169 sites are numbered from 101
to 269. If a site has microspecies A. tubulosa Juz. then it is colour coded black,
otherwise it is white.
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1 Introduction

Analyses of single trials and multi-environment trials (METs) assume IID
normal genetic effects, although for METs genetic variances and correla-
tions may differ between trials. The parental covariances arising from com-
mon ancestors are ignored. In reality the test lines in single trials or METs
are genetically related and using this information can improve the accuracy
of prediction of breeding values. Relatedness may be determined from the
pedigree or from genetic markers. This allows the individual genetic effects
to be partitioned into additive and non-additive genetic effects (Oakey et
al., 2007). The additive effect reflects the ability of a line as a parent and
the non-additive effect is associated with dominance and residual effect.
The paper presents a statistical model incorporating genetic relationship
matrix for the analysis of two cycles of selection in a plant breeding trial.
Based on the model, predicted breeding values (PBV) and the accuracy
of selection are obtained. The approach is illustrated with data from a
self-pollinating crop (Pisum Sativum) for resistance to ascochyta blight
(Didymella pinodes) complex (Cowling et al., 2015) A new breeding ap-
proach, utilizing F1-recurrent selection and the animal breeding model, is
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used to accelerate response to selection in this self-pollinating crop, in-
cluding phenotypic and relationship records from self progeny. Using PBV,
narrow-sense heritability and the accuracy of selection allows comparison
of breeding strategies.

2 Motivating example

Traditionally in a plant breeding trial, selfed progenies of F1s are inter-
crossed, not the F1s themselves. The innovation in this study is that using
relationships allows evaluation and hence selection of the F1 plants through
their progeny. Each self is identified as a genotype with explicitly stated
identical parents inside the pedigree tree.

2.1 Phenotypic data

A total of 1139 and 1077 early generation progeny plants were tested in
cycles 1 and 2, respectively. Plots were single plants spaced 1m apart in
rows and columns, with 40 columns by 30 rows in cycle 1 grown in 2010,
and 20 columns by 70 rows in cycle 2 grown in 2013. We consider the
two cycles as two experiments (trials). Replication and concurrency of the
genotypes across experiments were provided by pure lines including founder
lines, Australian cultivars and Chinese landraces.

2.2 Experimental design

Trials were laid out as rectangular arrays of rows and columns using a
partially replicated (p-rep) design (Cullis et al., 2006). The design was
generated using package DiGGer (Coombes, 2009).

3 Statistical model

Denote the vector of plot yields y = (yT
1 , . . . ,y

T
t )T, t is the number of trials.

The model is given by

y = Xτττ + Zgua + Zguā + Zpup + e,

where ug = ua + uā and ug,ua,uā are respectively the vectors of genetic,
additive genetic and non-additive genetic effects, τττ is the vector of fixed
effects with design matrix X, up is the vector of random non-genetic effects
with design matrix Zp and e is the vector of plot errors combined across
trials.
The random effects are assumed to follow Gaussian distribution

ua
uā
up
e

 ∼ N



0
0
0
0

 ,


Ga 0 0 0
0 Gā 0 0
0 0 Gp 0
0 0 0 R
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and
var(y) = ZgGaZ

T

g + ZgGāZ
T

g + ZpGpZ
T

p + R.

The variance matrix for non-genetic random effects Gp is usually a diag-
onal matrix of scaled identity matrices. The variance matrix for the plot
error effects is assumed block diagonal with R = diag(Rj), where Rj is
the plot error matrix for the jth trial. The data are spatially modelled
and respectively ordered as rows within columns, reflecting the field layout
Rj = σ2

jΣΣΣcj ⊗ ΣΣΣrj , where σ2
j is a scale parameter and Σcj and Σrj are

the correlation matrices for column and row dimensions of the trial j, cor-
responding to autoregressive processes of order one. The variance matrix
for the additive genetic effects Ga is assumed to have the separable form
Ga = Gea ⊗Gva , where matrix Gea is the matrix of additive genetic vari-
ances/covariances between environments, matrix Gva is the matrix of ad-
ditive genetic variances/covariances between genotypes. We set Gva = A
where the known numerator relationship matrix A = {aij} is given by
aii = 1 + Fi and aij = 2fij . Fi is the inbreeding coefficient of genotype
i and fij is the coefficient of parentage between genotypes i and j. In a
similar manner we assume that the non-additive effects may be presented
as a two-way structure of genotype by environments effects, respectively
with variance Gā = Geā ⊗ Gvā . We assume independence between the
non-additive genetic components and set Gvā = Im. The matrix A−1 and
the models are computed using ASReml-R (Butler et al., 2009).

4 PBV, accuracy and heritability

PBV is the obtained best linear unbiased predictor (BLUP) for each geno-
type. More precisely, it is the empirical BLUP (E-BLUP), since the un-
known variance parameters have been replaced by their REML estimates
in the mixed model equation.
The accuracy r of PBVs is the correlation between the true and predicted
breeding values, and is sometimes reported as reliability, the squared corre-
lation (r2) (Mrode, 2005). The accuracy r of the predicted breeding value
for the ith genotype at an individual environment was calculated following
Gilmour et al. (2009) for the animal model

ri =

√
1− s2

i

(1 + fi)σ2
a

,

where s2
i is the prediction error variance for the ith genotype, σ2

a is the ad-
ditive genetic variance and 1+fi is the diagonal element of the relationship

matrix A. Narrow-sense heritability h2 was calculated as h2 =
σ2
a

σ2
a+σ2

ā+σ2
e
.
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5 Results

The fitted model identified significant linear row and column effects for
both trials, the local variation (AR1×AR1) was not that strong. The vari-
ance/covariance structure fitted for the genotype by environment interac-
tion effect was general correlation with heterogeneous variances, equivalent
to the unstructured in the case of two environments. The latter produced
separate estimates of the trials variances and the genetic correlation be-
tween the trials which appeared quite high, 0.82. The inclusion of the pedi-
gree in the model showed significantly (p < 0.001) better fit. The average
accuracy of predicted breeding values in the combined analysis without
pedigrees was 0.562 (genotypes in cycle 1) and 0.696 (genotypes in cycle
2), and increased to 0.894 (cycle 1) and 0.807 (cycle 2) when pedigree
information was included.
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Abstract: A statistical inconsistency of a zero-inflated binomial likelihood model
for count data is identified. This issue occurs when the response, y, is both zero
and n-inflated, and results in statistically inconsistent and erroneous parame-
ter inferences being drawn from the data. The zero-modified binomial likelihood
is amended to address this issue of n-inflation, resulting in a fully symmetric
binomial likelihood model for both zero and n-inflated counts. We present a sim-
ple regression example from the ecological literature which details the practical
application of the new likelihood model.
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1 The zero and n-modified binomial distribution

A frequent feature of data sets involving a count response is their tendency
to contain many zeroes. Data sets which contain a higher proportion of
zeroes over that expected by the standard statistical families can be mod-
elled through the use of zero-modified distributions. However, the use of
such distributions, in the context of data which are subject to sum con-
straints, will result in erroneous and inconsistent parameter inferences. We
propose an extension to the existing zero-inflated binomial likelihood model
of Hall (2000) which simultaneously addresses possible n-inflation in the
observed data, specifically,

yi ∼



0 with probability
(1− π1i)π2i

π1i + π2i − π1iπ2i

ni with probability
π1i(1− π2i)

π1i + π2i − π1iπ2i

Binomial(ni, pi) with probability
π1iπ2i

π1i + π2i − π1iπ2i

(1)
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Here (1− π1i) and (1− π2i) refer to the probability of zero-inflation for yi
and zi = ni − yi respectively. We explicitly assume the constraint that the
ni must be non-zero - this implies a probability correction factor π1i+π2i−
π1iπ2i. If there is no n-inflation present in the data the model collapses to
that of Hall (2000).

2 Application

We utilise an example from the ecological literature; the data set consists of
61 pollen counts, obtained from lake sediment (Huntley et al., 1993), which
we separate into the categories of either warmer or cooler climate-preferring
types. A measure of local climate, GDD5 (Growing degree days above 5C),
is available for each site. Let Y = {y1, . . . , y61}, represent the pollen counts
of the “cooler” type and Z = {z1, . . . , z61} the counts of the “warmer” type.
The sum constraint at each location is naturally the sum of the respective
pollen types, i.e. N = {n1, . . . , n61} = Y+Z. We assume a simple model for
the cooler pollen-GDD5 interaction, namely that the proportion of pollen
(yi/ni) observed at a given site is a logistic-linear function of the GDD5
measurement (ci) at that location, logit(pi) = β0 + β1ci = βββCi.
In the following let ααα = {α1, α2}

yi ∼ zero/n-inflated Binomial(ni, pi,ααα)

logit(pi) = βββCi

π1i = (pi)
α1

π2i = (1− pi)α2 (2)

The log-likelihood for the model in (2) is, up to a constant,

L(ααα,βββ; Y,N)

∝
∑
yi=0

log

(
1

(1 + eβββCi)α2
− eα1βββCi

(1 + eβββCi)α1+α2
+

eα1βββCi

(1 + eβββCi)α1+α2+ni

)

+
∑
yi=ni

log

(
eα1βββCi

(1 + eβββCi)α1
− eα1βββCi

(1 + eβββCi)α1+α2
+

e(α1+ni)βββCi

(1 + eβββCi)α1+α2+ni

)
+

∑
yi 6=0,ni

(α1 + yi)βββCi − (α1 + α2 + ni) log
(

1 + eβββCi

)
−

∑
yi

log

(
eα1βββCi

(1 + eβββCi)α1
+

1

(1 + eβββCi)α2
− eα1βββCi

(1 + eβββCi)α1+α2

)
(3)

As the log-likelihood of the model in (3) is simple to maximise due to the
small number of model parameters (α1, α2, β0, β1), we proceed to do so
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FIGURE 1. Histogram of the “cooler” pollen counts (scaled by sum totals). We
note that the counts exhibit clear signs of both zero and n-inflation as evidenced
by the excess of observations at 0 and 1.

using the Newton Raphson method. The maximum likelihood estimates
are presented in Table 1, as well as the estimates produced for the zero-
modified model of Hall (2000) where both Y and Z are separately modelled
as the response.

TABLE 1. Maximum likelihood estimates for model parameters± standard errors
obtained from the inverse observed information matrix.

Model zero & n-inflated zero-inflated zero-inflated
(cooler) (warmer)

log(α1) 0.113± 0.179 0.701± 0.186 −
log(α2) −0.701± 0.474 − −0.544± 0.453
β0 105.45± 0.07 79.67± 0.055 210.99± 0.091
β1 −0.015± 0.00002 −0.011± 0.000016 −0.030± 0.000019
AIC 245.82 764.57 737.54

3 Results

The AIC for the zero & n-inflated model is substantially lower than for
the competing zero-inflated model. Notably, the AIC for a binomial model
fit is 3876, indicating that the incorporation of at least one zero-inflation
aspect to the model does improve fit immeasurably. As the high GDD5
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site locations should favour the warmer pollen types, the zeroes observed
are more likely to be errant zeroes - this is reflected in the AIC for the
zero-inflated fit of this model being superior to that of the cooler pollen
equivalent. It is apparent that the ni’s of the Z counts are clearly as a
result of zero-inflation in the Z counts but this feature is not captured by
the zero-inflated model for the cooler pollen counts. Based on the output
of the various model fits presented in table, both the cooler and warmer
pollen types exhibit significant degrees of zero inflation.

4 Summary

In this article we have presented a modified binomial likelihood model
which addresses zero-inflation of both response variables simultaneously,
resulting in consistent parameter inferences regardless of response variable
choice. The superiority, in terms of consistency of inference and model fit,
is clearly displayed in the ecological regression example presented herein.
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Abstract: Conditional weight gain is a statistical term used to describe how a
change in weight between two time points in one child, differs from that which
would be expected given their initial weight. However, when comparing children
that derive from different backgrounds, the assumptions for conditional weight
gain break down as their distributions differ. This paper provides an adapted
version of conditional weight gain, allowing children from different datasets to be
compared directly relative to a common reference.
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1 Introduction

The concept of Z scores is essential to understanding conditional weight
gain. A Z score provides an estimate of where measurement X lies relative
to its population mean, µX , in terms standard deviations (SD) σX . Let

Z =
X − µX
σX

. (1)

Since Z ∼ N(µZ , σ
2
Z), Z can be converted to a centile, providing an esti-

mate of the proportion of the population below or above X.
If the estimates of the mean and SD are from the same population from
which X derives from then we can assume Z ∼ N(0, 1). If the mean and
SD do not derive from the same population as X, then µZ 6= 0 and σZ 6= 1.
Conditional weight gain uses these properties of Z scores to provide an
estimate of how one child’s change in weight compares with the rest of
the child’s population, given their initial weight. If an external reference is
used (a reference distribution other than the child’s parent population in
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which the mean and standard deviation is calculated), µZ and σZ need to
be estimated so that the correct centile can be acquired.
To compute conditional weight gain, we firstly obtain Z scores for X1 and
X2. We then regress Z2 on Z1. The resulting linear regression model allows
us to determine what we expect Z2 should be based on Z1. We then create
a Z score for X = Z2 − E(Z2|Z1) = Z2 − (α+ βZ1)

Z =
X − µX
σX

=
Z2 − µZ2

− r σZ1

σZ2
(Z1 − µZ1)

σZ2

√
(1− r2)

The reason for creating a Z score for the difference between Z2 and its
predicted value based on Z1 is to take regression to the mean into the ac-
count. Regression to the mean is a statistical phenomenon that states that if
groups of individuals are weighed once then later again, their weight centile
will tend to be on average closer to the population mean. Conditional weight
gain accounts for this expected movement. When an internal reference is
used (i.e. the child’s parent population), then µZ1

= 0, µZ2
= 0, σZ1

= 1
and σZ2

= 1 and the formula reduces to

Z =
Z2 − rZ1√

(1− r2)
.

If an external reference is used then we cannot assume Z ∼ N(0, 1) and
need to estimate µZ1

, µZ2
, σZ1

and σZ2
.

In both cases, the correlation coefficient, r, must be calculated.

2 Data and aims

Three developing world datasets were made available in this study; South
African, Malawian and Pakistani. The aim is to make the datasets com-
parable relative to a common reference. Only one dataset is summarised
within this paper, the South African Vertical Transmission Study (VTS).
The VTS was conducted between 2001 and 2006. Anthropometry measure-
ments were taken at 6, 10, 14, 18, 22, and 26 weeks then at months 7, 8,
9, 12, 15, 18, 21 and 24 from 2938 children.

3 Modelling correlation

Correlation coefficients, r, can be calculated between groups of measure-
ments at the scheduled dates available. However to calculate correlations
between intermediate values, the correlation surfaces were modelled so that
values could be interpolated at any point. Generalised Additive Models
(GAM), Fractional Polynomials (FP) (Royston and Altman, 1994) and the
Argyle model (Argyle, 2002) were all fitted and assessed using the Akaike
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Information Criterion (AIC) and mean square error (MSE). The Argyle
model models correlation surfaces on the log scale. When applying GAM
and FP models, the Fisher transformation was used. The reason for using
the Fisher transformation is because as the true population parameter |ρ|
gets closer to 1, the variance of r decreases. The Fisher transformation is an
approximate variance stabilising transformation, meaning the variance of
the transformed data is approximately constant for all values of the pop-
ulation correlation coefficient. As the models are on two different scales,
AIC’s cannot be compared directly. However, by multiplying the likelihood
L by the Jacobian J the two are comparable. For f(y) = log(y), J =

∏
1
yi

and for f(y) = φ(y) = 1
2 (log(1 + r)/(1 − r)), J =

∏
1

(1−r2) where AIC

= 2k−2(log(L)+log(J)). Overall, fractional polynomial models fitted best
in terms of AIC and MSE, and were adopted to model the correlation sur-
faces. The covariates used were the difference, ∆t, and means (µt) between
t1 and t2.
Fractional polynomials allow more flexibility than normal polynomials by
allowing more flexible power selection. A backward elimination algorithm
is run to determine which powers to use. The VTS correlation model can
be seen below which can be used to interpolate values from any point on
the correlational surface.

E(φ(rti , rtj )) = β0 + β1

(
∆t

10

)1/2

+ β2

(
∆tµt
100

)2

(2)

+β3

(
∆tµt
100

)
log

(
∆tµt
100

)
+ β4

(µt
10

)1/2

+ β5

(µt
10

)
.

4 Using an external reference

The World Health Organisation (WHO) reference is an international stan-
dard which uses composite longitudinal growth measurements from chil-
dren from a number of different backgrounds. These backgrounds include
both developing and developed world countries from all over the world.
The standard describes how children should grow, not how they do grow,
and should therefore be used as a reference to determine where children
sit relative to an ideal set of children. Since each dataset is structurally
different, their mean values and standard deviations will differ, relative to
the WHO reference. By modelling the means and SD’s for the VTS infants,
values can be interpolated from any point in time to obtain µZ1

, µZ2
, σZ1

and σZ2
.

GAM’s for Location, Scale and Shape (GAMLSS), a semi-parametric mod-
elling procedure which allows users to model complex statistical distribu-
tions, were used to model the means and standard deviations (Rigby and
Stasinopoulos, 2001). An example of which can be seen in Figure 1.
The plots shown in Figure 1 show mean differences and ratios of SD’s
between the WHO reference and the VTS study for males. It can be seen
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FIGURE 1. Mean & standard deviation of Z scores vs. Age (months) (WHO
reference).

that the average Z score sits around -0.4 at age 0, increases above the WHO
standard at 6 months and dips back down through 0 at 15 months.
By interpolating from the two plots, µZ1 , µZ2 , σZ1 and σZ2 can be estimated
at ages t1 and t2 and the correlation can be estimated using equation (2).
Then, by using equation (1), the conditional weight gain can be calculated.

5 Summary

The adapted methodology provides a framework in which practitioners can
compare children’s weight gain Z scores from different backgrounds directly
with one another, using a common reference. The reference can easily be
changed and the resulting means and standard deviations of the Z scores
can be modelled with GAMLSS.

Acknowledgments: The authors thank Dr. Ruth Bland for permission
to use the VTS data within this paper.
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Abstract: In this work we proposed a procedure to elicit prior distributions for
the parameters of a generalized linear mixed model, in situations where there not
exist specialist on the matter or the data analyst does not have information from
historical sources. Our proposed method is supported by heuristics and Bayes
empirical methods.
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1 Introduction

The generalized linear mixed models (GLMM) combine the generalized lin-
ear models with random effects with normal distribution within the lineal
predictor, which can be applied to a wide variety of problems and are par-
ticularly useful in longitudinal studies. However, their flexibility is limited
by the need to carry out multidimensional numerical integrations, which
are computationally complex (Fong et al., 2010).
The hierarchical model formulation where the outcome is modeled condi-
tionally on random effects, which are then modeled in an additional step,
makes the Bayesian approximation an attractive methodology but this re-
quires the specification of prior distributions for the model’s parameters.
In those cases where information about the problem is available, Chen
et al. (2003) propose informative prior distributions based on historical
data; while Fong et al. (2010) show that it is possible to specify normal
prior distributions where the parameters can be obtained by specifying
two quantiles of the dependent variable with their probabilities.
However, when no historical data, information or a specialist in the topic
of interest is available, it is possible to obtain information for the model’s
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parameters directly from the data (Carlin and Louis, 2000). Another option
is to assume that there is sufficient information in the data so that the pa-
rameters can be well estimated using a non-informative prior distributions.
The main goal of this study was to consider a situation in which little
information is available and it is not possible to identify an specialist on
the topic. This proposal begins with an analysis of part of the data in order
to obtain information that will make it possible to elicit prior distributions
for the model’s parameters.

2 Case study

We used a database with a total of 266 records, corresponding to individuals
diagnosed with differentiated thyroid cancer (DTC), who underwent an
ablation procedure. As part of the follow-up to the treatment, the levels
of thyrotropin, a thyroid stimulating hormone (TSH), were assessed at
three different times after the surgery (3, 9 and 18 mo). According to the
management protocols of the American Thyroid Association (2012), the
TSH levels in a controlled patient should no be greater than 1 mIU/mL. It
was observed that about 90% of the individuals had controlled TSH levels
as of the ninth month (Table 1).

TABLE 1. Frequencies of the TSH measures.

TSH Month 3 Month 9 Month 18

> 1 83 31.2% 24 9.0% 23 8.7%
≤ 1 183 68.8% 242 91.0% 243 91.4%

3 Statistical modelling

Let a GLMM be for binary data with a logistic link, where θi is the proba-
bility that the TSH measurement is less than or equal to 1 mIU/mL in the
ith individual, then

logit(θi) = β0 + β1 ∗ age+ β2 ∗ size+ β3 ∗ time+ bi,

where βj , j = 0, 1, 2, 3, are the regression coefficients, referred to as fixed
effects; and bi is the random effect, which represents the subject-specific
random variation, so that bi ∼ N(0, σ2) (Molenberghs and Verbeke, 2005).
In our literature review, we established three covariates related with the
persistence/recurrence of DTC, to study their relationship with the TSH
after the treatment. It was also possible to make groups of individuals in
according with their age after we observed the behavior of the variable in
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the sample (age ≤ 38 years old). For the size of the tumor, we used the cut
point reported in the literature (size ≤ 2cm); and for the time observation,
we used the variable in its continuous form (time).
In order to run the estimation procedure, it is necessary to specify prior
distributions for the fixed effects βj and the variance component σ2. Start-
ing initially with a simple model for a “typical” individual (i.e. one with
bi = 0) and taking the variable age, the model

logit(θi) = β0 + β1 ∗ age+ bi

was adjusted with a subsample (n = 50) from the total database; and

the probabilities of success θ̂i associated with the typical individuals were
estimated within the age range. According to Tovar-Cuevas (2012), it is
possible to obtain the hyperparameters of a Beta(a, b) associated with the
success probabilities, dividing the parametric space in k excluding intervals,
so that the sum of its ranges is equal to the range of the complete parametric
space and using Chebyshev’s inequality, the values of the parameters a
and b can be obtained. Once the distributions for the probabilities are
established, it is possible to get the distributions of the fixed effects using
the inverse transformation method and generate its values using MCMC.
The previous random subsample were resampled m times and simple mod-
els were adjusted for each variable; and given the symmetry of the empirical
distribution of the m adjusted estimations, a goodness-of-fit normality test
were carried out. In those cases where it is not possible to reject the hy-
pothesis of normality, it was assumed that the parameter of interest could
have a normal distribution whose hyperparameters µ and σ2 correspond to
the average and the variance of the m observations. We used m = 1000 to
obtain our estimate values. For those cases where the hypothesis of nor-
mality was rejected, an asymmetric distribution was sought, such as the
Gamma(a, b); and in order to obtain the hyperparameters, the values of
the sample moments were matched with those of the distribution.

4 Results and conclusions

An initial model were adjusted using the adaptive Gaussian quadrature as
the estimation method (Molenberghs and Verbeke, 2005). The results (see
Table 2) were compared with the Bayesian estimations. For fixed effects,
normal distributions with a large variances were used as non informative
prior, in this case the posterior distributions had the highest standard er-
ror. For informative priors, the empirical distributions of the fixed effects
for the variables age and tumor size showed a symmetric behavior with
adjustments made to normality. The variable time showed a positive asym-
metric behavior and a Gamma(275.6, 0.001) distribution was used. We ob-
served less variability in the estimates in this cases. The variables size
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and time underwent important changes within the model. For the vari-
ance component, an Inv-Gamma distribution with large precision was used
and it shows a high between-subject variability with a large standard error
compared with the maximum likelihood estimation. Using our propose pro-
cedure, the posterior estimation is closer to maximum likelihood estimation
but with smaller standard error.

TABLE 2. Results of the estimation process.

Parameter β0 β1 β2 β3

Approximation of the integral

Est. 1.27 0.62 -0.24 0.02
St. Dev. 0.28 0.23 0.23 0.02
Interval ( 0.72, 1.80) ( 0.16, 1.07) (-0.69, 0.20) (-0.02, 0.05)

Noninformative priors

Est. 3.70 1.92 -0.78 0.03
St. Dev. 0.96 1.02 1.99 0.02
Interval ( 1.78, 5.59) (-0.05, 3.95) (-2.64, 1.29) (-0.02, 0.08)

Informative priors

Est. 1.05 0.04 0.04 0.14
St. Dev. 0.046 0.01 0.05 0.01
Interval ( 0.97, 1.14 ) ( 0.03, 0.05 ) (-0.05, 0.14 ) ( 0.10, 0.12 )
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Abstract: Bayesian analysis provides a convenient setting for the estimation
of complex generalized additive regression models (GAM). Because of the very
general structure of the additive predictor in GAMs, we propose an unified mod-
eling architecture that can deal with a wide range of types of model terms and
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1 Introduction

Bayesian estimation based on Markov chain Monte Carlo (MCMC) simu-
lation is particularly attractive since it provides valid inference that does
not rely on asymptotic properties and allows extensions such as variable
selection or multilevel models. Existing estimation engines already provide
infrastructures for a number of regression problems exceeding univariate
responses, e.g., for multinomial, multivariate normal or mixed discrete-
continuous distributed variables. In addition, most of the engines support
random effect estimation that can be utilized for setting up complex models
with additive predictors (see, e.g., Fahrmeir et al., 2013).
In order to ease the usage of already existing implementations and code,
as well as to facilitate the development of new algorithms and extensions,
we present an unified and entirely modular architecture for models with
additive predictors which does not restrict to any type of regression prob-
lem. The approach follows the model class of generalized additive model

This paper was published as a part of the proceedings of the 30th Interna-
tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
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for location, scale and shape (gamlss, Rigby and Stasinopoulos, 2005) but
is more flexible and is sometimes referred to as distributional regression.

2 Model structure

The models discussed assume conditional independence of the response
variable y1, . . . , yn given covariates. Within distributional regression, all
parameters of the response distribution can be modeled by explanatory
variables such that

y ∼ D
(
h1(θ1) = η1, h2(θ2) = η2, . . . , hK(θK) = ηK

)
, (1)

where D denotes any distribution available for the response variable and
θk are parameters that are linked to an additive predictor using known
monotonic link functions hk(·). The k-th additive predictor is given by

η = f1(x) + · · ·+ fp(x), (2)

where x represents a generic vector of all linear and nonlinear modeled
covariates. The functions fj are possibly smooth functions encompassing
various types of effects, e.g., linear and nonlinear effects of continuous co-
variates, two-dimensional surfaces, spatially correlated effects, varying co-
efficients, random intercepts and random slopes, etc. Using a basis function
approach, the vector of function evaluations can be written in matrix no-
tation fj = Xjβj and can also be represented as a mixed model with

fj = X̃j γ̃j + Ujβ̃j , where γ̃j represents the fixed effects parameters and

β̃j ∼ N(0, τ2
j I) independent and i.i.d. random effects (see, e.g., Fahrmeir

et al., 2013).

3 A conceptional Lego toolbox

For Bayesian inference, prior distributions need to be assigned to the re-
gression coefficients. A general setup is obtained by using normal priors for
βj of the form

p(βj |τ2
j ) ∝ exp

(
− 1

2τ2
j

βT

jKjβj

)
, (3)

where Kj is the so called penalty matrix that depends on the functional
type chosen for fj . The variance parameter τ2

j is equivalent to the inverse
smoothing parameter in a frequentist approach and controls the trade off
between flexibility and smoothness. A common choice of prior for the vari-
ance parameter is a weakly informative inverse Gamma hyperprior.
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The main building block of all estimation engines is the logarithm of the
posterior given by

log p(ϑ|y) = `(ϑ|y) +

K∑
k=1

pk∑
j=1

{
log p(βjk|τ2

jk) + log p(τ2
jk)
}
, (4)

with log-likelihood `(·) and priors p(·), e.g., given by (3), where ϑ =
(β1, . . . ,βK , τ

2
1 , . . . , τ

2
K)T. From a frequentist perspective (4) can be viewed

as a penalized log-likelihood.
Moreover, gradient based algorithms require the evaluation of the first
derivative or score vector as well as the second derivatives, e.g., when ap-
plying a Newton-Raphson type algorithm, or MCMC sampling using IWLS
proposals (see, e.g., Fahrmeir et al., 2013). Because these quantities can be
nicely decomposed using the chain rule and model terms are represented
by an unified approach, algorithms for distributional regression models can
be build by combining the following “Lego-bricks”:

• The log-likelihood function `(ϑ|y).

• The first order derivatives ∂`(ϑ|y)/∂θk, ∂θk/∂ηk and ∂ηk/∂ϑk.

• Second order derivatives ∂2`(ϑ|y)/∂ηk∂η
T

k (and expectations).

• Derivatives for priors, e.g., log p(βjk|τ2
jk) and log p(τ2

jk).

Hence, a modular system can in principle be used to implement various
estimation algorithms (also using existing software). A simple generic al-
gorithm for distributional regression models is outlined by the following
pseudo code:

while(eps > ε & i < maxit) {
for(k in 1:K) {

for(j in 1:p) {
Compute η[k]

-j = η[k] − f [k]j .

Obtain new (β[k]
j , τ2[k]

j )T = u[k]j (y,η[k]
-j ,X

[k]
j ,β[k]

j , τ2[k]
j , family, k).

Update η[k].
}

}
Compute new eps

}

The algorithm does not distinguish between optimization or sampling, be-
cause the functions u[k]j (·) could either return proposals from a MCMC
sampler or updates from an optimization algorithm. Moreover, it is pos-
sible to use different update functions for model terms within predictors,
e.g., IWLS proposals combined with slice sampling or Hamiltonian Monte
Carlo. An implementation of the modular infrastructure is provided in the
R package bamlss (available at https://R-forge.R-project.org at the
time of writing).
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FIGURE 1. Predicted average precipitation for January 10th and July 10th. An-
imation available at http://eeecon.uibk.ac.at/~umlauf/data/austria.gif.

4 Example

As an illustration, we analyze precipitation data taken from the HOM-
START project conducted at the Zentralanstalt für Meteorologie und Geo-
dynamik (ZAMG, see also Umlauf et al., 2012). The aim is to estimate a
good climatology which can be used for subsequent meteorological models.
Since precipitation data is skewed and exhibits high density at zero ob-
servations, we estimate a censored normal additive regression model with
latent Gaussian variable y? and observed response y, the square root of
daily precipitation observations. The model is given by

y? ∼ N(µ,σ2), µ = ηµ, log(σ) = ησ, y = max(0,y?).

For both µ and σ, we use the following additive predictor:

η = β0 + f1(day, lon, lat) + f2(lon, lat) + f3(day) + f4(alt),

where function f1 is a spatially varying seasonal effect, f2 a spatially cor-
related effect, f3 the seasonal and f4 the altitude effect. The resulting cli-
matology for two particular days of the year are shown in Figure 1.
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Abstract: In geostatistics, both kriging and smoothing splines are commonly
used to predict a quantity of interest. The geoadditive model proposed by Kam-
mann and Wand (2003) represents a fusion of kriging and penalized spline addi-
tive models. The fact that the underlying spatial covariance structure is poorly
estimated using geoadditive models is a drawback. We describe K-splines, an
extension of geoadditive models such that estimation of the underlying spatial
process parameters and predictions of the spatial map are performed with the
same accuracy and precision as in kriging.
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1 Introduction

The objective of geostatistics is to produce a map of a variable of interest on
a specified domain based on observations which are measured with or with-
out noise. Consider the geostatistical model y(si) = z(si) + εi, i = 1, . . . , n,
where the y(si) are observed data values from the underlying true values
z(si). These data values are noise-corrupted by white-noise error terms εi.
The spatial locations si belong to a specified continuous domain D ⊂ Rd.
The idea of geostatistics is to use the data y(si) to make predictions of z(s0)
where s0 ∈ D. Both kriging and spline methods can be used to handle geo-
statistical problems. In kriging, the values z(si) are assumed to be the
realisations of an autocorrelated random process (Cressie, 1993). Smooth-
ing splines assume that the z(si) are the values of a smooth non-parametric
function (see e.g., Hutchinson and Gessler, 1994).
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tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
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In kriging, linearity of the covariate effects is usually assumed. Kammann
and Wand (2003) merged kriging and additive models to allow for non-
linear relationships between covariates and the response variable in geo-
statistics. Their so-called geoadditive model consists of a penalized spline
additive model with a geostatistical extension. The geoadditive model can
be expressed as a linear mixed model which allows for estimation and in-
ference using standard methodology. The drawback of their model is the
biased estimation of the underlying spatial process.
Vandendijck et al. (2015) introduced the concept of kriging-splines, ab-
breviated by K-splines, which extends geoadditive models such that the
estimation of the underlying spatial process and prediction of the map of
interest is performed with similar accuracy and precision as in kriging.
By showing a theoretical connection between kriging and K-splines, it is
presented how the spatial covariance structure (covariogram) implied by
K-splines is derived. K-splines are also embedded within the linear mixed
model framework and the estimation uses a two-step likelihood procedure.

2 K-splines

For simplicity, suppose the data are (yi, si, ai, bi), 1 ≤ i ≤ n, where yi is
the value of the ith response, ai and bi are the values of two predictor
variables a and b, and si represents the geographical location. Suppose the
predictor a enters the model linearly and that the predictor b enters the
model non-linearly. The geoadditive model is

yi = β0 + βaai + f(bi) + S(si) + εi, 1 ≤ i ≤ n, (1)

where f is a smooth function of b and S is the geographical component
of the model. Both f and S are modelled using penalized spline functions.
We use the thin plate spline family to construct f . The spatial component
S is modelled through a set of radial basis functions and is of the form
S(s) =

∑Ks
k=1 u

s
i gφ(s − κsk), where gφ can be any of the proper covariance

or generalized covariance functions used in kriging. The subscript in gφ
is used to denote a possible dependence on a spatial decay parameter φ.
An overview of the most important covariance functions gφ that can be
used are given in Table 1. The vector (us1, . . . , u

s
Ks

) contains the Ks un-
known knot coefficients that are penalized to overcome overfitting. The Ks

knots κs1, . . . ,κ
s
Ks

are a representative subset of (s1, . . . , sn) used for the
construction of the basis functions.
Kammann and Wand (2003) propose to choose φ via the simple rule φ̂ =

max
1≤i,j≤n

‖si − sj‖. We propose K-splines, a new estimation approach for

geoadditive models that allows for accurate estimation of the parameter φ.
This enables one to estimate the underlying spatial process accurately and
precisely. A two-stage iterative estimation approach is proposed to estimate
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TABLE 1. Some important and often used covariance functions gφ (where φ is
positive for each function).

gφ(x) =

Exponential exp
(
− ‖x‖

φ

)
Gaussian exp

(
− ‖x‖

2

φ2

)
Spherical

(
1− 3

2
‖x‖
φ

+ 1
2
‖x‖3
φ3

)
Matérn (ν = 3

2
) exp

(
− ‖x‖

φ

)(
1 + ‖x‖

φ

)
Circular 1− 2

π

(
ϑ
√

1− ϑ2 + arcsinϑ
)
, with ϑ = min

(
‖x‖
φ
, 1
)

the parameters. At the first stage, the linear mixed model representation of
(1) is estimated fixing φ in gφ at its current value, and in the second stage
the parameter φ is optimized fixing the linear mixed model parameters. For
mode details on the estimation procedure and inference using K-splines, we
refer to Vandendijck et al. (2015).

3 Simulation study

We consider as spatial domain the unit square. Data at a spatial location
s = (sx, sy) on this square is simulated using the model

ys = S(s)− 0.5x1s + sin(2πx2s) + εs, (2)

where εs ∼ N (0, σ2
ε = 0.10), x1s ∼ Unif[0− 1], x2s ∼ Unif[0− 1] and S(s)

is a zero-mean Gaussian Random Field (GRF) (Gelfand et al., 2010) with

a Gaussian covariogram without nugget, namely K(h) = cs exp
(
−‖h‖

2

τ2

)
.

We consider cs = 0.50 and τ = 0.15. We obtain 250 simulated realizations
from (2). From each realization we draw a random sample of size n = 500.
For each simulated dataset, the covariogram parameters (cs, τ) and the
measurement error parameter σ2

ε were estimated using seven different meth-
ods: (1) Direct maximum likelihood (D-ML) parameter estimation for GRFs;
(2) Direct restricted maximum likelihood (D-REML) parameter estimation
for GRFs; (3) Weighted least squares (WLS) estimation of the empirical
semivariogram; (4) Maximum likelihood estimation as described in Kam-
mann and Wand (2003) (KW-ML); (5) Restricted maximum likelihood esti-
mation as described in Kammann and Wand (2003) (KW-REML); (6) Max-
imum likelihood estimation using K-splines (KS-ML); and (7) Restricted
maximum likelihood estimation using K-splines (KS-REML). In addition,
the prediction performance at five locations on the considered spatial do-
main was evaluated. D-ML, D-REML and WLS are kriging approaches in
which the covariates enter the mean function linearly. For KW-ML, KW-
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REML, KS-ML and KS-REML, we use model (1) where 150 knots are used
to model the spatial component S.
Results are displayed in Table 2. It is observed that K-splines perform bet-
ter for the estimation of the covariogram parameters cs and τ . Because the
covariates enter the mean function linearly in D-ML, D-REML and WLS,
the measurement error parameter σ2

ε is not well estimated. The estimated
covariogram parameters for KW-ML and KW-REML are seriously biased.
This can be expected since the approach of Kammann and Wand (2003)
does not attempt to estimate these parameters well. In terms of prediction,
we see that K-splines perform the best.

TABLE 2. MSE results over 250 simulations for the covariogram parameters and
predictions with corresponding 95% confidence intervals coverage.

cs τ σ2
ε cs/τ pred. cov. cov.a

D-ML 1.67 0.02 3.76 58.97 23.65 57.2
D-REML 1.82 0.02 3.83 62.24 23.64 57.2
WLS 2.03 0.06 3.88 75.33 23.88 57.6
KW-ML > 103 148.52 3.71 > 103 14.61 63.4
KW-REML > 103 148.52 3.73 > 103 14.61 64.4
K-ML 1.51 0.01 0.01 49.11 2.39 94.8 95.0
K-REML 1.55 0.01 0.01 50.06 2.40 94.8 95.3

a: based on a bootstrap procedure (see Vandendijck et al., 2015)

4 Conclusion

K-splines offer a framework wherein the covariogram parameters in a geoad-
ditive model are estimated accurately and precisely. From simulation stud-
ies we can conclude that predictions benefit from this.
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Abstract: Do contacts over distance show a multimodal form, with a peak of
contacts close to home and a second peak further away from home, or is a power-
law form sufficient? By using data from our social contact study, we were able
to test this hypothesis. We exploited various distributions for the contacts at a
certain distance, e.g. Poisson, Negative Binomial, . . . , and incorporated random
effects to account for the clustering of contacts within participants. Various forms
of the underlying distribution were tested by integrating their information into
the observed categories. The preliminary results support a Weibull form for the
distribution of contacts over distance, however subtle differences are present when
differentiating by the participant’s age and by week or weekend days.
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1 Introduction

Cooper (2006) noticed the lack of appropriately incorporating spatial infor-
mation about contacts in epidemic models. He reported a study by Riley
and Ferguson (2006) in which journey-to-work data were used as a proxy
for the spatial distribution of potential contacts, a rough approximation to
the truth according to Cooper (2006). He furthermore referred to unpub-
lished work on contacts over distance to indicate the possible biases in using
commuting data. Read et al. (2014) noted the same gap and presented data
on contacts over distance in the setting of southern China. Their results
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consisted of comparing the contacts over distance by rural and urban ar-
eas, describing the differences by age, but nonetheless no estimation of the
distance kernel itself. Differences in the number of contacts over distance
by age were shown, whereby the age group between 20 and 29 years of age
was most mobile. The estimation of the distance kernel could lead to more
realistic models and hence would possibly fill in the gap noted by previous
authors. The current study aims at estimating the underlying distribution
of contacts over distance, hence the distance kernel, while accounting for
clustering and allowing differentiations based on characteristics of the par-
ticipants.

2 Methodology

Using the time use data and the contact data from our social contact survey
(described in detail by Willem et al., 2012) a probabilistic match between
contacts and their distances from home was obtained. In the time use part,
the participants indicated the place and at which distance they spent most
of their time for certain time blocks (e.g. 5-8 h, 8-9 h, 9-10 h, . . . ). The dis-
tance (from home) was divided into 4 categories: 0-1 km, 2-9 km, 10-74 km
and more than 75 km. The contact diary part was similar to previous con-
tact surveys (e.g. Mossong et al., 2008), hence information on the location
of the contact was available. A contact was defined as either a conversation
with a person at less than 3 meters distance or a person they touched (skin-
to-skin contact), hence contacts by phone or internet were not recorded.
Repeated contacts were collected only once by combining the information.
To combine the two parts, contacts were separated by location, if multi-
ple locations were reported. The information from the time use data was
summarized to have consecutive time blocks that either differed in the lo-
cation the participant spent most of their time or by the distance at which
the participant spent their time. Contacts at specific locations were further
separated to have each of the possible options present from the time use
data (by time and distance). As contacts might occur in a short period of
time and the time spent at this location might not be of substantial dura-
tion, it occurs that a contact cannot be linked to a distance nor time. This
is a drawback of the study design, necessitating the omission of these data.
Since the probabilistic matching involves uncertainty, weights are given
to each link. We refer to a combination of possible links as a distributed
contact, and the weights sum to one for each distributed contact.
The information present for a possible link i can be described by Di =
(D1i, D2i, D3i, D4i) with D1i equal to 1 if the link occurs at distance 0-
2 km and 0 otherwise. Each element of this stochastic vector follows a
Poisson (Negative Binomial) distribution. Taking the weights for each link
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into account, the following log-likelihood will be used:

ll(β|d) =

p∑
i=1

4∑
j=1

[−λji + yij log(λji)− log(yij !)] .

Information concerning the participant (age, information recorded on week
or weekend day) can be incorporated in the model via the parameters
and the link functions. Let η1i, η2i, η3i, and η4i denote the linear predic-
tors, which include the information of the participant through β. These
β-estimates can differ for each linear predictor. The parameters can be
obtained as follows (with ni =

∑k
j=1 wij).

λ1i = ni exp(η1i), λ2i = ni exp(η2i)

λ3i = ni exp(η3i), λ4i = ni exp(η4i).

However, this approach does not take the clustering of contacts within par-
ticipants into account. Random effects were added for each linear predictor.
Furthermore, one can assume an underlying distribution for the contacts
over distance, say f(u,θ). The linear predictors include the expression of

the underlying distribution as for example η2 =
∫ 10

2
f(u,θ)du. Informa-

tion concerning the participant are incorporated in the parameters θ of
the underlying distribution. Various distributions including Powerlaw and
Weibull are considered for f(u,θ).
Additionally, various models for the total number of contacts were com-
pared to obtain the best fit. As such we are able to combine these two
elements in the estimation of the joint density of the total number of con-
tacts and the number of contacts over distance. This density allows us to
test the assumption of independence between the total number of contacts
and contacts over distance.

3 Preliminary results

A total of 41,327 links were recorded by 1527 participants, after remov-
ing the links with missing values for distance. Taking the weighted sum
of the distributed contacts shows that most of the contacts (10,119.17)
were reported at distance 2-9 km from home, followed by contacts close to
home (8374.84) and contacts 10-74 km from home (7567.59). Substantially
fewer contacts were reported at a distance of more than 75 km from home
(837.51).
In a first attempt, we model the parameters allowing different estimates for
various age classes and week or weekend days, but ignoring the clustering
within participants. The age classes considered are based on the schooling
system: [0, 3), [3, 6), [6, 12), [12, 18), [18, 25), [25, 45), [45, 65) and [65, 100).
The saturated model, which allows a different estimate for each age group
and week/weekend, has the lowest AIC (−65150) when age and week were
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included together with an interaction term. Using an underlying Weibull
model lead to the best fit from the various underlying distributions (AIC=-
64081), however the saturated model outperforms this model. A further
improvement in the Weibull model is to allow the two parameters to vary
by age and week.
The estimates for the probabilities (E(Y1

ni
)) based on the saturated model

showed a discrepancy over age: children showed a large proportion (around
55%) of contacts at home, whereas adults or young adults showed a smaller
proportion of contacts close to home (around 25-35%), but an increase in
the proportion of contacts at distance 10-74 km from home (around 29-40%
for young adults and adults compared to 9-14% for children). Furthermore,
during weekends generally a larger proportion of the contacts were reported
closer to home (mostly around 30-59%).

4 Discussion

The preliminary results indicate a Weibull underlying distribution, however
an extension of this model should give more evidence but clear influences
of the participant’s age and the day of collection are present. These subtle
differences should be incorporated in future models such as agent based
models or meta-population models in infectious diseases. Due to the study
design not all contacts were linked to a possible distance and hence infor-
mation was lost.
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Abstract: We present a test of zero-modification which checks if the number
of zeros is consistent with the hypothesized count distribution. This test is eas-
ily extended to test for inflation or deflation of any non-negative values, and,
by performing multiple tests of inflation/deflation of the counts present in ob-
served data relative to any given model, it is possible to assess the suitability
of that model. Such multiple testing may be represented diagrammatically. The
test for number-inflation/deflation is informally called the “Christmas Eve Test”
as the original idea occurred to the main author on December 24th, 2014, and
the diagrammatic method the “Durham Diagram” as it was developed during
preparation for a talk at Durham University.

1 Problem and methodology

We are given random draws Yi, i = 1, . . . , n from some count distribution,
which is hypothesized to possess a specific parametric density function
f(yi,Θi). For instance, f may be the Poisson density, and Θi may corre-
spond to a linear predictor zT

i β, with zi a vector of covariates and β an
unspecified parameter vector. We are interested in testing whether this dis-
tributional assumption is correct, or, in other words, whether the observed
data are consistent with this specification.
We will consider initially the particular question of whether the observed
number of zero’s is consistent with this assumption (but generalize this idea
to other values later on). Therefore, let E(Yi) = µi and pi = P (Yi = 0).
Hence if Xi is a random variable which takes the value 1 if Yi = 0 and
0 otherwise then Xi is a Bernoulli random variable with parameter pi.
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tional Workshop on Statistical Modelling, Johannes Kepler Universität Linz, 6–10
July 2015. The copyright remains with the author(s). Permission to reproduce or
extract any parts of this abstract should be requested from the author(s).
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If µ1 = · · · = µn = µ, i.e. µ does not depend on covariates, and hence
all the pi’s are equal also, then the distribution of the number of zeros
among Y1, . . . Yn is the sum of n independent Bernoulli random variables
with parameter p, and hence is the binomial distribution Bin(n, p), and
thus has mean np and variance np(1− p). Of more interest is when µi does
depend on covariates, and hence the pi’s are not all equal. The sum, SX ,
of n independent Bernoulli random variables X1, . . . , Xn with parameters
p1, . . . , pn respectively is known as a Poisson–Binomial distribution (Chen
and Liu, 1997):

P (SX = k) =

{
n∏
i=1

(1− pi)

} ∑
i1<···<ik

wi1 · · ·wik, (1)

where wi = pi
1−pi , i = 1, . . . , n, and the summation is over all possible

combinations of distinct i1, . . . , ik from {1, . . . , n}. The R package poibin
(Hong, 2013) implements both exact and approximate methods for com-
puting the cdf of the Poisson-Binomial distribution.

2 The Christmas Eve test

We wish to determine whether data is zero-inflated or zero-deflated relative
to a conditional count distribution (for instance, Poisson). The procedure
for this is as follows:

• (i) Fit the model according to the hypothesized count distribution;

• (ii) For each Yi, estimate P (Yi = 0) = pi;

• (iii) Use poibin to determine a (say) 90% confidence interval.

If the observed number of zeros in the data exceeds the upper limit of the
confidence interval then we have evidence of zero-inflation. If it is less than
the lower limit we have evidence of zero–deflation. (Alternatively poibin
will return a p value.)

2.1 Example

The n = 100 observations in the following table were simulated from a
ZIP distribution with zero-inflation parameter 0.2 and a Poisson mean uni-
formly distributed on [0.5, 1.5].

Y 0 1 2 3 4 5 6 7

Count 39 18 17 16 7 0 2 1

Representing the vector of Poisson means by Z, the three steps outlined in
the previous subsection are implemented through the following R-code:

(i) mod <- glm(Y ~ Z, family = poisson)

(ii) mfv <- dpois(0, mod$fitted.values)

(iii) qpoibin(c(0.05,0.95), pp = mfv)
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Step (iii) returns the 90% confidence interval [19, 35] for the expected num-
ber of zeros, hence as the observed number of zeros is greater than the upper
limit of the confidence interval we may reject the null hypothesis that the
observed number of zeros is consistent with a Poisson distribution.

2.2 Parameter estimation, power and type-one error rates

As visible from step (i) of the above example, the procedure requires esti-
mation of the means µi under the hypothesis that the count distribution is
correctly specified. However, these estimates may be poor if this hypothesis
is wrong, rendering the distribution (1) incorrect too.
Indeed, we found in further investigation that the estimation of the Poisson
parameter will be generally biased (but reasonably precise) if the data are
in fact zero–inflated. However, by estimating the mean parameter from the
truncated, positive data only, the estimates of the mean parameter became
unbiased, but imprecise.
Simulations show that a combination of the two approaches is successful:
excellent power and type-one error rates are achieved when the Poisson
parameter is estimated as a 2 :1 weighted mean of the the two estimators.
The type-one error rates and powers obtained when the Christmas Eve test
is used as a test of zero-inflation for 100 observed data are shown in Figure
1. The corresponding rates for a score test and a likelihood ratio test are
also illustrated. As is apparent the Christmas Eve test is the most powerful.
Its type one error rate is comparable to that of the score test, but behaves
better than that of the likelihood ratio test.
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FIGURE 1. Power and Type One Error rates.

3 Extending the test to positive values

The code of Section 2.1 may easily be modified to obtain confidence inter-
vals for other values. For example a 90% confidence interval for the number
of 1’s under the Poisson model may be estimated to be [20, 34], indicating
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that Y is “one-deflated” relative to the fitted Poisson model. Similarly it
may be shown that [23, 41], [14, 30, ], [6, 18], [1, 9], [0, 5], [0, 3] and [0, 1] are
90% confidence intervals for the number of 2’s, 3’s, 4’s, 5’s, 6’s and 7’s
under the Poisson model. This may be illustrated diagrammatically by a
“Durham Diagram”. In the left-hand diagram of Figure 2 the dotted lines
represent the upper and lower limits of the confidence intervals for the
counts under the Poisson model, and the dashed line the observed values.
If the data is consistent with the reference model the dashed line should in
general stay within the confidence bands, and departures from within the
confidence bands indicate possible unsuitability of the reference model, and
hence the left-hand diagram of Figure 2 indicates that a Poisson model is
not suitable. The right-hand diagram of Figure 2 is constructed taking a
zero-inflated Poisson distribution as the reference model; here we see that
none of the observed counts exceed or fall short of the confidence intervals,
indicating that a zero-inflated model may be suitable for the data.

4 Conclusion

The Christmas Eve Test is a highly intuitive test that when used to test
zero-inflation has superior power to score and likelihood ratio tests, and an
excellent type-one error rate. Whilst the Christmas Eve Test, including its
extension to values other than zero, was originally developed with respect
to zero-inflation it may be used to assess the suitability of any model for
observed data.
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Guédon, Yann, 103

Guo, Jingyi, 107

Hölzl, Andreas, 55

Hainy, Markus, 111

Hajd́ıková, Táňa, 143

Harman, Radoslav, 35

Hebbern, C., 63

Heene, Moritz, 55

Henderson, Robin, 91

Hens, Niel, 59, 291, 295

Hermann, Philipp, 115

Hernández, Freddy, 119

Higueras, Manuel, 123

Hinde, John, 171, 203

Hofmarcher, Paul, 151

Hossain, Abu, 127

Husmeier, Dirk, 187, 191

Iannario, Maria, 131

Jacobs, Tom, 179

Jalali, Amirhossein, 135
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