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Preface

This proceedings volume contains the papers presented at the 15TH IN-
TERNATIONAL WORKSHOP ON STATISTICAL MODELLING held in Bilbao,
Spain, July 17-21, 2000.

For 15 years the International Workshop on Statistical Modelling has brought
together statisticians from all corners of the globe. Originally founded in
Innsbruck, Austria, in 1986, the workshop took place in Perugia, Italy
(1987), Vienna, Austria (1988), Trento, Italy (1989), Toulouse, France
(1990), Utrecht, Netherlands (1991), Munich, Germany (1992), Leuven,
Belgium (1993), Exeter, UK (1994), Innsbruck (1995), Orvieto, Italy (1996)
and Biel/Bienne, Switzerland (1997). In 1998, the workshop location left
Europe and went to New Orleans, USA. Last year’s location (Graz, Aus-
tria) continued the European tradition of the workshop without losing its
international orientation. This year, the workshop comes to Spain for the
first time and takes place in Bilbao, a city in the north part of Spain in the
region of the Basque Country. The number of participants has grown con-
tinuously in the past years. Starting from 40 in 1986 it reached about 150
participants in the workshop celebrated in 1998 and it broke a new frontier
by attracting more than 200 participants in the last workshop. This year
we have about 160 participants, and around 100 scientists from nearly 30
different countries are presenting their work.

The workshop provides an interesting and stimulating scientific forum com-
bined with an informal atmosphere that allows for discussion and exchange
of ideas, paying special attention to the possibility of interaction between
well known scientists and young ones. As in previous years, the meeting
focuses on various aspects of statistical modelling including theoretical de-
velopments, applications and computational methods. It is the tradition of
the workshop to have no parallel sessions, which guarantees that the audi-
ence is not split. This stimulates a family-like atmosphere and encourages
people to return to the workshop every year. However, with the large num-
ber of excellent papers submitted this year the Scientific Committee had a
difficult job to select 31 of them for oral presentation. Another focus of the
workshop is to motivate young statisticians to present their work in ses-
sion specially designed for students. This year the members of the Scientific
Committee were deeply impressed by the solid and valuable work submitted
by students. Five papers were selected for oral presentation, namely those
by David Allcroft, Maria Jests Barcena, Rami Bustami, Renato Flores and
Stefan Lang.

The organizers of the workshop are proud and grateful for attracting 9
invited speakers to come to the meeting. The topics discussed by the in-
vited speakers further develop and extend the area of statistical modelling.
Wenceslao Gonzalez Manteiga gives a tutorial on goodness of fit tests for
regression models. Joel Horowitz considers semiparametric and nonpara-
metric estimation in Econometrics.



Mark Steel (joint work with Carmen Fernandez and Gary Koop) investi-
gates problems with modelling production with undesirable outputs. Dale
L. Zimmerman deals with the issue of aids for modelling the covariance
structure of longitudinal data: alternative specifications and graphical di-
agnostics. Eric Renault (Iterative and recursive inference for options price
data) and Winfried Stute (Jump diffusion processes with shot noise ef-
fects and their applications to Finance) introduce the issue of statistical
modelling in Finance for the first time in the workshop. Johannes Ledolter
brings out the topic of statistical techniques for quality improvement: im-
proving the manufacture of viscose fibre. James Zidek investigates the issue
of combining statistical and computer models for risk assesment (risk ex-
posure). Christopher Bishop (joint work with Michael Tipping) deals with
the issue of variational relevance vector machines.

The editors are indebted to Ludwig Fahrmeir, John Hinde, Michel Mouchart,
Jean Opsomer, Juan Romo, Esther Ruiz-Ortega and Bill Venables for their
effort and reliability as members of the Scientific Committee. Our special
thanks, however, are dedicated to all authors included in this volume for
carefully preparing their manuscript. We will also like to thank Fernando
Tusell Palmer and Juan Ignacio Modrono Herran for keeping the web page
for the workshop up to date. We must also thank Fernando Tusell Palmer
for allowing us to use his student’s Alpha machine and for all the help he
gave us when we had problems with IATEX. It is also our duty to thank both
Herwig Friedl and Géran Kauermann, the previous organizers of the work-
shop, for all the help, support and hints they have been giving us during
this past year. We must also mention that it has been our pleasure to work
together with the secretary of the workshop, John Hinde, and we thank
him for being so patient with us and for being so easy to communicate
with.

Finally we hope, that all participants and readers can join us with our
enthusiasm and delight at the workshop.

Vicente and Eva
Bilbao, May 25, 2000
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Variational Relevance Vector Machines

Christopher M. Bishop and Michael E. Tipping

! Microsoft Research, St. George House, 1 Guildhall Street, Cambridge CB2
3NH, U.K., {cmbishop,mtipping}@microsoft.com

Abstract: The Support Vector Machine (SVM) of Vapnik (1998) has become
widely established as one of the leading approaches to pattern recognition and
machine learning. It expresses predictions in terms of a linear combination of
kernel functions centred on a subset of the training data, known as support
vectors.

Despite its widespread success, the SVM suffers from some important limitations,
one of the most significant being that it makes point predictions rather than
generating predictive distributions. Recently Tipping (2000) has formulated the
Relevance Vector Machine (RVM), a probabilistic model whose functional form is
equivalent to the SVM. It achieves comparable recognition accuracy to the SVM,
yet provides a full predictive distribution, and also requires substantially fewer
kernel functions.

The original treatment of the RVM relied on the use of type II maximum likeli-
hood (the ‘evidence framework’) to provide point estimates of the hyperparam-
eters which govern model sparsity. In this paper we show how the RVM can be
formulated and solved within a completely Bayesian paradigm through the use
of variational inference, thereby giving a posterior distribution over both param-
eters and hyperparameters. We demonstrate the practicality and performance of
the variational RVM using both synthetic and real world examples.

1 Relevance Vectors

Many problems in machine learning fall under the heading of supervized
learning, in which we are given a set of input vectors X = {x,}_; to-
gether with corresponding target values T = {t,}_,. The goal is to use
this training data, together with any pertinent prior knowledge, to make
predictions of ¢ for new values of x. We can distinguish two distinct cases:
regression, in which t is a continuous variable, and classification, in which
t belongs to a discrete set.

Here we consider models in which the prediction y(x,w) is expressed as a
linear combination of basis functions ¢,,(x) of the form

y(x,w) = Z Wi, P (X) = WT¢ (1)
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where the {w,,} are the parameters of the model, and are generally called
weights.

One of the most popular approaches to machine learning to emerge in re-
cent years is the Support Vector Machine (SVM) of Vapnik (1998). The
SVM uses a particular specialization of (1) in which the basis functions
take the form of kernel functions, one for each data point x,, in the train-
ing set, so that ¢,,(x) = K(X,X,,), where K(-,-) is the kernel function.
The framework which we develop in this paper is much more general and
applies to any model of the form (1). However, in order to facilitate direct
comparisions with the SVM, we focus primarily on the use of kernels as the
basis functions.

Point estimates for the weights are determined in the SVM by optimization
of a criterion which simultaneously attempts to fit the training data while
at the same time minimizing the ‘complexity’ of the function y(x, w). The
result is that some proportion of the weights are set to zero, leading to
a sparse model in which predictions, governed by (1), depend only on a
subset of the kernel functions.

The SVM framework is found to yield good predictive performance for a
broad range of practical applications, and is widely regarded as the state
of the art in pattern recognition. However, the SVM suffers from some
important drawbacks. Perhaps the most significant of these is that it is a
non-Bayesian approach which makes explicit classifications (or point pre-
dictions in the case of regression) for new inputs. As is well known, there
are numerous advantages to predicting the posterior probability of class
membership (or a predictive conditional distribution in the case of regres-
sion). These include the optimal compensation for skewed loss matrices or
unequal class distributions, the opportunity to improve performance by re-
jection of the more ambiguous examples, and the fusion of outputs with
other probabilistic sources information before applying decision criteria.
Recently Tipping (2000) introduced the Relevance Vector Machine (RVM)
which makes probabilistic predictions and yet which retains the excellent
predictive performance of the support vector machine. It also preserves
the sparseness property of the SVM. Indeed, for a wide variety of test
problems it actually leads to models which are dramatically sparser than
the corresponding SVM, while sacrificing little if anything in the accuracy
of prediction.

For regression problems, the RVM models the conditional distribution of
the target variable, given an input vector x, as a Gaussian distribution of
the form

P(t|x,w,7) = N(tly(x,w), ") (2)

where we use N (z|m,S) to denote a multi-variate Gaussian distribution
over z with mean m and covariance S. In (2) 7 is the inverse ‘noise’ pa-
rameter, and the conditional mean y(x,w) is given by (1). Assuming an
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independent, identically distributed data set X = {x,}, T = {t»} the
likelihood function can be written

N
P(T|X,w,7) = [[ P(tnlxn, w, 7). (3)
n=1
The parameters w are given a Gaussian prior

N
P(wle) = [T N(wm/0,a,,") (4)

m=0

where a = {a;, } is a vector of hyperparameters, with one hyperparameter
Q. assigned to each model parameter w,,. In the original RVM of Tipping
(2000) values for these hyperparameters are estimated using the framework
of type-IT maximum likelihood, Berger (1985), in which the marginal like-
lihood P(T|X, o, 7) is maximized with respect to o and 7. Evaluation of
this marginal likelihood requires integration over the model parameters

P(T|X, 0, 7) = / P(T|X, W, 7)P(wl|a)dw. (5)

Since this involves the convolution of two exponential-quadratic functions
the integration can be performed analytically, giving

P(T|X,a,7) = N(t]0,8) (6)
where t = (¢1,... ,ty) and
S=7""T+®A 1" (7)

in which I is the N x N unit matrix, A = diag(a,,), and ® is the N x (N+1)
design matriz with columns ¢,,, so that (®),,m = ¢(Xn;X;). Maximiza-
tion of (6) with respect to the {a,,} can be performed efficiently using
an iterative re-estimation procedure obtained by setting the derivatives of
the marginal log likelihood to zero. During the process of this optimization
many of the o, are driven to large values, so that the corresponding model
parameters w,, are effectively pruned out. The corresponding terms can be
omitted from the trained model represented by (1), with the training data
vectors X, associated with the remaining kernel functions being termed
‘relevance vectors’. Insight into this pruning process is given in Section 3.
A similar re-estimation procedure is used to optimize 7 simultaneously with
the o, parameters.

In the classification version of the relevance vector machine the conditional
distribution of targets is given by

P(tlx,w) = o(y)'[1 = o(y)]' ™" (8)
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where o(y) = (1 + exp(—y)) ! and y(x,w) is given by (1). Here we con-
fine attention to the case ¢ € {0,1}. Assuming independent, identically
distributed data, we obtain the likelihood function in the form

P(T|X,w) H n[1 —o(yn)] i (9)

As before, the prior over the weights takes the form (4). However, the
integration required by (5) in order to evaluate the marginal likelihood
can no longer be performed analytically. Tipping (2000) therefore used a
local Gaussian approximation to the posterior distribution of the weights.
Optimization of the hyperparameters can then be performed using a re-
estimation framework, alternating with re-evaluation of the mode of the
posterior, until convergence.

As we have seen, the standard relevance vector machine of Tipping (2000)
estimates point values for the hyperparameters. In this paper we seek a
more complete Bayesian treatment of the RVM through exploitation of
variational methods.

2 VARIATIONAL INFERENCE

In a general probabilistic model we can partition the stochastic variables
into those corresponding to the observed data, denoted D, and the re-
maining unobserved variables denoted 6. The marginal probability of the
observed data (the model ‘evidence’) is obtained by integrating over 0

D) = / P(D, 6)d6. (10)

This integration will, for almost any non-trivial model, be analytically in-
tractable. Variational methods, Jordan (1998), address this problem by in-
troducing a distribution Q(0), which (for arbitrary choice of Q) allows the
marginal log likelihood to be decomposed into two terms, see Neal (1998).

In P(D) = £(Q) + KL(Q||P) (11)
where
_ _P(D,6)
L_/Q(O)l Q) de (12)

and KL(Q|/P) is the Kullback-Leibler divergence between )(€) and the
posterior distribution P(6|D), and is given by

L@IP) - - [ Qo) ))do. (13)
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Since KL(Q||P) > 0, it follows that £(Q) is a rigorous lower bound on
In P(D). Furthermore, since the left hand side of (11) is independent of
Q, maximizing £(Q) is equivalent to minimizing KL(Q||P), and therefore
Q(0) represents an approximation to the posterior distribution P(6|D).

The significance of this transformation is that, for a suitable choice for
the @ distribution, the quantity £(Q) may be tractable to compute, even
though the original model evidence function is not. The goal in a variational
approach is therefore to choose a suitable form for Q(6) which is sufficiently
simple that the lower bound £(Q) can readily be evaluated and yet which is
sufficiently flexible that the bound is reasonably tight. In practice we choose
some family of @ distributions and then seek the best approximation within
this family by maximizing the lower bound with respect to ). One approach
would be to assume some specific parameterized functional form for @) and
then to optimize £ with respect to the parameters of the distribution.
Here we adopt an alternative procedure, following Waterhouse (1996), and
consider a factorized form over the component variables {6;} in 0, so that

Q(6) = HQi(ei). (14)

The lower bound can then be maximized over all possible factorial distri-
butions by performing a free-form maximization over the @;, leading to
the following result

exp < In P(D, 0)>k#
Qi(0:) = (15)
[exp(InP(D, 0)>k;£id0i

where (- )iz denotes an expectation with respect to the distributions
Qr(0x) for all k # i. It is easily shown that, if the probabilistic model is
expressed as a directed acyclic graph with a node for each of the factors
Q;(0;), then the solution for Q;(#;) depends only on the @ distributions for
variables which are in the Markov blanket of the node 7 in the graph.
Note that (15) represents an implicit solution for the factors Q;(6;) since
the right hand side depends on moments with respect to the Q;. For con-
jugate conditional distributions (e.g. linear-Gaussian models with Gamma
priors, in the case of continuous variables) this leads to standard distribu-
tions for which the required moments are easily evaluated. We can then find
a solution iteratively by initializing the moments and then cycling through
the variables updating each distribution in turn using (15).

3 CONTROLLING COMPLEXITY

The Relevance Vector framework provides a means for solving regression
and classification problems in which we seek models which are highly sparse
by selecting a subset from a larger pool of candidate kernel functions (one
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for each example in the training set). A key concept is the use of contin-
uous hyperparameters to govern model complexity and thereby avoid the
intractable problem of searching over an exponentially large discrete space
of model structures. This approach, based on a hierarchical prior, was suc-
cessfully used to find the optimal number of principal components in a
Bayesian treatment of PCA, see Bishop (1999).

A conventional way to remove superfluous parameters is to use a ‘pruning’
prior given by a Laplace distribution of the form

P(w) = dexp(—Awl). (16)

Unfortunately, such a choice of prior does not lead to a tractable variational
treatment, since the corresponding variational solution given by (15) cannot
be evaluated analytically.

Here we propose an alternative framework based on a hierarchical prior of
the form

P(w|a) = N(w|0,a ™) (17)
as discussed previously, in which we use a hyperprior given by
P(a) =T'(ala,b) = b*a® te " /T(a) (18)

where I'(a) is the Gamma function. The distribution (18) has the useful
properties

(@) = a/b, (o) = (@)* = a/b". (19)

The marginal distribution of w (a t-distribution) is then obtained by inte-
grating over . A comparison of this marginal distribution, for a = b = 1,
with the Laplace distribution (16) is shown in Figure 1. The key observa-
tion is that the variational framework can be rendered tractable by working
not directly with the marginal distribution P(w) but instead leaving the
hierarchical conjugate form explicit and introducing a factorial representa-
tion given by Q(w,a) = Q(w)Q(«a). A further advantage of this approach
is that it becomes possible to evaluate the lower bound £ as a closed-form
analytic expression. This is useful for monitoring the convergence of the
iterative optimization and also for checking the accuracy of the software
implementation (by verifying that none of the updates to the variational
distributions lead to a decrease the value of £). It can also be used to
compare models (without resorting to a separate validation set) since it
represents an approximation to the model evidence. We now exploit these
ideas in the context of the Relevance Vector Machine.

4 RVM Regression

Following the concepts developed in the previous section, we augment
the standard relevance vector machine by the introduction of hyperpri-
ors given by a separate distribution for each hyperparameter «,, of the
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) -4 -2 0 2 4 6
W
FIGURE 1. Comparison of the marginal distribution defined by the hierarchical

model P(w) = [ P(w|a)P(a)da (solid line), compared to the Laplace distribu-
tion (dotted line).

form P(am) = T'(amla,b). Similarly, we introduce a prior over the in-
verse noise variance 7 given by P(7) = I'(7|c, d). We obtain broad hyper-
priors by setting a = b = ¢ = d = 107°. Together with the likelihood
function (3) and the weight prior (4) we now have a complete probabilis-
tic specification of the model. The probabilistic model can also be repre-
sented as a directed graph, as shown in Figure 2. Next we consider a facto-
rial approximation to the posterior distribution P(w,a,7|X,T) given by
QwW,a,7) = Qw(W)Qa(a)Q-(7). Due to the conjugacy properties of the
chosen distributions we can evaluate the general solution (15) analytically,
giving

Qw(w) = N(W|ﬁiw’ Ew) (20)
Q-(r) = T(rle,d) (21)
Qala) =

I T(eml@m, bm) (22)
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FIGURE 2. Directed acyclic graph representing the variational RVM as used for
regression. The classification version is the same, with the omission of the 7 node.

where

N =1
B = (NEw Y Butn (24)
Am = a+1/2 b = b+ (w?,)/2 (25)
T = c+(N+1)/2 (26)
d = d+ 5 S22 — (W)Y gt
n=1 n=1
52 ol tww"), (21)
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The required moments are easily evaluated using the following results

W) = Py (28)
(wwl) = Sy +pyhy (29)
(Om) = Gm/bm (30)
(Inap) = P(@m)—Inbny (31)
(r) = @/d (32)
(In7) = (@) —Ind (33)
where the 1 function is defined by
b(a) = L 1nT(a) (34)
 da '

The full predictive distribution P(t|x, X,T) is given by

P(t|x, X,T) = //P(t|x,w,T)P(W,T|X,T)dwdT. (35)

In the variational framework we replace the true posterior P(w,7|X,T) by
its variational approximation Qw (W)@, (7). Integration over both w and 7
is intractable. However, as the number of data points increases the distri-
bution of 7 becomes tightly concentrated around its mean value. To see this
we note that the variance of 7 is given, from (19), by (72) — ()2 =¢/d* ~
O(1/N) for large N. Thus we can approximate the predictive distribution
using

P(t|x, X,T) = /P(t|x,w, (1)) Qw(w)dw (36)

which is the convolution of two Gaussian distributions. Using (2) and (20)
we then obtain

P(t‘xa X, T) :N(t|l‘€,¢(x),02) (37)
where the input-dependent variance is given by
1
o?(x) = w + ¢(x) TS (x). (38)

We can also evaluate the lower bound L, given by (12), which in this case
takes the form

L = (InP(T|X,w,7))+ (In P(w|cx))
+(In P(a)) + (In P(7)) — (In Qw(W))
—(InQa(a)) — (InQ-(7)) (39)
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in which

(In P(a))

(In P(7))

- <ln QW>

7(11’1 Qa>

_<ln Q‘r>

(N+1Dalnb+(a—1) > (Inay)

3
I

—bz Q)

clnd + (c—=1)(InT)
—d{(r) —InT(c)

—(N+1)InT(a)

(N + 1)(1 + In(27))/2

+1In|Zy| /2
N

> {@m b + @m -

m=0

b {im) — 1nr(am)}

D({Inam)

¢nd + (G- 1)(InT)

—d(r) —InT(2).

(40)

(45)

(46)

Experimental results in which this framework is applied to synthetic and
real data sets are given in Section 6.

5 RVM Classification

The classification case is somewhat more complex than the regression case
since we no longer have a fully conjugate heirarchical structure. To see how
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to resolve this, consider again the log marginal probability of the target
data, given the input data, which can be written

In P(T|X) zln//P(T\X,W)P(w\a)P(a)dwda. (47)

As before we introduce a factorized variational posterior distribution of
the form Qw (W)Qa (), and obtain the following lower bound on the log
marginal probability

In P(T|X) Z//Qw(W)Qa(a)
ln{P(T|X,w)P(w|oz)P(0a)
Qw(W)Qa ()

Now, however, the right hand side of (48) is intractable. We therefore fol-
low Jaakkola and Jordan (1998) and introduce a further bound using the
inequality

} dwdev. (48)

o(v)' L= o)™ =o(2) (49)
> o) exp (ZT GG 52)> (50)

where z = (2t — 1)y and (&) = (1/4€) tanh(£/2). Here £ is a variational
parameter, such that equality is achieved for £ = z. Thus we have

N
P(TIX,w) 2 F(T, X,w.€) = [] o(6,)
exp (235 e - €d) (51)

where z,, = (2t, — 1)wZ ¢,,. Substituting the result (51) into (48), and not-
ing that P(T|X,w) > F(T,X,w, &) implies In P(T|X,w)/F(T, X,w,£) >
0, we obtain a lower bound on the original lower bound, and hence we have

In P(T|X) > £ = / / dwdaQu (w)Qa(a)

I {F(T, X,w)P(w|a)P(ax) }
n .
Qw(W)Qa(a)

We now optimize the right hand side of (52) with respect to the functions

Qw(w) and Q) as well as with respect to the parameters & = {,}.
The variational optimization for Qw (w) yields a normal distribution of the

(52)
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form
Qw(w) = N(w/m,S) (53)
N -1
s = (A + 2ZA(sn)¢n¢£> (54)
1 N'n:l
m = S (2(2% - 1)¢n> (55)

where A = diag(a,,). Similarly, variational optimization of Qq () yields
a product of Gamma distributions of the form

Qa(a) = [ T(aml@ bm) (56)
a:a+% Zm:b+%<w3n>. (57)

Finally, maximizing (52) with respect to the variational parameters &, gives
re-estimation equations of the form

& = on(ww')e,. (58)

We can also evaluate the lower bound given by the right hand side of (52)
L = (nF)+ (nP(w|a))+ (InP(a))

—({InQw(w)) — (Qa(a)) (59)

where we have

(InF)y=>Y" {lna(fn) + %(215” —1)(who,

n=1

—% € — A(&n) (@7 (ww "), - fi)} (60)
1 N
(lnP(wler)) = — > (am)(wp,)
m=0
N
23 tman) - Y inn) (o)
m=0
N ~ ~
WmP@) = > {-ta/b+(a-1) (4@ -md)
m=0

+alnb—In F(a)} (62)
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~(In Qu(w)) = %(Hmzwwémﬁ (63)

~Qa(e) = D { = (@n— 1)b(En)

m=0

— by + G + 1nr('dm)} . (64)

Predictions from the trained model for new inputs can be obtained by
substituting the posterior mean weights into (8) to give the predictive dis-
tribution in the form

P(tx, (w)). (65)

A more accurate estimate would take account of the weight uncertainty by
marginalizing over the posterior distribution of the weights. Using the vari-
ational result Q. (w) for the posterior distribution leads to convolution of
a sigmoid with a Gaussian, which is intractable. From symmetry, however,
such a marginalization does not change the location of the p = 0.5 decision
surface. A useful approximation to the required integration has been given
by MacKay (1992).

6 Experimental Results

6.1 Regression

We illustrate the operation of the variational relevance vector machine
(VRVM) for regression using first of all a synthetic data set based on the
function sinc(z) = (sinz)/z for x € (—10,10), with added noise. Figure 3
shows the result from a Gaussian kernel relevance vector regression model,
and Figure 4 illustrates the mean hyperparameter values and weights as-
sociated with the model of Figure 3. Results from averaging over 25 such
randomly generated data sets are shown in Table 1.

As an example of a regression problem using real data, we show results in
Table 2 for the popular Boston housing dataset.

6.2 Classification

We illustrate the operation of the VRVM for classification with some syn-
thetic data in two dimensions taken from Ripley (1994). A randomly chosen
subset of 100 training examples (of the original 250) was utilised to train
an SVM, RVM and VRVM. Results from typical SVM and VRVM clas-
sifiers, using Gaussian kernels of width 0.5, are shown in Figures 5 and 6
respectively.
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-10 -5 0 5 10

FIGURE 3. Example fit of a variational RVM to 50 data points generated from
the ‘sinc’ function with added Gaussian noise of standard deviation 0.1. The sinc
function and the mean interpolant are plotted in grey and black respectively,
and the five relevance vectors (obtained by thresholding the mean weights at
1073) are circled. The RMS deviation from the true function is 0.032, while a
comparable SVM gave error of 0.038 using 36 support vectors. The VRVM also
gives an estimate of the noise, which in this case had mean value 0.0945.
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FIGURE 4. (Left) Histogram of the mean of the approximate « posterior. (Right)
A plot of the 51 (unthresholded) mean weight values (the first weight is the bias,
the next 50 correspond to the 50 data points, read left-to-right, in Figure 3). The
dichotomy into ‘relevant’ and ‘irrelevant’ weights is clear.
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Model | Error # kernels | Noise estimate

SVM 0.0519 28.0 -
RVM 0.0494 6.9 0.0943
VRVM | 0.0494 7.4 0.0950

TABLE 1. RMS test error, number of utilised kernels and, for the relevance
models, noise estimates averaged over 25 generations of the noisy sinc dataset.
For all models, Gaussian kernels were used with the width parameter selected
from a range of values using 5-fold cross-validation. For the SVM, the parameters
C (the trade-off parameter) and e (controlling the insensitive region of the loss
function) were chosen via a further 5-fold cross-validation.

Model | Error # kernels | Noise estimate

SVM 10.29 235.2 -
RVM 10.17 41.1 2.49
VRVM | 10.36 40.9 2.49

TABLE 2. Squared test error, number of utilised kernels and noise estimates av-
eraged over 10 random partitions of the Boston housing dataset into training/test
sets of size 481 and 25 respectively. A third order polynomial kernel was used.

To assess the accuracy of the classifiers on this dataset, models with Gaus-
sian kernels were used, with the width parameter of the Gaussian chosen by
5-fold cross-validation, and the SVM trade-off parameter C' was similarly
estimated using a further 5-fold cross-validation. The results are given in
Table 3.

Model | Error # kernels
SVM 10.6% 38
RVM 9.3% 4
VRVM | 9.2% 4

TABLE 3. Percentage misclassification rate and number of kernels used for clas-
sifiers on the Ripley synthetic data. The Bayes error rate for this data set is
8%.

The ‘Pima Indians’ diabetes dataset is a popular classification benchmark.
Table 4 summarises results on Ripley’s split of this dataset into 200 training
and 332 test examples.

7 Discussion

In this paper we have developed a practical variational framework for the
Bayesian treatment of Relevance Vector Machines.
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FIGURE 5. Support vector classifier of the Ripley dataset for which there are 38
kernel functions.

Model | Error # kernels

SVM 69 110
RVM 65 4
VRVM 65 4

TABLE 4. Number of misclassifications and number of kernels used for classifiers
on the Pima Indians data.

The variational solution for the Relevance Vector Machine is computa-
tionally more expensive than the type-II maximum likelihood approach.
However, the advantages of a fully Bayesian approach are expected to be
most pronounced in situations where the size of the data set is limited,
in which case the computational cost of the training phase is likely to be
insignificant.
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Abstract: Many production processes yield both good outputs and undesirable
ones (e.g. pollutants). In this paper, we develop a generalization of a stochastic
frontier model which is appropriate for such technologies. We discuss efficiency
analysis and, in particular, define technical and environmental efficiency in the
context of our model. Methods for carrying out Bayesian inference are described
and applied to a longitudinal (or panel) data set of Dutch dairy farms.
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1 Introduction

Stochastic frontier models are commonly used in the empirical study of
production technology and the efficiency of economic agents, such as firms,
individuals or countries. The seminal papers in the field are Aigner, Lovell
and Schmidt (1977) and Meeusen and van den Broeck (1977), while a sur-
vey is provided in Bauer (1990). The ideas underlying this class of models
can be applied to production models, but also to cost frontiers (by suitably
redefining the quantities involved). The discussion here will focus on pro-
duction frontiers, which aim to capture the maximum amount of output
that can be obtained from a given level of inputs. Thus, they describe the
best-practice technology for turning inputs into output. In practice, actual
output of an individual production unit may fall below the maximum possi-
ble. The latter deviation from the frontier is a measure of inefficiency and is
the focus of interest in many applications. The introduction of measurement
or specification error is required by the fact that we do not know where the
frontier is situated and have to estimate it from the available data. This
makes the frontier stochastic, hence the term “stochastic frontier model”.

The standard stochastic frontier model addresses the situation where only
one output is produced, with a set of inputs. Inference with such stan-
dard stochastic frontier models can be done using classical or Bayesian
approaches. In previous work, we have introduced and argued in favour of
a Bayesian approach (see e.g. van den Broeck, Koop, Osiewalski and Steel,



Fernandez, C. et al. 19

1994). Some theoretical foundations for Bayesian analysis in stochastic fron-
tier models are presented in Fernandez, Osiewalski and Steel (1997) and an
introductory survey of Bayesian methods in such models can be found in
Koop and Steel (2000). Classical methods are discussed in e.g. Bauer (1990)
or Horrace and Schmidt (1996). The present paper will take a Bayesian
view.

An important extension of this framework is to allow for more than one
type of output to be produced simultaneously. A Bayesian model for these
multiple-output production processes is proposed in Fernandez, Koop and
Steel (2000a). The present paper further extends the above model in order
to deal with situations where an individual unit produces undesirable out-
puts (such as pollution) as an inevitable by-product of the production of
desirable outputs. In the application used in this paper, for example, Dutch
dairy farms produce not only good outputs, such as milk, but also undesir-
able outputs, such as excessive nitrogen due to the application of manure
and chemical fertilizers. It is thus important to understand the nature of the
best-practice technology available to farmers for turning inputs into good
and bad outputs. Furthermore, it is important to see how individual farmers
measure up to this technology. In other words, evaluation of farm efficiency,
both in producing as many good outputs and as few undesirable outputs
as possible, is of interest. Here, we describe how extensions of stochastic
frontier models can be used to shed light on these issues. We begin by ex-
plaining the generalization of the standard single-output stochastic frontier
model to allow for several good outputs, following Fernandez et al. (2000a).
Next, we consider the more challenging case where some of these outputs
can be undesirable. In the fourth Section, we shall briefly outline the prior
used in the Bayesian model and the inference procedure used. Finally, we
present some of the results for our empirical application involving Dutch
dairy farms.

2 A Stochastic Frontier Model with Multiple Good
Outputs

In Fernandez et al. (2000a), we developed extensions of stochastic frontier
models to allow for efficiency analysis in the presence of multiple outputs.
Note that previous work with multiple outputs has often involved either
having data on prices (e.g. in order to estimate a demand system) or on
costs (e.g. in order to estimate a cost function). However, particularly in
the case when some of the outputs are not sold in markets (e.g. pollution),
such price or cost information is not available. Hence, it is important to
develop methods which involve only output and input data.

The theoretical starting point in most analyses of multiple-output technol-
ogy is a transformation function:

fy,z) =0,
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where y is a vector of p good outputs and z is a vector of inputs. If the
transformation function is separable then we can write it as:

In the present paper, we assume a constant elasticity of transformation
form for 6(y), but the basic ideas extend to any form.

To establish some terminology, note that 6(y) = constant maps out the
output combinations that are equivalent. Hence, it is referred to as the
production equivalence surface, which is (p — 1)-dimensional. By analogy
with the single output case, hy(x) defines the maximum output (as mea-
sured by 6(y)) that can be produced with inputs z and is referred to as the
production frontier.

Since the empirical application used in the present paper involves (un-
balanced) longitudinal or panel data, we assume that we have a set of
NT observations corresponding to outputs of N different firms, where

firm 7 is observed for time periods t = 1,...,T;. The output of firm 4
(¢=1,...,N) at time ¢t (¢t =1,...,T;) is p-dimensional and is given by the
vector Y ¢y = (Y(it1)s- -1 YGitp)) € R We use the following transforma-

tion of the p-dimensional output vector:
1/q

p
e(i,t) = ZO‘? y?@tyj) ) (1)
j=1

with a; € (0,1) for all j = 1,...,p and such that }>%_, a; = 1 and with
q > 1. For fixed values of a = (a1,...,05)", ¢ and 0;;), (1) defines a
(p — 1)-dimensional surface in R corresponding to all the p-dimensional
vectors of outputs y(; ;) that are technologically equivalent. In other words,
(1) plots the production equivalence surface.

Given the transformation from the multivariate output vector y; ) to the
univariate quantity 6; ;) (the parameters of which we estimate from the
data), the basic problem of finding firm-specific efficiencies is essentially
the same as in the single-output case. If we interpret the value ;) as
a kind of “aggregate output”, and group these transformed outputs in an
NT-dimensional vector

log 6 = (log 0(1,1), --,J0g 01,1,y - - -, 108 O, 1y’ (2)

we model log 6 through the following stochastic frontier model:
log =VB— Dz +¢eg. (3)
In the latter equation, V' = (v(z(1,1)),...,v(%(n,1y)))" denotes an NT' x k

matrix of exogenous regressors, where v(:v(i,t)) is a k-dimensional function
of the inputs z(; ;) corresponding to firm 7 at time ¢. The particular choice
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of v(-) defines the specification of the production frontier: e.g. v(z(; ) is the
vector of an intercept and all logged inputs for a Cobb-Douglas technology,
whereas a translog frontier also involves squares and cross products of these
logs. The corresponding vector of regression coefficients is denoted by g €
B C ®*. Often, theoretical considerations will lead to regularity conditions
on 3, which will restrict the parameter space B to a subset of R*, still k-
dimensional and possibly depending on x. For instance, we typically want
to ensure that the marginal products of inputs are positive.

Technical inefficiency is captured by the fact that firms may lie below the
frontier, thus leading to a vector of inefficiencies v = Dz € %fT, where
D is an exogenous NT x M (M < NT) matrix and z € Z with Z =
{z = (21,...,2m) € RM : Dz € RYT}. Through different choices of
D, we can accommodate various amounts of structure on the vector 7y of
inefficiencies. For instance, taking D = Iy, the NT-dimensional identity
matrix, leads to an inefficiency term which is specific to each different
firm and time period. For a balanced panel (i.e. T; = T,i = 1,...,N),
D = Iy ® v, where 1 is a T-dimensional vector of ones and ® denotes
the Kronecker product, implies inefficiency terms which are specific to each
firm, but constant over time (i.e. “individual effects”). In our application
we make the latter choice for D (but with the obvious generalization to
an unbalanced panel). Since we are working in terms of log#, the log of
the aggregate output, the technical efficiency corresponding to firm i (at
any period) will be defined as 71; = exp(—z;) where z; is the appropriate
element of z. For more discussion and alternative definitions of efficiency
measures, see Fernandez, Koop and Steel (2000b). The term g4 in (3) is
meant to capture all other influences, such as measurement or specification
error, and is accordingly not restricted in its sign.

Stochastics will be introduced into the sampling model through distribu-
tions on z (which could, equivalently, be considered part of the prior) and
€4. Here, we use a choice of D that makes Z = QRf and we assume inde-
pendence across observations and between z and €. In order to fully specify
a likelihood function for the p-dimensional outputs when p > 1, we also
introduce a distribution on the weighted output shares, defined as

79(1,t, .
NGt,5) = P (q 31) ,yJj=1,...,p, (4)
1=1 2 Y(i 0
In particular, we group them into 7¢; 4y = (1(i,¢,1), - - > M(i,t,p)) > and assume
independent sampling from
-1
p(anls) = o (anls), (5)

where s = (s1,...,5,) € R% and f% '(-|s) is the p.d.f. of a Dirichlet
distribution with parameter s.
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3 A Stochastic Frontier Model with Good and Bad
Outputs

Important issues in environmental policy hinge on multiple output produc-
tion technologies where some of the outputs are undesirable. For instance,
we have data on farms which produce good outputs (e.g. dairy products) for
the market and undesirable outputs (pollutants). We will refer to undesir-
able outputs as “bads”. Efficiency analysis using stochastic frontier models
can be used to shed light on practical policy questions, involving both the
goods and the bads. For instance, if we find dairy farms to be environmen-
tally efficient then pollution can only be reduced by reducing production at
dairy farms. However, if many dairy farms are highly environmentally inef-
ficient, then by adopting best-practice technology pollution can be reduced
without harming production of milk.

The question now arises as to how to adapt the analysis of the previous
section to allow for undesirable outputs and both technical and environmen-
tal inefficiency. Following Fernandez et al. (2000a), we make one particular
adaptation which we argue is reasonable. Others are clearly possible, and
these are a topic of past and current research. For instance, Koop (1998)
and Reinhard, Lovell and Thijssen (1999) assume that undesirable outputs
can be treated as inputs. Fernandez et al. (2000b) adapt the aggregator
function in (1) to accommodate bad outputs. Here, we model the good
outputs as in the previous section, but add a second frontier for the bad
outputs. Environmental efficiency is then measured relative to this second
frontier.

If we let b indicate a vector of m bad outputs, the most general description
of best-practice technology is given by:

f(y,z,b) =0.

We assume this transformation function can be broken down into:
0(y) = hy(z),

and
#(b) = hs(y).

In other words, the general transformation function can be broken down
into two equations involving a “goods production equivalence surface” 6(y),
a “goods production frontier” hg4(x), a “bads production equivalence sur-
face” £(b), and a “bads production frontier” hy(y). The assumption that
the amount of good outputs produced depends on the inputs, while pro-
duction of bad outputs depends on the amount of good outputs is likely
to be reasonable in many cases. If not, modifications of the present model
can be implemented.
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We begin with the model for the good outputs described in the previous sec-
tion given by equations (1)-(5). We further let b(; 1y = (b(it,1)5- - - 0(i,t,m))’
be the vector of m bad outputs for firm ¢ in period t. We define the environ-
mental production equivalence surface through a similar constant elasticity
of transformation form:

1/r

K(it) = Z%T‘ b 1,5 ’ (6)
j=1

with v; € (0,1) for all j = 1,...,m and such that > 7", v; = 1 and with
0<r<l1.

Environmental inefficiency is measured using a stochastic frontier model
with (6) as dependent variable. That is, we define log x similarly to log6
and set

logk =Ud+ Mv + ¢ (7)

where U = (u(y(1,1)),- - - u(y(v,7x)))" is a function of the good outputs. U
plays a similar role to V' in equation (3) and, hence, the particular choice of
u(+) defines the specification of the bads production frontier. Environmental
inefficiencies are given by Muv € %fT. M plays an analogous role to D
in the previous section and here we set M = D which implies that the
technical and environmental efficiency of each firm is constant over time.
Thus, environmental efficiency of firm ¢ will be defined as 73; = exp(—v;).
To complete the sampling model, we shall introduce the following distri-
butional assumptions. We link both frontiers by joint distributions on the
inefficiency error terms and on the measurement error terms, while still
retaining independence across observations. In particular, we assume a bi-
variate Normal distribution for (g,,¢,). That is, if we let f{¥(e|a, A) denote
the R-variate Normal p.d.f. with mean a and covariance matrix A, evalu-
ated at e, we take:

9
plegrenl®) = 3T < e

0, ® INT> (8)

where ¥ is a 2 X 2 P.D.S. matrix.

For the inefficiency error terms, we adopt a similar strategy, except that
these have to be nonnegative. We assume independence between firms and
foreach i =1,..., N, we take a truncated Normal inefficiency distribution:

p(ziv 'Ui|,u‘7 Q) = fI2V((ZM 'Ui),‘,u'a Q)fil(,uﬂ Q)IERi (zi) Ui)a (9)

where f(u, ) is the integrating constant of the truncated Normal and
Iy (-) is the indicator function for R2.
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Finally, we define a weighted vector of shares for the bads:

V50 .5) .
Clit) = =m > J=1,...,m, (10)
(04:9) =1 b(i,t,l)
stack them to form ((; sy = ({(5,¢,1),- - {(i,t,m)) > and assume independent
sampling from
p(Canlh) = 5 (Cuplh), (11)

where h = (hy,...,hpn) € R

4 The Prior and Bayesian Inference

In the previous Sections, we have defined the sampling model, which de-
pends on the parameters (8, d, 2, u, Q, &, v, ¢, 7, 8, h). We shall use the proper
prior structure

p(B,6,%, 11, Q, 2,7, ¢,7,8,h) = p(B, 6, X)p(p, Q)p(a)p(v)p(q)p(r)p(s)p(h)

The prior we assume on these parameters is chosen to be rather nonin-
formative, except that we restrict 8 and & to their respective regularity
regions, and we impose that ¢ > 1 and 0 < r < 1, again for economic
theory considerations.

In particular, we take an Inverted Wishart prior on :

p(Q) :fIZW (9‘9077/0)7 (12)

combined with

p(ulQ) = f5(ul0,c), (13)

Fernéndez, Koop and Steel (1999) report some simulation exercises to cali-
brate the prior of (u,2) (i.e. choose values for the hyperparameters in (12)
and (13)) so as to induce a reasonable prior on the efficiencies 7y; and 7»;.
For the other parameters we assume

p(6.:6.9) o fv (§ I E5?) Frw(SiE0 M)Err(,6,5), (10

where RR indicates the regularity region,

_ ep—1

p(e) = fp ~(alao), (15)

p(7) = 5~ (7l90); (16)
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p(q) o< fa(qll,q0)11,00) (), (17)

where fa(.]a,b) denotes a Gamma density function with shape parameter
a and mean a/b (if a = 1, we have an Exponential),

p(r) o< fa(r|1,70)I(0,1)(r), (18)
p(s) = H fa(s;|1, k;), (19)

and, finally,
p(0) = [ fa(hslt,my) (20

We adopt noninformative choices for the hyperparameters in (14)-(20).
The resulting posterior from combining the sampling model with the prior
just described does not lend itself to immediate analytical analysis. Instead,
we shall use a Markov chain Monte Carlo (MCMC) algorithm on the space
of the parameters augmented with the inefficiencies (z,v). The Markov
chain will be constructed from Gibbs steps for (z,v),(8,4),%, where we
can draw immediately from the conditionals, and Normal random walk
Metropolis samplers for €, u,a,~,q,r, s, h, since the conditionals for the
latter do not have a well-known form. We fine-tune results from preliminary
runs in order to select the variance for the increments in the random walk
Metropolis samplers. The relevant conditional posterior distributions are
described in detail in Fernadndez et al. (1999).

5 An Application to a Panel of Dutch Dairy Farms

We apply the model described in the previous Sections to a data set involv-
ing N = 613 Dutch dairy farms for the years 1991-94. It is an unbalanced
panel with a total number of observations NT" = 1545. For each farm, we
have data on p = 2 good outputs, m = 1 bad output and 3 inputs:

e Good outputs: Milk (millions of kg) and Non-milk (millions of 1991
Guilders).

e Bad output: Nitrogen surplus (thousands of kg).

e Inputs: Family labor (thousands of hours), Capital (millions of 1991
Guilders) and Variable input (thousands of 1991 Guilders).
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Variable input includes inter alia hired labor, concentrates, roughage and
fertilizer. Non-milk output contains meat, livestock and roughage sold. The
definition of capital includes land, buildings, equipment and livestock. Fur-
ther detail on this data set is given in Reinhard et al. (1999).

Both the goods and bad production frontiers are here assumed to take
Cobb-Douglas forms. A more detailed discussion of the empirical results
can be found in Fernandez et al. (1999).

Table 1 provides some characteristics of the posterior distribution. Note
that the column labelled “Median” is the posterior median. The columns
labelled “2.5%” and “97.5” are the 2.5% and 97.5% percentiles, respectively
of the posterior distribution. “RTS” means returns to scale, which indicates
the relative increase in aggregate output expressed as a fraction of a relative
increase in all inputs (or good outputs for the bads frontier). We also sum-
marize results for the technical and environmental efficiencies of a typical
or average farm, 717 and 795. The latter results correspond to a predictive
out-of-sample efficiency distribution, obtained by integrating out the dis-
tribution in (9) with the posterior of (y, 2). Our model allows for technical
and environmental efficiencies to be correlated with one another and that
correlation is evaluated at 0.25, indicating that there is a slight tendency
for technically inefficient farms to also be environmentally inefficient.

Table 1: Posterior Results for Dutch Dairy Farm Data Set

| | Median | 2.5% [ 97.5% |
B (Intercept) | -3.533 | -3.604 | -3.226
B2(Labour) 0.120 0.090 | 0.150
B4(Capital) | 0.537 | 0.504 | 0.572
B4(Variable) | 0.487 0.463 | 0.509
RTS (Goods) | 1.145 | 1115 | 1.173
01 (Intercept) | 2.578 2.262 | 2.890
02 (Milk) 0.889 0.858 | 0.921
03 (Non-milk) | 0.081 0.065 | 0.098
RTS(Bads) | 0.071 | 0.940 | L.00L

q 1.004 1.000 | 1.019
oy 0.534 0.510 | 0.565
Tif 0.620 0.415 | 0.880
Tof 0.345 0.198 | 0.599

All results seem reasonably in accordance with economic intuition. Some
of the more interesting results are:

e Firms tend to be more efficient technically than environmentally. In
fact, the posterior median of the environmental efficiency for a typical
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farm is only 0.345, indicating that the typical farm produces roughly
three times as much nitrogen surplus as would be consistent with best
practice! Using the same data, Reinhard et al. (1999) and Fernandez
et al. (1999), who both use a single-frontier model, find similar results.

e The small positive correlation between both types of efficiencies indi-
cates that farms which tend to be less efficient technically also tend
to be less efficient environmentally. In contrast, the single frontier
analysis of Fernandez et al. (1999) finds a moderately negative cor-
relation.

e However, there is a large spread of efficiencies across farms, which
manifests itself in large differences between the 2.5 and 97.5th per-
centiles of both technical and environmental efficiencies.

e Rather than conducting inference on the efficiency for a typical (un-
observed) farm, we can also conduct inference on farm-specific effi-
ciencies. Given that we have observed these farms, their efficiencies
are less dispersed, and can lead to a ranking of firms, in the sense
that e.g. the efficiencies of quartile firms (in the efficiency ranking)
are quite well separated, and the posterior probability of these firms
being reversed in the ranking is very low.

e Increasing returns to scale seem to exist for the production of good
outputs, while slightly decreasing returns exists for bad output pro-
duction.

e The elasticity of nitrogen production with respect to milk produc-
tion (d3) is much larger than the elasticity with respect to non-milk
production (d3). This finding indicates that it is the milk production
side of dairy farming that is most associated with the production of
nitrogen.

We hesitate to draw policy conclusions based solely on this one set of em-
pirical results for one model specification. However, to illustrate the types
of issues that our model can be used to address, we offer the following
comments. The relatively large degree of environmental inefficiency indi-
cates that pollution can be reduced in many farms at little cost in terms of
foregone output. That is, if inefficient farms were to adopt best-practice
technology and move towards their environmental production frontiers,
production of pollutants could be reduced at no cost to milk or non-milk
production. The positive correlation between the two types of efficiencies
indicates that improving environmental efficiency could be associated with
improvements in technical efficiency. Hence, policies aimed at improving ef-
ficiency (e.g. by educating farmers in best-practice technology) could have
large payoffs. Furthermore, the pattern of returns to scale results indicate
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that larger farms have advantages. Hence, policies which promote rational-
ization of farms (e.g. encouraging larger farms to purchase smaller farms)
could result both in more production of milk and non-milk outputs (due to
increasing returns to scale in the good production frontier) and less pollu-
tion (due to decreasing returns in the environmental production frontier).

6 Conclusions

In this paper, we have shown how the standard stochastic frontier model
with a single output can be extended to multiple outputs where some of
the outputs are undesirable. The model we develop can be used to model
production technologies which produce e.g. pollutants. The empirical ap-
plication to Dutch dairy farms shows the practicality of this approach and
highlights some important policy issues which our model can address.
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1 Introduction

Consider the regression model
Yvi:m(Xi)—i-Ei:m(Xi)ﬁ—O'(Xi)?]i i=1,...,n (1)

where the random variable Y is related to a p-dimensional vector X, and n
is a random error of zero mean and variance one, independent of X. In the
called random design regression model, X is random, and {(X;,Y;)}., is
the initial random sample corresponding to the (p+1)-dimensional vector
(X,Y) with regression function m(z) = E(Y/X = z) and conditional vari-
ance o*(z) = Var(Y/X = z). In the case of fixed design, X is constrained
to fixed points {z;}._,, following a design density function f. For example,
in the one-dimensional case (p=1), the "regular fixed design", with finite
support [a, b] such that faw’ f(z)dx = i_;/Q 1=1,...,n.

One of the main tasks in regression analysis is to perform hypothesis tests
of the form

Hy:m e M, against Hy:me M\My, MogCM

where My is a specified class of functions that, depending on the kind of
problem in question, can correspond to linear models:

My = {m/m(x) =mgy(z) = A*(z)0, €O C ]Rq},
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where A is a known function from RP to R? with A*(x) denoting the trans-
pose of A(z) (Seber (1977)), to generalized linear models:

Moy = {m/m(z) = g (A*(z)0)},
for a known function g from R to R (Mc Cullagh and Nelder (1989)), to

semiparametric models:
My = {m/m(z) = m (z},2%) = A'(21)0 + ma(z2)},

where 1 € RP*, x5 € RP2 with p; + ps = p, A is a function from RP* to R?
and mq is an unknown fuction from RP2 to R (the called partially linear
models, see for example Speckmann (1988)), etc. In this tutorial work our
purpose will be only the goodness of fit test of a parametric regression
model,

Mo = {m/m(z) = my(x),0 € © C R},

under randon design.

A common feature of most work is to compare a parametric fit my, with
a completely nonparametric estimator m, of m and then to reject Hy
if dy (mg, ,m,) exceeds a critical value. Here dj is a proper distance on
the space of all regression functions. The nonparametric estimation of m
requires selection of a smoothing parameter, and the power of the resulting
tests is a function of this parameter. In the next section some examples are
given.

Other possibility to test Hy may also be based on an estimator of the
integrated regression function

where Fy is the (unknown) distribution function of X and the integral

extends over the quadrant with right upper corner z. I uniquely determines
m and a consistent estimator of I is given by

n T +o0
I(z) =n"" Z Iix;<ayYi = / / y dFy,(u,v)
i=1 —o0J—o0

where F,(z,y) = Y1 ; 1{x,<a, v;<y} is the empirical distribution function
of (X,Y).
The tests are now based on the distance d; (I, , I,), where

Ign (x) = / me,, dFi, = ’nil Z l{XiSz}mon (X,)
- i=1

is the parametric fit of I under Hy, F}, is the empirical distribution func-
tion of the predictor variable X and d; is a proper distance on the space
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of all integrated regression functions. The nonparametric estimation of I
does not require bandwidth selection, but the asymptotic behaviour of d;
is more complicated to obtain than the limit distribution of dy (in general
asymptotically normal). Frequently d; can be seen as a continuous func-
tional of an empirical regression process with parameter 6 estimated (see
Stute (1997) for more details). Section 3 is devoted to this approximation.
In Section 4 a simulation example is given to show the behaviour of the
last two goodness of fit test models. Section 5 is devoted to some exten-
sions to regression with binary responses and censored responses. Finally,
the tutorial work is ended with some comments of recent work on related
topics, which could mean research for the the next years.

2 Some tests based on the estimation of the
regression function

We will consider Mg the class of polynomials of degree less than or equal
to (q-1) with ¢ fixed,

Mo = {m/mg(x) =0y +91.’E+...+9q_1$q71, fecO CRq}.

As dy we will use a weighted La-norm: do(mq,mz) = [ (my — m2)2w. As
nonparametric estimator of the regression function a local polynomial re-
gression is taken. The idea of local polynomial regression is to locally fit a
low-order polynomial at a fixed point x, with observations receiving differ-
ent weights. This leads to the following least-squares problem:

_ 2
. - ! T Xi_x
ngn;<n—§ﬁr<xi—w>> K( . )

where 8 = (89,81, -- ,8;)", and the dependence of 8, on x is supressed.

The bandwidth h controls the size of the local neighbourhood and K is a

kernel function that assigns weights to each datum point.

For convenience, a matrix notation is introduced. Let X be an n X (g+ 1)

design matrix, X = ((Xi - :v)]> , and W the n x n diago-
1<i<n, 0<j<q

nal matrix with diagonal elements equal to K (%) , 1 <i < n. The

local g-polynomial regression estimator is given by: m,(z) = BO(CU) —
St Wag (¥57%) Yi, where

Wog(t) = ut (X*WX) " (1,ht,... B30  K(t)/h
with u = (1,0,...,0)% a (7 + 1)-dimensional vector, satisfying
- k X, —x . 1 ifk=0
>0 W () = {0 i Zh<g

=1
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>From these conditions it follows that the local polynomial fits polynomials
of a degree not larger than ¢, and then if § > ¢ — 1,

n X, _
> Wi <—lh w) m (X;) =mg(z) VOE€O
=1

In this way for the polynomial regression class, the use of local polynomials
as the nonparametric estimators is especially interesting. When we compare
a parametric polynomial fit against a local polynomial with the same or
greater degree, we have two consistent unbiased estimators of the regression
function under the null hypothesis.
Moreover, if the true m(-) has an orthogonal component that does not
belong to Mg and we smooth by a local polynomial of a degree greater than
q — 1, for example §, then the distance does not penalize the orthogonal
terms up to degree ¢ — 1.
Let m,, g(x) be the local poynomial smoother of order ¢ and let 6, be a
\/n-consistent estimator of §p under the null hypothesis. In Alcal4 et al.
(1999), under regularity conditions, the normal asymptotic distribution of
nvhdy (mg, My, g) is obtained under the null hypothesis and also under
-1/2
local alternatives converging to the null hypothesis at a rate (nﬂ) / =
Cn, this is to say, m = mg, + ¢, g, with g being a function belonging to the
class of orthogonal functions of Mg with respect to the inner product

(my,mg) = /mlmew, f being the density of X.

However, the asymptotic distribution is inappropriate to calculate the crit-
ical values of the test for small or moderate sample sizes. A solution to this
problem is the use of bootstrap procedures to obtain the critical value for
finite samples: Bootstrapping the residuals if the error term is independent
of the regressors (0%(z) = o2 in (1)) or using the wild bootstrap in more
general situations. The two bootstrap versions are considered below. The
first one consists of the following steps:

a1) Consider the parametric residuals e; = Y;—my,, (X;), i=1,...,n.

b1) Recenter the previous residuals é; = ¢; — €, @ = 1,...,n, € =
1
n et G

c1) Draw the bootstrap residuals {¢}};_, from the empirical distribution
function of {&;}!_;.

dy) Define the bootstrap sample by

Y =my, (Xi) + €} i=1,...,n

7

and obtain dy (me;, mfl’q), where m;, - and ¢, are constructed using

the data {(X;,Y;*)} ;.
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e1) Repeat the process B times and reject the hypothesis Hy if dy (mq,,, mn,g) >
ci_,, ci_,, being the [B(1 — )] th order statistic computed from the
B replicates {dg (mgfﬂ,m;’qi)} i=1,...,B.

For the second one we have the next steps:
az) As in the previous ay).

b») Draw bootstrap errors ¢} such that E, (¢]) = 0, E, (}?) = €2

79
E, (sf;) =el t =1,...,n, where E, is the expectation opera-
tor in the probability space associated with the resampling.

For example ¢} = ¢;V;*, V;* being independent of the original sample
with E* (V;*) =0, E* (Vl*z) =1 and E* (Vi*3) =1

¢2) Define the bootstrap sample by
Y =my, (Xi)+e i=1,...,n
and proceed in a similar way as in d;) and e).

3 Some tests based on the estimation of the
integrated regression function

Considering the most simple case for the simple hypothesis Hy : m = my,

with 6y € © known, and taking into account the comments given in the
introduction, we obtain:

In(CC) 7.[0(93) = n*lzl{xigz}n 7/ mgo(l') dFln(CL')
i=1 o0

n~t Z Lix, <oy (Yi —ma, (7)),

i=1

the difference between the estimations of the integrated regression function,
under the general hypothesis and under the null hypothesis. Now, define
R,(z) = n'/? (I, (x) — Iy(x)). R, constitutes the empirical process of the
regressors marked by the errors: ¢; = Y; — mg, (X;) 1 < i < n. For
example, in the one-dimensional case (p=1), (see Stute (1997) for more
details), R, — Ro in distribution in the Skorokhod space D[—o0, 0],
where R, is a Brownian motion with respect to time

x

T(z) = [ " Var(Y/X = u) dF(u) = / o2 (u) dF (u)

— 00

The null hypothesis is rejected if v/ndy (I, Io) = v/nsup, |I,(z) — Iy(z)]
(the Kolmogorov-Smirnov statistic) exceeds a critical value computed from
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the corresponding functional of the Brownian motion. The same with other
statistics as for example the Cramér-von Mises statistic.

For a composite hypothesis, mg, must be replaced by myg, , where 6, is a
root-n estimator of 8y, and the goodness-of-fit statistics need to be based
on the process R.(z) = n'/?(I,(x) — Ip(z)) whose limit distribution, a
centered Gaussian process R’ , is much more complicated (see again Stute
(1997) for more details). The null hypothesis is now rejected if v/ndy (I, Ip,) =
vnsup, |I,(z) — Iy, (x)| exceeds a critical value computed from the corre-
sponding functional of Rl . Again, as in the tests developed in the last
section, the bootstrap approximation to this critical value, can be a good
solution. For example, for the Kolmogorov-Smirnov statistic and using wild
bootstrap we would proceed in the following way:

as) As in the previous ay).
bs) As in the previous bs).

c3) Define the bootstrap sample by

Y =my, (Xi) + &} i=1,...,n

(2

and obtain d; (I;;, Ig;), where I; and Iy- are constructed using the
data {(X;, Y} .

d3) Repeat the process B times and reject the hypothesis Hy if dy (I,, Ip,, ) >
ci_o» €1, being the [B(1 — a)] th order statistic computed from the

L)} i=1....B

ni’

B replicates {d1 (I*

4 A simulation example

In this section we report simulation results to demonstrate the validity of
the proposed tests. We have considered the next regression model:

Y; =5X;+aX?+e 1<i<n

where the X;’s have been generated from the uniform distribution on the
unit interval and the £’s were drawn from the normal distribution N (0, 0?),
with different values for 02, and ¢; independent of Xj.

First the statistic dg (mg, , My ) has been calculated using a local linear
smoother (§ = 1) and a local quadratic smoother (§ = 2) with three differ-
ent smoothing parameters in each case. We have taken three sample sizes
n = 50,100,200 and the wild bootstrap resampling has been performed
B = 100 times for each sample. For each combination of factors we have
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replicated the experiment 500 times and recorded the proportion of rejec-
tions under the null hypothesis (a=0) and under alternatives (a=1, 5) (see
Table 1).

Table 1. Percentage of times H, was rejected.

Local linear Local quadratic
h h

o2 a n 0.1 025 0.6 0.1 0.25 0.6
1 0 50 4.5 4.8 4.9 4.3 4.4 4.6
100 4.8 5.0 5.2 4.7 5.1 5.0

200 4.7 4.9 4.6 4.8 5.2 4.8

1 1 50 9.6 8.7 8.6 9.2 11.0 11.7
100 19.3 18.1 15.7 19.6 203  20.7

200 28.7 260 24.0 30.0 31.2 31.0

1 5 50 77.0 761 74.0 82.1 825 819
100 98.0 96.8 96.5 99.4 100.0 99.2

200 100.0 100.0 100.0 100.0 100.0 100.0

2 0 50 5.1 4.5 4.3 4.2 4.1 3.8
100 5.3 5.5 4.7 4.7 4.9 4.8

200 5.5 5.8 4.9 4.7 5.2 4.6

2 1 50 6.8 7.2 6.3 8.8 7.6 8.0
100 11.9 125 12.0 13.8  14.6 15.1

200 18.0 170 173 23.0 241 227

2 5 50 54.1  53.6  50.2 743 752  76.7
100 84.0 84.8 83.7 92.0 916 914

200 97.6  96.7 97.2 100.0 100.0 100.0

3 0 50 4.9 4.5 4.2 4.2 4.4 4.0
100 5.1 4.8 4.6 4.9 5.3 5.0

200 5.0 5.1 4.9 5.1 4.8 4.7

3 1 50 7.0 6.9 6.5 7.2 8.0 7.5
100 8.7 8.4 8.6 10.1 9.6 10.5

200 13.0 13.5 12.6 15.0 14.6 14.8

3 5 50 341 352  36.0 42.0 41.2 405
100 66.6 68.1 65.2 84.1 836 834

200 84.8 85.1 81.0 96.1 942 973

Secondly, the Kolmogorov-Smirnov statistic dy (I, Iy, ) has been calculated
in the same regression model in one independent experiment with the same
sample sizes with B=500 and where the experiment is replicated 1000 times.
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In Table 2 the proportion of rejections under a=0, 1, 5 is given.

Table 2. Percentage of times Hy was rejected.

o2 a n a o? a n a
1 0 50 6.4 3 0 50 5.4
100 6.1 100 6.7
200 6.4 200 5.4
1 1 50 10.1 3 1 50 6.4
100 15.9 100 9.8
200 29.5 200 24.4
1 5 50 89.1 3 5 50 46.1
100 99.4 100 78.7
200 100.0 200 974
2 0 50 6.1
100 5.0
200 5.9
2 1 50 9.5
100 9.9
200 16.6
2 5 50 63.7
100 90.4
200 99.6

It is clear for both methods how the power of the tests increases as sample
size n and parameter a get large; that is, as the alternative moves away
from Hy. On the other hand, power decreases as o2 gets large. This effect
is, of course, not unexpected, because when noise becomes more relevant,
any procedure will have difficulty to distinguish between deviations caused
by noise and by a different model. The nominal level is reasonably approx-
imated by each method. In the papers Alcala et al. (1999) and Stute et al.
(1998) more simulations and examples (including this one) are given.

5 Some extensions of interest

5.1 Testing the hypothesis of a generalized linear regression
model with binary response

When the variable Y is binary (i.e., takes the values 0 and 1), our interest is
in estimating the function p(z) = P(Y = 1/X =z) = E[Y/X = z] = m(z).
The same kind of problem as mentioned above (in the previous sections)
consists now of testing Hy : p = pp, 6 € © C R?, a parametric model
for the conditional probability that Y equals 1. One of the most popular
models in the literature of discrete response regression is the logistic model
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which, in the context of a one-dimensional variable X, is given by

(2) = exp (6p + 61)
bo 1+ exp (6o + 612)

= my(z)

In general we focus on testing Ho : m € {mp(-)}gceo Vversus the alternative
Hj : m is a smooth function, where mgy(z) = g (6'z), # € © CRP, z € RP
with g a known link function (logit, probit, etc.).

In Rodriguez-Campos et al. (1998),

n

s (1) = -3 (i g (X5) =m0, (X)) (X;)

Jj=1

is used as test statistic, where 6,, is a root-n estimator for 6 (for example
the maximum likelihood estimator in the logistic model) and § = 0 (the
Nadaraya-Watson estimator as nonparametric regression estimator). As in
the case of Section 2 the asymptotic normality is obtained for dy (mg,, , Mn )
and again the bootstrap is a good option to approximate the critical values
in the test. For example, in our binary case the binary bootstrap must be
used following the next steps:

a4) Obtain the bootstrap version of the response variable sample:

v — { 1 with probabilityp, (X;) i=1... .n

i 0 with probabilityl — p; (X;)

where @ is the maximum likelihood estimator of the parameter 6,
obtained from the sample {(X;,Y;)}!;.

bs) With the bootstrap resample {(X;, Y;*)}:_, construct m}, - and 6}, and
define do (mg;;, m;*l’q).

c4) Repeat the process B times and reject the hypothesis Hy if do (mg,, , mp,g) >

Ci_uy Ci_o being the [B(1 — «)] th order statistic computed from the
B

B replicates {d2 (mezi’m;,qi)}izl'
In the paper by Rodriguez-Campos et al. (1998) the good behaviour of this

test is also shown with different simulation examples.

5.2 Testing the hypothesis of parametric models with censored
response

Sometimes the variable Y may be viewed as a lifetime or a monotone
transformation of it, while X is a vector of covariables to be sampled at
the entry into or in the course of a follow-up study. In the analysis of such
survival data it is typical that, due to losses or other failures, Y is not always
available. Hence standard statistical methods which require knowledge of
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all Y’s are not applicable. Under random right censorship, rather than Y,
one observes Z = min{Y,C} where C is a censoring variable. Hence the
available data are (X, Z;,d;) 1 <i < n, where §; = l;y,<c,} indicates the
cause of failure. In this context I(z) can be consistently estimated as

/ /+°°de (u, )

where E,(z,y) = Sy Whil(x,, <z, Zi.<y} 15 an extension of F), to the
censored data case, with Z;., < ... < Z,., the Z-order statistics,

Oliin = n —J Stgend
Wni = 3
nfl-f-ljl;[l {n]—f-l}

the Kaplan-Meier weight attached to Z;.,, and d};.,], X[i:n) denoting the §
and X concomitants associated with Z;., (see Stute (1993, 1996, 1999) for
more details).

To derive tests for Hy : m € {mg}, e, we must now consider:

fn(l.) - I9n (LL') = 7171 Z Wnil{X[im]S.z} (Zin — My, (X[zn}))
i=1
where \/n (fn — Ign> has a nondegenerate limit distribution (see Stute et

al. (2000) for more details). In fact it is shown that uniformly in z,
R(2) = v/ (In(2) = I, (2)) = n~"/? Zg +05(1) = R (x) + 05(1)

with &;(z) a random variable of mean zero based on (Xj;, Z;,d;) and on
different parameters of the model. Under regularity conditions R2 has the
same limit distribution as R3, a centered Gaussian process R% . The null
hypothesis is now rejected if

Vidy (L Ig, ) = Vasu

‘ R~ nsup

12& )

exceeds a critical value computed from the corresponding functional of RZ .
The bootstrap approximation to this critical value is again a good solution.
Now, rather than RZ, the wild bootstrap is taken over the leading process

R3:
R¥(z) = n~ /2 Zg

where the V;*’s are i.i.d. random varlables with expectation zero and vari-
ance one, being also independent of the original sample, and &; an em-

pirical estimation of §;. Here Hj is rejected if d (fn,Ign > Ci_o» Cl_a
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being the [B(1 — «)] th order statistic computed from the B replicates
{sw, ' S &V} =1, B

Example. Stanford Heart Transplant Data.

We now illustrate our method using data from the Stanford Heart Trans-
plant program. Between October 1967 and February 1980, 184 of the 249
patients admitted to this program received a heart transplantation. We
focus on only two variables, with the survival time as the response and
age as the covariate. Patients alive beyond February 1980 were considered
censored. We concentrate our analysis on the 157 patients out of 184 who
had complete tissue typing. Among the 157 cases, 55 were censored.

The hypothesis of a linear model for log,, of survival time versus age was
checked. The bootstrap approximations (with 10000 replicates) were used
to obtain the p-values of the test statistics for this linear model. The p-value

of di (fn,19n> was 0.8236.

Our p-values are typically larger than the ones obtained by other methods
in the literature. This may be explained by the fact that our method incor-
porates Kaplan-Meier weights and thus attaches mass zero to the residuals
related to censored data. Hence our approach is much more cautious about
rejecting a model in particular when deviations are caused by censoring
and not necessarily by a wrong assumption on the model.

6 Comments

The two methodologies (based on smoothing and on empirical regression
processes, respectively) discussed in the different sections of this tutorial
work are also applicable to test different restrictions on the nonparametric
regression curve. Some relevant examples are the following:

1. "The significance testing".
Hy:E[Y/X]|=E[Y/X,]

where Xt = (X}, X%) is the complete predictor vector of variables of
dimension p = p; + po. It would be very useful to reduce the number
of explanatory variables in the regression curve as much as possible.

2. "Testing of partially linear models".
0o € © C RP* and ~ is an unknown function.

3. "Testing the additivity".

Hy:E[Y/X] = ij (X;5)
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where {f;}_, are p unknown functions.

The common factor in all these null hypotheses is the infinite dimen-
sionality. Fan and Li (1996) using smoothing and Delgado and Gonzalez-
Manteiga (2000) with empirical regression processes are two examples of
the very recent work in this field.
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Abstract: Much empirical research in economics is concerned with estimating
conditional mean functions. The most frequently used estimation methods assume
that the conditional mean function is known up to a set of constant parameters
that can be estimated from data. Such methods are called parametric. Their use
greatly simplifies estimation and inference but is rarely justified by theoretical or
other a priori considerations. Estimation and inference based on convenient but
incorrect assumptions about the form of the conditional mean function can be
highly misleading. Semiparametric methods reduce the strength of the assump-
tions required for estimation and inference, thereby reducing the opportunities
for obtaining misleading results. In addition, semiparametric methods mitigate
certain disadvantages of fully nonparametric methods that make no assumptions
about the shape of the conditional mean function. This article describes three im-
portant semiparametric models for conditional mean functions. These are single
index, partially additive, and additive models. They are compared with paramet-
ric and fully nonparametric models.

1 Introduction

Much empirical research in economics is concerned with estimating con-
ditional mean functions. For example, labor economists are interested in
estimating the mean wages of employed individuals conditional on char-
acteristics such as years of education and work experience. The most fre-
quently used estimation methods assume that the conditional mean func-
tion is known up to a set of constant parameters that can be estimated
from data, possibly by ordinary least squares. Models in which the only
unknown quantities are a finite set of constant parameters are called para-
metric. The use of a parametric model greatly simplifies estimation, sta-
tistical inference, and interpretation of the estimation results but is rarely
justified by theoretical or other a priori considerations. Estimation and
inference based on convenient but incorrect assumptions about the form
of the conditional mean function can be highly misleading. Semiparamet-
ric statistical methods reduce the strength of the assumptions required for
estimation and inference, thereby reducing the opportunities for obtain-
ing misleading results. These methods are applicable to a wide variety of
estimation problems in economics and other fields.
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A conditional mean function gives the mean of a dependent variable Y
conditional on a vector of explanatory variables X. Denote the mean of Y
conditional on X = z by E(Y|z). For example, suppose that Y is a worker’s
weekly wage (or, more often in applied econometrics, the logarithm of the
wage) and X includes such variables as years of education, years of labor
force experience, race, and sex. Then E(Y |z) is the mean wage (or logarithm
of the wage) when education and the other explanatory variables have the
values specified by z. In applications, E(Y|z) is unknown and must be
estimated from data on the variables of interest. In the case of estimating a
wage function, the data consist of observations of individuals’ wages, years
of education, and other characteristics. The most widely used method for
estimating E(Y |z) assumes that this function is known up to finitely many
constant parameters. This gives a parametric model for E(Y|z) . Often,
E(Y|z) is assumed to be a linear function of z, in which case the parameters
can be estimated by ordinary least squares (OLS), among other ways. OLS
estimators are described many textbooks. See, for example, Goldberger
(1998). However, the OLS estimator of E(Y |z) can be highly misleading if
E(Y|z) is not linear in the components of z, that is if there is no 8 such
that E(Y|z) = f'z .

The opportunities for specification error increase if Y is binary. For exam-
ple, consider a model of the choice of travel mode for the trip to work.
Suppose that the available modes are automobile and transit. Let Y = 1
if an individual chooses automobile and Y = 0 if the individual chooses
transit. Let X be a vector of explanatory variables such as the travel times
and costs by automobile and transit. Then E(Y|z) is the probability that
Y =1 (the probability that the individual chooses automobile) conditional
on X = z. This probability will be denoted P(Y = 1|z) . In applications of
binary response models, it is often assumed that P(Y|z) = G(8'x) , where
B is a vector of constant coefficients and G is a known probability distribu-
tion function. Often, G is assumed to be the cumulative standard normal
distribution function, which yields a binary probit model, or the cumula-
tive logistic distribution function, which yields a binary logit model. The
coefficients 8 can then be estimated by the method of maximum likelihood
(Amemiya 1985). However, there are now two potential sources of specifi-
cation error. First, the dependence of Y on x may not be through the linear
index B’z . Second, even if the index 3’z is correct, the response function
G may not be the normal or logistic distribution function. See Horowitz
(1993, 1998) for examples of specification errors in binary response models
and their consequences.

Many investigators attempt to minimize the risk of specification error by
carrying out a specification search in which several different models are es-
timated and conclusions are based on the one that appears to fit the data
best. However, there is no guarantee that a specification search will include
the correct model or a good approximation to it. If the search includes the
correct model, there is no guarantee that it will be selected by the investiga-
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tor’s model selection criteria. Moreover, the search process invalidates the
statistical theory on which inference is based. Thus, a specification search
is not satisfactory way of dealing with the problem of specification error.
The rest of this paper describes methods that deal with the problem of
specification error by relaxing the assumptions about functional form that
are made by parametric models. The possibility of specification error can be
essentially eliminated through the use of nonparametric estimation meth-
ods. These are described in Section 2. They assume that E(Y|z) is a smooth
function but make no other assumptions about its shape or functional form.
However, nonparametric methods have important disadvantages that seri-
ously limit their usefulness in applications. Semiparametric methods, which
are described in Section 3, offer a compromise. They make assumptions
about functional form that are stronger than those of a nonparametric
model but less restrictive than the assumptions of a parametric model,
thereby reducing (though not eliminating) the possibility of specification
error. In addition semiparametric methods avoid the most serious practical
disadvantages of nonparametric methods.

2 Nonparametric Models

In nonparametric estimation E(Y'|z) is assumed to satisfy smoothness con-
ditions such as differentiability, but no assumptions are made about its
shape or the form of its dependence on z. Hirdle (1990) and Fan and Gij-
bels (1996) provide detailed discussions of nonparametric estimation meth-
ods. One easily understood and frequently used method is called kernel
estimation. To describe the kernel method simply, assume that X is a con-
tinuously distributed, scalar random variable. Let {Y;, X; : ¢ = 1,... ,n}
be a random sample of n observations of (Y, X) . Let K be a probability
density function that is bounded, continuous, and symmetrical about zero.
For example, K may be the standard normal density function. Let {h,} to
be a sequence of positive numbers that converges to 0 as n — oco. For each
n=1,2,... and i =1,... ,n define the function wy,;(.) by

- X)/h]
S Kl(e — X)/ha)

Then the kernel nonparametric estimator of E(Y'|z) is

Wi

H,(z) is a weighted average of the observed values of Y. Observations Y;
for which Xj is close to = get higher weight than do observations for which
X; is far from z. It can be shown that if h, — 0 and nh,/(log n) — oo
as n — oo, then H,(z) — E(Y|z) with probability 1. Thus, if n is large,
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H, (z) is likely to be very close to E(Y|z) . Hardle (1990) provides a detailed
discussion of the statistical properties of kernel nonparametric estimators.
Nonparametric estimation minimizes the risk of specification error, but the
price of this flexibility can be high. One important reason for this is that
the precision of a nonparametric estimator decreases rapidly as the number
of continuously distributed components of X increases. This phenomenon
is called the curse of dimensionality. As a result of it, impracticably large
samples are usually needed to obtain acceptable estimation precision if X
is multidimensional, as it often is in econometric applications.

A further problem is that nonparametric estimates can be difficult to dis-
play, communicate, and interpret when X is multidimensional. Nonpara-
metric estimates do not have simple analytic forms. If X is one- or two-
dimensional, then the estimate of E(Y|z) can be displayed graphically, but
only reduced-dimension projections can be displayed when X has three or
more components. Many such displays and much skill in interpreting them
can be needed to fully convey and comprehend the shape of the estimate
of E(Y|z).

Another problem with nonparametric estimation is that it does not permit
extrapolation. That is, it does not provide predictions of E(Y|z) at points
x that are outside of the support (or range) of the random variable X . This
is a serious drawback in policy analysis and forecasting, where it is often
important to predict what might happen under conditions that do not exist
in the available data. Finally, it can be difficult to impose the restrictions
of economic or other theory models in nonparametric estimation. Matzkin
(1994) discusses this issue.

Semiparametric methods permit greater estimation precision than do non-
parametric methods when X is multidimensional. In addition, semipara-
metric estimates are easier to display and interpret than nonparametric
ones and provide limited capabilities for extrapolation and imposing re-
strictions derived from economic or other theory models.

3 Semiparametric Models

The term semiparametric refers to models in which there is an unknown
function in addition to an unknown finite dimensional parameter. For ex-
ample, the binary response model P(Y = 1|z) = G(8'z) is semiparametric
if the function G and the vector of coefficients 8 are both treated as un-
known quantities. This section describes two semiparametric models of con-
ditional mean functions that are important in applications. The section also
describes a related class of models that has no unknown finite-dimensional
parameters but, like semiparametric models, mitigates the disadvantages
of fully nonparametric models.

In addition to the estimation of conditional mean functions, semiparamet-
ric methods can be used to estimate conditional quantile and hazard func-
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tions, binary response models in which there is heteroskedasticity of un-
known form, transformation models, and censored and truncated mean-
and median- regression models, among others. Horowitz (1998) and Powell
(1994) provide more comprehensive treatments in which these models are
discussed.

3.1 Single Index Models

In a semiparametric single index model, the conditional mean function has
the form

E(Y|z) = G(B') (1)

where (3 is an unknown constant vector and G is an unknown function. The
quantity 8’z is called an index . The inferential problem is to estimate G
and 8 from observations of (Y, X) .

Model (1) contains many widely used parametric models as special cases.
For example, if G is the identity function, then (1) is a linear model. If G is
the cumulative normal or logistic distribution function, then (1) is a binary
probit or logit model. When G is unknown, (1) provides a specification that
is more flexible than a parametric model but retains many of the desirable
features of parametric models, as will now be explained.

One important property of single index models is that they avoid the curse
of dimensionality. This is because the index 8’z aggregates the dimensions
of x, thereby achieving dimension reduction. Consequently, the difference
between the estimator of G and the true function can be made to converge
to zero at the same rate that would be achieved if 3’z were observable.
Moreover, 3 can be estimated with the same rate of convergence that is
achieved in a parametric model. Thus, in terms of the rates of convergence
of estimators, a single index model is as accurate as a parametric model for
estimating § and as accurate as a one-dimensional nonparametric model for
estimating G. This dimension reduction feature of single index models gives
them a considerable advantage over nonparametric methods in applications
where X is multidimensional and the single index structure is plausible.
A single-index model permits limited extrapolation. Specifically, it yields
predictions of E(Y|z) at values of x that are not in the support of X but
are in the support of 3'z. Of course, there is a price that must be paid for
the ability to extrapolate. A single index model makes assumptions that
are stronger than those of a nonparametric model. These assumptions are
testable on the support of X but not outside of it. Thus, extrapolation (un-
avoidably) relies on untestable assumptions about the behavior of E(Y|z)
beyond the support of X.

Before 8 and G can be estimated, restrictions must be imposed that insure
their identification. That is, 8 and G must be uniquely determined by the
population distribution of (Y, X). Identification of single index models has
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been investigated by Ichimura (1993) and, for the special case of binary
response models, Manski (1988). It is clear that § is not identified if G is
a constant function or there is an exact linear relation among the compo-
nents of X (perfect multicollinearity). In addition, (1) is observationally
equivalent to the model E(Y|z) = G*(y + §8'z) , where v and ¢ are arbi-
trary and G* is defined by the relation G*(y + 6v) = G(v) for all v in the
support of B'z. Therefore, 8 and G are not identified unless restrictions
are imposed that uniquely specify v and §. The restriction on + is called
location normalization and can be imposed by requiring X to contain no
constant (intercept) component. The restriction on ¢ is called scale nor-
malization. Scale normalization can be achieved by setting the 3 coefficient
of one component of X equal to one. A further identification requirement
is that X must include at least one continuously distributed component
whose £ coefficient is non-zero. Horowitz (1998) gives an example that il-
lustrates the need for this requirement. Other more technical identification
requirements are discussed by Ichimura (1993) and Manski (1988).

The main estimation challenge in single index models is estimating [ .
Given an estimator b, of 8, G can be estimated by carrying out the non-
parametric regression of Y on b, X (e.g, by using the kernel method de-
scribed in Section 2). Several of estimators of § are available. Ichimura
(1993) describes a nonlinear least squares estimator. Klein and Spady
(1993) describe a semiparametric maximum likelihood estimator for the
case in which Y is binary. These estimators are difficult to compute be-
cause they require solving complicated nonlinear optimization problems.
Powell, et al. (1989) describe a density-weighted average derivative esti-
mator (DWADE) that is non-iterative and easily computed. The DWADE
applies when all components of X are continuous random variables. It is
based on the relation

8 o Elp(X)9G (8 X)/0X] = ~2E[Y 9p(X) /0X], (2)

where p is the probability density function of X and the second equality
follows from integrating the first by parts. Thus, 8 can be estimated up
to scale by estimating the expression on the right-hand side of the second
equality. Powell, et al. (1989) show that this can be done by replacing p
with a nonparametric estimator and replacing the population expectation
E with a sample average. See Powell, et al. (1989) for details. Horowitz and
Hérdle (1996) extend this method to models in which some components of
X are discrete. Horowitz and Hardle (1996) also give an empirical example
that illustrates the usefulness of single index models. Ichimura and Lee
(1991) investigate a multiple index generalization of (1).
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3.2 Partially Linear Models

In a partially linear model, X is partitioned into two non-overlapping sub-
vectors, X; and Xs. The model has the form

E(Y|z1,z2) = 821 + G(x2), (3)

where (3 is an unknown constant vector and G is an unknown function. This
model is distinct from the class of single index models. A single index model
is not partially linear unless G is a linear function. Conversely, a partially
linear model is a single index model only in this case. Stock (1989, 1991) and
Engle et al. (1986) illustrate the use of (3) in applications. Identification of
(3 requires the exclusion restriction that none of the components of X; are
perfectly predictable by components of X5 . When £ is identified, it can be
estimated with an n~'/2 rate of convergence regardless of the dimensions
of X; and X5 . Thus, the curse of dimensionality is avoided in estimating
B .

An estimator of 8 can be obtained by observing that (3) implies

Y~ E(Yl|z2) = B'[Xy — E(Xi|z2)] + U, (4)

where U is an unobserved random variable satisfying E(U|z1,z2) = 0 .
Robinson (1988) shows that under regularity conditions, 8 can be esti-
mated by applying OLS to (4) after replacing E(Y |z2) and E(X;|z2) with
nonparametric estimators. The estimator of 3, b,,, converges at rate n~/2
and is asymptotically normally distributed. G can be estimated by carrying
out the nonparametric regression of Y — b/, X; on X, . Unlike b, the esti-
mator of G suffers from the curse of dimensionality; its rate of convergence
decreases as the dimension of X5, increases.

3.3 Nonparametric Additive Models

Let X have d continuously distributed components that are denoted Xi, ... , X .
In a nonparametric additive model of the conditional mean function,

E(Y[z) = p+ fi(z1) + ... + fa(za), (5)

where p is a constant and f; + ...+ fg are unknown functions that satisfy
a location normalization condition such as

/fk,(l/)dl/:(], E=1,...,d. (6)

An additive model is distinct from a single index model unless E(Y|z) is a
linear function of z. Additive and partially linear models are distinct unless
E(Y|z) is partially linear and G in (3) is additive.
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An estimator of fi (k =1,...,d) can be obtained by observing that (5)
and (6) imply

fulwy) = / E(Y[2)w_i(z_i)de_i, (7)

where z_ 1, is the vector consisting of all components of = except the k'th and
w_j, is a weight function that satisfies [w_j(z_j)dz_j. The estimator of
f# is obtained by replacing E(Y'|z) on the right-hand side of (7) with a non-
parametric estimator. Linton and Nielsen (1995) and Linton (1997) present
the details of the procedure and extensions of it. Under suitable conditions,
the estimator of f, converges to the true fj at rate n—2/® regardless of the
dimension of X. Thus, the additive model provides dimension reduction.
It also permits extrapolation of E(Y|z) within the rectangle formed by the
supports of the individual components of X.

Linton and H&rdle (1996) describe a generalized additive model whose form
is

E(Y|z) = Glu+ fi(er) + -+ fx(za)], (8)

where f1,..., fq are unknown functions and G is a known, strictly increas-
ing (or decreasing) function. Horowitz (2000) describes a version of (8) in
which G is unknown. Both forms of (8) achieve dimension reduction. When
G is unknown, (8) nests additive and single index models and, under certain
conditions, partially linear models.
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Abstract: Continuous improvement of production and business processes is nec-
essary if companies want to remain competitive . Statistics and statistical tools
for stabilizing and improving processes are important components of improve-
ment efforts. In this paper we illustrate how statistical techniques help improve
the quality of a manufacturing process. Our investigation involves the production
of a viscose fiber, referred to in this paper as fiber "M”.

Keywords: Design of experiments; errors-in-variables model; fractional factorial
design; regression.

1 Introduction

Fiber "M” is a wood-based product, made from beech trees. A vertical
production process first transforms wood into pulp, and then pulp into the
viscose-like fiber "M”. The process from wood to pulp starts with wood chips
being cooked in huge pressurized vats of a magnesium-bisulfite solution for
approximately eight hours. The resulting pulp is bleached (using peroxide,
sodium hydroxide, and ozone), drained, dried and pressed into cellulose
fibers. The second stage of the process, the transformation of pulp into
viscose fiber, involves several chemical and mechnical processes. Cellulose
pulp is first treated with sodium hydroxide, a process that results in alkaline
cellulose, a swollen crumbly mass. Excess sodium hydroxide is drained and
the resulting mixture is pressed and shreded. A "ripening” process, where
alkaline cellulose is stored for a certain period of time at 30 - 45 degrees C, in
the alkaline cellulose is reacted with carbon disulfide and transformed into
cellulose xanthate. Through the addition of water and sodium hydroxide
the xanthate is then dissolved into a liquid form, called the viscose. After
mechanical purifying steps the viscose is spun into viscose fibers. This is
achieved by pressing viscose through very fine nozzles into a spinnbath
solution containing sulfuric acid, and sodium and zinc sulfates, whereby
the cellulose is regenerated. The resulting fibers are stretched, bundled, cut,
washed and dried. The process from wood to viscose fiber takes approx. 34
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hours. The special processes for fiber "M” differ from the standard viscose
technology in that spinning conditions, additives and precipitating baths
are changed somewhat resulting in better fiber performance. Fiber strength
and fiber elongation are the most important quality characteristic, and the
following report looks at these two quality measures.

2 A Designed Experiment on the Pilot Plant: Effects
of Process Changes on Strength and Elongation

Fiber properties such as strength and elongation depend on the settings of
numerous process factors. Relationships with some factors are well under-
stood - either from theory or from years of practical experience - and great
care is used to control these driving factors. However, dependencies with
many other variables are neither known nor understood.

While statistical studies of historic process data are useful in uncovering
relationships, such analyses have also shortcomings. They are often inef-
fective in uncovering dependencies as changes in controlled process factors
either don’t occur during the observed period or, if they do, are not large
enough to trigger a response. Furthermore, important factors often change
at the same time which makes it difficult to uncover interactions. Much
more information can be gained from data if changes to the process factors
are introduced deliberately according to a well-designed experiment.

We now discuss the design of such an experiment and the analysis of the
resulting data. This particular experiment is conducted on the pilot plant,
a small-scale production facility that simulates the production processes
in the plant on a smaller scale. The goal of this experiment is to find and
quantify the forces that influence strength and elongation of fiber "M”.

2.1 The Design of the Experiment

We study the effects of ten process factors: three factors that have to do with
the composition of the (liquid) viscose [that is, Cell (cellulose in percent),
AV (ratio of sodium hydroxide to cellulose), and C'Sy (carbon disulfide, in
percent)|, temperature of the viscose during the "ripening” process, four
factors that change the spinnbath [that is, the chemicals H3SOy4, Na2SOy,
ZnS0y, and the temperature of the spinnbath], and two factors for making
adjustments on the spinning machine [amount of stretch reduction and
drawing speed]. These ten factors influence the second stage of the process
from pulp to fiber.

A two-level fractional factorial design: 2* factorial und 2¢~? fractional fac-
torial designs are useful search designs as they can uncover important driv-
ing forces with relatively few experiments. An important feature of these
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designs is that they don’t just vary one factor at a time, but that they
change factors together allowing the experimenter to uncover main effects
as well as interactions. Excellent discussions of these designs can be found in
Box and Draper (1969), Box, Hunter and Hunter (1978), Mason, Gunst and
Hess (1989), Montgomery (1991), Hogg and Ledolter (1991), and Ledolter
and Burrill (1999).

In a (full) 2* faktorial experiment each of the k process factors is studied at
a low and a high setting. The low and high settings are obtained by varying
the currently used target value; these levels must be different enough so that
one can estimate the effect of their change. However, these values must not
be too different as performance problems must be kept low.

A disadvantage of a full factorial design is the large number of needed
runs. Fractional factorial designs which consider only certain well-chosen
fractions of the factorial plans lead to much more economical arrangements.
In this paper we use a 2!9~% fractional factorial design with ten factors in
32 runs. A 2° factorial design in the five factors [Cell, AV, CS,, VisTemp,
und ZnSOy4] is taken as the starting point of this design. The generators
of the remaining five factors are taken as:

HySO; = (Cell)(AV)(CS,)(VisTemp)

NaxS04 = (Cell)(AV)(CS2)(ZnS04)
SpTemp = (CS3)(VisTemp)(ZnSOy)
Stretch = (AV)(VisTemp)(ZnSOy)

Draw =  (Cell)(VisTemp)(ZnSO4)

The factors levels of the 32 runs, together with the results on fiber strength
and fiber elongation, are listed in Table 1. The resolution of this design is IV.
Ignoring interactions of order 3 or higher, this design allows us to estimate
the main effects of all ten factors. Two-factor interactions, however, are
confounded with certain other two-factor interactions; see Table 2.

Block Structure: Ideally, the temporal arrangement of the runs should be
randomized. Randomization helps avoid biases that otherwise could get
introduced due to unknown patterns of the process over time. A complete
randomization is not possible as our experiment has to be carried out over
several days. Table 1 shows that the experiment is blocked into eight days
of four runs each. The liquid viscose depends on the three factors: Cell, AV,
and CS3. A batch of viscose is made up for each of the eight factor-level
combinations, and on each day of the experiment one such batch is used
for further study. The block structure is shown in Table 1.

Batch and day effects may be present. The blocking factors By = Cell, By =
AV, B3 = C'Ss introduce the additional confounding patterns. The block-
ing arrangement implies that all main effects and interactions of the three
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factors Cell, AV, and CS; are confounded with block effects. For exam-
ple, a large effect associated with AV may equally be due to a batch ef-
fect. Analysis of the confounding patterns also shows that the interactions
(VisTemp)(H2504) ~ (ZnS04)(Na3S0,) are confounded with the block
effect. All other main and interaction effects remain unaffected by block
effects.

Stretch factor: The amount of stretch that is applied by the spinning ma-
chine as fibers are pulled through the spinning bath is an important factor.
The largest possible stretch is determined for each of the 32 runs. This
is done by successively increasing the stretch until fiber problems become
visible. A reduction of 30 precent from the largest possible stretch is taken
as the low setting; a reduction of ten perecent is used as the high level. The
effect of a 20 percent reduction is also studied, in addition to the 30 or 10
percent reductions that are part of the fractional factorial design.
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Table 1: The 2'°-% fractional factorial design, and resulting measures of
fiber strength and fiber elongation.

Visoose Spinnbath i i Results
Temp Temp | Drawing "
Day Dae Cs, Cell. AV Vit H2S04 | Na2SO4 | ZnSO4 b | Speed Strreich Strength Elongation
% % °C gl gl gl °C m/min._ | Maximum -% | cNitex %
1 21109 Low Low Low High Low Low High Low Low -30% 85 138
-20% 39 132
Low Low Low Low High Low High High High 10% 165 62
-20% 153 73
Low Low Low High Low High Low High High -10% 374 27
-20% 44 133
Low Low Low Low High High Low Low Low -30% 168 73
-20% 170 73
2 30.10.99 High High High High High Low Low Low Low 30% 30 121
-20% 382 116
Hgh | Hgh | Hih | Hogh | High | Hgh | High High High -10% R4 122
-20% 20 148
High High High Low Low Low Low High High 10% 09 128
20% 245 163
High High High Low Low Hgh | High Low Low 30% 21 13
20% 326 17
3 021199 Low High Low Low Low Hgh | High High Low 10% A7 148
-20% 29 151
Low High Low Low Low Low Low Low High -30% 210 11,0
-20% 286 12
Low High Low High High Low Low High Low -10% 300 120
-20% 282 14
Low High Low High High | Hgh | High Low High -30% %7 124
2% 288 123
4 041199 Low High High Low High | High Low Low High 10% 25 125
-20% 281 145
Low High High Low High Low High High Low -30% B3 134
-20% K7 138
Low High High High Low High Low High Low -30% 342 165
-20% 379 148
Low High High High Low Low High Low High -10% 366 138
-20% 38 139
5 05.11.99 Med Med Med Med Med Med Med Med Med -15% 400 129
-20% 392 131
-25% 31 131
6 081199 High | Low Low | Hgh | High | Low Low Low High -10% 197 67
-20% 174 66
High | Low Lov | High | Hgh | High | Hign High Low -30% %5 157
-20% 360 150
High Low Low Low Low Low Low High Low -30% 21 79
-20% 204 68
High Low Low Low Low High High Low High 10% 38 19
20% 367 18
7 09.1.99 Low Low High Low Low High High High High -30% 319 155
-20% 418 156
low | Lo | Hoh | Hgh | Hgh | Low Low High High 30% %5 147
-20% 404 146
Low Low High Low Low Low Low Low Low -10% 360 27
-20% 356 135
Low Low High High Hgh | High | High Low Low 10% 35 132
-20% 369 133
8 101199 High Low High High Low Low High High Low 10% 51 14,1
-20% 22 144
High Low High High Low High Low Low High -30% 312 1331
-20% 383 27
Hgh | Low | Hioh | Low High | Low | High Low High 30% 53 124
-20% 366 21
Hgh | Low | Hih | Low High | Hogh | Low High Low -10% 22 150
2% 403 154
9 111199 High High Low High Low Low High High High 30% 23 154
-20% 329 165
High High Low High Low High Low Low Low -10% U5 136
-20% U8 130
High High Low Low High High Low High High -30% 280 148
-20% 292 140
Hgh | Hgh | Low | Lw | Hgh | Low | Hgh Low Low -10% 28 92
-20% 295 93
10 12119 Med Med Med Med Med Med Med Med Med -15% 404 131
-20% 407 129
-25% 400 133
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Table 2: Confounding of the 2175 fractional factorial design in Table 1
with 10 factors in 32 experiments. The defining relation (ignoring words of
length 5 or higher) is:

I =  (CSy)(VisTemp)(ZnS04)(SpTemp) =  (AV)(VisTemp)(ZnSOy4)(Stretch)
= (Cell)(VisTemp)(ZnSOy4)(Draw) =  (AV)(CSy)(SpTemp)(Stretch)
= (Cell)(CSy)(SpTemp)(Draw) = (Cell)(AV)(Stretch)(Draw)
= (CS3)(H2504)(NapS04)(SpTemp) = (AV)(H2 SO4)(NagSOy4)((Stretch)
= (Cell)(HS04)(NagSOy4)(Draw) =  (VisTemp)(ZnSO4)(HyS04)(NagSOy)

Ignoring interactions of order 3 or higher leads to unconfounded main ef-
fects. Two-factor interactions are confounded with other two-factor inter-
actions, according to:

(Cell)(AV) = (Stretch)(Draw) (Cell)(CSy) ~ (SpTemp)(Draw)
(Cell)(VisTemp) ~ (ZnSO4)(Draw) (Cell)(ZnS0y4) ~ (VisTemp)(Draw)
(Cell)(Hg504) ~ (NagSOy)(Draw) (Cell)(NaySOy4) &~ (HySO4)(Draw)
(Cell)(SpTemp) ~ (CSy)(Draw) (Cell)(Stretch)~ (AV)(Draw)

(C'S3) & (SpTemp)(Stretch) (AV)(VisTemp) =~ (ZnSOy4)(Stretch)
(AV)(ZnSOy4) =~ (VisTemp)(Stretch) (AV)(H3S04) ~ (NagSOy4)(Stretch)
(AV)(NaySOy4) ~ (HgSO4)(Stretch) (AV)(SpTemp) ~ (CS3)(Stretch )
(C'S2)(VisTemp) ~(ZnS04)(SpTemp) (CS3)(ZnS0y4) ~ (VisTemp)(SpTemp)
(CSg)(HgS04) ~ (NagSO4)(SpTemp) (CSp)(NaySOy) ~ (HgSO4)(SpTemp)
(VisTemp)(HgSOy4) ~ (ZnSO4)(NaySOy4)  (VisTemp)(NapSOy4) = (ZnSO4)(HySO04)

(Cell)(Draw) &~ (AV)(Stretch) ~ (C'Ss)(SpTemp) = (VisTemp)(ZnS04) ~ (HyS04)(NaySOy)

Table 3: Confounding Patterns of the 21°~° fractional factorial design in
Table 1 in 8 Blocks with Blocking Variables B; = Cell, By = AV and
B; =CSs.

Main effects of Cell, AV, und CS2, and the interactions (Cell)(AV)
(Stretch)(Draw), (Cell)(CSz) =~ (SpTemp)(Draw), (AV)(CS2)
(SpTemp)(Stretch), and (Cell)(AV)(CSs:) =~ (VisTemp)(H2S0;)
(ZnS04)(Na2S04) cannot be separated from block effects. All other two-
factor interactions are confounded as in Table 2.

RN

Centerpoints: Two centerpoints on days 5 and 10 are added to the 32 runs
of the fractional factorial experiment. The factor levels of these runs are
set midway between the low and high levels of the factorial experiment.
In addition to a medium reduction (20 percent) from the largest possible
stretch, we also reduce stretch by 15 und 25 percent. For this reason, three
different levels of stretch reduction are available at the center points.

Measurements: A sample of fibers is taken from each production run. Each
fiber is fastened to a holder, and is stretched by applying force. Fiber
strength = Force/Thickness is calculated as the ratio of force (in cN) that
is needed to tear the fiber and thickness of the fiber (tex = g/1000m). Elon-
gation is expressed by the proportional amount a fiber can be stretched.
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The average of results from n = 20 fibers make up the observations in Table
1.

2.2 Data Analysis

2.2.1 Effect of Stretch on Fiber Strength and Fiber Elongation

Strength and elongation are measured at each of the 32 runs of the 219°
fractional factorial experiment under two stretch reductions: the reduction
specified by the fractional factorial design (30 or 10 perecent) and the added
20 percent reduction. At the centerpoints measurements are made at three
different reductions.

As these two (three) measurements are taken on the very same product,
these realizations cannot be treated as independent replications. In the
following analysis we treat each of the 34 factor combinations as a separate
block, define indicator variables for the blocks, and regress fiber strength
(elongation) on these 34 indicators. The residuals from this regression are
plotted against reduction in stretch. Figure 1 shows that strength decreases
if we increase the amount of reduction from the largest feasible stretch.
Elongation increases with increased reduction of stretch. The influence is
linear over the studied range.

Residuals (Strength)
o
1
Residuals (Elongation)

T T
03 02 01 03 02 0.1
Stretch Reduction (percent) Stretch Reduction (percent)

Figure 1: Residuals from the regression of fiber strength (fiber elonga-
tion) on 34 block indicators, plotted against different stretch reductions.
Residuals from the same block are connected.

A regression of strength on stretch reduction

Strengthpiock,stretch = PBlock + B(Stretch) + Noise

leads to an estimate for 5 of 1.92 cN/tex (standard error 0.28 cN/tex).
Each additional ten percent reduction of stretch reduces strength by 1.92
cN/tex. A regression with fiber elongation leads to an estimate of —0.44
percent (standard error 0.15 percent); each additional ten percent reduction
of stretch increases fiber elongation by 0.44 percent. We also consider a
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model with a quadratic component; however the estimate of the quadratic
effect is small and statistically insignificant.

2.2.2 Analysis of Strength and Elongation: Effects of Viscose Tem-
perature and Spinnbath Factors

Main and interaction effects among Cell, AV, and C'S; may be confounded
with possible block effects. In order to be on the safe side, we define indi-
cator variables for the ten days of our experiment in order to adjust our
analysis for possible block effects. While losing the ability to estimate ef-
fects of Cell, AV, and CSs, we obtain estimates of main and interaction
effects of the other seven factors which are unconfounded with block effects.

With the observations from the original 2'°® fractional factorial experi-
ment we estimate the regression model

Strength = pgiock + B1(VisTemp) + B2(H2S504) + ... + B7(Draw)
+5812(VisTemp)(H2504) + B13(VisTemp)(NazSO4) + ...
+Noise

Not every two-factor interaction can be estimated as certain two-factor
interactions are confounded with other two-factor interactions (see Table 2).
The statistical significance of the estimated effects is determined through
normal probability plots (see Hogg and Ledolter (1991, page 339)).

For strength the most important main effects are viscose temperature,
H>504 and Na2SO4 in the spinnbath, and stretch reduction. Interac-
tions between stretch reduction and HS0O,, and stretch reduction and
Na3S50y4 are found. For elongation the most important main effects are
due to spinnbath temperature, NasS0O4 and H3SO4 in the spinnbath, and
stretch reduction. Important interaction effects between stretch reduction
and Na2S0Oy, and stretch reduction and H>SO4 are found. Important main
and interaction effects for strength and elongation are displayed in Figure
2.

We also study strength and elongation at a fixed 20% stretch reduction.
For strength we find significant main effects of viscose temperature, Hy.SO4
and NaySO4. For elongation we find significant main effects of spinnbath
temperature, Nas SOy, and H2S0,. These findings agree with the above
results. Main effects of H2SO4 and Na2SO4 must now be interpreted as
the effects at 2

§ s r—— st o1

59 +2504 at 8591 L Na2SO4a1 11091

) P o3 <1
Stretch Reduction Siretch Reduction
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Interaction Plot for Strength Interaction Plot for Strength
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Figure 2: Analysis of viscose temperature and factors of the spinning pro-
cess. Graphical representation of important main- and interaction effects.
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2.2.3 Analysis of Strength and Elongation when Ignoring Possible
Blockeffects

Ignoring the possibility of block effects allows us to estimate main effects of
all ten factors including those of Cell, AV and C'Ss, as well as (confounded)
two-factor interactions. Stretch reduction turns out to be very important
for both strength and elongation, confirming the results of Sections 2.2.1
and 2.2.2. Other important factors for strength are AV, the three chemicals
of the spinnbath (H2S504, Na2SO4, and ZnS0O,), and viscose tempera-
ture. Large interactions of AV with Cell, AV with H2S0,, and AV with
Na2S0, are also found. For elongation the effects appear smaller and dis-
tributed over more factors. In addition to the impact of stretch reduction,
we find large main effects for AV, the chemicals in the spinnbath (H2S0y,
Na3S0,), spinnbath temperature, and viscose temperature.

The standard deviation of the variation that is left unexplained by the
model (mainly insignificant 2-factor interactions) is about 4.8 cN/tex for
strength, and 1.8 percent for elongation. These are quite large compared
to the standard deviations that are calculated from the replications at the
centerpoints on days 5 and 10. Pooling the observations for the three levels
of stretch reduction at the two centerpoints leads to a standard deviation of
1.34 cN/tex for strength, and 0.14 percent for elongation. These standard
deviations appear to underestimate the natural variation as prior experi-
ments with repeated measurements on fibers manufactured under identical
process conditions have led to considerably higher variablity. Several other
significant effects would have resulted if we had calculated the standard
errors with the (smaller) centerpoint standard deviations. We are currently
repeating the centerpoint experiments to obtain a more reliable estimate
of the natural variability.

2.2.4 Additional Analyses

The scatter diagram of strength against elongation in Figure 3 shows con-
nections between these two quality indicators. However, the correlation
is not particularly strong, especially after ignoring a group of factor-level
combinations with low strength and low elongation. Table 4 shows that low
fiber strength and low elongation arises at runs with low levels for AV and
Cell (AV = 0.90, Cell = 5.3%), low viscose temperature (15°C) and high
levels of H2S0, (85g/1). These combinations lead to unacceptable fiber
properties and should be avoided.
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Scatter diagram of strength against elongation
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Figure 3: Scatter diagram of fiber strength against fiber elongation

Table 4: Factor combinations resulting in fibers with low strength and
small elongation

Day CSy Cell AV VisTemp Hp SOy Nag SOy ZnSOy SpTemp Draw
L] -1 -1- - + - + + |+
1| - | - |- - + + - - -
6 [+ -1-1 + + - - - +
6 | + | - |- - - - - + -
9 [+ [+ [- - + - + - -

2.3 Summary of Findings

Stretch has a large influence on fiber strength and fiber elongation. A ten
percent reduction from the largest possible stretch reduces fiber strength
by 1.92 c¢N/tex, and increases fiber elongation by 0.44 percent. Other influ-
encing factors for strength are viscose temperature, HySO4 and Na3SOy,
where the influence of H2S0O4 and Na2SO4 depends on the stretch re-
duction. Temperature of the spinnbath, Na;SO, and H3S50, are influenc-
ing factors for fiber elongation where, similar to strength, the influence
of NasSO4 and H2SO,4 depends on stretch reduction. These findings are
important for the company: (1) Changes in temperature (viscose as well
as spinnbath temperatures) represent a fairly cheap way of improving fiber
properties. (2) Interactions between stretch reductions and the chemicals in
the spinnbath became visable through this experiment. These interactions
will be explored in a next round of experiments.

3 Dependence of Fiber Strength on Fiber Thickness

Numerous studies have found a slight dependence of fiber strength on fiber
thickness. Thickness of fiber is measured in "titers” (tex = grams/1000me-
ters is proportional to the more commonly-used thickness measure denier
= (0.9)titer). The slight dependence of fiber strength on thickness can be
noticed in the figures on the left side of Figure 4 which display strength
and thickness for samples from three fiber groups with different target



Ledolter, J. 63

thicknesses. These graphs show that strength increases with decreasing
fiber thickness.

Increased fiber strength is a desired quality characteristic. The above re-
lationship has led to internal discussions whether one could use this de-
pendence to gain a quality advantage. However, as the following discussion
shows, this dependence is a mere artefact of the measurement process and
cannot be used to gain a quality advantage.

Fiber strength is not measured directly; it is calculated by first measuring
the force, F, that is necessary to tear the fiber and then relating this force to
fiber thickness, titer T. That is, Strength = Force/Titer = F/T. A plausible
model for force F and titer T is given by:

(31&) F = a—i—b,uT—i—sp
(31b) T = ur + T

Equation (3.1b) describes the measurement error in determining thickness.
Measured thickness is a combination of true thickness pu7 and a measure-
ment error e7. Equation (3.1a) describes the model for force needed to tear
a fiber with true thickness pr. We assume that the expected force depends
linearly on thickness, but do not suppose that it is necessarily proportional
(a = 0). The measurement error for force is denoted by ep. The variances
of the stochastic components ex and e are denoted by ok x and opr. The
model allows for covariance (oxr) between the measurement errors e and
Er.

We want to explain the relationship that we see in the scatter diagrams
of Figure 4 which relate strength to measured (but not necessarily true)
thickness. For that we calculate the expected value of strength for a fiber
with measured thickness t,

(3.2) E[S = (F/T)|T =t] = (1/t)E|F|T = {].

Our model in equations (3.1), under the additional assumption of a bivari-
ate normal distribution for e und e, implies the conditional expectation

(33) E[F|T:t] :a+buT+(UKT/aTT)[t7uT]
and

(34) E[S= (F/I|T =t] = (1/OEIFIT =1] = pA+ (1/t)[a + (b — pA)ur]

where p= COT‘T‘(EK,ET) = O'KT/[O'KKO'TT]O'5 and A= [O'KK/O'TT]O'S.
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For uncorrelated errors ex and er (which is plausible as one can assume
that measurement errors for force and thickness are unrelated), we obtain

(3-5) B[S = (F/T)|T =t] = [a+bpr]/t = [a/t] + blur/1]

Equation (3.5) explains why there is a dependence of strength on thickness.
First, it arises because of the possible violation of strict proportionality be-
tween force and thickness. A positive intercept in equation (3.1a) implies
that the conditional expectation of strength increases with decreasing thick-
ness. The fact that the intercept a tends to be positive is confirmed by the
scatter diagrams of force against thickness on the right side of Figure 4.
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Figure 4: Scatter diagrams of strength against fiber thickness (left panel)
and force against fiber thickness (right panel). Three fiber groups with
different target thicknesses.

Second, the observed dependence arises because of the measurement error
in determining thickness. The ratio (ur/t) in the second component of
equation (3.5) relates measured and true thickness. The proportionality
factor b is reduced if measured thickness exceeds the true value, and it
is increased if measured thickness is smaller than the true value. In the
general case with correlated measurement errors the dependence of strength
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on thickness becomes larger for positive correlation p = Corr(ek,er), and
smaller with negative correlation.

This derivation shows that the empirically observed relationship between
force and thickness is due to a measurement problem. A plan to reduce
the fiber thickness is not going to improve fiber strength. Improvements in
strength must come from changes in the manufacturing process.

4 Concluding Remarks

Many other analyses and experiments were conducted over the last two
years, and there are plans for many more. (1) A detailed statistical analy-
sis was conducted with historic process data. Relationships between several
quality indicators (such as fiber strength, elongation, coloring properties,
an indicator thought responsible for downstream spinning problems) and
more than sixty process variables were explored. The investigation involved
more than one million records. It identified the factors which were varied as
part of the experiment discussed in Section 2. (2) A study currently under-
way looks at links between the quality of wood (age, color), the quantity of
chemicals needed in the bleaching process to attain desirable white fibers,
and fiber characteristics. Increased bleeching is thought to affect fiber prop-
erties. (3) Improved sampling methods for measuring fiber characteristics
are being investigated. (4) The results of the designed experiment in Sec-
tion 2 need to be confirmed with additional experiments. Furthermore, it
must be investigated that “off-line” results on the pilot plant (which involve
the production of small quantities under highly-controlled conditions) also
apply "on-line” when several tons of material are produced each day.
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1 Introduction

Structural econometric models often lead to an explicit formulation for the
conditional distribution of the endogenous variables given the exogenous
variables and the lagged endogenous values. However, such explicit and
apppealing formulations may imply a partition of the set of the endogenous
variables in two subsets {Y;} and {Y;*}, that is the observed and the latent
endogenous variables, respectively. The variables {Y,*} are unobserved by
the econometrician but appear in the structural relationships, for instance
because they are observed by the economic agents. Due to the presence
of these latent variables, it may be very difficult to efficiently estimate
the parameters of interest because of the intractability of the likelihood
function corresponding to the observable variables.

Consider a general setting for nonlinear state space models:

Yy = o (u, Xi50), (1)

Ytzr(ut,Xt,@), € ©® CRP. (2)

The first equation (transition equation) characterizes the dynamics of the
latent variables Y;* through a known function ¢ (-) depending on the un-
known parameters 0, the current value X; of the exogenous variables and
a latent stochastic process u;. Typically, u; may gather lagged values of
Y as well as the current value of a white noise process with a distribution
independent of #, the parameters of interest. The second equation (mea-
surement equation) relates the observed variables Y; to the latent and the
exogenous ones and the unknown parameters through a known function
function r(-). In other words, we are faced with an incomplete data prob-
lem.

A popular and useful iterative procedure for finding an efficient estimator
in incomplete data models is the EM algorithm (Dempster et al. (1977)).



Patilea, V., Renault, E. 67

However, the standard asymptotic properties of the EM procedures seems
no longer guaranteed when the support of the conditional probability dis-
tribution of the latent variables given the observable ones depends on the
unknown parameters. More recently, Gouriéroux et al. (1993) proposed
a simulation based procedure well-suited for estimating nonlinear state
space models like (1) - (2). Unfortunately, this so-called indirect infer-
ence method, an extension of the simulated method of moments (Duffie
and Singleton (1993)), does not provide a guideline for a clever choice of
the moments to match which is needed for reaching efficiency!. The basic
idea of this paper can be seen as an extension of the EM methodology. Each
iteration of the algorithms we propose consists of two simple steps. Like in
the M-step of a EM algorithm, we obtain our estimating sequence based
on a so-called latent criterion (extremum estimator or moment estimator)
built from the latent model (1). The motivation for this is the belief that
the latent model would provide, if complete data were available, the best es-
timator both in terms of precision and computational costs. Clearly, in our
general setting where the relationship between latent and observable vari-
ables may depend upon the unknown parameters, it is not automatically
true that the latent variables convey more information than the observed
ones (see section 2 for a more detailed discussion on the information bounds
in the latent and observable world, respectively). Nevertheless, for the sake
of both economic interpretation and computational complexity, we will de-
velop a methodology always based on the preference for the latent model.
Of course, this M-step has to be coupled with something like a E-step where
the occurence of the latent variables in the latent criterion of interest is re-
placed by a ’guess’ on these variables (or at least a ’guess’ of the latent
criterion itself) associated to the observation of (X,Y) and the 'guess’ on
the value of the unknown parameters. Like in standard EM procedure, this
later guess is the reason why the procedure has to be iterative.

It is often the case that the conditional expectation (or, more generally, the
guess of the latent criterion) required in the E-step involves computer inten-
sive calculations and/or simulations, like in the simulated EM algorithms
(e.g., Ruud (1991)). This is the reason why we also propose some recursive
procedures. Actually, Young (1985) distinguishes two types of data pro-
cessing for inference purposes in complex dynamic models. On one hand,
iterative data processing used to maximize a given criterion as, for example,
in “iterative least squares or some other relaxation procedures”. Such kind
of procedures involve, at each stage, the batch processing of the full block
of data, but the highly nonlinear computation of the required estimator is
decomposed in a sequence of simpler computations of intermediate estima-
tors. On the other hand, the recursive approach which “introduces an extra
dimension to estimation : in addition to the en bloc estimates based on
complete data set (...), the analyst is also able to obtain estimates of the
parameters for (...) subsets of the data, in a computationally elegant and
efficient manner”. This approach “also opens up the way for the estimation



68 Iterative and recursive estimation in structural non-adaptative models

of (...) states in stochastic-dynamic systems”.

In this paper we show how the two aspects, iterative/recursive, are both
useful for extremum estimation in a large class of nonlinear dynamic sys-
tems. The basic framework we have in mind is a case where a natural
sample based criterion, say, Qr [0, A] for extremum (argmax) estimation
of a structural parameter 6 is ‘contaminated’ by other occurrences of # in a
‘nuisance function’ A = A(#). From the consistency and/or simplicity point
of view, maximizing Q7 [6, A(6)] with respect to  does not produce a sat-
isfactory procedure. However, maximizing the criterion Qr [0, )\(90)] with
respect to 6 should provide a convenient (consistent, easy to compute, pre-
cise,...) estimator of §°, the true unknown value of the parameter, provided
that we are able to compute this criterion. The problem is, of course, that
we are not able to compute it. Below we will exhibit a class of structural
econometric models where the inference issue reveals, in a natural way, a
pattern as described above. In the cases we have in mind, while standard
efficient inference on 6 is infeasible, or at least unpalatable, some structural
features of the model or some properties of the estimation method suggest
a simple, but uncomputable, criterion Q7 [-, )\(00)] which, roughly speak-
ing, would allow inference without a significant loss of efficiency. Typically,
Qr [-, )\(90)] corresponds to a latent criterion which depends upon A(6°)
due to the fact that the latent variables Y;* have to be recovered from the
observations thanks to a structural relationship which involves 6°.

This motivates us to look for continuously updated proxies of this criterion,
either by ‘nearly efficient’ iterative procedures, or by less computationally
demanding recursive approaches. Most of the recursive estimators we pro-
pose are defined through the first order conditions associated to suitable
proxies of the simple criterion in hand, rather than as maximizers of these
proxy criteria. Moreover, we argue that in many econometric models lead-
ing to a sample based criterion Q7 [6, A(0)] there exists a duality between
the ‘nuisance function’ A(f) and unobserved state variables.

The paper is organized as follows. In section 2 we describe the general
framework and analyze the identification issue. In section 3 we define a
class of iterative estimators by extending a procedure due to Renault and
Touzi (1996). In section 4 we argue that in the framework considered in this
paper, the recursive approach may be much more user friendly than the
iterative one. This might be particularly the case in the presence of an un-
observed state variable process that enters the structural model nonlinearly.
We propose several recursive (mainly of Robbins-Monro type) methods for
which we derive the asymptotic properties. In section 5 we apply the gen-
eral procedures developed in the previous sections to a class of structural
econometric models stemming from the nonlinear rational expectation liter-
ature. More precisely, we focus on a class of option pricing models involving
unobservable state variables (see also Renault (1997)).
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2 The general framework and the identification
problem

Consider that we observe a sequence of random vectors (Y;):>1 defined on
some abstract probability space (2, F,P) and taking values in a subset of
R’, J > 1. Say that the structural econometric model we consider, or the
estimation method we consider, impose a sample based criterion (objective
function)

Qr [0, M0)] = Qr [0, A(6), (Yi)1<s<r]

for the estimation of §. The parameter of interest # lies in O, a subset of
RP. The function A(+) is known and it is defined on © and it takes values in
T, a subset of RY. Typically, A(©) = I'. Let us remark that for convergence
issues the sets © and I' could be quite general (see Proposition 3.1 below).
However, most of the time we consider them subsets of Euclidean spaces.
As announced in the introduction, we have in mind the case where we
cannot, or we should not, maximize Q7 with respect to all the occurrences
of the parameter of interest. However, Qr [9, )\(00)] represents a simple,
but impossible to compute, criterion for estimating #. The natural idea is
to use a two stage estimation strategy, that is first to replace the unknown
value A\(6°) by some ‘good proxy’ and afterwards to maximize the simple
criterion obtained in this way. The ‘good proxies’ of A(#°) will be obtained
from the previous steps of the estimation procedure. In other words, once we
have, say, 0! an estimate of §°, \(§) will be a proxy for A\(6°). Maximizing
Qr [0, A(0')] with respect to 6 we get a new (updated) estimate of §°
which can be used in the next step. The steps could be considered for a
fixed sample (iterative, or cross-sectional procedures), or, each time that a
new data arrive, a new step is performed (recursive procedures). Moreover,
the maximizers of the proxy criteria could be also defined through the first
order conditions.

These facts lead us to the definition of a two parameter criterion

QT [07 A] = QT [05 >‘) ()/t)IStST] ) (07 >\) €0 x Fa

deduced from the original one. We consider a first set of assumptions simi-
lar to those usually imposed for M —estimation in the presence of nuisance
parameters (see, e.g., section 4 of Wooldridge (1994)).

Assumption 2.1 i) For any T > 1, Qr(-, -) satisfies the standard mea-
surability and continuity conditions, i.e., it is measurable as function of
observations and it is continuous as a function of parameters (0, \). ii)
There exists a limit criterion Qs (-, +) : © x I' = R such that
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Tlgn E [QT(aa /\)] = Qoo(ea )‘)a V(&, /\) SECR I

where the expectation is computed with respect to the true distribution of
the observations which depends on #°.

A problem to be addressed is, of course, the identifiability of 6°. A usual
identification condition for argmax estimation based on the full criterion
Qr [0, \(0)] would state that 6° is the unique maximizer of Q. [0, A(8)].
However, the starting point for the estimation procedures we consider
herein is the simpler criterion Qr [0,)\(00)]. Therefore, a basic identifi-
cation condition to be imposed in our framework is that 6° is the unique
maximizer of the simplified limit criterion? Qo [0, A(6°)]. This condition is
quite similar with the usual identification condition that would have been
imposed if A = A(¢) was a nuisance parameter (see, e.g. Wooldridge (1994),
Theorem 4.3). The basic identification condition should be strengthened in
order to take into account our two stage estimation strategy.

In order to get an idea about how we should reinforce the basic identifiabil-
ity condition, assume that, for A € T, the limit criterion Q. (8, ), viewed
as a function of #, admits a unique maximizer denoted 6(6°, ), that is

9(6°,\) = o(0,)).
(6°,)) arggleagQ (6, )

Since the limit criterion depends on 6, this unique maximizer also depends
on 6°. Note that the basic identification condition can be written under the
form

(6%, \(6°)) = 6°. (3)

Intuitively, given the estimation approach we follow, the strengthened iden-
tification condition should impose that the only fixed point of the function
6(0° \(-)) is 6°. Otherwise, it may happen that the statistician will not be
able to reject a ‘bad guess’ 8 # 6° used to build the simplified criterion
Qr [0, A(é’l)]. These remark lead us to the following identification assump-
tion.

Assumption 2.2 i) For any §' € ©, the function § — Q [0, A(8")] admits
a unique maximizer denoted by 6(6°, \(0'))., ii) If §° is the value of the
parameter corresponding to the distribution governing the observations,
then #° is the unique fixed point of the map 0(6°, \(-)).

A justification of the fact that the unique fixed point condition make the
parameter 6 identifiable from the observations goes as follows. Let §* and #°
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be two different parameters corresponding to the same distribution of the
observations. Maximizing the corresponding limit criteria (see Assumption
2.1 7)) we obtain the same 6 functions, that is

(6", A(-) = 0(6°, A()).

Finally, the unique fixed point condition considered for (', \(-)) and
6(0°, \(-)) implies A1 = 4°.

Imagine now that we want to estimate the parameter of interest using the
first order conditions associated to the given maximization problem instead
of maximizing the criterion in hand. Assuming the necessary regularity
conditions define

M(0,0") = 0Qo0 [0, (6")] (4)
06
and assume that, for any 8! € ©, 8(8°, \(#1)) is the unique solution of the
equation M (6,0') = 0. Then, the unique fixed point property of (6%, A(-))
is equivalent with the condition that M (6',6') = 0 implies ' = 6°. In
other words, Assumption 2.2 could be replaced in this case by the follow-
ing one.

Assumption 2.3 Let 6° be the true unknown value of the parameter and
assume that, for any 0' € ©, 0(6°, \(0")) defined in Assumption 2.2 i) is
the unique solution of the equation M (0,0') = 0. Moreover,

M(0',0") =0= 0" = 6"

Assumption 2.2 will be used for iterative estimation procedures, while As-
sumption 2.3 will be invoked for recursive (Robbins-Monro type) estimation
procedures.

In order to relate these procedures to the standard issue of estimation in
the presence of nuisance parameter, let us deduce from the definition of
6(0° X (+)) the following identity :

M(6(6°, X (6%)),6") =0, 6'€o.
If second derivatives exist, we may deduce that, for any 6,

oM — o6
89/ (0(007 >\ (01))’ 61) 891/

where

oM
891'

(0% 2 (6%)) + 7 (08", A (67)),6%) = 0,

06 06 oA
DO A0) = 22 (0,7(6)) oo (01).
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In particular, for ' = 0%, we get

oA

0 e 10,3 (80)] 20 (600 (60)) + 2 g0 (6] 22

0606’ oY 060N

(6°) = 0.
(5)

It is well known (see e.g. Wooldridge (1994)) that the case where the cross-
derivatives matrix 0?Qoo/000N [0°, X (6°)] vanishes is precisely the case
where an extremum estimator

57« = arg rngax Qr (9,XT>

has an asymptotic distribution which does not depend upon the choice of
a consistent estimator Ap of A, the true unknown value of the nuisance
parameter. As announced above, our focus of interest is the more difficult
situation where we do not have at our disposal a consistent estimator of A?,
but we must recover it through an iterative or recursive procedure providing
a sequence of ’guesses’ of \°. However, one may hope that in the framework
we consider herein, the nullity of the cross-derivatives will be precisely the
property that ensures that our procedures are as accurate as the infeasible
extremum estimation method of # based on the incomputable criterion
Qr [0, A (00)] . Indeed, this is the case because, first, we will see below
that there is no loss of accuracy if and only if 86/96" (00, A (00)) = 0. On
the other hand, from (5) we deduce

Qo 00
606)\/ [00’ >\ (00)] = 0 691/

provided that the matrix 0Q, /0006’ (00, A (00)) is nonsingular, which rep-
resents a standard assumption.

(00, A (00)) =0,

3 Iterative extremum estimation

3.1 The general principle and consistency

In order to develop the estimation strategy described in the previous sec-
tion, let us define 2, for any A € T,

Or(\) = arg max Qr(6,)). (6)

Note that 7(\(6°)) is nothing else than the extremum (argmax) estimator
defined through the simple criterion Q7 (6, A(6°)). Moreover, remark that
O7()) is the sample based counterpart of (6°, \) defined in section 2. We
need the following uniform convergence assumption on Qr (6, ) in order
to obtain the uniform convergence of f7()\) towards 6(8°, \) (see also the
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usual uniform assumptions imposed for M —estimation in the presence of
nuisance parameters; e.g., Wooldridge (1994)).

Assumption 3.1 Assume that Qr(-,-), T > 1, satisfies the measurability
condition of Assumption 2.1 i). Moreover,

sup  |Qr(0,\) — Qo (0, N\)] —= 0.
(6,A)€OXT

with Qo defined as in Assumption 2.1 ii).

The convergence results of this section rely on the following proposition
which we state for a quite general parameter space.

Proposition 3.1 Assume that © and I are compact subsets of some metric
spaces ((:), dy) and (f, ds), respectively. Moreover, the map 6(6°,:) : T — ©
is continuous. If Assumption 2.1 and Assumption 3.1 hold and 6(#°, \) is
the unique maximizer of  — Qoo (6, \), then

sup d1 (gT()\); 5(00, }\)) L) 0
el

Following the estimation strategy announced above, let us now consider the
following extremum estimation procedure, an extension of those presented
by Renault and Touzi (1996), Patilea et al. (1995) and Renault (1996) :
consider an arbitrary sequence p(T"), T > 1, of positive integers such that
limy o p(T) = 00 and define

o = o T > 1, (7)

where, for any p > 1,
o =50 (A6)) (8)

and 0(T1 ) € © is some starting value. This estimator is an extension and
a practical version of the Renault and Touzi’s estimator defined for a log-
likelihood type criterion and p(T") = oo. Patilea et al. (1995) and Renault
(1996) impose a contracting assumption on the # function, a reinforcement
of the unique fixed point condition states in Assumption 2.2 7). We restate
this assumption in our framework.

Assumption 3.2 Let (C:), d;) be a metric spaces containing the set ©. If
60 is the true unknown value of the parameters, the mapping
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9(6°,\(-)): © — ©

is strongly contracting, that is there exists k = k(0°) € (0,1) such that,
V6., 02 €0,

dy (B(6°,M(6Y)), B(6°,A(6%))) < kdy (6", 6%).

We are able now to state the weak consistency result for the estimator de-
fined in (7). Again, © and I' could be quite general parameter sets.

Proposition 3.2 If © is as in Proposition 3.1 and the Assumptions 2.1,
2.21i), 3.1* and 3.2 hold, then 07 defined in (7) is weakly consistent.

3.2 Asymptotic distribution

Below in this section we deduce the limit distribution of the estimator de-
fined in (7). Before stating our results we need some hypotheses (see, e.g.,
Wooldridge (1994), section 4). The sets © and I' are assumed to be subsets
of Euclidean spaces, in particular © C RP, for some p > 1.

Assumption 3.3 If §° is the true unknown value of the parameters, then

VT 0 500 LN, (0, BE)

06

0=0°

with

B(6°) = lim Var <\/T 9Qr 6, M(6°)]

T—o0 00

9—90>

The asymptotic normality of the score of the simplified criterion Qr[-, A\(6°)]
is as usual assumptions for extremum estimators. Another usual assump-
tion is the uniform convergence, in probability, of the Hessian matrix of
the criterion to be maximized. In our framework this corresponds to the
assumption below. Let || - ||» denote the spectral for the p—dimensional
squared matrices, i.e., ||A||x» denotes the square root of the largest eigen-
value of A’ A.

which is supposed to be positive definite.
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Assumption 3.4 The matrix

0°Qoo 1
~aaon (A0

2(0,0") =

exists for any 6,0 € © and its components are continuous functions of
(6,6%). 3(6°,6°) is assumed positive definite. Moreover, when T — 0o,

0*Qr
090’

[0> /\(01)] o 2(07 01) — 07 (9)

A

sup
0,01€0

in probability.

Note that —¥(6°,6°) is nothing else that the Hessian matrix, considered
for = 6°, of the simple limit criterion Quo[-, A(#?)]. This matrix is usually
assumed to be negative definite. The next assumption is more specific to
our framework.

Assumption 3.5 For any §' € O, define

0%Q oA
1y _ 9 Weo 1 OA 1
(0 ) 808)\’ [0? (0 )] 9—p1 601/ (0 )7
0%Qyr oA
1 1 1
Hr(97) = Saan 10:7(67)] g_g1 0OV (6%,

and assume that H(-) is continuous. Moreover,

sup ||Hr(0") — H(t91)||A — 0,
0lco
in probability.

A classic Taylor expansion argument that we will use for proving the asymp-
totic normality of our iterative estimator demands the matrix H(6°) +
$(6°,6°) to be invertible. From (5) we may deduce

00
- (6°,7(6%)) :
901 o1—go

H(6%) = -x(6°,6°)

Since ||I, — A||x < 1 implies A invertible (I, stands for the identity matrix),
the following assumption ensures the desired property for H(6°)+%(6°,6°).
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Assumption 3.6 Let 6° be the true unknown value of the parameters
and assume that the function 8(6°, \(-)) defined in Assumption 2.2 i) is
continuously differentiable and

<1

H 00
A

51 (0% A0Y)

01=00

Note that Assumption 3.6 implies Assumption 3.2 and thus it ensures the
local identifiability of 6° from the observed variables. Moreover, we will
see in section 4 that Assumption 3.6 is a natural condition for ensuring
convergence of the Robbins-Monro type recursive estimators we propose.
Note that

(2
91=00 891 !

00 0%Q
6%, \(6° =-%(8°6%"1 2 199, X(0* 6°
g (A0 =m0 e 0006 (¢")
which shows that, in some sense, we extend the standard nuisance param-
eter framework where, basically, 06/00' is assumed to be zero. Renault
and Touzi (1996) checked Assumption 3.6, by simulations, in the case of a

stochastic volatility option pricing model.
Proposition 3.3 Assume that 6°, the true unknown value of the parame-
ters, is an interior point of © C RP. Consider that Assumptions 2.1, 2.2 i),

3.1, 3.2 and 3.3 to 3.6 hold and that Q[-, A(-)] is continuous on © x ©. If,
in addition, the sequence p(T), T > 1, considered in (7) is such that

VT (67— 63"7) = VT (680 — g5 — o, (10)

in probability, then the 01 is asymptotically normal with asymptotic vari-
ance matrix

V(6°) = A(6°)1x(6°,6°) 1 B(6°)x(6°,6°)tA(B°) L.
where
00

AR =1, — —(6°,0%) .
P 601 91 =90

Proposition 3.3 extends to a general extremum estimators framework the
Theorem 5.2 of Renault and Touzi (1996) on maximum likelihood type
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estimators. Indeed, the asymptotic variance V' (#°) is closely related to the
standard asymptotic variance

W (6% = =(8°,6°) "' B(8°)2(6°,6%) 1,

of the hypothetical extremum estimator associated to the criterion
Qr(-,A\(6°)). This remark raises a natural question : is V(8°) greater or
smaller (as a positive definite matrx) than W (#°)? Using an example, we
show in section 5 that there is no generally valid order relationship between
those two matrices. Formally, we can easily imagine this if we remark that,
for instance, for an unidimensional parameter the derivative of §(8°, A(-))
could be positive or negative. Intuitively, the full criterion Qr[-, A(+)] could
be ‘more, or less informative’ than the simplified criterion Qr[-, A(§°)] and
this may still be the case even when we adopt a two stage estimation strat-
egy as in this paper.

As far as we are concerned by a comparison with the Renault and Touzi
(1996) result on the asymptotic distribution of their estimator, two gen-
eralizations have to be stressed. First, since they considered a maximum
likelihood framework, in their case ¥(6°,6°) coincides with B(#°) and it is
a ‘latent’ Fisher information matrix (see section 5 for the detais). Secondly,
Renault and Touzi’s asymptotic result rests upon a slightly stronger as-
sumption than (10). More precisely, in order to ensure that, for a fixed T,
95? ) defined in (8) converges when p grows to infinity, they assume that, for
T sufficiently large, (\(+)) becomes strongly contracting and, consequently,
it has a unique fixed point.

4 Recursive M — estimation

Given the computational burden that might be implied by the iterative
estimator presented above, we propose in this section several recursive pro-
cedures. The asymptotic results on the corresponding recursive estimators
are quite similar and comparable with the ones obtained for the iterative
estimation (see Patilea and Renault (1997) for the detailed results and
proofs).

5 Application to a class of structural econometric
models

5.1 Latent and observable statistical models

Many structural econometric models (nonlinear rational expectations, op-
tion pricing, auction models, ...) characterize observable variables as highly



78 Iterative and recursive estimation in structural non-adaptative models

nonlinear functions of some latent variables. These functions are one-to-
one, but they depend on the unknown distribution of the latent variables
through the equilibrium of the game or the learning process. Therefore
numerical complexity of the equilibrium definition generates substantial
obstacles for the direct implementation of maximum likelihood inference.
Motivated by the fact that the law of motion of the latent variables is often
defined in a fairly simpler way, simulation-based strategies (e.g., indirect
inference) have been developed recently. The methodology we proposed
above allows for alternative estimation procedures based on learning on
the latent variables in order to perform approximated MLE directly in-
side the more tractable latent model. We briefly present these alternative
estimation procedures below.

Let Y, t = 0,1,2,..., be a sequence of homogeneous Markovian, of or-
der one, J x 1 random vectors defined on some abstract probability space
(2, F,P) and taking values in some J* C R”. We specify a p—dimensional
parametric model for the conditional probability distribution of the process
Y™, given the initial value Y, through the family of transition densities

M* = {f*(-]-;0), § €6 C RF} (11)

defined with respect to the Lebesgue measure on R”. The model M* is such
that for any 6 € © the transition f*(-|- ;) allows for a unique stationary
initial distribution. Moreover, we assume that the model we consider is
correctly specified, that is for some §° € ©, called the true unknown value
of the parameters,

T

| B AR

t=1

is a correct description (in terms of densities) of the DGP providing the
latent data Y*T = (Y;*)1<i<7, given that Y = yg.

The maximum likelihood estimator in the latent (unobservable) world, de-
noted by é}, is defined as

T
N* — Y|V, 12
O arglgleag)(;l (YY" :0) (12)

where, for any 6,
(-] 30) :=1log (-] ;).

This estimator is not computable since we do not observe the process Y*.
As it has been stressed above, the specificity of the framework we consider
lies in the observation scheme. The observed data YIT = (Yt)lgth and the
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observed initial value Y, belong to some ) C R’ and are given by a known
one-to-one transformation g(-,0°) (depending on the true unknown param-
eter 5 ) of the latent data Y*T and the latent initial value, respectively.
That is, for any t = 0,1, 2,

Yy = g(¥),0°) <= Y =g (%, 0°). (13)

In this framework, a maximum likelihood procedure in the observable world
would maximize the criterion

Qr[0, A (6)] —Zz* (Y, 0) |97 (Yi1,0) 50) (14)

+ —Zlog\Jyg (¥:,6)] -

We denote by |J,g7!(+,0)| the absolute value of the Jacobian with respect
to y of the one-to-one mapping y — g !(y,6). We have in mind the case
where this criterion is very complicated. This happens, for instance, in the
option pricing model considered by Christensen (1992). In such a frame-
work, at any time ¢, Y,* represents a vector of unobservable state variables
while Y; is a vector of observed option prices. The relationship g(-,6°)
is provided by arbitrage-based derivative asset pricing a la Harrison and
Kreps (1979). The observable model behind (15) was called by Christensen
‘the empirical martingale model’. Renault and Touzi (1996) focused on the
at-the-money (ATM) option case. They considered Y* as being the (la-
tent) volatility process of the underlying asset and Y;' a time series of
prices of ATM European options (with fixed maturity period) written on
this underlying asset. Moreover, they used the Hull and White (1987) op-
tion pricing formula for the passage g(-,0) between the two worlds, latent
and observable. Typically, the dynamics of the latent process Y* consid-
ered by Renault and Touzi can be described by a simple diffusion process
(for instance the exponential of an Ornstein-Uhlenbeck process) in such a
way that the latent log-likelihood is “nice”. Meanwhile, their observable log-
likelihood is “not nice”, that is cumbersome to maximize, since it involves
highly nonlinear functions of the unknown parameters. Facing such kind of
problems, Renault and Touzi (1996) (see also Pastorello et al. (2000)) have
proposed a two stage estimation procedure which represented the starting
point of this paper.

In the framework of this section, the criteria appearing in the previous
sections become

Qr[f, \(6")] = Qr[6,6'] Zl* (Y, 0Y) g7 (Yoo, 07) 56)

and

Qool0,M(01)] = Quc[0,0'] = Ego [1” (97" (¥1,60") | g7 (Yo,0") ;6)]
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(in this section Ego denotes the expectation considered w.r.t. the stationary
distribution of (Y3,Y)), characterized by 6°).

Let us notice that, despite what happens in usual partial observation schemes
in econometrics (as those corresponding to Probit, Tobit,..., models), in our
framework there is no automatic loss of information when passing from the
latent to observable world. In order to justify this statement we recall that
g(+,0°) is a one-to-one transformation and we remark that the observable
and latent models may swap their roles. Thus our estimation procedures
could not be immediately be justified by a necessary richer information
about #° contained in the latent variables. However, we have in mind some
structural models written in a simple and informative way in what con-
cerns the structural parameters 6. Meanwhile, the observable likelihood is
clearly more complicated, even intractable, and intuitively less informative.
The example below reveals some information and identifiability aspects
specific for our framework.

Example 1 (About the loss of information and identifiability)

Let us assume that the variables Y,*, t = 1,...,7T, are i.i.d., normal with
mean 0 and variance one. Assume that Y; = Y;* — 6/2 and remark that the
Cramer-Rao (CR) bound in the observable world equals four while in the
latent world it is equal to one. In other words, there is an information loss
in estimating # when passing from the latent world to the observable one®.
Let us remark that in our framework we may even loose the whole informa-
tion on (a part of) the parameters, that is (a part of) the parameters may
become unidentifiable. To see this let us consider Y,*, ¢t =1,...,T, as above
and take Y; = Y, — 6 which makes § unidentifiable from the observables.
We can also exemplify the identification problems in a dynamic model by
extending the specification above to a AR(1) Gaussian process:

Y;* :th*_l +e, t€ X,

with |p| < 1 and ¢, t € Z, i.i.d. (0,07) r.v.’s. In this case we remark that
a transformation like Y; = Y;* /o does not allow to identify o, even though
p is still identifiable.

The previous example warns us that in our framework, due to (apparently
innocent) one-to-one transformation, the structural parameters may easily
become partially or totally unidentifiable in the observable world, even
if they are identifiable in the latent world”. When the parameters are not
identifiable in the observable world, it is clear that the two stage estimation
strategy we adopt will fail to consistently estimate the true parameters.
Following the facts presented in section 2, let us denote

5(90,91) = argraneaécEeo [l* (g_l(Yl,Ol) |g_1(Y0,91) ;9)] , (15)

= argmax Fyo [ (g7 (Y1,0") | g7 (Yo,0") ;6) +log|Jyg ' (Y1,6Y)|] .
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Recall that the basic identification condition in the latent model M* can be
rewritten as 8(6°,0°) = 8°. Moreover, the strengthened identification con-
dition for our framework where we consider a two stage estimation strat-
egy was that the unique fixed point of §(6°,-) is §° (see Assumption 2.2).
Clearly, the reinforcement of the basic identification condition, is stronger
than the identification in the observable world. The remark above on the
possible loss of indentifiability when passing from one world to the other
gives an idea about how restrictive our reinforced identification condition
could be.

The intuitions we sketched above and in section 2, leading us to state
Assumption 2.2, may raise the question if the unique fixed point property
for the function 6(6°,-) is necessary for ensuring the identification in the
observable model

M={F(g7"~0) 197" (-,0) ;0) | Tyg~" (-, 0)

The counterexample below shows that the answer is negative.

, 00O},

Example 2 (Counterezample)
Let us consider a sequence of i.i.d. r.v.’s Y* = (¥;*);>1 and a family of
exponential probability density functions

f(y:50) = 0 exp(—0y;) Lo,00) (Y1),

with § € © = [1/2, 3/2]. We assume that the distribution of Y;* is given by
f*(-;6°), for some §° € ©. The observable variables are obtained via the
transformation

Y, = g(¥,0°) = ¥ + 6.

In this case

Ego [l* (g_l(Yl,Hl);H)] =logh— 6 (0% +6°— 91> ,

and
_ 1 -1
6(6°,6%) = <9—0+0°01> :

As 6° and 1/6° are both fixed points for 8(6°, -), we obtain that Assumption
2.2 is violated, provided that 8° # 1. However, §° is clearly identifiable in
the observable world since the support of the variables (Y;):>1 is [6°, 00).
&

The previous example shows that it may happen that the two stage strategy
we adopt in this paper cannot be applied, while the ML estimation based
on the full criterion (15) could, theoretically, provide consistent estima-
tion. However, we argue that there exists an important class of structural
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econometric models where the ML estimator based on the full criterion is
not computable. Meanwhile, the two stage strategy we considered herein
applies. For example, Renault and Touzi (1996) reported that the unique
fixed point property of (#°,-) seems to be verified in the Hull and White
(1987) option pricing model.

5.2 Iterative estimators

In the previous subsection we stressed our preference for the latent world
and, guided by our choice, we gave additional motivations for the gen-
eral identification condition written in section 2. Now remark that in this
framework, definition (6) becomes

T
— 1
1 w( 1 1y 1 1y . 1
0T(0):argroneaé(ft§_ll (g (Y:,67) g (}’}_1,0),0), 0 € O.

(16)

The motivation for this definition is that, once we have in hand a proxy
value of §°, we will always look for bringing the observations in the latent
world where the structural model is defined. The estimation strategy of
transforming data via an approximating value of §° and performing ML
estimation in the latent model M* has some common features with the
strategy of the EM algorithms introduced by Dempster et al. (1977). Thus
we can consider that the argmax estimators obtained using 6r(-) are EM
type estimators. However, as it has been remarked by Renault and Touzi
(1996), the general theory of EM algorithms can not be used in this frame-
work since, for any ¢, the distribution of Y;* given Y; is a degenerate one
the support of which depends on the unknown value of the parameters.
We may remark that 67 (0°) coincides with the MLE in the latent model!
Using 07 (-) written in (16) we may rewrite the two estimators of section 3.
Note that in the framework considered in this section the matrix B(6°)
defined in Assumption 3.3 represents the inverse of the Fisher information
in the latent model and coincides with the matrix 3(0°,0°) of Assumption
3.4. Proposition 3.3 tells that, under some conditions, the Renault and
Touzi (1996) estimator and the iterative estimator presented in section 3
are asymptotically normal with the same asymptotic variance
91:90>

In the limit case where, for any 8! € ©, g~1(-,6!) is the identity function,
that is when one observes directly the latent variables, as expected, V (6°)
becomes equal to B(#°)~1, the CR bound in the latent model. Let us recall
that in subsection 5.1 we have remarked that in our framework there is no

_ -1

90
V(6°) = (1,, - 891,(00,91)

— -1
!
) e (1 S
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general rule stating that the latent world should reveal more information
than the observable one does.

On the other hand, it is clear that V' (6°) should be greater than the asymp-
totic CR bound corresponding to the observable model M. In other words,
it is obvious that the iterative estimator given in (7) should be asymptot-
ically less concentrated than the intractable MLE obtained from the ob-
servable log-likelihood (15). It remains a natural question : is V (6°) greater
or smaller than B(A°)~!? In the example below we show that there is no
generally valid order relationship between these two matrices.

Example 3
For the sake of simplicity, let us consider, as in Example 2, that the vari-
ables Y;*, t = 1,...,7T, are i.i.d. as normals of mean 6 and variance 1.

Moreover, Y; = Y;* +0/2, thus ¢g~!(y,0) = y — /2. In this case 8(6°,0') =
30°/2—0' /2 and (df/d6")(0°,60') = —1/2, for any §' € ©. As a consequence
V(6°) = 4/9 and we remark that V(6°) coincides with the CR bound in
the observable world, that is the two argmax estimators mentioned above
are asymptotically equivalent with the MLE obtained from the observable
log-likelihood. Moreover, V(8°) is smaller than B(6°) ! which equals one.
Swapping the roles of the variables (as we have done in Example 2) we
obtain a reverse conclusion: B(6°)~! is smaller than V' (6°). It is clear that
there exists a close link between the form of the matrix

00
I, — ——(6° 6"
p 801 ( ) 910
and the relationship between the information bounds in M* and M. This
relationship is to be examined in future work. ¢

Footnotes

! The so-called efficient method of moments (EMM; see Gallant and Tauchen
(1995)) recovers efficiency through the choice of an infinite set of moments
to match stemming from an Hermite type expansion of the conditional
probability distribution. However, there is no general asymptotic theory on
the choice of the 'tunning parameter’, that is the number of moments to
match for a given sample size.

2 Tt is clear that, in general, the identification condition based on the sim-
plified limit criterion neither implies, nor is implied by the identification
condition based on the full limit criterion.

3 Remark that 67()\) may not be uniquely defined. The asymptotic results
hold for any version of f7()\), T > 1.

4 Note that we only need the uniform convergence of Qr[-, A(+)], in proba-
bility. By abuse, from now on, any time we invoke Assumption 3.1 we think
at the convergence of Qr[0, \(#')], in probability, uniformly with respect
to 0, ' € ©.
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5 In this framework, the function \(-) appearing in the previous sections is
the identity function. A more general case can be also considered.

6 Of course, if we swap the roles of the variables, that is if we consider
Y, t = 1,...,T, normally distributed with mean 6/2 and variance one
and Y; = Y* + 6/2, we find a reverse result: the latent variables are less
informative then the observable ones.

7 If we swap the roles of Y and Y* we can also deduce from Example
1 above that identification could hold in the observable model without
necessarily being ensured in the latent one. Due to the fact that herein we
favor the latent world where we build our structural model, we will always
look for identification and consistency assumptions for the observable model
starting from assumptions on the latent one.

Acknowledgements: V. Patilea gratefully acknowledges research sup-
port from the contract “Projet d’Actions de Recherche Concertées” (PARC
No0.93/98-164) of the Belgium Government. We thank Halbert White for
drawing our attention on the recursive estimation procedures relevant for
the framework considered in this paper. At a preliminary stage of this paper
we benefited from the discussions with Marie-Pierre Ravoteur and Nizar
Touzi.

6 References
Christensen, B.J. (1992). Asset prices and the empirical martingale model, Work-
ing Paper, New-York University.

Clark, D. (1984). Necessary and sufficient conditions for the Robbins-Monro
method, Stochastic Processes and their Applications, 17, 359-367.

Dayvidson, J. (1994). Stochastic Limit Theory, Advanced Texts in Econometrics,
Oxford Univ. Press.

Gouriéroux C., A. Monfort and E. Renault (1993). Indirect inference, Journal of
Applied Econometrics, vol. 8, , S85-S118.

Harrison, J. and D. Kreps (1979). Martingales and arbitrage in multiperiod se-
curity markets, Journal of Economic Theory, 20, 381-408.

Horn, R. and C. Johnson (1985). Matriz Analysis, Cambridge University Press.

Horn, R. and C. Johnson (1991). Topics in Matriz Analysis, Cambridge Univer-
sity Press.

Hull, J. and White A. (1987). The pricing of options on assets with stochastic
volatilities, Journal of Finance, 42, 281-300.

Kuan, C.M. and H. White (1994a). Artificial neural networks: an econometric
perspective, Econometric Reviews, 13(1), 1-91.



Patilea, V., Renault, E. 85

Kuan, C.M. and H. White (1994b). Adaptive learning with nonlinear dynamics
driven by dependent processes, Econometrica, 62, 1087-1114.

Kushner, H.J. and D. Clark (1978). Stochastic Approzimation Methods for Con-
strained and Unconstrained Systems, Springer-Verlag, New-York.

Newey, W. and D. McFadden (1994). Large sample estimation and hypothesis
testing, Handbook of Econometrics, Vol IV, R.F. Engle and D. McFadden
eds., 2111 - 2245.

Pastorello S., E. Renault and N. Touzi (2000). Statistical inference for random
variance option pricing, forthcoming JBES.

Patilea, V and E. Renault (1997). Continuously updated estimators, CORE DP
9776, Louvain-la-Neuve.

Patilea, V., M.P. Ravoteur and E. Renault (1995). Multivariate time series anal-
ysis of option prices, Mimeo, GREMAQ, Toulouse.

Renault, E. (1997). Econometric models of option pricing errors, Advances in
economics and econometrics: theory and applications, Seventh World Congress,vol.
IIT, chapter 8, D. Kreps and K. Wallis (eds.), Cambridge Univ. Press.

Renault, E. and N. Touzi (1996). Option hedging and implied volatilities in a
stochastic volatility model, Mathematical Finance, Vol. 6, No. 3 , 279-302.

Robbins, H. and S. Monro (1951). A stochastic approximation method, Annals
of Mathematical Statistics, 22, 400-407.

Rouche, N. and J. Mawhin (1980). Ordinary Differential Equations, Pitman Ad-
vanced Publishing Program.

White, H. (1989). Some asymptotic results for learning in single Hidden-Layer
feedforward network models, Journal of the American Statistical Associa-
tion, Vol. 84, No. 408, 1003-1013.

Wooldridge, J. (1994). Estimation and inference for dependent processes, Hand-
book of Econometrics, Vol IV, R.F. Engle and D. McFadden eds., 2641-
2739.

Young, P. (1985) Recursive Identification, Estimation and Control, Handbook of
Statistics, Vol. 5, Elsevier Science Publishers.



Jump Diffusion Processes with Shot Noise
Effects and their Applications to Finance

Winfried Stute!

! Mathematical Institute, University of Giessen, Arndtstr. 2, D-35392 Giessen,
Germany

Abstract: In this paper we consider an extension of a jump diffusion process to
one incorporating shot noise effects. The main purpose is to provide a model for
stock prices which consists of two components: a smooth one driven by a geomet-
ric Brownian Motion and another one consisting of a compound Poisson Process.
In our extension a decay function is introduced designed to model a situation,
in which the jump effects may fade away on the long run. The main result of
the paper provides a risk-neutral measure under which the observed (discounted)
process is a martingale. This measure is crucial for pricing derivatives of the
underlying. A small simulation study is also included.

Keywords: Jump diffusion; Shot noise effects; Martingale measure.

1 Introduction

If one tries to summarize what “Mathematics in Finance” is all about, one
may come up with three goals, to mention only the most important:

1. Provide Methods designed to price Financial Derivatives (like Options
or Futures)

2. Provide Methods for Hedging Portfolios
3. Study Methods to assess Financial and Credit Risks

At the same time the methodology is expected to also have a stabilizing
effect on the market, as (on the long run) pricing should prevent riskless
profits which may cause undesirable market instabilities. Clearly, the ab-
sence of “Arbitrage” does not exclude unexpected (random) movements
resulting in nonpredictable returns and risks. Mathematically, “No Arbi-
trage” is achieved if pricing takes place in a so-called risk-neutral world.
For example, if (S;); is a stochastic process representing the prices of an
underlying, then ideally the price of a corresponding contingent claim at
time ¢ with maturity T should be

Cy = C_T(T_t)EQ [Cr|Fi]s



Stute, W. 87

where @ is a measure such that the (discounted) process (S:); is a mar-
tingale w.r.t. @, Cr is the payoff of the derivative at time T and (F;); is
a proper filtration. Here r denotes the interest rate of a riskless asset. Of
course, the measure () will depend on the structure of the underlying model
for (St)¢. Informally speaking, if it exists, it will be unique only if the model
for (S¢): is simple. For example, in the Black-Scholes model, (S;): satisfies
the stochastic differential equation

ds,
— = pdt + odW, (1)
St
where p is a constant drift, o is a constant volatility and (W), is a Brownian
Motion. Equation (1) admits the explicit solution

51 svern{ (5= ) t+om), o

a geometric Brownian Motion with drift.

Typically, derivatives on (S;); have a maturity T' so that it suffices to
restrict the process to the time interval [0,T7], say. Since the martingale
measure ) will be assumed to be absolutely continuous w.r.t. the true
measure, it is only required to compute the Radon-Nikodym derivative
& = &r. In the case of (1) respectively (2), we have

fr=e HETET (3)
Now, in practice, it is known that model (1) is unable to produce several
phenomena which can be observed on markets. One of the most serious
drawbacks is the inability of (1) to explain volatility clusters in the returns.
Another point of criticism is concerned with the smoothness of the sample
paths, ignoring the possibility that in reality jumps may occur. In the
literature there have been several attempts to extend or modify model (1)
in order to incorporate such effects:

(i) Replacing the constant o with an external stochastic process oy lead-
ing to varying (conditional) volatilities.

(ii) Replacing the Brownian Motion with a more general stable process,
to the effect that log-returns need not be normally distributed and
jumps may occur.

(iii) Adhering to the Brownian Motion, but incorporating also a (com-
pound) Poisson Process being responsible for random jumps.

In practice, these abrupt changes may be caused by political or corporate
news, as the resignment of Boris Yeltsin on December 31, 1999, which
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launched a rapid increase of stock prices at the Moscow Stock Exchange. On
the other hand, it is often seen that after some time these effects fade away,
at least partly. There are simple explanations for that. An upward jump
may be followed by profit taking, while a jump downward may encourage
new investors to buy the asset. In terms of the stochastic process literature,
these impulses create Shot Noise effects. We now present a model which
captures all effects described above and which may be expected to offer a
better market model:

(i) A continuous part, which models the behavior of stock prices between
two successive jumps.

(ii) A “jump”-part, which takes care of the possibility that abrupt changes
may occur.

(iii) A decay function h, which controls the effect of noise depending on
the time elapsed since a jump occurred.

Model:
o2 N
S, = Spelh= T )ttoW: H[l + Ujh(t — )] (4)
j=1
Here

— (N¢)e>0 is a Poisson Process with intensity A
- (Uj), is a sequence of independent identically distributed “jump sizes”
— h is an appropriate decay function
— 7; is the time of the j-th jump since t =0
To define the joint stochastic behavior, we assume that
(Wi)t, (Nt): and (Uj); are independent.

The function A is that part of the model which may be chosen so as to create
special effects for the price process of the underlying. For h = 1;>0;, we
obtain the usual jump diffusion process. See Merton (1976) and Lamberton
and Lapeyre (1997). It is easy to see that in this case (S;); is Markov. For
a general h, this need no longer be true. The aforementioned shot noise
effects may be obtained, e.g., if for h we take

h(t):{o for t<0

exp(—at) for ¢>0

The nonnegative parameter a takes care of the speed at which a jump may
fade away. In this example, it completely vanishes on the long run. If we
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add a positive constant to h on ¢ > 0, we obtain abrupt changes whose
influence survives at least partly.

Interestingly enough, Model (4) is flexible enough to also generate com-
pletely different effects. In the so-called “rumor-model”, an impulse (the
“rumor”) at 7; may create some continuous increase (or decrease) of the
price until a maximum effect is reached with a certain delay. A possible
candidate for such a function h is given by

0 for t<0
h(t) =

exp {*M} for t>0 "

where a € R and b > 0.
Finally, we would like to mention that Model (4) can be enlarged by incor-

porating another factor H;V:tl [1+U;h(t—7;)]. In this way we could come up
with a model featuring, e.g., both “(real) shot noise” and “rumor” effects.
In Section 2 we briefly describe a general method how to construct a mar-
tingale measure @ for discrete time processes and apply this to Model (4).
In Section 3 we go to the limit and present the Likelihood Process in con-
tinuous time. Finally, Section 4 presents some simulation results. Detailed
proofs will appear elsewhere.

2 Computation of Martingale Measures in Discrete
Time

Generally speaking, the martingale measure Q will always depend on the
model for the underlying process. Hence risk neutrality does not mean
that pricing takes place in an abstract world, but is oriented towards our
understanding of what may happen in reality. A wrong model may therefore
lead to a wrong specification of prices. For example, smile effects are just an
outgrowth of applying a model which does not fit well in practice. These
comments were included only to make clear, that a good pricing policy
is not just to apply some formulae from probability theory, but is also a
statistical issue in that one should aim at finding models with a satisfactory
goodness-of-fit. On the other hand, for complicated models the measure @
may not be unique. In other words, there may be no general agreement
on how to price an asset. So, in this sense, there is a tradeoff between the
goodness-of-fit of a model and the wish for a unique pricing policy.

The last remarks in particular apply to (4). In what follows we shall there-
fore concentrate on deriving a special Q. The choice of an appropriate
martingale measure in so-called incomplete models has been the subject of
much research. See, e.g., Delbaen and Schachermayer (1990) and Schweizer
(1996). Typically, @ is chosen so that its density with respect to P mini-
mizes a given objective function. Often only existence can be proved, and
an explicit computation of ) in complex models may be complicated. In
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this paper we follow Dothan’s (1990) approach which is based on a decom-
position of the returns into an innovation and a predictable part. We shall
come up with explicit formulae which allow for an implementation and
therefore for a numerical assessment of the method. For the sake of com-
pleteness we briefly discuss the major steps. Put, for any sequence (S’n)n
adapted to a filtration (Fp)n,
. Sn - Snfl
T'n = —%"

n—1

the associated process of returns. Set

tn = Ep(r,|Fn_1) — the expected return —

S, S,
M, := My_1 + 5, —Ep <~—|]:n1> .

n—1 Sn—l

and define

Hence (Mp), is a martingale with respect to P, the true measure driving
Sy. Putting AM,, = M,, — M,,_1, we then obtain
Sn
Z =14 pu, + AM,.

n—1

This is the representation of the returns in terms of the innovations AM,,
and the predictable p,,. Conclude that

S. = So H[l + p; + AM;].
i=1

This is the exponential representation of S,, in terms of u and M. As men-
tioned earlier the desired @ we are looking for will be abolutely continuous
w.r.t. P and is therefore uniquely determined through its Radon-Nikodym

derivative
e 1
dP’

Put
L,, = Ep[¢|F,] — the likelihood process —

From Girsanov’s Theorem we then obtain
Ep[AM, Ly |Fro1] = —(tn — 7) Lip—1.

One solution is given by

_ n (,LLZ — T‘)AMl i
Ln= 1;[ [1 ; EP[NMAEIJ [1i-t) 5)

i=1 i=1
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provided the factors are nonnegative.

In the following we consider arbitrary ¢ < T'. As before, time 7' may be
interpreted as the maturity of a contingent claim.

Coming back to (4), we put for a given N:

Si =S g (-

Hence -
Sy = St for each N.

For F; we take the o-field containing the information prior to ¢; := t +
+ (T — t). Exploiting the very structure of (4), we get the following result,
which presents an explicit formula for [;. Note that the interest rate needs

to be adjusted to the new time scale. ¢ will be set t = 0.

Theorem 2.1 For model (4), we have for each 1 <i < N:

T/N
(p=r)F+AE (U1) [ h(z)de T/N
el N v —PZY (-G -2E:(U)) | h(2)de
li == T/N e 0
02 L+ AEp(UZ) [ h2(z)dz
0

X

e

T/N Nti

o2T — U h(z)dz 7’.:2
__+0-AVV B AE ( ) ( )
2N t A ‘({ |I +1/kh <Tr;k> ]‘
k—thi—l‘f’l

€

Here '
Ne; 1+ Uph ((H—A})T _ Tk)

P, = ;
kl;[ 1+Ukh(WT—Tk)

Note that P; = 1 for h = 1450}, i.e., when there are jumps but no shot
noise effects.

3 The Likelihood Process in Continuous Time

>From Theorem 1 we see that the likelihood process is not simple at all.
Actually, we preferred to give the formulas for /; rather than L, which
would be even more complicated. But, as we let the mesh of the grid tend
to zero, there is some hope that due to the continuity of (W;) and the jump
character of (IV;);, things may simplify (to a certain extent). The following
Theorem presents the limit of (5), when T is kept fixed but the mesh of
the grid goes to zero. Assume that h is continuously differentiable on [0, T7,
with derivative h'.
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Theorem 3.1 On [0,T], & = dQ/dP equals

NT Zk: 1 Uzh (Tk, Tl) _Cl

I=1 14U h(r—T1)
= 1 —Ugh
ér kl;[l 1h(0) Oy

010' 010'2 0103 0120'2 g
2w - T — —Cy(T
X eXp[ T+<202 tTe, T Ca(T)

cz 20, C, 202
Here,
Cl = Trr—u—- }\E]p(Ul)h(O)
Cy = o+ \Ep(U?)R*(0)
2
Cy = % AEz (U)R(0)
P& Uiz — )
_ k — Tk
C4(T) N /le—i-Ukh(:E—Tk)dWZ
0
T n,
B L Uph/(z —73)
G = / — 1+ Uph(z — 7)
0
(& v '\
_ AT — Tk
Cs(T) = /(Z—HUkh(m_Tk)) de.
0

Apart from p, o and r, which already appeared in the simplest case, namely
(3), also A and Ep(U;) enter the formula now, not to mention h. This is
not unexpected, of course, since these quantities represent the jump part
and describe, how many jumps per time unit and in what direction they
preferrably occur.

The formula dramatically simplifies if no shot noise effects are present,
because in this case h = 1 on the positive real line and therefore h’' =
0. Conclude C4(T) = C5(T) = Cs(T) = 0. Further simplifications are
obtained if

r—pu— AEp(Uy) =0, (6)

a situation which is discussed in detail in Lamberton and Lapeyre (1997).
Now C; = 0 and therefore &+ = 1. This of course is self-evident, since
under (6) the discounted process (S;); is a martingale under P already and
no change in the measure is necessary.

Finally, as another simplification, if there are no jumps at all but r and u
are arbitrary, then
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and & reduces to (3).

Even though, for a general h, the formula for {7 seems complicated, the
method may be easily implemented. In the following section we present a
simulation study which demonstrates the impact of Shot Noise effects on
pricing a European Call option.

4 Simulations

In our simulation study we shall compare prices for a European Call option
with maturity 7' = 150 days. The underlying price process was generated
according to (4), with

0 for ¢t <0
h(t) = { exp[—0.02t] for ¢ >0

The interest rate per time unit (one day) was set r = 0.035/365. For u, o
and )\ we took

= 0.06/365,0 = 0.2/v/365 and A = 1,40,

i.e., on the average we expect a jump every 40 days. The jump sizes were
drawn from a centered lognormal distribution:

U = exp [—%2 +B§] — 1, with & ~ N(0,1).

We have ,
VarU = ® -1,

so that 8 determines the variance of U. In our simulation study we put
B = 0.06. Finally, for the strike price we considered K = 116,131 and 146.
We computed 4 prices. The first gives the classical Black-Scholes price with
the exact o:

Ct = St‘ﬁ(dl) — eiT(Tit)Kq)(dg)

with

d =
d2 == dl—O'\/T—t.

Hence we apply the B-S formula ignoring the fact that jumps and Shot
Noise effects may occur in the future. In other words, we apply a pricing
formula in a situation where the model is misspecified. For the second price
we again apply the B-S formula, but with o estimated from a historical
chart (of length 150). This is a more realistic situation, since in reality
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we never know the true o. The third price is based on 6500 Monte Carlo
simulations for possible future paths of the misspecified B-S model, again
with estimated o. Finally, we computed the prices of the Call based on
6500 paths simulated for the true model (4), upon using the representation
of & in Theorem 2. The estimated o was

6 = 0.23690/v/365,

which was slightly above the true o.

Strike K 116 131 146
B-S Price (0) 1832 | 7.05 | 2.52
B-S Price (6) 19.01 | 9.17 | 3.57
Monte Carlo Price (B-S; &) 19.23 | 9.27 | 3.60
Monte Carlo Price (Shot Noise) | 20.28 | 10.43 | 4.58

The B-S price with estimated o exceeds the theoretical B-S price based on
o, since & overestimates 0. The Monte Carlo approximation is very close to
the corresponding B-S price. Finally, the price taking into account future
Shot-Noise effects is the largest. This is not unexpected, since possible
jumps increase the volatility of the underlying price process even if their
effect may diminish after a while.
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Abstract: This paper gives a general model for estimating population exposure
to one or more pollutants through one or more media. Although the approach
must be adapted for use in particular contexts, it does provide the blueprint.
Moreover general inferential procedures usable in particular contexts are given.
The model has a modular structure. Its modules can to some extent be developed
independently of one another. A major module represents the random behavior
of individuals. For that module, we describe a flexible, internet based implemen-
tation developed to allow 24-hour recall time-activity data to be used.

Keywords: pNEM;PM;jo;air pollution;heath risk;time-activity; hierarchical mod-
els;spatial prediction; health impact analysis; environmental risk.

1 Introduction

This paper features a current trend in statistical modeling. That trend is
expressed here by a model that:

e is intrinsically computational rather than mathematically formulated;

e generates its stochastic outputs quickly enough to permit multiple
runs and thereby yield, effectively, a predictive distribution;

e lives on the internet, can be remotely accessed by any browser on any
computing platform and downloads its output onto the remote user’s
spreadsheet or datafile;

e admits remote user redesign and uploaded data-input.

However, like its more mathematical “cousins”, it can serve as a hierarchical
modeling component.

We call the model as currently implemented "pCNEM " for “a probabilistic,
Canadian version of NEM”. "NEM” stands for “NAAQS Exposure Model”



96 Exposure Analysis

and in turn NAAQS stands for “North American Air Quality Standards”.
(c.f. “Probabilistic Version of the NAAQS Exposure Model’; Johnston 1984,
1987; Johnson et al 1992) However “pC” also ambiguously refers to “PC”,
the machine on which it is currently implemented (using Linux).

We should call the model "pCNEM/PM;” since its current “template”
is for predicting exposures to PMjg, a species of particulate air pollu-
tion of great current interest from a health and regulatory perspective.
(pPCNEM/PM; can be used to forecast the exposure to PM;jq of a random
individual from any designated population cohort.) However, pCNEM’s
general platform and can readily be modified to suit a variety of other
agents. In this paper, we restrict discussion to the current PM;, template.
Alternatives to the pCNEM approach are found in BEADS (Maclntosh et
al 1995), and SHAPE (1988). However neither of these alternatives have
been implemented as adaptive, web based exposure models and we confine
ourselves to pCNEM in this paper

In Section 3, we will describe briefly how pCNEM/PMj fits into a hierar-
chical model for assessing the adverse health effects of PM;(, an assessment
that is currently underway.

2 Estimating Population Exposures

The specific version of any given exposure model depends on the nature of
the environmental hazard under consideration. pPNEM was originally writ-
ten for ozone (Oz)and carbon monoxide (CO). However, the importance
recently attached to airborne particulates led to our subsequent develop-
ment of pCNEM/PM;. That UBC program runs quickly on a PC. It can
be operated interactively by remote web-users who can upload their data-
inputs and download the program’s outputs onto a spreadsheet in their
local computer for further analysis. Moreover, these users can change the
model on-line for use in their own contexts for predicting exposures to
environmental. The template we now describe if for PM;o in Vancouver.
Developing an alternative can be facilitated by loading and editing that
template while at the same time adopting appropriate new input data files.
Users need first to fix the study area (SA) under consideration, for example
Vancouver. They then need to subdivide the SA into exposure districts
(ED’s) for which ambient levels of PM;, can be predicted or measured.
In an application of this model we have made, hourly values of PM;, was
predicted at 299 census tracts. However for reasons given below, these were
averaged over 9 census subdivisions that formed the eventual ED’s.

The population of the SA is broken down into demographic groups (D’s),
14 in the case of the template for pPCNEM /PM;,. Each D represents an age
range, a gender and a working status (Yes or No). Each D must in turn be
subdivided into cohorts of individuals sharing similar exposure histories.
Thus, each D is sub-divided by ED’s of residence (WD) and work (WD
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where appropriate) and stove type (gas or not). The latter is important
since gas stoves can be an indoor source of exposure. In this way, the
population of the SA will be subdivided into a large number of homogeneous
exposure subgroups.

An individual’s exposure is influenced by his or her behavior. On hot days
when ambient PMj( levels are high, individuals may tend to remain in
air-conditioned residential or non-residential micro-environments (ME’s)
including car-cabins.

pCNEM reflects the diversity of human behavior conditioned on the out-
door environment through the use of behavior “pools”. In pPCNEM/PM;,
each pool includes daylong records from a preliminary time-activity survey
of actual surveys. Those pools are formed from a 24 hour time-activity
recall data set called NHAPS.

Currently only the NHAPS data for Canada is used since the template
is for Vancouver. However, the corresponding dataset for the US is also
available on the site. Applications to urban areas in the US could use the
latter.

Each pool corresponds to a single D. Records for individuals in that D are
broken down into eight pools one for each combination of “Season” (winter
or summer), “Daytype” (weekday or weekend), and “Temperature” (hot or
cold). Thus for any given SA and time-period of analysis, temperature data
would need to be uploaded to replace the file currently installed with the
template.

Each day-long record of time and activity gives an “exposure event se-
quence” (EES) for that day. The elements of that sequence represent peri-
ods of actual behavior from one minute’s to one hour’s duration. [Each hour
begins anew.| During any given period each individual’s activity recorded
in the NHAPS survey questionnaire data is classified by the ME in which
that activity took place along with the breathing rate for the activity in-
volved (“low”, “medium” and “high”). In some applications as in the case of
CO the latter will affect to dosage and physiological effects.

The ME’s adopted will in general vary according to the pollutant species
involved. For example being at an automobile refueling station would be
an important ME for assessing exposures to benzene, a pub or restaurant
for particulates.

Exposure to a pollutant such as PM;g, depends on both outdoor as well as
indoor concentrations. Hourly ambient levels are estimated by the ambient
monitors modulated by a spatial predictor. The values we have used are
averages over the census tracts comprising the ED.

Indoor sources can be specified by the user but in the template, include the
gas stove (for those cohorts where this is relevant) and presence or absence
of a smoker. It would also depend on whether windows were open or closed.
Other indoor sources like vacuum cleaners will be added as data become
available.

After the pooling of activity patterns has been completed and the cohort
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specified, a pNEM run begins at day and hour specified by the user, say
hour 1 of Jan 1 for definiteness. The day is classified with the help of
meteorological data by “Season”, “Daytype” and “Temperature.” The cohort
determines D. A record can be selected at random for that day from the
associated “Pool” and an EES obtains as a result.

pNEM/PM;, works its way through the periods defined by that EES. Each
period has a ME associated with it, the latter’s geographical location esti-
mated by the parameters defining the cohort. Ambient PM; levels estimate
outside concentration, an air exchange model determines the net air flows
into or out of indoor ME’s through the windows. Inside such ME’s, windows
open, smokers “light-up” and gas stoves turn on, all at random according
to empirically estimated distributions specified by the user.

Indoor concentrations vary randomly depending on such things as the ran-
dom ME volume for indoor ME’s, pollution decay rates, and random emis-
sion rates for stoves and cigarettes. Breathing rates together with demo-
graphic information will determine physiological reactions as a result of
exposure to the random concentration of the pollutant in the ME during
that period. [In the case of CO that reaction is the build-up of carbyoxihe-
moglobin, the rate being different for pre- and post-menopausal woman.|
Accumulating exposures over successive period will yield hourly exposure
estimates along with any aggregate physiological reactions that are tracked.
For the first day (Jan 1) in our hypothetical run sequence, 24 successive
random hourly outputs are generated for the single randomly selected time-
activity record from that associated pool. On Jan 2, a second record is ran-
domly drawn from the associated pool and the process begins anew. The
process continues through all the days of the year (or other time period
selected by the user) for the selected cohort. A single record of random
exposures over all the days in the period of interest for a composite indi-
vidual representing that cohort will have thus been produced. [Results for
that one individual can then be scaled up to the cohort according to its
estimated size to generate the population distribution.] For instance if the
number of days when the maximum hourly level of exposure concentrations
of PM;0 exceeded 50 um 3 were 4 for the individual, the level for his or
her cohort with say 100 individuals for example, would be estimated as 400
person-days. An estimate of the expected number of days during the period
under study where the maximum daily exposures of an randomly drawn
individual from the population exceeded 50 pm 2 can readily be estimated
by combining these cohort estimates.

A particularly important feature of pCNEM is its “roll-back” option for as-
sessing the benefit of reducing ambient levels by any proposed new abate-
ment policy. The model takes the fixed ambient field for the period of inter-
est say 1996 for example and adjusts it downward according to a proposed
abatement scenario. pPCNEM/PM;jy can be rerun with the hypothetical
new field to determine the highly nonlinear effect of the abatement pro-
gram across cohorts. Moreover, differential effects for sensitive groups such
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FIGURE 1. Graphical Interface for pPCNEM.

as the elderly or small children can be estimated.

In Figure 1 we depict the interface for pCNEM, user “Jose” sees when he
logs on to his model-site. He sees what looks like a standard windows screen
and he “points-and-clicks” on it in the same was as he would if he were in
fact running Windows. However, it is entirely Linux based.

At this stage, Jose is offered the choice of loading the Vancouver template
or constructing his own model. If he does load it, and “clicks” on the “Van-
couver folder” that ppears inside his folder he would see Figure 2. Notice in
that figure the commands like those under the “Manage model” available
to him. By clicking on the various folders, Jose can open up a whole area
of programming options that for brevity will not be described further here.

3 A Model for Environmental Health Risk Analysis.

In this concluding section we briefly sketch how pCNEM/PM;q described
in the last section is to be used in a hierarchical model for assessing the
health impacts of PM;y. The hierarchical model has three components:
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e a spatial predictive model of ambient levels of PMiy based on It’s
measured hourly levels at a number of monitoring sites;

e pCNEM/PM;,, the conditional predictive distribution of the expo-
sure to PM;q of a randomly selected member of a population cohort
of specific interest conditional on the ambient input;

e the health effects model conditional on the unmeasured, predicted
exposures.

The model in 2 (described in the previous section) incorporates the influ-
ence of human behavior and takes account of human-environment inter-
action. For example, in summer people may tend to stay indoors in warm
weather, while in winter the reverse is true. That interaction being too com-
plex to model mathematically is represented through time-activity data as
described above. As for the model in 3, that which we briefly describe below
has the associated testing theory needed to explore the association between
environmental hazards and health effects.

Vancouver, where we have implemented pCNEM, has 10 (TEOM) ambient
monitors for measuring levels hourly concentrations of PMjq. At the same
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time pCNEM/PM; has 8 ED’s covering a very large non-homogeneous ge-
ographical region. (That number could be changed but happens to be con-
venient, since the ED’s can then be taken as census subdivisions for which
demographic and other census data are available.) The ambient hourly level
of PMjy for any given ED could be estimated as the average of the values
at the 1 or 2 ambient monitors located within its boundaries.

However because of the large geographical size of ED’s and the heterogene-
ity of the PM;( field, substantial measurement error would be incurred.
Such error can have potentially significant, very deleterious and unpre-
dictable consequences in the context of interest(c.f. Zidek et al 1997; Fung
and Krewski 1999). To mitigate these potentially negative effects of mea-
surement error the use of what Carroll et al (1995) call “regression cali-
bration” has been advocated (c.f. Pierce et al 1992). In effect this process
entails the prediction of the true from the measured values.

Our approach uses an adaptation of a spatial predictor ((Le and Zidek
1992; Brown, Le and Zidek 1994; Sun 1994; Le, Sun and Zidek 1997; Sun,
Le, Zidek and Burnett 1998). That predictor has been shown to be well-
calibrated for agents other than PM;jo (Sun 1998) and for PM;q in Vancou-
ver as well (Sun et al 2000). Thus for example, a 95% prediction interval
covers approximately 95being predicted according to cross-validation stud-
ies. Therefore, we have some confidence in using it.

Moreover for future applications where a suite of hazardous agents are stud-
ied, the method offers great flexibility. It can handle multivariate responses.
Spatial-temporal data can be accommodated and non-stationary random
ambient fields are admitted.

For our current application we spatially predict PM;( concentrations over a
grid of 299 sites spread over Vancouver and environs. The predicted values
over an ED are averaged to obtain a prediction for the ED as whole. This
is believed to be substantially more accurate than relying on just 1 or 2
distant monitors since we would expect measurement obtained at the latter
would mis-estimate the true values in the field close to the ED boundaries.
We illustrate the theory for daily levels of PM;g in Figure 1.

The figure shows the interpolated PMi, surface on four selected summer
days in Vancouver. The peaks obtain close to existing monitors. Between
them, the predictor tends toward the spatial mean as one would expect due
to the “regression effect.” Clearly the surface is not flat. That means that
a mobile individual moving will undergo variable exposures. By using the
spatial predictor in conjunction with pPCNEM/PM;, we would hope to get
improved estimates of actual exposures.

Key to the development of this predictor is a method for handling the non-
stationarity of the spatial field. That method is due to Sampson and Gut-
torp (1992, hereafter SG; see also Le, Sun and Zidek 1999). That method
fits to estimates of the hypercovariances between stations i and j in a hi-
erarchical Bayesian model, {¥;;}, a monotone decreasing function say ¢ of
||d; — d;||. Here d; = (d;1,d;2) and d;, kK = 1,2 is a smooth (thin-plate
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FIGURE 3. Interpolated PM1o Field For Selected Summer Days.

spline) mapping fi of the geographic co-ordinates associated with the sites,
g; = (gi1, gi2)- The degree of smoothness and fit depend on the so-called
“smoothing parameter”. The {d;} are then replaced by the fits {f(g;)},
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where f = (fl; fg)

Selecting a large value of that parameter will result in a poorer fits between
the {f(g;)} and the {d;}’s that would yield the best fits for the empiri-
cally estimated {¥;;} However, these smooth (splines) will more faithfully
maintain the character of the geography and generally make the fitted co-
variance surface more readily interpretable. Selecting small values of the
smoothing parameter can in fact lead to splines that twist the G-plane into
unrecognizable form while ensuring a good fit to the estimated D-plane
co-ordinates. Ultimately that parameter must be selected as a judicious
compromise between the just-described competing objectives.

Once f has been specified, the required extension of the hypercovariance ¥,
estimated for the gauged sites must be extended to the full hypercovariance
¥ for all sites. This step is readily completed by representing the g co-
ordinates of ungauged sites i and j by d; = f(g;) and d; = f(g;). Then ¥;;
may be estimated by ¢(||d; — d;])-

In practice the SG method is implemented through the so-called “vari-
ogram” in exactly the same way as described above for the covariance.
To illustrate this process, for any pair (i,j) of the 10 Vancouver PMjq
monitored sites. first estimate the 45 {¥;;} or rather the corresponding
variograms in the obvious way. For a fixed level of smoothness, a zeta and
smooth g co-ordinates mappings can now be found to obtain a good fit
against the 45 estimated {¥;;}’s.

If no smoothing is used one can see that plot in the right hand panel of
Figure 2. The scatter plot shows 45 plotted variogram estimates and the
best fitting variogram plotted against the fitted d co-ordinate distances.
That picture shows the surface must essentially be heavily distorted to
achieve isotropy. Its interpretation is difficult. So an alternative is offered
in Figure 3. There with a small amount of smoothing a flatter surface
results.

After developing and applying the spatial predictive distribution, the ED
ambient levels of PM1( can be convolved with the conditional predictive dis-
tribution determined by pCNEM/ PM;j, to yield a predictive distribution
for the exposure of a random individual conditional on the measurements
at the 10 ambient PM;¢ monitors.

To conclude this section, we turn to the 3rd component of the health impact
assessment model. There we model the level of adverse health outcomes as
a function of unmeasured exposure. The model is developed for applica-
tions like that contemplated here by Zidek et al (1998a). Its use has been
demonstrated by Zidek et al (1998b). The model takes an approach that
has become quite standard in environmental epidemiology, the so-called
“time-series” approach. It assumes a random response {Yj:} for a set of
clusters k and times t. In our application these will be daily counts for
residents of ED (census subdivisions) k on days t. In our as yet incomplete
application of out model, the particular outcomes remain to be determined
but could include such things as mortality attributed to cardio-vascular
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FIGURE 4. The Variogram Fit With No Smoothing.

causes or morbidity as measured by hospital admissions.

Y::’s distribution is assumed to be conditional on a random vector of predic-
tors X} including unmeasured exposure to PM;, of ED k residents. (The
latter would be obtained by averaging with appropriate weights based on
demographic data of the predicted hourly level of exposure for a randomly
selected individual in that ED.) However the X’s would also include such
things as meteorological variables to eliminate potential confounding. As
well, the model will include random effects for cluster k.

Inference is simplified in the theory of Zidek et al (1998) since only the
first and second moments of the Xj; need to be specified. That simplicity
is gained by adapting and using the GEE approach of Zeger et al (1988)
as extended by Burnett and Krewski (1994). That approach gives a basis
for inference about the effects of the hazards reflected in the X’s. Results
from our study will be presented in a future report.
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Abstract: Parametric covariance modeling is an important aspect of a mixed
linear models approach to the analysis of longitudinal data. Compared to choosing
an appropriate model for the mean structure, however, the choice of a covariance
structure too often is made somewhat arbitrarily, without a full understanding
of what the structure implies about the variances, correlations, and partial cor-
relations of the observations and without the benefit of graphical diagnostics.
This article examines the behavior of the variances, correlations, and partial cor-
relations of several structures and presents two graphical diagnostics useful for
choosing plausible covariance structures to fit to the data.
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1 Introduction

This article considers the modeling of continuous longitudinal data, i.e. re-
peated measurements of a continuous response variable taken over time on
each of m subjects. Let y; = (¥i1,-.- ,Uin;)’ be the response vector of n;
measurements on the ith subject and let t; = (¢;1,... ,tin,)" be the corre-
sponding vector of measurement times. Suppose that we also observe a p-
vector of covariates, x;;, associated with y;;, and put X; = (X;1,... ,Xin,;)".
In the past 20 years or so, an approach for analyzing these data that is
based on mixed linear models has become quite popular and has been im-
plemented in major statistical software packages, e.g. PROC MIXED of
SAS (SAS Institute Inc. 1996). The model is given by

y:i ~ independent N(X;3,%;(0)), (1)

where 3 is a p-vector of fixed, unknown, and typically unrestricted param-
eters; 3;(0) is a n; X n; covariance matrix; and 0 is a g-vector of unknown
parameters, restricted to a parameter space © that is either the set of all
O-vectors for which all 3; are positive definite or some subset of that set.
Note that the X;’s are assumed to be of the same basic form, i.e. the same
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parametric covariance function determines the elements of each, but gener-
ally they may not be equal nor of the same dimensions; an exception occurs
when measurement times are common across subjects.

Estimation of the parameters of model (1) is typically carried out by the
methods of maximum likelihood or residual maximum likelihood. Appli-
cation of these methods to a particular longitudinal data set requires the
analyst to specify the model’s mean structure and covariance structure.
Often, the study’s objectives largely dictate the choice of mean structure;
for example, if the goal of the study is to see how the growth of animals is
affected over time by different treatments, then the initial specification of
mean structure would probably include treatment effects, one or more time
effects (e.g. linear and quadratic terms), and effects for time-by-treatment
interaction. Graphical techniques, such as a plot of subject profiles over
time or a residual plot, are routinely used to inform or confirm this choice.
However, an appropriate covariance structure is often more difficult to spec-
ify than a mean structure. Typically, the study’s objectives do not dictate
this choice; nevertheless, the choice is important because an appropriately
parsimonious choice of covariance structure can substantially improve the
efficiency of inferences made about the mean structure and provide bet-
ter estimates of standard errors of estimated mean structure parameters
(Diggle, Liang, and Zeger, 1994). The problem is not a shortage of possible
structures. PROC MIXED, for example, allows the user to choose from no
less than twenty distinct covariance structures. Rather, the problem is to
determine which structures, among the many possibilities, should be fit to
the data and, subsequently, to assess whether the structure judged to fit
best (according, typically, to some numerical goodness-of-fit criterion such
as AIC or BIC) actually provides a reasonable fit. Arbitrarily choosing
some models to fit can be inefficient and increases the risk that the model
selected as “best-fitting” really does not fit the data very well. A better,
more informed approach would be to choose a set of models to fit on the
basis of first examining and comparing, through graphical techniques and
otherwise, the behavior of the sample variances, correlations, and partial
correlations to the behavior of these quantities under each of a large number
of assumed covariance structures.

This article examines the behavior of the variances, correlations, and partial
correlations of several structures and presents two graphical diagnostics
useful for choosing plausible covariance structures to fit to the data.

2 Alternative Specifications of Structure

A covariance structure can be specified and/or parameterized in several
ways. Most structures have an equation specification, in which y;; is ex-
pressed as the sum of a fixed component and one or more random compo-
nents. The random components may include values of the response at earlier
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times. An equation specification has the advantage of interpretability (by
indicating how data with this structure could arise) and, for this reason,
also provides the simplest and least computationally intensive method for
simulating data with the structure. For diagnostic purposes, however, two
other specifications may be more useful: a variance-correlation specification,
which simply characterizes the structure in terms of the variances of, and
correlations among, the observations; and an partial variance-correlation
specification, which characterizes the structure in terms of the partial vari-
ances of, and partial correlations among, the observations conditional on
all other observations.

To provide scope for the subsequent discussion, here we present a sampling
of covariance structures, giving as many of these three specifications as
are reasonably concise and illuminating. For brevity we do not attempt to
provide an exhaustive survey; for additional structures see Jennrich and
Schluchter (1986), Wolfinger (1996), and Nufiez-Anton and Zimmerman
(2000), for example. For these representations we assume that measure-
ments are taken at equally-spaced time points t; = 1,... ,t, = n. For the
equation specification, we let y; be a generic subject’s response at time ¢,
ue = E(yt), and {e : t = 1,...,n} be independent normal random vari-
ables with zero means and variances o?. For the variance-correlation speci-
fication, we put oy, = var(y;), and pg, = corr(ys, y,,) for t > u. Note that o?
and o4 represent different quantities. In the case of the partial variance-
correlation specification, for reasons that will become clear subsequently
we present only the partial correlations given the observations at inter-
vening times, for which we write pry.441,.. u—1 = COTT(Ye|Ytt1s--- » Yu—1,
yu|yt+17 s 7yu71) foru —t > 2.

First-order Autoregressive, AR(1)

yi=pte, Ye=petpYo1—pe1)tea  (E=2,...,n)
02 =02>0, ol =0%(1-p*) (t=2,...,n), |pl<1
Ott — 027 Ptu = pu_t7 Ptu-t+1,...,u—1 = 0Vt,u
Thus, variances and same-lag correlations are constant; correlations are
given by an exponentially decreasing (in modulus) function of elapsed time;

and partial correlations adjusted for intervenors are zero.
Wiener, WI

t
yt:,ut-i-zsj, 03202>0Vt
j=1

o =ta%,  p = (t/u)l/z, Ptu-t+1,.. u—1 = 0 Vi, u

Thus, variances increase linearly; correlations are a decreasing function
function of elapsed time; same-lag correlations increase over time; and par-
tial correlations adjusted for intervenors are zero.
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First-order Antedependence, AD(1)

yi=prte, Y=g+ oY1 — 1) +te  (E=2,...,n)
¢’s arbitrary, o2 >0Vt

o =03, Oou=¢io_14-1+0r (t=2,...,n)
Gr1(04e/0r11441)Y2 ifu—t=1
= _ ’ . . 1 =0Vtu
Ptu { H;Ztl i1 otherwise Ptu-t+1,... ,u—1

Thus variances and lag-one correlations are essentially arbitrary (meaning
that they are arbitrary subject to the restriction that the covariance ma-
trix be positive definite); higher-lag correlations are functions of the lag-one
correlations and decrease (in modulus) monotonically as elapsed time in-
creases; and partial correlations adjusted for intervenors are zero.

kth-order Antedependence, AD(k)

min(k,t—1)
Y1 =M1+ €1,  Yp= pg Tt Z bri—1(Ye—t —pe—1) +e& (t=2,...,n)
1=1
¢1,1—1’s arbitrary, o2 >0Vt
Ptutsl,... u—1 =0ifu—t>k+1

Though it is not transparent from these representations, the variances are
essentially arbitrary as are the same-lag correlations up to and including
lag k; higher-lag correlations are complicated functions of those at lower
lags; and partial correlations adjusted for at least k intervenors are zero.

Variable-order Antedependence, VAD(ky, ... ,kn)

min(ke,t—1)

p=mtea, y=mA Y, bW ) te (E=2,...

1=1
¢1.+1's arbitrary, o >0Vt
Prut+l,.. u—1 =0ifu—t>k +1

The variances are essentially arbitrary as are the same-lag correlations up
to and including lag k;; higher-lag correlations are complicated functions
of those at lower lags; and partial correlations adjusted for at least k;
intervenors are zero.
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gth-order Moving Average, MA(q)
q
Yt = Wt + Zajet_j, ap =1, oy,...,q4 arbitrary
j=0

q
0?202>0, O'tt:0'2g oz?-Vt
§=0

1+0¢%+---+a3 - dq

Oyt + 010yt 41F+020u 42+ F+Qg_uttQq fu—t=1
=1,..
Ptu = :
“ 0 ifu—t>qg+1

Thus, variances are constant and correlations vanish beyond a finite, con-
stant elapsed time. The partial correlations adjusted for intervenors are
nonzero in general.

Compound Symmetry, CS

Yyi=pe+b+e, b~ N(0,08), oZ=0>>0 (t=1,...,n)
0220, ott:o§+02
pru =03 /(07 +07),  prutir,.. u-1 = 0p/[(u—t)op + 7).

Thus, variances and all correlations are constant. Partial correlations ad-

justed for intervenors are given by a decreasing function of the number of
intervenors.

Linear Random Coefficients, LRC

Yo =g +bo +bit+e, oi=0>>0 (t=1,...,n)

bo 0 0oo 001 2
~ > > — >
<b1 > N<<O>’<001 oL >>, ogo > 0, 011 > 0, 090011 — 051 > 0

o1 = 000 + 2togr + t2oyy + o2
o 000+001(t+u)+011tu
Vo? + o9 + 2001t + 0112V 0% + 090 + 2001u + o11U?

ptu

Thus, the variances are given by a concave-up function of time; specifically,
the variances decrease if t < —o¢; /011 and increase if ¢ > —op1 /011 (as-
suming that o7 > 0). The correlations can behave in a variety of ways,
depending on the sign of og; and the relative magnitudes of the covari-
ance parameters. Note, however, that their behavior is tied to that of the
variances. For example, the correlations are constant if and only if the vari-
ances are constant. Expressions for the partial correlations adjusted for
intervenors can be given but are not illuminating.

Which of these specifications is most useful for which purposes? We have
already noted the interpretability and data-generating capability of the
equation specification. Another relative advantage of an equation specifi-
cation for some structures is that fewer parameter constraints are required
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to ensure positive definiteness. For example, the autoregressive parameters
{¢+,t—1} of the AD(k) equation specification are unconstrained, something
which is not the case for the parameters of the other two specifications.
As noted previously, however, for diagnostic purposes the other two spec-
ifications may be more useful. For example, plots of the sample variances
against time and/or the sample correlations against elapsed time are easy
to interpret and can be used to evaluate the plausibility of various struc-
tures. We take this idea further in the next sections, where we propose
plotting the sample correlations against the fitted correlations assuming a
particular structure. We also introduce a graphical diagnostic that permits
an effective diagnosis of some structures from the behavior of the sample
partial correlations adjusted for intervening observations.

3 Graphical Diagnostics

The variance-correlation specification defines a covariance structure in terms
of its variances and correlations. Many diagnostics can convey useful infor-
mation about the variances’ behavior over time; a series of boxplots of the
marginal distributions of responses at time ¢;, plotted against 7, is an ex-
ample. Consequently we focus on diagnostics for the correlation structure
only. Diggle et al. (1994) and Dawson, Gennings, and Carter (1997) review
the few existing methods for diagnosing correlation structure. The most
widely used method is the ordinary scatterplot matrix (OSM), which is
a two-dimensional array of pairwise scatterplots of standardized responses
(or of certain derived quantities such as residuals). The OSM is a graphical
equivalent of the sample correlation matrix.

Although the OSM has a useful role in diagnosing correlation structure,
alternative procedures can be complementary or even more informative in
some cases. Here, I introduce two new graphical diagnostics called the cor-
relation plot and the Partial Regression-on-Intervenors Scatterplot Matrix
(PRISM), The acronym PRISM has some semantic substance: as a prism
separates visible light into its components, so a PRISM can separate the de-
pendence structure among within-subject responses into components which
are easier to understand.

The correlation plot is simply a scatterplot of the sample correlations
against the fitted correlations implied by a candidate structure. A perfect
match of the sample correlations to the fitted correlations would manifest
itself as a straight line from the point (0,0) to (1,1). To illustrate, we con-
sider fitting the RCL and AD(1) structures to the speech recognition data
described by Nufez-Anton and Zimmerman (2000). These data were taken
at four measurement times, so each plot contains only six points. Figure 1
displays the correlation plots corresponding to the RCL and AD(1) struc-
tures. The AD(1) appears to be best, but both structures match the sample
correlations reasonably well. On this basis I would recommend fitting both
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to the data. Correlation plots corresponding to some other structures (not
shown) do not fit nearly as well as these.

Two comments need to be made about correlation plots. First, the more
complicated the structure, the better the plot will tend to appear. An
extreme example is a completely unstructured covariance matrix, for which
the correlation plot will be a straight line. Thus, decisions about which
models to fit should keep model parsimony in mind as well as the extent of
the match between sample and model correlations. Second, there are some
important differences among structures in how the model correlations can
be obtained. For some structures, such as WI, the model correlations are
completely determined. For others, some correlations may depend on other
correlations, in which case I recommend first matching the “independent”
correlations perfectly to the sample correlations and then computing the
“dependent ” correlations. This is what was done for the AD(1) correlation
plot in Figure 1, and in this case yields the maximum likelihood estimators
of the correlations (see Byrne and Arnold, 1983). For still other structures,
the model may need to be fit to the data to yield estimated correlations
under the model; the estimated correlations for the RCL correlation plot
were the maximum likelihood estimates.

Before constructing the PRISM it is advisable to standardize the response
variables to prevent possible differences in the variances of responses over
time from obfuscating the correlation structure. For simplicity of presenta-
tion, assume that there are no treatments or other observed covariates, and
that measurement times ty,%s,... ,t, (not necessarily equally-spaced) are
common across subjects, save possibly for a relatively small proportion of
missing data. Let §.; and s.; denote the sample mean and sample standard
deviation, respectively, of the nonmissing responses at time j. Define the
standardized responses

Yi; — Y5

Zij =
S.j

fori =1,...,mand j = 1,... ,n. Dawson et al. (1997) show that the
sample correlation structure of the standardized observations is identical
to that of the original observations; the same type of identity holds for the
sample partial correlation structure as well.

The PRISM is constructed as the upper right “wedge” of a rectangular
array of certain partial regression (or added variable) plots. The main di-
agonal of plots are ordinary scatterplots of z; (the collection of nonmissing
standardized responses at time j) against z;41 (j = 1,...,n—1). The sec-
ond diagonal of plots are partial regression plots of standardized responses
lagged two times apart, adjusted for the standardized response at the in-
tervening time. The third diagonal of plots are partial regression plots of
standardized responses lagged three times apart, adjusted for the standard-
ized responses at the two intervening times. In general, the plot in row j
and column % (k > j) is the partial regression plot of standardized response
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variables z; and zp4, adjusted for standardized responses at the interven-
ing times ¢;41,tj42,... ,tk. Thus, the PRISM is the graphical equivalent of
a matrix of certain partial correlations; specifically, the (j, k)th plot in the
array displays points whose ordinary correlation is the partial correlation
between z; and 241 adjusted for all standardized responses at intervening
times t;y1,t;42,... ,tx. Random scatter in the (j, k)th plot indicates that
z; and zp41 are conditionally independent, given the intervening responses;
departures from random scatter indicate conditional dependence.

The PRISM is particularly effective at identifying Markovian correlation
structures, i.e. those structures for which observations taken sufficiently
far apart in time are independent conditional on observations at interven-
ing times. To illustrate, we consider simulated longitudinal data having
(a) an AD(1) covariance structure, and (b) a variable-order AD structure,
VAD(0,1,1,1,2,1). Note that the AD(1) is also a VAD(0,1,1,1,1,1). In both
cases, the data are a random sample of size m = 100 from a six-dimensional
normal distribution with mean vector 0, scaled to have unit variances.

It is very difficult to distinguish these two structures on the basis of their
OSMs, which are not shown. Both OSMs reveal a persistence of correlation
as one moves away from the main diagonal and an increase in correlation
strength as one moves down any particular diagonal. However, the PRISMs
(Figures 2 and 3) clearly distinguish the structures, for the plot in row 3,
column 4 exhibits random scatter in the case of the AD(1) but in the case
of the VAD. Of course, this difference is due to the latter’s nonzero value
of corr(z3|z4, 25|24)-

These two examples clearly demonstrate the ability of the PRISM to iden-
tify and distinguish between autoregressive and other Markovian struc-
tures. For non-Markovian dependence, however, the OSM may be more
informative than the PRISM. For example, MA(1) and CS structures are
more easily diagnosed from the OSM than from the PRISM. Neither the
OSM nor the PRISM is particularly adept at identifying random coeffi-
cients models such as LRC.

The superiority of the PRISM for diagnosing Markovian structures and
the superiority of the OSM for diagnosing some other structures suggest
that a better diagnosis of correlation structure can occur when the OSM
and PRISM are used in tandem than when only one is used. Using the
PRISM in addition to the OSM for specifying the correlation structure of
longitudinal data would parallel a similar practice in time series analysis.
There, good statistical practice includes an examination of both the sample
autocovariance function (ACF) and sample partial autocovariance function
(PACF). In fact, in the case of equally-spaced longitudinal data from a
stationary process, the superposition of plots of the OSM along diagonals
yields n — 1 scatterplots whose correlations coincide with those given by
the ACF, and similarly superimposing plots of the PRISM yields n — 1
scatterplots whose correlations coincide with those given by the PACF.
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4 Conclusions

The thesis of this article is that analysts of longitudinal data should ex-
amine the sample variances, correlations, and partial correlations of their
data and compare them to what is implied of the variances, correlations,
and partial correlations of a covariance structure under consideration for
fitting to the data. Two graphical diagnostics, the correlation plot and the
PRISM, were introduced that should facilitate these comparisons. Through
the use of these diagnostics, some inappropriate models for the covariance
structure may be eliminated from consideration, thereby reducing the num-
ber the analyst needs to fit. Moreover, they may permit an assessment of
whether the model(s) that minimize a numerical goodness-of-fit criterion
actually provide a good fit.
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FIGURE 1. Correlation plots for the speech recognition data: (a) RCL, (b) AD(1).
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FIGURE 2. PRISM for simulated data having an AD(1) covariance structure with
(¢2, 3, ba, ¢5, ¢6) = (0.5,0.6,0.7,0.8,0.9), 0f =1, 0f =1 —¢7 (t=2,...,6).
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FIGURE 3. PRISM for simulated data having a VAD(0,1,1,1,2,1) covariance
structure with ¢21 = 0.5,¢32 = 0.6,(]543 = 0.7, ¢54 = 0.8,¢53 = 0.7, ¢65 = 0.9,
and o4 =1 (tzl, ,6)
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1 Introduction

The aim of this paper is to develop a stochastic model to analyze the
occurrence and severity of meteorological drought.

Nowadays, most water resource planners rely on mathematical indexes to
decide when to start implementing measures in response to drought. De-
scription of drought characteristics by probability distributions provides
measures such as inter-drought recurrence time, expected duration or mean
deficit, which are helpful in water resource management. The characteri-
zation of the largest drought event to occur in a given period of time also
requires to be based on a drought model such as the one proposed.
Herein, only long-term meteorological drought has been analyzed, but the
methodology employed can be applied to study other aspects and defini-
tions of the phenomenon. Six Spanish monthly rainfall series of about one
hundred years long have been studied to check the model. All the analyses
have been programmed using S-Plus.

2 Drought definition

In general, drought can be defined as a deficiency of precipitation over an
extended period of time resulting in a water shortage for some activities.
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In practice, however, drought definition must reflect differences caused by
climate, needs and disciplinary approach; so, no single definition works in
all circumstances. Operational definitions that allow identifying the begin-
ning, end and degree of severity of the drought are based on "Excess over
threshold” methods, where a stochastic process, s(t), related to precipita-
tion or some other variable that describes the hydric state of the system,
is compared to a threshold, u1(t), which represents a critical level for the
process. A drought will occur when s(t) is below u1(¢).

Our approach to defining drought is based on the decile method developed
by Gibbs and Maher (1967). Drought threshold is defined by these authors
as the tenth percentile, pl0, of the precipitation series. In this work, we
have used as signal s(t) the monthly series of moving annual precipita-
tion. Since this variable represents an annual amount, it will reflect water
resource deficiencies in processes based on long-term precipitation, such
as reservoir levels. Drought effects in other fields, agriculture for example,
should be based on series with a shorter accumulation period. The monthly
updating allows a frequent drought intensity evaluation, whatever accumu-
lation period we use. As there is no seasonal component in the signal used,
a constant critical level can be defined.

A similar approach in defining drought periods could be based on the Stan-
dardized Precipitation Index, SPI. This drought indicator was introduced
by McKee et al. (1993) and it is often used in the USA. Since it is a stan-
dardized measure and its mean is always zero, we can define the same
threshold for any location and accumulation period. The most frequent
threshold is -1.5 but other values can be used. In particular, drought se-
ries obtained from SPI, using the tenth normal percentile as threshold, are
virtually equal to the ones resulting from the decile method application.
In order to describe drought magnitude we have used three variables: du-
ration or length, L, deficit, D, and maximum intensity, IM.

3 Modelling drought process

3.1 Compound Poisson process

Extreme value theory, Davison and Smith (1990), Embretchs et al. (1997),
asserts that:

- The occurrence of high level excesses, in independent or short term
dependent stationary stochastic processes, behaves asymptotically as
a Poisson process, PP.

- The limit distribution of the excess amount is Generalized Pareto,
GP.

Thus, after a preliminary examination of Poisson properties of dry pe-
riod series defined with different threshold values, we tried to model the
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drought process as a compound Poisson process CPP()\; Fy, F, F3) where
occurrence is modelled by a Poisson process and independent and equally
distributed random vectors (L, D, IM) are associated to each event. Since
PP is a point process and every drought has a length, the ocurrence of
each event has to be associated to an instant. Initial, half and maximum
intensity instants are the most reasonable alternatives.

Checking of the model hypothesis in p10-series showed that Poisson prop-
erties of the occurrence were satisfied, but a lack of independence was
detected in the corresponding magnitude vectors, specially in the deficit
and maximum intensity series. This dependence is caused by the cluster-
ing of dry spells. During a prolonged dry period it is often observed that
the hydrologic signal exceeds by a small amount the critical level for a
short period of time, thus dividing a large drought into a number of minor
dry spells. Such a cluster of dry spells should be treated as one drought as
long as the short separation non-dry periods don’t eliminate the dry period
impact.

3.2 Compound cluster Poisson process

One simple model representing this structure is the Poisson cluster process,
PCIP. In this model, droughts -represented as clusters- occur according to
a Poisson process and are formed by a random number of points -which in
this case correspond to dry spells- that form a subsidiary process, figure 1.
Although we checked that dry period process defined with the p10-threshold
was a PP, the process resulting from a random grouping of points doesn’t al-
ways conserve the Poisson character. The following property, that provides
justification for the proposed model when sufficiently extreme thresholds
are used, has been proved.
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FIGURE 1. Cluster Poisson process diagram.
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FIGURE 2. Vector of variables corresponding to a drought event.

Property: If a dry spell process defined with a threshold u is a PP, the pro-
cess resulting from clustering its points will converge, when the threshold
value decreases, to a PP.

Cluster definition

One inconvenience of the model is how to determine the groups of dry
spells which form each cluster. After trying out several criteria, the cluster
composition has been fixed applying an empirical rule based on inter-event
period duration and the degree of recovery of the system between dry spells.
We have considered that two events belong to the same cluster if inter-event
time is less or equal to six months and no intensity value in that period
reaches the thirtieth percentile, p30, which represents a normal rainfall
value according to the Gibbs and Maher classification.

Final model

The final model is a compound Poisson cluster process, CPCIP(\; Fy, F, F3),
which combines a PCIP occurrence model with the above described vector
of variables, shown in figure 2. Deficit is defined as the cumulative sum of
differences to the normal rainfall value, threshold 42 = p30. This definition
avoids problems relating to the influence in deficit of inter-event period
excesses.

Model estimation is finished by fitting adequate probability distributions to
the magnitude vector. Five positive, continuous distributions -Exponential,
Weibull, Gamma, Lognormal and Generalized Pareto- are tested to model
deficit and maximum intensity series. In the case of duration, two addi-
tional discrete distributions -Geometric and Negative Binomial- are also
considered.
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4 Results

In order to check the model, it was applied to six Spanish rainfall series. The
results obtained in the examination of CPCIP hypothesis are satisfactory
for threshold values between pl0 and p6 depending on the location:

e Burgos, Daroca and Huesca pl0-processes and Murcia p7-process can
be considered CPCIP.

e Madrid p6-process fits also a CPCIP but it needs a seasonal magni-
tude vector, as can be seen in the bubble plot, figure 3.

e San Fernando pl0-process should be fitted by a non-homogeneous
CPCIP since both, occurrence process and magnitude vector, show
seasonal behaviour, figure 4.
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FIGURE 4. Duration bubble plot from San Fernando.

Finally, we summarize the results from the Huesca series fit; duration re-
quires a no-memory distribution such as shifted Exponential or Geometric;
deficit can be fitted by Exponential or Lognormal distributions, and max-
imum intensity by a Generalized Pareto. Some useful parameters for each
variable are shown in table 1.
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Mean L 7.79 months Mean L 7.79 months

St. dev. 6.79 St. dev. 6.27

p50 5.7 p50 5

p25 — p75 | 3.0-10.4 p25 — p75 | 2-9

Return 50 years: 17.5 Return 50 years: 16

value 100 1222 value 100 1 20
200 1 26.9 200 124

Mean D 907.6 1. Mean IM | 679 L.

St. dev. 1377.5 St. dev. 47.9

p50 499.3 p50 59.7

p25 — p75 | 238.9-1043.7 p25 — p75 | 27.3-101.8

Return 50 years: 2196.1 Return 50 years: 143.1

value 100 1 3229.0 value 100 : 160.6
200 : 4521.0 200 :173.0

TABLE 1. Estimated parameters, Duration (L): Shifted Exponential (left) and
Geometric (right), Deficit (D): Lognormal, Maximum Intensity (IM): Generalized
Pareto; Huesca, pl10-process.
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1 Introduction

The bootstrap is a well established statistical methodology nowadays. There
are several papers and books showing a multitude of examples where the
bootstrap can be implemented and applied succesfully, see e.g. Davison and
Hinkley (1997). Here we are interested in applying the bootstrap to clus-
tered binary data, typically modelled by multiparameter likelihood models.
There has been considerable interest in bootstrapping generalized linear
models (see e.g. Moulton and Zeger 1989) but, to our knowledge, there
are not many results on applying the bootstrap to multiparameter models
in general. Of course, for fully specified likelihood models, one can always
apply the parametric bootstrap. Such an approach has been generalized
to pseudolikelihood models and applied to clustered binary data in Aerts
and Claeskens (1999a). But often the “true likelihood" is unknown and one
might expect a parametric bootstrap to break down if the likelihood model
of the data is grossly misspecified. Therefore, a semiparametric bootstrap
approach might be preferable. Such a robust method is presented here and
it is shown how it can be applied to testing hypotheses, the construction
of confidence intervals and to multiparameter local likelihood models. It
should be stressed that although we focus attention to clustered binary re-
sponse data, the domain of application of these methods is much broader.
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2 A One-Step Bootstap Procedure

Let Y;, i =1,...,n be independent response variables of length m with
(unknown) joint density or discrete probability function (pdf) g(y;;x;)
where y; = (yi1,... ,¥im) and &; = (@1, ..., Tsp), the latter representing a

vector of p explanatory variables. In the context of clustered binary data,
m corresponds to the size of the cluster.

In general, parametric inference is based on an r dimensional score function
¥ (y; x,t), where the “true" parameter @ = (6y,...,0,) is defined as the
solution t to Y ;" | E[¢(Y;;x;,t)] = 0 where all expectations are w.r.t. the
true pdf g(y;; ;). Solving the system of equations Y. ;¥ (Y ;;z;,t) =0
leads to the estimator gn for 6.

Within classical maximum likelihood ¥ (y; x,t) = (9/0t) log f(y; x, t) and,
for clustered binary data, f(y;a,t) represents e.g. the beta-binomial dis-
tribution or the conditional model of Molenberghs and Ryan (1999) (MR-
model). Note that, in this setting, the assumed pdf f(y;,t) might not
contain the true structure g(y;x). Effects of likelihood misspecification
are examined in Molenberghs, Declerck and Aerts (1998). But ¥ (y;x,t)
might also represent the pseudolikelihood scores (see Geys, Molenberghs
and Ryan 1999) or generalized estimating equations.

We propose to resample the score and the differentiated score values. Based
on a linear approximation, we define a bootstrap replicate of 8,, as

6, = .- (Dp >) > i) 1

where (1#*(5”), 1/)? (5 )),i=1,...,nis asample with replacement from the
set {(dJ(Y“m“ n), (0/00) (Yi;:vi,b\n)) ,i=1,... ,n}. A similar lineari-
zation idea is used in simulation approaches for the bootstrap, as the linear
bootstrap and the one-step bootstrap. For linear models Y = X3 + €, the
idea of resampling scores has also been proposed by Hu and Zidek (1995).
Inspired by higher order approximations, the linear bootstrap (1) can be

considerably improved by a one-step quadratic bootstrap (see Aerts and
Claeskens 1999b).

3 Application 1: Hypothesis Testing

Although testing hypotheses is also of great interest in settings with clus-
tered binary data, bootstrap tests have never been studied and applied
extensively in this situation. One of the main reasons for this is that for
the bootstrap to work, data have to be generated under the restrictions
imposed by the specific null hypothesis. Aerts and Claeskens (1999b) show
how valid Wald and score tests can be based on the one-step bootstrap by
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.o~ ~(0) . - . . ~(0)
replacing 6,, by 6, in the rhs of definition (1). This null estimate 6,, " re-
flects the null hypothesis and the second term of (1) represents the random

fluctuation of the bootstrap replicate 52 around the estimator §n .

As an example, consider simulated data as they appear in developmental
toxicity studies with rodents. We selected dose levels 0, 0.25, 0.5, 1 and an
equal number of 15 litters, assigned to each dose group. 500 datasets were
generated from the beta-binomial distribution with logit(m(d)) = 619+611d,
FisherZ(p(d)) = 620 under the null hypothesis that Hy : 611 = 0 (no
dose effect). Here, for a pregnant rodent exposed to dose d, m(d) is the
probability that an individual fetus is malformed and p(d) represents the
intra-litter correlation. For each run, the scores are resampled 1000 times in
each dose group separately, denoted by By /D for the linear and By/D for
the quadratic one-step bootstrap method. Resampling the complete set of
scores is denoted by B;/A (i = 1, 2). Finally, B;;/D corresponds to resample
the data in each dose group. The data were fitted using the pseudolikelihood
model and the robust Wald and robust score statistics, testing for no dose
effect, were calculated. Some results are shown in Table 1 (* denotes the
proportion of significant tests (at 5%) which differs significantly from 5%).

610 X2 Bl/D BQ/D th/D B]_/A BZ/A

-4.0 W, 10.55* 10.76* 6.96 10.76* 9.28*  6.54
Sp 6.12 6.75 — — 5.70 —

-25 W, 7.80* 6.60 5.80 8.20* 6.00 5.20
S, 740" 5.60 — — 5.20 —

TABLE 1. Simulated type I errors (as %), significance level 0.05. Data are gen-
erated with the beta-binomial model (with 620 = 0.2) and fitted using the pseu-
dolikelihood model. Hy : 611 = 0.

4 Application 2: Bootstrapping Local Likelihood
Estimators

Aerts and Claeskens (1997) and Claeskens and Aerts (1999) studied local
polynomial likelihood in the context of clustered binary data. Definition (1)
can be modified by including kernel weights (K ((x; — x)/h) for p =1 and
K a density) and an extra term in the rhs representing a bias correction.
Details and consistency results for this local version of the one-step boot-
strap are given in Claeskens and Aerts (1999). There it is also indicated
how simulation of the bootstrap distribution allows for the construction of
simultaneous confidence intervals in a finite number of grid points.
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As an illustration, consider data from the Wisconsin diabetes study. Both
eyes of each of 720 younger onset diabetic persons were examined for the
presence of macular edema. See Klein, Klein, Moss, Davis, and DeMets
(1984) for more details. So the response data are y; = (ys1, ¥i2) With y;;
the binary response value of eye j = 1,2 of person ¢. We will study the
probability of macular edema as a function of the patient’s systolic blood
pressure, hereby taking the clustered nature of the data into account, as
indeed the response values of both eyes are likely to be correlated. The
simultaneous and pointwise 90% confidence intervals for the probability of
macular edema and for the intra-person correlation, are given in Figure 1.
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FIGURE 1. The Wisconsin diabetes data (top panel), Simultaneous and pointwise
90 % confidence intervals for the probability of macular edema (left bottom panel)
and the intra-person correlation (right bottom panel).

5 Application 3: Bias Correction and Double
Bootstrap

Although the ML estimator §n is asymptotically unbiased, the quadratic
one-step bootstrap procedure can be used for finite sample bias correction.
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In practical applications a large number, say B, resamples are taken, re-

~

* ~xB
sulting in a set of B bootstrap estimators @,, ,...,0,, . From this set a

~

. . . be ~ 1 B %
bias corrected estimator is defined as 8, =26, — 5> .;_, 6, .
Simulations show that this bias correction might even decrease the vari-
ance. Using a double bootstrap procedure, Aerts, Claeskens and Molen-

~be
berghs (1999) study the distribution of 8,, and define a bootstrap based

variance estimator for 6’:.

Table 2 shows that the quadratic one-step bootstrap slope estimator is
quite able to estimate the finite sample bias. The settings in this simulation
were as follows. We generated 2000 data sets of size n = 10 and n = 25,
for each value of z, from a logistic regression model logit{P(Y = 1)} =
Bo + Bz, with (Bo, 1) equal to (-1,-1), (-2.5, 1) or (-2.5, 2), and = =
0,0.25,0.5 and 1. For each of these 2000 data sets we constructed 1000
one-step quadratic bootstrap replicates, the latter were used to obtain the
bias corrected estimates (38¢, 32¢).

An important observation is that the bias correction even decreases the
variance, as the simulated standard deviation o(35°) and o(3°) are, for all
settings in this study, smaller than the corresponding simulated values of

U(BO) and a(ﬁl), respectively.

Bo=—1 Bo = —2.5 Bo = —2.5
pr=-1 pfr=1 B1=2
n=10 n=25 n=10 n=25 n=10 n=25
E(B1) -1.265 -1.070 0.889 1.027 2.152 2.096
E( Ai’c) -1.043  -0.988 0.852 1.001 1.959 2.022
U(Bl) 1.511 0.795 1.555 0.908 1.303 0.779
a( A’fC)A 1.314 0.747 1.297 0.836 1.119 0.735
MSE(B*) 0.734 0.875 0.701 0.846 0.728 0.878

MSE(B1)

TABLE 2. Simulated mean, standard deviation and mean squared error values
of original and bias corrected slope estimators.
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1 Introduction.

In analyzing data taken from the natural world, attention frequently has
to be given to the biased sampling phenomenon, in which each observation
Y = y is given a different chance w(y) of being recorded. In this paper
we concentrate on the nonparametric estimation of a regression function of
one response variable Y on a covariate X, where the data are observed by
way of biased sampling in the variable Y. Some examples motivating this
study are encountered in the analysis of discovery data; in this context, Nair
and Wang (1989) have carried out an analysis with multivariate petroleum
resource data, considering a parametric situation when variables such as the
volume of a pool and mean formation depth, among others, are analyzed.
Some others references on the analysis of oil and gas discoveries can also be
seen in this work, and the more useful weight functions in these problems
are given by w(y) = y®. Other examples are provided in aerial surveys.
Thus, Brown (1972) discussed an aerial survey problem in traffic streams
research; if one records the velocities of vehicles in a highway section at time
t (for example through aerial measures) one will tend to observe an unduly
high proportion of slower vehicles. An appropriate weight function is now
w(y) = 1/y. On the other hand, Rao (1989) considers a situation related
to the measurement of some bones recovered in a cemetery. When a femur
is not broken, three measures are possible: length, width of the upper part
and width of the lower part; but if it is broken, only one width is feasible.
Therefore, the data are incomplete, and it would be interesting to obtain an
estimation of the regression function of the length on the widths. However,
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the longer the bone, the lower the chance of having it in its entirety, and
thus, recording length variable is biased with a decreasing weight function.
In the context of the nonparametric estimation of a regression function,
a Nadaraya-Watson type estimator is considered by Ahmad (1995), and
a local polynomial fit is used in Cristobal and Alcal4 (2000) to construct
other estimators in the length biased case. In this work, we consider the last
approach when there is a general weight w(z,y), which can jointly depend
on the z and y variables.

2 The Estimator and its Asymptotic Properties.

Let us suppose a random vector with distribution function F(z,y) and let
fxv(z,y) be its density function. Let f¥y (z,y) be the weighted density
function that the biased sample data follow,

Ry (z,y) = w(w,y)];[)/(y(:v,y)j W = /w(:v,y)fxy(:v,y)da:dy < 00,

(1)

where w(z,y) > 0 (a.s) is the weight function. Conditional densities from
weighted distributions are also weighted densities, for example

Fxylz) = w(m’y)cj(czl)x(ym),with 0 < c(z) = Blw(X,Y)|X =4,

where E(.) is the expectation with the non-biased distribution, in contrast
to E¥(.), which is an expectation calculated from the weighted distribution
(1).

Let m(z) = E[Y|X = z] be a regression function from the original popu-
lation, which is unknown but which is assumed to be sufficiently smooth.
Let 3; = m\Y(z)/j,5 = 0,...,p be the coefficients of a Taylor expansion
of m(.) about the point z up to degree p, which are assumed to exist and
which are finite.

Given a biased sample {(X;,Y;)}" ; from F", a nonparametric maximum
likelihood estimation of F'(z, y) is studied in Gill, Vardi and Wellner (1988).
This estimator F), assigns a weight proportional to 1/w(X;,Y;) in each
data point, in such a way that the weights total one. The main idea is to
incorporate this weight into the local least squares function, i.e. to minimize
in 8= (Bo,...,B,)" the following function

2
e P N\ Kn(X; — )

where Kp(u) = K(u/h)/h, K(.) is usually a symmetric p.d.f. and A is
the bandwidth. The solution to this “bias-corrected” weighted least squares
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problem gives us the proposed estimator of 3,
p = (XTW,X) ' X'W,y, (2)

with y = (Y1,...,Y,)T, where X denotes the design matrix (as in Fan and
Gijbels (1996)), and

W, = diag(Kp (X1 — z)/w(X1,Y1), ..., Kp(Xn — ) /w(Xp, Yn))  (3)
In particular, we have

o det(XIW,X M (y)
n(2) = Bo = det(XTW,, X) ' 4)

where AU)(u) means matrix A but with column j replaced by vector w.
This expression shows the regression estimator as a ratio of two symme-
tric statistics in the observations. Symmetric statistics are convenient, be-
cause we can obtain approximations of their moments and their asymptotic
properties are well established; furthermore a ratio statistic allows for an
asymptotic analysis similar to the Nadaraya-Watson estimator for direct
data (see Cristobal and Alcala (1998) for properties of these symmetric
statistics). Observe that the new estimator is not linear in the response
variable and that this complicates its analysis.

Following the usual notation in local polynomial fitting (see Fan and Gij-
bels (1996)), we can write the matrices S = (p;4;-2)1<i,j<p With ele-
ments y; = [u'K(u)du, and S* = (viyj_2)1<ij<p With elements v, =
[ ! K?(u)du. Furthermore, let the vectors ¢, = (Upt1s---,Hopt1)] and
ép = (Bpt2,. - ,,ugp+2)T. Let e; be the vector with 1 in its first position
and 0 in the rest. Let Var,[(Y — m(X))/w(X,Y)|X = z] = v2(z) be the
conditional variance associated with the proposed estimator.

Theorem 1 Let us suppose that fx(x) > 0 and that m®P+V (), fx(.), c(.)
and v2(.) are continuous in a neighborhood of x. Let us further suppose
that h — 0 and nh — oco. Therefore, the asymptotic conditional variance
of i (z) is

2
w
Var,, (M, (2)|X) = (nh)_lmefS_lS*S_lel{l +op(1)}.
fx(x)
The asymptotic bias for the odd case p, when nhPt2 — oo, is:
Bias,, {1, (z)|X} = h? 16,11l S7te, {1 + op(1)}.

Furthermore, for the case of an even p, if fi(.) and mP+2)(.) are conti-
nuous in a neighborhood of x, and nhP*t3 — oo, we have that:
fx(x)

Bias. (0} = 177 {8, B 4 5} el5716, (1 4 0p(1)
fx(z)
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For the case p = 0, we obtain the estimator proposed by Ahmad (1995).
When p = 1, the estimator proposed in (4) has the same conditional asymp-
totic bias as the local linear estimator acting on non-biased data:

h2
ABias, {1, ()| X} = gﬂm” (z).

In general, the asymptotic conditional bias has the same expression as is
obtained when we use direct sampled data from the population.

One of the most relevant weighted distributions is the length-biased dis-
tribution. This case corresponds to w(z,y) = y and then it is immediate
that

clz) = m(z); W=upuy
vi(z) = m(z)r(z) -1,

where 0 < 7(z) = E[Y !|X = z] < 0o and py is the marginal mean of Y.
The asymptotic variance of the proposed estimator is now

Vary (i (2)|X) = (nhfx (2)) " m? (z)(m(z)r (z) — 1),

where f¥(z) = m(x)fx(z)/py (the weighted marginal density function
of X). This expression agrees with that obtained by Cristobal and Alcala
(2000). Moreover, note that m?(z)(m(z)7(z) — 1)/n is the asymptotic con-
ditional length-biased variance of the sample harmonic mean of the variable
VX =z

3 Application to Unemployment Time data.

In this section, we apply the proposed estimators to a real data-set corres-
ponding to unemployment time (in days) in Zaragoza (Spain). The period
considered is from 1st January 1990 to 30th April 1998. We randomly se-
lected a sample of 93 people that have a consecutive unemployment time
period covering a fixed date, specifically 1st April 1994 (precisely in the
middle of the period analyzed). Data are obtained from the National Insti-
tute for Employment (INEM); see Olave et al. (1998) for a survival analysis
of an extended set of this data. For each person, we recorded the length of
their time period of unemployment, their age and sex. The long-time unem-
ployed are not included in this study. Observe that the sampling mechanism
used for selecting the sample gives higher probability to longer periods and
lower probability to shorter periods. Therefore, we assume that data form
a length biased sample in the response variable.

In Figure 1 we represent a local linear estimator without any modification
against length-bias (dashed line), and a local linear estimator incorpora-
ting weights for compensating the length-bias (solid line). We can see the
different behaviour of both estimators particularly around 35-45 years old,
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FIGURE 1. Unemployment Duration Time. Local linear estimator without
weights for length-bias (dashed line) and local linear estimator incorporating
the proposed weights (solid line)

where the ordinary local linear estimator overestimates the duration of
unemployment.

In Figure 2, we estimate regression curves separately by sex (47 males and
46 females), with both estimates being length-bias corrected. We can see
the similar mean duration time until the age of 35, and how this estimated
mean time then increases rapidly for females. However, this increase is
delayed for males until the age of 45 and is more moderated.

The different smoothing parameters have been selected in order to obtain
a good visual impression. A detailed study of the performance of selection
criteria for the smoothing parameter is beyond the scope of this paper and
will be addressed elsewhere.

Acknowledgements: This work has been partially supported by grant
No. PB98-1587. We are also grateful to Dra Pilar Olave for permission to
use data on unemployment time.

References

Ahmad, I.A. (1995). On multivariate kernel estimation for samples from weighted
distributions, Statist. Prob. Lett., 22, 121-129.



136 Nonparametric regression in biased sampling models

Unemployment Duration Time

Time (in days)
1500 2000 2500
1 1 1
L ]

1000

500
1

0

20 30 40 50
Age
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Abstract: We study the identification of an econometric model that is linear in
parameters from a generalized-method-of-moments perspective. We regard under-
identification as a set of over-identifying restrictions imposed on an augmented
structural model. Therefore, our proposal is to test for underidentification by
testing for overidentification in the augmented model using standard methods
that are available in the literature. As examples we consider intertemporal asset
pricing and dynamic panel data models.
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In instrumental variables estimation of an econometric model it is useful
to have a statistical test designed to ascertain whether the model is under-
identified. Indeed Koopmans and Hood (1953, page 184) wrote:

“It is ... natural to abandon without further computation the
set of restrictions strongly rejected by the (likelihood ratio) test.
Similarly, it is natural to apply a test of identifiability before
proceeding with the computation of the sampling variance of
estimates ... and to forego any use of the estimates, if the indi-
cation of nonidentifiability is strong.”

While it was recognized in the early econometric literature on simultaneous
equations systems that underidentification is testable, to date such tests are
uncommon in econometric practice. Nevertheless, many econometric mod-
els of interest often imply a large number of moment restrictions relative
to the number of unknown parameters and are therefore seemingly over-
identified. However, this situation is often coupled with informal evidence
that identification may be at fault. In those cases, an identification test
may provide a useful diagnostic of the extent to which estimates are well
identified.

We study the identification of an econometric model that is linear in pa-
rameters. We adopt a generalized-method-of-moments (GMM) perspective
and write the model as:

E(¥,)a =0 (1)
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where « is a k + 1-dimensional unknown parameter vector in the null space
of the population matrix E(¥;) where ¥, is an r by k + 1 matrix con-
structed from data. We suppose the order condition (r > k) is satisfied,
but not necessarily the rank condition. Thus the maximal possible rank
of the matrix E(¥;) is max{r,k + 1}. The model is said to be identified
when the null space of F(¥,) is precisely one dimensional. In this case the
parameter vector of interest is obtained by imposing a normalization that
selects one element from the null space. The selection rule can restrict one
of the components of a to be one, or it might require that || = 1 together
with a sign restriction on one of the nonzero coefficients. Identification fol-
lows when the matrix E(¥;) has rank k. When r > k and the model is
identified, it is said to be over-identified because the rank of the matrix
E(¥;) now must not be full. Instead of having maximal rank k + 1, E(¥,)
has reduced rank k. This implication is known to be testable and statistical
tests of overidentification are often conducted in practice.

The model is said to be under-identified when the rank of E(;) is less than
k. In this case the null space of E(¥;) will have more than one dimension.
A single normalization will no longer select a unique element from the
parameter space. Instead there exists another solution a* not proportional
to « such that

E(¥,)a" = 0. 2)

To test for the lack of identification, we ask whether there exists another
normalized vector o* that satisfies (2). We approach this question by think-
ing of (1) and (2) as emerging from a new augmented model. We attempt
to determine (o, a*) simultaneously and ask whether they satisfy the com-
bined over-identifying moment restrictions. If they do, then we may con-
clude that the original econometric relation is not identified or equivalently
is under-identified. Thus by building an augmented equation system, we
may pose the null hypothesis of underidentification as a hypothesis that
the augmented equation system is over-identified. Rejections of the over-
identifying restrictions for the augmented model provide evidence that the
original model is indeed identified. Posed in this way, underidentification
can be tested simply by applying appropriately an existing test for overi-
dentification. For instance, a standard test for overidentification such as
that of Sargan (1958) (and extended by Hansen, 1982) is potentially appli-
cable to the augmented model.

As we will see, there are two complications that must be considered in this
implementation. First, under the null hypothesis of underidentification, we
are compelled to extend the normalization to extract multiple, linearly in-
dependent elements from the null space of E(¥;). For instance, if (o, a*)
satisfies (1) and (2), then so does any pair of linear combinations of a and
a*. Since the parameter estimates of the augmented model are of no par-
ticular interest to us, it is of little consequence which rule is used to achieve
identification. Any convenient normalizations will suffice, and it is known
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how to construct GMM estimators that are insensitive to normalization.
Second, when we duplicate the moment relations to achieve identification
of the augmented model, we may introduce some redundancy into the sys-
tem. As a consequence, sometimes we will be compelled to use less than
the full 2r moment conditions from the augmented system when testing for
underidentification. We will provide some guidance as to when to expect
redundancy in the moment conditions.

We initially consider identification testing in the context of a single struc-
tural equation, including comparisons to other approaches. We discuss the
relationship of our method with the minimum eigenvalue tests suggested
by Koopmans and Hood (1953) and Sargan (1958), and the reduced form
approach proposed by Cragg and Donald (1993). We also deal with cross-
equation restrictions, discussing two examples motivated in the estimation
of an intertemporal asset pricing model and a translog share equation sys-
tem. Finally, we consider identification testing in autoregressive models
with individual effects for short panels. This is an example of a system of
equations in which the valid instruments differ for different equations, and
the model has a nonstandard reduced form. We provide empirical illustra-
tions and Monte Carlo simulations for the asset pricing and the panel data
examples.
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Abstract: The basic stochastic volatility (SV) model does not take into account
the possible skewness of a time series. In order to overcome this drawback, we
introduce a generalisation of such a model based on the assumption that the
observations follow the Skew Normal distribution rather than the Normal one.
The degree of skewness is regulated by an appropriate parameter; when this
parameter is equal to zero, the proposed model is equivalent to the basic SV
model. It turns out especially appropriate for daily stock returns.

Keywords: Maximum likelihood estimation; Quadrature; Stock returns.

1 Introduction

In the analysis of stock return time series, it is frequently observed some
degree of skewness: the fall of the price in correspondence of bad news is
usually more pronounced than the increase of the price in correspondence
of good news. In other words, the same piece of news with an opposite
relevance (increase or decrease of the interest rate of x%, increase or de-
crease of the dividends of %) does not have the same effect on the price
of the assets. Moreover, it is observed that, when volatility increases, stock
prices are expected to fall. So, volatility tends to amplify the negative effect
of a bad piece of news on the stock prices while it tends to mitigate the
positive effect of a good piece of news. This effect is known as wolatility
feedback and has been discussed by several authors such as French, Schwert
and Stambaugh (1987) and Campbell and Hentschel (1992). It can explain
the prevalence of negative log-returns with respect to positive log-returns,
i.e. a certain degree of negative skewness, also known as contemporaneous
asymmetry. A different idea is that of predictive asymmetry which relies on
the observation that future volatility is higher after a fall of stock market
than after a rise.

These aspects are not taken into account in the basic stochastic volatility
(SV) model. So, our aim is to propose a generalization of such a model to
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overcome these limitations. This is obtained making use of the Skew Normal
distribution which has been recently introduced by Azzalini (1985) and is
a generalization for skewness of the Normal distribution. This distribution
is introduced in following section whereas the assumptions of the proposed
model are described in 3rd section. Then, some indications concerning the
estimation of the parameters and further possible developments are given,
respectively, in the 4th and 5th section.

2 The Skew Normal distribution

The Skew Normal distribution is defined by the density
f(z30) = 2¢(2) - 2(N2) —00 < 2, A < 400 (1)

where ¢(-) and ®(-) denote the standard Normal density function and distri-
bution function, respectively. When (1) is the density of a random variable
Z we write Z ~ SN(). The skewness of this distribution increases as the
parameter A increases while it tends to -0.995 when A tends to —oo, and
to 0.995 when A tends to co. An important results is that for A = 0 this
distribution reduces to the standard Normal distribution. Moreover, de-
spite skewness, it shares many properties with the Normal distribution: it
is unimodal, its support is the real line and its square follows the chi-square
distribution.

In this paper we deal with a generalized version of the (1) which is defined
by a linear transformation (Azzalini, 1985). In this way we may obtain a
distribution with skewness chosen on basis of A and an arbitrary value of
the mean p and the variance o?. When Z has a distribution of this kind
we write Z ~ SN(u, o2, \).

Recent developments of the Skew Normal distribution have been dealt with
by several authors such as Azzalini and Capitanio (1999) and Azzalini and
Dalla Valle (1999). In particular, these two papers discuss a multivariate
extension of (1) and a possible statistical applications.

3 The model

The basic stochastic volatility model is based on the assumption that the
log-return at time ¢, y;, is defined as

ye = exp(hy/2)e;
he = ~yo+y1hi—1+oyne

where {h;} is a latent process which represents the flow of news which ar-
rives on the market and the random variables ¢; and 7, are white noises
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with zero mean and unit variance. In particular, when ¢; and r; are nor-
mally distributed and independent of one another we have the basic SV
model which is also known as the log-normal SV model.

Although the basic SV model is very popular, it does not take into account
the possible skewness in the log-returns. Both the conditional and the un-
conditional distribution of the log-returns are symmetric, and this is often
in contrast with reality. This restriction is common to many financial time
series models which usually capture the changing volatility and fat tails
of real time series, but do not encounter the observed contemporaneous
asymmetry.

The aim of this paper is to propose a SV model which takes into account the
possible asymmetry of the log-returns, consistently with what is observed.
This model, which may be called Skew SV model, is based on the following
assumptions:

yr = exp(h:/2)¢
ht = 7o +v1hi—1 + oyne

where ; ~ SN(0, 1, X), namely ¢; has Skew Normal distribution with mean
0, variance 1 and skewness parameter )\, 7, is still distributed as a standard
normal and is independent of (;.

It is worthwhile to stress that our model captures the more relevant empir-
ical stylized facts of stock return time-series, i.e. the conditional distribu-
tion has zero mean, changing volatility and some degree of skewness. The
unconditional distribution of observables turns out to be a mixture of a
log-normal and a Skew Normal distribution, which gives rise to a skewed
distribution with zero-mean, variance equal to

Ely;] = E[¢/]E{exp(hi)} = exp(pn + 03/2),
and third moment given by
1 \° 1 3 3 .9
E[y/] = E[¢/]E {exp <§ht> } = 5(4 — ) (5\/ 2/”) exp <§Mh + 50;21) )
where § is defined as A/+v/1 + A% and assumes the sign of ).

4 Parameter estimation
A natural way to estimate the parameters of the basic SV model, consists of

maximizing the likelihood obtained by marginalizing on the latent variable,
namely

L(8ly, ho) :/_00 /_00 {H fY(ytht)fH(ht|ht170)}th"'dh1 (2)
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where y = (y1,--- ,yr)" and fy (y:|ht) is the conditional density of y; given
hy whereas frg(h¢|hi—1,0) is that of h; given h; ; and the value of the
parameter vector € = (o, 71,0y, A)’. However, computing and maximising
with respect to 6 the T—dimensional integral in (2) is really challenging
and so the approach of Bartolucci and De Luca (2000) used for the ba-
sic SV model may be easily extended to deal this likelihood. In practice,
this approach consists of applying a quadrature method to L(8]y,ho) so
that it may be approximated, with the required precision, by the function
L(B|y, ho) defined as

oY fy(wilzi) fu (@i |ho,0) D fv (valws,) fu (@, @iy, 0) -+

=1 ia=1
n
’ Z fy(yT|xiT)fH(miT|xiT—1’0) (3)
ir=1
where {z}, with k =1,... ,n, is a set of quadrature points chosen as

zp=r+(k—1)a with a=(s—r)/n

while r and s are two finite integration limits which replaces the infinite
ones. L(8|y, ho) may be formulated using matrix notation and largely avail-
able mathematical package, as MATLAB, may be used to quickly compute
such a function. Moreover, it is possible to compute also the first and sec-
ond derivatives of L(8|y,hg). Obviously, the higher n and the wider the
interval [r, s], the better the accuracy of the approximation. Measures of
this accuracy are provided, for the basic SV model, in Bartolucci e De Luca
(2000). Even if a rigorous proof is not available yet, it seems that the same
results hold in the present context. For the maximization of L(8|y, hg) the
Newton Raphson algorithm may be used; we experimented that as initial
values for this algorithm it is convenient to use, for o, 71 and oy, their
maximum likelihood estimates 4o, 41,5, based on the basic SV model. In
fact, it can be proved that the distribution of such estimators is invariant
under the more general Skew SV model, namely it does not depend on A.
Moreover, in order to avoid the problem of multiple maxima, it is appro-
priate to perform the maximization with different initial values for A. The
advantage of the maximum likelihood approach consists of the possibility
of computing the first and second derivative of the log-likelihood, so that
standard errors, t-statistics and confidence intervals may be associated to
the estimates of the parameters.

Using this maximum likelihood approach, we studied the time series of some
U.S. daily stock log-return in the period from 02/01/1996 to 10/03,/2000.
As an illustration, some simple descriptive statistics were calculated for one
of these time series, the log-returns of Bank One, which consists of 1,061
observations. The mean, standard deviation and skewness index ~;, are
equal, respectively, to 0, 0.022 and -1.471. These statistics suggest that the
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inclusion in the model of a possible skewed distribution might improve the
fit of the data. In Table 1 we report the estimates of the parameters, with
the standard errors (s.e.) and the 95% confidence intervals (CI). All the
parameters are significatively different from zero, including the skewness
parameter A. This enables us to conclude that the Skew SV model improves
the description of this time series. The same conclusion holds for a number
of time series.

Parameter | Estimate  s.e. C.I
Yo -0.782 0.259 -1.288 -0.275
Y1 0.902 0.032 0.838 0.965
oy 0.320 0.059 0.204 0.436
A -0.822 0.327 -1.462 -0.181

TABLE 1. Estimation results for Bank One daily log-returns from 02/01/1996 to
10,/03,/2000.

5 Further developments

The Skew Normal distribution is a generalization for skewness of the Nor-
mal one (obtained with A = 0), so it is clear that the proposed model is a
generalization of the basic SV model. The basic SV model is nested in the
new formulation, so it is possible to verify if the use of the Skev SV model
implies a significative reduction in the deviance using the likelihood ratio
test. Unfortunately, dealing with its distribution is problematic, so future
research will focus on it.

Moreover, if it might be too restrictive to assume the same skewness for
the whole time series at least two alternatives may be followed: selection
of two or more sub-periods (e.g. according to economic considerations) and
use of a different parameter A for each of them, or choice of a functional
form for A\; depending on h;. The former is actually flexible and permits
to test hypothesis as Hy : \y = Ay where A\; and )y are the skewness
parameters associated to two different sub-periods. The latter seems the
more appropriate to deal with real time series. However, the choice of a
suitable functional form for \; is not easy since it could give rise to diffi-
culties in the parameter estimation. For instance, some results are already
available for a model in which the constant parameter \ is replaced by
a time-changing parameter \;, whose expression is given by ve"/? which
graduates the skewness of the Skew Normal distribution and v is a further
parameter which may be positive or negative. These results are:

1. The sampling distribution of the maximum likehood estimates of
0,70, 71 does not depend on v.
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2. The probability that a future observation differs from zero more (less)
than a fixed value, conditionally on past observations, does not de-
pend on v.

The trade-off between a more realistic model and the computational prob-
lems will be the object of future research.

References

Azzalini, A. (1985), A Class of Distribution which includes the Normal
Ones, Scandinavian Journal of Statistics, 12, pp. 171-178.

Azzalini, A. and Capitanio, A. (1999), Statistical applications of the mul-
tivariate skew normal distribution, Journal of the Royal Statistical
Society B 61, pp. 579-602.

Azzalini A. and Dalla Valle, A. (1996), The multivariate skew-normal dis-
tribution, Biometrika, 83, pp. 715-726.

Bartolucci, F. and De Luca, G. (2000), Maximum Likelihood Estimation
of a Latent Variable Time Series Model, Applied Stochastic Models
in Business and Industry, forthcoming.

Campbell, J.Y. and Hentschel, L. (1992), No News is a Good News: an
Asymmetric Model of Changing Volatility in Stock Returns, Journal
of Financial Economics, 31, pp. 281-218.

French, K.R., Schwert, W.G. and Stambaugh, R.F. (1987), Expected Stock
Returns and Volatility, Journal of Financial Economics, 19, pp. 3-29.



Subspace algorithm cointegration analysis —
An application to interest rate data

Dietmar Bauer! and Martin Wagner?

! Institute for Econometrics, Operations Research and System Theory, Vienna
University of Technology, Argentinierstrasse 8, A-1040 Vienna.

2 Department of Economics, University of Berne, Gesellschaftsstrasse 49, CH-
3012 Berne.
E-mail addresses: Dietmar.Bauer@tuwien.ac.at, Martin. Wagner@vwi.unibe.ch

Abstract: In this paper the application of so called subspace methods for the
specification and estimation of cointegrated systems is examined. This method,
which is based on the state space representation, is suited for the analysis of
general cointegrated systems of order one, i.e. is not limited to autoregressive
models, as is e.g. Johansen’s method. To assess the empirical usefulness of the
method we apply it to perform a cointegration analysis of the US term structure
of interest rates.
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1 Introduction

Over the past 15 years cointegration analysis has become one of the most
popular fields in modern econometrics. By now a variety of methods is
available, but the majority of analyses is carried out using the methods
developed by Johansen and his co-authors. This method however has one
limitation: It is restricted to the analysis of VAR models. Although this
assumption may be a good approximation in many cases, the possibility of
a more general data generating process deserves some attention. This can
e.g. be done using subspace methods, in particular the method presented in
Larimore (1983), which is dealt with here, combined with a cointegration
analysis as has been examined in Bauer and Wagner (1999a). This method
is suited for estimation of cointegrated ARMA models. There are already
a couple of related results available in the literature. E.g. Yap and Reinsel
(1995) derive the ML estimate for cointegrated Gaussian ARMA systems
integrated of order one and give the distribution of the estimates, which
allows to test hypotheses. The method presented in this paper is based on
the state space representation and derives consistent estimates of the coin-
tegrating space as well as the transfer function. From the latter one can
easily derive e.g. an ARMA representation if this is the preferred system
representation. Also test procedures for the number of common trends are
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derived. We apply the method on US data to test the expectations hypoth-
esis of the term structure, which states that the yield to maturity at time
t of a k period pure discount bond ;4 is related to the yield on a bond
with one period to maturity r ;11 via equation (1):
=
Ttk = > Ei(reqjerjia) + Lit, k) (1)

Jj=0

with L(t, k) being the risk premium and E; denoting the conditional ex-
pectation given the information available at time ¢. Given that interest
rates are often found to be integrated of order 1 without drift, equation (1)
implies that r; ;. and 74441 are cointegrated if the risk premia are station-
ary. As equation (1) holds for all k, in a system with n interest rates n — 1
cointegrating relations occur, thus only one common factor 7 ;1 is driving
the system. In applications often less than n — 1 cointegrating vectors are
found. The possible reasons for this include size distortions due to multiple
tests, problems with high dimensional systems with many cointegrating re-
lations, or simply an undermodelling due to the use of a too simple model
like e.g. a low order VAR model. The method presented here does not suffer
from the two above mentioned possible problems, thus it may constitute a
valuable additional or complementary tool.

The structure of the paper is as follows: Section 2 starts with a very brief
description of the method, Section 3 then applies the method to the US
interest rate data and Section 4 concludes.

2 Description of the method

In this section we briefly describe the subspace algorithm cointegration
analysis presented in Bauer and Wagner (1999a). The starting point of
our method is the state space representation of finite-dimensional, time
invariant, discrete time systems

Tyl — Ailft + KEt, Y = Cxt + EEt (2)

where y;,t = 0,1,... ,T denotes the s-dimensional observed series. ¢; de-
notes an ergodic, strictly stationary white noise sequence with zero mean,
nonsingular innovation variance and finite fourth moments. For detailed
assumptions in a martingale difference framework see Bauer and Wag-
ner (1999a). Furthermore we restrict ourselves to systems that are strictly
minimum-phase, i.e. the eigenvalues of (A — KE'C) have an absolute
value smaller than one. The system poles, i.e. the eigenvalues of A, are
restricted to be inside the open unit disc or at z = 1. The geometric mul-
tiplicities of the eigenvalues at z = 1 are restricted to be equal to one,
this assumption corresponds to an order of integration of one. The results
of Bauer and Wagner (1999b) imply that y; = C1 K, Z;;ll et + kst (L)es,
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where k(L) = E+ LCgs (I — LAg) 'Ky is a stable and strictly minimum-
phase transfer function, L denoting the backward shift operator. In order
to achieve identifiability (for details see Bauer and Wagner, 1999b) C is
chosen to be part of an orthonormal matrix, i.e. Cy € R**",C[{C} = I,.
Therefore there exists a matrix Cy with C5Cy = I,_,. and C5Cy = 0, i.e. Cs
is in the orthogonal complement of ;. This representation coincides with
Granger’s. The first component corresponds to the common trends and the
columns of Cy span the cointegrating space. Therefore the cointegrating
rank is equal to s —r and the number of common trends equals the number
of eigenvalues of A at one.

The basis of the algorithm is found in the interpretation of the state vector:
For given positive integers f and p define Y, f = [Yt» Yir1r--+ » Yip fﬁl]’ and
Y, = [Yi—1,Yi—2)- - »Yi_p|"- Further let Et,f = [st,sH_l,... 1€opp1)- Let
Of =[C,AC,...,(A/=1YC") and K, = [K,(A— KET'O)K,... ,(A -
KE~'C)P~'K]. Finally define £ as the matrix, whose i-th block row is
equal to the matrix [CA*~'K,--- ,CK, E,0]. Then it follows from the sys-
tem equations (2), that

Y = 01K, Yy + Os (A= KET'CYay , + € B,

Here for notational simplicity y; = 0,t < 0, z; = 0,¢ < 0. Now the subspace
algorithm can be described as follows:

1) In a first step regress thf on Y, , to obtain an estimate Bf,p of OfIC,.

2) Typically Bf,p has full rank, whereas O/, is of rank n for f,p > n.
Thus approximate 8y, by a rank n matrix with decomposition ) flép.

3) Use the estimate lép to estimate the state as &; = ICPYJP. Given
the estimate of the state, the system matrices (4, K,C, F) can be
estimated by OLS using the system equations.

In Bauer and Wagner (1999a) consistency for the estimates of the coin-
tegrating space, the system order and the transfer function estimates is
derived. Also a method for the estimation of the dimension of the cointe-
grating space is developed, which is based on estimated singular values: The
approximation in step 2 of the procedure outlined above is performed using
the singular value decomposition of (F+) I/Zﬁf ( N2 =TU,%, V! + R,

where F}L denotes the sample covariance of Yt7 f and Fp the sample covari-
ance of ;" . Here U, is the matrix, which contains the first n right singular

vectors as columns and 3, is a diagonal matrix, whose diagonal entries are
the estimated singular values in decreasing order. R accounts for the ne-
glected singular values. In the case, where there are 7 common trends, the
first 7 singular values of the limit of (F"') 123, (I';)!/2 are equal to one.
In Bauer and Wagner (1999a) the asymptotlc dlstrlbutlon of the singular
values is derived and a test procedure based on the asymptotic distribution
is suggested.
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FIGURE 1. Left part of this figure: interest rates for the different maturities,
from one to five years. Right part: the four spreads r¢,s4i — 7¢,¢41-

3 An application to interest rate data

The interest rate data we use are the yields on 1 to 5 year US government
bonds, they are displayed in the left part of Figure 1. The returns are
computed from the bond prices underlying the analysis of Fama and Bliss
(1987). The data range from June 1952 to December 1994 with monthly
frequency.

Unit root tests performed for all 5 series lead to the conclusion that all of
them are integrated of order one. Furthermore univariate unit root testing
also leads to the conclusion that all the spreads 7 ¢4 —7¢ 441 fori =2,...,5
are stationary. These spreads are displayed in the right picture in Figure 1
and are seen to quite resemble stationary time series. Hence univariate
investigations lend strong support to the expectations hypothesis of the
term structure. Clear results like those just mentioned are only obtained
for the US market, e.g. for German data the evidence is not that supportive
for the expectations hypothesis.

The results obtained by applying the subspace procedures confirm the the-
ory and preliminary investigations. The order estimate according to AIC is
equal to 5, therefore f = p = 10 are chosen. In Table 1 we present the first
3 estimated singular values 4;, the test statistic T'(1 —7%_; o3 /r), critical
values obtained by 2 different bootstrapping procedures and the asymptotic
critical values, which are generated using the estimated parameters. The
critical values for the bootstraps have been generated by 1000 replications
of the estimated model under the null hypothesis, where the first procedure
re-samples the estimated residuals and the second uses Gaussian residuals
with the same covariance matrix.

The results are as expected: One common trend is found. The gap between
the second and third estimated singular value leads to the order estimate
n = 2. Note that the critical values obtained from the asymptotic theory,
are differing substantially from the bootstrapped critical values. This is evi-
dence in favor of using the latter. Also note that the tests for the number of
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i| o | T(=37_,67/r) | cv.(true) cv.(N) | c.v. (asymp.)
11 0.999 0.741 10.713 11.326 59.509
2| 0.954 23.385 20.263 20.189 36.727
3| 0.766 85.999 - - -

TABLE 1. The first 3 estimated singular values and the statistic described in
Bauer and Wagner (1999a). Third column: value of the statistic. Fourth column:
bootstrapped critical value, using the distribution of the residuals. Fifth column:
uses normal innovations having the same covariance matrix. Last column: asymp-
totic values. The underlying test is one-sided.

Component number 2 3 4 5 Hausdorff
lower bound (true) 0.908 0.731  0.624  0.450 0
upper bound (true) 1.170  1.692 1.786  2.274 0.147
lower bound (normal) | 0.971  0.953  0.940  0.929 0
upper bound(normal) | 1.130  1.319  1.331  1.370 0.082
estimated values 1.0375 1.0648 1.0857 1.0974 0.0332

TABLE 2. Bootstrapped confidence regions for the entries of the column of C
corresponding to the common trend. Here true stands for the procedure, which
re-samples the estimated residuals, whereas normal uses normal innovations with
the same covariance matrix.

common trends are only computed up to order 2, since the state dimension
is an upper bound for the number of common trends. Also the estimated
eigenvalues, which are z = 0.9121 and z = 0.9992, confirm the hypothesis
of only one common trend.

Finally also the hypothesis that the spreads are forming a basis for the
cointegrating space can be tested. This hypothesis is equivalent to the hy-
pothesis that the common trend is C; = [1,1,1,1,1]". Again bootstrapping
methods can be used to generate confidence intervals, see Table 2. We test
this hypothesis using the Hausdorff distance. The test is therefore one-sided
and the hypothesis is rejected if the Hausdorff distance between the esti-
mated and the hypothetical space is larger than the critical value. Also for
the individual components of the vector, after normalizing the first com-
ponent to 1, confidence intervals around 1 can be generated. None of the
null hypotheses can be rejected, and again the different distributions for
the bootstrapping procedures lead to very similar results.

For comparison we have also applied the Johansen procedure to this data
set. For all specifications the conclusion is always a 4-dimensional cointe-
grating space. However the hypothesis that the spreads span that space is
rejected throughout, although tests for the individual spreads to be con-
tained in the cointegrating space lead to an acceptance of these hypotheses.

Finally note that the state space system is preferred to the autoregressive
system using the AIC criterion. The best autoregressive model leads to a
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value of —64.3731, whereas the state space model with two states results
in —64.5548, which is an upper bound of the AIC value, since the subspace
estimate is not guaranteed to equal the ML estimate in finite samples.

4 Conclusions

In this paper we dealt with the application of so called subspace methods
to the estimation of cointegrated systems. The methods have been applied
to the Fama-Bliss data set. The results of the analysis are a confirmation
of the expectations hypothesis of the term structure. Also the structure
of the cointegrating space has been investigated, showing that the spreads
between the interest rates seem to be stationary, in accordance with the
univariate statistics. Note, however that the assumptions in the multivari-
ate setting of course are different, as we also model the interdependencies
between the various interest rates. The application demonstrates, that the
state space model leads to good models as measured by the AIC. Fur-
thermore the testing of hypotheses on the common trends is also easily
incorporated in this framework. It has to be noted however, that similar
results have not been achieved for other data sets and that the procedures
seem up to now lack a profound theoretical justification when exogenous
inputs and nonzero means and time trends are present. Also the accuracy
for small data sets seems to be poor in some cases, as has been noted when
analyzing German interest rate data.
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Abstract: Neural networks and structural equation models are two methods of
evaluating path models, whereas the first one looks in prediction of the outputs
and the second one in the covariance structure of the path model. We would
like to describe some differences and commonalities between these methods and
introduce partial least square modeling as a connection between both of them.
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1 Introduction

The idea of this paper stems from a presentation by Leo Breimann held at
the "Workshop on Semi- and Nonparametric Modeling” in Munich last year.
He offered two statements for the relation between statistics and machine
learning:

1. The people in machine learning are interested in the prediction tool
and because of that they often obtain much better results than sta-
tistical procedures provide.

2. On the other hand the learning procedures are mostly working like
a black box with a focus only on the output of the machine and its
error rate.

The second statement, he explained, required to have more details about
this black box. The following paper will be a contribution in this direction.
One of the most popular models in machine learning are neural networks
(NN). We look upon a network as the modeling of causal relationships
between different variables via a set of parametrized equations with the
target to specify the parameters of the model.

Nothing else is done by the structural equation models (SEM) in the statis-
tical framework. And in both cases the target in general will be achieved
by searching for a minimum of a loss or discrepancy function.
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The only difference is the loss function. While the neural networkers are
looking at the error rate of the output, the statisticians are looking at the
inherent relationship structure between the variables.

The following exponations will describe three types of modeling a causal
chain system with their different loss functions. On the one side a neural
network, on the other side a structural equation model, known as LISREL,
and "between” of them the partial least square (PLS) model (the LISREL
and the PLS model are termed “structural equation model” throughout the
remainder of this paper).

Due to space constraints we restrict ourselves to a particular case of neural
networks. The same holds true for SEMs. In this way the abstract ideas
are not clouded by technicalities. Also there is no discussion about identi-
fiability of a model and other very important aspects of modeling.

2 The Path Model

The idea is to describe a system of relationships in a so called path model.
This means a graphical model where the constructions under investigation
are connected by directed paths. For example, we can describe a multiple
regression model as a path model like in Fugure 1 (the described model is
a special regression model with two uncorrelated sets of input variables).

input variables
(manifest variables)
output variables
(manifest variables)

hidden units
(latent variables)

FIGURE 1. Path model for regression.

More generally we describe a path model in terms of NN’s as some observ-
able input and output variables (graphically represented as rectangles) con-
nected by so-called hidden units (characterized as circles), whereas the con-
nections are formulated in terms of parametrized equations. In the frame-
work of SEMs the observable variables are called manifest variables (MV)
and the hidden units latent variables (LV).

As an example we would like to handle with a kind of a multiple regression
problem, represented in the above chart. There are much more complex
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models conceivable, but in the interest of clarity of the general idea we will
deal with this "simple” model.

Names and symbols (bold faced capitalized Latin letters characterize ma-
trices of observations and bold faced small letters are vectors in the param-
eter or variable set, whereas the special meaning should be clear from the
context; small roman letters are scalars from the corresponding vectors):
X set of input MV

Y set of output MV

w weight vectors (the parameters of interest in the model)

n vector of the hidden units or latent variables

2.1 Neural networks approach

The above problem will be handled here as a multilayer feedforward net-
work with a backpropagation learning algorithm (for details see e. g. Bishop,
1995), which is represented as a set of functions

f(w,): RP — RS

mapping the input x € X C RP to the output y € Y C R2. In our
example the function f(w,x) is a composition of three functions fi, fo, f3
working in the single layers of the model. In particular we have:

Pm
flm (w1m7xm) = Z wlmpmmp = M,
=1
2 (1)
fz(wzﬂh) = E wamMm = 712
m=1
fs(w3,772) = w32 =Y

(The indices are described as follows: m = 1,2 the two sets of input variables; P
the whole number of input variables; P,,, number of input variables in set m; Q
the number of output variables.)

If we characterize the gth output of the network by f? we get the compo-
nents of f(w, x):

fHw,x) = wsq <Z Wam <Zm wlmpﬂfmp>> (2)

which leads, in the actual case, because there are linear (identitiy) activa-
tion functions in all hidden units, to a feedforward network with seemingly
no real hidden units:

2

fi(w,x) = <Z (i wngmelmpxmp>> =D wap (3)

m=1
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If we try to determine the parameters w with a minimal error rate in form
of a least square loss function, in the case of data vectors y, and x,, we
get (with ||.]|* being the squared Euclidian norm):

P
Yq— E :wqpxp
p=1

which is actually a special kind of canonical correlation between X and
Y, without consideration of the inner structure of the model. This is the
black box we mentioned above. (In models with other than linear activation
functions (see (2)) the situation may be different.)

2

(4)

Q
w = arg ngna(w) = argmwlnz:l
—

2.2 The LISREL model

The aim of structural equation modeling in statistics is the analysis of the
covariance structure between the different sets of the manifest variables.
The LISREL model consist of two parts. The measurement model describes
the relations between the manifest variables and the connected latent vari-
ables in form of a factor analytic model, while the structure model specifies
the relations between the latent variables as a system of interdependent
(linear) equations corresponding to the underlying path model (see e. g.
Brachinger, 1996). In this way we have a measurement equation system
(MES):

X H191+6
y = mflzte

(5)
where H; = (n1,,71,) and a structural equation system (SES):

n2 =HiQs + ¢ (6)

with some additional assumptions we do not refer to here and the parameter
matrices

0 w31
0 = ( wél >, szw‘2=(w21,w22), Q3 =w3 =

wh
w3Q

Because the latent variables (n; and 72) are not observable, the parameters
in (5) and (6) are not directly estimable, so the aim is to look at the
covariance matrix of the LISREL model and try to derive estimations for
w.

If we characterize by

P — < P11 P12 > o ( Var[ny,]  Cov[mi,, 1] >
P21 P22 ) Covlm,,m,|  Var[m,] ’
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from the covariance matrix
= pM
5 = Cov ((x\,y\)\) _ ( o Ty >
Elcy Yyy

we get for our actual problem (for detailed exponation see e.g. Bollen,
1989):

Sex = 290 + Cov[d]
Sy = 000h0, , (7)
Syy = Q3 (Q2<1>Q‘2 + Var[g]) Ql + Covle]

If we summarize in the vector € the parameters w and the variance or
covariance components in (7) (mean ® and the covariances of the error
terms) we can describe ¥ as a function of § (X = X(9)).

Again we will remark, that we don’t speak about the conditions to the
model for estimability of 8, but if these assumptions hold, the empirical co-
variance matrix S is an unbiased estimator for 3. The estimation problem
now is to find estimations # for 6 such that ¥ = X(6) is a "good” approx-
imation of S. The ”goodness” of the approximation we will again measure
by a loss function (tr(.) is the trace of the argument matrix):

o(0) = %tr (s - 20)?). (8)

2.3 The PLS model

Like the LISREL model the PLS model consists of a measurement and
a structure model. But the PLS-Model is more prediction-oriented and
the desideratum of the developer H. Wold (Wold, 1975) was to allow the
construction of a model with only few distribution assumptions to the vari-
ables. Therefore the MES and SES have the same form as in (5) and (6)
in the LISREL model, but the idea of estimating the unknown parameters
is different. The above remarked prediction ability needs estimates for the
latent variables (not so in LISREL) and the latent variables are constructed
as linear combinations of the corresponding manifest variables

m, = XAy
M, = XaAi, - (9)
N2 = YA

The first step in the PLS-Algorithmus is the estimatation of the latent vari-
ables, whereas the MES and SES will be evaluated in an ordinal regression
framework for (5) and (6) afterwards.

To complete the first step it is necessary to put in the structure model.
This is done by the construction of so-called instrumental variables

m’eC(m)
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and an iteration algorithm, which provides "new” weights A for (9) from the
instrumental variables by least square estimation. On the other hand the
instrumental variables in (10) are evaluated by the "known” latent variables
from (9). The summation in (10) is over all latent variables which are
directly connected with the “actual” latent variable n,, (this is the index
set C(m)) and the weights pp,ms characterize the strength of this connection
(for example as a correlation coefficient). The iteration algorithm will be
done only for a "partial” part (hence “partial” least squares) of the model
(for every latent variable in turns) while the other latent variables are taken
as known (for more details see e. g. Lohmoller, 1989).

For taking correlation weights in (10) and a special least square criterion
in weight estimation in (9) we get the following optimization function, to
maximize for the latent variables (see e. g. Mathes, 1993):

PN =D D (corr(nm,nmr))’ (11)

m=1m'eC(m)

where M is the number of all latent variables in the model.

In the second step of the PLS-Algorithm the structure coefficients w are
estimated by ordinary least squares regression of the MES or SES, which
leads to a loss function that looks very similar to that of the neural network
in (4), but is in fact very different. In the case of the output variables we
get (the case of the input variables will not be discussed here):

2
ows) = ZQ=1 1yq — wagnz|| ,
= Zq:l 1yq — wsq(m2)|| )
2 P,
Z§=1 HYq — W3g D met Zp=1(mmp/\1mp Jwa,,, H

Q 2 Py 2
Zq:l Y = 2m=1 Zp:l Tnp(A1,,, 02, W3g)

(12)

The loss function for the outputs is never more than a loss function for the
parameters of w for the hidden unit, which is directly connected with the
output, whereas the other parameters in (12) are fixed at there previous
estimations. This seems nothing more than a scale adjustment of this unit
relative to the single output variables.

In this way we would like to characterize the PLS model as a minmax
strategy. Where the manifest variables ar modelled with minimum loss from
the latent variables (the hidden units), which are carrying the information
about the structural relations in the model. But the latent variables are
evaluated as linear combinations of the manifest variables (which carry the
information of the measurement model) with maximal adjustment in the
structure model (for example measured by correlation coefficients).
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3 Discussion

First of all, the models for NNs, LISREL, and PLS, which are used in this
contribution are very simple because we would like to show the general idea
and not the complex nature of the different modeling tools. There are a
lot of other, more complex models with different estimations for all of the
three procedures (for more details see the list of references).

But already on the referred simple model we can see some differences and
commonalities. As we have remarked above the three models describe the
same path but with different goals.

Moreover the LISREL model, in the basic form, needs a lot of “hard” dis-
tribution assumptions. If they hold we are able to test hypotheses about
the model itself. This is not true for the neural network. But are the dis-
tribution assumptions realy fulfilled? This question is very hard to decide.
Because of that, in the SEM framework the LISREL model belong to the
so-called “hard models”, whereas the PLS model was developed especially
for the task with unknown distribution assumptions, for the case “when
theoretical knowledge is scarce” (Wold, 1975). This is one of the bridges
between LISREL and NNs.

The other bridge is the the purpose of the LISREL approach “to study
the structure of the observables as reflected by their dispersion (variance-
covariance) matriz” (Joreskog/Wold, 1982, p.266) on the one side and the
prediction of outcomes from the model in NNs on the other side, while
again the PLS model serves both aspects of the model.

All of the three models have their advantages and disadvantages. And the
LISREL model is much better in describing the structure of the path model,
whereas the NN is the best way to describe a prediction model. But both
the statistician and the neural networker can learn from each other.

If the path is right in construction, the neural networker is in general not
able to interprate the weights of the model. In addition, if the prediction is
bad, or the generalization ability, it is very hard to adapt the model, because
there is only little knowledge about the inner workings of the model. In this
case the SEM can possibly provide some ideas about the connections of the
hidden units and their adaptation to obtain better results.

On the other hand, if we are not sure about any distribution assumptions
the estimated weights in the LISREL model can be completly wrong. In
this case the PLS model and the NN can provide results to evaluate the
validity of the model.

One great advantage of the neural networkers is here great experience in use
of nonlinear functions in the path model. This task is not very developed
both in the LISREL and the PLS approach. Here the statisticians should
find a fruitfull area to carry over these methods to their models.

There are some more aspects like robustness of the methods, the role of
activation functions (used in NNs) in SEMs, the relationship between fit
indices in SEMs and error rates in NNs. And there are some (first) results
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in single areas of them but not a general connection. It should thus be
an interesting and fruitful task to examine further other relations between
these models both in theory and practice.
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Abstract: In order to evaluate the efficiency of the monetary transmission mech-
anism, we develop the formulas for testing rational expectations theory in the
term structure of interest rates with VAR models of stochastically switching
regimes in which all the parameters are regime-dependent. These formulas are
obtained for the strict version of rational expectations and for the case where mea-
surement errors are assumed in the expectations relationship. They are extensible
to other contexts which involve I(1) variables linked by rational-expectations be-
haviors. The testing procedure is separately implemented on Spanish and US
interest rates. Measurement errors must be assumed to accept the theory.
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1 Introduction

The so-called "monetary transmission mechanism” allows the monetary au-
thorities to control only the short term interest rates for the implementation
of the monetary policy. This mechanism is most effective if the hypothesis
of Rational Expectations (REH) governs the term structure. This explains
why this theory has been extensively tested over the last twenty years, al-
though it has very often been rejected. However, this rejection may be due
to the linearity of the models used in the testing. In this paper, we develop
a method of testing the Rational Expectations Hypothesis (REH) for the
term structure of interest rates in VAR models that allow for unobservable
Markov switching regimes. These models tackle the non-linearities of the
relationships originated in stochastic changes of the economy. In what fol-
lows, we present a summary of our original paper, explaining what we have
obtained, without detailed formulas or empirical results. We acknowledge
the support of the Spanish R&D National Plan under CICYT Research
Grant SEC97-1253.
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2 The model

Let R;, be the interest rate at time t of an asset with maturity within
n periods from t, and let r; be the interest rate of an asset maturing in
(t+1). According to the Rational Expectations Theory of the term structure
of interest rates, when R;, and r; correspond to assets which both have
a short maturity, typically measured in terms of days, weeks or months,
Shiller, Campbell and Schoenholtz (1983) suggest a formula which, in terms
of the spread between the longer-term and shorter-term rates, is:

n—1

Stn =Ripn — 1 = Z <1 - %) By (Ariy) + k= Eq ( ;n) +k (1)

i=1

where F; represents the rational expectations of the agents conditional
on the information available at moment t and k is a constant liquidity
premium. Campbell y Shiller (1987) develop a procedure to test the present-
value relation of the type expressed in (1) for the case when n is infinite.
Whether n is finite or not, it is easy to show that if the interest rates are
I(1) and the expectations theory is true, St ,, is I(0) and there exists a ECM
model that relates Ar; and S; ,,. From this model it is possible to derive a
bivariate VAR defined on Ar; and S; . In this VAR, all the parameters are
constant. The possibility of behavioural modifications of economic agents
caused by political, institutional or economic changes are not considered.
We allow for such modifications by introducing the possibility of stochastic
changes of regime, generalising the approach of Hamilton (1988) and Sola
and Driffill (1994).

Denoting Z; = (S; — sz, , Are — ,uAT’zt)' where the letter u refers to the
conditional mean, our model is :

p
Zt = Z Ba(nt)_th,l + Ut (2)
=1

In this model, z; is an unobservable variable that takes a value 0 or 1, ac-
cording to the state of the economy at date t. It is governed by a first-order
Markov process, with transition probabilities p;;, 4,5 = 0,1. Conditional
on z¢, the distribution of the errors u; is N(0, Qy,).

This model extends the Hamilton (1988) approach in two directions: it
allows the short rate r; to depend on the past values of the long rate R;
and it allows not only the means, the variances and covariances, but also the
autoregressive coefficients to vary with the state . Only the first extension
has been contemplated by Sola and Driffill (1994), who centre their study
on the specific and simplest case in which the maturity of the longer rate
R, is twice the maturity of the short rate r, (n=2). We also deal with other
values of n.
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The 12+4-8p parameters of this model are estimated by maximum likelihood,
applying numerical optimisation techniques. A 5-steps filter process is used,
similar to the one described for instance in Hamilton (1988) and Sola and
Driffill (1994). This procedure slows down very fast as p increases. It is
therefore essential to make a sensible selection of the starting values given
to the parameters in the estimation algorithm. The procedure we use in
this paper is identical to the one described in detail in Beyaert and Pérez-
Castejon (2000).

3 The restrictions implied by the expectations theory

The rational expectations equation (1) indicates that agents calculate their
expectations conditional on the available information at time t. In the con-
text of switching-regime models, the relevant information at time t would
be Hy ={Zs, -+ , Z4_py1, T, -+ , T4_pt+1} if the states of the economy were
directly observable by the agents. As the states are not observable, the
relevant information is reduced to hy = {Z;,--- , Z;_py1}. Obtaining the
restrictions on the elements of Bg(fl ; in (2) implied by equation (1) is, how-
ever, untractable. But conditioning on H;, and using the law of iterated
expectations, it is possible to obtain sufficient conditions for equation (1) to
be true. We obtain the specific expressions for these conditions. They can
be tested using a non-linear Wald test, or alternatively a LR test. The LR
test is considered only when p = 1 and n = 2, because it is extremely diffi-
cult to estimate the restricted model for higher values of these parameters.
Note also that these conditions can be extended with minor modifications
to other contexts in which rational expectations theory linking I(1) vari-
ables has to be tested.

4 Application on the term structure of interest rates
of Spain and the USA

We have estimated model (2) and tested rational expectations both on
Spanish and US interest rates. However, for brevity, we summarize here
only the results referring to Spain.

4.1 The Spanish inter-bank interest rates

The data correspond to the interest rates of the Spanish inter-bank money
market between January 1986 and May 1995 on a weekly basis. Three dif-
ferent terms have been considered: one week, two weeks and four weeks.
The short-term rate r; is in all cases the one-week rate, the other two in-
terest rates play the role of the longer term rate R;, so that n = 2,4. In
Prats-Albentosa and Beyaert (1998), a linear model accepted the hypoth-
esis for n = 24, but rejected it for n = 2,4 and 12; the rejection is very
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strong in the case of n = 2 (two weeks). It is our purpose to check whether
these conclusions change for n = 2 and n = 4 when a non-linear model
of the type of (2) is adjusted, using the sufficient conditions that we have
obtained to test REH.

The use of VAR models to test REH is justified if the interest rates ex-
hibit a unit root, whereas the spread is I(0). The first step of the empirical
study starts, therefore, with the testing of the presence of a unit root in
the series r¢, Ry , and Sy, , n = 2,4. We use Phillips-Perron tests, ac-
cording to which all the interest rates exhibit one unit root, whereas the
spreads are I(0). However, the unit root may stem from the existence of
a structural break in the mean of the series. To check for that possibility,
we apply recursive ADF tests, as developed by Banerjee, Lumsdaine and
Stock (1992). The results confirm that a structural break, if present, is not
the only source of non-stationarity of the series.

Model (2) has been estimated for n=2 and n=4 as described above. The
maximum value of p we have considered is 5. To check the empirical va-
lidity of the models, we apply specification tests which constitute bivariate
extensions of those developed by Hamilton (1996). They are based on the
scores of the likelihood function with respect to the parameters at time t.
We use them to test for autocorrelation and ARCH effects in the residu-
als. For p as low as 1, there is no symptoms of autocorrelation, although
there are clear symptoms of non modelled ARCH effect. But it must be
noted that the heteroskedasticity still present in these models is far below
the heteroskedasticity detected in linear VAR models with the same data.
Moreover, these linear models require much higher values of p to avoid au-
tocorrelation. We also apply Hansen (1996) test which allows testing the
validity of the linear model against the non-linear model (2). This test tack-
les the problem of the existence of unidentified parameters under the null
hypothesis, which rules out the application of standard Likelihood Ratio
tests. It requires Monte-Carlo simulations in every application, in order to
obtain the critical values. The results indicate an overwhelming domination
of the non-linear version over the linear one.

The next step in the construction of the model consists of simplifying it
down in order to increase efficiency. Looking at the estimated values, the
means of the models seem to be equal in both states and some autore-
gressive coefficients seem to be non significant. We test these simplifying
restrictions both jointly and separately, and reestimate the model under
the accepted restrictions.

Besides the simplification restrictions, it is worth mentioning that the prob-
ability pgo of staying in state 0 is high and systematically above state 1.
This fact is reinforced by the relative size of variances: those of state 0
are small and far below those of state 1. The former may be qualified as a
"low-variance high-persistence stable state” , whereas the latter would be
more a ’high-variance unstable state”.

From these estimations, the so-called "smoothed probabilities” may be in-
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ferred: on the basis of the estimated vector of parameter and the full sample
of T observations, an inference is drawn about the historical state the pro-
cess was in at some date t. An analysis of these probabilities, which we
cannot reproduce here due to limited space, provides an additional proof
of the usefulness of our model. They indeed show that the model is able
to perceive the changing characteristics of the market. For brevity, let us
mention the main feature of these smoothed probabilities: they correctly
reflect the much higher stability of the market from the middle of 1989
onwards, as well as the instability period that extends from October 1992
to the third term of 1993. All these dates coincide with specific events that
affected the market: June 1989 is the date of the entrance of Spain in the
European Monetary system; the period from the fall of 1992 to the fall
of 1993 coincides with the crisis of the EMS: it is marked by the "mone-
tary turmoil” of 1992, and the depreciation of the Peseta in September and
November of that same year and of May of 1993; the EMS crisis ended in
August 1993 with the enlargement of the fluctuation bands, although the
Spanish monetary authorities purposely let increase the rates to very high
levels in the fall of 1993, which is captured by the model.

As far as the expectations hypothesis is concerned, they are tested for the
case p = 1, and for n = 2, 4. They are rejected for both values of n, although
Granger causality from S; to Ary, required by (1), is satisfied.

It is often the case that the strict version of REH is rejected, but a weaker
version that makes allowance for a random error term in the REH relation is
accepted. This error is usually attributed to measurement or specification
errors, lack of information, and so on . Although it is relatively easy to
deduce the theoretical expression of these restrictions once it has been
done for the case where no measurement errors are assumed, their practical
implementation has to be reduced to very small values of p and n. We
obtain the new expression for the restrictions under measurement errors
and we test them only in the simplest possible case: n=2 and p=1, which
corresponds to the two-week model. In this case, REH is accepted with a
p-value of 2.72%.

4.2 Conclusions

The switching-regime models developed in our paper overwhelmingly dom-
inate linear models applied to the same data. The formulas that we develop
to test the rational expectations hypothesis of the term structure of interest
rates are then applied, and the results are supportive of REH if measure-
ment errors are allowed in the expectations building process.
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1 Introduction

Following the conventional view mentioned above, forecast regions can eas-
ily be constructed as symmetrical intervals about the mean. However, ac-
cording to Hyndman (1995), this method cannot be appropriate in the non-
linear or non-normal context since, under such circumstances, any skewness
or other asymmetry, high kurtosis, multimodality or the relatively high im-
portance of extreme values will not be properly reflected. Highest-density
regions are, in this case, flexible enough to provide more accurate informa-
tion about the forecast density.

The purpose of this paper is to construct HDRs for every close return of the
General Index of the Madrid Stock Exchange in January 1998 and to assess
the reliability of the information they provide compared to that offered by
the simulation of the model proposed and that offered by the hypothesis
of normal distribution defined by the historical standard deviation and
mean. In so doing, we attempt to highlight the usefulness of processing
and analysing historical information. In the next section the data and the
model are presented; section 3 presents a brief description of the HDR
construction techniques; section 4 reports the empirical results and section
5 concludes.
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2 Data Description and Model Selection

The data set consists of daily close prices of the Madrid Stock Exchange
General Index for the period January 1994 to December 1997 as well as the
close prices corresponding to each trading day in January 1998 to control
the out-of-sample forecasts. Daily returns (X;) are calculated as the log
differences of the General Index prices.

With respect to the choice of the model it should be noted that our fore-
casts concern daily close-to-close returns over the first month of 1998 and
therefore, as has been widely discussed, both the day of the week effect as
well as the January effect should be considered. The initial examination of
the data reported in Table 1 supports the intuition of a positive effect on
Fridays included in approximately the first half of January. Moreover, the
examination of the autocorrelation function as well as the results offered
for the Spanish stock market in Blasco, Del Rio y Santamaria (1997) reveal
significant first order autocorrelation. To formally test for these charac-
teristics some preliminary regressions were run with dummy variables for
the different days of the week, regardless of whether they are in the first
half of January. In addition, the robustness of the estimates both to auto-
correlation and heteroskedasticity is also examined. Eliminating from the
model those variables that are not significant and taking into account the
conditional heteroskedasticity through a GARCH model (following the sug-
gestions in Lamoreaux y Lastrapes (1990), among others), the model can
be stated as follows:

Ty = p+ dTi—1 + YVime + €

€ = 012t (1)

o} =w+ae_; + Boi,

Zy i..d. N(0,1)

where x; denotes return at time t, Vy,,; is a dummy variable for a Friday
in the first half of January, et denotes the residual at time ¢ and o7 denotes
variance at time ¢. This model supports the supposition outlined above.

3 Methodology

Let {X(t;)} denote the time series of observed returns at times t; < to <
.. < tp. The 100(1— )% highest-density region Ra summarizes the density
Pm/n(x) With n < m given all observations up to and including tn. That
is, Ra = {x : pp/n(x) > fa}, where fa is chosen such that Pr(X,,/, €
Ra)=1- .

To compute any forecast region it is necessary to first estimate the forecast
density. We use a simulation procedure where error terms in the model
are replaced by a bootstrap of the fitted residuals, as is suggested in some
recent papers (e.g. Thombs y Schucany, 1990; McCullough, 1994; Douglas,
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1996). The bootstrap resampling technique used in this paper is that recom-
mended by Miguel and Olave (1998), given that the model produces hete-
rocedastic residuals and therefore it is almost impossible to find a backward
representation of the volatility. By drawing random samples with replace-
ment from the centered standarized residuals we get the bootstrap residuals
and the bootstrap estimates of close returns and variances for each of the
20 trading sessions in January 1998 as follows:

x:‘«k-ﬁ-j =u+ OT¢tj—1 + 'YVImt + ZZ+]-0'Z+J- (2)
*2 *2 *2 *2
Opf; =W+ aziy; 1075 1+ /Eo-t+j71
where z}7 = z; , 2f = 2z;if ¢ < t and o] = o0; if i < t+ 1. We have

repeated this procedure 1500 times and hence 1500 values of close return
are calculated for each of the 20 trading sessions.

4 Empirical Results

Table 2 reports the parameter estimates of the model. All of them are
significant at the 5% level. The sum a + 3 < 1 although it is close to unity,
supports the stationarity condition.

The HDR for each of the trading days is calculated at the 75% confidence
level in order to make a clearer identification of the close return values
that are most likely to occur. To compute the forecast density we have
considered five decimal figures of the bootstrap close returns so that an
investor would not notice any great difference between a 1,352% daily close
return and a 1,359% daily close return, but he would be able to appreciate
a difference between 1,35% and 1,34%. The higher the precision level in the
HDR construction procedure, the greater the difference with respect to the
conventional methods of constructing forecasting intervals.

To assess the relative performance of this forecasting procedure and its po-
tential applicability we compare the probability assigned to the real close
return data varying in a short range with that derived from two assumptions
implying considerably lower computational cost. First (Al) we assume a
normal behaviour defined by the historical mean and standard deviation. In
so doing, it is not necessary either to propose a model or the HDR construc-
tion. Second, we assume (A2) the empirical distribution derived from the
simulation of the model proposed, avoiding in this case the computational
cost of HDR construction. Columns 4-5 of Table 3 contain our results on
the accuracy of the HDR information. Specifically, Column 4 mainly deals
with the usefulness of processing and analysing historical information. The
results provide evidence in favour of this kind of work. Comparisons in
column 5 are mainly aimed at studying whether 75% HDRs are good in-
formation selectors. Although in 4 out of the 20 cases the corresponding
HDR has not been able to improve the results from the empirical distri-
bution of the fitted model, it is worth mentioning that only the results for
January 13th and 30th represent a significant disadvantage, given that the
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empirical density of the simulation clearly outperforms the normal inferred
probabilities.

To summarize, the probabilities assigned by the HDRs are, in average, a
73% higher than those arising from A1 and a 29% higher than those from
A2. The range along which the ratio HDR-probability to normal-probability
varies is set between 0,59 and 7,85. These figures change to 0,71 and 2,04
when the comparison deals with HDR versus simulation of the model.

5 Conclusions

In this paper we have proposed the use of HDR to obtain better information
on the forecast density. As we have shown, the probability levels are signif-
icantly higher when HDRs are compared with other lower cost procedures
and therefore, forecast could be more accurate using this technique. This
specific application provides reliable results for the period under analysis.
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Table 1. Preliminary mean Values

Mean Monday  Tuesday Wednesday Thursday Friday
Total -0.000083 0.001245 0.000677 0.000694  0.000855
January -0.000412  0.004432 0.001497 0.000254  0.004215
Rest of the year -0.000052  0.000933 0.000601 0.000734  0.000555
(except January)
First half of January | -0.000326 0.003682 -0.00107 -0.000912  0.009783
(approximately)
Rest of the year -0.000158 0.001144 0.000750 0.000758  0.000473
(except first
half of January)
Data set: January 1994-December 1997
Table 2. Parameter Estimates
(p-values are given in parentheses)
Mean equation Variance equation loglikelihood
Hest ¢est Vest West Qest /Best ML
0.000635 0.11646 0.007713 0.000004 0.09949 0.86012 3210.42

(0.02313) (0.00064) (0.0291) | (0.002)

(0.0000) (0.0000)
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Table 3. Real close returns and Comparative Results
RETURN HDR vs Al

Friday
Monday
Wednesday
Thursday
Friday
Monday
Tuesday
Wednesday
Thursday
Friday
Monday
Tuesday
Wednesday
Thursday
Friday
Monday
Tuesday
Wednesday
Thursday
Friday

DATES

02/01,/98
05/01/98
07/01/98
08/01,/98
09/01,/98
12/01/98
13/01/98
14/01/98
15/01/98
16/01/98
19/01/98
20/01/98
21/01/98
22/01/98
23/01/98
26/01/98
27/01/98
28/01/98
29/01/98
30/01/98

0.025272
0.017313
-0.005286
-0.007445
-0.001367
-0.008781
0.013441
0.008285
0.00392
0.018278
0.002148
0.009605
0.00167
0.002952
-0.009369
0.011948
0.008349
0.003285
-0.001555
0.002461

(Normal
Distribution)
S

S
S
I

N ULV N —H H

v »n

HDR vs A2
(Simulation of
the fitted model)

»n — N U

N Vvt N2 NN —H

v »n

Close returns are given to facilite the observation of Figure 1

S means Superiority of HDR; I means Indiference; blanks mean worse

performance of HDR
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1 Introduction: Measurement Error Models

In a recent paper, Singer and Andrade (1997) proposed regression models to
analyze data from a pretest/posttest study designed to compare two types
of toothbrushes with respect to the efficacy in removing dental plaque. In
that study, a dental plaque index was obtained on each of 26 (14 female
and 12 male) preschoolers, before and after toothbrushing, with a regular
and an experimental (hugger) toothbrush. No intercepts were included in
the proposed models, since null pretest dental plaque indices imply null
expected posttest values. The models also allowed for correlated within
individual measurements (bringing into perspective the fact that the same
subjects were evaluated under two different experimental conditions) as
well as for nonlinear relationships between the posttest dental plaque index
(taken as the random response variable) and the pretest dental plaque index
(considered as a fixed explanatory variable).

Given the symmetry between the pretest and the posttest variables and the
fact that the dental plaque index is not measured precisely, we believe that
measurement, error models constitute an interesting alternative to analyze
the data. Moreover, the amount of dental plaque certainly is evaluated
imprecisely.

A simple linear regression model with measurement errors typically con-
sidered in the literature is defined by the equations

Y; =a+ Bz + e, (1)
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Xi =z + ui, (2)

with
(e,-,u,-,;c,-)' ~ N3(Ol7dia‘g(o'gvo'g7o'§),)v (3)7
where diag denotes diagonal matrix, ¢ = 1,...,n. It is well known that

without further assumptions such a model is not identifiable and to bypass
this inconvenience, we must make an assumption about the parameters
which includes i) o2 or (and) o2 known, ii) A = 02/02 known, iii) k, =
02/(02 4+ 02) known and iv) a known. The last alternative, where the
intercept is assumed known, is discussed mainly in Chan and Mak (1979)
and Patefield (1985). Both papers consider maximum likelihood estimation
emphasizing aspects of large sample inference. Taking « equals to zero,
without loss of generality, the moment estimators of the elements of the

parameter vector 6 = (3, yuz, 02, A, 02) are
BoV/R, =X, 62=XSxy/T.

T (T Ty g T T
X ySXX_XSXY Y

where Y = 37 | Y;/n, Sxy = Y.i (Vi — Y)X;/n, and similarly for the
other sample moments. As noted by Chan and Mak (1979), these are max-
imum likelihood estimators provided that the variance estimators are non-
negative. In this paper, the the model defined by equations (1)-(3) is ex-
tended by considering
Yij = Biwij + eij, (5)
Xij = @ij + uij, (6)

where (e;j,u;j, ;)" is distributed according to the three-variate normal
distribution given in (3). This model is used with the data set presented
in Singer and Andrade (1997) which is related to dental plaque removal by
p = 2 different brands of toothbrushes that we call conventional (i = 1)
and experimental (¢ = 2). Specifically, Y;;(X;;) are the amount of dental
plaque observed in individual j after (before) toothbrushing with tooth-
brush i = 1, 2. As it seems to be the case, the amount of plaque is measured
imprecisely (with error) given the imprecisions associated with the mea-
suring devices for the amount of dental plaque. Moreover, since the same
individual is tested with both toothbrushes it seems necessary to consider
models that can incorporate a certain amount of dependency among mea-
surements from the same individual. To model dependency from observa-
tions coming from the same individual, we consider that the true covariate
values are related through a random effects model given by

Tij = pg + aj + 6;5, (7)
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with a; and §;; all independent, with a; ~ N(0,02) and 6;; ~ N(0,0%),
j=1,...,nand i = 1,2. Thus, under the correlation structure (7), it can
be verified that

0.2

3 (8)

P12 = COT’T’(.’Elj,.’EQj) = m,
j =1,...,n. Aspecial case of model (7) follows when o7 = 0, in which case,
Tij = ptz + aj, specifying that the true unobserved covariate values (true
dental plaque amount) are produced in both occasions by the same variable,

in which case the correlation structure (8) reduces to p12 = corr(z1;, z2;) =
2

ai‘:_—”j'i,jzl,...,n.

Section 2 presents the log-likelihood function under the dependent model
specified by (5)-(7) and a disussion related to the derivation of the max-
imum likelihood estimators. To start numerical procedures for computing
the MLEs, moment estimators can be considered. The inverse of the ob-
served information matrix can be used as an estimate of the asymptotic
covariance matrix of the MLEs. Section 3 is dedicated to an application of
the results derived in the previous sections to the dental plaque data set
which has motivated the consideration of the dependent model.

2 Maximum likelihood estimation in the depedent
model

In this section, we consider maximum likelihood estimation in the depen-
dent model. The likelihood function is presented from which the likelihood
equations can be obtained. The inverse of the observed information ma-
trix can be used for estimating the asymptotic covariance of the maximum
likelihood estimators.

Under the model specified by equations (5)-(8), it follows that the observed
vector (Xij,Y1;,Xoj,Y2;)" is distributed according to the fourth-variate
normal distribution with mean vector (ug, 5814z, e, B2ttz) and covariance
matrix given by

ok + 03 Bi(oZ +03) os Ba0; |
Bi(or +0a3) Bi(os +0F) + Mo, pro? B1B202
o pro; ok + 03 Ba(03 + 03)
i Bao? B1B202 Ba(o2+03F) B3(02+03F)+ Aol |
where 0% = 02 + ¢2. By using general properties of the multivariate

normal distribution it follows that the log-likelihood function for § =
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(617/827,U’I70-370§5055

A1, A2)’ can be written, disregarding unimportant constants, as

n 1 i i
logL —ELog[ofjJ] + j{uz (b202 + A202) (M1 ;le + B ;Ylj) (9)

+pz (brog + Aon) | Az Z Xoj + B2 Z Yo
=1 =1
tor M > X1 Xoj+ BiB2 Yy Yi;Yej + Bida D XojVij
j=1 j=1 Jj=1

B0 Y X1 Yas] + (05 +07) [(Bide Y X1;V1j + o1 Y Xoj Yo,
j=1 j=1 j=1

bo X0 Y A0 Y, Ve oF (02 + 202 ;
_ i=1 11 5 =LA i 502 )[bz(ﬂlzleYU
u j=1
PN n By XY
Yy - BT eyt - Y x - 2
j=1 =1 =t

1 n n
—5{ ZXlzj—f—Zng Mol + (0F + 02) @
j=1 j=1

+ XY VSN D Y5 | (05 + 02 + on) + i (2616503
j=1 j=1
+ (aﬁ + 20?) ® + M)},
where by = B% + Ay, by = Bg + A, &= ﬁ%)\g +ﬂ§)\1 + A1g, and
J = 5fﬁ§a§ (ag + 203) + /\1)\205 (Ug( + 0’?) + [0’? (Ug + 203) + UZ (Ug + 03)] .

To derive the maximum likelihood estimators of 8 = (81, B2, A1, A2, fie, 02,
2\/

c2)', numerical procedures are required to solve the likelihood equations
given by
Olog L(0
u(6) = "%T() _o. (10)

To start the procedures, moment estimators can be used. By equating pop-
ulation to sample moments the following (explicit) moment estimators are
obtained:

_X1+X2 5 2?1 ~ 2?2

_ Sxive (X1 + X2)
X+ Xo

2Y,

~2
g, =
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b Sy (Xi+X2) o 1 45 (62 + 62)
0'5: — s A1:A—2 SYlYl—i—iz s
2Y; oy (X1 + X2)
—2
. 1 4Y," (62 + 63
62 = Sxix1— (62 +63) )\225 (SyzYzﬁ )
u 1+ X2

where Sx1y2, Syiyi, X1 and so on, are as defined before. If the variance
02 = 0, then the likelihood equations and the observed information matrix
present much simpler expressions. Moreover, simulation studies indicate
that it is more likely to have convergence of the numerical algorithms used
to solve the likelihood equations in the case Ug = 0 than otherwise. The
hypothesis Hy : Ug = 0 can be tested by using the score type statistics

Qr =UE)L (O)U®)/n, (11)

which in large sample sizes is approximately distributed according to the
chisquare distribution with one degree of freedom (Sen and singer, 1993),
where 0 is the maximum likelihood estimators of § under Hy and I, de-
notes the observed information matrix obtained by computing the second
derivative of log L(#) with respect to 6.

Since the usual regularity conditions are satisfyed under the depedent
model specified by equations (5)-(8), it follows, as n — oo, v/n(fas — ) RN
N(0,I.'(8)~1), where Ip(f) is the expected information of § obtained by
computing the expected value of the second derivative of log L(#) with re-
spect to 6. The expected Fisher information is derived in Aoki et al. (2000).
The observed information Io(é) evaluated at the MLE is a consistent esti-
mator of Ir(6). For testing Hy : 81 = B2 we can consider the Wald statistics

Qu = (CH — CY)'CL, 1(H)C'(CH — C¥), (12)

with C = (1,-1,0,0,0,0,0). The altervative hypothesis can also be in the
direction of one of the §’s being greater than the other, as for example,
H, : 81 > B3. To test the hypothesis Hy : og = 0, we can consider a
score type statistics given by Qr = U(0)I,'(6,)U(8,,)/n, where 0, is the
maximum likelihood estimator of § and which is expected, for large sample
sizes, to be distributed according to the chi-square distribution with one
degree of freedom. The advantage of using Qg is the fact that 6 has to be
estimated only under Hj.

3 Application to the Dental Plaque Data

The data set analysed in the sequel is presented in Singer and Andrade
(1997) where a ordinary regression analysis is considered. We reanalyse it
by considering the null intercept measurement error model given in (5)-
(8), with z;; being the true dental plaque index before toothbrushing with
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toothbrush ¢ (4 = 1,2) in childreen j (j = 1,...,26) and X;;(Y;;) the
corresponding

observed index before (after) toothbrushing. To initiate the numerical pro-
cedure that will produce the maximum likelihood estimates, moment esti-
mates are computed first. By using the expressions for the moment estima-
tors derived in Secion 2, the following moment estimates are obtained:
fie = L7687, B1 = 0.1559, B, = 0.4362, 62 = 0.4077, 62 = 0.1338,
62 = 04173, \; = 0.2350, Ay = 0.9161. By considering the dependent
model given in (5)-(8) with 0? = 0, we can solve the likelihood equations
given to obtain the MLE of § = (81, B2, ftz, 02,02, A1, \2)’ which is given
by 6§ = (0.1471,0.4540,1.7589, 0.5379, 0.48122,0.1024, 0.2676)’. Using the
Fisher information matrix derived in Aoki et al. (2000), the asymptotic vari-
ance of the maximum likelihood estimators are given by (0.067,0.2020, 2.9667, 4.0868,
1.5366,0.1966, 1.6345). Using the estimated variances and covariances, it
follows from (11) that Qg = 1.08649 with the corresponding p—value given
by 0.298, indicating acceptance of Hy : 02 = 0. Moreover, the hypothesis
Hy : By = B2 is rejected since, from (12), the Wald statistics @, = 41.88,
which clearly indicates rejection of Hy : 81 — B2 = 0. Clearly, Hy is also
rejected in favor of the one side hypothesis Hy : §; < (39, indicating that
toothbrush one presents greater reduction of the dental plaque index.
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Abstract: In a panel study each respondent is interviewed at successive waves.
Panel studies are rarely complete because of dropout. Little proposed the use of
pattern mixture models for repeated measures data. This approach can be used
to test for the nature of the dropout process in panel data. Our version of the
test is illustrated in a random effects competing risk model of labour market
behaviour of individuals from the British Household Panel Survey.

1 Background

Panel studies are a rich source of data for the analysis of labour market
behaviour. Little and Rubin (1987) introduced a taxonomy of missing data
mechanisms which can be used with panel data; their taxonomy distin-
guishes between missing completely at random (MCAR), missing at ran-
dom (MAR) and non-ignorable missing (NIM). In the analysis of labour
market behaviour it is usually assumed that the stochastic process de-
termining labour market behaviour and participation in the panel are in-
dependent (MCAR or MAR). If this assumption is correct then dropout
from the panel before the end of the survey can be treated as independent
right censoring. We propose a simple pattern mixture approach to detect
the missing data mechanism in our multi-spell, multi-state, random effects
competing risk model of labour market behaviour.

To illustrate the impact of dropout consider the behaviour of the unem-
ployed. If those unemployed panel participants who have a relatively high
probability of finding a job also have a higher probability of dropping out
of the panel (for example, they may move to another area for work and
thus be difficult to track) we will have non-ignorable missing data (NIM).
In this situation any assumption of independent right censoring will create
an underestimate of the hazard of becoming re-employed.

Little (1993) also classified the models that can detect the nature of the
missing data mechanism into two categories: selection models and pattern-
mixture models. The difference depends on how the joint distribution of
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the labour market process and the missing data mechanism is factored. In
this paper we concentrate on pattern mixture models.

2 Labour market behaviour

The first of seven annual British Household Panel Survey (BHPS) inter-
views was conducted during the autumn of 1991. Our analysis is based on
the subsample of men and women aged 16 or over in 1991 who provided
information on a set of labour market variables for the first and some sub-
sequent waves. The between-wave data was obtained retrospectively. At
wave 1, the sample contained 4,400 men and 5,081 women. By wave 7, the
sample had been reduced to 3012 men and 3686 women.

2.1 Labour market model

Labour market behaviour is characterised as a three-state-origin and three-
state-destination competing risk model. The states consist of employment
(e) and unemployment (un) for those actively seeking work, and the state
‘out of the labour market’ (out) for those who are not actively seeking
work. We have undertaken separate analyses of men and women, as they
are likely to have different transition behaviours which cannot be captured
by a simple indicator. For instance, women tend to have lower labour force
attachment with interrupted careers because of child-rearing.

An individual’s (¢) work history can be considered as a series of consecutive
time periods (calendar months). This is constructed from the presample
periods and the sample periods. The first sample point (wave 1) typically
interrupts an ongoing spell of labour market activity. We denote the length
of this part of the event history as U; + 1, and calendar time takes the val-
ues t = —U;,—U; + 1,...,0. The wave 1 and post-sample data periods are
of length T;, where t = 1,2..., T}, here calendar time starts with the wave
1 observation and ends at 7; with dropout, or at the last sample point of
the panel (wave 7). We suppose that an individual can leave labour market
state j for one of k = 1,2, 3 destination states. The labels for the origin and
destination states are the same so that we also have 7 = 1,2, 3. The move-
ment between states in a work history can be represented by a binary event
history vector y; "t = [y _u,,¥i,—v,41s o ¥i,0, i1, s Yi,1y) » Where
Yit = [Yijke] » such that

~_J 1 if individual 7 makes a j to k transition in time period ¢
Yidkt = 0 otherwise.

The probability of a jk event for individual ¢ at time ¢ , which has lasted
for duration d is a discrete time (an extension of the Prentice & Gloeckler,
1976 model), random effect competing risk model where

hijkt (d) = 1 — exp[—exp(yjrLjx (d) + BijnXijre + vijk)],



180 Pattern mixture models for dropout

where I;(d) is a vector of duration indicators with elements of the form
I(r < d < m) with » and m being the start and end points of an in-
terval, X;jx: is a vector of structural variables describing individual char-
acteristics and contextual variables, (;x,05;x) are flow-specific vectors of
structural parameters, v;;; is an individual-flow-specific random effect or
incidental parameter which summarises the effects of the unmeasured, un-
observable and excluded variables. The presence of unobserved explana-
tory variables is likely to be the norm in labour market data, see e.g. Flinn
and Heckman (1982). In a work history, the origin of each labour market
episode is given by the destination of the previous episode. This implies
that we can write the joint likelihood of all transitions over the work his-
tory (t = —U;, —U; + 1, ..., T;) conditional on the initial state (so;) and the
probabilities (h;) as

L (YZU Tt |y, 30i>

Sije
H 11 [H [ ight ()" (1 = hijie (d))(lzl%‘m)]]

t=—U; j

where §;;; = 1 if a spell starts in state j and equals zero otherwise. The
evaluation of this likelihood requires that we deal with the relationship
between so; and the random effects v;;;. This raises the problem of initial
conditions.

2.2 Initial Conditions

The development of a process after the initial condition depends solely
upon the current and future values of the covariates. We use the likelihood,
conditional on the presample data from the interrupted spell, which takes
the form

[, Pr(soi | v)L (yZU i+ Tt hi,30i> DG (v)
S Pr(soi | V) L (y7* | by, 50:) DG (v)

L (yPemiot |yt sg:) =

)

where G(v) is the distribution over the unobserved covariates. With this
likelihood, the impact of the presample (retrospective) information on the
inference is reduced. For instance, in the absence of random effects, the
presample contribution to the likelihood cancels and we get

& dijt
II11 [H [hijkt(d)y”’“(d)(l — hajre(d)) 2 y,-m(d))ﬂ ‘
t=1 j Lk
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We use a multinomial logit model for the initial condition, i.e.

' exp (BjXis + vij)
P P = = ’
r(soi =jlv)=1 + exp (Bjxis + vij) + exp (BrXis + vik)

With the random effects we use the one-factor decomposition of Heckman
and Borjas (1980) to simplify the multivariate integral, i.e. Vijk = CjkVs,
v;j = c;v;, where the cj,c; are the factor loading coefficients. We also
assume that the random effects (v;) are N(0,0?%). Consequently the multi-
dimensional integral simplifies and univariate Gaussian quadrature can be
used.

3 Pattern Mixture Models

Park and Davies (1993) suggested stratifying the sample according to the
missing data pattern, fitting the models of interest within each stratum
and then testing homogeneity of the model parameter estimates across
strata. If the model results are significantly different across strata, then
the missing data mechanism should not be ignored. Let M be the number
of distinct missing data patterns in the data (in our case this is 7) and let
Sm be a set of observations with missing data pattern m . For convenience
let Sy be the set of complete observations, i.e. without any missing data.
Let D; be the missing data indicator for the it" subject, indexing missing
data patterns. The pattern mixture models assume that the likelihood of

Ui+Ti+1 Ui+1 _
Yi Ly, s0is Dy = m,

U;+T;+1 U;+1 _
L (yi lyi ", 506, Di = m)

3

fv Pr™ (sp; | v) L™ (yly"JrTile | h;, 30i> DG™ (v)

fv Pr™ (so; | v) L™ (y?iJrl | b, Sm’) DG™ (v)

We assume for each m that G™ = G, and 3" = [;, while the other

parameters can vary with m. For subject i having the mt"

pattern we have the basic model

missing data

hijke = 1 — exp[—exp(vjrljk (d) + BjnxXijke + OjxLik (m) + vije)].
where I, (m) is an indicator variable for the m!* missing data pattern. If
0;1# 0, the missing data mechanism is not MCAR.
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4 Results

We specifically examined the main effect of I;; (m) and its interactions with
ethnicity, tenure and duration. We found that the effect of I, (m) was very
significant for the un to e flows for both males and females (i.e. dropout
is not MCAR). The interaction of I; (m) with ethnicity or tenure was not
significant, but was for some of the duration indicators. The significance
of I, (m) interactions with duration (the response variable) is particularly
worrying. The MCAR assumption made by many social scientists who use
the BHPS data for labour market research clearly does not hold. Our re-
sults challenge the validity of substantive conclusions drawn from analyses
which do not allow for the potentially informative nature of the dropout
mechanism.
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Abstract: Some examples of application of Location and Scale models with
Type I Censored Data are presented and the estimation of the parameters based
on likelihood is analysed. In these examples the sample sizes are very small and
the usual procedures for inference based on the asymptotic distribution of the
statistics don’t work properly. Higher-order asymptotic methods are developed
and the performance is investigated by Monte Carlo experiments.

Keywords: Location and Scale Models; Type I Censored Data; Saddlepoint
Approximation.

1 Introduction

Nowadays, there exist a social conscience that the use of animals in scientific
experiments must be adequately controlled and reduced . This position is
enforced by the ethical committees who authorize or deny these kind of
experiments. As a consequence of this situation the statistician sometimes
has to work with very small sample sizes.

The problem becomes grave when data is also censored. Inference with
censored data has been studied before by many authors (see Cohen, 1991)
but essentially they provide methods only valid for large samples. Many
of the procedures used in statistical inference are based on the knowledge
of the asymptotic distribution of the statistics involved. For instance, it is
extensively used that the maximum likelihood estimator is asymptotically
normal distributed or the likelihood ratio test statistic, under null hypothe-
sis, follows a chi-squared distribution. However this information is not very
useful when the sample sizes are very small. On the other hand, the exact
distribution of these statistics is intractable in most real problems.

This lets to improve the classical asymptotic approximations in order to
adapt them to smaller samples. A way to do it is to use the higher-order
asymptotic methodology. In this communication we present Saddlepoint
approximations in order to do inference with one and two samples for some
location and scale models which have censored data of type I.
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2 Location and Scale models and Censoring

Let be X;, X5, ..., X,, independent and identically distributed continuous
random variables belonging to a location and scale family, that is, its den-
sity function has the form

T —p
g

fasmo) = 2L j—oo <a < oo, )
where 4 € R and o € R'. Its distribution function can be expressed as
Fla:,0) = F((a — u)/0) where F(x) = [*__ p(t)dt.

Suppose that the i-th observation is a realization of the random variable
(Y;,&;) with Y; = min(X;, ¢;) where ¢y, g, ..., ¢, are known constants and
g = Ijo,¢,1(X;) where Ig(.) denotes de indicator function of the set 2. This
observational pattern is called type I censoring and is very important in
survival analysis, reliability theory, quality control, etc.(see Lawless, 1982).

Example 1: The following values correspond to determinations of the level
of glucose in the blood of 9 mice with an experimental induced diabetes:

592, 544, 466, 600+, 600+, 600+, 443, 524, 600+

The measures have been done with the "Glucometer Elite" of Bayer that
only appreciates quantities below 600. Observe that there are 4 censored
values denoted by 600+, that is, determinations of glucose above 600. For
this example ¢; = ¢co = ... = ¢g = 600, and the distribution of the data can
be assumed as a normal.

For these kind of problems the likelihood function is

BB (1 - elogl - FCEE)) (@)

g g

- 1
(Ysp,0) =) eilog(=p(
i=1

Maximum likelihood estimators can be calculated by solving the likelihood
equation, that is, g—i =0 and % = 0. However if the likelihood equation
has a solution it is not necessarily unique. The following theorem provides

a sufficient condition of uniqueness:

Theorem

Suppose y1, Y2, ---, Yn be independent variates of a scale and location family
like in (1), with type I censored observations. Suppose that the function
—log(p(y)) has continuous and strictly positive second derivative. Then, if
the likelihood equation has a solution this is unique and is the maximum
likelihood estimate.

Remark 1: Burridge (1981) gets the same result but only for non censored
data. See also Pace and Salvan (1997) for an easy and detailed exposition.
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Remark 2: The theorem holds for the normal and extreme value distri-
butions. The laster can be seen as the logarithm of a Weibull variate.

Remark 3: It can be showed that for the normal distribution, likelihood
equation always has a solution. However it is not obvious and is false for
the truncated normal distribution(see Castillo and Puig, 1999).

3 Saddlepoint Approximations

Let fi,6 be the maximum likelihood estimators of (1) and suppose that
we are interested in determinate a confidence interval of level (1 — «) for
the location parameter u. For non censored data it can be used the pivotal
quantity (4 — f1)/6 in order to calculate an exact interval (see Pace and
Salvan, 1997). However for type I censored observations a pivotal quantity
is unknown and we have to use approximate methods.

One of the methods is based on the likelihood ratio test statistic

W =2((X;,6) = U(X; 1, 6,)), 3)

where the likelihood function is given in (2) and 6, is the maximum like-
lihood estimator of the scale parameter when p is known. The procedure
consists in calculate the region determined by the inequality W < X%,a
with the right term equal to the 1 — o quantile of the x# distribution.
Monte Carlo studies show, see Table 3.1, that the performance of this proce-
dure is not very good for small samples when data is normally distributed,
although it is better than that based on the observed information matrix
(OIM).

For this reason we can try to improve the convergence of the log-likelihood
ratio test statistic expressed in (3) to its asymptotic distribution, that is, a
X3, which should be re-expressed as Z = sign(ji — ,u)\/W with asymptotic
normal standard distribution.

We have used a transformation based on the Saddlepoint approximation,
the Z* (see Barndorff-Nielsen, 1991), that is closer to the normal distri-
bution. Our Monte Carlo simulations show that its performance is quite
good, even for very small sample size.

Table 3.1:Estimated coverage levels of confidence intervals for p based on OIM, W and Z*.
Values (in %) based on 5000 trials for N(0,1)
Nominal Level
90 95 99
N OIM W A OIM W A OIM W A
15 87.6 88.8 90.4 93.1 93.9 95.1 97.8 98.5 99.1
10 | 85.9 | 87.4 | 90.3 | 91.7 | 92.9 | 95.0 96.8 | 98.4 | 99.1
8 84.7 | 86.7 | 90.1 90.1 92.2 | 95.3 95.9 | 98.4 | 99.3
6 82.5 | 85.0 | 90.5 87.8 | 91.3 | 95.8 94.4 | 97.7 | 99.2

This transformation is of the form

. 1 cU,
Z—Z+Zlog<Z>, (4)
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where C' and U, must be computed for each distributional model as follows:

- i[o&i U, = [IA —la izi:: (AZA B l&ﬂ (5)
7o [:g - luu

where [ and [ are the derivatives of (3) expressed as a function of u,fi,0,6,
evaluated respectively at (fi,6) and (u,6,). In the particular case of the
normal distribution, ! (i, o, fi,5) may be expressed as follows:

nlog%%—rlogfb(l - [(ﬂ—u)Z +62 60 (h 75) (ﬂ—2u+xo)}

202

where n and r are the number of observed and censored data, £ = (zg — 1) /o,

€ = (zog — [i) /&, xg is the censoring point, Q (h,2z) = (r/n)¢ (z) /P () and
h=r/n.

3.1 Confidence Intervals for the location parameter

Nowadays, there are statistical packages like SAS, Stata, EVIEWS, to men-
tion some of them, that can be used to calculate the maximum likelihood
estimates (MLE) for censored data for several distributional patterns. As-
suming normality, we have developed a program in Mathematica, which
code is presented below, that it calculates the confidence intervals for the
mean based on W and Z*. It only needs to run the number of observed (n)
and censored (r) values, the censoring point (xy) and the MLE.

n=5;r=4;x0=600;mu=582.815;51=93.994;si2=5i"2;vcj=3.84;vcn=1.96;

Lv[m_,s_,me_,se_]:=-n*Log[s]+r*Log[(1-Erf [((x0-m)/s)/2~(1/2)1)/2]-
n/(2%s~2)*((me-m) ~2+se~2+(-sex((2/Pi)~(1/2)*r)/(E~ ((me-x0)~2/
(2*xse~2))*(n + n*Erf[(me-x0)/(2"(1/2)*se)])))*(me+x0-2*m)) ;

1se[m_,s_,me_,se_]=D[Lv[m,s,me,sel,sel; 1s[m_,s_]=D[Lv[m,s,mu,sil,s];
lme[m_,s_,me_,se_]=D[Lv[m,s,me,se],me];
1sm[m_,s_]=D[Lv[m,s,mu,sil,s,m];
1si[m_,s_,me_,se_]=D[Lv[m,s,me,se],s,me];12m[m_,s_]=D[Lv[m,s,mu,si],{m,2}];
1s2[m_,s_,me_,se_]=D[Lv[m,s,me,se],s,sel;12s[m_,s_]=D[Lv[m,s,mu,sil,{s,2}];
sm[m_] :=Module[{a},a=FindRoot [1s[m,s]==0,{s,si}];s/.al;
wlm_]:=2*%(Lv[mu,si,mu,sil-Lv[m,sm[m] ,mu,sil);
z[m_] :=Sqrt [2*(Lv[mu,si,mu,si] -Lv[m,sm[m] ,mu,sil)];
dss[m_]:=12s[m,sm[m]];ds2[m_]:=1s2[m,sm[m] ,mu,si] ;ds1[m_]:=1s1[m,sm[m] ,mu,si];
dme [m_] :=1me [m,sm[m] ,mu,si] ;dse[m_]:=1se[m, sm[m] ,mu,si];
cup[m_]:=(ds2[m]/Sqrt[dss[m]*12s[mu,sil])*(-1/Sqrt[-(12m[mu,sil -1sm[mu,si]~2/
12s [mu, sil)]) * (dme [m] - 1me [mu, si,mu,sil-ds1[m]*(dse[m]-1se[mu,si,mu,sil)/ds2[m]);
zs [m_] :=z[m] ~2+2*Log[Abs [(cup[m]) /z[m]11+(1/z[m]) ~2*Log[Abs [(cup [m]) /z[m]1]1~2;

simu=1/Sqrt [- (12m[mu,si]-1sm[mu,si]l~2/12s[mu,si])];
LNI=mu-simu*vcn;LNS=mu+simu*vcn;

LWS=Module[{a},a=FindRoot [w[m]==vcj,{m,{mu,LNS}}];m/.a]
LWI=Module[{a},a=FindRoot [w[m]==vcj,{m,{LNI,mu}}];m/.al
LS=Module[{a},a=FindRoot [zs [m]==vcj,{m,{mu+0.1,LNS}}];m/.a]
LI=Module[{a},a=FindRoot [zs [m]==vcj,{m,{LNI,mu-0.1}}];m/.a]



Gabriela Damilano and Pedro Puig 187

Example 2: a) For the data in example 1, we have n=>5, r=4, (=600,
the MLE are 1=582.815 and 6=93.994. With only this information the
program gives us the 95% confidence intervals for the mean based in W
(513.897,698.748) and Z* (503.315,758.613). Notice that the interval based
on Saddlepoint Approximation is longer than that obtained with W. It
happens because the last one doesn’t have the wished level of coverage.
This difference almost disappears when the sample size is large, as we can
see in the next example.

b) Consider the data presented by Nelson and Schmee (1979), about the
life spans of n=37 failures corresponding to N=96 electronic locomotive
controls occurred prior to termination of the test at the fixed point of
20p=2.1303. For these data, Cohen(1991) obtains the MLE i = 2.224, 6 =
0.307 and the approximate 95% confidence interval for ; based in the Fisher
information matrix as (2.134,2.314). With our program we get (2.146,2.330)
for W and (2.149,2.339) for Z*. The resulting intervals are very close each
other. This example is also considered by Lawless (1982).

3.2 Two sample problems

One of the applications of the confidence interval calculations presented
above is for comparing the means of two matched samples. This kind of
situation have a special feature, because the sample of the differences could
produce more than one censoring point.

Example 3: This data corresponds to the time of permanency (in seconds)
over a Rotorod "Treadmill for mice 7600, Ugo Basile, Italy" for 8 mice. In
this experiment, used to study the neurotoxicity of acrylamide, the animals
are first induced by 20 mg/Kg of the substance producing a performance
decrement, and later they receive a corrective treatment. The values are

Sample I: 10,3,29,1,3,1,3,3 Sample II: 88,115,120+,3,2,2, 4,120+.
Sample of differences (II-I): 78, 112, 91+, 2, -1, 1, 1, 117+.

The value 120+ indicates the censoring point because the mouse is removed
from the rotorod after 120 seconds if it doesn’t fall before. For the sample of
the differences the censoring points are 91+ and 117+. In order to compare
the means by using the saddlepoint approximation, we have to consider a
new ! (u, 0, fi, &) that now takes the form:

1 k k N k o
nlog — + > rjlog[l — @ (§)] = 55 [ — W) +5° — 2630y (a—p) — 5 3 £,0]
j=1 j=1 j=1
where k indicates the number of different patterns of censoring, r; the
number of censored data in the jth pattern, and €; , Q; are the reduced

expressions of the functions defined in section 3.1.
In order to perform this test the same program listed above could be used

only changing the first block by,
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n=6;r1=1;r2=1;x01=91;x02=117 ;mu=59.633;s1=63.929;si2=51"2;
Omegal[h_,x_]:=h*Exp[-x~2/2]/(Sqrt[2%Pi]*((1 + Erf[x/2~(1/2)1)/2));
hi=r1/n;h2=r2/n;
Lv[m_,s_,me_,se_]:=-n*Log[s]+ri*Log[(1-Erf[((x01-m)/s)/2~(1/2)1)/2]1+

r2*Log [(1-Erf [((x02-m)/s)/2~(1/2)1)/2]1-(n/(2%s~2)) * ((me-m) ~2+se~2-

se*(Omega[hl, (me-x01)/sel +Omega[h2, (me-x02)/sel)* (me-m) -

sex((me-x01)*0Omega[hil, (me-x01) /se]+(me-x02)*0Omega[h2, (me-x02)/sel));

and replacing the third block by the computation of zs[0] and w[0]. From
these values the p-values can be computed by using the x? distribution.
For our example that is w[0]=3.5978 with p-value=0.058 and zs[0]=1.619
with p-value=0.203. As it can be seen, with the W-method one could reject
the equality of means, while with the Z* statistic clearly we couldn’t.
This fact, is very important because if we don’t use the appropriate meth-
ods of inference for small samples with censored data, we may arrive to
erroneous conclusions. We have also analyzed the tests of hypothesis about
the mean, for two independent normally distributed samples with censoring
of type I, supposing that the variances are equal and different (problem of
Behrens-Fisher). Once more, transformations like in (4) provide good tests
for small sample sizes.
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Abstract: Fitting nonlinear models to large data sets is computationally expen-
sive even when the choice of models (e.g. log-linear) or distributional assumptions
(exponential family) is clear. Computing the model parameters (e.g. maximum
likelihood estimates) requires several iterations over all the data, using expensive
algorithms such as Newton Raphson or EM. The problem becomes much harder
when there is no prior knowledge to facilitate distributional assumptions or model
selection. Ad hoc exploratory methods are an unsatisfactory option. To address
this issue, we propose a new, widely applicable method of constructing nonlin-
ear models through piecewise fitting of nonparametric models. We create special
partitions of the covariate space and fit a nonparametric model within each class
of the partition. Nonparametric models are free of distributional and model as-
sumptions (wide applicability), inexpensive (require one or two passes over the
data) and often can be computed from summaries such as sufficient statistics,
reducing the data storage needs considerably. Furthermore, the nonparametric
models can often be leveraged to identify a suitable a set of parametric models
that can be built using a small sample of the data. We have used the last aspect
with great success in modeling proprietary telecommunications data.

In this paper, we demonstrate the technique in the context of survival analysis.
Using simulated data, we illustrate the nonparametric modeling of the effect of
covariates on the survival function, while highlighting the abovementioned ad-
vantages of such an approach. We show that the technique is several magnitudes
faster (with some loss of accuracy) than the parametric models even when the
latter are applicable.

Keywords: Nonparametric Approximations; Large Datasets; Computational Speed;
DataSphere Partition; Survival Analysis.

1 Introduction

Consider the case where we wish to estimate the effect of the vector of co-
variates T on the response variable Y, represented by g(Y) = f(Z), where g
and f are functions. Parametric methods assume that f (&) has a convenient
reduced representation such as

-,

9(Y) = f(Z,5)
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where g and f are known functions and 5 is a vector of parameters. The
problem is reduced to estimating just the parameters B . Log-linear models
are examples of parametric models. See McCullagh and Nelder (1989). If
the assumptions are true, the fitted parametric models can be powerful,
accurate and can be fitted using very little data. However, the assumptions
can restrict the applicability of such models. In addition, distributional as-
sumptions about the error residuals are required for statistical inference
and hypothesis testing. Verifying the validity of assumptions can be expen-
sive and time consuming. Furthermore, estimating the parameter vector 5
often involves several iterations over the data, requiring long computation
times. If we have no prior knowledge of either f or the distribution of Y,
we cannot use parametric methods at all.

Exploratory analysis based on sampling is an option if the data are ho-
mogeneous or if we have some knowledge as to how to sample. Otherwise,
sampling can be misleading and can exclude rare but interesting instances.
Furthermore, when the dataset is massive, sampling itself can be expen-
sive. Worse, the exploratory analysis might not reveal any structure that
aligns with known parametric models. In fact, large data sets tend to be
heterogeneous and complex. The inter-relationships can seldom be cap-
tured through a compact, closed form expression as posited by parametric
models.

To address the abovementioned issues, we propose a widely applicable
method of fitting a collection of piecewise nonparametric models over a
partition of the covariate space. We start by choosing a data-driven par-
tition of the covariate space that results in homogeneous regions. This is
in contrast to stratification, which is a pre-defined partition based usually
upon values of categorical attributes or an a priori discretization of numer-
ical attributes into intervals. While any partition can be used, partitions
that are easy to compute and whose size (number of classes) grows man-
ageably with the number of attributes is desirable. Rectilinear partitions
(defined by dividing each attribute into intervals as in a grid) grow ex-
ponentially in size with the number of attributes. A mere six attributes,
each divided into just ten intervals will result in 10 classes! Other methods
that induce multidimensional partitions (clustering, classification) can be
computationally expensive, besides being objective specific.

An ideal general purpose partitioning technique is the fast, scalable space
partitioning scheme called DataSphere (DS) Partitioning based upon mul-
tivariate distance contours, proposed in our previous work (Dasu et al.
(1997)). See Fig 1(a). In order to create a DS partition of a data set,
we standardize each attribute separately using an appropriate center (e.g.
mean) and scaling parameter (e.g. standard deviation). Next, we compute
the distance (e.g. Euclidean) of every point from the multivariate center
(e.g. multivariate mean or dimensionwise median) and divide the data into
concentric distance layers containing roughly equal mass, much like the
layers of an onion. The layer boundaries are quantiles of the distribution of
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the distances from the center of the data points. The partition is made finer
using directional pyramids (see Berchtold et al. (1998)), which identify the
direction (attribute) in which the data point £ has the maximum deviation
from the expected value. A data point z = (xy1,z3,...,%;,... ,x4) lies in
the pyramid corresponding to attribute X{" if

1. z; is above average i.e.
T; > T;
and

2. the standardized deviation of x; from the mean is the largest among
all the d components of the data point z i.e.
T; — T Tj —T; ..
—— > Vi # i

Uzi Z j

where T; and o, are the sample mean and standard deviation respectively
of the i'" attribute X; of the data set. The X; pyramid is defined in a
similar fashion. Note that there are two pyramids corresponding to every
attribute, one for the points that lie above the average, the other for those
that lie below average. In the 2-D example in Figure 1(a), there are four
pyramids X, X~, YT, Y~ corresponding to the two attributes X and Y.
The DS partition can be created in linear time with just one pass over
the data, with 2dl classes where d is the number of attributes and [ is the
number of distance layers. Note that the size of the partition scales lin-
early with the number of attributes. See Johnson et al. (1999) for details.
The choice of the nonparametric model depends on the problem at hand.
As mentioned in earlier, the models should be aggregable to enable the
computation of a minimal partition. In this paper, we illustrate the tech-
nique in the context of survival analysis, where we wish to estimate the
effect of covariates Z on the time to failure T, using the survival function,
S(t)=Probability(T" > t), represented by S(¢; ) to reflect the influence of
the covariates. See Cox et al. (1984) for definitions. For example, how do
blood pressure, weight, gender and age effect the time to death (T") due
to cardiac arrest, measured from the first detection of coronary heart dis-
ease? We consider three instances using simple examples to facilitate a clear
explanation.

1.1 Three Scenarios: Simulation Results

(1) S(¢;Z) has no known reduced representation:

In this situation, parametric methods are not applicable. We use an em-
pirical nonparametric estimator, the product limit estimator of the survival
function S (see Cox et al. (1984)) to build estimates of S(¢;#) within each
class of the partition of the covariate space.
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We generated a data set of 200,000 observations with three covariates
(z,y,2) whose distance from the center is proportional to the response
time. We created a DataSphere partition with 3 concentric shells based on
distance from the center (the dimensionwise median), each shell containing
roughly equal mass. Fig 1(b) below shows the survival curves estimated us-
ing the nonparametric product limit estimator for the data in each of the
three shells. As we move from the innermost shell of the covariate space
to to the outer most shell, the survival curves have longer tails indicating
longer survival times for values of the covariates that are farther from the
median.

DataSphere in X-Y Noparametric Survival Estimates

0.0 -
0 10 20 30 40 50 60
TIME
SHELL —INR  MDL

FIGURE 1. a) DataSphere b)Approximation.

(2) S(t; %) has a different parametric form in different unknown
regions of the attribute space:

We use the piecewise models to discover and define the regions where S(t; )
has different forms. We created a data set of 80,000 data points with two
covariates x and y and a time to failure response variable T', which has an
exponential distribution with different parameters in three different un-
known regions of the (z,y) covariate space. We used a rectilinear partition
of approximately 64 classes based on marginal quantiles of x and y, and fit
a product limit estimator within each class. Note that finding a minimal
partition (identifying the smallest set of distinct groups) is a hard problem
and that we do not need to identify the regions explicitly for the method
we propose. The parametric model on the other hand, suffers in accuracy
by being ignorant of the three groups. See Table 1.1 for error estimates
based upon deviation from the true value.
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(3) S(t; &) is completely parametric, known up to the parameters:
In this scenario, only the parameters are unknown and need to be estimated.
We generated a dataset of 200,0000 data points with survival function of
T given by:

S(t; :C") _ e,(e—(61z+ﬂ2y+ﬁ32))t’
an exponential distribution with the rate parameter e(f12+52v+08s2) where
Z = (x,y,2) is the covariate vector and (531,82, 33) are the unknown pa-
rameters to be estimated.
The parametric models give accurate estimates but take a long time to
run. We used SAS software for proportional hazards regression (SAS Tech-
nical Report P-229 (1992)) based on the Newton Raphson algorithm. To
compute the approximate models, we used a DataSphere partition of the
covariate based on the multivariate depth contours. The partition had 60
classes and we fit a product limit estimator within each class. It took just 7
seconds for the approximate models to run, while one iteration of the pro-
portional hazards regression ran for over 34 hours. See Table 1.1. Therefore,
even when parametric models are appropriate, it might be much quicker
to fit approximate models for exploratory purposes. Sampling is effective
(primarily because the data set is homogeneous) but the parametric model
still takes a long time to run. The nonparametric models are good approxi-
mations in the classes which are close to the center (inner) of the data cloud
and degenerate towards the outer classes that usually contain outliers. See
Figure 2.

MSE of Nonparametric Approximation
0.12

0.10
0.08
0.06 ‘
0.04
0.02

0.00
-10 0 10

FIGURE 2. Mean Squared Error Measured from the True Value (Scenario 3).
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| Table 1.1 |
SN* | N* Parametric Model Approximate Model
MSE* | MAE* | Time* | MSE* | MAE* | Time*
2 80K | 0.0185 | 0.1026 | 5h57m | 0.0096 | 0.0326 | 1.99s
3 200K | 0.0059 | 0.0594 | 34h37m | 0.0446 | 0.1579 | 6.61s

*(SN=Scenario, N=Number of data points, MSE=Mean Squared Error,
MAE=Mean Absolute Error, Time = Running time in hours(h), min-
utes(m) and seconds(s)).

2 Conclusions and Further Research

We have proposed a new, widely applicable method for constructing ap-
proximate nonparametric models to capture nonlinear relationships among
attributes for large data sets. The method is free of distributional and
model assumptions, computationally fast and inexpensive in terms of data
storage. Note that the nonparametric estimates can be computed, com-
pared and combined using aggregates (number of failures, censored events,
initial risk set) without requiring the raw data. This aspect is important for
determining a minimal partition. While there is a loss of information in the
proposed approach, there is a tremendous gain in computation time and
memory requirements, often making it the only feasible choice for fitting
nonlinear models to large data sets.

Further research includes other approaches such as iterative scaling, adap-
tive triangulation and alternative space partitioning schemes.
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Abstract: We compare different statistical analyses for pairs of matched two-
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1 Introduction

We consider the statistical modelling of a pair of matched two-way tables
A and B where A and B have the same dimensions. A set of two two-way
contingency tables cross-classified by the same two factors (I and .J) and
stratified according to gender (H) typifies the situation that we have in
mind.

Such data are often explored with descriptive methods driven by singular
value decompositions (SVD), possibly generalised, of some ad hoc matrices.
For a square table (a mobility table, a transition matrix, a sociomatrix ...
) SVD is separately applied to the symmetric and skew-symmetric parts
derived from the Gower (Hermitian) decomposition of square matrices. In
this line, a simple correspondence analysis (CA) algorithm and a special
coding of the input provide in one stroke the reduced rank approximations
for each part (Greenacre, 2000). But this extends also to matched tables.

All these descriptive approaches can be reformulated as bilinear models
within the generalised linear modelling framework (McCullagh & Nelder,
1989). This follows from the consideration that CA of a given order can
be defined as a reduced rank (or multiplicative) interaction model with a
Gaussian distribution, a non-canonical link function and particular prior
weights for the entries in the table. Clearly, other distributions and link
functions are of interest and give rise to the flexible class of bilinear models
(Falguerolles & Francis, 1992, 1995). Note that bilinear models lend them-
selves to graphical representations in the form of biplots (Gabriel, 1971)
but this point of view will not be further pursued.
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2 Examples

We consider three data sets which exemplify the situations outlined in the
introduction: matched tables where one of the table is a standard of com-
parison, matched tables which have an equal status, and a square table. In
all examples we analyse count data. This may appear somewhat restrictive
but the method presented in this paper apply just as well to continuous
data. In particular, variance stabilising transformations of count data pro-
duce continuous data and statistical analyses of the latter often supply
adequate surrogate analyses for the former.

2.1 Two matched tables with unequal status

The first example is taken from James & Segal (1982). In an analysis of
mortality incidence, the counts of death are compared to the counts of
population at risk, each table being classified by age category and date of
birth category. In this type of situation the matched tables of count data
are not on an equal status: the standard is the population at risk. Factors
age and date of birth are respectively denoted by I and J and their levels
by ¢ and j.

It is quite natural to assume that the death counts injJ (table A) are ob-
served values of independent binomial random variables Yng with unknown
probabilities 7/, and fixed parameter N}/ (table B). Thus E[Y;}/] =
NinJ 7rinJ . Taking the logit link, two baseline models for the predictor (ninJ =
logit(ﬂ'fjJ )) are of interest, namely the independence and the saturated:

ny = 8°+8 + 5
nl = B+l +8] +8Y

The interaction term ,BZ»I]-J in the saturated model can be constrained in
several ways: a cohort effect, a reduced rank multiplicative interaction or
both. The latter is exactly what James and Segal (1982) have proposed and
is an early example of generalised bilinear models.

Since the 7/ are small, logit(7/) ~ log(x//) and a well known approxima-
tion implies that the death counts are observed values of independent Pois-

son distributed random variables with unknown parameter )\fjJ o~ 7Ti1]5] NZ-I]-J .
It then follows that log(Al) ~ n// + log(N/]7). In the same spirit, the
,/y{j’ can be taken as independent Gaussian observations with means

pif ~ y/ml7 N}/ Considering a non-canonical link function for the Gaus-
sian distribution, it follows that 210g(,uinJ) o~ 17{]-‘] + log(NinJ).
Interestingly, the role of N}/ or log(N/}7) in all three analyses supports the

idea that B is taken as a standard in the analysis of the set of matched
tables A and B.
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2.2 Two matched tables with equal status

A second example is taken from van der Heijden & de Leeuw (1985) where
a contingency table with data on suicide behaviour is analysed by a com-
plementary application of log-linear modelling and CA. For each sex, the
suicides counts are cross classified by age (18 levels) and method (10 levels).
Factors sex, age and method are respectively denoted by H, I, J and their
levels by h, i, j.

The suicide counts are considered as independent Poisson data with pa-
rameters Afii7. Assuming the canonical log link (log(M:57) = nfi17), the
following baseline hierarchical models are of interest, namely the indepen-
dence, the all two-way interaction, the saturated:

m? = B+ B + 8L+ 8]
m? = B+ B+ B8+ 8] + B + B + B
iy = B 4B+ B + B8] + B + Bl + B + B’

A square root transformation of the counts gives rise to comparable models

for Gaussian observations with unknown mean pift” ~ \ /MIL7, variance

equal to 1/4 and non-canonical link function.

2.3 A square table

The last example is taken from an article by Stigler (1994) on “citation
patterns in the journals of statistics and probability” where his Table 4
gives a square table of cross-citations involving statistics journals. Rows
correspond to citing journal (I), columns to cited journal (J) and the entries
are the numbers of citations (y3’).

The modelling of square tables adresses several substantive questions such
as symmetry versus departure from symmetry, inclusion of the diagonal
counts versus exclusion, marginal homogeneity versus marginal heterogene-
ity and so on. Departure from symmetry is usually investigated by fit-
ting quasi-symmetry and interesting bilinear extensions (van der Heijden
& Mooijaart, 1995). Among the baseline models are (quasi-) independence,
quasi-symmetry, saturated:

my = B +B]+5]
ny = B+ B+ + B (with B = 5])
n? = B+l +8] +8

It turns out that these models can be fitted as particular cases of matched
tables by pairing the square table and its transpose. This is known in the
literature as the three-dimensional representation of square tables (Bishop,
Fienberg & Holland, 1975, page 289).
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3 Imitial analysis by SVD

3.1 Preprocessing the tables

The matched tables may have counts which are not directly comparable.
A simple procedure for avoiding this discrepancy is to transform both ta-
ble by iterative proportional fitting into biproportional tables having same
marginal totals (1/7 and 1/.J). For continuous data, a comparable approach
is to double centre the entries. (If needed, specific scale factors can be
applied to each table.) Let A and B denote the resulting matched data
matrices.

3.2 SVD analysis of A relative to B

A simple and obvious approach is to perform the SVD of A — B. In the
case of count data, the SVD of F or of log(F) where F is obtained by
elementwise division of A by B is more appropriate. Denoting by dy, uy and
v, the singular elements of log(F), the (saturated) reconstitution formula
for A relatively to B gives:

[log(A)] = [log(B Z AU kU k-

3.3 SVD analysis of A and B

A and B have now an equal status, common part (A + B)/2, and specific
parts (A —B)/2 = —(B — A)/2. Each part may then be analysed by SVD.
Interestingly, the two different SVDs can be performed in one stroke by
considering the partitioned matrix:

A B

B A
With standard notation for the separate SVDs, the respective (saturated)
reconstitution formulas give: [(A + B)/2][/ = Zk 1 diud gl g

and [(A - B)/2)[/ = —[(B - A)/2)ly = "L, dZu? 02,

3.4 SVD of a square matrix

Setting B = A’ in the partitioned matrix above, a unique SVD gives the
singular elements of the symmetric part (A+A')/2 and the skew symmetric
part (A — A’)/2. As expected, the singular elements for both parts have
uncommon structures which preserve the symmetry and the skew symmetry
(Greenacre, 2000):

[(A+A")/2]]7 Zk y diuly (=1)% uf . (where (—1)% is either 1 or —1)
and [(A — Al)/2]ij = [M/Q] d2( 12219 1“; 2k — ?,Qku?,%—l)'
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4 Bilinear modelling: the situation of equal status

The situation of matched tables where one table is a standard, can be taken
care of by introducing an offset in the predictor. This is a straightforward
procedure. Therefore, we restrict our attention to the situation where the
two tables have an equal status.

4.1 Modelling A and B

We consider the baseline models for three-way tables and interleave them
with relevant bilinear models taken from the SVD decompositions obtained
in subsection 3.3. The spectrum now looks as follows:

mg’ = B0+ B + Bl + 8] +BE + B i

My = 6”+65+6§+6{+6$’+6$J+2¢i kEi

nil = B”+Bf+ﬁ{+6{+ﬁ,ﬁ’+ﬁ,ﬁ"+%§’ N

mia? = B+ BE + 8l +8] + BT+ 8 + {Jf’+(—1)”i¢i T
W = By BT 4 B BT 4 BT 4 B B 4 g
wherem; (m; =1,... ,M—1)and ms (m2 =1,... , M —1) are selected or-

ders for the two different reduced rank interactions. Model selection, which
includes the choice of order for the bilinear terms, can be based on some
form of penalised likelihood (AIC, BIC ... )

Note that the bilinear terms in these models can be fitted by alternat-
ing generalised regressions (see Falguerolles & Francis, 1992, 1995). As ex-
pected, the choice of a Gaussian distribution with identity link returns the
SVD estimates.

4.2 Modelling a square table

In this context, the models above become simplified since the third dimen-
sion (H) is only technical:

i o= B +Bl+8
i = BY BB+ Y ekl
Wl = B Bles B (v 8 = )
2
771'Ij] = g + 8] +5j] +5inJ + Z‘ﬁ%( i2,2k—1£J2',2k *fizkfi%—ﬁ
W = O+l 4B (withouw Y = BY)

These include the bilinear extensions considered in van der Heijden & Mooi-
jaart (1995). Again, the three dimensional trick has worked!
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Abstract: We study the power divergence family of goodness of fit tests in the
context of regression models for categorical time series. We show that this family
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1 Introduction

Regression models for categorical time series have been examined by many
authors. Some references include Fahrmeir and Kaufmann (1987), Kauf-
mann (1987) and more recently Fokianos and Kedem (1998). A question
that arises after fitting a regression model is that of the quality of the fit.
In the context of generalized linear models, goodness of fit is examined
either by a Pearson chi-square test or by the residual deviance (see, for
example, Fahrmeir and Tutz (1994) ). However, in the special case of re-
gression models for categorical time series this approximation can be poor
due to the fact that data are sparse. Thus, some other techniques should
be developed in order to take advantage of the fitting output for resolu-
tion of issues related to the fit of the model. The topic of goodness of fit
of a regression model for a categorical time series has been addressed by
some authors either by conducting a chi—square test or by inspection of the
residuals. Our method is based on the so called power divergence family of
tests which we describe in detail below.

2 Power Divergence Family

The power divergence family of goodness of fit tests has been introduced
by Cressie and Read (1984) as a generalization of the well known Pearson’s
X2 and likelihood ratio G? test statistics. The family of these test statistics
is useful on examining the goodness of fit of a model for independent data.
Let us be more specific. Denote by «) the deviation—or power divergence—
between observed and expected counts, that is a is a distance which is
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given by

A
2 b d
a (observed, expected) = mobserved [(ZX;Z%) - l] .

Then the power divergence family of test statistics indexed by a parameter
X € R, say I()), is just the sum over all cells of these deviations. Namely,

I\ = Z a (observed, expected).
cells

Recently Osius and Rojek (1992) showed that for independent multinomial
data and under increasing—cells assumptions, the power divergence family
of tests is asymptotically normally distributed. We extend this result to
regression models for categorical time series in the next section.

3 Main Results

Suppose we observe a nonstationary categorical time series, say {Ys,s =

1,...,T}. Let m denote the possible number of categories for each ob-
servation. We assume that the s — th observation is given by the vector
Vs = (Ys1,. .- ,Ysq) of length ¢, with elements

~_J 1, if the j-th category is observed at time s
Ysi 0, otherwise

fors =1,...,T and ¢ = m—1. In addition, we denote by ps; = (ps1, - - - Psq)’
the vector of conditional probabilities given F,_1, that is ps; = P(ysj =
1| Fso1),j=1,...,¢9, s =1,...,T. Here F,_; stands for the whole in-
formation up to and including time s. Clearly, ysm = 1 — Z?=1 ys; and
Dsm = 1 — 2521 Dsj- Finally, we let Z;_; to denote a p X ¢ matrix that
represents a covariate process. The latter may include past values of the
process or/and any other auxiliary processes. Let

Ps(8B) = h(Z, ).

Here B denotes a p dimensional vector of time invariant unknown parame-
ters and the function b is the so called link function. Inference regarding the
vector of unknown parameters is based on partial likelihood (see Fokianos
and Kedem (1998)). It can be shown that the maximum partial likeli-
hood estimator-denoted by B—is consistent and asymptotically normally
distributed.

Consider now the following quantity

_ D) T Ysj g
us(B) = m;w l(pg(ﬁ)) - 1] .
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Observe that the expression Zstl us(B) is the analog of the power di-
vergence statistic for independent data. Indeed, we compare the observed
versus the expected counts raised to the power A with 1. Thus, if we denote
by

es(B) = Elus(B) | Fs-1] )\+1 Zp” [(psj(ﬁ)) _l]’

the conditional expectation of us(83) given the past process, it is sensible
to expect that under the hypothesis that the model is true, the difference

X

of Z _1us(B 3) — Zstl es(B) varies around 0. It turns out that
T
=D [us() —eal.
s=1

evaluated at the maximum partial likelihood estimator B is approximated
by a normal random variable with mean 0 and some variance, say £7(8).
Thus, under some regularity conditions, we can show that the ratio

—— s N (1)

in distribution as T' — oo where A is a standard normal random variable.
Hence, a two—sided goodness of fit test can be based on (1).

4 Summary

We discussed the power divergence family of goodness of fit tests for cat-
egorical time series. We extended the definition to regression models for
categorical time series and showed that it is asymptotically normally dis-
tributed.
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1 Introduction

In economic theory conclusions are often derived from assumptions on in-
dividual behaviour, but data are commonly only available on some aggre-
gated level. Experimental data for checking assumptions usually cannot be
collected. One exception is the work of Fehr, Kirchsteiger & Riedl (1993),
where they consider the question whether there is some notion of fairness
present in economic actions. They conducted several experiments where
all the participants could control the amount of money they could take
home after the session by choosing their actions according to their indi-
vidual preferences. Contrasting the observed behaviour with forecasts from
economic theory is a valuable empirical check of assumptions.

2 Experiment and Data

In several sessions the following experiment was conducted: Two groups
of participants were randomly assigned: Buyers and sellers. The groups
were situated in different rooms to guarantee anonymous trading. In the
first step buyers announced price offers for the good traded which could
be accepted by any of the sellers. As soon as a price offer was accepted,
the seller, in a second step, fixed the effort level at which he was willing to
produce this good. This effort level simultaneously determined the gain of
the seller as well as the gain of the buyer (by increased/reduced quality of
the good).

Detailled specifications were as follows: Prices p could be chosen from the
range 30 to 120 (as multiples of 5), effort levels could be fixed in steps of
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0.1 between 0.1 and 1.0. Effort levels e were translated into monetary cost
for the seller c(e) by

Effort level e 01 02 03 04 05 06 07 0.8 09 1.0
Monetary cost c(e) o 1 2 4 6 8 10 12 15 18

Total monetary gain g5 for the seller was given by
gs(p,e) =p—26 — c(e).
The gain gy for the buyer was given by
go(p,€) = (126 —p) - €.

All these specifications were known to all participants.

Following classical economic theory of strictly money-maximizing agents,
it could be expected that any seller, who agreed on a price offer, would fix
his effort level at e = 0.1 giving zero cost. Buyers would anticipate that
behaviour and therefore would strictly offer minimum prices.

During all the sessions there were 276 contracts observed, the distibution
of prices offered is given in Figure 1:

50
]

number of offers
30
1

20
I

30 35 40 45 50 55 60 65 70 75 80 85 90 95 100 105 110

price

FIGURE 1. Offered prices during all sessions

As can be seen, price offers are significantly higher than the minimum value
of 30, which is almost never observed. In this analysis we will focus on the
reaction patterns of the sellers, that is, we want to describe how their effort
choices depend on the offered prices. If no fairness ideas are present, we
would expect that there is no increase of effort for higher prices. Figure 2
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FIGURE 2. Price-effort relation: Three selected individuals (top), for all contracts
(bottom)

shows three of the overall 34 individual reaction patterns as well the com-
plete effort-price pattern. (Points are slightly jittered to show observations
with identical coordinates.)

3 Random Coefficient Models

As can be seen, quite severe inter-individual variation is present, reflecting
the obvious fact that economic behaviour is heterogeneous in the popula-
tion. Ignoring subject-specific variability not only neglects an important
feature of the data set but also renders conclusions for the mean behaviour
incorrect.

Effort levels e are in [0.1,1.0] and act as proportions on the buyers’gains.
Furthermore, prices will have to exceed some limit until sellers choose efforts
> 0.1. Therefore, effort will be transformed to the response as y = logit(e)
to linearize the relation.

We will focus on the following random coefficient model (Longford, 1993)
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for y;; and prices x;; = p;;:
Yij = (Bo +boi) + (B1 + b1s) z4ij + €45 5 (1)

where ¢ = 1,...,s is the subject index of the seller, and j = 1,...,n; is
the index of the contract accepted by seller i. Intercepts and slopes vary
independently and randomly across individuals, and are independent of the
errors €;5 ~ IN (0, 02). Conditionally on the random parameters by; and by;
observations on individuals are independent.

4 NPML Estimation

In contrast to other applications where the mixing distribution of the ran-
dom effects is often a nuisance feature, in this context the distribution of the
random coefficients is also of interest — especially of the random slopes by;.
A normality assumption for the random coefficients does not seem plau-
sible as there are several money-maximizing persons present that should
give rise to some mass at the lower end of the distribution. To avoid any
parametric specification, the mixing distribution 7 (bg, by) is left completely
unspecified and estimated by nonparametric maximum likelihood (NPML;
Aitkin, 1999). The estimate is a discrete distribution on a finite number of
masspoints (zx, ug) and masses 7, k=1,... , K.

Computation of the estimates is achieved by an appropriate EM-setup:
The log likelihood for model (1) is

10)=> log > m fir, (2)

i=1

where fir = [1; f(yij |0, (2, ux)) , f(.) the normal density and 6 = (8, 0?)
the fixed model parameters. Finding the likelihood equations for 3 gives

0l & dlog f;
5= 2> wa o )

i=1 k=1

which is a weighted sum of ordinary likelihood equations. The weights

Tk fik
El iy fil

can be interpreted as posterior probability observation y;; comes from the
mixture component k. Calculating the weights in the E-step and then solv-
ing (3) in the M-step gives one cycle of the algorithm. The 7}, are obtained
by averaging the weights w;; over the individuals . Following the idea of
Hinde & Wood (1987), the location of the masspoints can be estimated si-
multaneously with the other parameters by extending the regression model
by a K-level factor with parameters z; and a factor-variable-interaction
with parameters ug. For K components this means expanding the original
data (yij; CCij) to length K- Z n;.

Wik
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4.1 Computational Issues

This approach can easily be implemented in S-Plus by using the appropriate
weights from the E-step in the fitting procedure. Convergence of the EM-
algorithm is quite fast and stable, though convergence to local maxima was
observed for these data. Variation of the starting values is one simple way
of dealing with this problem. The number of masspoints K can be obtained
by starting with K = 1 and then increasing the number sequentially until
the NPML estimate is attained. Fitting a model with a large number of
masspoints and observing which locations coincide after convergence of the
iterations can be used to verify the results. In case of convergence to local
maxima this approach is, though necessary, quite cumbersome.
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Abstract: The main objective of Statistical Theory of Extremes is the prediction
of rare events, and its primary problem has been the estimation of the tail index
v, usually performed on the basis of the largest k order statistics in the sample or
the excesses over a high level u. The second order theory for extremes enhanced
the importance of a second order parameter p, relevant in itself and for the semi-
parametric estimation of other parameters of rare events. In this paper we shall
describe the shape of the tails for two sets of financial data. The main objective
is to perform the estimation of a heavy tail index through a previous estimation
of the second order parameter, by means of an adaptive bootstrap estimator, an
asymptotically unbiased generalization of the Hill estimator, and a Generalized
Jackknife estimator.
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1 Introduction and preliminaries.

In Statistical Extreme Value Theory our main interest is the prediction of
rare events, and the primary functional of rare events is the tail index 7,
which appears as the shape parameter of the limiting distribution function
(d.f.) of the sequence of maximum values, {X,., = maz(Xy,...,Xn)}, 51,
linearly normalized, associated to a random sample (X1, Xs,..., X,) from
an underlying model F(.). Indeed, that limiting d.f. is of the type of an
Eztreme Value (EV) d.f.,

G () ‘:{ exp (—(1+yz)~'7), 1492 >0 if yv#0 (1)

R exp(—exp(—z)), z € R if y=0 "~

Whenever there is such a non-degenerate limit we say that F' is in the
domain of attraction of G, and write F' € D(G.). For heavy tails (y > 0),
usual in applications, F' € D(G) if and only if U = F< (1-1/t) € RV,, i.e.
U(.) is a regularly varying function at infinity with indez . This is the first

order behaviour in FExtreme Value Theory. The second order behaviour
enhances the importance of a second order parameter p. Assuming that
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there exists a function A(t) of constant sign and going to 0 as ¢ — oo, such
that U(tz)/U(t) — z7 is of the same order of A(t), we have

Ul(tz)/U(t) — 7 zf —1

3 — 7
Jim A(t) =T (2)

for every > 0. The limit in (2) must be of the stated form, and |A(t)| €
RV, (Geluk and de Haan, 1987). For heavy tails the most prominent esti-
mator of v is the Hill estimator

i) (k) =

El i

k
Z[lanfudzn - lanfk:n] (3)
=1

(Hill, 1975), based on the k + 1 largest observations, where k = k,, needs
to be an intermediate sequence, i.e., Kk — oo and k/n — 0. Then, and
provided that (2) holds, we have the distributional representation (de Haan
and Peng, 1998),

1
W (k) L y+ =P, + ——A(n/k) + 0, (A(n/k 4
%()7\@ 17p(/) p(A(n/k)), (4)
where P, is asymptotically a standard Normal r.v. For general tails the
most common estimator is the Moment estimator (Dekkers et al, 1989),

W)
M 1 1 (7" (k)>
M) (k) ::77(1)(k)+1—§ I_W ) (5)

-1

with
Zf:l[lan—i—i-l:n - lan—k:n]2
2 E?:l [lan—i-i-l:n - lnX’n,—k:n] ‘

Under the same conditions as before, we have the validity of the distribu-
tional representation

1D (k) =

VM (k) £ 5+ %zn + barA(n/k) + 0y (A(n/k)), (6)

where Z,, is an asymptotically standard Normal r.v., and where

oM =V 72 +1,

by, — 2opH(=2)(1-p) (7)

M 11=p
Both estimators, in (3) and in (5), may thus have a non-null asymptotic
bias, dependent on p, and the "sample paths" of such estimators for dif-
ferent k values are usually "disturbing" from a practical point of a view,
claiming for alternative estimators of the tail index .
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2 Estimation of the second order parameter

We shall consider here a first estimator of the second order parameter p of
the type suggested by Hall and Welsh(1985), and given by

1/ (81) — 1/ (s)
1/757 (82) — 1/ (s)
for s = [n7], t1 = [n™], ¢t = [n™], with 0 = 0.5, 7, = 0.9, 72 = 0.95. The

second estimator considered is the one advanced by Drees and Kaufman
(1998),

10g ) (8)

tq
1 _—
/ log &

max Vi @) =AY (N (r5))
~(2) 1<i<[Akn (r5)]

1
) = log — /log A — 3, (9)
max Vi (0) =18 (Fa(r5) 2
1<i< [k (r5)]

where £ = 0.7, A = 0.6, and

% - i A ) — A (D)
Falra) = | _min | max Vi [y0(0) =20 (0)] > 7.
All these estimators of p are related to estimators of the tail index v and
here, since the data analyzed come from populations with heavy tails, we
have linked them with Hill’s estimator, defined in (3). We shall also consider

a third estimator based on the bootstrap technique introduced by Danielson
et al (1998):

o ko) (10)
21n(ky(n1)/m1)

where k; denotes the sample counterpart of k% = arg ming MSE*[T, (k)]
with T, (k) a suitable statistic with null mean value, related to our estima-
tor, and with a distributional representation of the type of the one in (4)
or in (6), being n; a suitable sub-sample size for the bootstrap samples,
here taken equal to n'9°. A possible statistic will be presented in the follow-
ing section; such a statistic is merely the difference of the semi-parametric
estimator of the tail index, under consideration, computed at two differ-
ent levels. All these estimators of the second order parameter p are based
on the regular variation properties of the A(.) function. The multi-sample
simulation carried out for different sample sizes n, and for different models,
covering a reasonable region of p-values, p € (—00,0], did not enable us to
advance with an optimal choice among the class of estimators considered,
and even claims for more suitable estimators, a topic which goes beyond
the scope of this paper.
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3 A bootstrap adaptive estimator

The estimation of p has a high influence in the recently developed adap-
tive estimators of the tail index (Drees and Kaufman (1998), and refer-
ences therein). We consider here adaptive Hill and Moment estimators
'y,(L])(/k;éJ)(n)), where /15(()])(71) is a consistent estimator of k:((]])(n) =
arg mkin MS’E[%(L])(k)], j=1or j = M, obtained by means of Monte Carlo
simulation, and bootstrap techniques. The type of bootstrap procedure we
are going to use here was first applied by Danielson et al (1998), and relies
on a suitable auziliary statistic, with a null mean value, and with a MSE
structure similar to the MSF structure of the original estimator, either (3)
or (5). The auxiliary statistic we have used is

T (k) =9 (k/2) =4 (k), j =1 and j = M. (11)

Let us denote by Tr(lj)*(k) the bootstrap version of Téj)(k). Then, for a
sample of size n; < n, here chosen equal to 9, obtain by Monte Carlo
simulation, k((f)*(nl) 1= arg mkin MSE[T,(LJ)*(k)], and k:((]])*(n%/n). Consider
then, for j =1, M,
7 k" ()
k(()J)(") = lcp (2)* 2
ko' (ni/n)

where p is going to be estimated by any of the estimators in section 2. For
more details on this approach see Gomes (1999), and references therein.

] , C,=(1-2°)T%  py =n® (12)

4 A Generalized Hill estimator

Gomes et al (1999) introduced the Generalized Hill estimator
ka72 Zi’c:l [ln XTL—H-I:TL - Xn—k:n]

F(O{ + 1) Ef:l [ln Xn—i-‘rl:n - AXvn—k:n]D‘_1 ’

where I'(.) is the complete gamma function. The Hill estimator in (3) cor-
responds to the choice & = 1 in (13), and the estimator ’yff‘)(k) is asymp-

totically unbiased if we choose a such that

1-p* 1 +pla—2)]=1 (14)

7 (k) =

(13)

The estimators of p described before may thus be used for the selection of
the value of o to be considered in (13). The choice of the optimal sample
fraction is then practically irrelevant due to the asymptotically unbiased-
ness of this tail index estimator. In the simulations and in the applications
to real data we have used & = n'%°, which satisfies the requisites of con-
sistency, providing an estimator with high efficiency relatively to the Hill
estimator at the optimal level.
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5 The Generalized Jackknife Hill estimator

The Generalized Jackknife statistic of Gray and Schucany (1972) is based
on two different estimators of the same functional, with similar bias prop-
erties. As a particular case of the Jackknife theory, if we have two different

biased consistent estimators 'yr(Ll) and 'yr(f) of the functional v(F(.)), and

if £ [77(11)} =5+ p(y)di(n); E [77(12)} = v + p(7)da2(n), then, denoting by
BIAS[HY

Qn = BIAS[%?% = 3;52;, the Generalized Jackknife statistic associated to
(1) _ g, ()
(’Yr(zl),%(z?)) is 7¢ (%(LI), 77(12) = %, which is an unbiased consistent

estimator of y(F(.)), provided ¢, # 1, for every n.

In Statistical Theory of Extremes, whenever we are dealing with semi-
parametric estimators of the tail index, or even other parameters of rare
events, we have usually information about the asymptotic bias of those es-
timators, like the one given in (4) for the Hill estimator, or in (6) for the
Moment estimator. We may thus choose estimators with similar asymptotic
properties, and construct the associated Generalized Jackknife estimator.
Here we shall consider the Generalized Jackknife estimator

(7) k) — 2P (7) k/2
G n n . .
'Vn,Jﬁ(k)::7 ()1_21? (/),_]:]_a,ndeM, (15)

BIAS[Y (k)]

BIAS[YG) (k/2)] being p any of the estimators

where 277 is an estimator of

in section 2.

6 An application in the field of finance

We shall here describe the shape of the tails for monthly exchange rates of
the US Dollar and of the Dutch Guilder published by Banco de Portugal
(1984-1999), using the estimation of the second order parameter, followed
by the estimation of the tail index, through the adaptive bootstrap Hill esti-
mator, the asymptotically unbiased Generalized Moment estimator and the
Generalized Jackknife Moment estimator based on affine combinations of
Moments’s estimators at two different levels. Assuming no a priori knowl-
edge of the tails we began working with the Moment estimator in (5), which
is highly negatively biased, but which exhibits the heavy tails of both sets
of data. The sample paths of the Bootstrap Unbiased Moment estimator
based on the statistic Ty(LM)(k) and of the Generalized Jackknife Moment
estimator 'yf: % (k) in (15) were highly stable, providing an estimate of the
tail index equal to 0.49 for the US Dollar data and equal to 0.54 for the
Dutch Guilder data. The estimates of p, associated to the three methods ex-
plicited in 2, together with the associated estimates of « obtained through
(14), were the following:
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US Dollar Dutch Guilder

S R
j=1 -2.7483 2.2984 -1.0789 2.6498
ji=2 -2.3461 2.342 -2.4428 2.3303
j=3 -0.8344 2.7952 -0.8281 2.7999

The great discrepancy among the different values of p-estimates lead us
to work the other way round: it seems better to choose first «, by the
drawing of sample paths of 7%(16“) (k),1 < k < n, for different values of a,
together with an objective stability criterion. Here we have minimized the
squared discrepancies to the median value, and have obtained o = 2.68
for the US Dollar data, and a = 2.86 for the Dutch Guilder data. If we
use these values in equation (14) we obtain p = —1.02 and p = —0.75
for the US Dollar and for the Dutch Guilder, respectively, which suggests
that the bootstrap estimates of p are the ones with smaller bias among
the p-estimators herewith considered. The estimates of « provided by the
Generalized Hill estimator in (15) were then 0.39 and 0.48 for the US Dollar
and for the Dutch Guilder data, respectively. The bootstrap adaptive Hill
estimators of the tail index, again associated to the three estimators of
p considered, were for the US Dollar data vV5P = .43, 4¥5P = 40 and
7YSP = 43, and for the Dutch Guilder data /5P = .48, YD = .52
and 7YSP = 51, which agree with the results obtained before, up to the
associated standard errors.
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Abstract:

Although the technique of Conjoint Analysis developed firstly from Psychomet-
rics, recent research effort is largely centred on Market Research. The recognition
of the potential commercial benefits of the technique for product development
have lead to a headlong rush to devise estimation methods at the expense of
careful consideration of statistical issues. Thus the majority of software imple-
mentations of the technique use inappropriate statistical assumptions with re-
sultant deficiences in the performance of the analyses. This paper considers a
proper statistical model for the case of ordinal categorical data and develops an
estimation procedure based on Latent Class models. The results are compared to
those obtained using the commonly used assumptions of commercial software.

Keywords: ordinal response, latent class models, proportional odds model

1 Introduction

The aim of conjoint analysis is to estimate the relative effects of the vari-
ous attributes of an item that influence a person’s preference for that item
as against another item with different attributes. In a commercial context
these attributes could be colour, some special feature or price. For other
application areas, such as health care policy, these may be more abstract
attributes. In all cases the methodology is basically the same, a person is
presented with a collection of real or imaginary items each with differing
attributes and is asked to compare them and assess their relative worth. In
the form considered here this assessment is represented in terms of rating
on a simple integer scale. From these data the analysis estimates the contri-
bution (part-worth) of each attribute to the final evaluation of an item. In
the case of a continuous attribute, such as price, this contribution may be
modelled as function of the attribute value. A particular feature of conjoint
analysis is that the population is represented as a collection of subgroups
each with their own views on the relative worth of the different attributes.
The majority of commercial software to conduct conjoint analysis uses a
post hoc clustering algorithm applied to parameter estimates derived from
a Normal regression model. This paper proposes a more appropriate statis-
tical model, derives an estimation procedure for this model and shows how
this can make a great difference to the results of the segmentation process.
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2 A General Model

Observation y;; is a rate in the range {1,..., R} where 1 corresponds to
“worst” and R to “best”. The model for y follows the model of McCullagh
(1980), the proportional odds model:

P(yij =1 |0,8,7) = F(0, +nij) — F(0r—1 + n:5)

where

mij =z B+ 2] v and F(.) is a cdf

x; are the item attribute covariates and z; are the individual covariates.
The choices of F(.) considered where those for the Logistic, Normal and Ex-
treme Value distributions, leading to links logit, probit and complementary
log-log.

For the segmentation model this model is extended by considering a latent
class or mixture model of K components such that

K
Plyj=r)=Y mP(y; =r]6,8%,7)
k=1

That is, each segment has different parameters, 3 , in the regression model
on the item explanatory variables z.

3 Model Fitting

The algorithm for model fitting combines the methods for fitting the pro-
portional odds model with the EM algorithm for fitting latent class models.
The method used for the proportional odds model was a simplified version
of that of Wolfe (1996) with some modifications to allow recycling to in-
crease efficiency. The EM algorithm for fitting latent class models has been
described many times, in particular in Dempster et al (1977). As is common
in mixture modelling there were problems with local maxima. A method
similar to simulated annealing was developed to avoid this problem which
worked effectively.

4 Implementation

The above algorithm was implemented as a set of GLIM macros. Repre-
senting polytomous data as a vector of zero/one indicators allows the use of
the Poisson Likelihood in model fitting. The proportional odds model can
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be seen as a partially non-linear model that can be accommodated using
the OWN model facilities of GLIM4. The EM algorithm is then equivalent
to iterative fitting of a weighted GLM with weights recalculated at each
iteration. Operationalising the method this way gives the user flexibility in
model specification.

5 Application

To illustrate the methodology we analyse a data set from a Market Research
study.

The attributes of the items were Brand, Price and the presence/absence of
a special feature. The relationship of worth to Price (P) was assumed to be

exp(W) = PPre= PP

This relationship allows a dual role of price, the negative price deterrent
effect and a positive effect due to perceived quality. It was thought desirable
to consider 5 different price values in order to allow for accurate assessment
of this price model. Given that the study compared 4 brands it was not
feasible to consider a complete design of the 40 combinations of attribute
values. Even a half replicate design of 20 items was thought too complex a
task to ask a person to complete. The design chosen had two blocks of 12
items each, so that a person was only presented with 12 items to compare,
with random assignment to block. Each person was asked to assess the
worth of each item on a scale of 1 to 7.

The analysis was firstly based on an assumption of the Normal distribution
for the rate values. The fitting procedure used a simultaneous segmentation
methodology similar to that described in section 3, so was an improvement
on many of the commercially available methods. The analysis was then
repeated using the proportional odds model and the results compared.
The following table shows the deviances of the fitted proportional odds
model, using the probit link, for various numbers of segments, and the
corresponding 7 values.

| segments | Deviance | m | o | T3 | Ty |
1 4610 1
2 4509 0.573 | 0.427
3 4452 0.608 | 0.206 | 0.186
4 4366 0.276 | 0.242 | 0.302 | 0.181

The logit link gave very similar results while the complementary log-log
link gave a reduction in deviance of 45 and this model was used for the
following analyses.

For ease of interpretation of the fitted model, predicted worth was converted
to an expected value of the rating. Figure 1 shows the price profiles for
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E(rate)
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FIGURE 1.

each brand in the four fitted segments. These have sensible interpretations
in terms of preference behaviour. For example segment 1 represents people
who have a moderate brand preference but are not strongly influenced by
price but manifest the positive price effect of perceived quality. The model
for 5 segments showed a significant decrease in Deviance if we applied
asymptotic results. However, it is well known that asymptotics do not apply
in such cases so that it is not possible to devise an easy test for the best
model. The model with 4 segments was chosen here on the basis that models
with more segments generated price profiles that did not conform to what
we would expect in terms of human behaviour.

6 Comparison of Analyses

The analysis above was compared to that based on an assumption of Nor-
mality for the distribution of the rates. One element that is easy to compare
is the assignment of individuals to segments based on the maximum poste-
rior probability. Comparing the 4 segment models, and equating segments
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in the models to maximise the correspondence between them we still obtain
less then 60% of individuals who are assigned to the same segments in the
two models. By the same token, the price profiles are also quite different
in the two models showing that we can obtain a very different conclusion
when using an inappropriate probability model.

6.1 Validation

The ultimate test is in terms of effectiveness in prediction. The study in-
cluded “hold-out cards”, i.e. items that were excluded from the estimation
procedure. These were be used in a validation of the model. Figure 2 shows
a histogram of the predicted probability of the observed rate for the hold-
out cards.

Histogram of PY (354 values)

3.5 4
3.0 4
2.5 4
2.0 A

154

rel. freq. density

1.0

0.5 4

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

FIGURE 2.

While this looks poor, with a mean of 0.257, it is a considerable improve-
ment over the non-segmented model with a mean probability of 0.205.
Alternatively, we can consider the predicted expected ratings. Figure 3
shows a graph of these against the observed ratings.

There is an indication that the model is not predicting the higher ratings
as well as the lower ones, giving some concern to the market researcher.

6.2 Predicting Preference

A further task was included in the study, in which each person was asked
to consider 4 particular items and choose the one they most preferred.
Predicting preference as the item with highest worth does not give a useful
validity test as all individuals assigned to segments 1 and 2 are predicted
to prefer item 1 and all others to prefer item 4. A more effective method is
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to derive the probability of preference from the predicted worths. For the

extreme value distribution this can be found from:

P(prefer j) = exp(W,)

exp(Wy) + -+ - + exp(Wy)

Using this for each segment gives the following expected frequencies.

expected frequency
Y
1 2 3 4
119 | 6.5 7.9 2.8 | segment
152 | 3.6 (124 | 1.9
3.9 | 187 | 1.3 222
0.2 2.0 2.6 5.1

segment

=W N =

[ENEVUR R

observed
Y
1 2 3 4
19 51 4 1
22 218 1
10 17 | 2 | 17
5 211 1

The observed frequencies are a very poor fit to these expected frequencies.
However, visual comparison shows that the model is picking up some of the
main features of individual preference. The broad features of segments 1,2
and 3 agree with observations, but there is some evidence that segment 4

is not a reliable predictor of behaviour.

Acknowledgements: Thanks to Ron Ventura who collected the data and

assisted with some of the analysis.
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Abstract: This paper deals with several issues related to the ascertainment of
unconfounded (causal) effects of a treatment variable X on a response variable
Y. Starting point of our consideration is a paper of J. Pearl (1998a) where the
term stable unconfoundedness is introduced. We generalize this definition with
respect to a set of variables T. We characterize the definition and state, as Pearl,
a necessary criterion for stable unconfoundedness in our more general situation
that is operational for real world applications. Under more specific assumptions,
we find a sufficient criterion for stable unconfoundedness.

Keywords: Causality, Unconfoundedness, Structral Equation Models, Graphi-
cal Bayesian Network Models

1 Introduction

When we examine the relationship between a treatment variable X (e.g.
interest / advertisement / medicine ) and a response variable Y (e.g. in-
vestment / sales / well-being) our primary interest is to obtain an unbi-
ased magnitude for the effect of the treatment on the response. Despite the
knowledge of confounding this term has not yet been mathematically and
applicably formalized. In a lately published working paper J. Pearl (1998a)
introduces the term of stable unconfoundedness using so called manipu-
lated distributions P, of Y, where z varies on the range of X (see section
2). We generalize his definition and results to a broader bunch of problems,
when we know that common causes T exist. Nevertheless, the question re-
mains, whether further not in T considered common causes exist, that still
confound the adjusted effect

P(Y=y)=> P(Y=ylT=t,X=2)P(T=t)foralzy
t

of X on Y. This paper deals with this problem and tries to resolve it under
weak assumptions.
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2 Structural Equation Models

Let V ={Xj,...,X,} be defined by a recursive equation system as X; =
fi(PA;,U;) (1 < i <n) with measurable but elsewise unspecified functions
F={fi,...,fn} where PA; C {Xy,...,X,}\ {X;} is the set of variables
X; functionally depends on and with a random vector U= {Uy,... ,U,} of
mutually independent variables. We us the notation M=(U,V,F) for such
a structural equation model. It is known, that the joint distribution of V =
{Xy,...,Xn} can be factorized to

P(z1,...,2n) = || P(zxlpay)
k=1

in accordance to the variables PA;. The graphical depiction of the sys-
tem M, constructed by drawing a directed arc from X; € PA; to X;, is
called causal graph of M. This directed acyclic graph G(V, E) is a minimal
I — map, using Pearl’s terminology and applying the d-separation criterion
(Pearl, 1988). The I — map property states that d-separation implies con-
ditional independence. D-separation is a graphical criterion that takes the
direction of edges into account.

Definition 2.1

Let G(V,E) be a directed acyclic graph, X,Y,Z disjoint subsets of V.
Then X and Y are d-separated by Z if on every path regardless of the
direction from a node in X to a node in Y there is a node W with (i) W
has converging arrows and W nor any descendent of W is in Z or (ii) W
does not have converging arrows and W is in Z.

The assignment of distribution assumptions to U and the specification of
the functions f; (1 < i < n) is called parameterization. We say, that the
joint distribution P(V) induced by the parameterization and the causal
graph G(V,E) of M are faithful, iff d-separation and (conditional) inde-
pendence relations coincide (Spirtes et al., 1993). A manipulation X, = z
for some fixed k£ (1 <k <n) and = € IR is called the surgery in the equa-
tion system M where we replace the k-th equation by the constant X = x
and if X € PA; (¢ # k) we set the corresponding realization in pa; to the
constant z (Pearl, 1998b). The distribution of the manipulated system is
given by

N PXi=z1,...,.Xp=2,... , X, =z,)

Po(@i, s @t @, Ths - n) = P(Xy = z|PAy = pay,)

The marginal of P,(zy,...,Tk_1,2, Ths1,... ,o,) with respect to a vari-
able Y € V\ {X,} is called the effect if a manipulation (Pearl, 1998b). To
ascertain the effect of a manipulation we do not need to refrain to the whole
distribution P,. A simple formula is provided by the backdoor-criterion.
Theorem 1 (Pearl, 1995)
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Let M be a recursive structural equation model and G be the corresponding
causal graph. Further let be T C {X3,...,X,,} and X,Y ¢ T. If

1. for all X; € T: X is not a descendent of X

2. T d-separates X from Y on every path (so called backdoor-path) be-
tween X and Y, that has an arrow into X

then the effect of X on Y is given by:

P(Y=y)=> P(T=t)P(Y =y|T=t,X =2). (1)

3 Unconfoundedness

Let a recursive equation system M be given for the variables X,Y, Zy,... ,Z,,
(Section 2). The variables Z1,...,Z, may be observable or not observ-
able. The following definition of unconfoundedness is widely prevalent (e.g.
Rothman, 1986; Schlesselman, 1982).

Definition 3.1 Unconfoundedness (Associational Criterion)

Let T be the set of variables of M which are not affected by X. If

a) X is independent of Z;, (Z; € T)
or
b) Y is independent of Z; given X (Z; € T)

then X and Y are said to be unconfounded. If a) and b) is not fulfilled for
some Z; € T, X and Y are said to be confounded.

Note firstly, that the definition of set T is not a property of the joint
distribution of the variables X,Y, Z¢,..., Z,,, but has to be ascertained
from substantial knowledge. A variable Z is not affected by a variable X,
if in the causal graph G defined by M there is no directed path from X
into Z. Secondly, if a) and b) are not fulfilled for some subset W of T then
the effect of X on Y has to be computed by adjusting with W. Instead of
P(Y = y|X = z) the formula ) PY =y|X =2, W =w)P(W =w)

weEW
has to be used (e.g. Rosenbaum/Rubin, 1983) to obtain the effect of X

on Y. Pearl (1998a) gives an example that confoundedness in the sense of
definition 3.1 can be present, however, an adjustment with the confounding
variable leads to ’wrong’ results. The following definition 3.2 generalizes
definition 1 in Pearl (1998a).

Definition 3.2 Causal, Stable Unconfoundedess

X and Y are causally unconfounded with respect to T C {Z1,...,Zp} in
the equation system M, if the variables Z; € T are observable and the
following equality holds:

Po(Y=y)=> P(Y =ylT=tX =2)P(T =t).
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X and Y are stably unconfounded with respect to T C {Z1,...,Zm}, if X
and Y are causally unconfounded in every parameterization of the equation
system (1).

A characterization for stable unconfoundedness in definition 3.2 states the
following Theorem. The backdoor-criterion comes essentially to application.
Theorem 2 Characterization of Stable Unconfoundedness

Let M = (U,V,F) be an equation system and X,Y € V, T C V\
{X,Y}. X and Y are stably unconfounded with respect to T, if and only
if X und Y are d-separated on every backdoor-path by the set T in the
corresponding causal graph G to M.

This result is proved in Kischka/Eherler (1999). Unconfoundedness of X
and Y is defined in definition 3.1 and in definition 3.2 with respect to
the equation system M. The content of this notion therefore rests mainly
upon the appropriateness and relevance of this system for the examined
problem. Theorem 2 (Pearl, 1998a) states a criterion that rules out stable
unconfoundedness even then when the equation system or respectively the
corresponding graph are not completely specified. The following section
generalizes this result.

4 Unconfoundedness in not Completely Specified
Equation Systems

4.1 A Necessary Criterion

Starting point for the following considerations is a situation of a not com-
pletely specified recursive model M. We assume that the equation system
M does not necessarily include all variables nor all equations. If X and Y
are unconfounded with respect to a set T in M (Definition 3.2) they are
not necessarily unconfounded in a M embracing model M’.

In the following we assume that the unspecified model M’ corresponds to
an acyclic causal graph. Let V be a variable of M’ not contained in M and
let My, following Pearl’s (1998a) notation, be a from M resulting model
with

- there is no directed path from X to V (My1)
- if V and Y are dependent then there is a directed path from V to Y
(My2).

Pearl shows (Pearl, 1998a), that - in the case without adjustment - X and
Y are not stably unconfounded in M’, if for a variable V the conditions My,
are fulfilled and the conditions a) and b) of definition 3.1 are not fulfilled.
Theorem 3 generalizes this result by amending the set T of definition 3.2
into the conditions a) and b). Pearl’s result follows with T = {).
Theorem 3 Necessity
Assume that a model M and an additional variable V' are given s. t. the
conditions My 1 and My 2 hold. Assume that X and Y are stably uncon-
founded in M with respect to T. If
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- X is not independent of V" given T
and
- Y is not independent of V given {X} U T

then X and Y are not stably unconfounded in M’ with respect to T.

A proof of this theorem can be found in a discussion paper (Kischka/Eherler,
1999). Theorem 3 can be interpreted as follows. Given is a model M to de-
termine the effect of X on Y. If there is a variable V' (outside of M) with
the properties My 1 and My 2, we can test the independence of V' and X
given T as well as the independence of V and Y given {X } UT. When both
hypotheses are rejected we can infer that X and Y are not stably uncon-
founded in M’ with respect to T. Conversely, Theorem 3 can be stated as
a necessary criterion for stable unconfoundedness in the following way: If
X and Y are stably unconfounded with respect to T and given that My 1
and My 2 hold then V is independent of X given T or Y is independent of
V given {X} UT.

4.2 A Sufficient Criterion

Theorem 3 states a necessary criterion for stable unconfoundedness. Of
greater interest is, of course, to have a criterion for stable unconfounded-
ness in M’'. Pearl shows (1998a, Example 2) that certain parameter con-
stellations are possible to infer the independence of V' and Y given X from
data, but that the equality of conditional and manipulated distribution
might still not hold. To avoid such incidental independence relations, we
have to assume that the to M’ corresponding graph G and the distribution
P induced by M’ are faithful.

Theorem 4 Sufficiency

Let an equation system M be given. The variables X and Y are assumed
to be stably unconfounded with respect to a set of variables T in M. Let
V be another variable in M’ with

a) V is independent of Y given {X} UT
b) there is a directed path from V' to X
c) V is not independent of X given the set T.

Then X and Y are stably unconfounded with respect to T in M’, if the
graph G corresponding to M’ is faithful.

A proof of this result is given in Kischka/Eherler (1999). In the case we find
a variable V with the properties a),b),c) we can compute an unconfounded
effect of X on Y, given that the faithfulness assumption is not violated.
Fortunately this happens only in very rare cases, i.e. almost surely it does
not occur (Spirtes et al., 1993; Meek, 1995).

4.3 A Sufficient Criterion with T = 0
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Let’s assume we consider a pair of variables X and Y and the task is to
determine the effect of X on Y. We do not know a priori whether there
exist confounding variables T, thus we assume T=0. In this case, we can
express Theorem 4 as follows.

Corollary

Let an equation system M be given. Let V' be another variable in M’ with

a) V is independent of Y given X
b) there is a directed path from V to X

Then X and Y are stably unconfounded with respect to the empty set in
M', if the graph G corresponding to M’ is faithful.

Note that the existence of a directed path from V to X implies that V" and
X are not independent.

Example

Suppose we perform a survey on a population of graduated business ad-
ministration students. We are interested in the effect of the mark in math-
ematics X at the time of high-school graduation on the results in the final
examination at university Y. We are not sure, whether there are other
variables, like intelligence, that have influence on both, X and Y. Another
measurable variable V satisfying the condition b) of the Corollary above
is the type of high-school a student attended. Now we can perform a test
whether the variable type of high-school V' is independent of the results in
the final exam Y given the mark in maths at high-school graduation X and
find out, assuming faithfulness, whether X and Y are stably unconfounded
with respect to the empty set or whether there are common ancestors we
have not yet considered.

5 Conclusion

This paper features results that can help researchers in all kind of practi-
cal applications to deal with the hard to handle problem of confounding.
Based on graphical (Bayesian) models, which can be learned from data (e.g.
Spirtes et al., 1993; Glymour/Cooper, 1999), testable criteria are given,
that render ascertained causal effects either as confounded or as stably un-
confounded. The task of the researcher is to find an additional observable
variable that meets the required conditions. In the case of success, unbi-
ased predictions of the effects of treatment on response variables can be
computed.
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Abstract: In this paper we propose a hierarchical Bayesian model to study the
variation in space and time of disease risk. We represent spatial effects follow-
ing the usual Bayesian specification, while we adopt the birth cohort (instead of
the commonly used death period) as the main time scale. The model includes
also a space-time interaction term to take into account for structured inseparable
space-time variability. The model is applied to male lung cancer mortality data in
Tuscany, 1971-1994. While a period analysis points out a general increase of mor-
tality, the cohort model shows that for the younger cohort there is a general and
substantial decrease of the relative risk. Moreover, the cohort showing the maxi-
mum risk level varies over municipalities, showing a strong north-west/south-east
gradient.

Keywords: Cohort Effects, Hierarchical Bayesian Model, Space-Time Analysis.

1 Introduction

In the past space-time variation of disease risk has been frequently stud-
ied simply by describing the difference between two risk maps, estimated
separately for two periods (see the important work of Mason et al., 1979).
A hierarchical Bayesian model for the geographical analysis of disease risk
including time dimension has been proposed by Bernardinelli et al. (1995).
In that formulation time variation for each area is defined as spatially de-
pending from neighbouring areas. For a critical evaluation of this choice
see Knorr-Held (2000), in which are discussed the possible choices for a
certain degree of dependence between space and time effects. Knorr-Held
and Besag (1998) have improved the model considering two different time
scales, age and calendar time. This solution is interesting because it consid-
ers, in a indirect way (age-period interaction), the birth cohort dimension.
In epidemiology, time variation of disease risk is usually studied consider-
ing birth cohort as the main time scale (see the example on tuberculosis
in Massachusetts 1870-1930, Lilienfeld and Lilienfeld, 1980). This choice is
motivated by several biological reasons, that make birth cohort preferable
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to calendar period. In this paper we propose a Bayesian space-time model
to analyse the risk of disease in a defined region that explicitly considers
the birth cohort time dimension.

2 Materials and methods

Male lung cancer death certificates (ISTAT) were considered for the 287
municipalities of Tuscany Region from 1971 to 1994. Deaths and corre-
sponding populations for each municipality were tabulated for 18 age classes
(0-4,...,85+) and five periods of five years (the first excluded) 1971-74,. . .,1990-
94. The age-specific reference rates for the whole region were estimated
using a simple age-cohort model (Clayton and Schifflers, 1987). The ex-
pected deaths for each age class and calendar time in each municipality
were calculated by applying the age-specific rates to the area population.
Observed and expected deaths were then determined for the seven birth
cohorts 1900-05,. . .,1930-35, that are the most complete ones. We have con-
sidered a total of 33197 deaths on a mean annual population in the region
of about 3,5 million people.

We defined a Poisson distribution with mean value \;;E;; (E;; expected
cases, \; relative risk in the i-th area for the ¢-th cohort) for the number
of observed deaths Oy (i =1,2,... ,N,t=1,2,...,T) and we specified a
log-linear model for the relative risk:

log(Ait) = v; +u; + 04 + ¥yt (1)

where v; and u; represent respectively unstructured and structured spatial
variability terms (see Besag, York and Mollié, 1991), 6, is the effect of the
t-th cohort and t;; is an area specific cohort effect. The prior distribu-
tions for v;, i =1,2,... ,N, u;, 1 =1,2,... ,N and 0y, =1,2,... ,T are
multivariate normal distributions with mean zero and precision matrix re-
spectively 7,K,,, 7,K, and 79Kjy. The structure matrices (Clayton, 1996)
K,, K, and Ky were specified following the different nature of effects (for
u; and 6; a conditional autoregressive model was used, see Besag, York and
Mollié, 1991, Bernardinelli et al., 1995, Clayton, 1996).

Different specifications are possible for the interaction term, depending on
the assumptions about their dependence structure. In our model, we as-
sumed that interaction terms are structured both in space and time. The
prior distribution is multivariate normal with mean zero and precision ma-
trix 74 Ky. The structure matrix K, was defined as the Kroneker product
between the matrices K, and Ky (Clayton, 1996 and Knorr-Held, 2000).
For the hyperparameters 7,, T,, 79 and 7, non informative gamma prior
distributions were used.
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3 Results

Figure la and 1b show the lung cancer risk map for Tuscany in the periods
1971-74 and 1990-94. The maps points out a gradient of risk, from south-
east to north-west. Figure 1c is the map of risk variation between the two
calendar periods obtained by applying a simple two-period model with
spatial interactions (Bernardinelli et al., 1995). The map shows a general
increase of lung cancer risk, stronger in the south-eastern part of the region.
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FIGURE 1. a) Relative risk 1971-74; b) Relative Risk 1990-94; c) Risk variation
between 1971-74 and 1990-94.

Figure 2 reports the pattern of risk by birth cohort for the whole study
area. We can see that the mortality risk for lung cancer begins to decrease
from the cohort of those born in 1930-35, whose exposure to smoking begun
presumably in the middle ’50. The epidemic reached its maximum for the
cohort born from 1920 to 1930.

Figure 3a and 3b show the spatial distribution of relative risk for birth
cohorts 1900-05 and 1920-25 estimated using model 1. The two maps have
been chosen because they correspond to the cohorts with the lowest and
highest risk over the study area: in both maps the risk is characterised by
a strong south-east to north-west gradient, as already evidenced by the
period analysis. In figure 3c is showed the risk difference between the birth
cohorts 1925-30 and 1920-25 resulting from the model is shown. The areas
with highest mortality (northern part of the region) show a decrease of
risk, while the areas in the south-eastern part of the region behave in an
opposite way.

We have estimated also a model without spatial-cohort interaction. This
model may be compared with the one containing the interaction term us-
ing the Deviance Information Criterion (DIC) (see Spiegelhalter, Best and



Lagazio, C., Dreassi, E., Biggeri, A. 233

1900-05 1905-10 1910-15 1915-20 1920-25 1925-30 1930-35
Birth cohort

FIGURE 2. Cohort Relative Risk.
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FIGURE 3. a) Lung cancer relative risk, birth cohort 1900-05; b) birth cohort
1920-25. ; c) risk variation between the birth cohorts 1925-30 and 1920-25.
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Carlin, 1998), a generalisation of the Akaike’s Information Criterion in
Bayesian framework. This is defined as DIC= D(f) + 2(D — D(#)), where
D is the posterior expectation of the deviance and summarises the fit of
the model, and D — D(f) is the expected deviance minus the deviance eval-
uated at the posterior expectations that represents the effective number of
parameters and measures the complexity of the model. DIC value for the
spatial-cohort model without interaction is 2577.18, considering the inter-
action is 2470.48. That confirms the presence of interaction between spatial
and cohort effects and so the preference for this model.

In table 1 we reported the deviances of different age-period-cohort models
(see Clayton and Shifflers, 1987) for each Tuscany Province. As expected,
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the best fitting model for Tuscany as whole was the fully parametrized
age-period-cohort model (APC).

TABLE 1. Deviances and degrees of freedom of age (A), age-drift (AD),
age-period (AP), age-cohort (AC) and age-period-cohort (APC) models for each
Tuscany Province and for the whole Tuscany.

Province A (72) AD (71) AP (68) AC (51) APC(48)
Arezzo 191.58 100.78 93.04 28.22 24.79
Firenze 337.76 245.31 176.25 64.88 31.68
Grosseto 155.84 101.02 84.19 41.96 32.73
Livorno 107.91 94.94 90.89 24.60 23.91
Lucca 231.73 178.25 148.56 47.34 36.07
Massa 117.59 86.56 75.20 56.66 48.89
Pisa 241.07 147.18 128.27 41.66 35.27
Pistoia 137.82 81.57 62.89 30.70 21.24
Siena 205.02 108.10 80.83 70.55 51.35
whole Tuscany | 1212.39 702.49 525.64 124.58 46.49

Considering the simpler age-period (AP) or age-cohort (AC) models the
full model can be interpreted as evidence of an interaction between ei-
ther agexcohort or agexperiod. Therefore when we combine data from each
Province different cohort or period patterns by Province could result in a
significant interaction by age.

We analyzed the data for each Province separately to evaluate age, period,
cohort models in homogeneous populations. The findings reported in table
1 show that the age-cohort model (AC) has the best fitting. They are also
in agreement with the existence of strong spatial interactions between time
(by cohort) and space (by Municipality).

4 Conclusions

In analyzing time trends it is of utmost importance to identify the relevant
time axis for the phenomenon under study. Since observations are taken
from the Lexis diagram (age by calendar period) and subjects move diago-
nally by year of birth (cohort) we face at least three time dimensions. The
usual approach to disease mapping collapse the age dimension by means of
modelling standardized occurence ratios (SMR or SIR).

We proposed a general approach to fit age-cohort models in the context of
space-time modelling of disease patterns.

The Tuscany example shows how apparent period effects can be explained
by birth cohort trends which have different peaks in different geographically
defined populations. The time trend observed could be due to an increase
in cigarette consumption after the second world war, when also the most
backward and isolated areas adopted smoking habits similar to those of the
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most developed part of the region. They could reflect as well the effect of
stopping cigarette consumption from the seventies in the most developped
areas of the Region.

More interesting, while the analysis based on calendar periods points out
an overall increase of risk, the birth cohort model evidences a decrease
of relative risk for people born after 1930. Moreover, the highest level of
the epidemic curve shows an evident spatial pattern, with a strong north-
west /south-east gradient.
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1 Introduction

I revisit the generalized estimating equations (GEEs) (LIANG and ZEGER,
1986) which consider the multivariate setting generated from correlated or
clustered response variables that can arise either from longitudinal studies
or by sampling within several clusters of units. In the spirit of the GLM,
non-normal response variables are allowed. Regressors are available and
adjustments are made for GLM parameter estimation through a modified
score function to account for the presence of correlation. Unlike the GLM,
full likelihood parameter estimation is not usually feasible. GEEs utilize
quasi-likelihood that depends on only the mean and covariance structure
of the response variable (WEDDERBURN, 1974). In view of these GLM ex-
tensions, there also has been an increased awareness and understanding
of how collinear data problems extend from standard regression particu-
larly into the GLM through an ill-conditioned Fisher information matrix
(LESAFFRE and MARX, 1993). Despite the popularity of ML parameter
estimation in the GLM, ill-conditioned information can be responsible for
lack of convergence, large estimated coefficient variances, poor prediction
in certain regions, as well as deflating power for hypotheses concerning
model assessment. Little or no work has been done to my knowledge fo-
cusing on the detrimental features of a (nearly) singular working Fisher
information matrix and alternative estimation within the GEE framework.
Additionally, T aim to show that many asymptotically biased estimators
are members of a broader class of shrinkage estimators for the GLM, and
these can be transplanted into the GEE framework. I divide these alter-
native estimators into two main groups: generalized fractional principal
component estimators (GFPCE) and penalized quasi-likelihood estimators
(PQLE). GFPC estimation is accomplished by taking a general weighting
of the principal component variables, whereas PQL estimation in many
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cases broadens ridge type estimation with a variety of clever penalizations.
I link these two groups together.

2 Marginal Models: Background and Notation

Marginal models are used in situations where the primary research inter-
est is to analyze the marginal mean of the response given the explanatory
variables. The association between the responses is often of secondary in-
terest or even perhaps a nuisance. Consider m; repeated measures on unit
i,i=1,---,n. Let y; = (yi1, - , Yim,)" be the vector of (exponential fam-
ily) responses and X; = (21, -+ , Zim,;)" be the corresponding m; x (p +1)
matrix of regressors (including an intercept term). The specifications for
marginal models in a non-normal setting are presented in FAHRMEIR and
TuTz (1994, sec. 3.5.2) and can be outlined as: (i) The marginal means
wij = E(yijlzij) = h(nj), where h(-) is the (monotone and twice differ-
entiable) inverse link function, 7;; = w;jb’ and [ is the unknown coeffi-
cient vector; (ii) The marginal variance is function of u,;, var(y;j|z;;) =
02(pij) = ¢v(pij)/wij, where ¢ and v(p;;) represents the scale parameter
and variance function, respectively, determined by the specific exponen-
tial family member; and (iii) To account for within unit dependence, the
covariance between y;; and y;; is a function of the marginal means and
possibly an additional association parameters . For a known function (,
cov(yij, Yirjr) = C(tij, pirjr, 0) for ¢ = ', and uncorrelated for ¢ # 3'. Thus
for unit 7, a m; x m; working covariance matrix is defined cov(y;) = 3;(8, 9).
It is convenient to express ¥ (m; X m;) in terms of the correlation matrix

R,ie %, = A;/2R(0)A;/2 with A; = diag(c7y,- -+ ,05,,). Several choices

of R are common: uncorrelated repeated observations (independence), fully
unspecified, exchangable, or auto-regressive.

3 Score Functions and Quasi-likelihood

The generalized estimating equations for 3 can be expressed (for fixed 6)
56(8,0) =Y _ XiDi(B)S; *(8,0) (yi — h(m))- (1)
i=1

The matrices X; and D; = diag(h'(n;;)) are of dimension m; x (p+ 1) and
m; X m;, respectively. In general, some alternating estimation between (6, ¢)
and § iterations is needed in (1). Given current estimates, say (6, ¢), (1) is
set to zero and solved by AU+ = () 4 (F(1)~15()  where the estimated
working Fisher matrix, F(!) = S X{Di(ﬁ(t))Ei_l(B(t),é,(i))Di(ﬁA(t))Xi,
and §() = S(B ®), é, (ﬁ) Under regularity conditions with 6 fixed, consistent
estimates of 8 are ensured, and asymptotically B ~ N(B,F'VF~1!) for
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the mentioned R(f). The matrices F = Y7 X!D;¥7'D;X; = X'QX,
V =Y" X!D;¥;  cov(yi)S; ' D; X;, Q = block diagonal(Q;), and Q; =
DiE;lD,-. In practice, consistent estimation for § is achieved by using 1%
for V: substituting converged 3 into D;, (A, ¢) into ¥;, and using (y; —
h(1:))(y; — h(7;))" for cov(y;). Thus the estimated covariance matrix, often
referred to as the sandwich matriz, is

H=F'Y " XIDi% (ys — h(0:)) (i — h(9:)) ST DX F~ 0 (2)
i=1
If the working covariance structure is correctly specified, then estimation is

asymptotically efficient. It can be useful to re-express the iterative solution
as

B(tﬂ) _ (F(t))qX/Q(t)ﬁ*(t), (3)

where y* = n + D~!(y — h(n)) is the adjusted dependent vector and D =
diag(D;).

4 A Unifying GEE Template

It will be useful to work with the principal components for each observa-
tion, Z, where the ((4, j), k)th element of Z is the score of the kth principal
component for the (i,7)th observation. Define the principal components
Z = X_1M, where X _; (N x p) contains regressors, and M is the p X p
orthogonal matrix whose kth column is the kth eigenvector of the infor-
mation matrix F_; constructed without the intercept, £k = 1,--- , p. Hence
M'F_1M = diag(A\x) = A, where Ay are the corresponding eigenvalues. It
is clear that near-singular F can have a dramatic impact on the stability,
and even existence, of the sandwich covariance matrix of [3’ in (2), as well
as the iterative algorithm in (3). I recommend to standardize such that es-
timation of the intercept coefficient is uncorrelated with estimation of the
other coeflicients. In general this can be achieved by centering and scal-
ing X_; (without intercept) using a weighted mean and sum of squares,
respectively. The N = 3" | m; vector of weights can be computed (itera-
tively) by defining the (ith, jth) weight as the jth column total 7;; of ;.
To introduce a class of estimators, we generalize the model further through
a matrix I'. Let

ni; = Bo + z;Ta = Bo + 20, (4)

where a* = I'a. The matrix I' = diag(y;) is a diagonal weight matrix with
v usually contained in the closed unit interval. For given I'; GEE strategies
may be applied to estimate o* in (4). One potentially expensive candidate
iterative scheme can be defined as

D — 507 4 ZOPR-10 20 Q0 OGO, (5)
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where €* = y — h(7*) and the entries of the adjusted dependent variable
are §* = 7* + diag(h/(7*)) '€*. Equation (5) is particularly taxing be-
cause new eigen-decomposition is required at each iteration through A and
Z = X_1M. Some relief is possible if the converged GEE estimated pa-
rameter estimates and working Fisher information matrix both exist from
(3) and (2) respectively. Define the matrices M and A to be the respec-
tive eigenvector matrix and diagonal matrix of eigenvalues of the converged
F = X' QX _,. The intercept 3, is the weighted (7i;) mean of the con-
verged adJusted dependent variable 7*. Whenever possible I recommend
substitution of Gy, Z, A, Q, and D into (5):

7Y = Byl + ZIA 1 Z' QDG+ @), (6)

A conversion can be made using 3 = M&*, with var(8) = M'TMHMIM'.
With proper choices of I': GEE, (fractional) PC, Stein, Sclove estimation,
among others, are united. Choices for the number of components or shrink-
age parameters can be made on cross-validation, information criterion, or
minimization of estimation or prediction oriented criterion.

5 Penalized Quasi-likelihood Approaches

Consider modifying (1) such that penalized quasi-likelihood estimators can
be generally expressed as

Bror = zo{s(8,0) ~ n 0PNy,
B

where Z{-} is the zero solution, P((3) is a penalty function for the coefficient
vector and k is the non-negative regularization parameter. For example,
there exist experimental situations when the set of regressors have some
ordering, and it is reasonable to assume that adjacent coefficients cannot
differ too much from each other. EILERS and MARX (1996) imposed a penal-
ization scheme to B-spline coefficients in a variety of smoothing applications
using penalized likelihood (P-splines). Such notions of penalized estimation
can be extended into the GEE setting. The penalty matrix is constructed
using the dth order difference operator A% d = 0,1,---,p — 1. Define
AY(Bg) = Br — Br—1. Higher order differences can be found by induction
and in general can be expressed as P¢3, where P? is the (p —d) x p banded
matrix constructed by taking d row differences of I,,. Estimation involves
penalizing the score in (1) for fixed (é, &),BD = Z3{s(8,0) — IiPdIPdﬂ},
where £ > 0. The PQL-solution results in modifying (1) as

BD(tJrl) — (F(t) + ﬁPd/Pd)le/Q(t)g*(t)_ (7)

Various penalized likelihood GLM estimators are extended to the GEE
framework through PQL, namely: P-spline, ridge, garrote (BREIMAN, 1995),
lasso (TIBSHIRANI, 1996), bridge (FU, 1998), among others.
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6 High Dimensional and Functional Regressors

I propose (iterative) GEE extensions to partial least squares (PLS) and
signal regression. Consider situations when modern technology generates
regressors (spectra, log-periodograms, time series, etc.). Such information
comes in the form of hundreds or thousands of discrete digitizations of
some signal, often resulting in p > N. JAMES and HASTIE (1999) provided
an interesting subject-specific mixed modeling approach using principal
component techniques for sparse functional data. Consider rewriting the
marginal mean as

p=h(Bo+ X 18) = h(n). (8)

This problem is highly ill-conditioned, and the only hope to get a sensible
result is by constraining 3 in some way. MARX and EILERS (1999) proposed
a (GLM) P-spline modeling strategy, as a competitor to (IR)PLS, that
forces B to be smooth. The dimension of the signal coeflicient vector is
reduced initially by projecting it onto a B-basis, B (of smooth functions):
Bpx1 = Bpxqdgx1, where ¢ < min(NN,p). Notice that this approach takes
advantage of the spatial or temporal information along the signal and has
an attractive linear nature of 3, where J§ is a relatively low dimensional
vector of B-spline coefficients.

P-splines take one step further: use a moderate number of equally spaced
B-spline knots (say 10 to 40) and further increase smoothness by imposing a
difference penalty on § (as in Section 6.1). Notice that (8) can be rewritten
as

1= h(Bo + X_1B3) = h(Bo + UJ),

where we can define a new full rank regression matrix Uy x4, = X_1B. Now
re-express the PQL solution as

50 = 25{s(6,0) — kP P5},
where
s(8,0) = U'Q(8,6) D~ (6)(y — h(U?)), (9)

and x > 0. The information matrix is Fyy = U'QU (with M, Fy My = Ay),
and 0P can be estimated with an algorithm similar to (7). The penalized
solutions are given upon convergence as B = Bé,. Suggestions for optimiza-
tion of k are given in Marx and Eilers using cross-validation and information
criterion. Arguments can link this setting to GFPC estimation.

Simple data management tricks can make fitting such GEE models triv-
ial in existing (GLM) GEE software and macros that allow a variety of
correlation structures, by the unit variable. Consider constructing a p X ¢
B-spline matrix using a modest number of equally spaced knots along the
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indexing domain (e.g. frequency) of the signal. Thus U is accessible. In-
stead of passing the y response and the signal matrix X_; into the GEE
fitting algorithm, use the augmented matrix Uaug = rbind (U4, (0, kP%))
and the augmented adjusted dependent variable ygug = rbind(y*,04_q),
where Uy includes the (unpenalized) intercept. Thus the software can au-
tomatically provide a penalized estimate of §,, and 7 = U+1gn. Notice also
that HB = BHSB’.
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Abstract: Whereas most models for incomplete longitudinal data are for-
mulated within the selection model framework, pattern-mixture models have
gained considerable interest in recent years (Little 1993, 1994). In this paper, we
outline several strategies to fit pattern-mixture models, including the so-called
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egy to a realistic settings, such as quality-of-life data from a longitudinal study
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1 Introduction

Most methods for incomplete longitudinal data are formulated within the
selection modeling frame (Little and Rubin 1987) as opposed to pattern-
mixture modeling (PMM; Little 1993, 1994). A selection model factors the
joint distribution of the measurement and response mechanisms into the
marginal measurement distribution and the response distribution, condi-
tional on the measurements. This is intuitively appealing since the marginal
measurement distribution would be of interest also with complete data. Fur-
ther, Little and Rubin’s taxonomy is most easily developed in the selection
setting. However, it is often argued that, especially in the context of non-
random missingness models, selection models, although identifiable, should
be approached with caution (Glynn, Laird and Rubin 1986). Therefore,
pattern-mixture models have gained renewed interest in recent years (Lit-
tle 1993, 1994, Hogan and Laird 1997). Several authors have contrasted
selection models and pattern-mixture models. This is done to either (1)
answer the same scientific question, such as marginal treatment effect or
time evolution, based on these two rather different modeling strategies, or
(2) to gain additional insight by supplementing the selection model results
with those from a pattern-mixture approach.
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An important issue is that pattern-mixture models are by construction
under-identified. Little solves this problem through the use of identifying
restrictions: inestimable parameters of the incomplete patterns are set equal
to (functions of) the parameters describing the distribution of the com-
pleters. Identifying restrictions are not the only way to overcome under-
identification and we will discuss alternative approaches as well.

2 DModels for Incomplete Longitudinal Data

We restrict attention to short series of repeated measures, for which the
following longitudinal model is adequate:

Y, = X +¢; (1)

where Y is the n; dimensional response vector for subject ¢ with com-
ponents Y;;, 1 < ¢ < N, N is the number of subjects, X; is a (n; X p)
dimensional matrix of known covariates, ([ is the p dimensional vector
containing the fixed effects, and ¢; ~ N(0,X) is the vector of correlated
error terms.

We additionally define, for each subject ¢, D; to be the dropout indicator,
one higher than the occasion of the last obtained measurement. We split the
vector Y; into observed (Y;?) and missing (Y;”) components respectively.
The taxonomy of Little and Rubin (1987), is based on the second factor of
the selection model factorization:

f(yia di|07 1/}) = f(yl|0)f(dl‘yu¢)a (2)

with obvious notation. In contrast, the pattern-mixture family is based
upon:

f(yi,dil0,v) = f(yilds, 0) f(di]). (3)

The measurement model has to reflect dependence on dropout. Thus, the
parameters in (1) become pattern-dependent: 8(d;) and X(d;). The depen-
dence of parameters on dropout can be done in several ways.

Assume a complete measurement sequence is of length n. Recall that the
classical taxonomy considers the structure of f(d|y). The missing data are
MAR if a subject’s missingness mechanism depends on its observed out-
comes only, f(d =t+1|y1,...,yn) = f(d=t+1|y1,...,y:), fort =1,...,n.
Little’s (1993) complete case misising value (CCMYV) restrictions are given
by (t>2,j <t):

f(yt|y17' o aytflad :]+ 1) = f(yt‘yla' e aytflad =n-+ l)’
whereas ACMV (available case missing values) is the condition that

f(yt|y17 .. '7yt—15d = ] + 1) = f(yt|y17 .. 'ayt—lad > t) (4)

Molenberghs, Michiels, Kenward, and Diggle (1998) have shown that, for
longitudinal data with dropouts, MAR <= ACMV.
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3 Pattern-Mixture Models and Sensitivity Analysis

The key area where sensitivity analysis should be focused is on the uniden-
tified components of the model and the way(s) in which this is handled.

e Strategy 1. Little (1993, 1994) advocated the use of identifiying
restrictions, such as CCMV and NCMV.

e Strategy 2. Trends can be restricted to functional forms supported
by the information available within a pattern. For example, a linear or
quadratic time trend is easily extrapolated beyond the last obtained
measurement. In order to fit such models, one simply has to carry
out a model building exercise within each of the patterns separately.

e Strategy 3. One can let the parameters vary across patterns in a con-
trolled parametric way. Thus, rather than estimating a separate time
trend within each pattern, one could for example asssume that the
time evolution within a pattern is unstructured, but parallel across
patterns. This is effectuated by treating pattern as a covariate. The
available data can be used to assess whether such simplifications are
supported within the time ranges for which there is information.

4 Identifying Restriction Strategies

We will briefly sketch the strategy. Several points which require further
specification will be discussed in subsequent sections. (1) Fit a model to
the pattern-specific identifiable densities: f(yi,...,y:). This results in a
parameter estimate, 4. (2) Select an identification method of choice. (3)
Using this identification method, determine the conditional distributions
of the unobserved outcomes, given the observed ones:

ft(yt+17'--ayT‘yla---ayt)' (5)

(4) Draw multiple imputations for the unobserved components, given the
observed outcomes and the correct pattern-specific density (5). (5) Analyze
the multiply-imputed sets of data using the method of choice. This can be
another pattern-mixture model, but also a selection model or any other
desired model. Conduct classical multiple-imputation inference.

For ease of understanding, consider the special case of 3 measurements. In
this case, there are only three patterns and identification takes the following
form:

f3(yi,y2,y3) = fa(yi,y2,¥3), (6)
f2(y1,92,93) = f2(y1,92) 3 (yslyr, v2), (7)
fi(yr,y2,y3) = fi(yr) wh(yzly) + (1 —w)fa(y2ly1)]

x f3(y3ly1, y2)- (8)
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Since f3(y1,y2,ys) is completely identifiable from the data, and for f2(y1, ye,
there is only one possible identification; the only place where a choice has
to be made in pattern 1. Setting w = 1 corresponds to NCMV, while w = 0
implies CCMV. ACMV corresponds to

_ oz fa(y1)
— axfa(yr) +asfa(yr)’ )

The conditional density fi(yz2|y1) in (8) can be rewritten as

asfa(yi,y2) + aszfs(yi, y2)
arfo(yr) +asfa(yr)

fi(y2lyn) =

5 The Vorozole Study

This study was an open-label, multicenter, parallel group design conducted
at 67 North American centers. Patients were randomized to either vorozole
taken once daily) or megestrol acetate. The patient population consisted
of postmenopausal patients with histologically confirmed estrogen-receptor
positive metastatic breast carcinoma. All 452 randomized patients were
followed until disease progression or death. Full details of this study are
reported in Goss et al (1999). This paper focuses on overall quality of life,
measured by the total Functional Living Index: Cancer. Precisely, a higher
FLIC score is the more desirable outcome.

In order to concisely illustrate the methodology described in this chapter,
we will apply it to the vorozole study, restricted to those subjects with
1, 2, and 3 follow up measurements, respectively. Thus, 190 subjects are
included into the analysis, with subsample sizes 35, 86, and 69, respectively.
The corresponding pattern probabilities are

7 = (0.184,0.453,0.363) . (10)

These figures, apart from giving a feel for the relative importance of the
various patterns, will be needed to calculate marginal effects (such as the
marginal treatment effect) from pattern-mixture model parameters.

We will apply each of the three strategies, presented in Section 4. In order
to apply the identifying restriction Strategy 1, one first needs to fit a model
to the observed data. We will opt for a simple model, with parameters spe-
cific to each pattern. Such a model can be seen as belonging to the second
modeling strategy. Next, restrictions are applied. Finally, in the third strat-
egy, pattern is included as a covariate. An initial model is simplified using
F tests. A graphical impression of these models is given in Figure 1. These
findings suggest, again, that a more careful reflection on the extrapolation
method is required. This is very well possible in a pattern-mixture context,
but then the first strategy, rather than the second and third strategies, has
to be used.

Yy3)
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FIGURE 1. Vorozole Study. For average level of baseline value, extrapolation
based on initial model (strategy 2), ACMYV, and strategy 3 is shown. The bold
portion of the curves runs from baseline until the last obtained measurement, and
the extrapolated piece is shown in thin type. The dashed line refers to megestrol

acetate; the solid line is the Vorozole arm.

6 Concluding Remarks

In this paper, we have illustrated three distinct strategies to fit pattern-
mixture models. In this way, we have brought together several existing
practices. Little has proposed identifying restrictions, which we here for-
malized using the connection with MAR and multiple imputation.

By contrasting these strategies on a single set of data, one obtains a range
of conclusions rather than a single one, which provides insight into the
sensitivity to the assumptions made. Especially with the identifying re-
strictions, one has to be very explicit about the assumptions and moreover
this approach offers the possibility to consider several forms of restrictions.
Special attention should go to the ACMYV restrictions, since they are the
MAR counterpart within the pattern-mixture context.

In addition, a comparison between the selection and pattern-mixture mod-
eling approaches is useful to obtain additional insight into the data and/or
to assess sensitivity.

The identifying restrictions strategy provides further opportunity for sen-
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sitivity analysis. Indeed, since CCMV and NCMYV are extremes, it is very
natural to consider the idea of ranges in the allowable space of ws. Clearly,
any ws which consists of non-negative elements that sum to one is allow-
able, but also the idea of extrapolation could be useful, where negative
components are allowed, given they provide valid conditional densities.

Acknowledgements: We gratefully acknowledge support from Fonds We-
tenschappelijk Onderzoek- Vlaanderen Research Project G.0002.98 “Sensi-
tivity Analysis for Incomplete and Coarse Data”, and from Viaams Instituut
voor de Bevordering van het Wetenschappelijk- Technologisch Onderzoek in
Industrie.

References

Glynn, R.J., Laird, N.M., and Rubin, D.B (1986) Selection Modelling ver-
sus mixture modeling with nonignorable nonresponse. In Drawing In-
ferences from Self-Selected Samples, Ed. H. Wainer, pp. 115-142. New
York: Springer Verlag.

Goss, P.E., Winer, E.P., Tannock, I.F., and Schwartz, L.H. (1999) Breast
cancer: randomized phase III trial comparing the new potent and se-
lective third-generation aromatase inhibitor vorozole with megestrol
acetate in postmenopausal advanced breast cancer patients. Journal

of Clinical Oncology, 17, 52-63.

Hogan, J.W. and Laird, N.M. (1997) Mixture models for the joint distri-
bution of repeated measures and event times. Statistics in Medicine,
16, 239-258.

Little, R.J.A. (1993) Pattern-mixture models for multivariate incomplete
data. Journal of the American Statistical Association, 88, 125-134.

Little, R.J.A. (1994) A class of pattern-mixture models for normal incom-
plete data. Biometrika, 81, 471-483.

Little, R.J.A. and Rubin, D.B. (1987) Statistical Analysis with Missing
Data. New York: Wiley.

Molenberghs, G., Michiels, B., Kenward, M.G., and Diggle, P.J. (1998)
Missing data mechanisms and pattern-mixture models. Statistica Neer-
landica, 52, 153-161.



Identification of Vector AR and ARMA
models with recursive structural errors using
Conditional Independence Graphs

Marco Reale! and Granville Tunnicliffe Wilson?

! Mathematics and Statistics Dept., University of Canterbury, Private Bag 4800
Christchurch, New Zealand.

2 Mathematics and Statistics Dept., Lancaster University, Lancaster LA1 4YF,
UK.

Abstract: In canonical vector autoregressions, which permit dependence only
on past values, the errors generally show contemporaneous correlation. By con-
trast structural vector autoregressions allow contemporaneous series dependence
and assume errors with no contemporaneous correlation. Such models having a
recursive structure can be described by a directed acyclic graph. We show how
the identification of these models may be assisted by examination of the condi-
tional independence graph of contemporaneous and lagged variables, and extend
this to structural vector autoregressive moving average models. The structural
modelling of the canonical errors alone is a useful initial step which we use to
demonstrate the potential of the approach. The models are useful for indicating
how shocks pass through the set of contemporaneous values, besides identifying
a more meaningful and parsimonious relationship between the series.

Keywords: VARMA Models; Graphical Modelling; Granger Causality.

1 Introduction

The canonical pth order vector autoregressive model, VAR(p), of a station-
ary, m dimensional time series z; = (4,1, %¢2,... ,Zs,m) is of the form:

re=c+ Prxi_1 + Poxy_o +---+Q>p:vt_p+et (1)

where c allows for a non-zero mean of z; and e; is multivariate white noise
with general covariance matrix V. Our working assumption is that the series
is Gaussian but our methods should be applicable under wider conditions,
such as e; being LLD., presented for example in Anderson (1971). This
model is attractive because its estimation from a sample =, zs, ... , Z,, by
least squares applied separately to each component of x;, is straightforward.
For large sample length n it is also fully efficient provided there are no
subset constraints on these separate regressions, (Judge et al 1985), the
properties of the estimates given by the regression are reliable, and the
estimate of V is independent of the estimates of ®.
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There are various approaches to multiple time series modeling which seek
either to transform models such as (1) to a form which includes contem-
poraneous relationships among the variables, or to identify directly such
a form, see for example Box and Tiao (1977) and Tiao and Tsay (1989).
Our aim in this paper is similar; our approach is to consider the struc-
tural autoregressive model of the same form as (1) but with the addition
of contemporaneous dependence through a matrix coefficient ®:

‘ﬁoCCt =d + <I>I:ct_1 + (I);l't_2 —+ -4 (b;;l't—p + aq. (2)

In our present context the equivalence between (1) and (2) is given by
®F = PP, and Poe; = a;. A requirement of (2) is that the variance
matrix D of a; is diagonal. We require a further condition on ®g, that it
represent a recursive (causal) dependence of each component of x; on other
contemporaneous components. This is equivalent to the existence of a re-
ordering of the elements of x; such that @ is triangular with unit diagonal.
Each possible ordering of x; therefore gives a potentially distinct form of
(2), but these are all statistically equivalent, corresponding to factorizations
of

V! =&, D7 '®,. (3)

This contrasts with the unique form of (1), which is the attractive feature
of that model from a time-series modeling viewpoint.

The value of (2) therefore lies in the possibility that there is one particular
form which, as a consequence of its representing a true simple mechanism,
is more parsimonious in its parameterization than either (1) or the other
forms of (2). This would be reflected in the ability to exclude many of
the elements of ®;, and ®; from the model without penalizing the fit in
comparison with the saturated forms of either (1) or (2). Identification of
such a model may then provide added insight into the true mechanisms
which generate the data.

That is what we seek to achieve by the method described in this paper.
The relationship (3) shows that some, though not necessarily complete,
information on the structure of @ is available from the variance matrix of
the innovations.

2 Recursive structure and partial correlations

Neglecting, for the present treatment, any effects of time series model esti-
mation, we suppose that we have observations on the vector Gaussian white
noise innovations process e; with the usual sample covariance matrix V. We
wish to determine from the data the form of possible sparse structural ma-
trices ®, which are compatible with V. There may be no unique such form
without imposing further constraint using insight from the modeling con-
text. Swanson and Granger (1997) consider an almost identical problem,
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but focus more on testing for the constraints which are implied by a partic-
ular structural form of &, which has commonly occurred in practice. Their
tests are expressed in terms of partial autocorrelations which, as they re-
mark, are not directional and would therefore appear less appropriate for
recursive (causal) models. We also use pair-wise partial autocorrelations,
but conditioning on all remaining variables (i.e. components of e;) rather
just one other variable at a time. This is because such partial correlations
are used to construct the conditional independence graph (CIG) of the
variables, following procedures presented for example in Whittaker (1990).
As Swanson and Granger also remark, the structural form of dependence
between the variables is naturally expressed by (and is equivalent to) a
directed acyclic graph (DAG), in which nodes representing variables are
linked with arrows indicating the direction of any causal dependence. A
DAG implies a single CIG for the variables, but the possible DAGs which
might explain a particular CIG may be several or none. The point is that,
subject to sampling variability, the CIG is a constructible quantity and a
useful one for expressing the data determined constraints on permissible
DAG interpretations.

The CIG consists of nodes representing the variables, two nodes being
without a link if and only if they are independent conditional upon all the
remaining variables. In a Gaussian context this conditional independence
is indicated by a zero partial autocorrelation:

p (e, ejiel{ers, k #1,5}) = 0. (4)

In the wider linear least squares context, defining linear partial autocorre-
lations as the same function of linear unconditional correlations as in the
Gaussian context, (4) still usefully indicates lack of linear predictability
of one variable by the other given the inclusion of all remaining variables.
The link with Granger causality is quite evident. The set of all such partial
correlations required to construct the CIG is conveniently calculated as

p (e, ejel{ens, k #i,5}) = ~ Wi // (W W) (5)

where W = V1. The sample values are obtained by substituting the sam-
ple value Vof V.

The significance levels are obtained by using the relationship between a re-
gression ¢ value and the sample partial correlation p given by p =t/ \/(t‘2 +
v) (see Greene, 1993,p 180). Here v is the residual degrees of freedom in the
regression of one of the variables in the partial autocorrelation, upon all
the other variables. The ¢ value is that attached, in this regression, to the
other variable in the partial autocorrelation. This is a relationship deriving
from the linear algebra of least squares, and is not reliant upon statistical
assumptions. Standard assumptions are needed to support the usual dis-
tribution of ¢t under the null hypothesis that the true value of the relevant
variable is zero, which is equivalent to p = 0. There are of course statistical
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pitfalls in applying the test simultaneously to all sample partial autocor-
relations. Our attitude is similar to that advocated by Box and Jenkins
(1976) for the identification, for example, of autoregressive models using
time series partial autocorrelations. We use these values to suggest possi-
ble models; after fitting these we apply more formal tests and diagnostic
checks to converge on an acceptable model.

Central to the interpretation of a CIG is the separation theorem. The CIG
is constructed by pairwise separation of variables which are independent
conditional on the remainder. The separation theorem states that if two
blocks of variables are separated, i.e. there is no link between any mem-
ber of the first block and any member of the second, then the two blocks
are completely independent conditional on the remaining variables (see for
example Whittaker (1990, pp 64-67)).

This brings us to the next step which is to determine what DAG structures
can explain this CIG, and to estimate them. This is part of a much wider
problem of the search for causal structure, covered for example by Spirtes
et al (1993). The procedure to determine the CIG implied by a given DAG
has become known as moralization, following Lauritzen and Spiegelhalter
(1988). A node B in a DAG is a parent of a node A if there is an arrow from
B directly linking to A. Moralization is the construction of a CIG by linking
(marrying), for each node of a DAG, all of its parents. The original links
are retained with their directional arrows deleted. In the Gaussian context
it can be seen from (3) that moralization corresponds to the creation of
non-zero entries in V!, which characterizes the CIG, from the non-zero
entries in ®(, which characterizes the DAG.

3 Identifying structural autoregressions

It will be usual that the order p of a canonical autoregression will have
been, at least tentatively, identified for the series. Structural autoregressive
model identification then proceeds by construction of the CIG using the
data matrix X consisting of the collection of contemporaneous and lagged
data vectors (p+1—k,is.-- »&n—k,) for each series i = 1,... ,m and each
lag k = 0,...,p. Assuming that the time series or data vectors have been
mean corrected we use the covariance matrix estimate V = X'X/(n — p).
A CIG is constructed from V in a similar manner as before, but with two
differences:

1. the significance levels used are z/+/(22 + v) = z/y/n — p, where z is
a critical value of the standard normal distribution.

2. we retain only those links which are significant and are either between
contemporaneous variables or attach to contemporaneous variables
from lagged variables.
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These differences arise from the time series context, where the usual prop-
erties of regression estimation hold only in large samples and for regression
on lagged values. See for example Anderson (1971, p 211). The main con-
sequence is that we can assume only a large sample Normal distribution
for the (so-called) ¢ values in the autoregression. Also, these properties do
not hold for a time series regression equation which includes both future
and past regressors, because the errors are not then in general uncorre-
lated. A sample partial autocorrelation between x;_j ; and z;_j ; for some
0 < h,k < p can correspond only to a t value in the regression of one of
these, say z;_p,; on all the other values, including at least one past and
one future value. The ¢ value for z;_j ; and therefore the sample partial
correlation between x;_p, ; and x;_, ; will not have the required properties.
In summary, the significance levels specified in 1 can only be applied to
the links specified in 2. These are however the only links we consider for
selection of a structural autoregression which, viewed as a DAG, only con-
tains such links. For a stationary VAR(p) model, the subgraph of the CIG
that consists of just the links specified in this way will be unchanged if the
maximum lag used in its construction is greater than the true order p, but
there may be some loss of efficiency in the statistical inference.

Efficient estimation of the selected model is done by separate regressions of
each contemporaneous variable on those causal variables indicated in the
DAG. The overall model is again assesed by a deviance n’ Y log 62, where
n’ = n — p is here the length of data vectors used in the regression, and &2
are the MLEs of the residual variances from these regressions (not the bias
corrected mean square estimates).

Progress can only be made if the CIG is relatively sparse; no discrimina-
tion of structural models can be made if it saturated. Much depends on
noting the absence of links which would be present if certain contempora-
nous directions were not avoided. One must be wary though of building up
long chains of logic based upon the statistical evidence in the CIG. Likeli-
hood based comparisons with a saturated model will indicate which models
are plausible and may discriminate clearly between some competing mod-
els. Checks should be applied to confirm that the residuals are orthogonal
innovations, and used as a possible guide to model improvement.

This methodology may be extended to VARMA models making use of a
recursive estimation procedure.

The models obtained are useful for indicating how shocks pass through the
set of contemporaneous values, besides identifying a more meaningful and
parsimonious relationship between the series.

References

Anderson, T.-W. (1971). The Statistical Analysis of Time Series. New York:
Wiley.



Reale et al. 253

Box, G.E.P., and Jenkins, G.M. (1976). Time Series Analysis, Forecasting
and Control. Oakland: Holden Day.

Box, G.E.P., and Tiao, G.C. (1977). A canonical analysis of multiple time
series. Biometrika, 64.

Greene, W.H. (1993). Econometric Analysis, Englewood Cliffs: Prentice-
Hall.

Judge, G.G., Griffiths, W.E., Hill, R.C., Liitkepohl, H., and Lee, T.C. (1985).
The Theory and Practice of Econometrics. New York: Wiley.

Lauritzen, S.L., and Spiegelhalter, D.J. (1988). Local computations with
probabilities on graphical structures and their applications to expert
systems. Journal of the Royal Statistical Society Series B, 50.

Spirtes, P., Glymour, C., and Scheines, R (1993). Causation, Prediction and
Search. New York: Springer-Verlag.

Swanson, N.R., and Granger, C.W.J. (1997), Impulse response functions
based on a causal approach to residual orthogonalization in vector
autoregressions. Journal of the American Statistical Association, 92.

Tiao, G.C., and Tsay, R.S. (1989). Model specification in multivariate time
series. Journal of the Royal Statistical Society Series B, 51.

Whittaker, J.C. (1990). Graphical Models in Applied Multivariate Statis-
tics. Chichester: Wiley.



A Recursive Solution for Continuous-Time
Linear Estimation Problems

Ruiz-Molina, J.C., Navarro-Moreno, J. and Ferndndez, R.M.}

! Departamento de Estadistica e 1.O.,

Universidad de Jaén,

23071 Jaén, Spain.
{jcruiz,jnavarro,rmfernan }@ujaen.es,
Speaker: Fernandez, R.M

Abstract: A recursive solution is provided to the problem of linear least-squares
estimation of a continuous stochastic process that is based on approximate Karhu-
nen-Loéve expansions. The approach is applicable to the problem of estimating
any linear operation of the signal process (such as mean-square derivatives or
integrals) and it applies, without restrictions, to three frequently encountered
problems: fixed interval smoothing, filtering and prediction.
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1 Introduction

The problem of linear least-squares estimation of a signal process based
upon noisy observations has been a topic widely studied in the statistical
literature due to its great practical and theoretical interest in a number of
fields of knowledge: Engineering, Physics, Economy, etc. This problem is
basically that of solving an integral equation, called Wiener-Hopf equation,
which is a Fredholm equation of the second kind whose solution is the
impulse-response of the optimum estimate. Usually two approaches have
been applied to solve this integral equation:

i) By introducing structural assumptions on the covariance functions,
such as stationarity, state-space structure (leading to the Kalman-
Bucy filtering) or more general structures (see, e.g., Kailath et al.
(1983)). The major drawback of the above methods of solution is that
a number of physical phenomena do not satisfy these assumptions.

i1) By using methods of approximation for integral equations. This ap-
proach is closely connected with series representations for stochastic
processes (see, e.g., Gardner and Frank (1971), Fortmann and Ander-
son (1973), Gardner (1974), Navarro-Moreno et al. (2000)). The most
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general solution is given in Gardner (1974) where it is shown how any
mean-square equivalent series representation can be employed to solve
a very broad class of linear least-squares estimation problems. How-
ever, it is well-known that the Karhunen-Loéve (KL) expansion is the
optimal series representation under truncation in least mean-square
sense and so, the solutions of Gardner and Frank (1971) for estimating
a linear operation (in quadratic mean) of the signal process and that
of Fortmann and Anderson (1973) for estimating the signal itself are
those that optimally synthesize the available information. The main
disadvantage of such solutions is that their implementation need to
solve a homogeneous Fredholm integral equation, for which there is
no general method of solution.

This paper addresses the solution of the problem of linear least-squares
estimation from this second perspective. Specifically, we use approximate
KL expansions (Gutiérrez et al. (1992) and Ruiz-Molina et al. (1999)) in the
method of solution suggested by Gardner (1974) to provide an alternative
solution. Approximate KL expansions are obtained by using the Rayleigh-
Ritz (RR) method (Baker (1977)) to solve numerically the homogeneous
Fredholm integral equation involved. The proposed solution takes the form
of a suboptimum estimate that converges to the desired optimum estimate
as the length of the series representation goes to infinity. Then, to obtain
a recursive computational method useful in practical applications, such an
estimate is expressed as a function of the solution to a stochastic differential
equation which is similar to a Kalman-Bucy filter.

2 Linear Least-Squares Estimation

We consider the problem of estimating a signal process {z(¢) : ¢ € [0,T]},
which is a real second-order stochastic process defined on the probability
space (2, B, P), with zero mean, and continuous in quadratic mean. We
assume that the signal process cannot be observed directly, and that the
observation process is of the type

y(s):/osx(T)dT—i—w(s) 0<s<t<T

where w(s) is a Wiener-Lévy process with parameter r and uncorrelated
with z(s). Based on the observations {y(s) : s € [0,¢]} we want to find the
linear minimum variance estimator 2(¢) of a linear operation (in quadratic
mean) of z(¢): {z(7) : 7 € [0,T]}. According to the projection theorem
of Hilbert spaces, this element 2(t) exists, is unique and is the orthogonal
projection of z(t) onto H(y,t) (the subspace of Ly(€) generated by the
observation process {y(s) : s € [0,¢]}). Therefore, £(t), as an element of
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H(y,t), may be expressed in the following way:

= [[htt.5)dyts

where the impulse response h(t,-) € L2[0,t]. It is well known that a nec-
essary and sufficient condition on the impulse response function for the
optimum estimate is that it satisfies the following integral equation

/0 h(t, $)Ra(r,8) ds + rh(t, ) = Ruw(m1) (1)

V¢ € [0,T] and V7 € [0, t], where R, is the autocorrelation function of z and
R, is the cross correlation function for z and z. The construction of the
optimum estimate is thus complete. From the computational point of view,
however, a more expedient solution procedure is necessary. For this purpose
we follow the second approach pointed out in the preceding section.

In general, there is no known closed-form solution to (1) and therefore,
we have to seek a sequence {hN} of closed-form approximate solutions
that monotonically converge to h as N — oco. Gardner (1974) obtains such
approximations by truncating a mean-square equivalent infinite-series rep-
resentation for z(t). The best finite series representation of z(t) is obviously
a truncated KL expansion due to its optimality properties (giving rise to
the solutions of Gardner and Frank (1971) and Fortmann and Anderson
(1973)). Unfortunately, these approaches do not appear to be practical
because the computation of eigenfunctions and eigenvalues is generally dif-
ficult. In the following section it is shown that the approximate KL expan-
sions can be used to provide an alternative solution.

3 Suboptimum Estimate

Denote by H(z) the subspace of Ly(£2) spanned by the random variables
of {z(t) : t € [0,T]}. Let || - | be the norm defined in H(z) and || - || the
supremum norm on [0, 7] x [0, T]. The basic result to develop our solution
is the following one.

Theorem 3.1 (Ruiz-Molina et al. (1999)) If at?nzngm(t, s) exists and
is continuous on [0,T] x [0,T], then

N
2m 5 2(m >(m Ntoo
g e (t:0) = M08 (9)| 0

o0

1.‘

where ¢;(t) = fo (t,s)di(s)ds, {\i}i and {¢i(-)}; are the RR

approzimate ezgenvalues and eigenfunctions of R, , respectively.
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2. ||l=™(t) - :E%n) ®)]| 4 RN uniformly in t € [0,T]
where #57 (t) = SN 5id\™ (t) and b; = [ ¢;(t)x(t) dt.

Definition 3.1 We define the suboptimum filter of z(t) in the following
way:

t
in(0) = [ hux(t,9)dy(s) @)
0
where hy is the solution of the integral equation:

t
/ fin(t,$) Ran (7, 8) ds + rhy (6,7) = Rana(rnt)  0<7<t<T
0

~ oA ~ al ~ A
and Rg (t,7) = E[in () (r)] = T, Xidi(6)i(r) = Sy (0 AnEn(7),
where ®N(-) is the N-vector with ith entry ¢;(-) and An is a diagonal
matriz with ith diagonal entry A;.

Theorem 3.2 (Navarro-Moreno et al. (2000))

Too

1 )|5(8) - an ()| 2225

0 vt € 10,T]

2. Py(t) = E[2(t)—2n(8)] 5% P(t) = E[2(t)—2()]°  Vte [0,T]

3. If{z(t) : t € [0, T} is a quadratic mean continuous stochastic process,
then the convergences in 1 and 2 are uniform int € [0,T).

The central problem is to derive an efficient computational algorithm for
the suboptimum estimate 2y () of 2(t), ¢t € [0, T]. The following result gives
a Kalman-Bucy-like formulation of the above estimate.

Theorem 3.3 (Navarro-Moreno et al. (2000)) The suboptimum filter
(2) may be expressed as

En(t) = Ty (6)bw(t)

where Y n(-) is the N-vector with ith entry
e -
60) = 5 [ Reals, )di(s) ds
Ai Jo

and the N -vector E)N(t) obeys the differential equation

with by (0) = 0 and By () = [A,}l b [ By (s) By (s) ds}
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A number of specific estimation problems may be obtained as special cases
of the preceding theorem.

Corollary 3.1

1. If 2(t) = 2(t), then 2x(t) = &y ()b (t).

9. If 2(8) = 2™ (1), then 2 (£) = B0 ()bw (£).

3. If 2(t) = [la(s)ds, Vt € [0,T), then 2n(t) = Fn(t)by(t), where
Wy (t) is the N-vector with ith entry fot bi(s)ds.

4. If a noncausal problem is considered, then the suboptimum estimate is
EN(tT) = fOT hn(t,7) dy(r) where the approzimate impulse response
function is

hn(t, ) =r TN () By(D)&N(r) 0<tr<T

4 Example

The implementation of the proposed estimate is illustrated considering a
specific example where the signal is the Wiener process and the processes to
be estimated are the Wiener process itself and its mean-square integral. For
this purpose, a trajectory of 100 data for the Wiener process is simulated
and then it is corrupted by white noise with unit variance. The resultant
trajectory becomes the noisy observations of the signal, from which we
have to filter the desired processes. We use a continuous-discrete Kalman-
Bucy filter to obtain the optimum estimations of the processes and they are
compared to the estimations obtained from the suboptimum filter. Figures
1 and 2 show the optimum and suboptimum estimations for the Wiener
process and its integral, respectively. The results show the great accuracy
achieved with the proposed suboptimum filter.

— = opum
—— Subop.

) 10 20 ES) 20 50 60 70 50 °0 100

FIGURE 1. Optimum and Suboptimum Estimations for the Wiener Process.
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FIGURE 2. Optimum and Suboptimum Estimations for the Integral of the
Wiener Process.
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Abstract: In epidemiology the capture-recapture methodology is often used to
estimate the size of an unknown population from a number of lists. One of the
assumptions underlying this methodology is the homogeneity of capture proba-
bilities of individuals. This assumption is often violated, and when it has been
violated this leads to interactions between lists.

Two approaches exist for taking possible heterogeneity into account. The first is
to incorporate observed heterogeneity into the model by letting, for example, cap-
ture probabilities be a function covariates. A more recent approach concentrates
on unobserved heterogeneity alone, and models this by using latent variables. An
example is the latent class model.

We extend the model by letting the parameters of the latent class model be
functions of covariates. Unobserved heterogeneity is taken into account by the
usage of the latent class model. Observed heterogeneity is taken into account
in two ways. First, in each class of the latent class model the probabilities to
fall in each of the lists are not homogeneous anymore because they differ over
individuals as a function of their covariates. Second, membership of latent classes
is also not homogeneous anymore but a function of covariates.

We illustrate the usefulness of this model with an example where we estimate the
prevalence of diabetes in Italy.

Keywords: Capture-recapture, latent variables, latent class.

1 Introduction

As summarized by the International Working Group for Disease Monitoring
and Forcasting (1995, further abbreviated as the IWG), the key assump-
tions underlying the most simple capture-recapture model for estimating
the size of an unknown population from two lists are 1. the population is
closed, 2. individuals can be matched if they are on more than one list, 3.
for each list, each individual has the same chance of being included on the
list, and 4. the two lists are independent. We will refer to the third assump-
tion as the homogeneity assumption. Our paper will deal with assumptions
3 and 4, and assumes throughout that assumptions 1 and 2 are fullfilled.
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Let n1; be the number of individuals being on both lists, and n19 and ng;
the number of individuals being only on list 1 or list 2 respectively. Under
assumptions 1 to 4 it can be proven that gy = ng1n19/n11 gives the ML
estimate of the number of individuals being on neither of the lists.

If there are k lists, the independence assumption can be replaced by a much
less demanding assumption. The observed frequencies can be coded into a
k-way array having 2* cells, with one entry zero by definition. This array
can be analyzed by a hierarchical loglinear model where assumption 4 is
replaced by assumption 4a: the k-factor interaction is zero (see for details
and alternatives IWG, 1995).

It can be shown that violation of the homogeneity assumption will lead to
dependence between lists. If £ = 2, this is problematic because of assump-
tion 4, and when &k > 3 it is difficult to distinguish dependence of lists from
this apparent dependence (heterogeneity) (see IWG 1995).

Two approaches exist to tackle the violation of the homogeneity assump-
tion. The first approach uses only observed heterogeneity, and the second
uses only unobserved heterogeneity. Bishop et al. (1975) suggest that, if
one suspects heterogeneity, the individuals should be stratified into sub-
groups in which the homogeneity assumption is fulfilled. We refer to this
as using a categorical covariate. Later Alho (1990) proposed a model that
takes continuous covariates into account when the number of lists is two:
for each list the probability to be in it is related to covariates by means of
a logistic regression model.

The second approach is to assume a latent variable, and given the level
of the latent variable the lists are independent. Thus the latent variable
takes unobserved heterogeneity into account. One latent variable used is
the Rasch model (see, for example, Darroch et al., 1993), and the other
one is the latent class model (see, for example, Agresti, 1994, and for a
recent extension Biggeri et al., in press).

In this paper we will present a model that takes both observed as well as
unobserved heterogeneity into account. This model is an extension of the
latent class model, that has close links to simultaneous latent class analysis
as proposed by Clogg and Goodman (1994) and the concommittant variable
latent class model as discussed by van der Heijden et al., (1996).

2 The latent class model

To keep the notation simple, we assume that there are four lists denoted
by Yi,k = 1,...,4, and we denote being on list k£ by the index ji, where
jr = 1 indicates being on list k¥ and j; = 0 indicates not being on list k.
We denote a latent variable L with levels indexed by z(z = 1,..., 7). Let
Tjij=jsja D€ the probability of status j; for list 1, to status js for list 4. The
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latent class model is defined as
z
Tj1j2d3da = Zﬂzﬂ-]’l\zﬂ-jﬂzﬂja\zﬂjdz (1)
z

where 7, is the probability to be in class z, and ;, |, is the probability to
be having status jj in list k& given that one is in class z. Model (1) aims
to take into account unobserved heterogeneity (assumed list dependence)
as well as list dependence. Unobserved heterogeneity is taken into account
by assuming that there are Z groups of individuals, and in each group the
individuals have homogeneous probabilities to fall on lists. In this instance
Z has to be 2 for the model to be identified. This model has been proposed
in the area of capture-recapture models by Agresti (1994).
There is an extension by Biggeri et al. (in press) of (1) that is easily pre-
sented if we write (1) as a loglinear model with a latent variables. We do
this by denoting the variables of the highest margins that define the hierar-
chical loglinear models, [LY;][LY3][LY3][LY4], showing that there are direct
relations between each of the lists and the latent variable, but the lists are
independent given the latent variable. Biggeri et al. (in press) generalizes
this model to take local dependencies between pairs of lists into account.
An example of such a model is [LY;]|[LY>]|[LY3][LY4][Y1Y3], i.e., this model
assumes local dependence between lists 1 and 3.
Models like these can be estimated by the EM algorithm. Consider model
[LY1][LY>][LY3][LYs]. In each E-step we find the conditional expectation
of the probabilities 7;, j,j,j,, given the current best parameter estimates.
In the M-step we find new parameter estimates by fitting loglinear model
[LY1][LY>][LY3][LY4] to Z x (2F — 1) probabilities, because the entries in the
cells where j1, j2, j3, 74 = 0000, are zero by definition. After convergence,
the Z probabilities of not being in any of the lists are derived from the
parameter estimates, and these provide us with an estimate of the number
of individuals on neither of the lists.

2.1 The latent class model with categorical covariates

Assume now that there is one categorical covariate C. This allows to gen-
eralize the model [LY1][LY2][LY3][LY4] to [CLY1][CLY2][CLYs][CLY4] (for
ordinary contingency tables models like these are also known as simultane-
ous latent class models, Clogg and Goodman, 1984). This model states that
both the class sizes as well as the conditional probabilities may be different
for different levels of C. Thus the model now accounts for observed hetero-
geneity. The model still assumes that the lists are independent given the
latent variable and the covariate, but this assumption can be dropped by
incorporating local dependencies between lists as discussed above (although
identifiability of the model then has to be checked). Imposing restrictions
to this model, and generalizations to more than one covariate, are straight-
forward.
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2.2 The latent class model with continuous covariates

Assume now that the covariate is continuous. In this situation we go back
to the model formulation given in (1). In this situation, that, for reasons of
space, we do not discuss here in detail, we let the class size 7, be related
to the covariate by means of a multinomial logistic regression model. We
can also do this for the conditional probabilities. For ordinary contingency
tables models like these are also known as concommittant variable latent
class models (van der Heijden, Dessens and Bockenholt, 1996).

3 Example

As an example we discuss the prevalence of diabetes in a town of Northern
Ttaly (see Bruno et al. 1994; see also Fienberg et al., 1999). There are four
sources, namely the diabetic clinic and/or family physicians data source
(S1), the hospital discharges data source (S3), the insulin and oral hypo-
glycerin data source (S3), and the reagent strips and insulin syringes data
source (S4). There is a categorical covariate C, namely treatment, having
three levels, namely 1. Diet, 2. Hypoglycemic agents and 3. Insulin.

We will apply the methodology of Section 2.1. We will denote the latent
variable by C. We start with a model with two latent classes. Thus we fit
models to a table of 3 (levels of C'), times 2 (levels of latent variable) times
(2% - 1) cells. The sample size is 2,047.

We will denote the models fitted as loglinear models for the latent variable.
The model we start with is [CLS;][CLS3][CLS3] [CLS4]. In this model
the unobserved heterogeneity is incorporated by the latent variable L: the
probabilities to be in a source are different over the levels of the latent
variable. The observed heterogeneity is incorporated by the fact that the
probabilities to be in a source differ over the treatments. The four sources
are independent conditional on the latent variable L and the treatment
C, so the model assumes that the covariate and the latent variable are
able to explain the observed dependence between the sources. However,
the deviance found is 40.2, for 15 df, so this model does not fit. In search-
ing for better models we find that the model [C'LS;][CLS3][CLS;][CLS,)
[S155][S154] leads to a much better fitting model: by adding the two lo-
cal dependencies the deviance becomes 19.5 for 13 df (an alternative is
[CLSl][CLSQ][CL53][CLS4] [5152] [5153], with a fit of 197, 13 df) We
can then omit one additional three factor interaction, namely either be-
tween C,L and S, resulting in a deviance of 19.7 for 15 df (we will call
this model 1), or between C, L and Sy resulting also in a fit of 19.7 and 15
df (we will call this model 2). Deleting both three factor interactions leads
to a model with a significantly worse fit: deviance is 25.5, for 17 df.
Model 1 leads to an estimated total of diabetes patients of 2,755, and model
2 to 2,743. These estimates are similar to those reported by Fienberg et al.
(1999). Both models are very similar, and therefore we only discuss model



264 Heterogeneity in capture-recapture

1 in more detail. Notice that the loglinear model is Markov equivalent to
the chain graph depicted in Figure 1 (Lauritzen, 1999, p.60). Also notice
that this model (just like model 2) is hierarchical but not graphical, as the
interaction between C,L and S; is excluded (in model 2 the interaction
between C, L and S, is excluded). In Table 1 we find the estimated

Y1
/ /

] % y
—_— |

S e e S P ¢

\§. Y2

FIGURE 1. Graph of model 1

TABLE 1. Conditional probabilities for model 1.

S Sz S3 S4
C|L 1 0 1 0 1 0 1 0
11031 069|031 0.69]|078 0.22]0.15 0.8
2 1046 0.54 | 0.06 0.94 | 0.03 097 |0.00 1.00
2111]087 013|040 0.60 067 0.33]0.14 0.86
2 1060 0.40 |0.09 091 |0.40 0.60 |0.02 0.98
3 (1087 0.130.62 038 |0.77 0.23] 0.55 045
21084 0.16 | 0.19 0.81 | 0.45 0.55 | 0.04 0.96

conditional probabilities to be in each of the sources. Overall, in latent
class 1 the probabilities to be in a source is higher than in latent class 2
(for example, in treatment 2, in class 1 the probability to be in sources
S1 to Sy is .87, .40, .67 and .14, but in latent class 2 .60, .09, .40 and
.02.), with an exception for treatment 1 and source 1 (.31 and .46). The
estimated latent class size 1 is, for treatment 1 to 3, .06, .11 and .70. This
shows that in treatment 3 .70 of the individuals have higher probabilities
to be in the sources, but for treatments 1 and 2 this is much lower. We
notice that these (conditional) probabilities perfectly describe the fitted
data under model [C'LS;][CLSs] [CLSs][CLS4], but that model 1 has two
additional parameters for the direct effects between sources 1 and 4 and 1
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and 3. For sources 1 and 4 the direct effect is negative (loglinear parameter
estimate is -1.1), and for 1 and 3 it is positive (1.2).

A few last remarks. The results in this section are preliminary. First, more
models have to be studied. Second, the identifiability of the model discussed
still has to be investigated and a confidence interval for the point estimate
has to be constructed.
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Abstract: In this paper the influence of individual data cases in discriminant
analysis, specifically in the case where an initial variable selection step precedes
the analysis, is considered. Existing influence measures proposed by Fung (1995)
in a non-selection context are extended to a selection context, and a new, more
informative measure of selection influence is proposed. Application of these mea-
sures is illustrated by means of an example.
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1 Introduction

Two of the important problems faced by a user of discriminant analysis
are: (i) How can a subset of the available feature variables (i.e. variables
which are used to classify an entity into one of the relevant groups) be
selected to form a discriminant rule with desirable properties? (ii) How can
the influence of an individual data case in the analysis be measured? In
this paper we show how measures of influence which have been proposed
in the literature in a non-selection context can be adapted for application
in a selection context, and we propose a new more informative selection
influence measure.

Identifying a subset of the available feature variables serves two purposes:
firstly, the variables which best separate the groups are identified; secondly,
the discriminant rule based on the selected variables frequently performs
better in future classification than the rule based on all the feature vari-
ables. Many different variable selection techniques have been proposed in
the literature (see McLachlan, 1992, and Le Roux, Steel and Louw, 1997,
and the references therein). Few papers have been published dealing with
measures which quantify the influence of individual data cases in a dis-
criminant analysis. Contributions include Fung (1995) and the references
therein. There are, however, no papers dealing with discriminant analysis
influence measures in a selection context. For the multiple linear regres-
sion problem, Léger and Altman (1993) discuss influence measures taking
variable selection into account. In §2 we use an approach similar to that
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of Léger and Altman (1993) to adapt Fung’s influence measures to the
selection case.

The influence measures proposed by Fung (1995) are based on estimates
of the expected squared change in the discriminant score if the k-th obser-
vation is omitted from the training data. These measures do not, however,
give an indication of whether omitting an observation with a large value of
this measure improves the fitted model. We therefore propose a new mea-
sure of influence which addresses this shortcoming. An example illustrating
application of the influence measures is discussed in §3.

2 Selection influence measures

Consider a random vector X, consisting of measurements on p feature
variables. The entity corresponding to X belongs to one of two groups,
II; and II,. We assume that E (X) = p; and Cov(X) = ¥ in II;. Let
D = {(x,y;), j =1,...n} be the training data, where y; is a group mem-
bership indicator variable. In practice, p, ty and ¥ are unknown, and are
estimated from the available training data. The sample means X; and Xs
estimate p; and po respectively, with the pooled covariance matrix, S, act-
ing as an estimate of X. Fisher’s sample linear discriminant rule assigns X
to H1 if

(X1 —%2)'S'X > [(X1 —X2)' S (%1 +%2)] /2, (1)

and to II otherwise. Let t; (X, D) be the estimated posterior probability of
belonging to Ty, and let ¢t (X, D) = 1 — ¢ (X, D). The estimated log-odds
are

1(X,D) = log{t1 (X, D) /t2 (X, D)} - (2)

Fung (1995) proposes

F(k)=E[l(X,D) —1(X,D)]” (3)

as a non-selection measure of the influence of case k in the analysis. Here
D(y denotes the training data with case & omitted. Fung (1995) shows
that the expectation can be evaluated parametrically or non-parametrically
(giving nearly identical results), and he states that a large value of F (k)
implies that case k is influential in the analysis.

Suppose now a variable selection technique is applied to D, to identify
a data-dependent subset V (D) of the available variables, {1,...,p}. The
estimated log-odds, [ (XV(D), D), based on the selected variables are calcu-
lated. Suppose the same set of variables is used to calculate the estimated
log-odds based on D(;). Then
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OSI(k) = B [1 (XY™, D) —1 (X7, D, )]’ (4)

is a conditional measure of selection influence for case k. We refer to (4) as
a conditional measure since it is conditional on the set of selected variables,
V (D), being kept fixed. The unconditional analogue of (4) is obtained if
the selection step is repeated after omission of the k-th data case. This gives

USI(k)=E [1 (XV(D>,D) y (xV(D<k>),D(k))]2 . (5)

As in the non-selection case, the measures (4) and (5) can be estimated
parametrically and non-parametrically. In both cases the parametric and
non-parametric estimates are nearly identical, and we denote the non-
parametric versions by csi(k) and wusi (k) respectively.

Consider a new entity (X,Y), and let Z; = 1 if Y = 4, and 0 otherwise.
Write t; (X, D) =t; (X), i =1,2. Let

== > [tiGxy) =zl (6)

j=11=1

SI'—‘

where z;; = 1iff y; =4, j = 1,...,n; i = 1,2. Then R(t) is a measure
of the error with which the group membership values of the training data
cases are estimated by the posterior probability estimates. Based on this
interpretation of R (t), we propose the following new measure of selection
influence. Let

R0 = L3S () - "

be the measure when the full data set is used for variable selection, and let

n

e LEEL )]

]111

be the measure when case k is omitted from the training data. We propose
Qu(t) = {RY(Pw)(t) - RVP) (1) } RV P(t) (9)

as a measure of the influence of case k in the selection process. Note that
Qr(t) quantifies the relative change in the accuracy of the post-selection
posterior probability estimates if case k is omitted from the training data.
Therefore a negative value of Qg (t) would suggest that t = (¢1,t) based
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onV (D(k)) is a more accurate posterior probability estimator than t based
on V (D). One could also expect this to translate into more accurate pre-
diction/ classification of future cases if the classification rule is based on

XV(Pw) instead of XV(P) . Considerations such as these suggest that we
can modify, and hopefully improve, a given selection technique as follows.
Suppose Q(1)(t) < Qz)(t) < ... < Qn)(t), and that Q(1)(t) < 0. Then we
omit the case corresponding to @) (t) and select the variables for further
use from the reduced data set. A claim that such a modification improves
a given selection technique should, however, be substantiated by means of
simulation studies. This falls outside the scope of the current paper.

Why would one prefer Qg (t) to usi (k) as a measure of selection influence?
The reason for this is to be found in the fact that the sign of Q(t) gives
an indication of whether omitting case k leads to an improvement or a
deterioration in the fit of the selected model. Omitting cases for which
Qr(t) < 0 leads to an improvement in fit, while Qx(t) > 0 signifies a
deterioration in fit if case k is omitted. A similar interpretation is impossible
for usi (k), since a large value of this measure merely implies that case k
is influential in the selection process, without providing an indication of
whether it improves or worsens the fit of the selected model.

3 Data analysis

Consider the flea beetle data as discussed in Flury (1997, p.306). It consists
of 39 observations on 4 variables pertaining to morphological properties of
two species of flea beetles. The training data set, containing 19 observations
on individuals of specie type 1 and 20 individuals of specie type 2, was
analysed as follows. Firstly, formula (8) of Fung (1995) was used to calculate
a non-parametric estimate of F (k). Table 1 shows some of the values.

Selection
No select | Full data set Omitting case k

k F (k) esi (k) usi (k) Qr (t) | Sel var nr | e

3 .0696 .0887 .0887 .1332 1,2,4 .0291
9 .5674 .6973 .6973 -.1216 1,2,4 .0270
16 .0382 .0287 1.1977 | -.0623 1,2,34 .0316
18 .0889 .0191 1.5540 .0283 1,2,3,4 .0340
19 .3571 .4659 .4659 -.3124 1,2,4 .0194
21 .7464 5111 2.4411 | -.2216 1,2,3,4 .0242
27 | 2.6897 .4756 6.1553 | -.7867 1,2,3,4 .0105
32 .0483 .0244 1.3816 .0698 1,2,34 .0348
36 .8253 .9916 .9916 -.6165 1,2,4 .0151
38 .2846 .0979 2.0182 .0044 1,2,3,4 .0302

TABLE 1: INFLUENCE MEASURES
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According to these values the five most influential points, in order of im-
portance, are numbers 27, 36, 21, 9 and 19. Next, an all possible subsets
approach was applied to the full data set. This resulted in variables 1, 2
and 4 being selected. Based on these selected variables, non-parametric
estimates, csi(k), k = 1,...,39, of (4), were calculated (see Table 1). The
five most influential points are now 36, 9, 21, 27 and 19. It should be
noted that the set of selected variables is kept fixed during calculation of
csi(k). Columns 4 and 5 of Table 1 provide values of usi (k) and Qy(t) re-
spectively. To calculate these values, variable selection is repeated for each
reduced data set, and the selected variables are displayed in column 6 of
Table 1. The five most influential points according to usi (k) are 27, 21,
38, 18 and 32. Since variable selection is repeated for the reduced data set
when usi (k) is calculated, we feel that it is a more appropriate measure
of influence in a selection context than either F (k) or usi (k). The values
of usi (k) in column 4 of Table 1 do not, however, give an indication of
whether omitting a given point improves the fit of the selected model. Such
an indication is provided by the values of Qk(t) in column 5: a negative
value implies an improved fit. Therefore, according to Q(t), the five most
influential data points are 27, 36, 19, 21 and 3, and omitting any one of
the first four of these points leads to an improved fit. It should be noted
that for £ = 16,19 and 3 the set of selected variables remains unchanged
from the set selected using the full data set. A large negative (positive)
value of Qg (t) can therefore be a reflection of a changed set of variables
being selected, or merely of an improvement (deterioration) in fit, with the
selected variables remaining unchanged.

What should one recommend to a practitioner analysing this data set?
Based on the values in Table 1, we would recommend careful inspection of
data points 27 and 36. In order to get an indication of whether omitting
case 27 before analysis improves the classification performance of the re-
sulting discriminant rule, the following steps were repeated 500 000 times.
Firstly, consider the full data set. Randomly select 14 of the 19 cases in
group 1 and 15 of the 20 cases in group 2 to form a training data set of
29 cases and a test data set of 10 cases. Apply variable selection to the
training data and form a discriminant rule based on the selected variables.
Use this rule to classify the cases in the test data set and calculate the
misclassification rate. Secondly, omit case 27 from the data set and repeat
the above process, now selecting only 14 of the remaining 19 cases in group
2 for the training data set. In both cases, we obtain measures of the classi-
fication performance by averaging the 500 000 respective misclassification
rates. For the full data set, this average is 0.0295 and for the data set with-
out case 27, it is 0.0105. Denote this error rate estimate by es7. It seems
that a practitioner would indeed be well advised to omit case 27. A critical
reader may well ask what the value of the above error rate estimator would
be if any other single case (instead of case 27) is omitted. To answer this,
the error rate estimation procedure was repeated, each time omitting one
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of the data cases. Column 7 of Table 1 shows a selection of the results.
From these numbers, together with the estimates for cases not shown in
Table 1, we see that omitting case 27 does indeed result in the lowest ey.
Case 27 is followed by cases 36 and 19, which are also ranked second and
third respectively according to Qg (t). The strong correspondence between
Q1 (t) and ey, is reflected in a correlation coefficient of 0.91 between the two
sets of values.

4 Conclusions

Given the importance of variable selection in data analysis, identification
of selection influential points is desirable. One approach is to extend exist-
ing influence measures, i.e. measures proposed in a non-selection context,
for application to cases where variable selection is done. In §2 we showed
how measures proposed by Fung (1995) can be extended in this way. We
emphasised that a so-called unconditional approach, which explicitly takes
a potential selection effect into account, is preferable to a so-called condi-
tional approach, which is equivalent to using a model that was selected data
dependently as if it were specified beforehand. Although these measures are
useful, they do not indicate whether a point which has been identified as
selection influential should be omitted from the data prior to analysis. Such
an indication is provided by the new measure also proposed in §2. The anal-
ysis of an example in §3 shows that omitting a point with a large negative
value of this measure is worthwhile in the sense of improving the classifica-
tion performance of the resulting discriminant rule. Of course, the analysis
of examples cannot prove that such a result is generally true, but we deem
the evidence provided by the example (and others not reported on here) to
be strongly supportive of the claim.
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Abstract: In the context of fisheries science the question has been raised whether
point estimates needed to be bias corrected. It has been found that bias estimates
obtained by bootstrapping can be rather large and it is not always clear how
reliable this estimated bias is. The performance of the bootstrap for estimating
bias in point estimates for model parameters from complex population dynamics
models is investigated. In particular the robustness of the model based bootstrap
to violations of model assumptions is tested. A nested bootstrap is employed for
investigating the stability of bias estimates. An investigation primarily based on
simulated datawill be presented.
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1 Introduction

It has been recognised for some years that ignoring the uncertainity in
the data used in fisheries stock assessment could lead to inappropriate or
dangerous management decisions (Hilborn and Walters, 1992). Stochastic
fluctuations of the environment and model uncertainties further increase
the uncertainty fisheries scientists and managers have to deal with.

Most models used in fisheries for fish stock assessments in a wider sense
are non-linear and fairly complex. In parallel to developments in statistical
inference two schools of thoughts have developped about how observation
errors should be incorporated into model-based inference and simulations
of fisheries management scenarios. The Bayesian approach specifies con-
ditional likelihood functions for the data given the parameters and makes
use of additional information to formulate prior distributions for model pa-
rameters. In the case of the frequentist approach, the bootstrap method
has become popular for estimating the variance and confidence intervals of
parameter estimates (e.g. Pelletier and Gros, 1991).The question has been
raised whether point estimates needed to be bias corrected and similarly
for confidence intervals. It has been found for fisheries models that bias
estimates obtained by bootstrapping can be rather large. It is not always
clear how reliable these estimates are and what the causes are for the bias.
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2 Bias estimation of point estimates

An estimator g(-) of a quantity of interest 6 is called unbiased if E[g(-)] = 0,
which means it is expected to give the true value. For some estimators this
is true for any sample size n, for others m needs to become very large
(n — o00) for the assumption to hold. For small samples, the difference be-
tween the true value and the estimate is caused by sampling variability. An
estimator is biased if E[g(-)] # 6 and not even collecting more information
will lead to the true parameter estimate. In both cases of biased or unbiased
estimators, the difference between the point estimate and the mean of the
bootstrap estimates 6% can be used for correcting the point estimate. The
bias-corrected point estimate @ is given by Efron and Tibshirani (1993) as

0 =6 — bias = 20 — 6 (1)

As far as we know, the statistical properties of the complicated models
usually employed for estimation in fisheries have not been studied. How-
ever, two inter-linked sources of bias have raised concern in the fisheries
literature. The problems are known as error-in-variables and time series
bias (Hilborn and Walters, 1992). In many fisheries problems, explanatory
variables might be just as uncertain as the dependent variables. In addition
to these sources of bias, violations of model error distribution assumptions
can lead to biased point estimates.

Independent of the causes of bias in point estimates, two types of bootstrap
methods are relevant for bias estimation : the nonparametric sample boot-
strap and the model-based bootstrap (Efron and Tibsharani, 1993). Note
that the two methods do not estimate the same quantity. Whereas the
sample bootstrap creates the empirical distribution of the observations by
resampling the data, in the case of the model-based bootstrap the distribu-
tion function of the observations is defined by the model and its moments
are estimated from the data.

Given that the error distribution of the model is incorrect for whatever
reason, the bias estimates obtained with the model based bootstrap will
themselves be biased. In contrast, the nonparametric sample bootstrap
should lead to consistent estimates of the estimator’s bias. However, as
calculations are carried out by Monte Carlo simulation, bias estimates can
themselves be biased. A double bootstrap technique (nested bootstrap) can
be employed for studying the bias in bias and variance estimates obtained
from bootstrapping (Davison and Hinkley, 1997). Various other bootstrap
techniques can be used for studying the properties of a given estimator.

3 Example : Fisheries stock assessment

The deterministic age structured population dynamics model employed in
many fisheries stock assessement situations for a given species is
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Nt+1,a+1 = Nt’ae_(MaJrFt’a) a = 1, .. Amam, t= 1, LT (2)

where IV; , is the number of individuals of age a in year ¢ that belong to
the same stock (i.e. are part of the same distinct population). The natural
mortality rate at age, M,, corresponds to mortality in the absence of fishing.
Mortality induced by fishing is noted as F} , and the resulting catch Cj,
is calculated as

_ NiaFra(l —e”MetFoo))
B Ma + Ft,a

Chra a=1,... Apae,t =1,...T (3)

Given Mg, Frg, and Fi 4, ., as well as Ciq, for a = 1,... Ay and t =
1,...7T, population numbers at age N;, and all other fishing mortality
rates can be calculated stepwise by solving equation (3) numerically and
then inserting the result into equation (2).

External estimates of M, are required. Abundance indices I; , are avail-
able for maximum likelihood estimation of fishing mortality rates Fr, and
Fia For normally distributed indices we write

mawx *

It,a = qt,aNt,a +6t,a a = 17"'Amaw7t: ].,T (4)

where g, ~ N (0, aa2) and g; , are known catchability coefficients. Similar
formulas can be obtained for other distributions; the lognormal distribution
is rather popular. Note that the observation errors for a given age class are
assumed to come from the same distribution although other error models
are possible. The error variance o2 is unknown and needs to be estimated.
An iterative numerical procedure (simplex algorithm) gives maximum like-
lihood estimates for the unknown fishing mortality rates Fr, and F; 4,,..,
a=1,...Anaes,t = 1,...T, as well as o,. This fish stock assessment ap-
proach is commonly called ADAPT (Gavaris, 1988).

A study on simulated data was carried out to investigate the application of
the bootstrap for estimating the bias of parameter estimates in the above
model. The population and catch data were simulated as for data set 4 in
the study conducted by the NRC (1998) for investigating the performance
of different stock assessment methods. Abundance indices from survey data
were simulated by assuming a stratified sampling protocol and then raising
these estimates to obtain the final abundance indices by age class and year.
This procedure leads to normally distributed abundance indices.

For the nonparametric sample boostrap the survey strata were resampled
with replacement. For both bootstrap methods different observation er-
ror distribution models were assumed for parameter estimation : normal
(true) and lognormal errors. For the model based bootstrap the choice of
standardisation of residuals was also investigated. The stability of all bias
estimates was studied using a nested bootstrap.
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Abstract: The analysis of time series with slowly decaying autocovariances,
usually called long-memory processes, has been extensively studied over the past
decade. Time series with slowly decaying periodic autocovariances have caught
only limited attention recently. We investigate the ability of wavelet transforms,
specifically the discrete wavelet packet transform, to analyze and adequately es-
timate parameters of interest in the case of seasonal long memory. We apply
our methodology to atmospheric CO2 measurements collected at the Mauna Loa
observatory.
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1 Introduction: Seasonal Long Memory

A popular model for long-memory processes is given by the fractional dif-
ference process {X;} such that

(1-B)!X,=¢, (1)

where —1/2 < d < 1/2, B is the backward shift operator and {¢;} is Gaus-
sian white noise with variance o2. This process is stationary and invertible
(Hosking 1981). The spectral density function (SDF) of {X;} has a singu-
larity at zero and is approximately linear on the log scale. The long-memory
aspect is seen through the fact that the autocovariance sequence (ACVS)
decays at a hyperbolic rate.

A simple generalization of this model was given, in passing, by Hosking
(1981) via

(1-26B+ B*)’Y, = e,

where ¢ = cos(27fg) and {¢} is defined as before. The SDF of {Y;} is
given by

Sy (f) = o{4lcos(2nf) — ¢’} °, for —5<f<g, (2)

and hence, exhibits a singularity at |fg| < 1/2 and exhibits an oscillat-
ing ACVS that slowly decays. Gray et al. (1989) showed that {Y;} is sta-
tionary and invertible for |¢| = 1 and —1/4 < § < 1/4 or |¢| < 1 and
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—1/2 < § < 1/2. We call {Y;} a seasonally persistent process (SPP) which
was originally coined by Andé&l (1986). Clearly, the definition of an SPP
also includes a fractional difference process. When ¢ = 1 we have that {Y;}
is a fractional difference process given by (1) with parameter d = 24. A re-
cent article by Arteche and Robinson (1999) contains relevant background
information and an overview of semiparametric estimation procedures con-
cerning seasonal long memory processes. Whitcher (2000) described how
wavelet transforms may be used to simulate SPPs.

2 Discrete Wavelet Packet Transform

The orthonormal discrete wavelet transform (DWT) is known to approxi-
mately decorrelate long-memory processes. It does this through band-pass
filtering the process in such a way that the spectrum in each pass band
is approximately constant. In order to exploit the approximate decorrela-
tion property for SPPs we need to generalize the partitioning scheme of
the DWT. This is easily done by performing the discrete wavelet packet
transform (DWPT) on the process; see, e.g., Percival and Walden (2000,
Ch. 6). Instead of one particular filtering sequence, the DWPT executes all
possible filtering combinations to obtain a wavelet packet tree, denoted by
T={(G,n):j=0,...,J;m=0,...,27 —1}. An orthonormal basis B C T
is obtained when a collection of DWPT coeflicients is chosen with disjoint
ideal band-pass frequencies that cover [0,1/2].

Let hg,...,hr_1 be the unit scale wavelet (high-pass) filter coefficients
from a compactly supported wavelet family of even length L; e.g., Daubechies
or minimum-bandwidth discrete time wavelets. The scaling (low-pass) co-
efficients may be computed via the quadrature mirror relationship g; =
(~1)"*hp 4, for 1 =0,...,L — 1. Now define

I 2 if n mod 4 = 0 or 3;
mE= ) Ry, ifnmod4 =1or2,

to be the appropriate filter at a given node of the wavelet packet tree.

Let Y be a length N = 27 vector of observations and W; ,, (j,n) € T,
denote the vector of wavelet coefficients associated with the frequency in-
terval A\, = (21%, %] Let W ,,; denote the tth element of the length
N; = N/27 vector of wavelet coefficients W ,,. Given the DWPT coeffi-
cients {W;_1, n |} of length N;_1 we produce {W; ,} via

L-1

Wj,n,t = Z un,le—l,L%J,2t+1—lm0de,17 t= 07 17 s 7Nj -1
=0

Since the wavelet coefficients from the previous level j —1 are being utilized
here, constructing the current series of wavelet coefficients only requires a
convolution with L nonzero terms. The vectors W ,, are concatenated, in
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increasing order by ); ,, to construct the DWPT vector W corresponding
to the orthonormal basis B. To start the recursion set Woo = Y. The
DWPT is most efficiently computed using a pyramid algorithm that has
O(Nlog N) operations.

3 Approximate Maximum Likelihood Estimation

Let Y be a realization of a zero mean stationary SPP with unknown pa-
rameters 6, fg and o2 > 0. The likelihood function for Y, under the
assumption of multivariate Gaussianity, is well known. To avoid the dif-
ficulties in computing the exact MLEs of the parameters of interest, we
use the approximate decorrelation of the DWPT as applied to SPPs; i.e.,
Yy R Yy = Wg VNWsg, where Wy is an N X N orthonormal matrix defin-
ing the DWPT through the basis B and Vy is a diagonal matrix containing
2-2

: 2 _
the coefficients v3, = 077 ,, where

nt1

o i [ 1
=2 [ .. {cos2r]) —cosafa)?P ¥

27

for all (j,n) € B such that > ; ). Njn = N (here N;,, = N; for all
n=0,...,27 —1). The approximate log-likelihood function is given by

E((sa fGaUez |Y)

log (1Sv|) + YTS3'Y

= Nlog(o?) + Z [Nj,n log(75,) + ;,ZT 3)
(jm)EB oo

The MLE 672 is easily obtained by differentiating (3), setting it to zero and
solving for o2 which yields

1 W' W.
~2 in jsn
=N Z 2 )

1
(j;n)eB n

Replacing o2 with its MLE, we reduce the complexity of (3) to obtain the
concentrated log-likelihood

L(5,fc|Y) = Nlog(62)+ > Njnlog(7?,). (4)
(4m)eB

The expression in (4) is now a function of only two parameters ¢ and fg,
through the numeric integration in Djzm, whose space of possible solutions

liveson (—1/2,1/2)%(0,1/2). Minimization of (4), over the space of possible
solutions, yields the MLEs § and fg.
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4 Application to Atmospheric CO, Data

In this section we use the DWPT-based method to model 416 monthly
atmospheric CO2 measurements collected at the Mauna Loa Observatory,
Hawaii. The entire record spans 1958-1998 and is available via the internet
at http://cdiac.esd.ornl.gov/ftp/ndp001/maunaloa.co2, but missing
observations reduce the continuous record to span June, 1964 to December,
1998. Woodward et al. (1998) analyzed the second difference of a similar
time series using a two-factor Gegenbauer ARMA model; that is an SPP
with two asymptotes at f; ~ 0.083 and f2 =~ 0.17. The differencing opera-
tion was performed to remove the obvious trend, assumed to be quadratic,
in the measurements. We prefer to remove the trend by filtering out the low
frequency content of the signal through a wavelet multiresolution analysis
(MRA); see Figure 1. The top six series are the wavelet details Dy, ... ,Dg
with mean zero (plotted on the same vertical scale) and the bottom series is
the wavelet smooth Sg associated with frequencies f € [0,1/32). This MRA
is based on the frequency partitioning of the DWT and corresponds to an
orthonormal basis consisting of {(4,1) : 7 = 1,...,J} U {(J,0)}. Notice
how the trend in the data is succinctly captured in the wavelet smooth.
Subtracting the wavelet smooth from the original series produces a new
de-trended series. When compared to the second difference series, band-
pass filtering through MRA appears to preserve the seasonality in the data
without inducing any unwanted effects.

The sample size for the monthly atmospheric CO; measurements is not
dyadic, therefore we padded the time series to 512 observations and per-
formed the DWPT. All wavelet coefficients using any of the 96 extra ob-
servations were removed from future calculations.

Basis selection begins by applying the Portmanteau test of white noise to
the wavelet coefficient vectors W ,, for (j,n) € 7. Thus, a value Q;,, is
associated with each node in the wavelet packet tree. We want to include
all vectors of wavelet coefficients such that Q; ,, does not exceed a predeter-
mined quantile of the x? distribution. This produces an overcomplete basis
in general, and must be orthogonalized by removing the children nodes if
the parent is also included in the basis (a bottom-up procedure).

Once an appropriate orthonormal basis B has been selected, the wavelet
variances 17]2771 may be computed via numeric integration and optimization
of the concentrated likelihood proceeds. Allowing for two asymptotes in
the SDF of our process, the wavelet-based seasonal long memory model
provides the following MLEs: 31 = 0.49, f1 ~ 0.079, 52 =041, fg ~ 0.160
and suggests the model

(1 —1.758B + B?)%%°(1 — 1.068B + B*)** (Y, — S5;) = €.

The first (4, fo)-pair corresponds to the strong annual component in the
data. This is apparent in Figure 1 where the majority of energy is con-
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FIGURE 1. Multiresolution analysis of monthly CO2 measurements.

tained in the third wavelet detail, corresponding to the frequency inter-
val A3 1 = (1/16,1/8]. The second (4, fo)-pair is associated with the first
harmonic of the annual frequency and contributes less, as indicated by its
smaller fractional difference parameter. These estimates agree with the ones
obtained in Woodward et al. (1998).

5 Conclusions

As shown here, we believe that wavelet methodology provides a useful tool
for all aspects of time series analysis — from exploratory data analysis to
computationally intensive procedures such as maximum likelihood estima-
tion. Not only do wavelet transforms simplify computations, they also fa-
cilitate a more straightforward interpretation of complex features by break-
ing the process down on a scale by scale basis. Further enhancements to
wavelet-based estimation procedures for seasonal long memory models and
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residual analysis, such as allowing short-memory autoregressive or moving
average terms, are required in order to round out this methodology.
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Abstract: We generalize the mixture autoregressive (MAR) model to the gener-
alized mixture autoregressive with exogenous variables (GMARX) model for the
modelling of nonlinear time series. The models consist of a mixture of two Gaus-
sian transfer function type models with the mixing proportions changing over
time. The advantages of the GMARX model over other nonlinear time series
models include a fuller range of shape changing predictive distributions, the abil-
ity to handle cycles and conditional heteroscedasticity in the time series, and a
better point prediction. The estimation is easily done via a simple EM algorithm
and the model selection problem is addressed. The GMARX model is illustrated
with the riverflow data of River Jokulsad Eystri of Iceland.

Keywords: EM algorithm; Forecasting; Mixture model; Model selection.

1 Introduction

In the past two decades, many nonlinear time series models have been
proposed in the literature. See Tong (1990) for a comprehensive review.
These models usually specify a nonlinear conditional mean and/or variance
function. Despite the success of these models reported by many researchers,
there is a major limitation of these models in application to some real
life time series. This limitation comes from the fact that the conditional
distributions of the time series are usually assumed to be Gaussian. Under
the normality assumption, the marginal and/or conditional distributions of
the time series are unimodal and symmetric. However, in real life many time
series display features which seem to violate the normality assumption.
Several attempts have been made to incorporate the shape changing fea-
ture of conditional distributions into a nonlinear time series model. Mar-
tin (1992) introduced the multipredictor autoregressive time series models
which tried to identify the shape of conditional distributions explicity. How-
ever, these models are quite difficult to estimate. Le et al. (1996) introduced
the Gaussian mixture transition distribution models which allow a bit more
flexibility in the shape of conditional distributions but these models cannot
handle cyclical time series well because of the restrictions inherent in the
models (Wong and Li, 2000).
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Recently, Wong and Li (2000) generalize the idea of mixture distributions
to the nonlinear time series context. The proposed mixture autoregressive
(MAR) model is actually a mixture of K Gaussian autoregressive mod-
els. As a mixture model, the conditional distributions of the time series
given the past history are changing over time. These distributions can be
multimodal. Despite the success in applications to some real data, several
extensions of the MAR model are possible.

We generalize the MAR models to the generalized mixture autoregressive
with exogenous variables (GMARX) models. The GMARX models extend
the MAR models in two ways. First, they incorporate the information given
by the exogenous variables. Second, unlike the MAR models, the mixing
proportions can be changing over time depending on the past history of
the variable of interest as well as the exogenous variables. While these new
GMARX models retain the abilities in describing the shape of conditional
distributions and capturing heteroscedasticity (Engle, 1982), the quality
of the point forecasts generated is also much better than those generated
from the MAR models. The selection of the GMARX model can be aided
by a minimum Bayesian information criterion procedure and a hypothesis
testing procedure. The GMARX model is illustrated with the riverflow data
of River Jokulsa Eystri of Iceland.

2 The GMARX model

Suppose we are interested in the time series {y;} and we have also observed
[ time series of exogenous variables, {z; ¢, = 1,... ,l}. The GMARX model
under consideration is defined by

F (y| Fr—1,) = ZZZI o P(eri/or),

l i
€t =Yt — Mkt = Yt — ¢k0 - 2521 ¢kiyt—i - Zi=1 ?’kzo 5kij$i,t—j, (1)
log(au,¢/azt) = Bo + Brvie + - . . + BmVmt-

Here F(y:|Fi—1,Q:) is the conditional cumulative distribution function of
Y; given the information in the sets F; 1 and €, evaluated at y;; Fr1 =
We—1,91-2,--- s Q¢ = {$1,t,fv1,t—1, s e Tty Tlt—1,y - - }; @(:) is the
(conditional) cumulative distribution function of the standard Gaussian
distribution; ay ¢ is the mixing proportion for the kth component, oy ; +
asy = 1; v € Fi1 UQy for ¢ = 1,... ,m. We call the last equation in
model (1) the logistic equation.

The GMARX model is actually a mixture of two Gaussian transfer function
type models. The shape of the conditional distributions of Y; changes over
time as the conditional means of the two components are dependent on past
values of z; ; and y; as well as the mixing proportion, o ;. The conditional
distributions can be either unimodal or bimodal. The conditional expecta-
tion of Y} is given by E(Yz|Fi—1, Q) = 1,101t + @2t p42,¢- This conditional
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expectation may not be the best predictor of the future values. For exam-
ple, if a1+ = agy = 0.5 and the difference between the means of the two
components are large, p1,; > ¢ say, this conditional expectation should
not be a good forecast of Y; as it is located between the two modes of the
conditional distribution and the probability mass around this conditional
expectation would be quite small. Note that the merit of the mixture type
time series model lies in its ability to describe the conditional distribution
of the time series.

The GMARX model is capable of capturing changing conditional variances.
The conditional variance of Y;, is given by

2 2 2 2
2 2
var(Y;| Fe1,%) = E 0k,t0), + E Ok,tlk ¢ — E Of,thk,t | -
k=1 k=1 k=1

This conditional variance of Y; is changing over time and will depend on
the mixing proportions at time t as well as the conditional means of the
two components.

For the purpose of forecasting, suppose we are interested in evaluating the
function g(Y;4r|Ft, Qiqr) for r > LI g(Yeyr| Foy Qigr) = E(Yegr| Fey Qigr),
we are interested in the r-step point forecast. If g(Yi4r|Ft, Qtyr) = F(Yiir
Fi,Qyr), we are interested in the r-step ahead predictive distribution.
Note that we assume here that the information of the exogenous variables
is known up to time ¢ + . Granger and Terdsvirta (1993) give an account
for r-step forecasts based on general nonlinear models. We discuss three
approaches here, namely the naive, the exact and the Monte Carlo ap-
proaches.

In the naive approach, we have

9(Yair| Fi, Qsr) = g(Yetr| Fey Qegrs Gt 15 -+ 5 Ytr—1)

where §iy1, ... ,Jt+r—1 are the naive forecasts of y;y1,... , Y41 given the
information sets F; and $2;4,. In the exact approach, we have

9(Yerr|Ft, Qupr) = /"'/Q(Yt—i-r|'7:t79t+rayt+la--- s Yitr—1) X

f(yt+1, ce- ,yt+r71\ft, Qt+r)dyt+1 e Y1

where f(Yit1,-- - Yttr—1|Ft, Qeqr) is the joint density function of yz11, ...,
Yet+r—1 given the information sets F; and Q4,. In the Monte Carlo ap-
proach, we have

N

1 . )
9(Yeir| Fey Qusr) = N Zg(yﬂﬁft, Qtrs Yis1s > Yipr_1)
j=1
where {yf_H, cee yz_,_r_l} are sampled from f(yei1,--- , Yerr—1|Fts Qetr)-

The naive approach is convenient but the Monte Carlo approach is prefer-
able when a higher degree of accuracy is required.
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3 Estimation and Model Selection

For the estimation of the parameters of a GMARX model, the EM al-
gorithm (Dempster et al., 1977) is employed. The standard errors of the
parameter estimates can be computed by the Missing Information Principle
(Louis, 1982). Extensive simulation studies indicate that the EM estimation
method has small bias and reasonable standard errors, and the theoreti-
cal standard errors computed using Louis’ method match the empirical
standard errors well.

Model selection of the GMARX model can be done via a minimum Bayesian
information criterion (BIC) procedure. Hypothesis testing concerning pa-
rameters in the logistic equation of the GMARX model can be done with
the usual likelihood ratio test procedure. Simulation studies reveal that the
minimum BIC procedure and the likelihood ratio test have good properties.

4 Example: River Jokulsa Eystri data

We fit the GMARX model to the riverflow data of River Jokulsa Eystri
of Iceland. The data consist of the daily riverflow (y;) in m®s™!, the daily
precipitation (z1.) in mm, and the mean daily temperature (z2;) in °C
at the meteorological station at Hveravellir from 1 January, 1972 to 31
December, 1974. There are 1,096 observations. An important hydrological
feature of this river is that there is a glacier on the drainage area. Conse-
quently, temperature has certain influence on the riverflow besides melting
the snow. See Tong (1990) for a description on the data.

The orders p1,p2, q11, q12, g21, q22 and m as well as the variables v;; of the
GMARX model were chosen by the minimum BIC procedure. The fitted
GMARX model is

F(yt|ft71, Qt) = @(61¢/7356) + @(62¢/8.3592),

e1t =Yg — 3.6866 — .9324y;_1 + .0705y;_2 — .0382x1 ; — .0663x7 ;
+.0396.’172’t,1,

eos = Yp —3.7124 — 1.1984y, | + .4938y; o — 3317y, 3 + .1418y; 4
—.3894x1 , + 278021 41 — 664220 — 1.150622 11 + 670729 4_o
+.6580$27t_3,

log(ar s /ag) = 8.1542 — 3527y, 1 + 1466y, 3 — 115421 ; — 19872 ;.

We compare the GMARX model with the open-loop threshold autoregres-
sive (TARSO) model (Tong, 1990), the nonlinear additive autoregressive
with exogenous variables (NAARX) model (Chen and Tsay, 1993), the
nested threshold autoregressive (NeTAR) model (Astatkie et al., 1997) and
the linear transfer function (TF) model. We compare these models based
on the out-sample forecast performance and the ability in describing pre-
dictive distributions. We divided the data into two parts: the initialization
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TABLE 1. Mean squared prediction errors of forecasts for the River Jokulsa
Eystri data.

Lead time GMARX TARSO NAARX NeTAR TF
1 59.90 62.38 61.64 48.79 67.68
2 141.77 148.60 140.82 115.72  166.36
3 179.74 191.93 176.90 164.58 217.65
4 208.30 225.86 199.83 208.50  257.12
5 226.47 250.33 215.28 242.24  277.87
6 248.78 271.91 230.84 273.75  290.04

TABLE 2. Empirical coverages of the (1 — «)100% one-step ahead prediction
intervals for the River Jokulsa Eystri data.

(1 - a)100%
Model 95 90 80 70 60 50
GMARX 91.78 89.32 84.10 77.53 67.95 58.08
TARSO 92.88 90.41 86.03 78.36 70.96 63.56
NAARX 90.68 89.32 85.21 79.73 75.89 70.96
NeTAR 91.78 89.86 87.95 83.56 77.53 69.04
TF 91.51 90.68 86.58 81.37 78.36 72.88

(years 1972 to 1973) and the testing (year 1974) parts. We first fitted these
models to the initialization part. We then generated one-step to six-step
ahead forecasts and one-step and two-step prediction intervals, based on
these fitted models, for the data in the testing part.

Table 1 show the mean squared prediction error of the one-step to six-step
ahead forecasts for the riverflow generated by each model. From the table,
the NeTAR model performs best when the lead time is small while the
NAARX model performs best when the lead time is large. For small lead
times, the performance of the GMARX model is comparable with that of
the NAARX model. For larger lead times, the performance of the GMARX
model is only slightly inferior to that of the NAARX model.

The empirical coverages of the one-step and two-step ahead prediction in-
tervals for the riverflow generated by each model are shown in Tables 2
and 3. From the tables, the empirical coverages of the GMARX-based and
the TARSO-based prediction intervals are closer to the nominal coverages
than the prediction intervals generated by other models.
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Abstract: Estimation and lag selection methods are proposed for non- and semi-
parametric seasonal nonlinear autoregression models, using either local constant
or local linear estimation. For the semiparametric models, after preliminary esti-
mation of the seasonal parameters, the nonparametric function estimation and lag
selection are the same as for standard models. The semiparametric methods are
applied to UK public investment data and indicate strong nonlinear dynamics.
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1 Nonparametric Method

In nonlinear time series analysis, nonparametric estimators provide great
flexibility since no parametric function class must be chosen a priori. This
flexibility has not been available for seasonal time series because the nec-
essary stationarity condition is violated when seasonality is present. A
popular approach to remove seasonal nonstationarity is to use seasonally
adjusted data. This, however, is not justified for nonlinear modelling for
at least four reasons. First, the effect of such seasonal filters on data ex-
hibiting nonlinearities is unclear as virtually all seasonal adjustment pro-
cedures have been designed for linear processes. Second, Ghysels, Granger
and Siklos (1996) showed that some of these procedures such as X-11 in-
volve nonlinear transformations which may change the properties of the
original data. Third, data adjusted with most model-based seasonal ad-
justment procedures and procedures with model-based interpretation are
noninvertible. Such procedures include those used by official agencies. See
e.g. Maravall (1995) for details. Thus, an additional approximation error is
introduced if finite order AR models, either parametric or nonparametric,
are used. Finally, using seasonally adjusted data is misleading if an orthogo-
nal decomposition of the original data into a trend, a seasonal and irregular
component does not exist. See the examples in Franses (1996, Chapter 6),
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who promoted periodic linear autoregressive models with autoregression
parameters that vary with the seasons. Therefore, standard nonparametric
models are not appropriate for seasonally adjusted data.

Yang and Tschernig (1998) considered a realization {Y;}7, of sample size
n + 1 of a process which has a stationary distribution for each of the S
seasons. We write index t as t = s + ST where s =0,1,...,5 — 1 denotes
the season and 7 = 0,1, ... represents a new time index.

The most general seasonal process which we consider is the seasonal non-
linear autoregressive (SNAR) model given by

YS-‘,—TS = fS(XS+TS) + Ui/Z(Xs—i-'rS)gs—i-TS (1)

where X; = (Y; i, Yi iy, -, Yi_4,, )T is the vector of all the correct lagged
values, i1 < -+ < iy, &’s are i.i.d. with E(&) =0, E(§}) =1,t =s+715 =
Im,tm=+1, .... In contrast to the standard nonlinear autoregression model the
regression functions { fs}f;Ol here are allowed to vary with the S seasons.
This is a nonlinear generalization of the periodic AR (PAR) model

p
YS-"-TS - bs + Z aisyvs-l—TS—i + €s4+785-

i=1

For this reason, one can also view the SNAR model as a periodic nonlinear
autoregression. Yang and Tschernig (1998) provided local constant and

~y5-1
local linear estimators { fs} for functions { fs}f:_o1 in (1), with a data-
s=0

driven bandwidth selected as in Yang and Tschernig (1999). They then
defined the Final Prediction Error (FPE) as the following functional

FpE(115) = 13 8 {Fotrs = Eer)} 0Easrsn)
s=0

where w denotes a weight function and {Y;} is another series with exactly
the same distribution as {Y;} but independent of {Y;}. This was an exten-
sion of the final prediction error lag selection criteria of Tschernig and Yang
(2000) to SNAR model. It was proposed that lags W1,...,im be selected
to minimize the FPE, and it was shown that this would lead to consistent
selection of the correct set of lags i1 < - -+ < i,, as n — oo.

2 Semiparametric Methods

Since estimation and lag selection of model (1) are conducted within each
season, the effective sample size is n/S, which may be too small for some
macroeconomic applications. One may, however, restrict the seasonal vari-
ation of the functions between the s-th and the 0-th season to a constant
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shift bs: fs(-) = f(-) + bs, s =0,1,2,...,5 — 1. By definition by = 0. The
resulting process

Yoirs = [(Xsirs) +bs + 03/ * (Xotrs)Esirs (2)

is a seasonal dummy nonlinear autoregressive (SDNAR) model since it
generalizes the seasonal dummy linear autoregressive (SDAR) model

p
YS+TS =bs + Z aiYS+TS*’L’ + €strs. (3)
i=1

~

5-1
A set of estimators {bs} was proposed in Yang and Tschernig (1998) for
s=1

the dummy parameters {bs}‘j;l1 by averaging the differences fs(a:)—ﬁ)(m)
~yS-1
where the functions { fs} are obtained for the general model (1). Af-

s=0
~ 3 5-1

ter removing {bs} ) from Ysi,g’s for all s, the effective sample size for
SDNAR model (2)Sis n for function estimation.

Another way of restricting the seasonal nonlinear autoregression model (1)
is to assume that the seasonal process is additively separable into a seasonal
mean shift s, s =0,1...,5—1, and a nonseasonal nonlinear autoregression
{U:}, i.e. Yoirs = 05 + Ustrs. One may call

Yorrs —0s = f(Yours—i, = 0fs—ir}s--+ s YotrS—im — 0{s—irn})
+0 Y2 (Vogrs—iy = 0fsir}s--- » YorrS—in, — Ofs_in})sirs (4)

a seasonal shift nonlinear autoregressive (SHNAR) model, where for any
integer a, we define {a} as the unique integer between 0 and S — 1 so that
a — {a} is a multiple of S. For identifiability, one assumes that §yp = 0.
This seasonal shift model is another way of generalizing the SDAR model
(3) where the constants dy,...,05—1 of the linear model are obtained up
to an additive constant via the system of linear equations by = s —
>r @;ibs—i3,8 = 0,1,...,8 — 1. Again, Yang and Tschernig (1998) pro-
posed a method to estimate all parameters dq,...,0g_1 and then remove
them from the process in order to achieve an effective sample size of n.
An alternative to the shift model (4) is analysed by Burman and Shumway
(1998) who allow the seasonal shifts to be multiplied by a nonlinear func-
tion of time, however, at the cost of assuming the nonseasonal component
to be linear.

3 An Example and Discussion

The three proposed models cover various kinds of deterministic seasonality.
Nonstationarity due to stochastic seasonality has to be removed prior to
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TABLE 1. Semiparametric lag selection of fourth differences of UK public invest-
ment

Model | Criterion | Selected lags
dummy | FPE 1,6,5

shift FPE 1,6,5

linear FPE 1,2,4,6

linear AIC 1,2,4,6,8
linear SC 1,2,4

Note: The maximal lag considered is 8 and all possible lag combinations are
considered. The AIC stands for Akaike Information Criterion, SC the Schwarz
Criterion.

the non- or semiparametric modelling (just like trends). In order to avoid
overdifferencing and thus a noninvertible series one may use the HEGY-
test (Hylleberg et al., 1990). Simulation study of Yang and Tschernig (1998)
showed that the proposed seasonal lag selection methods work even in small
samples.

We apply the semiparametric methods to the quarterly UK public invest-
ment in 1985 prices from 1962:1 to 1988:4 taken from Osborn (1990). A
detailed analysis using linear periodic models and seasonal unit root testing
by Franses (1996) can be found at

http://www.cs.few.eur.nl/few/people /franses/research/book1.htm. The anal-
ysis is done with log data.

Franses (1996, p. 66-72) used the HEGY procedure and extensions and
found for the UK data unit roots at all seasonal frequencies and the zero
frequency. We therefore investigate the series after applying the filter (1 —
B%), and then divide the series by its standard deviation.

The selection results for the fourth differences of the UK public investment
data are presented in Table 1. After having applied the fourth order differ-
encing filter, there is no relevant seasonality left in the data since removing
seasonal shifts from the series does not change its variance. One may there-
fore expect the SDNAR and SHNAR model to perform similarly. Indeed,
the chosen lag vector 1,6,5 is the same for both models. In contrast, all
linear criteria contain the different vector 1,2,4.

Residual diagnostics showed no sign of misspecification. The surfaces of the
estimated regression function of the SDNAR, model are shown in Figure 1
where the value of lag 5 is fixed at —0.10, 0, 0.10. All surfaces look quite
smooth. The deviation from linear hyperplanes is not quite pronounced but
still evident. To reject linearity formally, nonparametric testing procedure
is needed which is not yet available.
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Abstract: We consider the fitting of latent Gaussian models to categorical time
series of cow feeding data. We derive a spectral quasi-likelihood for the data,
and compare it with least squares fits to autocorrelations and MCMC estimators
of the parameters in thresholded ARMA processes. We show that the spectral
method is more efficient than least squares and far faster than MCMC.
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1 Introduction

The analysis of categorical behaviour data (Haccou and Meelis, 1994) poses
many challenges for statisticians. In particular, we consider binary feeding
data, collected for 30 days in May 1995 as part of a longer experiment at
Langhill Dairy Cattle Research Centre, Edinburgh (Tolkamp et al., 1998).
Thirty-six cows had continuous access to food in electronic feeders, and time
spent at feeders was recorded automatically. Figure 1 shows three days of
feeder-visit data for one cow, together with a derived variable, feeding data,
obtained by suppressing short intervals away from feeders (Tolkamp et al.,
1998). We prefer to model this variable as it is less susceptible than the
feeder-visit data to herd and dominance effects. The data are recorded in
continuous time, which we have discretised at one minute intervals.

We postulate a latent, Gaussian-distributed, physiological variable, with
feeding occurring when this variable exceeds a threshold. Latent variables
may be stochastically linked with categorical data, such as a logistic re-
sponse (Keenan, 1982), or deterministically linked (Cox and Snell, 1992),
as in our case. For categorical data, latent variables offer a more flexible
approach than the use of either stochastic compartment models or hidden
Markov models (MacDonald and Zucchini, 1997), because they simplify
the inclusion of diurnal cycles, covariates and multivariate dependencies
between animals.
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FIGURE 1. Three days of data for one cow: (a) feeder-visit data, (b) feeding
data.

In Section 2, we relate the autocorrelations of the observed and latent pro-
cesses, taking diurnal pattern into account. Then, in Section 3 we derive a
spectral quasi-likelihood and estimate parameters in latent ARMA models
using both it and a least squares fit to autocorrelations. In Section 4, we
compare the efficiencies of these estimators. Finally, in Section 5 we discuss
the results.

2 Awutocorrelations

From data such as Figure 1, there is evidence for a diurnal feeding effect. We
estimate the probability of feeding at a particular time of day by averaging
observations at nearby times for all days. We used cross-validation to select
an optimal window width of approximately one hour, by omitting each day’s
data in turn and then predicting it.

We estimate autocorrelations in the latent Gaussian process {y;}, denoted
ﬁl(c) at lag [, from the observed binary process {z;}, by numerically max-
imising quasi-likelihoods of the form

> log [ / Fes yer507) dys dyest
t Ly JLey

Here, the integration interval, L, is (—oo,T}) if z; = 0 and (T}, 00) if
x¢ = 1, threshold T; is chosen so that the probability of not feeding, ®r,,
matches the diurnal trend, where ® is the standard normal integral from
—oo to T, and f denotes the bivariate Gaussian density with zero mean
and unit variance.

In the absence of trend, T is a constant and ﬁl(c) simplifies to a tetrachoric
correlation, estimable from the functional relationship

P = (P2 (p®) — 93) /(01 — 93), e
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where p(® denotes a sample autocorrelation of the binary process and
@7 1(p®) is the bivariate normal integral from —oco to T with correlation
p(@ . Expression (1) can also be used to compute expected autocorrelations
of the binary process, p(®), from those of the Gaussian process.

3 Model estimation

Inspection of p(& for the cows indicates that the simplest form of ARMA
process that could provide an adequate model is an ARMA(2,1) model, with
the additional benefit that this process has a continuous time analogue.
ARMA parameters can be estimated in an ad-hoc way via least squares,
i.e. minimise 27:’/12 (o1 — p1)?, using either binary or Gaussian autocorrela-
tions and some choice of n’. However, sample autocorrelation coefficients
are highly correlated, so this is not necessarily an efficient estimation pro-
cedure. An alternative is to transform to independent statistics, for which
the natural choice is by the Fourier transform. Whittle (1953) derived the
spectral approximation for the log-likelihood, £, of an m-dimensional sta-
tionary multivariate Gaussian process of length n, which has the form of a
set of independent complex Wishart distributions (Brillinger, 1975):

1 2 1 ~14
LZ_E Z 10g|5k|—5 Z trace[Sk Sk (2)

Here S and Sy are, respectively, the m x m complex matrices of cross-
spectral and cross-periodogram coefficients at frequency 27k/n, so in our
case,

n_q
2
; n
Sk = g pl(c)e_QT”kl/" fork:—a,...7

I=—2

2

n
——1. 3
L (3)
For a rigorous proof, see Coursol and Dacunha-Castelle (1983). Note that,
in our application the Gaussian process is latent, so (2) can only be con-
sidered as a quasi-likelihood, and we also consider the same functional
expression but with p(® replaced by p(®.

We have extended the proof, to show that, for short-memory processes such
as ARMA models, £ can be approximated by a ‘restricted’ likelihood, £’:

’
nl_1 ol 1

n 14
L= “ o Z log |S;,| — o Z trace[ Sy " S'k],
't

where n' < n, with considerable computational saving. Here Sj, and S
are obtained as the discrete Fourier transforms of cross-correlations up to
lag n'/2 only, by replacing n by n’ in (3).
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The proof relies on re-expressing £ as

n_q n_q

_ 1 1 (&)
C——§ Z 1og|Sk|—§ Z trace[oy p;”’],

k=—2 I=—1

and similarly £’, where o is the inverse autocorrelation coefficient at lag
l, defined as

n_q
2
= Y S te R fori=—Z 21 (4)

k=—12

Here we use a multivariate generalisation of the univariate case consid-
ered by Cleveland (1972) and Chatfield (1979). We define ;] similarly, but
replacing n by n’ and S by S’ in (4).

The proof requires that pj and oy are negligible for |/| > n’/2, and that Sy
is a continuous function of k. These conditions hold for ARMA processes,
typically for small values of n’, because autocorrelations and inverse auto-
correlations decay exponentially (Chatfield, 1979; Box and Jenkins, 1976).
The proof then follows by showing that o] ~ %’al, Sy ~ Sz and

o o B
Z log |S;,| ~ g Z log | S|
—__n' k=—2
——n .

Figure 2 shows p(® and p(® for one cow with ARMA parameter values
of ¢ = (1.9716,—0.9728),0 = —0.9927, obtained by numerically maximis-
ing the Gaussian spectral likelihood. Similar values were obtained by least
squares estimators for a range of values of n’ and with fits directly to the
binary process.
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FIGURE 2. Gaussian autocorrelations for one cow: (—) p(@, (- - -) p(&.
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4 Efficiencies of estimators

We compare efficiencies of least squares and spectral estimators of ARMA
parameters by simulation, for a range of models, of values of T, n and n’
and use of either binary or Gaussian correlations. MCMC, combining Gibbs
sampling with a Metropolis-Hastings algorithm, was also used for smaller
values of n, to obtain a fully efficient estimator by maximum likelihood.
Note that, in general, the MCMC method uses too much CPU time to be a
practical alternative. A representative set of results is given in Table 1. For
the AR(1) processes, all the methods are seen to be nearly as efficient as
MCMC and so the spectral approach offers no clear benefit. For the other
processes the spectral method is generally seen to be more efficient than
the least squares, in some cases the improvement being quite substantial.
The optimal value of n’ for least squares is quite crucial, typically 2 or 4,
whereas for the the spectral method, the exact choice of n’ is not important,
it simply has to be sufficiently large, typically greater than about 10.

Model / n T LS Spectral | MCMC
Parameter values (B) (G)| B) (G)

AR(1) 100 0| 145 146 | 142 145 140

=056 1]183 190 | 181 191 172

1000 0| 36 37| 36 38 34

1| 43 48 43 50 39

MA(1) 100 0| 291 291 | 256 247 143

0=-0.6 11327 339|321 333 202

1000 0| 148 148 95 104 *

1] 135 155 | 110 155 *

ARMA(L,1) 100 0| 487 489 | 451 311 275

(6,6) = (0.6,—0.3) 1] 621 612 | 58 431 300

1000 0 | 107 107 | 104 82 *

11243 212 | 234 122 *

CPU time (seconds) 09 23| 37 78 50000

TABLE 1: 1000 x RMSE of parameter estimates, averaged over 100 sim-
ulations, at optimal value of n’. The smallest value in each row, excluding
MCMC, is highlighted. (MCMC was too slow to apply for MA(1) and
ARMA(1,1) processes when n = 1000.) CPU times are for a SunUltra2 to
process 100 series of length 100 for each estimation method.

5 Discussion

Latent Gaussian processes are flexible models for categorical behaviour
data. In particular, we have seen that a latent ARMA(2,1) process shows
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promise as a model for cow feeding data. We have explored alternative
estimators, both analytically and by simulation, and found that the use of
a spectral quasi-likelihood is both computationally quick and more efficient
than least squares alternatives.

Further work will involve a more comprehensive simulation study for
ARMA(2,1) processes. Also, we will explore ways of modelling a group
of cows simultaneously in a multivariate framework, and the relationship
between the latent Gaussian model and stochastic compartment and hidden
Markov models.

Acknowledgements: We thank Ilias Kyriazakis, Bert Tolkamp and Langhill
Dairy Cattle Research Centre, Edinburgh, for the data. We also acknowl-
edge Colin Aitken and Elizabeth Austin for their input into this work and
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Abstract: We address the problem of completing a data matrix in which some
observations are missing. Two algorithms, which use regression and/or classifica-
tion trees, are proposed to impute the missing data. The algorithms have some
desirable properties like making few assumptions and being well suited to multiple
imputation.
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1 Introduction

Let X be a N x (p + ¢) data matrix, with entries partly missing. This
includes: i) Scattered missing entries which were never recorded, or were
subsequently lost; ii) A full block missing, say the Ny X ¢ block consisting
of the last Ny rows and g columns.

A problem of practical relevance is that of drawing inferences from such an
incomplete data set, and a considerable body of literature exist on this issue.
A landmark is the monograph Rubin (1987), setting up a methodology
and advocating the use of multiple imputation. A recent monograph is
Schafer (1997) which develops algorithms for imputation based on the EM
algorithm and data augmentation.

The use of Schafer’s algorithms implies the specification of a parametric
model and a (possibly non-informative) prior on the parameters. Our intent
has been to produce a good all-purpose nonparametric method, capable of
coping with situations where little is known about the underlying data
generation mechanism. We have explored methods which use binary trees
(see Barcena and Tusell (1999)) to perform the imputation, and developed
two algorithms suitable for different situations.

2 Tree-based Algorithms

Consider the situation labelled ii) in the Introduction. Call X,ps the vector
of fully observed variables for all Ny + Ny cases (the first p columns) and
Xmis the vector of the last g variables incompletely observed. We would
like to impute X,is for the last Ny subjects with a method:
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1. Making as little assumptions as feasible on the joint distribution of
the (p + q) variables;

2. Allowing for multiple imputations, and

3. Taking into account the structure of the ¢ variables that are imputed.
So the g variables will be imputed jointly.

Binary trees are a flexible tool to capture the relationship between a re-
sponse and a set of predictors. However, there is no widely available method-
ology to construct a tree with multivariate response. Ciampi(1991) requires
the especification of a likelihood. Recently, Siciliano and Mola(2000) pro-
pose a splitting criteria to grow decision trees with multivariate response.
The next two algorithms, built around univariate response binary trees, are
designed to meet the three goals above.

2.1 The forest climbing algorithm

Let V.|, be a binary tree “regressing” z on the variables in z. The forest
climbing algorithm proceeds as follows:

1. Build trees Vx| Xopss -+ s YXp1q|Xons USing the CART methodology
(see Breiman et al. (1984)) and the N; complete observations.

2. Drop each of the Ny incomplete cases down the ¢ trees constructed.
Let case i fall in the terminal nodes labelled (4;1,...,%; ) of trees
(respectively) Vx, i [Xoper- - 1 VXpsqlXops Call (€1 N ..Ml g) the
subset of the IN; complete cases which also end in said leaves. If
(¢;1N...N¥¢4) # 0, impute the missing values of case ¢ by those of
one in (¢;1 N...N¥;q). If multiple imputation is desired, sample k
cases out of that intersection.

3. If (4ixN...N4ig) = 0, iteratively replace leaves by their ancestors
(“climb the trees”) until a non empty intersection is found from which
one or more complete cases can be drawn. We climb first the tree
where the replacement of a node by its ancestor leads to the least
possible increase in deviance.

The idea is disarmingly simple. Take any tree Vx, x,,,, P < k < p+gq. The
leaves of that tree are classes of a partition of the predictor space such that,
within each class, knowledge of Xops cannot help us in further refining our
prediction of X (otherwise, the leave would have been splited). It then
makes sense that if subject ¢ with unknown X} ends in leave ¢; ; when
dropped down the tree Vx,|x,,. its Xi value be predicted by a function of
the X} values of subjects in the training sample which ended in the same
leave.
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Since we want to jointly impute all values in X,y;s for the subject at hand,
we would like to use complete cases in (¢;1 N...N¥; ), and this is exactly
what the algorithm above does.

This algorithm can be considered as a nearest neighbour method in which
“nearness” is defined as “falling in the same leaves than”. Similar ideas exist
in the literature, under the name of predictive mean matching.

2.2 The cascade algorithm

Jointly imputing X,is given the values in Xops is easy as soon as we have
the conditional distribution f(Xobs|Xmis): we only have to draw from that
distribution to perform multiple imputation. To generate observations with
approximate distribution f(Xobs|Xmis), the tree cascade algorithm follows
the steps:

1. Using the N7 complete observations, construct a sequence of g trees:

{yXerﬂXobs ) yXp+2\Xob57Xp+1 ret ’yXp+q‘Xobstp+17--- 7Xp+q—1}'

2. For each incomplete observation with observed Xops,

e Drop Xops down the first tree. Sample the leave where it ends
to obtain a value X,1.
A tree can be regarded as a mechanism generating observations
with a given conditional distribution. So in this step we generate
an approximate random drawing from f(X,11|Xobs)-

e Since f(Xp+17 Xp+2|Xobs) = f(Xp+1|X0bS)f(Xp+2|X0b57Xp+1)7
to generate an approximate random drawing from
f(Xp+1a X;D+2|Xob5):
Drop (Xobs; Xp+1) down the second tree in the sequence. Sam-
ple the leave where it ends to obtain a vector of imputed values
(Xp+17 Xp+2)-

e Do likewise for the rest of the trees in the sequence. The last tree
produces an approximate random drawing from f(Xmis|Xobs)-

There are several ways to determinate the order in which each missing
variable is used as a response variable in each tree of the sequence. We have
investigated two different alternatives: best first and best last. In the first
case, the trees are used in order of decreasing goodness of fit; the rationale
being that, since each imputed variable can be input in subsequent trees,
we want the values imputed earlier to be of the best possible quality.

On the other hand, in order to ensure consistency of the imputed variables,
the whole vector X, 1,...,X,44 is imputed at the last step, which makes
desirable a high quality tree at the end of the cascade.
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3 Implementation and simulated results

We have written functions to implement our methods in the statistical
language R (see Venables at al.(1997) for a description). We have used
the functions in the rpart package (see Therneau and Atkinson(1997)) as
building blocks. For the purpose of comparison, we used the routines in the
package norm, a port to R (by Alvaro Novo, and available at CRAN, http:
//cran.ar.r-project.org) of the programs of the same name described
in Schafer(1997).

We have generated data from a multivariate normal distribution N;5(0, X)
with ¥ exhibiting moderate correlation among variables. The variables were
standardized to have variance equal to one. Each of the two hundred repli-
cations generated contains N = 500 observations. The last N, = 50 ob-
servations of the last ¢ = 5 variables were deleted and then their values
imputed using the remaining N; = 450 complete observations as the train-
ing sample.

We have simulated the behaviour of the forest climbing algorithm (FC) and
the cascade algorithm, both with best first (BF) and best last (BL) order-
ings and joint imputation (that is, all of the missing values are imputed at
once, thus ensuring compatibility of the imputed values). We have also sim-
ulated the behaviour of the cascade algorithm with BF order and individ-
ual imputation of each variable (IND). Finally, we have simulated Schafer’s
method (NOR), using the EM algorithm to find the maximum likelihood
estimates of the parameters conditional on X,ps and subsequently drawing
random observations from that conditional distribution f(Xmis|Xobs)-
Figure 1 shows the mean square error (MSE) of imputation for four of the
variables, averaged over the 200 replications of the experiment (the fifth
variable, not shown for lack of space, behaves similarly). Notice that a naive
strategy of imputing with a random complete subject from the sample (cold
deck) would give a MSE of 2. Naive imputation using the mean would give
a MSE of 1. Since data is generated following a multivariate normal model,
we can expect the parametric method (NOR) to perform best, and this is
indeed the case. What is interesting is that the forest climbing algorithm
is always a second best. When imputing using the cascade algorithm, the
minimum MSE is of course obtained imputing each variable separately.
Of the remaining two cascade algorithms, neither order BF or BL seems
uniformly better (see for example the results for variable X11 and X12 in
Figure 1). Additional more extensive results are available from the authors.

4 Some remarks

Both the forest climbing and cascade algorithms meet the goals enumerated
in Section 2: they are all-around methods making almost no assumptions,
take into account the structure of the variables to impute and provide for
easy multiple imputation.
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FIGURE 1. Imputation results for four variables and two hundred replications
with N7 = 450, N = 50, p = 10, ¢ = 5 and multivariate normally distributed
data. See text for description of the methods.
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Both methods scale well, and can be used with fairly large samples. The
largest portion of time is devoted to constructing the trees. Subsequent
imputation is very fast. Typically, only a fraction of cases require climbing
in the forest climbing algorithm.
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We remark in closing that generalizations are possible to the case of irreg-
ularly missing observations, situation labelled i) in the Introduction. The
generalized algorithms use the completely observed cases to construct a
tree for each incomplete variable as a function of all variables but itself.
The set of trees obtained is used as indicated for the situation ii).

When dropping a partially observed case down one of the trees, we might
eventually need the value of a variable which is not available for that case.
Full use is made then of surrogate splitting. This achieves the same flexi-
bility that the sweep algorithm provides in parametric methods, where re-
gression on a different subset of regressors is required for each missingness
pattern. Here, a single tree is constructed for each variable, with missing
“regressors” taken up by surrogates if need be.

Acknowledgements: We thank for support the Spanish MEC (grants
PB95-0346 and PB9Y8-0149).
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Abstract: Two different methods are proposed to test the goodness of-fit of the
BDM (Bivariate Dale Model, Dale, 1986) which is an example of a bivariate gen-
eralized linear model. The first is based on the technique of le Cessie and van
Houwelingen (1991). This test is based on a weighted sum of kernel smooth esti-
mates for both marginal and association standardized residuals. The asymptotic
properties of the test are also given. The second method is an extension of Tsi-
atis’ (1980) goodness-of-fit test for logistic regression models. The test is based
on partitioning the space of covariates into distinct regions and calculating a test
statistic which is a quadratic form of the observed cumulative counts minus the
expected cumulative counts. The usefulness of both methods is illustrated on data
from the Wisconsin Epidemiologic Study of Diabetic Retinopathy (WESDR).
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1 Introduction

After fitting a model, there is a need to assess the adequacy of the model
fit. For logistic regression models, a variety of goodness-of-fit tests have
been proposed. Some tests are based on partitioning the covariates into
groups or regions (e.g. Tsiatis, 1980), other tests are based on smoothing
methods. Le Cessie and van Houwelingen (1991) proposed a goodness-of-fit
test based on an unbiased kernel estimate of the standardized residuals of
the model.

The BDM is an extension of the logistic regression model to two dimensions
and is useful for the analysis of bivariate categorical data. Bivariate cate-
gorical data arise in longitudinal studies with ordinal outcomes. However,
in this paper we will consider studies where the bivariate ordinal response
is obtained in a non-longitudinal way. Examples with bivariate ordinal re-
sponses are: the severity of a disease recorded on one or both eyes, ears,
kidneys, etc. and recorded as: none, mild, moderate, or severe. In such stud-
ies, there is an interest in measuring the dependence on covariates for each
outcome separately and for the association between outcomes.
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In this paper we extend both le Cessie and van Houwelingen’s (1991) and
Tsiatis’ (1980) goodness-of-fit tests to the BDM. The extension of le Cessie
and van Houwelingen’s goodness-of-fit test is computed by summing kernel
smooth estimates of the standardized residuals which are obtained from
the cumulative counts and probabilities for each part of the BDM. The
extension of Tsiatis’ goodness-of-fit test is based on a score test and is
implemented by partitioning the space of covariates into distinct regions.

2 The Bivariate Dale Model

Let Y = (Y7,Y2)T be a random vector that takes on values (k,1), 1 < k <
c1, 1 <1 < cy. The data can be arranged as c¢; X ¢y contingency tables,
representing pairs of ordered categorical variables with ¢; and cy levels
in the presence of a covariate vector x; = (wﬂ,...,:vip)T. Assume that
there are N different values of the covariate vector, i.e. x; (i = 1,...,N)
each comprising n; individuals. Hence, we assume N contingency tables
pertaining to the unique values of the covariate vector x;. Let Z}(dy,d2)
be the number of individuals whose observed response vector is (dy, dz).
When modeling ordered categorical data, it is more convenient to work
with cumulative counts which are defined for each contingency table %
as Zi(k,l) = > 4 <k.ay<i Zi(d1,d2). Thus, Z;(k,l) is the number of in-
dividuals wh! ose observed response vector is less than or equal to (k,1).
The corresponding cumulative bivariate probabilities are (omitting the de-
pendence of the different terms on the subscript ¢ for ease of notation)
w(k,l | ) = P(Y1 < k,Y> < 1| x). The cumulative marginal probabilities
are obtained by summing over subscripts: pi(k | ) = P(Y7 < k | ) and
uz(l | ) = P(Yy < 1| ). The BDM consists of two marginal parts and an
association part. A popular choice for the link functions is the following:

logit(pi(k | ) = o +PBle

logit(ua(l | ) = oz + B (1)
log(¢(k,l| ) = A+ ke + fra+0m+Bs,
(k=1,...,a1—-1;1=1,...,ca—1), Qa, Bia and x; are association row and

column effects and cell-specific effects, respectively, with certain unique-
ness constraints (see Dale, 1986). The global cross-ratios in (1) are defined
in terms of the cumulative marginal and bivariate probabilities by (sup-
pressing the dependence on x for simplicity) ¥r; = {uri(1 — par — por +

i)}/ (ak — per) (2t — par) }, with

(U [k + par] (Ve — 1) — wir) /2(Yr — 1) if Y # 1,
Hiel = L1k b2t otherwise,

and wiy = {[1 + (Yrr — 1)(pag + p21)]? + 4p(1 — ) pragseor }/2. Model
fitting proceeds via Newton-Raphson or Fisher scoring techniques (see Dale,

19836).
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3 Le Cessie and van Houwelingen’s GOF Test for the
Bivariate Dale Model

An extension of le Cessie and van Houwelingen’s goodness-of-fit test to

N

a BDM with estimated regression parameters can be defined as: T =
NASN (WIV 2 (Z—np))?, where Z = (Z4, ..., Zx)7, V = cov(Z),
n=1n;, p= (y,--.,puy)" and 1 is a column vector of ones. W is the
column vector with jth element the coefficient w;;/(3", w2)/? such that
wij = [I2_; K[(ziw — ju)/hu]. The function K is a one-dimensional non-
negative symmetric bounded kernel function on [—a,a]. It is normalized
according to [ K(q)dg = 1 and [(K(q))?dq = 1. The bandwidth h, sat-
isfies h, = s,h, where s, is the standard deviation of the uth covariate,
v = 1,...,p. Under the correct BDM, the expression for the mean of T
for each part of the model is similar to that obtained by le Cessie and van
Houwelingen. That is

N
E@) =N WiV’ I -RV,I - RV "W, (2)
i=1
Under certain regularity conditions on the design points, and using a uni-

form kernel function defined as: K'(¢g) = 1 if |¢| < 1/2 and 0, otherwise, the
asymptotic variance of T' is obtained for each part of the BDM by

var(T) = % (g)d zijf(xi) H - (3)

with d the number of smoothed covariates and f(z;) = (N [[hy) " > Wij
(le Cessie and van Houwelingen, 1991). The matrix R in expression (2)
should be replaced by the corresponding matrix for the BDM which is de-

-1
fined by R = Gy' X [X"n(G]) "'V Gy X XT(G])"'V5 ", where

Gy = 0ny/0p, and X is a block-diagonal design matrix accounting for
each part of the BDM.

4 Tsiatis’ GOF Test for the Bivariate Dale Model

Consider the BDM (1). The space of the covariates Xi,..., X, is parti-
tioned into m = 2P distinct regions in the p-dimensional space denoted
by Ri,...,R,. The indicator functions I(9%) are defined by I(9+) = 1, if
X, € R, and 0, otherwise, (j = 1,...,p), with g, € {0,1} indicating
whether the value of the covariate w is less or greater than the average of
that covariate, u = 1,...,p. An extension of Tsiatis’ goodness-of-fit test to
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the BDM follows. Define the following BDM

logit(ui(k | ) = o +Biz+T1
logit(u2(l | ®)) = oo +Bi@+v51 (4)
log(¥(k,l|x)) = A+oake+ Bt om+pBiz+~31,

where I7 = (I, ..., 1) and the vectors of partitioning parameters

Y = (1 %m), Y3 = (21,5 72m)s and ¥ = (31, .., Yam). Let
v = (v1,72,73) T, Tsiatis’ goodness-of-fit test for the BDM consists of test-
ing the hypothesis Hy : v = 0. Denoting the vector of regression parameters
by 6, where 87 = (a1, B, @2,B49, A, g, B,,9,85). The log-likelihood of
the BDM (4) can be defined as: £(, 0; Z) = Zil(CiZi)T log(Cip;(v,9)),
with Z;, p,; the vectors of non-redundant cumulative cell counts and prob-
abilities for contingency table ¢, respectively, ¢ = 1,...,N. The matrix
C; is a matrix with elements either 0, 1 or —1. The extension of Tsiatis’
goodness-of-fit test is based on the score test for the BDM defined by:
T=U"¢'U, with U = 0¢/0~, the score vector defined by

U = @mi/oy)" [(@mi/op)"| V(2= ).

Define the m x m matrix ¢ by ¢ = A — BW BT where the matrix
B = E(—0%0/9v00"), defined by

B=Y @l [On/ou)"] VI (0n/om) Qe )

i=1

where Q,; = 0n, /0~ and Q,; = 0n;/06. The matrix A = E(—0%¢/0vd~vT)
and is obtained by replacing Q,; in (5) by 0n,;/0v. If Q,; = Q,; = dn,/00
then we obtain the matrix W = E(—32¢/0090" ), minus the expected in-
formation matrix of the BDM. All the above expressions are evaluated at
v =0and 0 =0, wher! ¢ hat8 is the MLE of 8. Under H, the statistic T
is asymptotically distributed as Xia), with ¢ = rank(¢).

Results from a limited simulation study (not shown) showed that the exten-
sion of le Cessie and van Houwelingen’s goodness-of-fit test has more power
to detect misspecification of link functions than the extension of Tsiatis’
goodness-of-fit test which showed a reasonably high power to detect devi-
ations in a BDM where a quadratic term of a covariate is forgotten.

5 Example: The WESDR

The aim of the WESDR was to identify risk factors of diabetic retinopa-
thy among insulin-taking younger-onset diabetics. Originally, severity of
diabetic retinopathy of 996 younger-onset diabetics was measured for the
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right and left eye and graded on a 10 point ordinal scale. The 10 classes
were then combined to four: none, mild, moderate and proliferative. After
excluding patients with missing values, data from 720 diabetics were used.
Several eye-specific and person-specific covariates were measured.

TABLE 1. The WESDR

Regression parameters MLE SE P-value
For margins

Cutpoint 1 (aq) -0.732  0.083
Cutpoint 2 (a3) 1.518 0.093
Cutpoint 3 () 3.311 0.150

Age at diagnosis (years) 0.002 0.009 0.83
Duration of diabetes (years) 0.124 0.009 <0.001
Glycosylated haemoglobin (%) 0.093 0.027 <0.001
Diastolic blood pressure (mm Hg) 0.041 0.007 <0.001
Gender (male=0, female=1) -0.317  0.137  0.02
Proteinuria (absent=0, present=1) 0.876 0.206 <0.001

Macular oedema (absent=0, present=1) 1.289 0.232 <0.001

For association

Intercept (A) 3.638 0.180

Age at diagnosis (years) -0.038 0.023 0.10
Doses of insulin per day (1,2,3) -0.889 0.350 0.01
Gender (male=0, female=1) -0.943  0.357 0.01

Log-likelihood= —1155.22

We used a common marginal model for the right and left eye retinopathy
levels. The likelihood-ratio test indicated no evidence against this simplifi-
cation (P = 0.918). Observe that the covariates were centered around their
averages. The results of fitting the BDM with link functions as in (1) are
shown in Table 1. The common cutpoints are denoted by a4, t = 1,2, 3.
To check the BDM fit of Table 1, the extension of le Cessie and van
Houwelingen’s goodness-of-fit test T is computed and its mean and asymp-
totic variance are calculated from expressions (2-3), using a uniform kernel
function and a bandwidth A of 0.4 for all parts of the BDM. The results
showed a lack of model fit in the marginal part (P-values are: 0.033 and
0.252 for the marginal and the association part, respectively). The exten-
sion of Tsiatis’ goodness-of-fit test yielded a P-value of 0.025. The results
suggest that there is substantial evidence that the BDM of Table 1 does
not provide an adequate fit to the WESDR data.

Bustami et al. (1999) used these data to illustrate the use of the Addi-
tive Bivariate Dale Model (ABDM) which is a nonparametric version of
the BDM based on a natural extension of the generalized additive model
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(GAM) of Hastie and Tibshirani (1990). By fitting an ABDM to the data
they showed a significant departure of linearity in the marginal part of the
model for the covariates duration of diabetes and age at diagnosis of dia-
betes. They also showed that the estimated marginal smooth functions for
those covariates can be approximated by quadratic functions.

TABLE 2. The WESDR

Regression parameters MLE SE P-value
Cutpoint 1 (a1) -1.854  0.137
Cutpoint 2 (a3) 0.940 0.122
Cutpoint 3 (a3) 3.089 0.178

Age at diagnosis (years) 0.023 0.010  0.02
Age? -0.005 0.001 <0.001
Duration of diabetes (yearshog-likelihood= 6.0012.39.014 <0.001
Duration? -0.007 0.001 <0.001
Glycosylated haemoglobin (%) 0.124 0.028 <0.001
Diastolic blood pressure (mm Hg) 0.023 0.007  0.001
Gender (male=0, female=1) -0.396 0.142  0.01
Proteinuria (absent=0, present=1) 0.850 0.208 <0.001

Macular oedema (absent=0, present=1) 1.355 0.244 <0.001

Table 2 shows the marginal part of the BDM fit after adding age? and
duration?. Both age? and duration? are highly significant. For the BDM of
Table 2, both goodness-of-fit tests provided no evidence for a lack of fit. The
extension of le Cessie and van Houwelingen’s goodness-of-fit test yielded
P-values of 0.330 and 0.123 for the marginal and the association part,
respectively. The extension of Tsiatis’ goodness-of-fit test yielded a P-value
of 0.472. The likelihood-ratio test comparing the BDM fits of Tables 1 and
2 showed a highly significant improvement in the model fit (P < 0.001).
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Abstract: We propose a general framework for specification testing of univariate
stationary continuous-time interest rate models. Based on the Pearson system of
distributions, we define a class of stationary densities that encompasses many of
those in the most used models of the finance literature, such as the Vasicek (1977)
and the Cox-Ingersoll-Ross (1985) ones. By rejecting a general class given by the
corresponding differential equation, one can strongly reject the models which are
nested within this particular class. This avoids ad hoc choices of interest rate
models and the mispricing of interest rate derivative securities.

Keywords: Specification Testing; Diffusions; Interest Rate Models; Pearson Sys-
tem; Derivative Securities.

1 Introduction

One undesirable feature concerning the estimation of continuous-time in-
terest rate models is the ad hoc choice of the process to be estimated, a
fact that may lead to the mispricing of derivative securities.

The usual way one estimates continuous-time interest rate models is, first,
to choose the specification to be estimated, according to what one believes
is the shape of the volatility function, as most of the interest rate models
assume a linear mean-revearting drift. After estimating the model chosen,
one may assess its adequacy using the Conditional Moments Test (Newey
(1985)). The drawback of such a procedure is the ad hoc choice of the
moments being considered - usually one considers only moments up to order
p, where p is usually small. The question to be addressed is, assuming there
is misspecification of the model chosen, what if the moment to be causing
this misspecification is of order p + ¢, while the moments being considered
are up to order p. If one considers the density of the process, instead of
its first p moments, there is an informational gain, as all moments of the
process are being considered.

More specifically, consider a continuous time univariate model given by

dxy = A(zy)dt + +/ B(z)dWr, (1)
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where A(.) and B(.) are respectively the drift and the volatility of the
process. In the first section of the paper, we present a general class of
processes, which we call Pearson class, which encompasses many of the
continuous time interest rate models - the case when the drift A(.) is affine
and the volatility function B(.) is quadratic:

A(z) = ap + a1z, (2)

B(z) = Bo + Biz + 222, (3)

It is easily seen that some of the most used interest rate models are nested
in this more general class:

TABLE 1 - Models nested in the Pearson class

Model Restrictions on the Drift | Restrictions on the Volatility
Vasicek - B1=062=0
CIR - Bo=pP2=0
Courtadon - Bo=p61=0
Duffie-Kan - B2=0
Merton ay = pr=p2=0
Dothan ag=0a; =0 Bo=pB1=0
GBM Oé()ZO 50:[31:0

By providing a class os densities encompassing the models from Table 1,
we provide an answer to a common question addressed by researchers and
practitioners in the field: "Which model to consider ?”. Thus, given that
the density of the process at stake - according to the test - is a member of
the Pearson class, one may compare alternative continuous-time models.
This paper is divided as follows. In section 2, we describe de Pearson class
of distributions. In the third section, we present the drawbacks of Ait-
Sahalia’s (1996a) nonparametric specification test, so as to justify our ap-
proach, which we present in section 4. After considering both size and power
of the test in section 5, and implementing the methodology for a interest
rate time series in section 6, we conclude.

2 The Pearson Equation

In this section we propose a class that encompasses some of the most
used continuous time interest rate models. Consider the Kolmogorov for-
ward, or Fokker-Planck, equation, which describes the transition densities
of continuous-time Markov processes without jump:

O et ) = 2 (Aa) plas 9, £0) + 2 (Ba) plas b, ), (4
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where: p(z,t,y,t):= transition density from point (y,t’) to (x,t); A(z):=
drift of the process; B(z):= volatility of the process. Assume that the
boundary conditions are those corresponding to reflecting barriers:

Aot #) 4 (Bl . #) = O, )

on an interval I with endpoints 7 and x5 .
An alternative representation of the diffusion described by (4) could be
given by the Itd representation

dxy = A(zy)dt + +/ B(z)dWr, (6)

where {W;,t > 0} is a standard Brownian motion. This representation is
the most used in applications to finance, although it leads to some unusual
facts in the bivariate case (see Flores and Huse (2000)).

Wong (1964) considers the first-order probability density functions m(z)
satisfying the Pearson equation

dr(z) ap + a1z

P e ey S ) ™

hereafter, (7) will be called the Pearson factor. It is shown that by suitably

identifying the functions A(z) and B(z) in (4) with the polynomials ag +

ajz and by + byx + baz? in (7), a class of stationary Markov processes is
constructed for which

tlilglop(x|m0,t) = /ap2 m(x0).p(z|x0, t)dro = T(2T), (8)

Z1

where m(x) satisfies (7). It is shown (Wong (1964)) that the identification
scheme is such that the Pearson equation (7) uniquely specifies the Fokker-
Planck equation (4). Furthermore, it is shown, after separation of variables,
that

B(CC) = K(bo + blﬂi + b2£C2), (9)

and

B(z)
dx

where K is a positive (time) scaling factor - Wong (1964) sets K=1 without
loss of generality. It is straightforward to see that this class of processes
nests all the process with affine drift and quadratic volatility. After esti-
mating the diffusion, it is possible to obtain the Pearson equation (7) -
the density 7(.) - from the volatility and the drift of the diffusion (9)-(10).
Thus our procedure consists on estimating A(.) and B(.), so as to recover
the Pearson equation associated to the process at stake. It is important to
stress that, by rejecting that the process satisfies (7), one will be reject-
ing the hypotheses that the process at stake has affine drift and quadratic
volatility.

A(z) = K(ap + a1z) + d

= K(a1 + 2b2)z + K(ao + 1),  (10)
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3 Nonparametric Testing

An elegant way to construct specification tests using a nonparametric
framework has been proposed by Ait-Sahalia (1996a). Following his idea,
one defines a testing strategy so as to check specification by matching den-
sity functionals, i.e. testing the null hypothesis

Hy : 36 € Os.t.w(.,6p) = (.), (11)

against the alternative that there is no such 6, € O. It is worth to no-
tice that if one estimates the density function using nonparametric kernel
methods, one gets consistent estimates under both the null and the alter-
native hypotheses; the parametric density estimator, however, is consistent
only under the null. A natural way to construct a test is by comparing the
distance between both parametric and nonparametric estimates under a
suitable metric. For that purpose, consider the distance

U= /(ﬂ(x, 0) — m(x))n(z)dz, (12)

The asymptotic distribution of the test statistic is derived using Ait-Sahalia’
s (1994) functional delta method The null is rejected whenever the test
statistic is ”large”. The distance (11) weighs the difference between the
densisites according to their relevance, putting more weight on values of
the process more likely to appear. Conversely, discrepancies between the
densities for values not so likely to appear are less penalized.

One appealing feature of this approach is that, opposed to the framework of
a Conditional Moment Test, where the moments to be considered are chosen
in a rather informal way, the test statistic here proposed considers the entire
density of the process under study, which means more information, as all
moments are being considered simultaneously. Thus if a specification has
to be rejected due to its k-th moment, the nonparametric test will be able
to reject it, while the CM test will do so if, and only if, this particular
moment is included in the test by the researcher.

Though extremely elegant, Ait-Sahalia’s test has a remarkable drawback,
as pointed out in Pritsker (1998). The time series of US interest rates is
dependent and highly persistent, but the asymptotic distribution of the test
statistics treats observations as if they were iid, understating its variance
and possibly causing the test true interest rate models to often i.e. according
to Pritsker, there is a high probability of Type I errors associated to the
test when dealing with persistent series. In fact, using simulated series,
Pritsker shows that there is evidence of size distortion for the test, as well
as modest power.

4 Back to the Parametric World

Given the drawbacks of Ait-Sahalia’s approach, we propose in this section
an alternative testing procedure for diffusions.
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4.1 Diffusion Estimation

Most of the papers concerning the estimation of continuous-time models
discretize the model before estimating it (see Chan et al (1992)) and use
either the Generalized Method of Moments or Maximum Likelihood to ob-
tain the parameters. First of all, one should recall that the Pearson equation
has 5 parameters, so that the usual GMM using only the first two moments
(four moment conditions) is not identified. Moreover, fitting some of the
members of the Pearson class can get so difficult that it is almost never
attempted (Johnson and Kotz (1994), chapter 12). An alternative way of
estimating the process at stake is to use the Generalized Least Squares
method (see Carrol and Ruppert (1987) and references therein). One should
recall that GLS and ML are asymptotically equivalent estimators - the GLS
estimator being inefficient only if the distributional assumption of the ML
estimator is correct. Thus, we will use use the parameters estimated by
GLS to simulate processes driven by a member of the Pearson family of
distributions.

4.2 Simulation of the Diffusion Sample Paths

The adequacy of the model is tested via simulated-based inference methods,
i.e. simulating sample paths based on the parameters previously estimated.

5 Conclusion

Besides testing the adequacy of the most widely used interest rate mod-
els, our approach leads to and interesting and promising research topic:
models with nonlinear drifts, such as in Constantinides (1992). Therefore,
one needs generalizations of the Pearson equation, such as the Multimodal
Distributions by Cobb et al (1983).
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Abstract: P-splines are an attractive approach for modelling nonlinear smooth
effects of covariates within the generalized additive and varying coefficients model
framework. In this paper we propose a Bayesian version for P-splines. Compared
to the traditional approach, Bayesian P-splines have several advantages. Among
others, these are simultaneous estimation of smooth functions and the smooth-
ing parameters and easy extendability of the models, e.g. to mixed models with
random effects for serially or spatially correlated response. In a second step we
generalize the P-spline approach for one dimensional curves to two dimensional
surface fitting for modelling interactions between metrical covariates. We illus-
trate our approach by a thorough analysis of a forest health survey.

Keywords: generalized additive models, MCMC, P-Splines, surface fitting, vary-
ing coefficients

1 Indroduction
Consider the additive model (AM) with predictor

E(ylz) = p =0+ fi(z:1) + -+ fplzp) =1

where the mean of a response variable y is assumed to be the sum of
smooth functions f;. The metrical response y is assumed to follow a Gaus-
sian distribution. To allow for non-Gaussian response the AM is extended
to generalized additive models (GAM) by assuming that the distribution
of the response belongs to an exponential family and that the mean p is
related to the predictor by a response function h(n) = p. Several proposals
are available for modelling and estimating the smooth functions f;, see e.g.
Hastie, Tibshirani, (1990) for an overview. An attractive approach, based
on penalized regression splines (P-splines), has been presented by Eilers and
Marx (1996). Here it is assumed that the effect f of a covariate  can be
approximated by a polynomial spline written in terms of a linear combi-
nation of B-spline basis functions. To ensure enough flexibility a moderate
number of equally spaced knots (20-40) within the domain of z is chosen.
Sufficient smoothness of the fitted curve is achieved through a difference
penalty on adjacent B-spline coefficients.

This paper presents a Bayesian version of the P-splines approach by Eil-
ers and Marx. This is achieved by replacing difference penalties by their
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stochastic analoga, which serve as smoothness priors for the unknown re-
gression coefficients. In a second step we generalize the P-spline approach
for one dimensional curves to two dimensional surface fitting by assuming
that the unknown surface can be approximatd by the tensor product of one
dimensional B-splines. Smoothness is now achieved by smoothness priors
common in spatial statistics. The proposed methods are a generalization
of an approach by Fahrmeir, Lang (1999) who use the close relationship
between dynamic models and nonparametric regression for Bayesian infer-
ence in GAM’s. Software for fitting the models in this paper is included
in the program BayesX for Bayesian inference via MCMC. The program is
available via internet under http://www.stat.uni-muenchen.de/"lang/.
Our methods are illustrated by an application to a forest health survey.

2 Bayesian GAM’s based on P-Splines

Consider regression situations, where observations (y;, z;,w;), i =1,...,n
on a response ¥y, a vector of metrical covariates ¢ = (z1,...,,) and a vec-
tor of further covariates w = (wi,...,w,) are given. Generalized additive
models (Hastie, Tisbshirani 1990) assume that, given z; and w; the distri-
bution of y; belongs to an exponential family, with mean p; = E(y;|z;, w;)
linked to a semiparametric additive predictor n; by

pi =h(m), m= fi(@a)+ -+ fp(zip) + wiy. (1)

Here h is a known response function and fi,..., f, are unknown smooth
functions of the covariates. The linear combination wjy corresponds to
the usual parametric part of the predictor. In the P-splines approach by
Eilers and Marx (1996) it is assumed that the unknown functions f; can
be approximated by a spline of degree [ with equally spaced knots (jo =
Timin < G1 <+ < (r—1 < (jr = Tjmae Within the domain of z;.
It it well known that such a spline can be written in terms of a linear
combination of m = r 4 [ B-spline Basis functions B;,, i.e.

i) =Y BipBijo(w)).
p=1

The Basis functions Bj, are defined only locally in the sense that they are
nonzero only on domain spanned by 2 4 [ knots. It would be beyond the
scope of this paper to go into the details of B-splines and their properties,
see e.g. Eilers and Marx (1996) for a nice introduction. By defining the
n X m design matrices X;, where the element in row ¢ and column p is
given by X;(i,p) = Bj,(xi;), we can rewrite the predictor (1) in matrix
notation as

n:X1/61+"'+Xpﬁp+W17' (2)
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Here 8; = (Bj1,..+,Bjm), j = 1,...,p corresponds to the vectors of un-
known regression coefficients. The matrix W is the usual design matrix for
fixed effects. In a simple regression spline approach the unknown regression
coefficients are estimated using standard maximum likelihood algorithms
for generalized linear models. However, a crucial point with simple regres-
sion splines is the choice of the number of knots. If the number of knots is
too small, the resulting spline may be not flexible enough to capture the
variability of the data. If, on the contrary, a too large number of knots
is chosen estimated curves tend to overfit the data and, as a result, too
rough functions are obtained. As a remedy to these problems Eilers and
Marx (1996) suggest a moderately large number of knots (usually between
20 and 40) to ensure enough flexibility, and to define a roughness penalty
based on differences of adjacent B-Spline coefficients to guarantee sufficient
smoothness of the fitted curves.

In a Bayesian approach, as considered in this paper, unknown parameters
B; and ~y are considered as random variables and have to be supplemented
with appropriate prior distributions. For the fixed effects parameters v we
usually assume diffuse priors, i.e. 7; oc const. The stochastic analoga of
difference penalties are first and second order random walks

Bip = Bjp—1+ Ujp,  Bjp = 285,01 — Bj,p—2 + ujp (3)

with Gaussian errors u;, ~ N(0, 7']2) and diffuse priors ;1 o const, or B;1
and Bj2 oc const, for initial values, respectively. The amount of smooth-
ness is controlled by the additional variance parameters TJ-Q, which are the
analoga of smoothing parameters in a frequentist approach. The priors (3)
can be equivalently written in form of a global smoothness prior

1
Bj x exp <ﬁ,8;~Kij>
J

with appropriate penalty matrix K.

For full Bayesian inference the unknown variance parameters 72 are also
considered as random and estimated simultaneously together with the un-
known ;. Therefore, hyperpriors are assigned to them in a further stage of
the hierarchy by highly dispersed inverse gamma priors p(77) ~ IG(aj, b;).
Our Bayesian model is completed by assuming conditional independence of
observations y; given the parameters and mutual independence of param-
eter vectors (83;,72), j =1,...,p and 7.

3 Modelling interactions

The models considered so far are not appropriate for modelling interactions
between covariates. A special way to deal with interactions are varying
coefficients models (VCM). Here nonlinear terms f;(z;;) are generalized to
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fj(x:j)zi;, where z; may be a component of « or w or a further covariate.
Covariate x; is called the effect modifier of z; because the effect of z;
varies smoothly over the range of ;. Estimation of VCM’s poses no further
difficulties, since only the design matrices X; in (1) have to be redefined by
multiplying each element in row ¢ of X; with z;;. VCM’s are particularly
useful if the interacting variable z; is categorical. Consider now situations
where both interacting covariates are metrical. In that case the interaction
between two covariates z; and z, may be modelled by a two dimensional
smooth surface fjs(x;, ;) leading to a predictor of the form

M =+ fi(zij) + fs(@is) + fis(@ijs Tis) + - .

Here we assume that the unknown surface can be approximated by the
tensor product of the two one dimensional B-splines, i.e.

f]s(xjaws - ZZB]spqup w])Bsu(ws)

p=1lv=1

Priors for 8, = (ﬂjsu, ... ,B]-Smm) are now based on spatial smoothness
priors common in spatial statistics. Since there is no natural ordering of
parameters, priors have to be defined by specifying the conditional distri-
butions of 3;,,, given neighboring parameters. The most simplest prior
specification based on the 4 nearest neighbors can be defined by

Tzs
Bjspl/ ~ < (ﬁ]sp 1,v + Bgsp+1 v+ B]Sp,l/ 1+ ﬁ]sp,qul) i

for p,v =2,...,m—1 and appropriate changes for corners and edges. This
is a direct generalization of a first order random walk in one dimension.
Another choice is based on the Kronecker product K;, = K; ® K, of
penalty matrices of the main effects. A nice interpretation of such priors in
terms of locally polynomial fits is given in Besag, Kooperberg (1995).

4 Bayesian inference via MCMC

Bayesian inference is based on the posterior

p(B,7%,7)  L(y, B, H (B;177)p(73)) p(7) (4)

with 72 = (rf,...,72) and L(y, 8, ~) denoting the likelihood. For notational
simplicity the dependence from additional parameter vectors 3, for two di-
mensional surfaces has been omitted in (4). MCMC simulation is based on
drawings from full conditionals of blocks of parameters given the rest and
the data. In general, we partition the vectors 3;, j = 1,...,p into smaller
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blocks §;[u, v] and draw random samples from the unnormalized full con-
ditionals p(5;[u, v]|-) by Metropolis-Hastings (MH) steps with conditional
prior proposals. Details can be found in Fahrmeir, Lang (1999). However, in
some important special cases, more sophisticated algorithms are possible.
If the response is Gaussian the full conditionals for 3; are Gaussian, thus
allowing to update 3; in one large block by drawing samples directly from
the Gaussian full conditional. Numerical efficiency is guaranteed by apply-
ing Cholesky decompositions for band matrices, see Fahrmeir, Lang (2000).
If the response is binomial and a probit link is chosen, sampling of param-
eters can be simplified by considering latent Gaussian utilities associated
with the two categories of the response. In this case the full conditionals
for B; are once again Gaussian and the efficient sampling schemes devel-
oped for Gaussian response can be used. The sampling schemes based on
latent utilities are particularly attractive for GAM’s with multicategorical
response. Important examples are the independent probit model for nomi-
nal response and the cumulative threshold model for ordinal response, see
Fahrmeir, Lang (2000) for details.

5 Application to forest health data

In this longitudinal study on the state of trees, we analyse the influence
of calendar time, age of trees, canopy density and location of the stand
on the defoliation degree of beeches. Data have been collected in yearly
forest damage inventories carried out in the forest district of Rothenbuch
in northern Bavaria from 1983 to 1997. There are 80 observation points
with occurence of beeches spread over the whole area. We use the degree of
defoliation as a binary indicator for damage state, with y;; = 1 for "light
or distinct damage" of tree 7 in year ¢, y;+ = 0 for "no damage". Covariates
used here are defined as follows:

A age of tree at the beginning of the study in 1983, measured in 3
categories A = "below 50 years", A(?) = "between 50 and 120
years”, and A®) = "above 120 years” (reference category);

C Canopy density at the stand measured in percentages.

Based on previous results, we estimate a logit model with predictor

mie = f1(t) + f2() A + £5(0) AP + £4(CDy) + b,

where t is calendar time in years. The nonlinear functions fi,..., f4 are
modelled by P-splines of degree 3 with second order random walk penal-
ties. To account for unobserved spatial heterogeneity our predictor contains
an additional tree specific random effect b;. We make the usual assumption
that the b;’s are i.i.d. Gaussian, b;|7? ~ N(0,77) and define a highly dis-
persed inverse Gamma prior for 2. Estimation of such a mized model via
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MCMC poses no further difficulties, see e.g. Fahrmeir, Lang (1999). Figure
1 shows estimated effects of nonlinear functions. Figure a) corresponds to
the time trend of old trees over 120 years. We observe that trees recovered
after 1986 until 1992, then the probability for damage increases again. For
young trees the time varying effect is declining over the observation period
and significantly negative, i.e., in comparison to old trees, young trees have
lower probabilities of being damaged and they seem to recover better. The
effect for trees of medium age is similar. The monotonic decrease of the ef-
fect of canopy densities > 30% gives evidence that beeches get more shelter
from bad environmental influences in stands with high canopy density.

a) calendar time b) varying effect of age category 1

2 1 0 1 2 3

6 5 4 3 2 1

5 4 3 2 1 0 1

time canopy density

FIGURE 1. Estimated nonparametric functions. Shown is the posterior mean
within 80 % credible regions.
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Abstract: Suppose that y; = ¢F 8+ m(t;) +¢€i, @ = 1,...,n, where the (p x 1)-
vector 8 and the function m are unknown, and the errors &; pertain to a strong
mixing process. The problem of bandwidth selection for a LS estimator of 3, based
on residuals from nonparametric fits, is addressed here. We obtain an insightful

representation for a bandwidth optimizing terms of lower orden than n~!.
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1 Introduction

We consider that we have an observed data set {(y;, (7, t;)” }"_, generated
by the semiparametric model

Yi :CiTﬁ—i—m(ti)—i-si,i:l,...,n, (1)

where (y;,¢F, ;)T € R x RP x [0,1], B is a (p x 1)—vector of unknown pa-
rameters, m(-) is an unknown real-valued function defined on [0, 1] (with-
out loss of generality) and €; a sample of errors identically distributed. This
model, called a "partial linear model” because is a mixture of a linear and
a nonparametric part in a regression model with p + 1 regressor variables,
was introducted by Engle et al. (1986) to study the effect of weather on
electricity demand.

We focus on estimation of 5. Based on residuals from nonparametric fits
(by kernel estimation) of the observation vector y and the design matrix X
for the linear parametric part against the covariate vector of the nonpara-
metric component, Speckman (1988) and Gao (1995) study the asymptotic
normality and the consistence of the LS estimator of 8. Speckman supposes
that the errors ¢; are i.i.d. while Gao works with a class of linear processes
for ;.

Semiparametric estimators tipically require the selection of a smoothing
parameter h to guarantee a good behaviour of the same. There are not
too many works about this crucial problem. Speckman suggested to use
generalized cross-validation to choose the bandwidth that is used in the
estimation of the regression function r(¢7',¢;) = ¢I'8 + m(t;) and Aneiros
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and Quintela (1999) proved an optimality property of the modified cross-
validation criterion when the errors are strong mixing. Of course, these
bandwidths no necessarily are optimal for ’s estimation. For the LS esti-
mator based on the local polynomial regression scheme of order ¢, Linton
(1995), assuming independence in the errors, obtain the expression of an
optimal bandwidth (in a mean squared error sense) by means of second
order approximations for the MSE. The main point of this paper is an
analysis of how we should select the bandwidth for the LS estimator based
on kernel estimation when we assume a strong mixing condition for the
errors. Our results are qualitatively similar to those developed in Linton
(1995).

2 The estimator and the results

If we consider the model (1) without the lineal component,
yi = m(t:i) + &, (2)

a kernel type estimation can be written as
n
mn,h(t) = Z wn,h(ta ti)yia (3)
i=1

with wy ,(-,t;) a weight function (obtained from a kernel function K (),
and indexed by a smoothing parameter h) that can take different forms,
providing thus different estimators. When the function to be estimated has
bounded support, kernel estimators are affected by boundary effects when
estimating near the extremes of the observation interval. We can remedy
these effects using boundary kernels near the boundary of the observation
interval (see Gasser and Miiller (1984)).
In this paper, we focus on the Gasser-Miiller (1984) estimate, but our results
can be extended to use other different types of kernel estimators. Thus, we
work with

wan(t,t:) = h—l/ K" du (4)

(i-1)/n h

where h > 0, t; = (i — 0.5)/n and K is a function with support [—1, 1]. If
t=gqghe€[0,h)ort=1—qh € (1—h,1] (ie., tis a boundary point), where
h < 1/2, then we change K (-) by a boundary kernel K (-) (see Gasser and
Miiller (1984)).
If B is known, having present (1), (2) and (3), a natural estimator of m(-)
is

Fim o (t) =D wnn(t,t:)(yi — CF B).
=1
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Based on the model
Yi = G B+ Mnnp(ts) + e

the LS estimator Bh of B can be defined by

> (i — ¢ B — i, 5, () = minl.
i=1
It’s easy to obtain that
B = (XTX) X'y (5)
where y = (I- W)y, X = (I - W)X, W is a smoothing matrix with el-
ements {wy,p(ti,t;)} = {w;;} (the dependence of W on n and h is sup-

pressed), Yy = (yl, ...,yn)T and anp = (l'ij)i,j = (Cla ...,Cn)T.
Between z;; and t; we will suppose the relation

zij = g;(ti) + nij,

where the g;(-) ( = 1, ...,p) are unknown real-valued functions defined on
[0,1] and 7;; random variables with mean zero (Speckman, Linton).

We will consider the standardized quantity 7 = o~ 'n'/? (Bh — B) for any
(p x 1)—vector ¢ # 0, where 0> = o2c"¥; "¢, 02 = Varlg] and %, =
E[ninl'] (we denote n] = (mi1, -, Mip) ). Using Linton’s notation, it can be
seen that

T=T"+Rr. (6)

With a bandwidth h = h,, € [an~™,bn""] (where 0 < a < b < oo are
constants and m = 2/(4v+1); here we suppose that the regression functions
m(+) and g;(-) have v continuous derivatives), we have that Ry = o,(n=%"),
where 1 = (4v — 1)/(2(4v + 1)). Under suitable assumptions, we obtain:
Theorem

(a) T and T* have the same distribution to order n=2.

(b) sup, E[T*?] < co.

(c) E[T*] = n'2h* B + o(n*) and Var[T*] =14+ n " 'h 1V 4 o(n"2*).
Here, the bounded quantities B and V are:

2
v

_ o«
B=c¢"1cy!

G | e omoa (7)

and

V= (1423 9(0) [ K2(u)du (®)
k=1



Aneiros, G. 327

where g(v)(t) = (g%v)(t), ...,g;,()v)(t))T,aU(K) = fjl u K (u)du, K, (u) = K *
K (u)—2K (u) is the “twiced” kernel, in which K+K (u) = [ K(u—s)K(s)ds
is the convolution of K with itself and v(k) = 072Cov(ei, €itk)-
Corollary The asymptotically optimal h,g for cTBh is given by hpo =
Aon™™, where m = 2/(4v + 1) and Ay = (V/(4UBQ))4v1ﬁ. With this band-
width, we have that the AMSE of CTB\hn 18

0'2{TL_1 + [(4,0)—41)/(41)—}-1) + (4v)1/(4v+1)]B2/(4v+1)V4v/(4v+1)n—1—2p}_

We will report a simulation study for to examine our approximations and
a plug-in estimation of hyq.
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Abstract: In this work we investigate different approaches for Bayesian model
selection based on the Bayes factor-theory and the Bayesian deviance. We discuss
the different criteria and draw parallels between them. In an application to Breast
Cancer data we point out their performance when used to discriminate Bayesian
survival models with dynamic predictors.
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1 Introduction

Markov Chain Monte Carlo (MCMC) methods and the increasing compu-
tational power have made Bayesian modelling popular in the last decade,
since they allow now the calculation of flexible, high dimensional models
mirroring complex structures. While these models often result in a better
fit, their increased dimensionality makes interpretation harder. In applica-
tion one is therefore often interested to keep the model as parsimonious
as possible and additional complexity must be justified by a sufficient gain
in the fit. This demands for a measure which allows for the comparison of
competing Bayesian models of different dimensions.

2 Methods for Bayesian Model Comparison

Within the classical (frequentist) modelling framework, comparison of a
set of m models Mj, j € 1,...,m, typically takes place using the likeli-
hood ratio respectively the deviance statistic, which is penalised by some
function of the model dimension. In the Bayesian framework, additionally
the specification of the prior densities P;(6;) for the unknown parameter
vector 6, as well as the prior model probabilities 7; have to be taken into
account. Moreover, in complex (hierarchical) models the effective dimen-
sion is not clearly defined. The first suggestion arising for Bayesian model
choice between a model M; and a model M, is the consideration of the
model posterior ratio

P(Mily) _ Li(y|Mi) m

P(Msly)  Lo(y|Ms) mo
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where 7y /7 is the prior odds and B = L;(.)/Lz(.) is known as the Bayes
factor, describing the weight of evidence provided by the data for model M,
over model M,. The component L;(.) is thereby the marginal probability
of the data y, with

Ly(y13) = [ (165, 045)P5(6,)d0;,

which is also thought of as the “prior mean” of the likelihood L;(y|6;, M;).
Often, model diagnostics is restricted to the Bayes factor only, when in
lack of information it is assumed, a priori, that all models are equally likely
(m1 = ... = mm = 1/m). However, the analytical calculation of L;(.), i.e.
the integration over the parameter priors P;(f;), is quite difficult, if not
impossible, for complex models. Even the different MCMC methods, which
have been proposed to simulate or integrate L;(.), are not straightforward
and typically demand considerable effort in implementation and computing
time (Han and Carlin, 2000). In addition, the Bayes factor has frequently
been criticized due to its distinct sensitivity on the prior specifications of
any of the parameters, which leads to the “Lindley Paradox” when non-
informative parameter-priors are used (Lindley, 1957).

Aitkin (1991) proposes a posterior Bayes factor B = L{(.)/L5\(.) based on
the ratio of the “posterior mean” of the likelihood

LiMy|M;) = /Lj(Y\ej,Mj)Pj(gj\Y)d%,

in order to overcome these problems. This idea goes along with Dempster’s
suggestion to plot representations of the posterior distribution of the log-
likelihood under each competing model (Dempster 1997), respectively the
posteriori density of the deviance D(f) = —2InL(y|f, M) + const. As a
one-point measure for model rating, the posterior mean D(f) can again be
considered. Since the likelihood and the deviance are simple functions of 6,
their posterior means have the same inferential status as the posterior mean
of 6. In particular one finds both as a by-product of the MCMC-simulation.
Recently Spiegelhalter et al. (1998) contributed a further approach by pick-
ing up Dempster’s suggestion and taking a Bayesian look at the classical
information criteria. They introduced the Bayesian deviance information
criterion (DIC):

DIC(6) = D(0) + dfp ,

where the measure of the fit is again the posterior mean of the deviance
W, but now penalized by the effective model complexity dfp. They give
an asymptotic justification for deriving the effective number of parameters
by dfp = D(0) — D(0) = Eg), [D(0)] — D(Eg),[f]). This allows to transform
the DIC into Akaike criterion-structure by DIC(0) = D(6) + 2dfp, where
D(f) can be seen as the deviance of the “final model” being penalized by

2-times the effective number of parameters.
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3 Application to Breast Cancer data

TABLE 1. Model rating for the breast cancer study

= — LA
Model D(9) DIC D(6) L;\,’“
tumor hormo T1 KI-67
Static Solutions
- - - - 255.49  260.47 257.98  2e-7
3 3 B B | 236.98 250.00 243.49 Ge-4
B(t) ﬁ(t) B(t) ﬁ(t) 219.28 244.82 232.05 1.01
Selected Model M*
B B B B | 22035 24083 23059 1.00
M* with Grading
3 B Bl B B | 21917 24126 23021 1.43
Bty B B(t) B(t) B | 219.09 24359 231.34 1.11
N
- I ‘Ill null-model
= || \.l
constant model | |
- DIG-optimal model J,f \. J' l'.
= ;I 1 II| Illl
model wil / | !
" B-Q;raldin: / \\ ;‘ \
El ' \
full-varying model /7
/ \
= S~
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FIGURE 1. The posterior density of the deviance for different models

We use the different model selection criteria in a study of the survival of
node-negative breast cancer patients, where it is of great interest to identify
high-risk patients as early as possible for further systematic adjuvant ther-
apy. For 97 postoperative patients, tumor size, hormone receptor state, the
proliferation marker KI-67 and a newly detected protein T1 are measured
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in the tumor tissue. We estimate survival models with time-constant and
time-varying effects using a MCMC-algorithm for hierarchical models with
state space structure. The final aim is, to decide upon an optimal predictor,
where only those covariates are modeled in a complex fashion, which show
clear evidence for this.

Tabel 1 shows the results for six selected models, where the first three
models represent static solutions, either containing no covariate or assum-
ing time-constant resp. time-varying effects for all covariates. Model M*
was selected in a stepwise algorithm optimizing the DIC. It also shows the
smallest posterior mean D(f) within the models considered in this step.
In a next step, tumor grading was additionally included in the model. Since
it is a staging of the tumor with respect to its proliferation characteristics,
we expect it only to increase the model complexity while contributing no ex-
tra information in addition to KI-67. The DIC supported this assumption,
while the posterior mean D(#) doesn’t sufficiently adjust for complexity
and hence doesn’t increase. The model deviance D(f), as expected, gen-
erally declines with increasing dimension. Also the posterior Bayes factor,
which is calculated over model M*, seems to give too much weight to more
complex models.

Figure 1 shows the posterior density of the deviance D(f) for the three
static solutions, model M* and the model including tumor grading with a
time-constant effect. It shows that all models considering time-variation are
clearly superior to the time-constant model resp. the null-model. However,
it also points out the difficulties of distinction of different models with close
fit.
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Abstract: Buckland et al. (1997) discuss how model selection uncertainty may
be incorporated into statistical inference. We apply their approach in a simple
example of linear regression. Through a simulation study we analyse and compare
the behaviour of the variance estimation and the bias. We conclude that the
bootstrap gives a better variance estimate.
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1 Introduction

Buckland et al. (1997) discuss how model selection uncertainty may be
incorporated into statistical inference using weighting methods, where the
weights are obtained from information criteria or by using the bootstrap. It
is assumed that each fitted model provides an estimate of the parameter of
interest #, common to all models. If each model My, k =1,..., K, provides
a weight wy, scaled so that > wy = 1, and estimates 0 for 0, the overall
estimate of 6 is taken to be

é = Z’wkék. (1)
k

The weights wy, can be obtained using Akaike’s Information Criterion, AIC,
the Bayes Information Criterion, BIC, by the bootstrap, in which case wy
is estimated by the proportion of resamples in which M} is identified as
best . We use AIC, I = —2log L + 2p ,where L is the likelihood function
evaluated by replacing parameters by their maximum likelihood estimates
and p the number of parameters, and this gives
Wi = ;Xp(_l’“m . k=1,...,K.
> im1 exp(=1i/2)

To estimate the variance of (1) in the non-bootstrap case, Buckland et al.
(1997) suppose that the weights wy, are known, that the bias in estimation
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of 6 is zero and that the estimators 6, and él, k # 1, are perfectly correlated.
They obtained

Var é {Zwk\/Var 0 | Br) +5k} , (2)

which can be estimated by replacing the bias 8, = E(0))—0 by B = 6, —0,
and using @“(ék | Bk), found by usual inference methods. Our aim is to
consider (1) in simple linear regression, to calculate its variance without
making the above-mentioned assumptions, and to find its bias.

2 Simple linear regression

Consider the simple linear regression model y; = Bo+f1z;+¢€i, i =1,... ,n,
g N N(0,0?%). The aim is to predict y for a value of z, z,. We cons1der

two estimators, 01 ,6’0 + ,81$+ and 92 =1 correspondlng to models M;
and M. From (1) we get 6 = W101 + Wabsy = y+ Wlﬁl(aq_ — ), and the
expectation, variance and bias of 6 are

E(f) = (g) + (x4 — Z)E(Wif1) = Bo + BiZ + (x4 — B)E(W151), (3)
Var(é) = + (x4 —%)*Va (Wlﬁl) + 2(z4 — z)Cou(y, Wlﬁl), (4)
0 =B1(z — xy) + E(WiBh)(zy — 2). (5)

f\
D> Q|
-

()

We are concerned with W13, and to derive its expectation and variance
we write it as

Wi 2 [1+¢' 1+{%+6} /(n—2) [V'/2(Z + ),

where Z ~ N(0,1), C' ~ Xn 9, 0 = Bl/Vl/2 is a non-centrality parameter
and V is the variance of Bl . So, Wlﬁl is a function of Z, C and §, and its
expectation and variance can be obtained by simulation of Z and C'. When
d increases, Wi — 1, and we can expect that E(Wlﬁl) — 1, given that
E(Bl) = 31 under the true model. And so we can expect that E(é) -6 — 0.

2.1 Simulation and results

We conducted a series of Monte Carlo experiments based on data sets of
size n = 11, 21, 41, 101 and 201. The values of z were equally spaced
in the interval [—1,1], 8o = 1 and 3; = 2, the responses were generated
as e ~ N(0,1) with z+ = 1.1. St.Err.(d) and E(f) were first calculated
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FIGURE 1. (a) Standard errors of 0 calculated from (4) (e), average values from
(2) (8) and average bootstrap values, resampling pairs, (o). (b) Relative bias for
different sample sizes as a function of §, forn =11 (o), n =21 (A), n =41 (O),
n =101 (e) and n = 201 (V).

from (3) and (4), generating 10,000 values of Z and C for the computa-
tion of E(Wi53;) and St.Err.(WyB;). These values agreed well with the
values from 10,000 simulations of the previous model, for all sample sizes.
Secondly the same quantities were calculated by bootstrapping, getting 6
in each resample, resampling pairs and resampling residuals from M, the
true model, for R = 999 resamples. The results from resampling pairs and

resampling residuals were similar. St.Err.(0) were also calculated from (2),
and for better comparison, we get the average values of St.Err.() in 20
differents samples, for (2) and for bootstrap resampling pairs. Finally, we
also performed a simulation study to verify the behaviour of Wy, W3 1 and
the bias when ¢ increases.

The results are sumarized in Figure 1. Plot (a) represent the values of
St.Err.(f) calculated from (4) and the means for the bootstrap (resam-
pling pairs) and (2), as functions of n. Despite some small sample fluctua-
tion, these values agree. We also plotted the log of these average variances
against log n, and this confirmed our conclusion. In (b) the relative bias for
the different sample sizes are plotted as a function of §. The relative bias
decreases as n increases and tends to zero as § gets bigger.

We performed all theses calculations including a third model in é, ég =

[% + Blx14 + Boway, and the results were the same.

3 Application

We take data on the relationship of immunoglobulinG (IgG) with age,
in children from 6 months to 6 years. The aim was to establish reference
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centiles for the serum concentration of certain immunoglobulins in children.
This study was discussed by Royston and Altman (1994), who applied
regression using fractional polynomials. They take the square root of IgG
as the response Y, which appears to eliminate the skewness of the data,
and compared fractional polynomials with polynomial regression. We take
3 fractional polynomials and 2 polynomials to estimate 8, the prediction
of Y at 6.2 years. The fractional polynomials were My: y = By + (1 log z,
My: y = Bo + frz~2 + Boz? and Ms: y = By + f1zt/2 + Boz. My and Ms
correspond to cubic and a quartic polynomials. The more parsimonious
model was M. We calculate @ in two situations: for the whole data set of
298 observations and for a subsample of 53 observations. The data, fitted
models and 6 for these two situations are in Figure 2. For the first we
get St.Err.(f) 0.3053 using (2) and 0.2449 by resampling pairs. For the
second, we get 0.4534 and 0.6118. The values for the whole sample are
close, but using bootstrap we made no suppositions and in addition we can

get confidence intervals and other properties for all quantities involved in
0.
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FIGURE 2. Fits for IgG data (left whole data set, Tight subsample): M1 (solid);
M, (dotted); Ms (small dashes); My (medium dashes); M5 (large dashes); 6 (o).
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Abstract: Efforts to estimate the demand side for residential site have been
numerous, especially since Rosen’s analysis of implicit markets in 1974, but non
satisfactory due to the difficulty any of these approaches has to face when try-
ing to deal with heterogeneous consumers. This paper proposes an alternative
approach that consists of applying a discrete choice model to the demand for res-
idential site choice. In particular, I estimate the rental housing demand of each
ethnic group -Blacks, Whites, Asians and Hispanics- for a residential site that
is characterized by a bundle of housing dwelling and site traits. The estimation
coefficients show that each ethnic group differs in the valuation of housing traits
such as the racial composition of the neighborhood.

1 Introduction

Efforts to estimate the demand side for residential site have been numerous,
especially since Rosen’s analysis of implicit markets in 1974. According
to Rosen’s analysis of implicit markets, the observed price of a housing
unit depends on the implicit prices of its residential -site and dwelling-
attributes since market housing prices are the result of matching consumer’s
willingness to pay for traits and producers’ minimum acceptance price for
those traits. Then, the hedonic price function is the joint envelope of the
family of value functions and the family of offer functions.

The hedonic price function would directly reveal the demand side for char-
acteristics if consumers were homogeneus. As Rosen states, only if con-
sumers were identical, the family of value functions would collapse to a
unique function that coincides with the hedonic function. If this were the
case, the observed price differences would be exactly equalizing across con-
sumers and the hedonic price function would identify the structure of the
demand.However, households are heterogeneous; different age, income, race
and family size make tastes to differ across individuals. Therefore, the es-
timation of the demand for residential characteristics using the hedonic
approach becomes difficult if not impossible. Examples of these efforts are
Linneman (1982) and Bloomquist and Berger (1988).

Because of the difficulties to estimate the demand for residential charac-
teristics by regressing the hedonic price function on these traits, I propose
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an alternative approach that consists of applying, to the housing market,
a discrete choice model of product differentiation (Berry, Levinshon, Pakes
(1995); Nevo (1997); and Berry (1994)). In particular, using the discrete
choice technique I estimate for the renter occupied housing market, the de-
mand of each ethnic group for a residential site as a function of its dwelling
and site traits. Therefore, this approach directly reveals the preferences of
different types of households for certain residential characteristics.

To deal with this objective, this paper is organized as follows. After the
presentation of the discrete choice approach for modeling demand of each
ethnicity for residential site choice, section IIT describes the data set used
in the estimation and the main results.

2 Demand side for residential choice

In this section, I follow Berry, Levinshon and Pakes 1995; Nevo 1997.
Individual household behavior is modeled with a discrete choice model in
which the products -housing units— are differentiated geographically and
physically. That is, housing units are characterized by site traits like ethnic
composition of the neighborhood, and dwelling traits like number of rooms
or age of buildings.

Let h = 1,....., H be housing units in the area A. Then, at time t, the
indirect utility that household i would receive if he decided to rent h is:

Ul = ¢i(X]") — iRl + €] + €]

where X[ is D x 1 vector of observable (by the econometrician) dwelling and
site characteristics of h at time t; tht is the rental payment that household
i faces for h at time ¢; ¢! is the mean valuation of unobservable (by the
econometrician) characteristics of h at time ¢; and €? captures household
heterogeneity in the valuation of unobservable characteristics of h at time
t.

In what follows, I omit the time subscript. Further, I assume that each
household resides at most in one housing unit; housing and site character-
istics are publicly known; ¢! iid over (i ,h) with a Type I extreme value
distribution; rental payment for h at ¢ is the same for all type of households,
i.e., there is no price discrimination; and ¢;(X/*) is linear in the character-
istics. Under these assumptions, household’s i indirect utility from residing
at h takes the form:

U= X"B; — i R" +&" + €}

Household i decides to reside at housing unit A if and only if the utility that
he would obtain at h is at least greater than the utility he would obtain at
any other housing unit.
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The vector of household’s i tastes for housing characteristics, (3;, o), can
be expressed as

(Bia Oéi) = (ﬂ(—h ae) + H/ﬂ?i + El/i

where the subscript e indicates the race of household i; (B, ae), is the
vector of mean tastes for housing traits of the households of ethnicity e; IT
is a (D + 1) x d matrix that allows to measure the effect of demographics
different from race on the valuation of characteristics; x; is the dz1l vector
of household’s i demographics other than race; 3 allows for heterogeneity
in tastes not related with demographics; and v; N(0, Ipy1).

Then, the indirect utility equation can be written as

U= ot il

where 6" = X"3, — a.R"+¢", that is, it is the mean utility associated with
housing unit h for households of race e; and u = [X"R"] x [IIx; + Zv;].
Further, assuming all relevant consumer heterogeneity for housing decision
is reduced to the demographic race, the term /' would equal zero.

Under these assumptions, the share of the housing unit h rented by a
household of race e in the renter market of housing units, called S”, can
be expressed as

o cop(e?)
B 25:1(55)

The market of housing units for rent considered corresponds to an area
B, with A C B. Therefore, this expression takes into account that each
household ¢ of race e could decide not to rent any of the housing units at
A but still rent another housing unit in the market. This is the outside
alternative.
At the true values of §. the share predicted by the model for housing unit
h, S* must equal the observed shares for h, 5’2 Following Berry (1994),
the §. satisfying this requirement is unique and it can be computed from
the observed shares as

5i = 1In(S%) — In(S7)
where S 0 is the share in the market of housing units for rent corresponding
to the outside alternative for race e.
Using the computed mean utility associated with housing unit A for house-
holds of race e, ", it is possible to estimate the vector of unknown param-
eters, (Be, ), with the equation
o = X"B, — a.R" +¢"

€

that is linear in housing characteristics.
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3 Data and results

The data set used to estimate the model presented here has been obtained
from the Summary Tape File 1A, Summary Tape File 3A, and Summary
Tape File 3C1 of the1990 Census of Population and Housing. The area B
considered, that is, the market of housing units for rent, matches Chicago-
Gary-Lake County Metropolitan Statistical Area. Area A corresponds to
Community Areas 1 to 76 of the city of Chicago. The level of extraction of
the files to obtain area A data is Census tracts.

The variables used in the estimation are the number of years of the hous-
ing unit; number of bedrooms; proportion of Blacks, Hipanics, Asians and
Whites in the neighborhood; a dummy for proximity to the lake; distance
to the city center; rent per bedroom; a dummy for North location to the
North; and the mean utility households of race e would obtain if rented
that housing unit. To control for the endogeneity problem, I instrument
the variable rent per bedroom with: a constant, the number of bedrooms
of owned occupied housing units in that neighborhood, the median house-
hold income in the neighborhood, and the mean number of rooms of owned
occupied housing units in the neighborhood.

The most remarkable findings of a 2SLS estimation for the demand for hous-
ing of each of the four ethnic groups are the following: (i) Ethnic groups
differ in the valuation, in magnitude and sign, of dwelling and site charac-
teristics. (ii) Rent per bedroom is only statistically significantly for Asians
and Hispanics. (iii) As the number of bedrooms of a housing unit increases,
it is more difficult to rent it. (iv) Each ethnic group prefers renting a hous-
ing unit in areas where other households of the same race live. (v) The
demand for renting a housing unit by Asians, Hispanics, or White house-
holds decreases as the proportion of Blacks in the neighborhood increases.
(vi) The proportion of Whites in an area decreases the demand for renting
a residential unit by Blacks in that location. (vii) There is a remarkable
preference of Hispanics and Asians for the proportion of Hispanics and the
proportion of Asians, respectively, living in a neighborhood.
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1 Nonparametric estimation of hazard function

Let X be a nonnegative real random variable with absolutely continuous
distribution function F', and probability density function f. There are oth-
ers ways for to study the distribution of X, as the failure rate function
r. This function, also called ”hazard rate function” or ’risk function”, is
defined by

< >
r(x):AhmOP(x_X<Z+Az/X_:L'),
z > T

that by the definition of conditional probability density it can be written

oy S f@
1-F(z) F(z)

considered when F(z) > 0, that is, r is defined in the set S = {z €
R/F(z) > 0}.

Thus, if X measures a failure time, 7 () A, can be interpreted as the ap-
proximate probability of one object "fails” in the time interval [z,z + A,),
given the object has survived to time z, i.e. the instantaneous probability
of failure at z. In medicine it has been study mainly for censored and/or
truncate dates (see, e.g. Lee (1992)). In a seismology context, r (z) might
be thought of as the instantaneous risk of the occurrence of an earthquake
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in the moment z, known the last earthquake has happened in the moment
0 (Rice and Rosenblatt (1976)). In these situations, as well as in others
practical situations, a problem of considerable interest is the estimation of
r from a random sample Xy, ..., X, of F.

A typical form to estimate this function consists in to specify a parametric
form of a known distribution, such as a Weibull or a Gamma, and to esti-
mate the parameters of the supposed distribution (Cox and Oakes (1984)).
However, at many times, there not exists sufficient information to precise
the distribution of the random variable X of interest. In such situations,
it is certainly desirable to have nonparametric tools to estimate such func-
tion, without having to restrict us to some particular class of distributions.
Several nonparametric methods for estimating r have been proposed in
the literature; many of these methods are based on the assumption that
Xi,...,X, areii.d. random variables. See, for example, Watson and Lead-
better (1964 a and b), Ahmad (1976), Singpurwalla and Wong (1983) and
Hassani, Sarda and Vieu (1986).

However, in certain cases it is much more realistic to suppose that the ran-
dom variables Xj, ..., X,, are dependent, although this dependence weakens
for groups of r.v.’s far apart. This may be the case, for instance, for the time
intervals between occurrence of earthquakes (Rice and Rosenblatt (1976),
Udias and Rice (1975)). By this reason, we will assume that the underly-
ing r.v.’s come from a strictly stationary process and satisfy some mode of
dependence which is reasonable from a practical point of view. In this con-
text, we also find several nonparametric estimates of hazard function (see
Gyorfi, Hirdle, Sarda and Vieu (1990), Sarda and Vieu (1989), Roussas
(1990) and their references).

A straightforward way to build a nonparametric estimator of the function
r, is to take the ratio of nonparametric estimators of density f and survival
function 1 — F'. Because the best way to estimates these functions is with
kernel type estimators (Silverman (1986) and Sarda (1991)), we will also
consider the kernel estimator of the hazard rate function, introduced by
Watson and Leadbetter (1964a and b) in a context of independent data. It
is defined by

fn (2)
— 1
rh(w) ].—Fh(ﬂj), ( )
where f5 (z) = 2 S°" | K (£52%) is the Parzen-Rosenblatt estimator of
f(z), and Fy(z) = [ fa(t)dt is the kernel estimator of F(z). As well

as, K is a kernel function, H(z) = [*_ K(u)du is its distribution function

and h = h (n) € RT is the smoothing parameter, or bandwidth. Optimality
properties of the estimator (1) have been proved in Estévez and Quintela
(1999).

On the other hand, as in the case of kernel estimators of other unknown
function, the choice of the smoothing parameter h is crucial to the effective
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performance of the estimator. If the bandwidth is too small, there is too
much variance in the sense that features which belong only to the particular
data set and not to the true hazard rate may be seen in the estimates. If the
bandwidth is too large, there is too much bias in the sense that features of
the true hazard rate are smoothed away. The problem of automatic choice of
smoothing parameters in kernel nonparametric estimation has been widely
studied in the literature. In the whole of proposed methods one must to
emphasize the cross-validation procedure. This procedure, introduced by
Bowman and Rudemo at the beginning of the eighties (Rudemo (1982),
Bowman (1984)), it has been suitably modified depending on the function
to estimate (see, e.g., Gyorfi, Hardle, Sarda and Vieu (1990) and their ref-
erences), the type of sought window, local or global (Mielniczuk, Sarda and
Vieu (1989)), and the independence or dependency conditions between the
observations (Hart and Vieu (1990) for density, Chu and Marron (1991)
for regression and Estévez and Quintela (1999) for hazard function estima-
tions).

In this presentation, we estimate the hazard function through (1) and we
make use a modification of the cross-validation bandwidth studied by Es-
tévez and Quintela (1999). The modified bandwidth cross-validation is also
optimal but it make estimations better. Our results will be given in the
setting of @ — mixing variables, which is the less restrictive among the
mixing conditions.

In addition, we will show some simulations that exhibit our results, and we
will present an application to a set of real data. We will deal with obser-
vations of the time intervals between earthquakes in certain geographical
areas.
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1 Introduction

The problem of fitting cumulative mortality as a function of time to clus-
tered data involves modelling the multinomial response over time and pos-
sible approaches include survival analysis (Petkau and Sitter, 1989) and or-
dinal generalized linear models (McCullagh, 1980; Glonek and McCullagh,
1995). An additional aspect here is the possibility of extra-multinomial
variation (overdispersion) arising from the use of groups (clusters) as the
experimental units. A consequence of failing to take overdispersion into
account is not only underestimation of the standard errors of estimated re-
gression coeflicients but also those of the lethal time LT}, giving incorrect
significance of treatment effects (Hinde and Demétrio, 1998). The use of
Liang and Zeger’s (1986) generalized estimating equations (GEE) as an ex-
tension of Quasi-Likelihood (QL) (McCullagh and Nelder, 1989) has been
considered as an alternative approach to the problem of fitting a generalized
linear model (GLM) to clustered data.

In this paper we present and analyse data from a biological control as-
say conducted at ESALQ/USP, in Piracicaba, Sdo Paulo, Brazil. Different
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Beauveria bassiana (a fungus) isolates (K = 142) were used as a microbial
control for H. tenuis (a termite) to study the pathogenicity and virulence
of the fungus isolates. These isolates were applied to groups (clusters) of
n = 30 termites, with five replications (r) per isolate, and the mortality in
the groups was measured daily for a period of eight days (j), resulting in
710 multinomial observations.

2 Alternative Models

The frameworks of GLM and GEE are used to model the cumulative mor-
tality as a function of time. For the systematic part we use a regression
model with a logit link and day as an explanatory variable with a lin-
ear predictor such as the linear trend 7;, = [1; + [2it;, where Bi; is
the effect of it" isolate (i = 1,...,K), B2 is the coefficient associated
to the linear effect of day on the t" isolate, and t; is a quantitative vari-
able for day, (j = 1,...,D). To model the extra-multinomial variation
(overdispersion) we consider two-stage-models for the response: a Dirichlet-
multinomial (DM) and a random effect model (REM) (O’Hara Hines and
Lawless, 1993).

Multinomial Model

Suppose that for a single isolate 7, ¥;,; is the number of insects dying on day
j for the r** replication. Let R;;; = cumulative proportion of insects dead
by day ] If we assume that Y;'T-j = ni(Rirj — Rirj—l) and {}/irla PN ’}/;’I"D}
is Multinomial, from the moments of the multinomial distribution we have
that the mean vector and covariance matrix of R;,. are given by

E(Ri;) =p;  and  Var(Ri) = V(p;,) (1)

where the matrix V(p;,) has elements v,; = vy ; = pirj(1 = p;.5) /1,
(1<j<j <D)

Dirichlet-multinomial Model (DM)

The DM model assumes that, as a first stage, the multinomial probabil-
ity vector, {ms1,-...,Tirp} has a Dirichlet distribution, and, as a second
conditional stage, that {Y ;.| 7;.} has a Multinomial distribution. For the
unconditional cell frequencies {Y;, } we have a Dirichlet-multinomial distri-
bution. The resulting marginal distribution for the cumulative proportion
response vector has mean vector given by

E(R;.) = E[E(Ri; | p;r)] = E(Pir) = Vi
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and variance function
Var(Ri;) = E[Var(Ri|p;,)|+ Var[E(Ri | p;,)]
1+ pi(ni = DIV (7)), (2)

which is inflated by a factor of [1 + p;(n; — 1)] compared to that for the
standard multinomial model (1).

Random Effects Model (REM)

Incorporating an additive, normally distributed, random effect in the linear
predictor gives a random location shift in the effect of each isolate for each
replicate and we have

9(Dirj) = Nirj + €ir = Pri + Paitj + €ir,

where g5, ~ N(0,07). Writing pirj = g7 (0irj + €ir) = h(nirj + €ir) and
using a second-order Taylor series expansion in the random effect ¢;,. for
the cumulative multinomial probability vector p;. = h(n,, + €;), around
the linear predictor n;,, we obtain

E(pz'r) ~ h(nzr) = Yir and VaT(pir) ~ h/ (niT)[hl(nir)]To-ga

where h'(n;,) = 8h(n;,)/dn;,. The resulting marginal distribution for the
cumulative response vector has variance function given by

Var(Riy) = V(v;,) + (1= 1/ni) o ' ()[R (m;,)] (3)

For each of these we consider using both a single constant overdispersion
term and models in which the overdispersion is allowed to vary over iso-
lates. These approaches can be considered as extensions of Williams (1982)
methods for the binomial case.

3 Estimation

Because of the equal sample size in this bioassay we used a simple constant
overdispersion factor with standard quasi-likelihood techniques to estimate
the vector of regression coefficients and moment methods to estimate the
overdispersion parameter. The quasi-likelihood or generalized estimating
equations for the vector of regression coeficients may be written as

5 6"" -1
XT ir OD -1 - — E(r: — 0.
S XL G 2 e Pl =0

Fixing p; or o? and using the IRLS procedure, the iterative equations for
B; are

5 15

~(h

By (Z Xz;WgDXiT> S XIwSPz,
r=1 r=1
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on. on.. 17"
where WP = [%VﬁDﬁ] , and V9P is given by (2) or (3).

4 Results and Discussion

The results show that the estimated regression coefficients are similar for
the multinomial, Dirichlet-multinomial and the random effects models. This
small change in the fixed effects estimates under different overdispersion
models is as expected, as these are not very sensitive to the exact form
of the variance function. Standard errors are obtained from each of the
models and compared with model-robust versions (based on the sandwich
estimator). These are shown to differ considerably and those from the DM
model seem to be overestimated compared to those from the REM model.
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1 Introduction

Poisson regression is a standard model for the analysis of count data. How-
ever, in practice, data is frequently more variable than specified by the Pois-
son model and the count data is described as overdispersed. There are var-
ious mechanisms that can lead to overdispersion and a number of different
overdispersed models have been proposed (see Hinde and Demétrio 1998).
This paper concentrates on situations where the numbers of observed zero
counts is larger than expected under a standard Poisson model, giving a
very specific type of overdispersion. A simple mixture model, the zero-
inflated Poisson (ZIP) model, can be used for data of this form — it is
simply a mixture of a Poisson model and a degenerate distribution at zero.
The ZIP model can incorporate explanatory variables in both the zero pro-
cess and the Poisson model.

Zero-inflated Poisson distribution

IfY;,s =1,...,n are counts with mean pu;, the standard Poisson regression
model assumes that Y; ~ Pois(y;) with variance function, Var(Y;) = p;
and canonical link, log(;), giving the linear predictor log(u;) = n; = xI 3,
where 3 is a px1 vector of unknown parameters and x; = (z;1, Z;2,- . - , xip)T,
is a column vector of an n X p matrix of covariates, X.

For count data with more zeros than expected, a number of models have
been proposed. Here we will focus attention on the zero-inflated Poisson
model, as given by Lambert (1992). The zeros are now assumed to arise



Jansakul, N., Hinde, J.P. 349

in two different ways; as an observation from the Poisson model, or else,
from a degenerate distribution with a probability mass of one concentrated
at zero. This gives a simple two-component mixture distribution with the
following probability mass function

wi + (1 —wi)e ™, yi =0
Pr(Y; = y) = i\ 1
r( y) (lfwi)eil) yi:laza"'a ( )
Yi:

which we denote by Y; ~ ZIP(\;,w;).
Simple calculations show that

EY;)) = (1-w)h=p

N o— Wi 2
Var(Y;) = ’ul+<1—wi>““ (2)

indicating that the marginal distribution of Y; exhibits overdispersion.
The log-likelihood function is given by

(Awiy) = > {Ty=o) loglwi + (1 —wi)e™]

+ Tys0) log(1 —wi) — A + yilog A — log(y:)]},  (3)

where 1.y is the indicator function for the specified event, i.e. equal to 1 if
the event is true and 0 otherwise.

It is clear that this reduces to the standard Poisson model when w; = 0.
For positive values of w; we have zero-inflation, however, it is possible for
w; < 0 and still obtain a valid probability distribution (this corresponds to
a deficit of zeros — zero-deflation). An extended mixture model, in which
w; is not constrained to be non-negative, is commonly referred to as a
zero-modified model.

For applying the zero-inflated Poisson model Lambert (1992) suggested the
following joint models for A and w

log(A) = XB and log <lww> = G, (4)
where X and G are covariate matrices and 8 and « are p x 1 and ¢ x 1
vectors of unknown parameters. The use of the logit link function for w
constrains w; to lie between 0 and 1 and will be problematic when w =0, a
case of interest as this corresponds to the standard Poisson model. In view
of this and the extension to a zero-modified model it may often be useful
to use a different link function for w. The identity link is one possibility
giving the joint models

log(A) = XB and w=Gx. (5)
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2 Score Tests

Testing if the number of zeros is too large for a standard Poisson model
corresponds to testing the hypotheses: Hy : w = 0 against H; : w # 0.
van den Broek (1995) proposed a score test for this assuming a log-linear
model for A, but only a constant model for w. This corresponds to testing
~ =0 in (5), where G is taken to be an n x 1 matrix of 1’s. Interestingly,
having rejected the null hypothesis, he then went on to fit models to w
using a logit link as in (4).

Here we extend the score test statistic to allow w to depend upon covariates
through (5) and so again testing w = 0 is equivalent to testing v = 0.
Since the score test only requires the maximum likelihood estimates of
the parameters under the null hypothesis, the general score test for any
covariate model for w still only involves fitting the standard Poisson model.
Based on the log-likelihood function (3) and the models (5), the gradient
vector, S(B,7), and the information matrix, Z(3,4) can be calculated.
Under the null hypothesis, the general score test statistic is

S = ST (By,0)C15(By, 0), (6)

where Bo is the maximum likelihood estimate under the Poisson model and

Iiy=0) —e
e_x ’

5(3070) = GT

C = I, (B, 0) — Zg(Bo, 0)Z5" (Bo, 0)ZZ, By, 0),
with
T5(B,, 0) = X diag(\) X,

~ 1 - exp(—\;
Z,(By, 0) = G diag Lzexp(=hi) ) (o
exp(—A;
Ts+(By, 0) = GTdiag(—\i) X,
In the case of constant w this test reduces to that given by van den
Broek (1995).

3 Sampling Distribution of S,

Results from a small-scale simulation study indicate that the X%q) distribu-
tion can be used as a reference distribution in many situations, as suggested
by asymptotic theory.
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4 A Composite Test for w Models

As we consider more complex models for w we get closer to reproducing
the observed zeros in the sample and the model for A approaches that for
a truncated Poisson distribution. So a comparison of the fit from a Poisson
and a truncated Poisson model can be considered as a test of a general
(unspecified) model for w. An alternative is to follow the approach given in
Hart (1999), and to use score test statistics S, from increasingly complex
models for w. A model for w is selected on the basis of the maximum of
Sw/q over a set of possible models. The performance of this procedure is
examined with a small simulation study.

5 Applications

The use of the extended score test and the above model selection method
for w are illustrated on two examples:

e Shoot generation from micro-propagation experiments on the apple
variety Trajan (Ridout et al. 1998);

e Urinary tract infections for HIV-infected men (van den Broek 1995).

For these two examples, the score test procedure using S, /q chooses the
same model for w as using the log-likelihood ratio test or the Akaike Infor-
mation Criterion, but requires only the Poisson model to be fitted.
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Bias Adjusted Pearson estimating functions
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Abstract: Generalized estimating equations (GEEs) is a method for regression
paramters in longitudinal, and other clustered data models. Often moment esti-
mators are used for estimating the correlation of repeated responses, and simple
degrees-of-freedom adjustments are applied to prevent a bias. Instead, we pro-
pose Peason estimating functions for covariance parameters, and aply a general
bias adjustment of Jgrgensen & Knudsen (2000), obtaining REML-like results.
We compare with degrees-of-freedom methods, and show that these are deficient.

Keywords: Nuisance parameter bias; Profile estimating functions; Mixed Model.

1 Pearson Estimating functions

Let y; denote the n; response vector, observed for the ith of k£ independent
clusters. Let E (y;) = u; (8) denote the mean, 8 being a p-vector of regres-
sion coefficients, say. For each marginal y;;, let Var (y;;) = o?v (11i1), where
v is a known variance function and ¢? an unknown dispersion parameter.
Assume further that the covariance matrix of y; is given by

Var (ys; 8, ) = V;2 () Bs () Vi® (1s) -

Here V; is a diagonal matrix of variance functions, and R; is a n; X n;
regular matrix that depends on an s-vector of covariance parameters «.
We estimate 8 by solving the optimum GEE

1 _
95 (B,a) = EZD;VM(%) Yy — i) =0,

where D; = Vgpu; are n; x p gradients all of full rank p.

_1
Denote the ith Pearson residual vector by r; =V, 2 (yit — pit)- A Pearson
estimating function for the jth component of « takes the following form:

9oj (B,a) = % Z {riTAi—jlri _ o2trace (Ai_lei)} , (1)

where A;; are regular n; x n; matrices such that E (9g4;/0c;) # 0. The
collection g, of gn;s is hence regular for estimating «; that is, unbiased
E (g9o) = 0 and the sensitivity matriz E (V9. ) is regular.
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The Pearson estimator for o2, familiar in generalized linear models (GLMs),
corresponds to A;; = R; = I;, in which case trace(A{llR,-) = n;. Included
are also normal linear mixed models, where score functions for variance
components coincide with (1); see Searle et al. (1992, Eq. 6.2.16). In fact,
A;; may, in general, be inspired by these score functions, arriving at a
general a-estimating procedure.

Combining gg and g, gives an unbiased estimating function g = (gg, ga)
for 8 = (8, @), say. Thus, under further regularity conditions, 6 is consistent
and asymptotically normal; see Knudsen (1999, Ch. 2).

In particular, note that E (V,gg) = 0, since gg (8, «) depends on « only
through R (). This implies a-insensitivity and hence efficiency-stable esti-
mation of 3; that is, the asymptotic variance for j is preserved whether a
is treated as known or unknown; see Knudsen (1999, Ch. 2) and Jgrgensen
& Knudsen (2000).

2 Bias adjustment

Often g,, (8, @) is sensitive to changes in 3. The profile estimating function
Ja (@) = ga(,é’a,a) for o along a GEE estimator Ba at «, hence suffer
from a bias that may lead to inconsistency and over-optimistic estimates.
Under the likelihood set-up, these problems may, in general, be corrected
using modified profile likelihoods of Barndorff-Nielsen and Cox & Reid; see
McCullagh & Tibshirani (1990) and references therein. Such techniques,
however, are not readily available for estimating functions, since these are
not gradients of any pseudo-likelihood, say.

A more viable approach is given by Jgrgensen & Knudsen (2000), who
extend McCullagh & Tibshirani’s (1990) bias adjustment for profile score
functions. Their adjustment b is defined so that the bias of §,—b is O (k_3/2).
If we assume that all A;; do not depend on 3, then the jth component of
b is given by b; = —UZﬁj + n;. Here p; is easy to compute,

pj = trace { (Z D;W_%A;IW_%DJ (Z D, Var (yi)*l Di)l} .

Unfortunately, 7; is a rather complicated; see Jorgensen & Knudsen (2000).
We ignore n; for various reasons: it depends on higher-order moments, and
introduces O(|a|?)-terms. Correspondingly, we obtain

. 1 - - 5
Gaj = % Z I:’l"iTAijl’r‘i — 0'2 {trace (AUIRz) 7p}:| ) (2)

for estimating the jth component of a. We call the solution to g, = 0 for
a BAPE, an acronym for Bias Adjusted Pearson Estimator, and refers to
the estimator rather than the estimating function itself.
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For GLMs, where A;; = R; = I;, then p; = p. Thus the BAPE for o2 is
just the Pearson estimator adjusted by degrees of freedoms. Note that if
A;1 = I; but R; represents positive correlation, p; > p.

For normal linear mixed models, Tibshirani & McCullagh (1990) show that
bias adjusting the score function corresponds to REML-estimation, which
is known to have nice properties. Their result and g, coincide, since n =0
for normal data models; see Jorgensen & Knudsen (2000).

3 Simulation results: one-way Gamma model

Consider iid random effects uy, . .. , ux. Assume that all y;; are conditionally
independent given all us, that the conditional distribution of y; given us
depends only on u;, and that for all ¢ and ¢

Yir| u ~ Ga(pius, w?/ug) and u; ~ Ga (1,72) ,

where Ga (,u, 02) denotes a Gamma model with mean x and variance o 2.
Thus, by calculus of conditional and unconditional moments, E (y;;) = pit,

Var (yit) = (w2 + 7'2) ,uizt and Cov (yit; ¥iz) = Tzuit,uit )

between all t # z. The correlation structure is hence exchangeable, and
R; = w?I;+72J;, where J; are n; xn; with every element unity. The variance
function is v (4) = p?, and the dispersion parameter is 0 = w? + 72. We
interpret w? and 72 by calling them dispersion components.

The simulation study is based on assuming 72 = w? = 0.05, 0.1 and 0.25.
For each value, 1000 data sets where generated, assuming a simple log-
polynomial regression,

log (pit) = B1 + Bat + Bst® for all 4, ,

with true regression coefficients 8; = 0.01, 82 = —0.10, and B3 = 0.02; lack
of space prevents us from studying estimates here.

Three methods for estimating o = (wZ, 7'2) are compared: L-Z, BLUP and
BAPE. The L-Z corresponds to the GEE library for SPLUS, and is based on
the following moment estimators adjusted by degrees of freedoms:

N 1 T s . 1 R
&% = r;ri — 05 and 72 = E E PitTiz -
n=pr m=pPTTi=

withn = > n; and m = § 3" n; (n; — 1); see Liang & Zeger (1986, p.17-18).
In the BLUP-approach, proposed by Ma (1999), estimation on w? and 72
is based on regular Pearson estimating functions, defined by

9w = Z (7“;7“1' - niO'Q) and gr = Z (riTAiTri — TQniw,-) s (3)
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FIGURE 1. Empirical bias for &* and 72.

respectively. Here A;, = w?J; and w; = 72/ (w? + n;7%) for all i.
The BAPE method corresponds to g, and §,, where, in (2),

B; = trace { (Z XiTAi_lei> (Z XiTRiXi)_l} .

Here X; denotes n; X p design matrices, and A;, = I; for w?.
The magnitude of bias is illustrated in Figure 1. For true w? large, both
BLUP and BAPE are superior to L-Z, which is seriously biased. Only
BAPEs for 72 are nearly unbiased compared with BLUP and L-Z. In par-
ticular, note that, for L-Z, the bias of the Pearson estimator adjusted by
scanty degrees of freedomsé? = @2 + #2 does not cancel out.
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Optimization of Experimental Designs

Miguel A.P.M. Lejeune’

1 Introduction

The idea underlying the construction of optimal experimental designs is
to choose a design that optimizes some inference criterion. The optimiza-
tion problem is difficult to solve analytically. The recourse to experimen-
tal design theory has become widespread with the increasing possibilities
offered by computers. But, as for the new computers generation, attempt-
ing for constructing experimental designs remains very complicated and
time-consuming. The difficulty increases exponentially with the number of
predictor variables.

2 Goals

Taking into account the time consideration, we thus aim at implementing
an algorithmic process with which we are able to get highly efficient designs
for very large models (up to twenty predictor variables). This algorithmic
process presents the following characteristics:

Most exchange algorithms developed, so far, for the construction of optimal
designs, performs an optimization operation at each iteration. They con-
sider all points (or experiments) of the candidate space and select the point
which maximizes the selected optimality criterion. As opposed to this, we
neither construct nor store the candidate space. Our algorithm proposes
randomly a new point of the candidate space and does not require such
maximization operations. The process is less time-consuming and does not
involve any trade-off between the time saved and the level of efficiency
reached.

1. We implement a generalized simulated annealing algorithm. The main
motive is that simulated annealing is characterized by the possibility
to accept a detrimental move. This reduces the risk being trapped in
a local minima and facilitates the search of the global optimum.

2. We propose a method generating non-random starting designs. This
methods proves to be very indicated for complex first- and second-
order models.
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3. We customized the algorithmic process to the type of the considered
designs (saturated or non-saturated). Time-saving and efficiency con-
siderations lead us to differentiate the algorithmic process for satu-
rated and non-saturated designs.

3 Exchange Procedure

In this paper, we propose a new exchange algorithm which can be decom-
posed into four main steps:

1. Steps 1 and 2 substitute an experiment or point x, (among the N

experiments) for a point xi. The choice of the point x; to replace
depends on the variance of the predicted response at this point. We
replace the point x; which has the lowest generalized variance, where
the generalized variance of the predicted response at point x; is de-
fined as follows: var ((xi)) = f'(x;) (X’X) " (xi) (1)
For saturated designs (designs for which the number of experiments
N is equal to the number of parameters P), point substitution cannot
be performed in the same manner as for non-saturated designs. In
fact, by considering a saturated design, the variance computed with
formula(1) would be equal to 1 for each point of the N points xi.
Thus, the variance would lose its discriminatory power and would
not allow to select a point x; to be removed as in (2).

var ((xx ) = f'(xx) (X’X)7L £ (xg) = £(xi) (X°X) 7! f(xi) (2)
We remove the point x; and we add a point x;.

2. In step 3, we decide whether the tentative design obtained through
the above substitution will become the new current solution in the
iterative process.

3. Step 4 defines the stopping criterion of the iterative process.

e Comments on the point substitution Our point substitution proce-
dure is non-sequential. The addition and the removal of points take
place during a single iteration. The number of points included in the
design remains fixed, equal to N.

One of the main differences between our algorithm and the K-exchange
algorithm developed by Johnson and Nachtsheim [1983] or the K-
Coordinate-Exchange algorithm developed by Meyer and Nachtsheim
[1995] lies in the fact that their methods are greedy heuristics. They
are iterative procedures searching a new solution that maximizes, at
each step, the marginal benefit. At each iteration, they consider all
candidates in the design space and opt for an exchange, that maxi-
mizes the increase of the determinant of (X’X). Our algorithm gener-
ates a new neighbouring point or experiment. This does not involve
any maximization operation and so reduces the computation time.
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A second difference is that we decide to modify only one point (K=1)
per iteration. The first reason is that, as noticed by Johnson, this
option provides good results whatever the model considered. This is
not always the case for larger K. Indeed, the influence of the type
of model, the number of factors, parameters and experiments on the
value of K is difficult to model. Secondly, the substitution of one point
per iteration is less time-consuming. Finally, setting K equal to 1 also
allows to stabilize the structure of the design. This stability property
is advisable or even required when we use a procedure generating
non-random starting designs (see section 4).

e Comments on the Simulated Annealing approach Greedy or local-
neighbourhood-search methods have a well-defined termination rule
and often stop at a local minimum. Metaheuristics, among them sim-
ulated annealing, are more complex algorithms and search for better
solutions until an arbitrary stopping point is reached. Simulated an-
nealing, by allowing the search patterns to move away from a path
of strict descent and by allowing the random oscillations to be large
enough, tends to avoid local minima [Haines, 1987]. This is illustrated
by the following figure:

4 Non-Random Starting Design

Some authors have implemented a non-sequential method to generate non-
random starting designs. They claimed that this method has the advantage
of being able to add m experiments simultaneously; this set of m experi-
ments depends not only on the already incorporated experiments but also
takes into account the interrelationship of the m experiments to each other.
The sensitivity analysis conducted by Johnson and Nachtsheim does not
corroborate this argument and shows that sequential methods are at least
as efficient and are less time-consuming. That is why we have opted for a
sequential method.

So that our non-random starting procedure be effective, we do not have to
turn around the structure of the design at each iteration. To have developed
a point substitution algorithm for which K is equal to 1 is consistent with
this need. We use this method especially for very large problems. It aims
at converging more rapidly to the optimum. Starting with an initial non-
random design is more time-consuming than starting with an initial random
design. This time increase at the begin of the computation process can, for
larger models, be compensated in the course of the iterative process. In fact,
the procedure generating non-random starting designs helps converging
more rapidly and thus decreases the number of iterations.
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5 Conclusion

In the literature, we find that the difficulty to construct D-optimal increases
exponentially with the number of predictor variables. As a result, we do
not find in the literature D-optimal designs for first order models includ-
ing more than 13 factors. Most exchange algorithms implemented for the
construction of D-optimal designs store all candidate points and perform
an optimization operation for each of these R? points at each iteration (R
is the number of levels that each factor can take). The exchange algorithm
described in this paper does not require such an optimization sequence.
This was not compatible with our desire to apply our algorithm to the
elaboration of optimal designs for complex models.

We do not perform the algorithmic process in the same way for saturated
and non-saturated designs. The process implemented for non-saturated de-
signs is more rapid but cannot be applied for saturated designs because
of the properties of the information matrix. We have thus adapted the it-
erative process for saturated designs. This customized process induces the
computing and updating of an additional matrix.

We have implemented a simulated annealing algorithm to construct D-
optimal designs for linear models in an attempt to avoid the problems
of premature convergence. We have opted for a generalized simulated an-
nealing. We also propose a procedure for generating non-random starting
designs. The idea is that the additional time needed at the start of the
process can be compensated through the iterative process by a more rapid
convergence. This is interesting for larger models. The results we obtain
demonstrate that our algorithmic procedure is able to create highly ef-
ficient designs, almost 50% of them have a greater efficiency than those
found in the literature. Especially for large models, our method turns out
to be very effective. This has led us to apply it to models more complex
that those handled in the literature. We reach a 90 % D-efficiency level for
models with up to 20 predictors.

We also construct an experimental design for a butter producing company.
We so apply our algorithm to a second-order model, for which we had
to take into account 10 predictor variables and 7 interactions. We obtain a
design that reaches a D-efficiency of 95%, that is a greater level of efficiency
that the company could reach by using a professional software.
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Abstract: This paper presents an algorithm for the construction of cost-efficient
designs that are optimally balanced for time trends. The algorithm provides the
experimenter with a general method for solving a wide range of practical prob-
lems. The results show that the constructed run orders have outstanding perfor-
mance both in terms of D-optimality and costs.
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1 Introduction

In practice, costs often limit the usefulness of optimum experimental de-
signs. A first cost approach deals with measurement costs, i.e. the costs as-
sociated with particular factor level combinations. Examples are the equip-
ment cost, the cost of material, the cost of personnel and the cost for
spending time during the measurement. Another approach takes into ac-
count transition costs or the costs for changing the factor levels from one
observation to another. Consider as an example the cost for changing oven
temperature. In order to minimize the total cost of the experiment, the
number of factor level changes should be kept as low as possible.
Furthermore, when performing the observations in a time sequence, the
experimenter often has reason to believe that the observed responses will
be influenced by a temporal trend. Examples include equipment wear-out,
learning, fatigue and warm-up effects. Minimizing the number of factor
level changes is then no longer the only design issue. The objective is to
strike a balance between cost-efficiency and the degree of trend-resistance.
The existing literature suffers from the fact that it ignores cost consider-
ations and attention is mainly restricted to low-order time trends, factors
with only two or three levels, equally spaced time points and regular de-
sign spaces. This paper will present an algorithm for dealing with arbitrary
design problems.
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2 Trend-resistant and cost-efficient run orders

Tack and Vandebroek (1999) define the total measurement cost C™ of an
experiment as

d
cm = Znicm(xi), (1)

where n; represents the number of replicates at design point x; and ¢™(x;)
is the measurement cost at design point x;. Note that 2?21 n; equals the
number of observations n. Similarly, the total transition cost C? is

d

Cct = Z ni et (xi,%;), (2)

i=1,j=1

where n; ; denotes the number of transitions from design point x; to design
point x; and c’(x;,x;) represents the transition cost from design point x;
to design point x;. The total cost C' of a run order then equals the sum of
the total measurement cost (1) and the total transition cost (2).

If block effects are present, the n runs are assumed to be arranged in b
blocks of specified sizes k1,... ,kp, with n = Z?:l k;. With a the (p x 1)
vector of important parameters, 3 the (¢ x 1) vector of parameters of the
polynomial time trend and - the (b x 1) vector of block effects, the model
for the n responses becomes

y=Fa+ G+ Z~v +¢, (3)

where F and G represent the (n X p) and the (n X ¢) extended design ma-
trices for the response function and the time trend respectively. Finally, Z
equals diag(1,,.-. ,1x,), E(e) = 0 and cov(e) = 021, If the block effects
are random, we assume that E(vy) = 0, cov(vy) = 031, and cov(y,€) = 0.
Remark that when no blocking is used, Z and ~ are left out from (3).

In the absence of trend effects 3, the D-optimal design §p that maximizes
the information on « is found by maximizing

b 2

1 o '
D=—|F'F- —  _(Fi1;,) (Fi1y, 4
= Y o7 ez Pk (P10 | (4)

where F; refers to that part of F that corresponds to the ith block. When
no blocking is used, the second term in (4) is omitted.

Taking into account cost information, a run order J(p ¢ is said to be
(D, C)-optimal if it maximizes the amount of information per unit cost.
The appropriate optimality criterion becomes (D, C) = D /C.

In order to evaluate the influence of trend effects on the variance of the
parameter estimates, the D;-optimality criterion maximizes the information
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on the important parameters o, whereas the g parameters modeling the
time dependence are treated as nuisance parameters. The associated D;-
optimal design p, is found by maximizing

F' o2 F' F' '
oo L& ]0r el mtadia ([ & ) ([ & )
t = .

- L
o2 6'G -~ ) i (G (G,

5

2
75

(5)

Again, the second term in numerator and denominator of (5) vanishes if no
blocking is used. The degree of trend-resistance of the dp,-optimal design

is measured by means of
thm)) »
—t ] . 6
(B ©

Finally, when also costs are taken into account, the (D¢, C')-optimal run or-

der §(p,,cy maximizes Dy » /C. In the next section, we present our algorithm
to compute trend-resistant and cost-efficient run orders.

3 The design algorithm

In the first phase of the algorithm, a starting run order is constructed by
adding n, randomly chosen design points to arbitrarily chosen time points
from a list of user-specified design points and time points. In the second
phase, the resulting run order is augmented to n trials by optimizing a
user-specified optimality criterion. Finally, the trials are subject to itera-
tive improvement in the third phase. This improvement of the run order
consists of alternate exchanges of design points and time points. An ex-
change leading to the largest improvement of the optimality criterion will
be performed. The process continues as long as a design change increases
the value of the optimality criterion.

4 The flame spectroscopy experiment

This case is based on an example mentioned by Joiner and Campbell (1976)
who describe an experiment in which the sensitivity of a spectrophotome-
ter is evaluated (Table 1). The measurements are believed to drift linearly
with time due to carbon build-up. We assume the total measurement cost
to be fixed and the transition costs are proportional to the times needed
to change the factor levels. Our proposed algorithm is used to construct
optimal run orders for four different response models (Table 2). Model (2)
adds quadratic terms to the first order model (1). Model (3) contains all
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linear terms and 2-factor interactions, whereas model (4) contains all lin-
ear terms, quadratic terms and 2-factor interactions. Table 2 shows that
allowing for cost considerations implies large reductions in the total cost
of an experiment. However, this reduction goes at the cost of the degree
of trend-resistance of the computed (D, C)-optimal run orders. The de-
cease in trend-resistance especially comes true for the first two models.
But roughly speaking, the (D;, C)-optimal run orders outperform the D;-
optimal ones in terms of the cost of information. The reductions in the cost
of information range from 61% to 79%.

factor number of levels time to change (sec)
x1 lamp position 2 1
zo9 burner position 2 60
x3  burner height 3 1
x4  type of flame 3 60
5 flow rate 3 120

TABLE 1. The Flame Spectroscopy Experiment

transition cost  trend-resistance (%) cost per unit information
model 6Dt J(Dt,c‘) 6Dt 6(Dt,C) 6Dt 6(Dt,C)
(1) > 2669 394 100 45.11 > 134 46
(2) > 2537 623 99.99 64.94 > 245 95
(3) 4170 694 82.70 66.03 266 57
(4) 3864 1357  77.81 72.51 422 161

TABLE 2. Comparison of Optimal Run Orders for Different Response Models

5 Conclusion

The proposed algorithm enables one to construct cost-efficient and trend-
resistant run orders. It is intended to demonstrate something of the wide
range of important problems that can be solved. Industrial examples illus-
trate practical utility and the results show that incorporating cost informa-
tion highly diminishes the cost of information. The resulting loss in balance
for time trends is rather negligible.
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Abstract: In nonrandomized experiments — or not fully controlled studies —
conclusions drawn fr om the outcome of an experiment may not always be re-
garded as a direct consequence of the treatment itself because a third variable,
or confounder, may have affected the results. Since a fully randomized exper-
iment is often not feasible or even totally inappropriate because of ethical or
costs reasons, an alternative is to outline procedures for controlling potential
confounders in nonrandomized experiments. This paper suggests a procedure —
and its implementation as a routine in SPSS — for controlling qualitative con-
founders when qualitative treatments are compared. The procedure is based on
the idea of testing for causal effects.

Keywords: Nonrandomized Experiments; Qualitative Confounders; Treatments;
Causal Effects.

1 Introduction

The causal model underlying a randomized experiment is straightforward:
once that treatments are accurately manipulated, randomization of units
to treatments ensures that the outcome is a direct consequence of the treat-
ments and not of some other spurious influences. One of the goals of causal
analysis is to state causal models even for nonrandomized experiments,
i.e. for example to individuate causal relationships between the considered
treatments when potential confounders are not completely controlled.
The approach to causal modeling we use is due to Neyman (1923/1990),
Rubin (1974), Holland (1986) and others. The formalism we adopt is based
on Probability Theory and has been presented by Steyer et al. (1995).
This approach focalizes on the so-called individual causal effects which
are defined as differences between the conditional expected values of the
observed variable given a person and a treatment and on their averages
over the considered population (average causal effects).

The idea is that even nonrandomized experiments may lead to useful esti-
mates of causal effects once we accurately plan the study itself, for example
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by listing and recording the major potential confounding variables and by
finding appropriate methods for controlling the bias that may induce.
This paper presents a method for testing causal effects in a design with
qualitative treatment variables, qualitative confounders and a continuous
response variable. We actually extend the results obtained by Wuethrich-
Martone et al. (1999) for a 2-factors unbalanced Analysis of Variance to
the most general case of an Analysis of Variance with p-treatment variables
and g-confounders.

Since to date no statistical software offers a straightforward procedure for
testing causal effects, we implemented our method in SPSS. A short de-
scription of our implementation and of its usage is included.

2 Method

Let Y be a continuous response variable and let X,..., X, be p treatment
variables. The purpose is to investigate the effects of the treatment variables
on Y when ¢ potential confounders Wi,..., W, apply and a randomized
experiment is not feasible. We assume that both the treatment variables
and the potential confounders are qualitative and have a joint distribution.
Denote with U the unit variable, i.e. the qualitative variable indicating
which unit u is observed. Each single unit v undergoes p different treat-
ments represented respectively by a specific value of X, a specific value
of X5 and so on. We may therefore associate with every single unit u a
p-tuple of treatments which is the combination of the original p treat-
ments. More precisely, the p-tuple associated with a unit u is a specific
value of a 'new’ treatment variable, the so-called vector treatment, defined
as X := (Xy,...,X,). Similarly we define a 'new’ potential confounder, the
so-called vector potential confounder, as W := (W1, ..., W,).

Referring for the theoretical background and for the notation to the article
of Steyer et al. (1995), the Individual Causal Effect of a treatment x; vs. a
treatment x;; on (the expectation of) Y for a specific unit u is defined as
ICE“I(U) = E(Y|X = X,’,U = u) - E(Y|X = XiI,U = u)

Since a unit u can usually be observed under just one condition we con-
centrate on the Average Causal Effect ACE;; := 3 ICE;y(u)P(U = u),
where P(U = u) is the probability of unit u to be observed. In a study we
would normally estimate the mean differences E(Y|X = x;)—E(Y|X = x;/)
which are also called Prima Facie Effects of a treatment x; vs. another
treatment x;.. These effects may be causally interpretated only if they are
causally unbiased, i.e. if they are equal to the corresponding ACE;; (see
for example the Simpson’s paradox in Steyer, 1992, Section 3.2).

In randomized experiments the PFFE are always causally unbiased, but
this is not the case in a non-randomized experiment. The goal is there-
fore to outline methods for estimating and testing causal effects without
the benefit of randomization in particular when potential confounders ap-
ply. We represent the influence of a potential confounder by an appropriate



366 Confounders in nonrandomized experiments

adjustment of the treatment means using as weights the marginal prob-
abilities corresponding to the different values of the confounder. We de-
fine E.q4j, (VX =x):=) , E(Y|X =x,W = w)P(W = w) conditional
expected value of Y adjusted for potential confounding w.r.t. W, where
P(W:W) Z:P(W1 :wl,Wg :’wg,...,Wq :wq).

If we make sure that no other important potential confounder has been
ignored, for example assigning units to treatments by conditional random-
ization (randomly for each value w of W), then we may extend to our design
the results obtained by Wuethrich-Martone et al. (1999) for a 2-factors un-
balanced Analysis of Variance. First, once the distribution of W' is known
the average causal effects may be computed as ACE;y = E,uq45,, (Y|X =
X;) — Eagj,, (Y|X = x4) Vi Vi'. The influence of the potential confounders
results then ’included’ in the causal effects.

A second result is that the hypothesis ACE;; = 0ViVi' may be tested
in form of a General Linear Hypothesis C8 = 0, where the elements of 8
are the true cell means and the rows of C3 represent the different average
causal effects. To build C we just need to know the distribution P(W = w)
of the vector confounder, i.e. the joint distribution of the original ¢ potential
confounders. The corresponding F-test is F' = [Qg/df (Qn)]/|QEk/df (QE)],
where Qu = (CB)'(C(Z'Z) 'C')(Ch), Qp = (Y - ZB)'(Y ~ Zp), Z
is the design matrix of the cell means model and ,B is the usual est imate
for the true cell means vector (3.

3 Implementation

By means of an example Wuethrich-Martone et al. (1999) have shown that
the standard routines for the Analysis of Variance do not test causal effects
in the nonorthogonal case. To date the only way to test causal effects using
a statistical software is to use a routine for testing user-defined General
Linear Hypotheses. Such routines usually require that the user specifies
the coefficients matrix (for testing causal effects it would be matrix C)
and this may be a time-consuming procedure. To get a more versatile tool
for the purposes of causal modeling, we implemented our method in SPSS
as SCRIPT. With a simple menu-command it is now possible to exam-
ine a design with p qualitative treatment variables, ¢ qualitative potential
confounders and a continuous dependent variable from the perspective of
causal modeling and hence to test for causal effects.

After reading the data (treatment variables, confounders and dependent
variable) from an SPSS data file, the SCRIPT builds the vector X of treat-
ments and the vector W of potential confounders. Without any loss of
generality, the original p X g design is collapsed into a simpler one-treatment-
one-confounder design and the corresponding data may be saved in a new
SPSS data file.

The distribution of W may be computed from the cell frequencies or given
a priori as a variable in the data file. The conditional expected values of
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Y adjusted for potential confounding w.r.t. W are then computed and the
null hypothesis ACE;;; = 0 Vi Vi’ is tested following the procedure in the
former section. The corresponding F-value and p-value are computed.

4 Discussion

This paper examined the problem of controlling potential confounders in
non-randomized experiments from the perspective of causal modeling. The
basic idea is to test for average causal effects and to adjust for confounding.
This is done adjusting the treatment means using the marginal probabil-
ities of the confounders as weights. We presented a method for testing
causal effects when qualitative treatments and qualitative confounders ap-
ply. This procedure is actually an extension of the methods presented by
Wuethrich-Martone et al. (1999) for a 2-factors Analysis of Variance. We
also implemented this procedure in SPSS as a practical tool for testing
causal effects.
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1 Qualitative Operators defined on the Absolute
Orders of Magnitude Model

The absolute orders of magnitude model (Piera 1995; Travé-Massuyés 1997)
works with a finite set of qualitative labels obtained via a discretisation of
the real line. The number of labels we choose for describing our reality
depends on the characteristics of each problem (Agell 1998).The absolute
orders of magnitude model with granularity n, OM (n), is built via a real
line symmetric partition in 2n + 1 classes:

—Qp_TAn—2 —az —ap a1 as anp—2 Ap—1

a ; ! ! a h . ! a a ;
Np Npl1 No " N0 7 P P, 1P,

Each class is named basic description and is represented by a label in the
set Sy.

Sl = {Nnaanlaanb Tt 7N2aN1707P17P2a e aPn72aPn71aPn}
Note that all the variables are defined in the same orders of magnitude space
(same granularity), although each one can have its own discretisation.

2 An application to Credit Risk Prediction: Rating

Moody’s and Standard & Poor’s classify firms according to their level of
credit risk, using both quantitative and qualitative information to assign
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ratings to debt. Moody’s ratings are labelled Aaa, Aa, A, Baa, Ba, B, Caa,
Ca, ranging from high to low credit quality.

The model presented is especially adequate when the goal is to measure the
magnitude of a result, based on the qualitative descriptions of the variables
that participate, and it is susceptible to adapt to qualitative variables as the
industry. The qualitative descriptions appear when either numerical values
are unknown or the experts use only their orders of magnitude. There are
three main reasons that brought us to a qualitative approach:

e There are qualitative variables that determine the quality of risk.

e The quantitative variables involved have a proper description in qual-
itative terms. Often the orders of magnitude and tendencies of the
variables are more relevant than their exact numeric values.

e The variables involved in credit risk have different relevance or strength
in the global calculation. Qualitative operators are able to take into
account different degrees of influence.

e The final classification has to be given in a qualitative set of labels.

2.1 Prediction Strategy

Let Vi,---, Vi be the qualitative variables defining the characteristics of a
firm, and V4 (C),-- -, Vi(C) the qualitative values taken by these variables
for a given firm C. Each one of these variables is qualitatively described
via a set of labels, which are intervals of the real line, with an odd number
of landmarks; provided by the experts.

It is first necessary to consider the values of Vi,---,Vy described in an
OM (n) with the same granularity, and homogenise them into a new com-
mon reference with landmarks in a set:

B = {_bnflv"' 7_b1707b17"' 7bn71}

Then, in order to obtain a synthesis value that reflects the credit quality
of firm C, the operator ® is applied to the former variables:

®:0M(n)x--+-xOM(n) — OM(m)
@(%Vn):{Zf{:la,ml/xz E‘/Z7Vz:17 ,K}

where, if A C R, [A], denotes the minimum convex union of elements of .S}
that contains A.

The landmarks of the space OM (m) will be {Zfil a;b;/b; € B}.

The last step involves taking a new discretisation of the real line in order to
express the firm’s rating in a qualitative space with eight basic labels, and



370 Rating Prediction

so emulate Moody’s levels of credit risk. By applying a qualitative function
from OM (m) into a space OM (4), which is the qualitative expression of
the real identity, the final evaluation of the firm’s credit risk is obtained.
The proposed method is currently being implemented. Our software tool
accepts quantitative and qualitative data defined in an orders of magnitude
structure. First the user must specify the set of landmarks for each variable.
Because of the possibility of varying the granularity, every data structure in
the program is dynamic. The result supplied by our algorithm is twofold;
on the one hand, it provides the classification of the firms according to
their credit quality, and, on the other hand, it also allows performance
simulations to be carried out by modifying the values of the variables.

2.2 Example

This example shows the classification process in a first approach already
implemented. As a first step, the approach will be applied using just five
variables, given by accounting ratios, and the strength of their influences
on the credit risk. The following table shows the ratios and the initial
landmarks, which are provided by the experts and will be used to define
the orders of magnitude.

Variable Initial landmarks
V1 = Leverage 25, 50, 75

V2 = Return on Capital I, 21, 51

V3 = Interest Coverage 0,1, 3,

V4 = Cash-Flow to Total Debt 0, 10, 60

V5 = Market Value 0.5,1,1.5

Each one of the variables the problem involves has its own description in
qualitative terms. Starting from the previously given experts’ qualitative
descriptions, and in order to be able to apply a qualitative operator consis-
tent with the real line to compose these variables, three streps will be taken:
a tranlation to transform the central landmark /; to 0, a symetrization with
respect to 0, and the extention of the sets to obtain the same cardinal for
all of the variables. In this case, the five variables are all referenced in an
OM (3) with the same landmarks.

The homogenisation process steps applied to the variables give the succes-
sive landmarks. Finally, the operator must take into account the influence
or strength of each ratio on credit risk. The final qualitative values for the
credit quality will be given in an orders of magnitude space OM (4) with
granularity 4.

The software tool has been used for this example. We ran the test on eighty
well-known American firms whose Moody’s classification is available to the
public.
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3 Conclusion

This paper presents an on-going work, which provides the concepts and
strategies for synthesising qualitative information from variables. The sys-
tem is applied in the financial domain to evaluate and simulate credit risk.
This approach may also be applicable to problems in other areas where the
involved variables are described in terms of orders of magnitude, and the
results depend on the given variables and a set of strengths. Some of the
on-going tasks consist in:

1. Discovering alternative methods for building a homogenised reference.

2. Adjusting the weights of the qualitative weighted sum @, using an
historical set of data.

Our final words are to note that this work is only the first experiment
with a new and simple idea, though one we are convinced is promising: the
idea of adapting qualitative references to the operators involved in a real
problem.
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1 Introduction

The objective of model selection is to choose the best specification, accord-
ing to some given criterion, among a set of models that have been tested
in the so-called validation stage. This stage tries to guarantee that valid
inferences can be obtained. In the assumed framework of non-nested bi-
nary choice models, we consider two situations, namely strictly non-nested
models, and overlapping models, following the division of Vuong (1989).
Two models are strictly non nested when there is no common conditional
distribution. This condition is satisfied in two cases: (i) if we compare a
logit with a probit model, even if all explanatory variables of each model
are common, and (ii) if we compare two logit or two probit models where
the variables of each model are all specific. Two competing models are over-
lapping if both are logit(probit), with some common explanatory variables.
We adopt the traditional classification which divides the criteria into “model
selection procedures" and “hypothesis testing procedures".

In the first category we consider the following criteria: AIC(Akaike, 1973),
SBIC (Schwarz, 1978) and two supplementary criteria, which we denote
as Cy and Cs. All these criteria are derived in the context of Decision
Theory, by using the discrepancy concept (see Linhart and Zucchini, 1986,
and Lavergne, 1998), or a loss function in a more general approach.

The second category corresponds to the techniques based on hypothesis
testing strategy, and in this class we include the works of Vuong (1989),
Pesaran and Pesaran (1993) and Santos Silva (1996).
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2 The behaviour of the selection criteria

Let us consider M; and Ms, two competing models that we define as M; :
p; = F1(XTB) and My : p; = Fo(Zl ).

When F; = F» = F (that is to say, both logit or both probit models),
and the vectors X; and Z; contain some common variables, the models are
overlapping. However, if F; = F» = F and there are only specific variables
in each model, or F; # F5 whatever the kind of explanatory variables
(common or specific), then the models are non-nested.

The AIC(M;) criterion adopts the form:

N

1 . . .
N Z[yz In Fj; + (1 —y;) In(1 — Fj;)] + NJ (1)
i=1

where y; is the binary response variable, k; is the number of parameters of
the M; model, for j=1,2, and F}; denotes the distribution function corre-
sponding to M; model evaluated at X1 3 or ZI &, being 3 and & the corre-

sponding maximum likelihood estimates. The first term of the SBIC(M;)
kjinN
IN

Denoting ij; = (yi — Fj;), we can write Co(M;) = Zf\;l ﬁ?z(% + %) and
Cs(M;) =+ f&;ﬁ_l(ﬁﬁ_l))z, with ﬁ;zi_l) indicating that the estimation
is obtained with a sample size (i — 1), being N; the initial sample size. We
consider that N; and m are fixed proportion of N. The AIC and SBIC crite-
ria are explicitly derived in Linhart and Zucchini (1986), and the derivation
of Cy and C3 can be found in Villanta (1997).

We want to analyze the asymptotic behaviour of P(M;) — P(M3) where
P(-) denotes a selection criterion, evaluated for each particular model.
Assuming M; or M, as the data generating process (DGP), the sign of
plim(P(My) — P(M>)) establishes the consistency or inconsistency of each
criterion. Therefore, we understand that consistency is the requirement of
a criterion in order for it to be considered as adequate. Without loss of
generality, we assume My the DGP, and then we obtain the specific form
of P(My) — P(My) for the four criteria considered, using Taylor expan-
sions around the true parameter vector (). For the AIC criterion, such
expression (AIC(M;) — AIC(M>)) is given by:

criterion is the same first term as that of (1), and the second term is

1 XN Fi(ZTa)  f1(ZTa) , ops o« F2(ZTQ) . o
N;{yi(ln FZ(Zfa)+F1(ZiTa) (X; B—Z; a)*m(zi a—Zla))+

1-— Fl(ZZTOé) fQ(Z;TOl)

T4 — 7T
= R(Zfa) T 1= B(zfa) % 44 )

(1—y;)(In

H(Z] o)
1-— Fl(ZTOZ)

K2

—(1—wi)( (X[~ zla)}+A (2)
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where f; denotes the correspondig density function, and A = %

The form of P(M1) — P(M2) expression for the SBIC criterion is the same
as that of AIC criterion given in (4), adding % in the last term. For the
Cs and Cj criteria, such expression can be written, respectively, as:

N

1 A .

N > {(uf; — u3;) — 2w fui(XT B — ZF @) — ugi foi(2] & — ZT )]
=1

N N

2 <k1 vaﬂ ﬁ%i — ko Zivzl ﬁ;)
N

and

Ni+m
1 " e
ooy E {(ud; — u3;) — 20uri fri (XT B — ZF @) — ug; for(2F a0 — zT )]}
i=N1+1
(4)

being u;; = (y; — Fj(ZFa), and f;; the corresponding density functions
evaluated at Z7 a.

To study the asymptotic behaviour of these four criteria, the following
results hold in both overlapping and non nested models: (i) plz’m(,@) = B*;
(ii) plim(&) = o (iii) B* # «, being o and B* the true and pseudo-true
parameter vectors, respectively.

When we have overlapping models or non-nested models with F} = Fy =
F and all the explanatory variables being specific, we conclude that the
probability limit of P(M;) — P(M3)) is possitive, which means that all
the criteria considered are consistent. To obtain this conclusion, we use
the relations: 1) y; = 1 = F(X]/8*) < F»(Z'a), and 2) y; = 0 =
Fl(XZT,B*) > FQ(ZZTQ)

In the same framework of non-nested models, but with F} # F5, we can-
not obtain a conclusion, because we can not assure the maintenance, for
every observation, of relations 1) and 2) previously defined, and therefore
plim(P(My) — P(M3)) contains various terms with opposite signs, being
difficult to determine their specific weights. So in this situation we can not
derive the theoretical behaviour of the criteria.

We have carried-out a Monte Carlo experiment, that allows us both to solve
the indeterminate result obtained in non nested models with F; # F5, and
to compare, assuming several sample sizes, the selection procedures with
the hypothesis testing procedures mentioned in section 1. The main results
obtained from this exercise are:

a) Overlapping models and non nested models with F}; = F,. Whatever
the F(-) function (logit/probit), all the criteria tend to choose the
DGP even with the smallest sample size considered (N=200). The
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Santos Silva criteria (based on a LM statistic) is the only one which
presents a quite different pattern.

b) Non-nested models with F; # F». According to the theoretical in-
determined result obtained for this kind of models, the experiment
reveals that the specific “ model selection procedures" (AIC, SBIC,
(s and C3) and the Vuong statistic, tend to choose the DGP unless
Z C X. However, in this last situation the SBIC criteria behaves
better than the others. Whatever the relation between X and Z, the
criteria of Santos Silva and Pesaran and Pesaran behaves poorly.

3 Conclusions

The set of results obtained both empirical and theoretically, appears to
show evidence that in the case a) of the last section, the “ model selec-
tion procedures" behave better than the “ hypothesis testing procedures".
Nevertheless, one of these criteria (Vuong (1989)) presents an appropriate
pattern. In the situations contained in b), all the “ model selection pro-
cedures" and the Vuong criterion exhibit a different pattern depending on
the relation between the variables included in X and Z; may be the SBIC
criteria presents a less marked differencies. Therefore, the SBIC criteria
seems to be the most adequate to select among a set of non-nested (or
overlapping) binary models.
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1 Introduction

Some of the reasons which explain that partial replacement of sample units
should be used are:

1. It reduces costs (using totally new samples at each time can be unduly
expensive).

2. It increases the estimators’ accuracy.

3. The indefinite presence of the same units in the sample can result in
failures and efficiency reduction of the estimators.

In order to cover a wide range of practical situations, this paper focuses
on the development of the theory on successive sampling, aiming to build
the optimum estimator of the mean at the second occasion, by using a
double sampling multivariate product estimator for the matched part of
the sampling, and a simple mean based on the unmatched part of the
sample on the second occasion. We have used two auxiliary variables, x
and zo (negatively related to the study variable), as they are the most
frequently applied.
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2 Development of the Method.

Suppose that the samples are of size n on both occasions, we use a simple
random sampling and the size of the population N is sufficiently great for
the factor of correction be ignored.

Let a simple random sample of size n be selected on the first occasion from
a universe of size N. When selecting the second sample, we assume that
n —u = m of the units of the selected sample on the first occasion are
retained for the second occasion (matched sample) and the remaining u
units are replaced by a new selection from the universe N — m left after
omitting the m units.

Information about both auxiliary variables z; and zs is available for the
first occasion, whose means are denoted Z; and Z, respectively. Let y be
the variable under study on the second occasion, and we suppose that is
negatively correlated with z; and x2. Let:, Z7*,Z5*(¥»,) = matched sample
mean on the first (second) occasion estimating X;,X»(Y); p =", the
matching fraction. , 7, = unmatched sample mean on the second occasion
estimating Y, Cjy = % C; = i—? A; = go 1 =1,2, po1 =
Pearson correlation coefficient is between z; y Y, poz = Pearson correla-
tion coefficient is between x5 y vy , p12 = Pearson correlation coefficient is
between 1 y x2 , The unmatched (u units) and matched (m units) por-
tions of the second occasion sample provide independent estimates (7, and
7.) of the population mean on the second occasion Y. For the matched por-
tion an estimate improved of Y may be obtained using a double sampling
multivariate product estimate

~m 113
. Lo _
Ym = W1— Ym + W2 ——Ym

z T2

If W = (w1,ws) is defined, we obtain

V (g,) = V*WDW" 1)
where D = (d;;) , is the matrix defined by

1 1 1 .
dij = EC% + (E - ;) (CiCjpij + CoCipoi + CoCjpoj) 1,5 =1,2
Obtain the minimum variance of the estimator
V(7,) =Y*WDW'
where, the optimum weighting vector given by

W €D71

eD—1¢/



378 A note on Successive Sampling

with e = (1,1) and D! is the inverse matrix of D.
Hence, we construct an estimate of the mean of the population on the

second occasion, Y, by combining the two independent estimates, g,,, and
¥, with weights w and (1 — w). Thus

Gorm = Wiy, + (1 — w)iy

S21+q2
Vmin y =4
(Borm) = 2 17 27
where Z = A (2p0 + AH'T”).
Minimizing in (2), we have the optimum matching fraction 0

1+7-vV1+7

Popt = - 7

The gain in precision G of the combined estimate g2pps, obtained by using

a double-sampling multivariate product estimate from the matched portion

of the sample on the second occasion, over the direct estimate, is given by
V(y) =V (g2pm) _ —Zp(1—p)

O N Ger) 1+ (-0)2Z

_ S2
where Z = A (2p0 +A1+T”) yV(y) = -,

Necessarily p < 1. If p = 1 (perfect matching) or p = 0 (no matching), the
gain is zero. For other p (0 < p < 1), there will be positive gain if

200 _L(C
L+p 2\ Co

Further, we conclude that the gain in precision of the combined estimate,
Yopn, over the direct estimate, g, increase with increasing py absolute
value (larger dependence between the auxiliary variables z; and zo with
the variable under study y), and decreasing p (smaller correlation between
z1 and z2).

3 Empirical Study.

We have used the data collected in a survey on healthy habits and fitness
level to assess the optimal operation of the proposed method. This study
was carried out over a population of fourteen-year-old schoolchildren in
Almeria schools during April and June, 1998. We have intended to develop
a sampling scheme that provides us with more accurate estimators of the
studied variables.
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In order to achieve the targets of the study, we have considered the estima-
tion of the endomorphic component (g, one of the multiple variables which
affect the survey) at the second occasion, taking as auxiliary variables the
arm maintained flexion (Z;) and the maximum volume of oxygen (Z3) from
the first occasion. The estimation procedure was performed by combining
the estimators for the two independent samples of schoolchildren: g/, and
Yu-

Moreover, we have compared the accuracy of the proposed estimator with
other indirect estimators. Table 1 shows the results. As we can see, the
ratio method is not efficient when the auxiliary variables are negatively
correlated to the principal variable y, as the gain in accuracy over g is
negative (G = -18.03%). However, the combined estimator based upon a
bivariant product estimator for the matched part of the sample and a simple
sample mean of the unmatched part, §opps, is more accurate than the
correspondent estimator which makes use of a univariant product estimator
for the matched sample, yz,, and it even improves the accuracy of the
one which makes use of regression estimator for the matched part, Zareg.
The last column shows the efficiency gained from the different estimators,
regarding .

TABLE 1

Estimators Auxiliary | Variance | % Gain in

Variables precision
1. Direct ¥ none %;‘
2. Univariate Product s, 1 0.945—72 6.38%
3. Bivariate Ratio fapum 1 and x5 1.225—71: —18.03%
4. Bivariate Regression §oreq | 21 and zo 0.885—72 13.62%
5. Bivariate Product y2p z1 and o 0.87% 14.53%

Acknowledgements: Special Thanks to Antonio Jesis Casimiro Andujar
for providing the data of the empirical study.
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Abstract: Variables that influence the reponse by any degree but not accounted
for using Standard Generalised Linear Regression Models may lead to parame-
ter estimates that are seriously biased. Estimated standard errors may also be
affected. A similar effect may result form the correlation due to repeated ob-
servations. Corrective methods that deal with such situations are available. The
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affected are identified and alternative methods and/or software are used.
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1 Introduction

The standard logistic model is widely used in the analisys of contingency
tables when the outcome of interest is dichotomus and one or more categor-
ical variables are used as explanatory variables. The model may be defined
as;

Logit(p;) = Log lﬁ] =z}p
j

where p; = p(y; = l|z;), z; and y; are vectors of explanatory variables
and outcome respectively for the j’th subject, j = 1,2,...,n. 3 is the
vector of parameters to be estimated. The model is however, invariabily
inadequately specified. In contingency tables where, subjects are clasiffied
into cells according to an observed category for each of the explanatory
variables, omission of variables or variable levels for any reason affects the
identical independent distribution (i.i.d) assumption, that is because, the
probability of succes p;; within a cell is not contant but varies systemati-
cally with other factors which are omitted, this is unobserved heterogeneity,
hereafter will be refered to as U-H. , Using standard models designed for
observations that are(i.i.d) in the presence of U-H leads to estimates that
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are biased and confidence intervals coverage properties that are misleading,
however, models that deal with such

situations are available. In this study the effect of U-H on the performance
of the standard logistic model is investigated. In addition the performance
of appropriate models that correct for U-H is explored systematically under
various conditions using simulation. Two software are employed to carry out
the investigations. The focus of the study is on the following issues;

1- to identify circumstances where the bias is more pronounced.
2- to investigate corrective solutions, are any better than others?.

3- to explore circumstances where the solutions are more effective.

To address these issues, The standard logistic model is first used to fit
simulated data with known effect of U-H. The logistic normal model of
SABRE is then used as an appropriate corrective approach. A variety of
situations are covered, these include: (1) different values of the probabilities
(o, p1), (2) different sizes of U-H variance.and (3) different combinations of
clusters per sample J and replications per cluster K., All three conditions
were investigated one at a time by keeping two conditions constant and
allowing the third one to vary. The aim is generally to explore situations
where the U-H has the biggest impact on estimates and their confidence
intervals.,

ML3(Multilevel Models 3) is used as an alternative approach when
estimates of SABRE are affected. The results are very limited as only one
dichotomous explanatory variable is used. These however, allow us to infer
more general conclusions as the extension to contingency table in general
ought to be straight forward. Tables 1 highlights some of the results.

Table 1. A comparison between two models for the estimation of two
level model for two structures of probabilities and different designs of

samples

Method SABRE ML3

B g B G (po,p1) |K|J | o
estimate | 1.02 0.97 | 1.03 0.99
se 0.27 0.15 | 0.27 0.25 | (0.62,0.82) | 8 | 96 | 1.0
sd 0.26 0.15 | 0.26 0.32
estimate | 1.03 0.97 | 1.00 1.04 32 | 24
se 0.35 0.17 | 0.46 0.38
sd 0.53 0.22 | 0.44 0.40

estimate | 2.01 0.98 | 1.94 0.97 | (0.27,0.73) | 8 | 96
se 0.28 0.15 | 0.26 0.24
sd 0.28 0.15 | 0.27 0.26

estimate | 2.10 0.96 | 2.10 1.02
se 0.38 0.17 | 0.45 0.36
sd 0.57 0.22 | 0.44 0.34 32 | 24
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2 Conclusions

1- The Logistic-Normal model of SABRE;

(i) the estimation of the parameter § is good for all the range of struc-
tures of probabilities investigated, the range of variance of U-H con-
sidered and for all combinations of j and k. An exceptional case how-
ever, is when the variance of U-H is large, the two probabilities lie
further apart on the two sides of the logistic curve, the number of
replications k is large and the number of clusters j is small. The
cause is likely to be the break down of the asymptotic theory.

(ii) The model performs fairly well to estimate S whether the covariates
are time varying or time invariant.

(iii) the estimation of o is good when the sample size is large, a downward
bias is however, reported for small k and or small j. The estimation
of s in general is slightly better when the covariates are time varying.

(iv) at situations where there is effectively no unobserved heterogeneity
the model over corrects o.

(v) the estimation of the standard error of 8 and ¢ is good except where
the number of replications is very large, number of clusters relatively
small and the two probabilities lies further apart. At such situations
the standard error is under estimated.

2- ML3 in comparison with SABRE method: Comparisons cover two
structures of probabilities and two values of U-H variance these in-
cludes Situations where SABRE is Appropriate as well as where it is
affected, results suggested that at situations where SABRE method
underestimates the standard errors (v) above, the ML3(1995) two
level logistict model provides a solution.

3- Suggested Solutions Using SABRE: Results of SABRE suggests that,
the increase in precision achieved by increasing the number of repli-
cations is not particularly large. For such situations by cutting down
the number of replications, a better estimation of the parameters
especially the variances can be achieved without much loss of pre-
cision to the estimates of the fixed parameters themselves. Thus if
SABRE is to be used, this approach may overcome the estimation
problems for variances and random terms without sacrificing much
efficiency for the estimation of the fixed parameters . To improve the
estimation further and to use all the information available the data
could be split into replicates satisfying the above conditions and then
pooled estimates obtained from the replicates. From the other results
it appears that we can safely appeal to the modified two level logistic
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model of ML3(1994) to provide correct estimation of the parameters
for small as well as large number of replications and for the range of
probabilities considered.
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Abstract: In contrary to many approaches to specification testing of paramet-
ric models here test are considered with a fixed kernel, respectively bandwidth.
This leads to nonnormal and case dependent limiting distributions under the null
hypothesis, but critical values can be derived by resampling methods. A simplifi-
cation of the wild bootstrap is constructed that substantially reduces the amount
of computer time needed for testing nonlinear models.

The consideration of fixed kernels provides some insights that are disguised if the
test statistics are subject to an asymptotically vanishing bandwidth. As a key
result the consistency of the tests depends on the kernel function.
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1 Introductory Remark

This short article is a summary of the results in Bartels(1999). Due to the
limited space, the presentation is very concise and no proofs can be given.

2 Test Problem

The problem of testing the specification of a parametric model
EY|X = z] = f(,00) for (Y,X)~D

and a known function f : IR? x ©9 — IR is considered. For a measur-
able function g : R? — IR let D{g} be the set of all distributions D on
R x R? such that for Z = (Y, X) ~ D the variance Var[Y] exists and
P{E[Y|X] = g(X)} = 1 holds, where the probability is taken with respect
to the marginal distribution Dx. The test problem then is

Hy: DeDy:= LJ D{f(We)}

0€0y
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versus

H,: DeD,:= U D{g} \D() R
QEB(RdrR)

where the union is taken over all Borel-measurable functions g : R — IR.
For a sample Zy,...,Z, the tests statistics

Tn:n_l Z UinKi]'n and TTSU):TL_I Z UinKijn (1)
1<i<j<n 1<i,j<n

are employed, where U; == u(Y;, X, én) =Y; — (X, én) denote the para-
metrically estimated residuals with respect to 6, =0, (Zyy..., Zp). Kijn =
kn(Xi, X;) are weights with a symmetric kernel k, = kiz, . z.} : R x
R? — IR, that may also depend on the sample.

The U- and V-type statistics (1) are a general form for Lo-tests. They were
considered explicitly by Zheng(1996), but many other tests statistics found
in the literature can be transformed to one of the statistics in (1), e.g. those
of Bierens(1990), Hirdle and Mammen(1993) or Stute(1997).

3 Theoretical results

Here the special case of a fized kernel is considered, that is k,(z1,x2) =
k(z1,x2) for some bounded function &, such that k, does not depend on
the sample. This means especially that the test statistic must not depend
on a variable bandwidth A = h,, — 0 for n — oo.

The latter is often assumed, since it leads to a normal limiting distribution
under some moment condition. But it is known that this normal limit is
approached very slowly, such that it is almost of no practical use. Instead
bootstrap methods are used, that are shown to work (if at all) using the
same slow convergence to a normal limit; e.g. Hirdle and Mammen(1993).
Considering the tests with fixed kernel leads to a better explanation, why
the bootstrap methods are superior to the normal approximation.

For fixed kernels under Hy and certain weak regularity conditions the U-
type statistic in (Refe:Tn) has an asymptotic distribution as

£(1+ L A0 - 1)

where v € IR is a constant, x3;,X39,-.. are independent x?3-distributed
random variables and A; are the eigenvalues of some linear operator Q =
Qr.D,6o : 9(-) = [ga+1 (-, t,600)g(t)dD(t). This can be proven using a limit
law for degenerate U-statistics by Gregory(1977); details are found in Bar-
tels(1999).
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Under H; the statistics (Refe:Tn) are not degenerate and thus asymptoti-
cally distributed normal with respect to a higher order and an expectation
that is determined by the deviation A(z,0) = E[Y|X = z]— f(z, 6) from the
model. If this deviation lies in the sum of the eigenspaces belonging to pos-
itive eigenvalues of the kernel operator Kg : g(-) — [pa £(:,t,0)g(t)dDx (t),
then the tests are consistent against this alternative.

Thus the tests are generally consistent, if the operator induced by & is
positive definite. A symmetric kernel « is positive definite, if his Fourier
transform & is strictly positive. For example the Gaussian kernel x(z1, z3) =
exp(—(z1 — x2)?) is thus shown to be positive definite, while kernels with
compact support are at best positive semidefinite - and do not lead to
consistent tests with fixed kernels.

Since this limiting distribution is case dependent and cannot be tabulated,
the critical values 7., for the tests must be determined by resampling meth-
ods. Using a theorem of Dehling and Mikosch(1994) on the bootstrap of
degenerate U-statistics, resampling methods for approximating the critical
values of the tests can be derived. These methods include the wild boot-
strap, but also suggest a simpler method, a Monte-Carlo-approximation
that can be viewed a linear approximation to the wild bootstrap. Thus
for testing linear models and using the least squares estimator the Monte-
Carlo-Approximation and the wild bootstrap produce identical results. For
nonlinear models the Monte-Carlo-approximation substantially reduces the
amount of computer time needed, since the calculation of an estimator for
each resample is avoided.

Although considering the tests asymptotically with a fixed kernel, the be-
havior of tests with fixed kernels belonging to a family {kp | kp (21, 22) =
h=%k(%522),h € Rso} that is derived by applying different bandwidths
to a general kernel k is necessary. The change of bandwidth has only the
effect of a change of scale in the Fourier analysis and therefore is irrelevant
for asymptotic properties.

For finite samples, of course, the choice of the fixed bandwidth has an effect.

This is illustrated in an approximative formula for the power I' in the case
f:10,1] x ©g — RR:

=(ih
I'n(D;) P{nc%/ﬂw +0,(n%) > 72, (1, 1)} .
2 Ej:o Rw(jm)?
Here D; denotes a distribution belonging to a deviation A(z,0)) = c -

cos(jz) from the model f, and 7%,(1,1) denotes the critical value derived
by resampling methods for bandwidth A = 1 and standardized errors. It
thus can be seen how very large and very small bandwidths lead to tests
with low power.

All theory can easily be extended to multidimensional (Y € IR®, ¢ > 2) and
index models. This, for example, makes it possible to test the specification
of multinomial logit models. An application to marketing data of product
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choice is presented in Bartels et al.(1999).

4 Simulation studies

The same models as in Rodrigues-Campos et al.(1998) and Stute et al.
(1998) have been considered for a comparison of the different tests. Results
in general coincide, while the kernel based tests provide more flexibility.
Further a nonlinear growth model has been studied in simulations. This was
achievable in reasonable time only by the new Monte-Carlo-approximation
of the critical values. Comparative lists of results, graphics and extensive
interpretations are found in Bartels(1999). An implementation of the test
procedures is available in XploRe (http://www.xplore-stat.de).
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Abstract: We present the statistical aspects of a study aimed to investigate a
chemical reaction between a hypervalent myoglobin species and the antioxidant
chlorogenate. As often in chemical kinetics, the individual estimates of reaction
parameters should satisfy a linear dependence on the reciprocal temperature.
This study shows the importance of taking into account the correlation among
subsets of observations that may be present in kinetic data.
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1 Introduction

In this paper we describe the analysis of a chemical experiment aiming to
investigate the kinetics of the reduction of iron in ferrylmyoglobin by chloro-
genate. Here we concentrate on the statistical aspects of the analysis, which
are potentially interesting for similar studies, like analysis of compartment
models (see for example Bates and Watts, 1988). The chemical aspects can
be found in Carlsen et al. (2000).

The experiment was aimed to assess the effect of the concentration of
chlorogenate on the rate constant of the reaction with myoglobin. Four
different sets of experiments were performed at four different temperatures
(5°, 12°, 19° and 25°). At each temperature, several reactions mixtures
with the same chlorogenate concentration and different pH values were
prepared, and 7-15 measurements of the rate constant were carried out.

A nonlinear model describing how the rate constant varies as a function of
the chlorogenate concentration and the pH, based on theoretical grounds
and previous studies (Kréger-Ohlsen and Skibsted, 1997), was formulated.
The model was the following

A K, A2 H

A H Kk = [k foy —2
f( ) ) ’ ) (11+KPA+ 21+KPA> H+Ka
(A K; A2 K,
IYKA T ™M1+ K,A) HIK,’

(1)
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where A is the chlorogenate concentration, H = 10 P# K = (K;, K,, K,)
are equilibrium constants and k = (ky, k2, k3, k4) are rate constants. Each
of the equilibrium and rate constants depends on temperature. A common
form of dependence for equilibrium constants is the van’t Hoff relation

AS® AH®
K —exp (-2 __ons K cK 2
exp (8.31441) exP( 8.31441 T> ’ €K, @

where AS® and AH® are the reaction entropy and the reaction enthalpy
respectively, and T is the temperature in Kelvins. For the rate constants,
a common form of dependence upon temperature is the Arrhenius relation

AS# AH#
— 6.20927 x 10" exp [ —o2 __oa k
k= 6.20927 > 107 exp (8.31441) eXp< 8.31441 T) ’ kek (3)

where AS# and AH# are the activation entropy and the activation en-
thalpy respectively. The aim of the study was the estimation of the pa-
rameters of the individual model (1) at each temperature and to verify the
van’t Hoff and Arrhenius relations for the various parameters.

2 Individual estimation

Nonlinear regression was used for fitting model (1) to the data available
at each temperature. The logarithm transformation was applied to both
sides of the model equation to stabilize the variance. The model equation
eventually was defined by

log k1) = log f(A, H; K™, k(M) 4e T = 278K, 285K, 292K, 298K ,
with € being an independent error, which we assumed to be normally dis-
tributed with variance (¢2)(™). The model does not hold when pH is above
a certain value, which was estimated to be around 7. The total sample
sizes at each temperature were respectively n = (176,246,202, 206) for
T = (278K, 285K, 292K, 298K). There were theoretical reasons suggesting
that model (1) was only approximately correct; a better model for the reac-
tion, however, was known to be much more complicated and non-estimable
from the data. Moreover, we were aware of error in measurement of pH val-
ues, and the measurements coming from the same stock solution were likely
to be serially correlated. For these reasons, we considered a clustered struc-
ture for the data, assuming an intra-cluster correlation structure. Although
clustering was partially due to slight misspecification of the functional form
of the model, we could not overlook the induced correlation. In fact, the as-
sumption of independent observations would have led to overconsideration
of the accuracy of the model. Hence, we assumed that observations made
from the same stock solution and with the same pH value were correlated.
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Structure number of parameters  p-value
Constant (no correlation) 4x38 < 0.001
AR1 4x9 0.11
CcS 4x9 0.38
AR1+CS 4 x 10 0.37

TABLE 1. Global test of linearity for all the equilibrium and rate constants with
different correlation structures.

To limitate the dependence on the assumed correlation, different work-
ing correlation structures were fitted. More precisely, we supposed that, if
Y =log kops, observations within the same cluster were correlated

Corr(Y'ij,Y;-j/)#O, j#jla

with ¢ denoting the cluster and j the replication. At each temperature,
there were approximately from 20 to 26 clusters. We tried three different
correlation structures, namely, following Diggle, Liang and Zeger (1994),
Compound symmetry (CS), First-order autoregression (AR1), and Com-
pound symmetry+First-order autoregression (CS+AR1).

Maximum likelihood estimates were computed in S-Plus, and the fit was
judged satisfactory at all temperatures. We did not notice any substan-
tial difference in the values of the fixed-effects estimates (the equilibrium
constants and the rate constants) with different correlation structures, but
substantial differences for their standard errors.

3 Aggregate estimation

The linear dependence of the logarithm of the parameters on the recipro-
cal temperature expressed by (2) and (3) were adapted directly into the
model equation. The results are shown in Figure 1, visualizing the van’t
Hoff and Arrhenius plots. The full lines in the plots show the the ordinary
linear regression line between the rate or equilibrium constant estimated
for each of the four temperatures with CS+ARJ1 correlation structure, and
the vertical bars show 95% confidence intervals for each parameter. The
fitted lines from aggregate estimation are shown as dotted lines. We note a
good agreement, with small deviations in some cases. A formal likelihood
ratio test on the linearity of the parameter with respect to the recipro-
cal temperature was performed. The test was repeated for each correlation
structure, and the related p-values are given in the Table 1. The assumption
of correlated observations seems to have a strong effect on the inferential
conclusions. It is reassuring that the hypothesis of global linearity is not
rejected for all the correlation structures.

In this example the correlation among observations is somehow a nuisance
aspect of the problem. In order to alleviate its effect on the accuracy of
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FIGURE 1. Van’t Hoff and Arrhenius plots according to model (1), comparing
ordinary regression lines from individual estimates (solid) and aggregate estimates
(dotted). (Modified from Carlsen et al., 2000).

the final estimates (slopes and intercepts for all the parameters), standard
errors for the final estimates were computed by a robust method. To this
end, we adapted a formula by Diggle, Liang and Zeger (1994).

We concluded that the model (1) was able to describe the reaction. The final
parameters of the reaction were judged satisfactory and closely connected
to previously published data.
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Abstract: Taguchi methods were developed by Genichi Taguchi to improve the
implementation of quality control in Japan. They are based on the design of
experiments to provide near optimal quality characteristics. A controversy does
exist concerning these methods. Many in academia complain that Dr.Taguchi
does not faithfully follow all applicable statistical rules. Many engineers on the
other hand prefer Dr.Taguchi’s approach, which uses statistics as a foundation
but emphasizes engineering judgment. This paper review his most notable con-
tributions to quality improvement and the parameter design method for reducing
cost and improving quality.
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1 Contributions to Quality

1.1 The Loss Function

Taguchi’s philosophies and methodologies are directed towards achieving
highest quality at minimum cost. Quality, defined as satisfying or exceeding
customer expectations or a failure to deliver it, is expressed in monetary
terms as quality loss.

Taguchi defines quality loss via his loss function. He unites the financial
loss with the functional specification through a quadratic relationship that
comes from a Taylor series expansion. The loss is a quadratic function of
the deviation of the quality of interest from its target value. If the target
value is a nominal value, the loss function takes the form of a parabola.
The quality loss relates performance, in terms of deviations from target,
to financial loss, demostrating that the key to high quality is to minimize
performance variability, which in turn minimizes quality loss.

1.2 Robustness

A second major contribution is the concept of robustness. We can define
robustness from both a product and a process related standpoint as follows:
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Product: The ability of the product to perform consistently as designed
with minimal effect from changes in uncontrollable operating influences.
Processs: The ability of the process to produce consistently good product
with minimal effect from changes in uncontrolable manufacturing influ-
ences.

To minimise loss, one is faced with the task of producing the product at
optimal levels with minimal variation in its functional characteristics. The
factors which affect the product’s functional characteristics are of two types:
Controllable and Noise factors. Controllable factors are those factors which
can easily be controlled such as choice of material, cycle time or cool time in
an injection moulding process. Noise factors, on the other hand, are those
nuisance variables which are either difficult, or impossible, or expensive to
control. Examples of noise variables include typical manufacturing varia-
tions such as non-uniformity in raw materials, deviation in the customer’s
environment, and deteroration or wear-out in component parts over time.

1.3 Parameter Design

A third major contribution is the parameter design, as the most important
part for reducing cost involved in the quality engineering optimisation.
Product quality must be engineereed in. This is the thrust of Dr. Taguchi’s
off-line quality control activities which involve both product design and
process design stages. There are three sequential stages for optimization
:system design, parameter design, and tolerance design.

System design is the process of applying scientific and engineering knowl-
edge to produce a basic functional prototype design. The prototype model
defines the configuration and attributes of the product undergoing analysis
or development. The initial design may be functional but it may be far
from the optimum in terms of quality and cost.

The next stage, parameter design, is an investigation conducted to identify
the settings of design parameters that optimize the performance charac-
teristics and reduce the sensitivity of engineering designs to the sources
of variation. By determining the best settings or values of those factors
that are inexpensive to change or control, quality can be improved without
adding cost.

Finally, tolerance design is employed if the reduced variation obtained
through parameter design is not sufficient. It involves tightening tolerances
on product parameters or process factors whose variations impart large
influence on the output variation. In other words, tolerance design means
spending money buying better grade materials, components or machinery.
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2 The Experiment in Parameter Design

2.1 Planning the Experiment

The plan for a robust design experiment has two parts, a external array
(control factors) and a external array (noise factors). For each experimental
setting based on the external array, an experiment based on the internal ar-
ray experimental setting is performed. This results in crossed experimental
array.

The parameter design uses orthogonal arrays (OA) for internal and ex-
ternal array. Based on design of experiment theory, Taguchi ’s orthogonal
arrays provide a method for selecting an intelligent subset of the parameter
space and significantly reduce the number of experimental configurations.
Ortogonal arrays are not unique to Taguchi. All regular m*~P fractional
factorial experiment are orthogonal arrays. For example, O Ag is a 27~ frac-
tional factorial plan, OAi¢ is a 2'°~!! fractional factorial plan and OA;»
is a Plackett-Burman plan. However , Taguchi has simplified their use by
providing tabulated sets of standard orthogonal arrays and corresponding
linear graphs to fit a specific projet. In the array, the columns are mutu-
ally orthogonal. That is, for any pair of columns, all combinations of factor
levels occur, and they occur an equal number of times .

The symbology for an orthogonal array is L, (b¢) where : L = Latin square
a = The number of test trials b = The number of levels for each column ¢
= The number of columns in the array

The number of columns of an OA represents the maximum number of
factors that can be studied using that array. For example the Lg design
reduce 81 (3* ) configurations to 9 . Using a noise array to introduce noise
in a experiment, we can provide estimates of the interaction between every
control parameter or interactions between them and every noise parameter.

2.2 The Analysis of Data

The traditional analysis which is performed with data from a designed
experiment is the regular analysis. Taguchi stresses the importance of ad-
ditionally studying the variation of the response and has introduce the use
of the S/N ratio to facilitate such investigation. In its simplest form , the
S/N ratio is the ratio of the mean (signal) to the standard deviation (noise)
and is directly tied into the loss function. While there are many different
S/N formulae, three of them are considered standard and are generally
applicable when the quality characteristic (response) can be classified as
“higher the better”, “lower the better” or “nominal the best”. S/N ratios are
computed for each of the control experimental conditions and whatever the
type of quality characteristic, the transformations are such that the S/N
ratio is always interpreted in the same way: the larger the S/N ratio is, the
better.
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There are several ways to aprroach this analysis. One common way is to do
a statistical analysis of variance (ANOVA) and perform F test to see which
factors are statistically significant but Taguchi recommends use the level
average analysis. This approach involves plotting the effects and visually
identifying the factors which appear to be significant.

The analysis has two steps. First, finding the parameter setting that maxi-
mizes the S/N, and only then finding the set of factors that has a significant
effect on the mean but does not influence the S/N ratio, and use these fac-
tors to bring the mean on target.

Finally, Taguchi ’ s methods require a confirmation run to check for both
the validity of experimentation and, also, the reproducibility of the exper-
imental conclusions.

3 Discussion

A controversy does exist concerning these methods. Many in academia
complain that Dr.Taguchi does not faithfully follow all applicable statisti-
cal rules. Many engineers on the other hand prefer Dr.Taguchi’s approach,
which uses statistics but emphasizes engineering judgment. If the engineers
who better know the product or procces are the same who plan the experi-
ments, the risk that unexpected interactions or unexpected curvature might
be present decrease, and the Taguchi ’ experiment planning methodology
we have described is an effective tool for reducing cost and improving qual-
ity. It provides a single approach that can be followed when the problem
includes qualitative parameters, quantitative parameters, or a mixture of
both.
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1 Problem and material

In order to provide a basis for comparing different analytical methods for
blood glucose and make predictions from one method to another, a number
of blood samples have been analysed by 11 different methods.

74 persons from 5 centres were chosen to participate, and blood was sam-
pled from these persons at 0, 30, 60 and 120 minutes after an oral glucose
tolerance test (75g) was taken, so 296 blood samples were available.

None of the blood-samples have been measured by all 11 methods, some
were measured with 8 methods, some with 4 and some with 3. All sam-
ples from the same centre were measured by the same set of methods. All
samples were measured by the methods N.PLAS1 and N.PLAS2. Measure-
ments are all in mmol/l, so they are all on the same scale, but this is no
prerequisite for the methods developed here.

2 The model

For each method we assumed a linear relation of the measurement y,,;; to
the unknown “true” value for the blood sample, p;;:

Ymit = Qm + /Bm,uzt + @i + emit (1)

where y,,,;; is the outcome of method m on sample ¢ from individual 7. The
random method xindividual interaction, a.,;, and the combined measure-
ment error and method xsample interaction e,,;; were assumed normally
distributed with variances 72, and o2, respectively.
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The “true” values, u;;, are taken as parameters and hence no distributional
assumptions are made about them. This is because subjects chosen for
method comparison studies cannot reasonably be assumed to be repre-
sentative of populations on which the derived prediction rules are to be
applied. Seen from a prediction point of view, the us must be regarded as
nuisance parameters of no interest per se.

Clearly, the p;ts are only determined up to an affine transformation, and
that can be remedied by putting «; = 0 and 8; = 1, but for symmetry
reasons we shall keep the model in the form (1)

Many authors have used models similar to (1), where the us are taken to
be normally distributed, leading to factor-analysis types of models (Carter,
1981; Dunn & Roberts, 1999). If it is possibile to choose subjects for a
method comparison study one would try to get the values to be evenly
spread over the relevant range. Choosing subjects normally distributed
would be to deliberately decrease power to detect deviations from the lin-
earity at the extremes of the range.

3 Estimation algorithm

For fixed values of p;; the model (1) is a linear mixed model with separate
regressions for each m on p;; and a random effect of method xindividual
(and of course a residual variance). The variances of the random effects and
the residual are specific for each method. Note that because the methods
are assumed uncorrelated given the us, the model falls apart in separate
models for each method.

On the other hand, for fixed values of o, 8, and a,,; the model (1) may
be formulated as:

Ymit — Om — Ams = Nitﬁm + emit

i.e. regression of Yyt — Qtym — @y On By, through the origin with separate
slopes for each (4,t), allowing for separate variances between methods.
Thus, estimation could be performed by alternating between the two for-
mulations, fixing either set of parameters in turn.

4 Prediction

Predictions based on the model (1) should include both the measurement
variation o,, and the methodxindividual variation 7,,,, but also take the
uncertainty in 2o into account.
For a (new) observed value of y3, y20, we get by inserting the naive estimate
of o based on ys0:

Y20 — Q2 — a2p — €20

Y10 = a1 + Bipo + a0 +e10 = a1 + P 3 + a0 + e
2
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FIGURE 1. Left: The original data for 5 of the 11 measurement methods.
Right: The estimated connections between methods of measurement, with 95%
prediction limits.

From which we find the mean and variance of yi¢:

2
E(y10) = a1 + %(yzo - ag), V(y1) = <%) (12 4+ 02) + (17 + o)

so the prediction variance depends both on the variance on the scale of the
predictee as well as on the scale of the predictor. Note the fiducial character
of the argument — when computing the variance of yo9 — aa — az¢ — €29,
only the variance contributions from asy and ey are used, the variance of
Y20 is ignored. This is because the computations is done in the conditional
distribution of uyg, i.e. of azg and ez given yap.

Note also that this kind of prediction interval has the property that it will
produce a set of prediction bounds in a (y1,y2)-plot which is the same
regardless of whether y; is predicted from ys or vice versa — the slope of
the line linking y; with yy is 31/82 so the vertical distance between two
lines with this slope is 31 /3, times the horizontal, which is exactly the ratio
of the standard deviations used in prediction in the two directions.

5 Results for the glucose data

The algorithm was implemented in SAS, using proc mixed to produce the
estimated BLUPs in each iteration.

Figure 1 shows the estimated relation between methods with 95% predic-
tion limits. Note that even though there are no samples measured by both
o.cap and s.serum it is still possible under the model to produce an es-
timate of the connection between the methods with prediction intervals.
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These relationships of course hinges quite strongly on the assumption of
the mutual linear relationship between the models.

Clearly, the method o.cap has a very large variance, where as the other
four methods in this display seems to perform quite well.

6 Discussion

A somewhat simpler variant of model (1) is that for simple replicates within
each method, where ¢ is just the indicator of replicate, and where one would
replace p;; with p;.

The method proposed here will only work if there is sufficient replication
to determine the us, either by replicates of meaurements by each method
or through measurement by several methods. Formally, the model would
be identifiable if there were either two replicates on one method or three
methods, but for practical purposes one would not feel comfortable by much
less than 5 datapoints per nuisamce parameter (u;;) — in this example we
had 1302 datapoints and 296 nuisance parameters (!).

The method proposed here is a method where the “true” values of the sam-
ples are taken as parameters and not as random effects or latent variables
with some distribution. This results in a model with a lot of nuisance param-
eters, but they have more or less the same role as the nuisance parameters
that one conditions out (or omits) when doing a paired t-test. In fact, if the
method xindividual-effects were 0 and the 8s were 1, the proposed model
would correspond to that underlying the paired t-test. Therefore the esti-
mation of the nuisance parameters will probably only have marginal effect
on the effeciency in the estimation of the parameters of interest.
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1 Introduction

Aviators and astronauts may experience altitude decompression sickness
(DCS) as a result of reduced environment pressure. When astronauts have
to perform extra-vehicular activities or when there is a damage or loss
of the cabin or space suit pressure, they may be exposed to acute en-
vironment pressure reduction and thus run the risk of DCS. Scientists
at NASA /Johnson Space Center have conducted, over several years, ex-
perimental tests using hypobaric chambers and simulated extra-vehicular
activities to determine the DCS incidence and its onset time for human
subjects. During a test, each subject is monitored for Doppler detectable
bubbles, and the test is terminated either upon incidence of a DCS onset
or when the test period is over. The test duration is recorded in each case,
and so an observation is either the DCS onset time or the test termination
(censored) time for a test subject. Empirical studies of decompression sick-
ness have been made by NASA using the experimental data collected from
the hypobaric chamber tests. Conkin et al. (1996) modeled the probability
of DCS occurrence by relating it to decompression stress as measured by
the relative change in atmosphere that the human body can sustain with-
out incurring DCS. This decompression stress measure is called the tissue
ratio (TR) index. A number of researchers based their developments on
certain bubble dynamic models to characterize the DCS occurrence rate.
The analyses reported in their and other more recent studies undertaken
by the researchers from NASA and US Air Force focus on the selection of
a probabilistic model that statistically provides the best possible fit for the
experimental DCS data.

The statistical analyses have mostly been limited to parameter estimation
for a model and do not provide the significance level or reliability measure
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for the data-fitted model. The maximum likelihood method is invariably
used in estimating the model parameters and the probability density or
distribution function, whereas the Kaplan-Meier method is used for the
empirical estimate of the underlying distribution function. The goodness-
of-fit is judged either by comparing the graphs of the two estimates of
the distribution function, or by the chi-square test based on the maximum
likelihood value resulting from a model fit. It has been shown that both
the lognormal and the log logistic probability models provide a reasonable
model fit to the NASA DCS data.

Besides the DCS onset time observations, data are available on a number
of physiological and related variables (Conkin, et al. (1992)). Previous data
analysis studies conducted by NASA and US Air Force have made use of
these variables to explain the variability in DCS onset time. In modeling
the DCS onset time response, the important variables are ambient pressure
(P2) at test altitude, nitrogen (N2) pressure, particularly that determined
in the theoretical 360 minute half-time compartment (PN2360), exercise,
and preoxygenation, among others. A log logistic model involving some of
these explanatory variables has been fitted to the DCS data. Conkin, et al.
(1996) and Kannan, et al. (1998), among others, have empirically shown
that a log logistic model provides a reasonable model-fit and that several
of these variables contribute significantly to the occurrence of DCS.

In the present study we apply the Cox proportional hazard model to ana-
lyze the DCS data obtained from NASA. These data consist of 1321 test
duration times of which 1154 are censored and 167 are DCS onset time ob-
servations. The following covariates are used in this modeling: P2, PN2360,
ALTTIME (altitude time), TR360, and EXER (exercise). The choice of
these variables is partly based on the fact that their measurements are also
available for the test subjects for which the DCS data are analyzed.

2 Statistical Analysis

We first discuss the application of Cox proportional hazard model and then
determine the significance of each of these variables and interactions among
them. The results in Table 1 show the significant variables.

Table 1: Model Fit

Variable B exp(B) se(B) z p-value
PN2 -2.3629  0.0941 0.3677 -6.43 1.3e-010
PN2360 1.2220 3.3940 0.2192  5.57 2.5e-008
TR360 -2.6822 0.0684 0.9184 -2.92 3.5e-003

PN2360*EXER  0.0824 1.0859 0.0273 3.02 2.5e-003

The model with interaction has a likelihood value of 281, while the model
without interaction has a likelihood value of 279. This shows there is no
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significant advantage to the interaction term model over the non-interaction
term model.

3 A Stratified Model

The covariate EXER is an exercise indicator variable, and hence it takes
value as either 0 or 1. This presented computational difficulty in obtaining
residuals associated with EXER as a covariate in the model and thus, ex-
amining of the model assumption. Instead if EXER is used as a stratified
variable, and not as a covariate in the model, this will not present com-
putational difficulty in determining the residuals using the S-Plus routine
resid() and carrying out the residual analysis needed to evaluate the model
suitability.

Figure 1: Cox Model Fitted Survival Functions
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Wei (1984) proposed an omnibus test of proportional hazard between two
groups using data containing censored observations. We consider here an
application of Wei’s test to verify the assumption of proportional hazards
between the two groups stratified by EXER. The Wei test statistics is a
measure of goodness of fit and its computed value is 1.44. Using the non-
exercise group, we compute a truncation value of 27/263 = 0.1 ( number
observed /number in sample) needed to look up the p-value from the appli-
cable table of cumulative probabilities as given in Koziol and Byar (1975).
This yields a p-value less than 0.001. This allows us to reject the hypothesis
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of proportional hazards between the exercise and non-exercise groups and
thus provides a justification for the use of above stratification.

Finally, we assessed the assumption of proportional hazards for the strati-
fied model by examining the rescaled Schoenfeld residuals and found that
proportional hazards is a reasonable assumption. Figure 1 shows the fitted
stratified model for exercise and non-exercise cases depicted separately.
The estimated model coefficients and their standard errors (se) obtained
for the two cases of the variable EXER, are listed below for the stratified
model.

Table 2: Stratified Model Fit
Exercise = 0

Variable B exp(B) se(f) z p-value
PN2 -3.16  0.0422 1.263 -2.51 0.0120
PN2360 1.41  4.1147 0.522 2.71 0.0067
TR360 -3.91 0.0201 2.071 -1.89 0.0590

Exercise = 1

Variable exp(B) se(p) z p-value
PN2 -1.778  0.167 0.527 -3.395 0.00069
PN2360 0.973 2.645 0.313 3.107 0.00190
TR360 -0.849 0.428 1.522 -0.558 0.58000

™
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1 Introduction

The score function computed from the full log-likelihood has zero expec-
tation (unbiased) and variance equal to the negative of the expectation of
its derivative matrix (information unbiased). However, the score function
computed from the profile likelihood is, in general, neither unbiased nor
information unbiased. McCullagh & Tibshirani (1990) suggested that the
properties of estimates based on the profile likelihood would be improved if
the profile score function was centred and scaled so that it too was unbiased
and information unbiased. McCullagh & Tibshirani (1990) concentrated on
giving asymptotic formulae for their corrections in a very general setting.
Durban and Currie (2000) gave exact expressions for the corrections for
the non-linear normal regression model

Y~ N(X ()N, Z(¥)), (1)

where v is regarded as the parameter of interest and A as the nuisance
parameter. This model has a number of special cases. In particular, if
X (¢) = X, i.e., X does not depend on the parameter of interest, then (1)
reduces to the familiar model for variance components, in which case our
results show that the usual residual maximum likelihood (REML) is both
unbiased and information unbiased.



Currie, 1., Durban, M. 405

We give some notation. We denote the profile score function by U(¢) =
0lp(1p)/07p where £p(v) is the profile log-likelihood in 3. The adjusted
profile score is then

U(y) = W(W)(U(y) — m(y)) (2)

where the centring term m = m(vy) and the scaling term W = W(y) for
model (1) are given in Durban and Currie (2000).

In this paper we apply these results to three examples: the ratio of nor-
mal means problem, a non-linear regression problem studied by Ratkowsky
(1983), and a response surface model due to Draper and Guttman (1980).

2 Examples

Example 1: We consider the ratio of normal means problem (McCul-
lagh and Tibshirani’s example 10). We observe y; ~ AN (A,1/n) and yy ~
N (¥A,1/n). This model is in the family (1) with ¥ = Iy /n and X' = (1,4).
In this example, 1 is a scalar, so m and W = w, say, are both scalars. We
find the centring term m = 0, and the scaling factor w is
. 1 N 1+ 9?2
Y T PPETS E ®)
n(y1 + Py2)?

where w* indicates that we have replaced the nuisance parameter A in w
by Ay. The profile log-likelihood for this problem is

gp = _m&h — wy1)2, (4)

and the adjusted profile log-likelihood can be found since

v de 20
_ * 1% — _ 1 P
lap = / w(t)— 7 dt = fp — Jlog <1 S prarov ey y§)> (5)

where we have arranged that both /p and lap have the same maximum
value (of zero). Fig. 1 gives a plot of {p and fap for n =5 and y1 = y» = 1.

Example 2: We consider first models of the form

Y ~ N(X($)A,0%1) (6)
where the parameter of interest is taken as (¢, 02)" = (¢1,... ,¥r_1,02)".
We find my = my = ... = m,_; = 0 and m, = —p/(20?) where p is the
rank of X with resulting bias adjusted profile log-likelihood

_ nh—pD 2 ’
lap = — 5 logo —Fy(I—P)y (7)
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FIGURE 1. Profile likelihood — and adjusted profile likelihood - - - for ratio of
normal means example: n =5, y1 =y2 =1

where P = X (X'X) 'X'. It follows that the estimates of (v1,...,%, 1)
based on the bias adjusted profile log-likelihood are equal to the maximum
likelihood estimates based on the full log-likelihood. The estimate of ¢ is
6% =y'(I — P)y/(n — p), a REML style estimate.

One example of this sub-class of models is a non-linear regression model
discussed in Ratkowsky (1983, p93), and fitted by him to data on leaf
production. We write his model as

y; = a+ Bexp(—pz;) + € (8)

and take p and o2 as parameters of interest. Note that p is the parameter
of physical interest. The model is of the form (6) with X = («,) and
X = [1, z] where 1 is a vector of 1’s and z is the vector with z; = exp(—pz;).
The bias adjustment is dealt with in (7), and the scale adjustment is

o2 -1
w-( (+s2m) O ©)
0 1

where S,, = Y (z; — #)%. We find W(1,1) has the value 0.9968 at the
estimates obtained from the adjusted score, and so the ‘plug-in’ value of
W = I. Thus, the bias adjusted profile log-likelihood (7) is very close to
being information unbiased also.

Example 3: Draper & Guttman (1980) introduced a response surface
model for variety trials in which the response on a particular plot may
be affected by the variety on a neighbouring plot. We write their model as

Y=G(Z18+ Zyy)+e=GZ)+¢
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where Z; and [ are the design matrix and parameter vector for the variety
effects, and Z; and v are the design matrix and parameter vector for the
block effects. We take Z = [Zy : Z2] and X' = (B',7'). The matrix G
specifies the neighbour effects and depends on a parameter p (o in Draper
and Guttman’s paper). Again, we have a model of the form (6) with (p, 0?)
as the parameter of interest and A as the nuisance parameter. Draper and
Guttman present data from an experiment on mildew control which was
laid out in a single strip of 38 plots. The model is defined by G = I + pS
where S specified the neighbour effects. We apply our results with X =
(I+pS)Z and ¥ = ¢%I. The estimates obtained from the adjusted score are
p = 0.158 and 62 = 0.0262 . The value of the scale adjustment matrix W*
at p and 62 is W* () = {{0.982,0}, {0, 1}} and again the scale adjustment
to the score is very small. It is not possible to obtain the bias and scale
adjusted log-likelihood for p and o2 jointly but, noting that p and o? are
orthogonal we can take 02 = 62 = 0.0262, and then scale (7) by w = 0.982.
This gives an adjusted log-likelihood (with maximum value zero) for p

Cap(p) = 0.982 <" ;p — 2;_2 y' (I - P)y> (10)

which is exactly unbiased and approximately information unbiased. A plot
shows that there is little difference between the profile likelihood for p and
this adjusted profile likelihood.

3 Concluding remarks

Bias and optimistic standard errors are two common problems associated
with the profile likelihood. The results of Durban and Currie (2000) provide
a possible solution for a wide class of non-linear regression models. The
examples in this paper add to the examples already provided in Durban
and Currie (2000) and illustrate the flexibility of model (1).
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Abstract: The Richins and Dawson materialism scale used consumer values as
the basis of its conceptualization. The original scale research empirically estab-
lished three value-oriented scale components-acquisition centrality, acquisition in
the pursuit of happiness, and possession-defined success., The present study
re-evaluates their Material Values Scale from a cross-national perspective, com-
paring US and UK samples. Scale reliabilities are found to be largely unchanged
from the original study. However, in both countries, the model fit for the three
value components is somewhat below previous standards. Scale revision strategies
are suggested for a more acceptable fit of the values constructs.

1 General issues of measurement validation

Measurement error include problems with convergent or discriminant valid-
ity. Convergent validity is upheld when all items that supposedly represent
a domain of the concept do belong to the domain of the concept, that may
be indicated by average correlations of item scores being similar within the
domain, but distinct from all other items that aim to represent alternate
domains of the concept (i.e., discriminant validity). A large coefficient al-
pha is a test for internal consistency to ensure that all items share a similar
amount with the core concept. A useful way of measuring convergent and
discriminant validity is by the multitrait-multimethod matrix.

2 Advantages of multi-scale items

Multi-item scales are preferred to single item measures that tend to corre-
late poorly with attributes they are supposed to measure, and suffer from
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poor discriminant validity. When combined into multi-item measures, the
specificity can be averaged out, with reliability increasing as the number of
items in a combination increases.

3 Factor analysis

When the alpha coefficients are too low, the domain may need re-specifying
(since perhaps respondents guessed their meaning), or additional items on
each subscale might have been ignored. To rule out random factors account-
ing for the findings, the results should be reproduced with the purified num-
ber of items submitted to another sample of subjects. Replication of test
results is also required for generalization of knowledge. Test-re-test coeffi-
cient of correlation scores examine the stability of the measures over time,
with a reliability coefficient of 0.80 or above showing reasonable reliability.
Both factor analytical and principal components analyses should be con-
ducted because the magnitudes of factor loadings, the signs attached to
the factor loadings, and the items loaded might differ between the two
techniques.

4 Applications to materialism

Construct validity has been difficult to establish because there is no con-
sensus on how materialism should be conceptualised or measured.

Hence, we discuss three research streams of materialism: as traits; and as
values at the individual and societal level, before focussing on values at the
individual level. Since the complexity of materialism is recognised to be
a multidimensional concept, there is an initial need to verify the factorial
validity of the measure, and then to test for convergent and discriminant
validity. Repeated tests of factorial, convergent, and discriminant validity
are required across time and population groups to ensure the measure is
appropriately understood and valid.

5 Study Objectives

The primary objective of our study is to test assumptions about the re-
liability and validity of the original 18-item scale of values proposed by
Richins and Dawson(1992) for both US and UK. To accomplish this, it is
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necessary to assess (a) the internal scale reliabilities, (b) the unidimension-
ality of sub-scales, (c) the consistency of performance of sub-scale items
with the original scale, (d) the fit of a three factor model to the scale and
(e) the equivalence of scale structure cross-nationally.

Hypotheses for the US and UK to be tested in the present study are:

e H1 Reliability levels of the overall Material Values Scale are accept-
able

e H2 Each Material Values sub-scale is unidimensional

e H3 The three sub-scale domains of success, centrality and happiness
are reproducible

e H4 The Material Values scale items continue to reflect sub-scale do-
mains

e H5 The latent variable model of the Material Values scale has the
same structure cross-nationally

A second objective of our study is recommend any necessary revisions of
the measurement model of the Material Values scale, i.e., to improve the
reliability and validity of the instrument.

6 Method

Data collection was undertaken among undergraduate business students
at two universities—one in Northeast US(n = 122), and the other in the
Midlands UK(n = 138). The measure validation of the scale included use
of Alpha Reliability estimates, principal components analysis, exploratory
factor analysis(EFA), and confirmatory factor analysis(CFA). For the CFA,
several alternative models were tested for model fit, in addition to the
Richins and Dawson three factor model.

7 Main Findings and Conclusions

The study’s analyses were designed to test and evaluate a theoretically-
driven measurement instrument— the Materialist Values Scale by Richins
and Dawson. Internal validity, factorial validity and the cross-national(US
vs UK) structural equivalence of the scale were examined.
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The scale exhibited very good internal reliability, exceeding the recom-
mended benchmark Cronbach Alpha level of .80(DeVellis, 1991). The sub-
scales showed acceptable reliabilities. The scale’s three dimensional struc-
ture was reproduced in this research, although imperfectly.

The original 18-item Richins and Dawson Scale(ORD) needed item refine-
ment since multi-dimensionality was found for subscales where unidimen-
sionality should have been observed. Also, the confirmatory model subsum-
ing constructs of success, centrality and happiness did not fit well.

A revised 14-item scale(RDD) exhibited unidimensionality of construct
measurement, displaying an acceptable confirmatory fit. Additionally, the
RDD scale shows cross-national structural equivalence of invariance be-
tween the US and UK samples. We suggest that future research on materi-
alism beyond a single country should consider modifications of the Richins
and Dawson Scale as part of their measurement methodologies.
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Abstract: The paper discusses a model for rankings based on a paired compar-
isons structure. The statistical model is developed by means of a Shifted Binomial
random variable; then, inferential and computational issues concerning model pa-
rameters estimation are addressed. Some empirical results show the usefulness of
the approach in analysing preferences.
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1 Introduction

The analysis of preferences and, more in general, of ratings is a useful
tool in several fields, as marketing, political sciences, medicine, psychology,
etc. Usually, ratings expressed as rankings have been analysed in a paired
comparisons framework, as in the Bradley-Terry model and its extensions
(Bradley, 1976). The generalization to an arbitrary number of response cat-
egories has, then, led to proportional cumulative odds models (McCullagh,
1980) in a generalized linear models approach. In the same spirit, D’Elia
(1999) proposed a model for ranks based on an Inverse Hypergeometric
random variable, whose parameters are meaningful in preferences terms.
In this paper we discuss an alternative model for ranks, which exploits the
logic of paired comparisons in order to study the relation between raters
features and rankings. Moreover, this structure generalizes the fitting of a
discrete random variable for non-monotonic data.

2 A Shifted Binomial Model

Let r;; be the rank given by the i-th rater to item j (i = 1,2,...,n; j =
1,2....,m) among m alternatives. The complete ranking of all the items
represents, for each rater, a permutation of the integers 1,2,..,m. This
ranking can be thought of as the final product of a choice mechanism based,
for each item, on m — 1 paired comparisons with the others.

Let’s define the following Bernoulli random variable (V h # j):
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Win=20 if item j is preferred to item h
Wi =1 if item j is not preferred to item h.

Assuming that W;;, and W, are mutually independent (V h # k), it results:

S; = Zth ~ Binomial(m — 1,,),
hj
where ¢; = Pr(Wj, = 1). Thus S, is equal to 0 if the item j is preferred in
all the comparisons; it is equal to 1 if it is preferred in all the comparisons
but one, and so on; it takes the value m — 1 if it is never preferred.
Consequently, the observed ranks for a j-th item can be thought of as
realizations of a Shifted Binomial random variable R; = S; + 1, where

Pr(R;=r)= ( T:__ll > w;_l(l — ;)™ r=1,2,..,m;
E(R;j) = (m —1)¢; + 15 Var(R;) = (m — 1)1 (1 — 4;).

Notice that when 9; — 1, Pr(R; = 1) — 0 and E(R;) — m: this means
that v, is a disagreement parameter, because the greatest is ¢; the smallest
is the probability that item j is located in the first ranking positions.

In order to analyse the relation between the covariates X, X, ..., X, mea-
sured on each rater and the ranking he expressed, we let

log [v; /(1 —¢;)] = XB
where X is the design matrix. Thus
eXp
It results that:
if X — —oo then E(R;) — 1;
if XB—0 then E(R;) — (m+1)/2;
if XB— o0 then E(R;) — m.

This points out that the expected rank increases (the liking decreases) with
the predictor value, and viceversa when X/ decreases.

3 Inferential and computational issues

Let r = (r1,7r2,...,7,)" be the sample of obseved ranks for a given item j.
For the model specified above, the log-likelihood function is (dropping out
the j index):

logL(w;x) = Y _logL(t;ri) = Y _{(ri — 1)log() + (m — ri)log(1 —)}.

i=1 i=1
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After some algebra, it can be shown to be equal to:

n

logL(B;r) = Z{(” —1)x;8 — (m — 1)log(1 + eXi#)},

i=1

where x; is the i-th row of X.

A careful choice of starting parameters values is needed, for maximum
likelihood estimation, in order to improve the achievement and the speed of
convergenge of numerical optimization algorithms. Then, a useful strategy
could be derived from the previous expression of E(R).

If we use 7; as a proxy of E(R), we obtain:

r; — 1 exif

m—1 1+exP’

-1
log<r >:xiﬂa
m—r;

and the starting values of the coefficient estimates can be obtained as the
Least Squares solution of

Thus, it results that

z=XB+¢

where the elements of z are defined as: z; = log (%), 1=1,2,..,n.

In the model with only the constant term, instead, the maximum likelihood
estimate of By can be analitically obtained as:

A F—1 -
ﬁozlog<r _>, where F:Zri/n.

m-—r ‘
=1

4 An analysis of the attitudes to the professions

A research has been conducted to analyse the professional attitudes of
young people: a sample of 183 undergraduates, attending the Faculty of
Political Sciences, were asked to rate 14 different professions, giving rank
1 to the most preferred, rank 2 to the second best, and so on. Several
covariates were measured on each subject, like age, sex, etc., to study the
relation between students’ features and the preferences they gave. As an
illustrative example, in this section we show just few results.

One of the typical professions for people attending the Faculty of Political
Sciences is the activity inside political parties and trade-unions. Fitting
the proposed model to the ranks given to this kind of activity, we got the
following results:
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Covariates B e.s. B/e.s. p — values
constant -1.7136 | 0.3679 | -4.6572 0.0000
Sex (S) 1.0137 | 0.0860 | 11.7894 0.0000
Age (A) 0.0654 | 0.017/ 3.7662 0.0001
Father’s profession (Fp) | 0.6400 | 0.1465 | 4.3685 0.0000

It appears that, ceteris paribus, for the women (S=1) the disagreement
odds-ratios for political activities are nearly 3 times greater than for the
men (S=0): exp(B1) = exp(1.0137) = 2.7558. Moreover, the dislike in-
creases with the age, and when the father of the interviewed is a professional
(Fp=1) it nearly doubles: exp(83) = exp(0.64) = 1.8965. For instance, com-
paring the expected rank for four 20 years-old people, who are different for
sex and father’s profession, we have:

Covariates values | E(R)
S=1  Fp=1 | 1110
S=1  Fp=0 9.42
S—0  Fp-1 8.26
S=0  Fp=0 6.20

5 Concluding remarks

In this paper we discuss ranking modelling where the ranks express people
preferences, by means of a model based on a Shifted Binomial random vari-
able. In fact, this scheme seems adequate to represent the rating mechanism
and the resulting model is a consistent tool for preferences analysis.
Further work will be devoted to study the possible connection with a dif-
ferent model based on an Inverse Hypergeometric random variable (D’Elia,
1999; 2000), whose structure resulted appropriate for ranks, too. More-
over, issues concerning selection model and goodness of fit evaluation in
comparing models performance will have to be faced.
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1 Introduction

Combining response categories in ordinal response models is a recurrent
practice in statistical modelling. Often, the primary motivation to combine
response categories is 'to make asymptotics work’ and is invoked in order
to avoid null cells. A general method to combine response categories and
analysis of this practice appears to be lacking.

However, such a method is indispensable for the analysis of data with many
response categories via a proportional odds (PO) model, as in a data set on
the usability of user interfaces to a jukebox with which we were confronted.
In it, the response data were captured by moving a slider on a computer
screen with a mouse to yield a discrete valued score between 1 and 100.
The fact that there are 100 response categories gives rise to complications
in the analysis: the response scores are considered to be ‘true’ score plus
noise, so that they are only partially ordered, rather than ordinal. Hence,
the standard analysis via ordinal response models is invalidated. The pri-
mary question then is for a well founded method to find the number of
‘true’ response categories and to combine the response scores into these
categories. Secondary questions pertain to the accuracy of the parameter
estimates: how do biases and/or variances change when response scores are
combined.

In this paper, we focus on the first question and propose a method to com-
bine the response scores into a, small, number of categories. The method
can be formally justified in the important case that the response scores
are partially ordered. The theory is described in Section 2. In section 3,
we show via simulation that the method works in a number of artificial
situations. Also, this section reveals parameter bias in case techniques for
ordinal data are applied to data that are only partially ordered. Section 4
applies the method to the jukebox data and Section 5 presents ideas for
further research.
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2 Combining response categories

We make the following assumptions to combine the response categories.
First, there is a discrete valued latent variable, Y*, taking values in an
ordered set, whose elements will be denoted by {1,...,C}. Second, the
probability distribution of the random variable depends on the covariates
in a way that can be described accurately by one of the ordinal response
models. Third, we assume that Y* cannot be observed directly. Rather, we
observe a discrete valued response Y, taking values in an ordered set, de-
noted by {1,...,K}. There is a stochastic relation between latent variable
and response:

p(klc) :=Pr(Y = kY™ =¢). (1)

Informally, we assume that K is large, e.g. the number of values that can be
indicated by means of a slider, and that C is small and equal to the intrinsic
number of response categories. The response values cannot be considered
to be fully ordered with respect to the latent variable Y*, so that it is not
correct to assume one of the ordinal response models for Y directly.
Rather, the likelihood to be maximised equals

HH Y = klai)¥ HH Zp "= ca)p(kl)vE,  (2)

with n number of observations, x; covariate vector, and y; indicator of y; =
k, and p(Y™* = c|z;) restricted by the ordinal response model. Moreover, in
developing (2) it is assumed that

Pr(Y = k|Y™* =c,x;) = p(k|e), (3)

i.e. that the dependence of the response on the covariates is through the
latent variable only.

Direct maximisation of (2) is difficult. EM is possible, but the following
assumption allows for a computationally simpler approach with intuitive
appeal: assume that the latent variable partitions the responses into con-
tiguous groups. Thus there is a map from observed response to latent re-
sponse, C: {1,... ,K} = {1,...,C}, with C(1) =1 and

Clk+1)—C(k) < 1. (4)

It follows that the inner sum in the likelihood (2) reduces to just one term,
and the log likelihood reduces to

Z yir (log(p(C(k)|z:)) + log(p(K|C(K))))- (5)

Now (5) can be optimised by enumerating (a subset of) all maps C, and
optimising conditionally on the map.
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Transformation | Alg. 2 PO

y=y* 1.01 (0.91, 1.12) | 1.00 (0.90, 1.07)
y=2y"+b 1.02 (0.92, 1.14) | 0.81 (0.71, 0.86)
b ~ Bin(1,.5)

y = [3y* + €} 0.95 (0.85, 1.08) | 0.76 (0.66, 0.87)
e~ N(0,1/3)

TABLE 1. Results obtained in simulation; 'Transformation’: map from latent
variables to observed responses, here [ ]3 denotes rounding to nearest integer in
the range 3 to 9; ‘Alg. 2’: estimates of f (median plus first and third quartile) in
100 simulations optimising (5); ‘PO’: idem, but with a standard PO model for
the responses. Note that the correct value for 6 equals 1.

3 Simulations

The algorithm was applied to a series of artificial examples with data
(z4,9:i),t =1,...,250, with z; a single, known, covariate (generated from a
standard normal distribution) and y; a response score. This response score
is obtained by transforming a latent response score, ¥, generated from a
multinomial distribution with the probabilities satisfying a PO model:

logit(Pr(y* <e¢))=a.—x0; c=1,...,C —1, (6)

with 8§ = 1, C = 3, a3 = —1.11 and ay = —0.11. The three transforma-
tions are given in Table 1, first column. They are such that the number of
categories is increased and that the latent variable fully (Models 1 and 2)
or approximately (Model 3) partitions the response classes, so that our as-
sumption on this issue is at least approximately satisfied. The goal is then
to recover the classes of the latent score and to estimate 6. The simula-
tions showed that the algorithm performed well in both respects. However,
assuming a standard PO model for the observed responses leads to biased
estimates, in case the response scores are obtained as ‘true scores plus noise’
(Models 2 and 3). See Table 1 and note that the correct value for 6 equals
1.

4 Application to jukebox remote control data

The algorithm was applied to data from a study on advanced remote control
of a cd jukebox; the remote controls are described in De Vet and Buil (1999).
The effectiveness, among others, of three user interfaces was measured by
means of three distinct items. Responses were captured by moving a slider
on a computer screen with a mouse, see Hollemans (1999), to yield discrete
valued scores between 1 and 100 for each item interface combination for
32 respondents. The model used is an additive PO model; the coefficients
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FIGURE 1. Impact of combining categories on parameter estimates and variances

corresponding to the items were found to be significantly different from
zero, those corresponding to the interfaces were not.

The algorithm combined the response categories into 8 classes. It had a
substantial impact on both estimate and variance of the significant item
parameters; see Figure 1 for the first of these parameters. This effect on
parameter estimates and variances was also noted in McCullagh and Nelder
(1989, Section 5.6). For the insignificant interface parameters, the effect was
on the variances only.

5 Conclusion

Further research into this area is called for. Of particular importance are
the comparison with the more general EM based approach alluded to in
Section 2, and a theoretical underpinning of the effect on bias and variance.
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1 Introduction

Most smoothing methods estimate expected values. A notable exception
is quantile smoothing, see Koenker, Ng and Portnoy (1994), He and Ng
(1999). In this paper I study the adaptation of L; criteria to P-splines, using
the sum of absolute values in both the measure of fit and the penalty. A
linear program results, which can be solved efficiently with the interior point
algorithm. The L; norm can be made asymmetric with different weights
for positive and negative residuals, giving an effective quantile smoother
without complicating the linear program.

2 Theory: P-splines with L, and L,

P-splines (Eilers and Marx 1996)use penalized regression. The data are
projected on a B-spline basis and a difference penalty on the B-spline co-
efficients gives continuous control over smoothness. In the least squares
setting the objective function is

I J J
S = Z(yi =) bijei)?+ A Z (Ade;)?, (1)
i=1 =1 j=d+1

where the observations are (z;,;), ¢ = 1...1, the I by J matrix B = [b;;] is
the B-splines basis and A? indicates differences of order d. As the Ly norm
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is used in the measure of fit and in the penalty, I will call them P2-splines.
We get P1-splines if we introduce the L; norm, the sum of absolute values:

I J J

S1 =Z|yi*ZbijCj\+>\ Z |Ade). (2)
i=1 j=1 j=d+1

The reason for using the L; norm for the fit is to get better robustness. It
is well known that in the one-dimensional case minimization of > |y — ¢|
gives the median for ¢, which is very insensitive to outliers. We hope to
get the same performance in smoothing. The choice for the L; norm in the
penalty is a pragmatic one: if we did keep the sum of squares, an awkward
optimization problem would result, while (2) leads to a linear program, for

which efficient solution algorithms are available.
The Ly norm is special case of the asymmetric norm p(u; ), with 0 < a < 1:

(w;a) = ou if u>0,
PGS = (1= a)fu| ifu<o.

As a shorthand notation I use |u|, = p(u;a). One can easily show that
in a one-dimensional sample minimization of > |u|, = Y p(y; ) gives the
(approximate) a-th quantile. This suggests that a quantile smoother can
be constructed by using the objective function

I J J
Sa =Y lyi— > bijcila + A Y |Adl. (3)
i=1 i=1

j=d+1

3 Computation

Penalized regression can be reduced to standard regression by data aug-
mentation. Let be D be a matrix such that Dc = A%. Then (2) can be
written as

Sy = |y — Be|* + A\*|Dc|. (4)

Minimization of S is equivalent to minimization of |y™ — B*¢|? if

se(B) (1)

with z a vector of zeros of length J — d. The same is true for P1-splines if
we minimize |y — BY¢|, where |u| indicates the L; norm of u.

S-PLUS has a function 11£it() that can be used directly with B* and y™*.
Unfortunately, this function can not handle the asymmetric case. But note
(Portnoy and Koenker, 1997) that asymmetric Ly regression can be written
as a linear program (with 0 < u and 0 < v):

min! Zf:l Ui + Zle Vi,
s.t. Z.jjzl bijcj—+-ui — UV =Y; t1=1...1. (6)
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The penalty extends this problem to (with 0 < s and 0 < t)

min! aZleui+(lfoz)2vi+)\25i+)\zleti,
s.t. Z‘jjzlbijcj'kui*vi:yia Z:].I,
and S diker + 55 —t; =0, j=1...J. (7)

Standard (simplex) linear programming code can be used to solve this
problem. However, Portnoy and Koenker (1997) showed that the interior
point algorithm is very effective for the computation of regression quantiles.
A program (written in 0x) can be found on Koenker’s home page at the
University of Illinois: www.econ.uiuc.edu. I translated it to Matlab and
pure S-PLUS (no linked compiled functions), and found it to perform well.

P-spline fit with L, norm P—spline fit with L, norm

o 0.2 0.4 0.6 0.8 1 (o] 0.2 0.4 0.6 0.8 1

FIGURE 1. Simulated data with two outliers, fitted with 10 cubic B-splines and
a second order difference penalty with A = 0.1; left with L2 norm, right with L;
norm.

4 Results

Figure 1 shows simulated data and fits by P2-splines (left) and P1-splines
(right). It is clear that the latter ignores the two outliers.

Figure 2 illustrates quantile smoothing. The data are ozone measurements
near Rotterdam in the Netherlands, in 1992. The 50, 80 and 90 percentile
curves were estimated.

5 Discussion

Compared to smoothing splines (Koenker et al., 1994), P1-splines have the
advantage of the reduced number of equations. Also smoothing L; splines
are piecewise linear, whereas the B-splines can have any degree (there is
no danger of zero derivatives at low degree). He and Ng (1999) use first or
second order derivatives of the B-splines in the penalty, which complicates
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Quantile curves (50, 80, 90%) of daily averages of ozone 1992; A = 0.1
150 T T T T T T T
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FIGURE 2. Quantile curves for ozone concentration measurements.

the algorithm. The difference of coefficients is easier to handle: extension to
higher order is a mechanical process and the degree of the B-splines can be
arbitrary. He and Ng use a classical linear programming code, implemented
in FORTRAN and linked to S-PLUS. This complicates porting to different
computing environments. The use of the interior point algorithm allows
implementation in pure S-PLUS (and Matlab) with adequate performance.
He and Ng also discuss the incorporation of monotonicity and convexity
constraints by extending the linear program. The algorithm of this paper
can be extended in the same way. An interesting alternative is to use “soft"
constraints, in the form of asymmetric penalties, as was done by FKilers
(1994) for difference smoothing with an Ly norm. This amounts to adding
terms of the form v|A%¢|, to the penalty
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1 Long memory processes

The typical models for stationary time series, for example the ARMA
models, presuppose that the time series has a short memory, that means,
>k [7(E)| < 0o, where (k) is the autocovariance function at lag k. How-
ever, begining by the pioneering work of Hurst (1951) concerning the level
of the river Nil (using a very large data set —from 622 to 1281 A.D.) and
continuing with the works of Mandelbrot, models with long memory —the
series ), y(h) is divergent— have been considered. Roughly speaking, in a
short memory time series, two distant variables are almost independent; on
the other hand, in a long memory time series very long cycles exist. The
long memory time series are becoming more and more important; first be-
cause there are, in reality, lots of situations with long cycles (in hydrology,
economics or other sciences), and secondly, because the term long cycle de-
pends on the time scale, and at present time, the so-called hight-frequency
data, that is, data which are taken in almost continuous time (for example,
the value of a stock recorded each minute) allow for the observation of long
cycle in a short period of time.

2 The fractional brownian noise

The first, main and simplest example of a long memory process is fractional
brownian noise, {X,, n > 1}: it is a centered stationary gaussian process
with covariance function given by

1
(k) = 3 o?(|k + 12 + |k — 12" - 2|k|*), ke Z.
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The number H € (0,1] is called the ezponent of the fractional noise;
when applied, the interesting case is H € [0.5,1). For H = 1/2, we find
~v(k) = 0, Vk # 0, and since it is a gaussian series, we obtain that all
the variables are independent; that is, {X,, n > 1} is a sequence of i.i.d.
gaussian random variables. In the same way as it is possible to construct
a sequence of i.i.d. gaussian random variables from a brownian process, we
can obtain a fractional brownian noise from the continuous time process
called the fractional brownian process.

On the other hand, a fractional brownian noise is the paradigmatic example
of a self-similar process, which is the stochastic translation of a fractal
curve: The series {X;, t > 1} satisfies

X, £ t1Xx,.

3 The estimation of the exponent H

From the statistical point of view, the main problem in dealing with frac-
tional brownian motion is the estimation of the exponent H. In his work,
Hurst (1951) proposes the so-called R/S method, which is very intuitive
and appealing, but there is no easy asymptotic theory for it, which is a
drawback for its use for statistical inference. Another possibility is the
maximum likelihood estimator of H based in the gaussian character of the
series. However, the series which we are studying are very long, and there-
fore it is difficult to work with the likelihood function, and it is necessary
to use the Whitle approximations. Beran (1994) gives a complete survey
of this methodology. Recently, Bardet (1998) has proposed a new method
using the properties of the autocovariance function. Here, we propose a
technique which is similar to the Bardet one but, in our opinion, simpler
and computationally easier.

4 Estimation of H by non linear regression
The main ideas of our method for estimating H are the following.
Consider n observations X1,..., X, from a fractional brownian noise of

parameter H. We will use the autocorrelation function p(k) = v(k)/v(0)
instead of the autocovariance function:

1
p(k) = 5 (b + 1P + [k = 127 = 2[k ). (1)

Define the sample autocorrelation at lag k, p(k), by

= Sik (5 %) (X = X

’
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where X,, = % Z;’L=1 X;. As is well known, for a large collection of time
series, p,, (k) is a consistent asymptotically normal estimator of p(k) . Here,
we use a powerful theorem of Arcones (1994) and the delta method to prove

that for H € [0.5,0.75) the convergence in law of the stochastic process
{\/ﬁ(ﬁn(k) - p(k)), n > 1} to a centered gaussian process {{,, n > 1}
with covariance function

o0

Cov(&r, &) = > {p(r+k)+p(r—k)=2p(r)p(k) }{p(r+1)+p(r—1)=2p(r)p(1) }.

r=1

Then we write,
~ 1 )
pn(k1) = p(ki) + —=&(k1)

- 5

pn(k2) =~ p(k2) + —=&(k2)

5

. 1

Pnlke) =~ p(ke) + NG §(ke) |
and the nonlinear function p(k) is given by (1). Then, we use non linear
regression to estimate H. The initial value of H is taken from the expression
of p(1); specifically, we take

~ 1 N
HO = 5(1og2 (1+5a(1) + 1).

There are different points which is necessary to consider carefully: the
random variables &(k1),...,&(k¢) are not independent or the choice of
ki,...,k¢. To deal with the first point, we use weighted least squares
through the Cholesky decomposition of the covariance matrix of the er-
rorS.

In table 1 there are the results of a study where 42 fractional brownian
motions of sizes ranging from 2.000 to 4.000 and diferent values of the
parameter H were simulated; the autocorrelacion at the first 10 lags were
used in the non-linear regression; in the column with the label S.D. there
are the standard deviations of the estimators H obtained with the different
simulations. In addition, see in Table 2 a comparison between our estimator

(denoted by H) and the R/S (denoted fIR/S), maximum likelihood (Hyz,)
and Bardet (I;T B) estimators.
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TABLE 1. Results of the simulation studies

H H S.D.
0.53 0.529 0.011
0.57 0.566 0.006
0.60 0.598 0.005
0.63 0.630 0.008
0.69 0.681 0.005
0.72 0.722 0.013
0.74 0.746 0.022

TABLE 2. Comparison between estimators

H H SD. Hgp,s SD. Hyr, SD. Hz SD.
053 0529 0011 0575 0028 0529 0012 0510 0018
0.57 0566 0.006 0.617 0028 0.568 0.005 0.559 0.016
0.60 0.598 0.005 0.617 0.021 0.598 0.005 0.597 0.013
0.63 0.630 0.008 0.651 0.015 0.631 0.008 0.628 0.018
0.60 0681 0.005 0.701 0026 0.684 0.005 0.675 0.012
0.72 0.722 0.013 0.731 0.019 0.724 0.0114 0.724 0.016
0.74 0747 0.022 0728 0037 0.751 0.022 0.755 0.021
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Abstract: This paper considers an automatic sequential monitoring and in-
tervening scheme of the one-step forecast errors in a Dynamic Linear Model,
generalizing that proposed by West and Harrison (1997). The methodology is
illustrated with the well-known Nile data provided by Cobb (1978).
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1 Introduction

Dynamic Linear Models (DLM), first introduced by Harrison and Stevens
(1976), provide an important tool to model forecast systems in a time series
context. In this kind of system, it is necessary to be open to possible changes
in the current model, because the more vigilant and succesful the forecaster
is in anticipating major events, the more effective are the decisions.

This paper discusses automatic sequential monitoring methods of the fore-
casting activity to detect breakdowns. The basic idea, given in West and
Harrison (1997), is very simple: when an observation is made, the consis-
tency of forecast and outcome for the routine model is compared with the
consistency of alternative models that represent breakdowns of interest, for
example, an outlier, a level increase or a change in the slope of the series.
In this paper, the family of alternative models proposed by De Jong and
Penzer (1998) is used. This family uses the addition of shocks to model a
large range of potential structural changes.

2 The Problem

Let the routine model My be a standard normal DLM given by:

Y, = Fl6;+uv
9t Gtetfl + Wt
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where vy ~ N(0,V) is the observational error and w; ~ N(0,VW;) is
the evolution error. It is assumed that for all t and all s with ¢ # s, v;
and v, are independent, w; and ws are independent, and v; and w; are
independent. For clarity, it is also assumed that the variances V and W;
are known for each time t. The initial information is given by 6y/Dy,V ~
N(mg, VCy). The observational and evolution error sequences are indepen-
dent of 00/D0, V.

With D, denoting the information set at time t, the one-step forecast and
posterior distributions are given, for each t, as follows:

Posterior at t-1: (6;—1/Dy_1,V) ~ N(my—1,VCi_1)

PI‘iOI‘:(et/Dt_l, V) ~ N(at, VRt) with ay = Gt me—1, Rt = Gt Ct_1G2+Wt
Forecast:(Yt/Dt_l, V) ~ N(ft, VQt) with ft = Ft'at, Qt = FtIRtFt +1
Posterior at t: (6;/D;) ~ N(my, VC;) with my = a; + Aser, Cy = Ry —
AtA;Qt where At = RtFtQ;l and e — Y;g - ft

Assessing the consistency of the observed values Y; is essentially equivalent
to assessing the consistency of the forecast errors. Thus, under My, the
forecast distribution for e; is simply (e;/Di—1,V) ~ N(0,V Q).

The alternative model M; is defined as in De Jong and Penzer (1998) and
is given by:

th = Ftlgt—i-Xt(s—i-’Ut
0 = Gibe1 + Hid+wy

where X; and H; are called the shock design matrices and ¢ is the shock
magnitude. Many departures observed in practice can be represented by a
simple intervention, that is to say, by taking all X; and H; to be 0 except
at a single point t = s where H; = H and X; = X . The shock design
matrices X and H determine the type of simple intervention resulting from
a shock.

In this particular case, it is possible to show that under My,

(es-l—k/Ds—i-k—la 67 Vva Ml) ~ N(ws-‘rk(sa VQS+IC)

where 541 = sk - gs+k With

| FIH+X k=0 d | H k=0

Motk = F;Jrkds-l—k k > 1 stk Gs+k’ds+k'71 k > 1
and

o k=0 b, — 0 k=0
Itk = Flberr E>1 7T Guppnener k>1
n _{ As(FIH + X) k=0
stk bs+k + As—i—k(rs-i-k - gs+k) kE>1
When an observation is made, the Bayes Factors for the standard model
is computed against each of the alternatives. If any of the Bayes Factors
show evidence against the standard model, a signal is generated to alert
the forecaster to a potential problem; if change is deemed appropriate,
subjective intervention is made at that time. By contrast, if there is no
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clear evidence against the routine model, then it is given the benefit of the
doubt and no signal is generated.

If the prior distribution of § is (§/Ds_1,V) ~ N(Xos, qos), then the cumu-
lative Bayes Factor is given by:

1/2
Hs(k) = P (es""’eerk/DsflaV) _ < qos > / exp{ ! <)‘%s _ )‘ngk)}

~ Pi(esyeresin/Ds—1,V)  \gsik 2V \ qos Qs+

where Py and P; are the forecast distribution under My and M; respectively
and
A — Aos k zsiiesti _J1 ko2l -1

s+k = Qs+k { prinn Y ico Tﬂ} Qs+k = {‘1075 + 2 ico QTﬂ}
This factor is used to analyse the forecast behavior of the model in the last
k observations.
The monitoring process starts after a learning period in which initial esti-
mations of the parameters of the standard model are obtained. Every time
that a new observation, y,, is incorporated, it is analysed whether it is in
discrepancy with the model, or not, specifying a lower limit 7 for the bayes
factor H(1). If the new observation is in discrepancy with the model, it
becomes a doubtful intervention until new information indicates whether
or not it must be incorporated into the model , or whether it must be
discarded.
This decision is made from the value of H(k) with k > kypin, where kpip is
a minimum number of observations that are considered to be sufficient to
make the decision, and using the constants 1 and 7 as the upper and lower
limit for the bayes factor Hy(k), respectively. Finally, the algorithm anal-
yses if it is possible to simplify the model, removing some of the included
interventions by the use of a lower limit 75 for H, (k).

3 Application

To illustrate the monitoring scheme, consideration is given to the Nile River
data taken from Cobb (1978). These data consist of readings of the annual
flow volume of the Nile River at Aswan from 1871 to 1970. The series
has been examined by Pole et al. (1994) who concluded that a permanent
decline in volume has taken place from 1899 onwards. Additionally, De
Jong and Penzer (1998) indicated outlying values in 1877 and 1913.

In this paper a local model is proposed:

Yi = we+v with v~ N(0,V)
pe = pe—1+w; with w, ~ N(0,VIV)
The evolution variance is built using the discount factor methodology given

by West and Harrison (1997), the observational variance is estimated at
each time and a priori vague initial is specified. Outliers and level changes
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are monitored by taking X =1, H =0 and X =0, H = 1, respectively, in
the alternative model.

If 4 = 0.7, o = 0.5 and 73 = 1, the proposed algorithm detects a level
change in the 29th observation and outlying values in the 7th, 9th, 18th,
43rd and 94th observations.
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1 Introduction

This paper discusses a practical approach to point estimation when in-
ference about an arbitrary one-dimensional parameter of interest in the
presence of nuisance parameters is desired. The approach is based on some
recent results that use modified likelihood quantities as estimating functions
for a scalar parameter of interest (Pace and Salvan, 1999). In particular, in
the context of multiparameter exponential families, Pace and Salvan (1999)
show that the estimating function based on the modified directed likelihood
r*, introduced by Barndorff-Nielsen (1986), gives higher-order approxima-
tions of the optimal median unbiased estimator (Lehmann, 1986, § 5.6).
The modified directed likelihood is a higher-order adjustment of the signed
square root r of the usual generalised log-likelihood ratio statistic; we refer
to 7 as the directed likelihood. The modified directed likelihood is defined
for arbitrary multiparameter models under broad regularity assumptions.
The aim of this paper is to study the estimating equation based on r*
outside exponential families, generalising the results in Pace and Salvan
(1999). Since the estimating equation based on r gives the maximum like-
lihood estimator (m.l.e.), what we are considering here is essentially a cor-
rection to the m.l.e., which improves its small sample properties, encom-
passing as far as possible the requirement of parameterisation equivariance.
Other commonly used modifications of the m.l.e. are bias corrections (see
e.g. Barndroff-Nielsen and Cox, 1994, § 6.4). However, they do not satisfy
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the requirement of equivariance under reparameterisation (see Skovgaard,

1989).

2 Estimators based on r*

Let us consider a parametric model with density function p(z;w) and log-
likelihood I(w) = I(w;x) under random sampling of size n. Assume that
the d-dimensional parameter w is of the form w = (¢,\), where ¢ is
a scalar parameter of interest and A a (d — 1)-dimensional nuisance pa-
rameter. Let & = (¢, ) be the m.Le. of w and Ay be the m.Le. of X for
a given value of . The generic components of A and \ are denoted by
Aas Ab, ... and j\a,S\b,..., respectively, with a,b,... = 1,...,d — 1. The
profile log-likelihood for ¢ is Ip(¢) = I(v, 5\¢) As in Barndorff-Nielsen and
Cox (1994), a tilde over a likelihood quantity is used when the quantity is
evaluated at (¢, 5\¢), while a hat denotes evaluation at (1), \).

Assume that a is an ancillary statistic, either exactly or at least to an
appropriate order of approximation, such that l(w;z) = l(w;®,a). The
modified directed likelihood r* for ¢ (see also Barndorff-Nielsen and Cox,
1994, § 6.6) is

cu

@) =7+ log (1)

r
where 1 = () = sgn(y — ¥){2(p(¥) — IP(V))}V?, ¢ = c(¥) =
sl a2 and w = u(y) = 3p'20(Lp () ~1p(¥)) /0. In the defi-
nition of ¢, the matrix I, 5 = [lap] has generic element lop =
8%1/(OXaO@Xp). In addition, j(w) denotes the observed information matrix,
its block corresponding to X is jax(w) = [Jab] = [~las], With oy = 821/ (ON.ON),
and jp() is the observed profile information, i.e. jp(v¥) = —lp2(v)) =
—0%lp (1) /09

The modified directed likelihood is a higher-order pivotal quantity, having
a null standard normal distribution with error of order O(n=3/2). More-
over, following Pace and Salvan (1999), it gives rise to a simple estimating
equation of the form

r(¥)=0. (2)

Since r* is invariant under interest respecting reparameterisations, the solu-
tion to (2), denoted by 1/3*, is equivariant. A numerical procedure is usually
required in order to solve (2). Observe that if only the leading term of (1) is
used in (2), the solution is trivially 1& Hence, the estimator &* is a refine-
ment of 1&, with the estimating equation (2) giving implicitly a correction
of order O,(n~"), as will be shown in the next section.
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3 Explicit asymptotic version of ¥*

In this section we obtain an asymptotic expansion for 1[1*, having the form
7&* = Tﬁ +m+ Op(n_3/2) = 7&:1 + Op(n_g/Q) ) (3)

where m = m(1, \) is a correction term of order O,(n~') and 9% = ¢ +
m. In the following, it is convenient to use index notation and Einstein
summation convention. For the partial derivatives of I(1), X), we write jo =
_la1/1 - _821/(8>‘a6¢)7 jabl/) = _labw = _631/(8)\(16)\661/})7 jabc = _labc -
P/ (ONaONONL), Lapie = 031/ (ONaONON:) annd Loy = B31/(ONaOPIN,).
A generic element of 53, = [j.s] ! is denoted by jo°. In addition, we write
lps = 83lp/0Y?® and lpay = 83lp/(8¢281/3) for the derivatives of Ip(1).

A straig/htforward Taylor expansion of (2) around 1) gives, for (¢) — 1) =
Ozo(Tf1 %),

(W) = () + (b — D) % A

W 0. (@

Generalising the calculations of Barndorff-Nielsen (1986) when no nuisance
parameters are present and using results in Sartori (1997; unpublished
Graduation Thesis, University of Padova, Italy), we find that

*( .7 1 ~a N 7 ~ ~cd ~ 7 acd A
r (’(/") - 2A1/2] b <jab1/) - 2law;b — Jabed djdd) + 21ac;bj d]dl/))
Jp

1 ~ ~
- T/Q[IP:; + 3lP2;]_] + Op(n_l)
6)p

and Or*(¢)/0¢|,_; = —j},ﬂ + 0, (n~1/2). Solving for 9 the resulting lin-
earized estimating equation, we obtain expansion (3) for 1&* with

sab
= (jaln/) — 2oy — Jabed Gy + Q[ac;bdejd¢> - % [ips + 3iP2;1:| .
2jp 67p
While the estimator 1/3*, obtained as the solution of (2), is exactly equiv-
ariant under interest respecting reparameterisations, the approximate esti-
mator zﬁjl is not, since the linearized estimating equation (4) depends on
the parameterisation. However, in scale and location (or, in general, regres-
sion) models it can be easily shown that the approximate estimator z/AJjg is
equivariant under scale and location (or regression) transformations.
The calculation of the correction term m is straightforward, since it only
involves derivatives of the log-likelihood function evaluated at the m.le..
On the contrary, to solve (2), which gives 1/3*, a numerical procedure is
usually required.
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4 A simulation study and final remarks

In this section we present a simulation study which compares numerically
the estimators zﬁ and 1&* of the regression coefficient ¢ = (3; of the scale and
regression model y; = Bo + 1z + o€, i = 1,...,10, where (eq,... ,€10) is
a random sample from the extreme value distribution. The estimators are
compared both in terms of the usual centering and dispersion measures, i.e.
bias (BI) and mean square error (MSE), and in terms of the probability of
understimation (PU), which gives median bias. The results are based on
10000 Monte Carlo trials (using results in Brazzale, 1999) and, as it can
be noted, the proposed estimator is particularly accurate and improves on
the m.le..

Y P*
BI MSE PU | BI MSE PU
0.014 0.038 0.480 || 0.001 0.038 0.500

At present, there are several questions that require further study, for in-
stance:

(a) the theoretical properties of the estimators zﬁ* and zﬁj‘ should be dis-
cussed in more detail;

(b) when the ancillary statistic a is not available, approximations of the
sample space derivatives (Skovgaard, 1996) should be considered.

Notes. This work has been partially supported by grants from Ministero
dell’Universita e della Ricerca Scientifica e Tecnologica, Italy.
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Abstract: The aims of this work are: to characterise the forest structure of the
beechwoods of Burgos province (Spain), by using the least number of variables in
this characterization, to group the different vegetal structures of the studied plots
in a little number of forest systems. The statistical techniques used were: sam-
pling, exploratory data, correspondence and cluster analysis. These multivariate
techniques can be a very useful and practical tool to the forest manager in the
expansion areas of beeches in the study area.

Keywords: Data analysis, Multivariate techniques, Forest structure, Statistical
classification.

1 Introduction

The aim of this work is the characterisation of different forest structures
in the beechwoods of Burgos province (Spain). Easily measurable variables
are used in this study. Multivariate statistical techniques have result very
useful to enable this characterization .

2 Data

The first data base used came from the 2"% National Forestry Inventory
(2"? NFI) in Burgos province (Spain) (1986-1995). They were measured
in round plots of variable radius (between 5 and 25 m, according to the
size of DBH (Diameter at Breast Height, 1.30 m from the ground)). The
considered plots were:

e Plots with trees with diameter 3 7.5 cm (“big trees”).
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e All the plots with beech regeneration included in the 2nd NFI (the
beech regeneration is made up by plants with diameters between 2.5
and 7.5 cm (“small trees”)).

The total number of the used plots were 263, all of them with beechwoods
presence.They were classified at the first time as follows:

e 201 plots have beeches with diameter 3 7.5 cm: 166 plots with regen-
eration and 35 only with big trees without regeneration.

e 62 have only regeneration.
e 228 plots have beechwoods regeneration areas.

e 253 plots have big trees of any other encountered specie besides beech-
woods.

The principal variable in the forest inventory is DBH and to the data
analysis is grouped like:

CD1: 75 - 124 mm; CD2: 125 - 224 mm; CD3: 225 - 324 mm; CD4: 325 -
424 mm; CD5: 425 - 524 mm; CD6: 34 525 mm.

Furthermore, to facilitate the modelization, small trees were sistematically
assigned to the regeneration group, not lose information.

Moreover, different interesting variables were measured in the plots: number
of steams per ha and per diameter class for each specie; basal area (cross
section area at 1.30 m from ground) of each specie per ha and per diameter
class; and number of trees that belong to the regeneration class per ha
of all present species. These variables were selected because of their easy
measure in the field and their capability to offer a clear knowledge about
structure of the studied forest mass.

3 Multivariate Data Analysis and Results

Six non hierarchical cluster analysis were achieved according to different
criteria of grouping variable. The variable which best grouped the plots
and best information gave about structure of forest mass were the basal
area. On the other hand, the variable “number of steams per ha” resulted
discriminant to classify the plots by diameter class. These two groups of
variables are the starting point to other data analysis to classify the forest
mass, like correspondence analysis. Figs. 1 and 2 present results only of
beechwood.

References

Anderberg, M.R. (1973). Cluster Analysis for Applications. Academic Press.
New York.



Gonzalez Garcia, C. et al. 439

Carrasco, J.L. and Hernan, M.A. (1993). Estadistica Multivariante. Ed. Cien-
cia 3. Madrid.

Cuadras, C.M. (1981). Métodos de Andlisis Multivariante. Ed. Universi-
taria de Barcelona (EUNIBAR).

Oliver, C.D. and Larson, B.C. (1996). Forest Stand Dynamics. Wiley. New
York.

Radlof, D.L. and Betters, D.R. (1978). Multivariate analysis of physical site
data for Wildland classification. Forest Science. Vol. 24, n.1; 2-10.

Weintraub, A.; Saez, G. and Yadlin, M. (1997). Aggregation procedures in
Forest Management Planning using Cluster Analysis. Forest Science.
Vol. 43, n.2; 274-285.



440 CHARACTERIZATION FOREST STRUCTURE

6 Clusters para ABcdHaya, ABTot y ABTotHaya*

*: 201 parcelas

50
40
—O— Cluster
30 No. 1 (34 casos)
~0- Cluster
20 No. 2 (27 casos)
—¢- Cluster
No. 3 (26 casos)
10
—&= Cluster
. No. 4 (36 casos)
—8 Cluster
No. 5 (43 casos)
-10
AB1HAYA AB3HAYA ABSHAYA ABTOT —#- Cluster
AB2HAYA AB4HAYA ABGHAYA ABTOTHAY No. 6 (35 casos)
Variables
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Abstract: A stratified non-parametric survival model has been developed and
applied to lifetime type data on the duration of studies of students of several uni-
versity departments called strata. The model incorporates the graduation process
at the various strata which is characterised by a threshold for failure and sub-
stantial number of cases where failure never occurs. It emerges that the less
clearly defined or academically conventional the subject of studies the longer the
duration of studies.
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1 Introduction

It is well known that survival analysis has been used for modelling duration
data in many different areas of application such as those of engineering,
biomedical and social sciences; see for example Kalbfleisch and Prentice
(1980) Cox and Oakes (1984), Blossfeld et al. (1989), Leemis (1995) Klein
and Moeschberger (1997). However there are limited references concerning
applications to education, particularly with respect to duration of studies.
A relevant example was provided recently by Booth and Satchell (1995)
and Kalamatianou (1999).

There are universities or other educational institutions where there is no
prescribed interval of time within which studies must be completed other-
wise students would be dismissed. In other words there is a minimum time
for graduation, before that graduation is not possible but students who
do not graduate at this time can remain at the university for unlimited
time. Greek universities and tertiary educational institutions in general ex-
emplify this phenomenon. In this country it is often observed that a high
proportion of students have duration of studies which is longer than the
minimum required time for graduation and indeed large numbers of stu-
dents seem never graduate. This is reflected in a distribution of duration of
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studies with a long right tail. An interpretation of this fact can be provided
with respect the state of the job market in Greece concerning graduates of
different curricula. In addition there seems to be a similar problem in the
educational system of Finland and South Africa.

In this paper we develop a stratified non-parametric survival model to de-
scribe and compare the distributions of students’ stay till graduation in
various university departments, by extending the methodology first intro-
duced in Kalamatianou and McClean (1999). The motivation for this paper
has been provided by looking at data concerning the duration of undergrad-
uate studies in various departments of a Greek university where the model
has been applied. However, our methodology may be applied to any other
educational institutions or other types of lifetime data in general with sim-
ilar characteristics. The main features characterising our analysis are: (1)
there are strata that in our application correspond to departments, where
the process of duration of stay is similar (2) the data are right censored,
(3) there is a threshold for failure in each strata.

The remainder of the paper is set out as follows: In section 2 we give a
brief description of the data set. In section 3 we describe the stratified
non-parametric model and the procedure for estimation of the distribution
of the duration of studies at the various departments and their confidence
intervals. The application of the model to the data and the results are given
in Section 4. Section 5 is devoted to some conclusions.

2 The data

Data were obtained from the official student records of the various de-
partments of an Athenian university which is social and political sciences
oriented. The cases examined correspond to 10,313 students who entered
all the university departments during ten consecutive academic years start-
ing from 1983-84 and terminating in 1992-93. The follow-up period lasts
until the end of February 1997. At the end of the follow up period not all
students have obtained a degree; therefore we have right censored data.
For each case (student) data are provided concerning students’ character-
istics. In this paper we use data corresponding to the variables “duration of
studies”, completed or censored, and “department of enrolment”. However
a comprehensive description of the graduation process from the Greek uni-
versity institutions and of the context in which the data set have arisen is
given in Kalamatianou and McClean (1999).

3 The model

Let T, where T' > 0 be a random variable, representing duration of studies,
and t any particular value of T. A dummy variable §; has been used for
indicating censoring so that d; equals 1 if the ith observation is complete
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and 0 if it is censored. Let g, (9 = 1,2,...,G), denote strata, in our case
university departments and Sy(t) stand for the survival function that mea-
sures the probability that individual ¢ of stratum g , survives longer than
t. Then:

1 t<cg
So(t) = { ag + (bg — ag)Sog(t —cg) t2>cq g

where 0 < ag < by < 1. ¢4 is a location parameter indicating the minimum
lifetime at stratum g. In our application ¢, corresponds to the minimum
required time for graduation from the department g. The parameter a,
accounts for individuals in stratum g that will never fail; in our application
this parameter describes students at g department that will never graduate.
The parameter b, is used to account for an individual’s lifetime in stratum
g who fails immediately after the required minimum time c,4. The fraction
1 — by is the proportion of individuals in stratum g failing at ¢t = c4. In our
case it is the proportion of students of the department g who graduate at the
first possible opportunity. The survivor function Sy4(t) then corresponds to
the lifetime distribution of those individuals in stratum g that do not fail
immediately and are not of the type that never fail. We note the distribution
is degenerate since

lim S,(t) = a4 foreach g=1,2,...,G (2)

t—o0

The non-parametric estimation: Let n be the number of individuals under
study and ng (9 = 1,2,...,G) be the number of individuals in stratum
g under study. Then n = Zg=1 ng and tq,t,...,t; are the k distinct ob-
served survival or failure times of the ny individuals. They are also assumed
to be in ascending order i.e. t; < tg < --- < tr. Note, that for simplicity but
without lose of generality, we can assume these distinct times are common
for all strata. Let d;, denote the number of observed failures in stratum
g and at t;, j = 1,2,...,k; nj, the number of individuals of stratum g
be at risk just before time ¢; (j = 1,2,...,k) where any values that are
censored at t; are also included in this count. Rg4(¢;) is the set of indexes of
individuals of stratum g that are at risk just before time ¢;, j =1,2,...,k.
For a discrete distribution and stratum g, let hy(¢;) be the hazard function
where hy(t;) = P(T =t;/T > t;). Extending the results given by Leemis
(1995), the survivor function can be written as

Sgt)= J[ [M—-het;)] t>0, g=12...,G (3)

JER,(2)
where R,(t)" is the complement of the risk set at time ¢ for stratum g. Thus

a reasonable estimator for Sy (t) is [[;c g, (1) [1 — hy, (tj)} which reduces the
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problem of estimating the survivor function to that of estimating the hazard
function at each mass value. A corresponding element for the likelihood
function at mass value ¢; is

hg(t;) %9 [1 — hy(t;)]"° "% for j=1,2,....,k andg=12,...,G

(4)
Note that for each g = 1,2,...,G, dj4 is the number of failures at time
tj, hg(t;) is the conditional probability of failure at time ¢;, nj, — djg4 is
the number of individuals at risk not failing at time ¢;, and 1 — hy(t;)
is the probability of failing after time ¢; conditioned on survival to time
t;. Thus the likelihood function for hg,(t1), hg(t2),...,hy(tx) and each g =
1,2,...,G, is

Llhg(t1), hy(ta), - hg(t)] = [ a(t5)%* [1 = ()]~ (5)

and the log likelihood function is

logL{hg(t1), hg(ta), .., hg(tr)] = Sk_, [djgloghg(t;) + (njg — djg)log{l — hy(t;g)}]  (6)
The 7th element of the score vector is
OlogLlhg(t1), hye(t2), - .., hg(tk)] dig Nig — dig

Ohy (£ T hylty) 1-hylt) )

for each ¢ = 1,2,...,G and i = 1,2,...,k. Equating this vector to zero
and solving for h,(¢;) yields the maximum likelihood estimate

ﬁg(ti) =

o ®)
This estimate for h,(t;) is intuitive, since for each strata g, d;, on n;, in-
dividuals at risk at time ¢; fail, so the ratio d;; to n;, is an appropriate
estimate of the conditional probability of failure at time ¢;. Using this par-
ticular estimate for the hazard function at ¢; the survivor function estimate
becomes

s,0= 1] [1—739(15]-)}: 11 {1—@] for g=1,2,...,G

JER, () JER, () Mg
(9)
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commonly known as the Kaplan-Meier or product limit estimate.
Greenwood’s (1226) formula can be used to give an estimator for the vari-
ance of the survivor function for each stratum g =1,2,...,G, that is

VIS, ()] = [Sy(1))?

JER,

dj

— (10)
(t)’ njg(njg - dj )

Equation (10) can be used to find asymptotic confidence intervals for S, (t)
(9g=1,2,...,G), by using the normal critical values:

Sg(t) £ 2as21/ VIS, (t)] (11)

The maximum likelihood estimator for the parameter ¢4, g = 1,2,...,G,
in (1) is given by:

ég=min{t; 11 =1,2,...,k} (12)

The probability that an individual will never graduate is given by ag, =
Sy(tmas + €) where t,,q, is the maximum observed duration of studies,
supposed common for all departments. As stated by Gribbin & McClean
(1990) the maximum likelihood estimate of t,,q4, is tx so, using the invari-
ance property of likelihood estimators the maximum likelihood estimate of
ag is given by

iy =S,(tx) g=12,...,G (13)

The estimator of the survival function (1) then becomes

. 1 t<¢y
Sg(t) B { S’g(tk) + {gg(ég) - gg(tk)} HjeRg(t)’ [1 B dﬂ} b2 ¢

4 Application and Results

Model (14) was used for estimating the distribution of the duration of stud-
ies of the various departments of the previous mentioned Athenian univer-
sity. There were seven strata, in our application departments (G = 7);
department of Politics, Public Administration, Sociology, Urban & Rural
Planning, Mass Media, Social Policy & Social Anthropology and depart-
ment of Psychology. Historically, the first three departments are the most
old ones operating in the present situation since 1983. The department
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of Urban & Rural Planning was created by partition of the department
of Public Administration on 1990. The last three departments are rather
new ones. In particular the department of Mass Media, and Social Policy
& Social Anthropology are in operation since 1990 and the department
of Psychology since 1992. However we can order these departments with
respect to the extend the corresponding subject of studies or curriculum
is clearly defined or academically conventional. In this respect we can say
that the departments of Sociology, Mass Media, Social Policy & Social An-
thropology and the department of Psychology have the most clearly defined
subject of studies. It follows the department of Public Administration, then
the department of Politics and last comes the department of Urban & Rural
Planning. We shall see that this ordering guides us providing some expla-
nation for the differences appearing in the distribution of the duration of
studies among departments.

For all strata the parameters c, were estimated using equation (12). It
came out that ¢, = 46 months, for all ¢ = 1,2,...,7 and thus Sg(t) =1
for t < 46. For t > 46 the estimates of the survival functions, their stan-
dard error, and the 95% normal critical values were found using equations
(14), (10) and (11) correspondingly. However, first examination of figures
and plots concerning differences in survival functions among departments
support the hypothesis that duration of studies does not differ among the
departments of Sociology, Mass Media, Social Policy & Social Anthropology
and Psychology. This hypothesis have been further formally tested using
pairwise Log Rank, Breslow and Tarone-Ware statistics. It emerged that
all values of test statistics are not significant at an acceptable level. Thus
it is sensible for the shake of brevity in describing the patterns of the dis-
tribution of duration of studies of the departments, to pool data over these
last four departments. For conciseness we shall call this pooling group of
departments “the Combined Department” (CD). The new four departments
appear to be significantly different concerning the distribution of duration
of studies. In the sequel we describe the results came out from the analysis.
In Table 1 results are reported concerning the Kaplan-Meier estimates for
the survival functions and their 95% normal critical values for the CD and
for the departments of, Public Administration, Politics and Urban & Rural
Planning, using equations (14) and (11) respectively. Note that for this
application G = 4 and for the four departments just mentioned we use
correspondingly g = 1,2,3,4. Figure 1 illustrates the path of the survival
functions with their corresponding confidence bands.

Mindful examination of figures and plots reveal the followings: It is easy
to understand that survival functions of the four departments under study
exhibit almost parallel curves all the way through the follow up period,
and there is clear distance among them. These reflect similarities and dif-
ferences in the graduation patterns of the departments. All curves decrease
steeply at the beginning of the follow up period and they then level off. This
means that for all the departments and for a period of time that follows
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TABLE 1. Kaplan-Meier estimates for survival functions and confidence limits

Time Sociology+Mass
t Media-+Social Policy Public Administration Politics Urban & Rural
in & Anthropology Planning
Psychology
mon S’t Lower Upper S't Lower Upper .§’t Lower Upper S’t Lower Upper
ths Limit Limit Limit Limit Limit Limit Limit Limit
46 .8621 0.8511 0.8731 0.9009 0.8889 0.9129 0.9363 0.9277 0.9449 9573 0.945 0.9696
50 6197 0.6044 0.6350 0.7152 0.6972 0.7332 0.7818 0.7671 0.7965 .8350 0.8123 0.8577
54 .4979 0.4820 0.5138 0.6422 0.6232 0.6612 0.7221 0.7060 0.7382 7748 0.7493 0.8003
58 .4474 0.4315 0.4633 0.5655 0.5455 0.5855 0.6512 0.6340 0.6684 7272 0.6996 0.7548
62 .3557 0.3402 0.3712 0.4820 0.4616 0.5024 0.5657 0.5477 0.5837 .6630 0.6332 0.6928
66 .3227 0.3074 0.3380 0.4463 0.4259 0.4667 0.5348 0.5166 0.5530 .6353 0.6049 0.6657
70 .3061 0.2910 0.3212 0.4137 0.3935 0.4339 0.5129 0.4945 0.5313 .6165 0.5855 0.6475
74 .2732 0.2585 0.2879 0.3762 0.3560 0.3964 0.4751 0.4565 0.4937 .5876 0.5558 0.6194
78 .2608 0.2461 0.2755 0.3550 0.3350 0.3750 0.4576 0.4390 0.4762 5750 0.5431 0.6069
82 .2550 0.2405 0.2695 0.3376 0.3178 0.3574 0.4455 0.4269 0.4641 5600 0.5277 0.5923
86 .2344 0.2201 0.2487 0.3110 0.2914 0.3306 0.4236 0.4050 0.4422 .5490 0.5165 0.5815
90 .2278 0.2135 0.2421 0.2936 0.2742 0.3130 0.4098 0.3912 0.4284 .5408 0.5081 0.5735
94 .2234 0.2091 0.2377 0.2889 0.2695 0.3083 0.4037 0.3851 0.4223 .5348 0.5019 0.5677
98 .2158 0.2017 0.2299 0.2771 0.2577 0.2965 0.3916 0.3728 0.4104 5212 0.4879 0.5545
102 .2106 0.1965 0.2247 0.2685 0.2491 0.2879 0.3875 0.3687 0.4063 5167 0.4834 0.5500
106 .2083 0.1942 0.2224 0.2617 0.2423 0.2811 0.3826 0.3638 0.4014 5149 0.4816 0.5482
110 .2023 0.1882 0.2164 0.2566 0.2372 0.2760 0.3745 0.3555 0.3935 5114 0.4779 0.5449
114 .1991 0.1850 0.2132 0.2532 0.2336 0.2728 0.3720 0.3530 0.3910 - - -
118 .1969 0.1828 0.2110 0.2485 0.2289 0.2681 0.3693 0.3503 0.3883 - - -
122 .1952 0.1811 0.2093 0.2438 0.2240 0.2636 0.3610 0.3416 0.3804 5023 0.4682 0.5364
126 .1935 0.1794 0.2076 0.2426 0.2228 0.2624 0.3555 0.3359 0.3751 - - -
130 .1928 0.1787 0.2069 0.2408 0.2208 0.2608 0.3539 0.3341 0.3737 - - -
134 .1869 0.1726 0.2012 0.2355 0.2149 0.2561 0.3507 0.3307 0.3707 - - -
138 .1861 0.1718 0.2004 0.2319 0.2111 0.2527 0.3492 0.3290 0.3694 - - -
142 .1849 0.1706 0.1992 - - - - - B - R R
146 .1825 0.1680 0.1970 0.2276 0.2056 0.2496 0.3449 0.3233 0.3665 - - -
150 - - - - - - - - - - - -
154 - - - - - - - - - - - -
158 .1808 0.1659 0.1957 - - - - - B - R R
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the threshold for graduation there is a higher but also decreasing rate for
graduation than later. Towards the end of the follow up period all curves
level off which means that for all the departments there is a percentage of
students that effectively never graduate. However departments differ both
in the rate of graduation at the beginning of the process and in the per-
centage of students (estimate of the parameter a,) who never graduate. It
is evident that survival function of students of the CD falls beneath those
of the rest three departments, for the whole period of study. This means
that students of this combined department graduate faster than students
of the other three departments, do. We can note that graduation becomes
slower and slower getting from g = 1, which is the CD, to g = 4 that cor-
responds to the department of Urban & Rural Planning, indicating that a
“general principle” has been followed which is “the less clearly defined or
academically conventional the subject of studies the longer the duration of
studies”. We shall shortly see that all statistics come out from the analysis
are in favour of this general principle.

It is estimated that graduation just after the threshold or at the first pos-
sible opportunity emerges to the almost 14% (that corresponds to by =
0.8621) of the student population of the CD. The corresponding percent-
ages for the departments of Public Administration, Politics and Urban &
Rural Planning are estimated to about 10% (b, = 0.9009), 6% (bs = 0.9363)
and 4% (by = 0.9573), that argue for the decreasing rate of graduation get-
ting from g = 1 to g = 4. We get to the same conclusion taking into account
the estimates of the percentiles and mean values. In particular we have the
followings. The median duration of studies at the CD (g = 1) is estimated
to be 54 months with a rather narrow 95% confidence interval under the
normal approximation between 53 and 55 months. This verifies that about
half of the student population of this department graduates during the first
three possible opportunities. The corresponding median values for g = 2,3
(departments of Public Administration and Politics) are estimated to be
62, 74 with confidence intervals between 61 and 63, and, 71 and 77. These
figures show that about half of the students at the department of Public
Administration graduate during the first five opportunities whereas those
of Politics during the first eight. The median duration value corresponding
to the department of Urban & Rural Planning (g = 4) can not be formally
estimated since it falls out of the range of the observed values. However it
can be foreseen (Table 1) it is closed to 122 months, pointing that half of
this student population graduates during the first 20 opportunities. Based
on the median values it is also evident that duration of studies is getting
longer going from g = 1 to g = 4. We come to same point taking into
account the mean values of the distributions of the duration of studies.
It is estimated that the mean value for ¢ = 1, is 78 months with confi-
dence interval between 77 and 79. The corresponding estimated values for
g = 2,3,4 are 86 (confidence interval 84 - 88), 98 (97 -100) and 113 (109
- 116). These mean values although underestimated, due to the fact the
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TABLE 2. Pairwise comparison of survival functions

Pair of | Long rank | Breslow | Tarone-Ware significance
strata g | statistics | statistics Statistics d.f level
1,2 81.24 68.58 75.54 1 0.00
1,3 345.66 373.86 375.48 1 0.00
1,4 48.83 36.48 42.42 1 0.00
2,3 71.36 99.79 92.83 1 0.00
2,4 168.03 129.74 149.10 1 0.00
3,4 353.21 318.82 345.83 1 0.00

last observations are censored, they suggest that on average and for all de-
partments graduation occurs considerable time after the threshold and the
mean time for graduation is getting greater proceeding from stratum g = 1
to g = 4. In particular it is estimated that on average at the CD students
graduate 32 months after the minimum time for graduation or at the ninth
opportunity for graduation. At the department of Public Administration
that average corresponds to 40 months or to the eleventh opportunity, at
the department of Politics to 52 months or to the fourteenth opportunity
and at the department of Urban & Rural Planning to 67 months or to
about eighteenth opportunity for graduation.

Finally it is estimated that for the CD, a; = 0.1808 — ¢, which means that
somehow less than 18.08% of the corresponding student population never
graduate. For the rest of the departments the corresponding percentages
are estimated to higher values following the general principle mentioned
earlier. Precisely at the department of Public Administration graduation
do not chances to about 22.76% (a2 = 0.2276 — €) of the students, at
the department of Politics to about 34.49% (a3 = 0.3449 — €) and at the
department of Urban & Rural Planning to about half of the students’
population, 50.23%, (44 = 0.5023 — ¢).

We further test formally the null hypothesis that survival functions are the
same for all strata using Log rank, Breslow and Tarone-Ware statistics. All
theses statistics are asymptotically x? distributed with v — 1 degrees of
freedom (v is the number of strata) presupposing survival curves do not in-
tersect and strata exhibit similar censoring patterns. Both assumptions are
satisfied in our application. We first test the above mentioned hypothesis
against the alternative that at least one pair of the survival functions are
different. In this case all statistics turned to be significant under the sig-
nificance level of 0.0000. In particular Log rank, Breslow and Tarone-Ware
statistics take correspondingly the values of 575.82, 577.47, 595.17 (with 3
d.f.). We further compared all distinct pairs of survival functions. Results
are reported to Table 2.

From Table 2 it is clear that survival functions for the distributions of



450 Stratified non-parametric survival models for the duration of studies

duration of studies differ significantly between all pairs of the four strata
or departments under study.

It is clear that all results line up to the general principle mentioned above.
Various explanations could be given to this finding. However one could be
given with respect to the job settlement of the corresponding graduates. In
particular it is sensible to suppose that the less clearly defined the subject
of studies the more vague the situation concerning job settlement. So the
less possibility of getting a job the less motive of getting degree.

5 Conclusion

We have provided a stratified non-parametric survival model for the de-
scription of the distribution of the duration of studies in various university
departments. The model has been applied to a right censored data set
concerning the duration of undergraduate studies in several university de-
partments. The results give a clear picture of patterns of the distribution
of the duration of studies of the various departments and reveal similarities
and differences among them.

References

Blossfeld, H-P., Hamerle A. and Mayer K. U. (1989). Event History Anal-
ysis. Statistical Theory and Application in the Social Sciences. Lawrence
Erlbaum Associates, Inc. Hillsdale, New Jersey.

Booth, L. A. and Satchell S. E. (1995). The hazards of doing PhD: an anal-
ysis of competion and withdrawal rates of British PhD students in
the 1980s. J. R. Statist. Soc. A. 158, part2, 297-318.

Cox, R. D. and Oakes D. (1984). Analysis of Survival Data. Chapman &
Hall.

Greenwood, M. (1926). The natural duration of cancer. Reports on Public
health and Medical Subjects. Her Majesty’s stationery office. London.
Vol. 33. 1-26.

Gribbin, J. O. and McClean S. I. (1990). Modelling the duration of spells
of withdrawal from a female dominated labour force. Journal of Ap-
plied Statistics, Vol 17, 369-381.

Kalamatianou, G. A. (1999). Using Life Table method on a Censored Data
Set for Estimating Duration of Studies in University Departments.
In Bulletin of the International Statistical Institute, 52nd Session.
Contributed papers, Tome LVIII, Book2, pp. 101-102.



Kalamatianou, A. et al. 451

Kalamatianou, G. A. and S. McClean (1999). Survival analysis for model-
ing duration of undergraduate studies: The Case of Greece. In prepa-
ration

Kalbfleisch, J. D. and Prentice. L. R. (1980). The Statistical Analysis of
Failure Time Data. John Wiley & Sons Inc. New York.

Klein, J. P. and Moeschberger M. (1997). Survival Analysis. New York: Springer
Verlang.

Leemis, M. L. (1995). Reliability Probabilistic Models and Statistical Meth-
ods. Prentice-Hall, Inc. Englewood Cliffs, New Jersey.



452 Stratified non-parametric survival models for the duration of studies

1.1 Sociology + Survival curve
Mass Media + . o
1.0] Social Policy + T Confidendedmits
Phychology
Public Administration ,Urban & Rural
Planning
S Q) Politics
. 6]
. 51
-4 N TN AT/ e L -.
R N L v )
R T e = -
.1
O - O T T T T T T T T T T L L T T T L T T T T T T L T T T T T T T L L T T T 1
0 ... 42 50 58 66 74 82 90 98 106 114 122 130 138 146 154 162 170

38 46 54 62 70 78 86 94 102 110 118 126 134 142 150 158 166

Duration of studies in months

FIGURE 1. Survival functions and confidence limits



Manuscripts in German Monasteries

Goran Kauermann!, Ludwig Heigenhauser! and William
Whobrey?

! Ludwig-Maximilians-Universitit Miinchen, Institut fiir Statistik, Akademies-
trasse 1, 80799 Miinchen, Germany

% Yale University, Department of Germanic Languages and Literatures, P.O. Box
208210, New Haven, CT 06520-8210, USA
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1 Introduction

Before the invention of printing by the German Johannes Gutenberg (1400-
1468) around 1450, manuscripts were the most common medium of publi-
cation. These manuscripts were almost exclusively produced in monasteries
and church schools, and they vary greatly in length and quality. The old-
est manuscripts produced in Germany date to the 4th century, the last
era of real production is the 16th century. After this, printing replaced
the time-consuming and cost-intensive handcraft of book copying. Figure 1
shows the number of extant German manuscripts classified by the century
of their production. The peak in the 15th century is explained by technical
developments in the cheap production of paper, which reduced the costs of
handwritten books significantly.

The numbers plotted in Table 4 originate from S. Krdmer (1989), who
cataloged all manuscripts produced in Germany during the Middle Ages
which are still in existence today. For each listed manuscript, the time
and place of production is recorded. The classification of a manuscript is
a matter for experts, and the assignment by century is often the closest
these texts can be dated, especially for the oldest manuscripts. Finally, the
year of foundation and closure as well as religious order is given for each
scriptorium.

Kramer’s costly and comprehensive catalog has been made numerically
accessible by the third author. This now enables the application of statis-
tical tools for the investigation of quantitative questions in the analysis of
manuscripts. It is important for scholars to know how many manuscripts
have been produced in a particular period in a particular scriptorium,
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FIGURE 1. Number of known German handwritings by their year of production

since this number might provide evidence for the size, power, and orienta-
tion of that monastery. Moreover, it is well-known that a great number of
manuscripts have been destroyed or lost over the centuries, but an accurate
estimate of the number of lost manuscripts remains elusive.

In this work we make a first attempt in the direction of a quantitative
analysis of manuscripts through the use of statistical models. We first con-
centrate on those production sites active from the 9th - 16 century to reduce
the number of considered scriptoria to 81. Then we focus on the problem
of finding clusters in the scriptoria, i.e. finding scriptoria which have the
same or similar production profiles of manuscripts across eight centuries.

2 The Model

An initial investigation of the data uncovers strong over-dispersion when
using a Poisson response model, which is not surprising since a number of
relevant covariates are not recorded or completely unknown. We therefore
fit a random effect model to compensate for the over-dispersion (see e.g.
Aitkin, 1996). Moreover, the random effect also models the longitudinal
dependence structure found in the data. This means we consider the model

E(yijlvij,z:) = exp(ziiB+ 2) (1)

where y;; gives the number of manuscripts found for the i-th monastery
in the j-th century, x;; are additional covariates like the century and the
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FIGURE 2. Production profile for 6 clusters in 81 Monateries

location of the monastery and z; is the unobserved monastery effect which
serves as random intercept in the model. Assuming normality for z; seems
doubtful and we therefore leave the distribution of z; unspecified and make
use of the Nonparametric Likelihood Estimation approach (NPML), see
e.g. Aitkin (1999).

It is obvious that model (1) is unlikely to hold for all monasteries and the
intention is to find clusters of monasteries where (1) holds. This is done by
the following iterative procedure. The basic idea is, that we assume model
(1) to hold cluster-wise, i.e. the coefficients 3 differ between clusters. If we
fit model (1) from all data, i.e. with coeflicient 8 constant for all clusters,
the resulting residuals show the unexplained structure not covered by a
global model. We then cluster the residuals and refit model (1) for each
cluster found. This provides cluster specific coefficients 3. These two steps,
namely clustering fitted residuals and refitting the models separately for
the found clusters, are pursued iteratively until homogeneous clusters are
found and the residuals in each cluster do not show (significant) structure.
Figure 2 shows the production profiles for the 6 resulting clusters. Though
clusters E and F appear similar, the remaining 4 clusters distinguish by
particular items. Figure 3 shows the local distribution of the clusters in
Germany. While clusters A and B do show local structure, the cloisters
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from cluster C clearly build a local cluster in South-Bavaria.

The modeling is extended to smaller monasteries which are not included in
the first selected 81 and further investigation on a substance matter level
explains the findings.
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1 Introduction

We present an analysis of depth-related geophysical and geochemical data
from the German Continental Drilling Project (KTB) by regression mod-
elling with varying coefficients. Especially the varying coefficients models
are new procedures in analyzing and modelling borehole data. We expect
a detailed understanding of the depth-changing processes which cannot be
found by commonly used methods.

The KTB was designed to study the properties and processes of the con-
tinental crust by means of a deep borehole. Two boreholes were drilled
into the crystalline crust of the western margin of the Bohemian Massif,
Bavaria, SE Germany (Emmermann and Lauterjung, 1997; Yardley, 1997).
They reached a final depth of 4 km (KTB Vorbohrung, KTB VB) and
9.1 km (KTB Hauptbohrung, KTB HB), respectively. Extensive research
was done over a wide range of geoscientific questions such as the nature of
geophysical structures, evolution and structure of the European Variscan
basement, and more.

The investigations of drill cuttings comprise 68 variables at 5922 depth
points (1 to 10 m spacing) down to the final depth of 9.1 km. Some specific
characteristics arise from the borehole data. The drilled geological section is
a sequence of different metamorphic rocks, mainly gneiss and metabasites,
succeeding each other. This gives the data a characteristic structure like
time or spatial series with autocorrelation of the data. In Section 2 we
give methods and results of the regression analysis in two depth zones.
In Section 3 the analysis with varying coefficients of the whole data using
P-splines is presented.
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2 Multiple Regression analysis

We investigate the characteristic properties of cataclastic fault zones on
the data set of drill cuttings by multiple linear regression analysis and use
a selection of 26 variables representing petrophysical properties and the
chemical composition. The target variable is the logarithmic “amount of
cataclastic rocks in the drill cuttings (CATR)". The multiple regression
model is:

p
In(CATR; +1) =LNCATR; = Bo+ > ziB; +e (1)
j=1
Ble) =0 2)
CVO‘/(EZ'7 6i+1) = 0—2 * r(di+1—di) (3)

Here, LNCATR is the response variable, z;; are the p regressors and d is
the depth variable. The model can be derived from a regression with an
AR(1) error process, taking the non-equidistance of the data into account.
The model is fitted by a two step procedure, which is a generalization of the
Cochran Orcutt-Procedure, see e. g. Hamilton (1994, ch. 8). The variable
selection process gives us different results for the two investigated sections,
1738 - 2380 m (cataclastic zone in gneiss) and 4524 - 4908 m (cataclastic
zone in metabasit), see Table 1 and Table 2 below. The dependence of the
results on Lithology is confirmed by geoscientific investigations, see Zulauf
et al. (1999).

Table 1: Results for the gneiss-zone from multiple regression with autocorre-
lated errors., Here C' is the carbon content, HyO the crystal water content
and A the thermal conductivity.

Variable Estimate STD t-value p-value
INTERC -5.816083 2.080966 -2.794896  0.005
C 3.079116  0.540444  5.697380 0.000
H,O 1.138937 0.394953  2.883723 0.004
A 1.249037 0.577929 2.161229 0.031

Table 2: Results for the Metabasit-Zone., Here d is the depth, Na2O is the
Natriumdiozide content, AlsOs is the Aluminiumozide content.

Variable  Estimate STD t-value p-value
INTERC -13.449515 3.946770 -3.407727  0.001
d 0.003588  0.000959  3.743608 0.000

NayO 0.330501  0.081384 4.061003 0.000
H,0O 1.210026  0.276006  4.384052 0.000
Al O3 -0.275209  0.072504 -3.795757  0.000
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The estimated autocorrelation are very high in both models. The results
differed substantially when the depth structure is not into account. Many
variables which were not significant in the above model would have signif-
icant if the error structure was ignored.

3 Regression models with depth- varying coefficients

In the previous section, the estimated regression coefficients have single
values. However, we might expect that since the observations are ordered
with depth of the borehole, then these coefficients should vary smoothly
(interact) along the depth index. Hastie and Tibshirani (1993) developed
varying coefficient models. We construct a generalized additive model that
implements smoothness and varying coefficients using penalized B-spline
techniques or P-splines (Marx and Eilers, 1998). A nice feature of this
approach is that smoothness is coerced into linear structures. Consider
rewriting (1) as

E[In(CARTR)); = £(d;) + Z i85 (di), (4)

where p is the number of regressors in the model. Notice that in the above
expression the value of the coefficient depends on depth d. The smooth
term f(d) can be thought of as a varying intercept or trend in depth.
Suggested routines, such as backfitting, can be eliminated by projecting
B;(d;) onto a smooth subspace, such as a B-spline basis. Consider the above
equation as

p
E[n(CARTR)]; = Béy + »  diag(z:;) B;v;, (5)
j=1

where B is the B-spline basis. The B-spline coefficients ¢ and -y correspond
to the the smooth depth term and the p varying coefficient terms respec-
tively. A generous number of equally-spaced knots are used to construct
the B-spline bases and a separate difference penalty is attached to the log-
likelihood function for § and each v, see Eilers and Marx (2000) for details.
In Figure 1, one example of smooth depth varying coefficients is provided
for the regressor coefficient of the amount of crystal water. This figure gives
an impact in partial rate of change in In(CARTR), that varies with depth,
crystal Water increases one unit. In that model all other variables from two
the models above (C,\, NaxO, Aly03) were included with smooth depth
varying coefficients. Since the data are highly multivariate, the results have
to be interpreted only in the sense of exploratory data analysis. In the talk,
we present different results and discuss strategies to find an appropriate
final candidate model. We also compare our methods to those of local
polynomials, see e. g. Kauermann and Tutz (2000).
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FIGURE 1. Result of the fit of model (4) for the depth varying coefficient of the
amount of crystal water.
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Abstract: Many engineering problems involve high-dimensional observations
with mean vectors sitting in a lower dimensional space. Exhaustive measurement
of all the elements of an observation is often time consuming and expensive.
Applying a traditional multivariate linear model, one can incorporate a small
number of the elements of the observation with a known design matrix to predict
the rest of the elements. However, for a complicated engineering system, the
design matrix is often hard to fully determine. We investigate an empirical linear
model, in which we allow ourselves to use the data to determine the size of
the design matrix and to estimate the unknown part of the design matrix. This
estimated model is then used to construct point and interval estimation for the
future observation. This technique is called HELP (High-dimensional Empirical
Linear Prediction). In this paper, using the concept of Expectation Maximization
(EM), we extended the HELP methodology to a more complex model.
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1 Introduction to HELP

In the industrial manufacturing of a certain complex device, quality as-
surance for each product requires making a large number, say m, of mea-
surements to determine conformance to specifications. For a given prod-
uct, y denotes its discrepancy vector, i.e., the m—dimensional vector whose
components are the differences between the observed measurements and
the targeted specifications. The ideal product with no measurement error
therefore corresponds to a discrepancy vector which is the zero vector. Ex-
haustive checking of all test points for each product is often time consuming
and expensive. However, the behavior of a product often depends only on
a small number of independent variables. That is, we assume, by using a
Taylor expansion, the model

y=Xv+e, (1)

where 7 is the ¢ dimensional unknown column vectors, X is the m x [ design
matrix, and the measurement error ¢ is distributed N(0,02I). Applying a
traditional multivariate linear model, one can combine a small subset of
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the elements of y, denoted by a t—dimensional column vector y;, with the
known design matrix X to predict the rest of the elements. We shall assume
without loss of generality that the observed elements y; are from the first
t coordinates. Hence we may write y' = (yj,95), where ya consists of the
unobserved elements of y. We shall partition X as (X7, X3)’, where X;
consists of the first ¢ rows of X. Assume further that there are training
data

v =Xy 4¢, i=1,...,n, (2)

from the same manufacturing process available to estimate o. A standard
prediction set based on y; is described by the inequality

ﬁ(m — XoA(X1))EHX) (2 — XoH(X1)) [o2(X) < F - (3)

where F is the 1 — a quantile of an F' distribution with m —¢ and n(m — ¢)
degrees of freedom,

Y(X) =T+ Xo(X]X1) 1 X5,

P(X) = e 3 |4 = X5 [ @

7I(X) = (X' X)Xy = X'y,
and
A(X1) = (X1X1) 7 Xqyn.

Assuming € and ¢ are i. i. d. N(0,0%1), it follows from the classical theory
about linear models that the prediction set (3) has coverage probability
exactly 1 — a. Also, without normality assumption of ¢'’s, the coverage
probability is asymptotically 1 — . However, for a complicated engineering
system, the design matrix is often hard to fully determine. We, therefore,
investigate empirical models. That is, we assume that

y=p+xB+Xy+e. (5)

Here 8 and + are respectively the k£ and ¢ dimensional unknown column
vectors. Also the m X [ matrix x represents the part of the design that is
unknown, and the m x [ matrix X represents the part of the design that
is known. Model (5) is therefore called the empirical linear model since
part of the design matrix x can only be determined empirically. To make y
and (3 identifiable, we first write x = SDV by some specific singular value
decomposition. Model (5), after replacing DV 3 by 7, becomes

y=p+Sn+ Xvy+e. (6)
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If S were known, one can incorporate y; with the known design matrix to
predict the rest of the elements as in (3). Since S is unknown, it will be
estimated by using a set of y'’s, called the training data. We can express
the training data from the same manufacturing process as

YV=p+ S+ Xy et i=1,...,n. (7)
To illustrate how to estimate S, consider the special case of (6) and (7),

y=5Sn+e, and (8)

y' =S + ¢, (9)

i.e., p =0 and | = 0, the case when the design matrix is totally unknown.
We use basically the principal components of y* to estimate the column
space of S. Precisely, let Y = (y',...,y") be the m x n matrix of the
training data and perform a singular value decomposition on ﬁY so that

1 m

VAR (S,50)(D)V (10)
where (S So) and V are orthogonal matrices of sizes m and n; S is m x k;
and D isan mxn diagonal matrix whose diagonal elements d s, called the
singular values are decreasing in ¢. The decomposition is always possible
for any matrix. Assuming that & is known, we then estimate S by S, which
has size m x k as well, and 5’ by the estimator

7'(8) = (§'8)7'8'y' = &y, (11)

where for any matrix M, M’ denotes the transpose of M.

Then the estimated model, together with a ¢t—dimensional subvector y; of
y, may be used to estimate the rest of the components yo of y.

What are the reasonable point predictors which allow us to do so? How
does one assess the prediction error? We tackle the problems (especially the
second one) by constructing prediction sets, confidence sets and Scheffé type
(1959) simultaneous intervals. This prediction based on the empirical linear
model is called the high—-dimensional empirical linear prediction (HELP).

2 HELP for mission data

As part of the work on developing efficient new testing strategies for software-
embedded systems, we have collaborated on tests of an extension of the
HELP algorithm to devices following a model outside the usual non-software-
embedded framework. For example, we assume that the training data fol-
lows the usual model as in (9), but at the future time j, observations for
the i-th product follows

y; = Sn' + RS; +¢j, (12)
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FIGURE 1. The square root of the average predicting error versus the number of
test points selected (¢,) are plotted for years 1, 2, 3, and 4, and for “E", the EM
estimates for year 4. Our analytical result on the lower bound for ¢, implying
identifiability is 149. The graph reflects this in the fact that the the size of the
square root of the average predicted error of the E’s behaves like the 4’s for small
tp, and comes down to a reasonable small size around t, = 149.

where R is linearly independent of S. This new device model, while sim-
pler than the models ultimately applicable to software-embedded systems,
provides a readily-available starting point for testing an extension of the
HELP methodology using the concept of Expectation Maximization (EM)
which has potential importance for software-embedded systems. The EM
approach is attractive because it would provide an efficient method for
extending HELP, or other testing tools, to the more complex device model.
We studied patterns of the observed data to see if they can identify the
model being considered. Our results not only may help to resolve the issue
about whether EM works for this situation but also can help engineers to
properly design their experiment in such a way that the principle compo-
nents can still be identified when some of the data are missing,.
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We consider a shot noise process A = {A4;,t > 0} defined for ¢ > 0 by

A= Vih(t ), W

where N = {IN¢, ¢ > 0} is a Poisson process with arrival times {r;,7 > 1}
and rate generation parameter A > 0, and {Y;,i > 1} is an independent
and identically distributed sequence of “shot marks” that is independent of
N.

The model in (1) arises whenever Poissonian arriving shot marks are ad-
ditive in a super-positioning sense after accounting for a time delay since
the arrival of each shot. One simple example of such a process consists of a
telephone station where calls arrive via a Poisson process. If each call lasts
one time unit, then A; is the total number of calls in progress at time ¢t > 0
when one takes Y; = 1 and h(t) = Zjo,1j(t). Further studies of shot noise
models include atmospheric noise and radar cluttering application, mem-
brane noise analyses, astronomical applications, and traffic flow studies.
Many theoretical stochastic models also follow (1). When h(t) = Zjg o (£),
A is the well-known compound Poisson process; when h(t) = e~ 7t for t > 0
and some v > 0, A; can be viewed as the content of water in a reservoir
at time ¢t when Ag = 0 and water is released from the reservoir at rate yu
when the content of the reservoir is u > 0.

In this work, we consider the problem of predicting future values of A
from a history of observations on a discrete lattice; specifically, we consider
prediction of Ay, from A;,..., A, where 0 = to < t; < --- < tpy1.
For simplicity, we assume that the observations of A are equally spaced:
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t; = iA for some A > 0. Since the time scale of A can always be changed,
we take A = 1 without loss of generality.

For the ensuing computations, we will require the joint moment generating
function (MGF) of (Ay,...,A,41)T for all n > 0. The following result
identifies the form of this MGF; we use the notation 1(s) = E[e*Y?] for the

MGF of Y¥;:
du} . (2)

1 n+1 n+1
M(s) = exp {)\/ > l«,ﬁ (Z sih(u+ (k — i))) -1
0 =1 k=i
Throughout this work we assume that Y; has the exponential density

fly) = p_le_y/”I[oyoo) (y) where p > 0. (3)

In addition, we shall consider the exponential shot function, h(t) = e~y >
0, the step shot function h(t) = Zjo,1(t) +27 " Z(1,2)(t) + 47 Z(2,3(¢) and lin-
ear shot function, A(t) = max(1—t/r,0). These are common shot functions
which also allow explicit evaluation of the integral in (2).

With explicit joint MGFs at hand, predictive inference is greatly facilitated
by Skovgaard’s approximation to F (a|4,,), the conditional CDF of A, 1
given A, = (A1,...,A,)T, and the double saddlepoint approximation to
f(al4,,), the conditional density of A,1 given A,,.

For the exponential and step shot functions, the structure of h over (n—1, n|
is linearly related to that of h over (n,n + 1] for each n > 1, i.e.,

h(n+7v) = Buh(n—1+7~) for v € (0,1]. (4)

We describe such shot functions as being interval similar. For interval sim-
ilar shot functions, A is autoregressive so that

Anir =) @ Anii—j + Znpa (5)

Jj=1

where Z, 41 is distributionally equivalent to A;. As such, the conditional
MGF of A, 11 given A, is also available and given as

M(sns1]A,) = exp{snsiBn+ A / [(5ns1h(w) — du}  (6)

where B,, is a constant determined from the shot noise history.

This conditional MGF forms the basis for two types of saddlepoint ap-
proximation procedures. The first procedure involves direct application of
the Lugannani and Rice approximation to approximate F (a|4,,) and the
single saddlepoint approximation to approximate to f (a|4,,). In second
procedure requires that we first remove the point mass of size e™' at B,
and then approximate to the continuous part of A, 41 given A, with the
Lugannani and Rice or single saddlepoint approximations.
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Before proceeding, we should note that saddlepoint approximation of mixed
distributions is not justified by existing theory which only applies to strictly
continuous or discrete random variables. We use complex-analytic meth-
ods to justify the use of saddlepoint approximations for mixed random
variables.

For our numerical work we consider the prediction of Ag based upon Aq,... , As
for each of our three shot functions. Here we assume the Poisson process
driving our shot noise process has rate generation parameter A = 1 and the
density of Y; has parameter p = 2. The values of A;, 1 <i < 5, are chosen

so that

((V [A)72 (A — E[A)]) i = 1,...5) - Géo_%_%) (7)

The shot noise history is chosen in this way to facilitate comparison of the
various saddlepoint approximation procedures.

First, we consider the exponential shot function with v = 2. Here Ag|A;
has a point mass of size e™! at Bs = 0.087. From (6) the conditional
mean point predictor, E[Ag|A4;], is 0.952 and associated conditional mean
squared prediction error, V[Ag|A5], is 1.963.

Next, we address the more general problem of reproducing the distribution
of Ag|As. The following table shows the accuracy of three different saddle-
point approximations of F'(a|Ay) at the quantiles listed in the first column.
The second column probabilities associated with each quantile were deter-
mined by inverting the empirical CDF of 1 million simulations.

Quantile | Probability | LR Direct | LR Cts | Skovgaard
0.145 0.4000 0.3856 0.4020 0.3845
0.625 0.6000 0.6040 0.6072 0.6039
1.580 0.8000 0.8021 0.8039 0.8026
2.640 0.9000 0.9001 0.9012 0.9001
3.770 0.9500 0.9496 0.9502 0.9496
6.560 0.9900 0.9897 0.9899 0.9897
7.770 0.9950 0.9948 0.9948 0.9948

The LR Direct values are the values of the Lugannani and Rice approxi-
mation at the chosen quantiles based on the conditional MGF in (6). The
LR Cts values are approximations which apply the Lugannani and Rice
approximation only to the continuous part of F(a|Aj). Skovgaard’s ap-
proximation is based upon the joint MGF and is also used to find the
following point estimates: E[Ag|As] = 0.965 and V[Ag|As] = 1.943. Of the
three, procedure LR Cts is best while LR Direct and Skovgaard are very
accurate and quite similar in performance. Surprisingly, the Skovgaard and
LR Direct procedures comparable performance since Skovgaard procedure
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is based high-dimensional joint MGF, which, in principle, leaves greater
room for numerical error.

Next, we consider the step shot function. Here Ag|A; has a point mass of
size e~! at By = 1.12, E[Ag|A5] = 3.12 and V[Ag|A5] = 8.00. Again, we
present a table like the one above;

Quantile | Probability | LR Direct | LR Cts | Skovgaard
1.30 0.4000 0.3643 0.4003 0.3644
2.65 0.6000 0.5833 0.5996 0.5834
4.85 0.8000 0.7948 0.7983 0.7948
6.94 0.9000 0.8978 0.8985 0.8978
8.95 0.9500 0.9488 0.9489 0.9488
13.50 0.9900 0.9899 0.9899 0.9899
15.40 0.9950 0.9950 0.9950 0.9950

From Skovgaard’s approximation it is found that E[Ag|As5] = 3.13 and
V[Ag|As] = 8.06. Approximation LR Cts is again most accurate while LR
Direct and Skovgaard are nearly identical in performance.

Lastly, we considered the linear shot function with r» = 3. The following
table lists quantile values, Skovgaard’s approximation and the numerically
integrated double saddlepoint approximation at selected probabilities:

Probability | Skovgaard | Double Density
0.4000 1.31 1.47
0.6000 2.30 2.20
0.8000 4.10 4.00
0.9000 5.84 5.71
0.9500 7.54 7.39
0.9900 114 11.2
0.9950 13.0 12.9

Here, it is found that E[Ag|A;] = 2.64 and V[Ag|A5] = 5.81.

For this last example, simulation conditional on A5 not appear practically
feasible. In addition, The linear shot function does not allow explicit com-
putation of the left edge of support of the conditional distribution of Ag
given A;. However, this value may be characterized as the smallest value
of Ag for which one can compute Skovgaard’s approximation. This value
was estimated numerically as 0.48.
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Abstract: This study investigated the mediatory role of family processes in
the adolescent-parent moral thought relationship. the family processes include
the cohesion and adaptability as measured by Olson’s(1992) Family Adaptabil-
ity Cohesion and Evaluation Scale (FACES II) and family communication as
measured by Barnes and Olson’s (1985) Parent Adolescent Communication Scale
(PACS), Moral thought was measured by White’s (1997) revised Moral Author-
ity Scale (MAS-R), the MAS-R measures five sources of moral influence: Family,
Educators, Self Interest, Society’s Welfare and Equality. Results involving 218
adolescent-parent dyads revealed the significance and contribution of mediatory
role of family processes, this was obvious and varies according to each parent and
the specific moral views being transmitted to adolescents.

Keywords: Linear regression; Mediators.

1 Family Processes and Moral Thought

The aim of this research is to investigate the extent to which family process
variables such as family cohesion, adaptability and communication mediate
the parent-adolescent moral thought relationship. It is anticipated that such
an analysis will clarify how the content of moral thought, specifically the
five sources of moral authority, are transmitted from mothers and fathers
to adolescents.

2 Method

151 families from regional areas of north New South Wales participated.
There were 106 adolescent-parent triads and 45 adolescent-mother dyads.
The 110 Female and 41 male adolescent participants were aged between
14 and 19 years, 85% were born in Australia, 10% in Asia and 5% in
Europe. The mothers involved were aged between 33 and 59 years, 55%
were born in Australia,15% in Asia, 19% in Europe and 11% in the Middle
East. The fathers involved were aged between 35 and 76 years, 54 Australia,
9% in Asia, 29% in Europe and 8% in the Middle East. Of the mothers
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participated, 85% were married and 15% were either divorced or separated,
whereas all of the fathers participated remains married.

3 Results

Five subscale scores relating to the Family, Educators, Society’s Welfare,
Equality and Self Interest sources of moral authority as measured by the
MAS-R. The justification for analysing and reporting each source sepa-
rately is revealed in the correlational analyses presented in Table 1. ,
Table 1: Pearson Product Moment Correlation matrix
of adolescent responses to the five sources of moral authority

Society Equality Family Educators Self Interest
Society 1.00

Equality 0.70 1.00
Family 0.30 0.30 1.00
Educators 0.39 0.30 0.69 1.00
Self Interest 0.40 0.32 0.40 0.31 1.00

Pearson correlation analysis for the above five sources reveals that although
there is some significant association between Society’s Welfare and Equality
sources and the Family and Educators sources, overall, there is sufficient
evidence amongst the five subscales to justify a separate analysis of each
source of moral authority.

4 Family processes as mediators of the transmission
of moral thought from parents to adolescents

Baron and Kenny (1986 p.1176) Defined the term mediator as "A given
variable may be said to function as a mediator to the extent that it ac-
counts for the relation between the predictor and criterion". In accordance
with this definition, eight regression analysis were conducted for each of
moral authority in order to test the mediating role of family cohesion,
adaptability and communication (mediating variable) in the transmission
of moral thought from parents (predictor variable) to adolescents (criterion
variable).,

Specifically, the findings reveal that mothers’ thoughts on Society’s Welfare
have a stronger and significant influence on adolexcent thoufgts on Society’s
Welfare, when compared to fathers’ thoughts. Moreover, it would appear
that family cohesion and adaptability make a significant contribution with
mothers’ moral thought in influencing adolescents’ societal concerns. The
best fit regression equation, with standardised variables, for adolescents’
societal concerns is,, Society = 0.20(mother’s beliefs on similar issues) +
0.10 (family adaptability), (p < .01)., Similarly, the following best fit
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regression equations,with standardised variables, for adolescents’ reveals
the nature of the mediating role of family processes in the transmission
of moral thought concerning Equality, Family, Educators and Self Inter-
est., Equality=0.30(father’s beliefs on similar issues)+0.10 (family cohe-
sion),, (p < .01), Family=0.30 (Mother’s beliefs on similar issues)+0.40
(family cohesion),, (p < .01)., Educators=0.30 (father’s beliefs on simi-
lar issues)+0.15 (family cohesion), (p < .01)., Self Interest=0.15(father’s
beliefs on similar issues)+0.15(family cohesion),, (p < .01).,

5 Discussion

Generally, the findings suggest that parents play an influential role in their
children’s moral thinking. It was found that parents play an important role
though the content of moral thought to which they ascribe, but also through
the way in which they communicate these thoughts, the level of emotional
closeness between themselves and their children and the frequency in which
they and their children change together. In other words, it was found that
family processes such as cohesion, adaptability and communication play
a significant mediatory role in the transmission of the content of moral
thought from parents to adolescents.
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Abstract: The relations between studies in a series, when STATIS (Structuration
des Tableaux A Trois Indices de la Statistique) is applied, are expressed by the
Hilbert-Schmidt products of the operators associated to those studies. Studies
in a series are said to have a common structure whenever the matrix of Hilbert-
Schmidt products is the sum of a rank one matrix A aa with an error matrix.
When such a common structure exists, the components of the structure vector
X o will suffice to locate the studies in the serie Assuming that, for all level
combinations of L factors, there are matched series of studies presenting common
structures, standardized orthogonal matrices are used to analyze the action of
those factors on the corresponding structure vectors. Both transverse analysis
on homologuous components of the structure vectors, and longitudinal analysis
on linear combinations of those components, are carried out. When the studies
in each series are taken at different times, longitudinal analysis characterizes
the effect of the factors on the evolution of the series. An application to local
Portuguese elections will be presented.

Keywords: STATIS, Hilbert-Schmidt products, Structure Vectors, F
Tests, Orthogonal Contrasts, Standardized Qrthogonal Matrices,
ANOVA.

1 Introduction

Superscripts will indicate the number of components of vectors. In what
follows studies will be matrix triplets (X;, D,,,D,) constituted by an ob-
jects x variables data matrix, and two diagonal weight matrices one for
objects and the other for variables. The STATIS method, see Lavit (1988),
is widely used in the study of series of studies. The relations between the
studies in a series being expressed by the Hilbert-Schmidt products be-
tween the matrices X;D,, X!D,,, i = 1,--- k. When the studies have the
same weight the series is balanced, and, see Oliveira & Mexia (1998), there
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is a rank one common structure if the matrix S of these products is the
sum of a rank one matrix A\a*a*’ with an error matrix whose elements are
iid N(0,0?%). The studies in the series will correspond to the components of
the structure vector 5¥ = A\a*. Then, see Oliveira & Mexia (1998), o* may
be estimated by the first eigenvector v* of S, 8% by ¥ = S4* and, with

k k
_ 2
S =[s; ], and g = k(k—1), 0% by 6% = %,WhereD: E E S?,j*HBkH .

i=1 j=1

If for the level combination of L factors we have matched balanced series
of studies with rank one common structures, it may be interesting to study
the action of the factors on their structure vectors. When we study that
action on sets of homologuous components we are carrying out a transverse
analysis. We can also apply longitudinal analysis in which the action of the
factors on the evolution of the series is considered.

2 Orthogonal Contrasts

Let the L factors have Jy, - - - , Jr, levels. The level combinations (jq,- - ,Jr)
L I-1

can be ordered by the indexes i = j; + Z(jl -1) H Jp,. For the different
1=2 h=1

L
series we will have the pairs (D;, Bf), i=1---,J= H J;. To use orthog-
=1
onal contrasts we will assume that these pairs are independent, that the
D; are the products by o? of central chi-squares with g degrees of freedom
and that the 3 are normal with mean vectors ¥ and variance- covariance
matrices 021}, Clearly these assumptions are only approximatively met but
it is well known, for instance, see Ito (1980), that, in the balanced case,
ANOVA is robust both towards heterocedasticity and especially against
non-normality.

An orthogonal J x J matrix is standardized orthogonal if the elements
in it’s first line are equal to J~/2. Let P, be a standardized orthogonal
J; X J; matrix, [ = 1,---, L. Writing the Kronecker matrix product as ®,
P =P, ®---® P, will also be, see Mexia (1988), standardized orthogonal.
Thus the line vectors of P will be mutually orthogonal and all but the
first one will have null component sums. These matrices can be used, see
again Mexia (1988), to apply orthogonal contrasts in ANOVA for complete
lay-outs. Each line of P is obtained through Kronecker products of lines of
the Py,---, Pr, and so it can be associated with the set C' of the indexes
of those matrices that did not contribute with their first line. Let A(C)
be the sub-matrix of the lines associated with C. Then the hypothesis
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Hy(C) of absence of effects [interactions| for the factor [factors| with index
[indexes| in C' can be rewritten as Hy(C) : A(C)p’ = 09(©) with g(C) =
H(Jl — 1) and p’ the vector of treatment mean values. If there are §
leC
degrees of freedom for the error and, with R replicates, Y is the vector
of treatment totals, the statistic of the F' test for Hy(C) will be $(C) =
- 2
[AC)YT]]
) RxSSE

o

, where SSFE is the sum of squares for the error.

—~

g

To apply this technique to transverse analysis we have only to replace g

by gJ, Y7 by the vectors of homologuous components of the estimated
J

structure vectors and R * SSFE by Z D;. Likewise in longitudinal analysis
i=1

we study the action of the factors on the values of cktﬁf, i=1,---,J,

where cF is a norm one vector. In the application we try to show how the

results of the transverse analysis may lead to the choice of c*.

3 An Application

We considered the results of six local elections in three Portuguese districts
along the coast and three other interior districts. The objects were the
counties and the variables where the percentages of votes for the main
parties: PSD, PS, CDS, and PCP, the other parties (OP), the null votes
(NV) and abstentions (ABS). We thus had a first factor with three levels:
North (N), Center (C) and South (S) and a second factor with two levels:
Coast (Ct) and Interior (I). In table 1 we present the estimated structure
vectors, and in table 2 the F tests carried out in the transverse analysis for
the first and second factors F(1) and F(2) and their interaction F(1,2).

N C S
Ct I Ct I Ct I
22.43 | 23.89 | 30.86 | 26.78 | 24.98 | 23.19
21.74 | 24.99 | 28.80 | 26.79 | 24.22 | 21.97
22,13 | 23.38 | 27.25 | 24.52 | 23.69 | 22.40
22,16 | 28.28 | 25.20 | 25.35 | 25.55 | 22.48
21.91 | 25.22 | 24.01 | 24.65 | 25.43 | 21.92
20.92 | 22.52 | 23.74 | 23.75 | 25.80 | 23.28

Table 1: Structure Vectors
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F(1) F(2) | F(1,2)
7.05 %% | 0.02 1.80
5.67 %% | 0.39 0.89

2.55 0.01 0.78

1.58 1.97 1.29

1.67 1.55 0.22

1.12 1.78 0.80

Table 2: F tests

where ** stands for significant at the 1% level.

There where only significant results for the first two elections which point
towards the political homogeneization of the country. This conclusion agrees
with the common knowledge of the increasing dominance of PSD and PS in
Portuguese politics. To show the differences in the evolution of the six series
we carried out a longitudinal analysis on the values of % Bie— % Bi1- The
values for this contrast being: —1.07,—-0.97,—5.03, —2.14,0.58 and 1.48.
The F tests obtained were F(1) = 5.21 %, F/(2) = 0.61 and F(1,2) = 0.50
so only the F test for the the first factor was significative. These results are
coherent with those of the transverse analysis in which the only significant
results were for the first factor.

4 Final Comments

We used the well established ANOVA robustness, see Ito (1980), to carry
out the simultaneous treatment of matched series of studies. In a previous
paper, Oliveira & Mexia (1999), the series corresponded to the levels of one
factor while now more than one factor are considered.
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Abstract: In this paper, we obtain all the theoretical conditional moments
of the multi-step prediction error distribution from an ARMA process, when
its innovations are represented by a GARCH(1,1) model and whose conditional
variance is a regressor variable. Such moments are used to determine the forecast
intervals. We propose an alternative bootstrap method for constructing prediction
intervals for this model. Finally, we compare both methods in several simulations
for different ARMA-GARCH(1,1)-M models. These methods are then applied to
analyze the time-varying risk premium in the Spanish stock market.
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1 Introduction

ARCH models and their subsequent generalizations have proven to be an
ideal technique by which the conditional variance of financial time series
can be modelled.

The first paper to apply the ARCH-in-mean specification to asset pricing
models was that of Engle, Lilien and Robins (1987). These models are used
in most financial series to test several hypotheses about the rationality of
the market expectations.

Baillie and Bollerslev (1992) consider forecasting the conditional mean and
variance from an ARMA process with GARCH innovations, but they leave
out the ARCH-M model. In this paper, we present the prediction of an
ARMA model with GARCH(1,1) innovations and whose conditional vari-
ance is a regressor variable, that is to say, an ARMA-GARCH(1,1)-M
model. Expressions for the MSE predictor are given and all the theoretical
moments of the multi-step prediction error distribution are calculated.
This study allows us to determine the conditional distribution of the fore-
cast error ; this information can then be used to construct the forecast
intervals, since the usual forecast intervals do not work well. These expan-
sions are based on parametric hypotheses on the moments of the conditional
one-step-ahead distribution.
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We propose a alternative bootstrap method to construct forecast intervals
for an ARMA-GARCH(1,1)-M model. This method estimates the condi-
tional distribution in ¢ + s, given the information up to time ¢. We only
resample ahead conditional on estimates of the model parameters, that is
to say, resample forward values conditional on all previous values of the
series. It is a generalisation of that proposed Miguel and Olave (1999) for
ARCH models.

Finally, both methods are compared in several simulations. They are then
used to analyze the time-varying risk premium in the Spanish stock market,
using daily observations from January 1997 to December 1999.

2 Prediction intervals

The univariate ARMA (p,q)-GARCH(1,1)-M model is given by

p q
Yy = p+ 5‘71&2 + Z DiYt—i + Z Oier—i + €t

i=1 i=1
2 _ 2 2

op = wtoag ,+ o,

€& = 20t

where {2;} is a sequence of zero-mean independent random variables with
common distribution F with variance equal to one. The unknown (p+q+5)-
vector of parameters is given by ¥ = (i, 0, ¢1,... ,¢p,61,... ,04,w, a, B).
The ARMA (p,q) model for the conditional mean is assumed to be covarian-
ce-stationary and invertible. Furthermore, we assume ¢, # 0 and 6, # 0.
The most basic assumptions on the process defined above are those required
in order for the process to be well defined and for ¢;, and hence y;, to have
finite and constant second moments and stationary conditional variance.
In the presence of ARCH, the unconditional distribution of ¢; has fat-
ter tails than the conditional one-step-ahead prediction error distribution.
Similarly, the conditional distribution of €; s for s > 1, given information
through time t, differs from the conditional distribution for s=1, because
the prediction error distribution generally depends nontrivially on the in-
formation set at time t.

2.1 Parametric method

The parametric method consists in approximating the quantile of the pre-
diction error distribution by means of the Cornish-Fisher expansions using
the conditional moments. We shall make use of the higher-order conditional
moments for this process. For simplicity, we assume that this conditional
distribution is symmetric with all the existing even-ordered moments pro-
portional to the corresponding powers of the conditional variances.
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From the model, the optimal s-step-ahead predictor is readily seen to be

s s p—1 q—1
s =1y Cei 0 LiBiof ]+ e®eiay i+ Y e1®epiiie

i=1 i=1 =0 =0

where {;_; = e&@s,iel with @ is the matrix of parameters under the ARMA
model and e; is a (p+q)-vector of zeros, except the jth element which is
one. The GARCH(1,1) model can be expressed as an ARMA(1,1) model
in the square errors and, hence, the optimal s-step-ahead predictor for the
conditional variance is similar to the predictor for the conditional mean.
Therefore, the forecast error for the s-step-ahead predictor for the condi-
tional mean is given by

s—1 s
€t,s = Yers — Yers = Z Vs—iVt+i + Z Vs—i€tti
i=1 i=1

where v;_; = da Zj;zl &_i(a+B)*777! and vy = €} — o}. This expression
clearly reveals that the s-step-ahead forecast error depends on the future
errors for the conditional mean and the future errors for the conditional
variance. Such representation will be used in order to determine the the-
oretical conditional moments up to the fourth order. These moments are
used to approximate the quantile of the s-step-ahead prediction distribution
[see Miguel and Olave (2000), for more details].

2.2 Bootstrap method

However, the previous method does not work well when the one-step-ahead
conditional distribution is asymmetric, or does not verify the necessary hy-
potheses. We propose a bootstrap method, which generally leads to ob-
taining accurate asymptotic coverage probabilities without parametric hy-
potheses on the error distribution.

The bootstrap that we describe is designed to mimic the distribution of
the forward values, conditional to all the series. Thus, the method is more
realistic, given that the ARCH model constructs the volatility based on
the lagged residuals. The proposed method does not require a knowledge of
the backward residuals, which are difficult to estimate in dynamic models
with time-dependent conditional variances. The algorithm of the proposed
bootstrap consists of resampling the standardized residuals to construct
the forward values using the estimated model. Its steps are similar to those
proposed in Miguel and Olave (1999) in the ARCH model.

3 Empirical study

We have compared both methods in several simulations with different one-
step-ahead distributions and various sets of parameters in the conditional
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mean and variance. The results obtained are satisfactory, over all when the
distribution is leptocurtic or asymmetric.

Finally, we have studied the IBEX35 Spanish stock market index with
daily observations. The results obtained show that the proposed bootstrap
works well and presents an advantage when the one-step-ahed conditional
distribution does not verify the neccessary hypothesis. This is a frequent
ocurrence when we analyze financial time series.

References

Baillie, R.T. and Bollerslev, T. (1992). Prediction in dynamic models with
time-dependent conditional variances. Journal of Econometrics, 52,
91-113.

Engle, R. F.; Lillien, D.M. and Robins, R.P. (1987). Estimating time vary-
ing risk premia in the term structure: The ARCH-M model. Econo-
metrica, 55, 391-408.

Miguel, J.A. and Olave, P. (1999). Bootstrapping forecast intervals in ARCH
models. TEST, 8, 345-364.

Miguel, J.A. and Olave, P. (2000). Prediction in ARCH-M models: A the-
oretical view. Pre-print.



Bayesian Inference in GARCH Models

Laura Mufioz! and Manuel Salvador!

! Department of Statistical Methods, University of Zaragoza, 50005 Zaragoza,
Spain

Abstract: This paper describes Bayesian Inference for a linear conditionally
heterokedastical time series with stable innovations. Our procedure uses Monte-
Carlo Methods to generate samples from the joint posteriori density and takes into
account the uncertainity concerning the true model We illustrate our approach
using simulated data from some particular ARMA-GARCH models and applying
the methodology to the Spanish stock market.
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1 Introduction

In spite of the well known properties of GARCH models, early empiri-
cal work with ARCH models for daily exchange rates indicated that the
implied unconditional distributions of estimated ARCH models were not
sufficiently leptokurtic to represent the distribution of returns. A paramet-
ric alternative which has received little attention in the literature is the
stable distributions family. Stable distributions have long been regarded as
important generalizations of the normal distributions whose location-scale
families are closed under convolution. In a practical setting, stable distribu-
tions have attracted considerable interest, because they can allow for skew
and for arbitrarily larger tis the case with the normal distribution.
Mandelbrot (1963) and Fama (1965) were among the first to attempt to use
stable distributions in modelling stock market price changes; Unfortunately,
general statistical analysis based on stable distributions has been hindered
by the nonexistence of a simple form of probability density representation.
However, Buckle (1995) has recently obtained a particular mathematical
representation involving the denstity of a stable distributions. Our proposal
extends the ideas of Barnett et al.(1997) to a heteroskedastic framework.
For ARMA-GARCH models with stable innovations Bayesian inference us-
ing Monte Carlo methods allows the simultaneous handling of parameter
estimation, order selection and the law of the error process specification
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2 Class of Models, Assumptions and Prior
Distributions

The class of models we propose is the ARMA-GARCH family with stable

innovations. A model is given by:

®(B) (wi) = O(B)e
j—t|ft_1 ~ 84 (8,0,1)

p q
2 2 2
o =w+ E ajo;_; + g Bre€i_k
j=1 k=1

ASSUMPTION 1: The autoregressive and moving-average orders naryax,
NMamax and the ARCH and GARCH orders pax and ¢umax are specified by
the user and represent the maximal degree of the ARMA-GARCH poly-
nomials. The invertibillity and stationarity for the ARMA component is
assumed and also the stationarity of the GARCH component.
ASSUMPTION 2: We assume that either ¢nqr,,. 7 0 or Opma,., # 0 and
either o . # 0 or By, #0
>From the expression provided by Buckle (1995) for the joint density of T’
i.i.d. observations from a stable distribution the density of the standarized
error term is:

)

€t «

f\ =zl B) = ——expq —
Ot |C¥ — 1|

where {zt}thl are auxiliary variables used in the representation of the den-

sity function of a stable variable and:

a—1

€t
oita,p(zt)

€t
oita,p(zt)

gt

€t

a—1

fo o) = sen[ra + Nq,5] cosmy T
f ) = cosTY cos [ra + 1 8]

with a € (0,1)U(1,2], B € [-1,1] z € (—00,00), y € (—1/2,1/2) and with
Na,p = fmin (a,2 — @) 5

We begin by defining the corespondents indicators variables I; j =1, ..., na"max
Ji;j = 1,.,nMmamax, Li;t = 1, ..., Pmax, Mj3J = 1,...,qmax in order to
carry out the selection of the order model and use vectorial notation I,
J,L and M for these indicator variables. In order to enforce both the sta-
tionarity and invertibility of the process, let (47, ..., ¢%,.) be the first nar
autocorrelations of a stationary autoregressive process with autoregressive
polynomial ®(B) and let (07, ...,05%,,) be the first nma partial autocorre-
lations of an stationary autoregressive process with autoregressive polyno-
mial ©(B). We also assume prior indiference about the model order. The
invertibility and stationarity assumptions over the ARMA process can be
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guaranteed by assuming a uniform prior distribution over [—1, 1]. We pro-
ceed by specifying a prior beta distribution over the parameter 26* —1, with
q

0* = Z o+ Zﬁj being the persistence in the GARCH(p,q) model and a
i=1 j=1
Dirichlet distribution over the parameters: (af = —;i = 1, ...,pmax,ﬁ; =

7 §*
?i ;7 =1, ..., ¢max). Finally for the parameter w* = ;}—* as ussually we adopt

an inverse gamma prior distribution.

3 Posterior Distribution
From Bayes theorem, the posteriori distribution is given by:
71'((1)*,?, G*aj)w*a F*afy n*afa ¢*5M7 a)5|27E05EOaEg) [0

o L(®*,1,0*, J,w*,6*,T*,n*, a, B, z, w|ﬁ0,E0,Eﬁ)ﬂ(@*j)ﬂ(@}f,j)

T
m(w*, 8%, T, n*) = aXovera |a — 1|T H
t=1

/1/2 [ { mt(wt7 ¢*077 G*Oj, wo, E0)
X expq —

—1/2 Uttaﬂ(zt)

_ _ 1
myg(wy, ®*ol, ©*0J, Wy, €) | **
(7
O
1

a1
ta,p(2t)

7(®*, )w(0*, J)m(w*, 8", T*,n*, L, M)

a
a—1
dZ;| X

4 Sampling Scheme and Conditionals Distributions

We propose to use the Gibbs Sampling algorith, which is carried out by
the following sampling scheme, where S(.) denotes:

s _exp{ py|ENE A ﬁ}ﬁ

=1 t=1

—a

a—1

my(.)

otta,p(zt)

O'tta ﬂ Zt
and m;(.) = my(w;, ®*0,0%0J, W0, &)
(i) For each wy, sapling z;,¢t = 1,..,T from the distribution:

™ (Zt‘(}*ajae*aja(*)*ar*’fa n*aM7 wt,a,B,EO,EO)

= C’exp{l _ |l ﬁ}

Ot

a—1

my(.)

otta,p(zt)
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(ii) Sampling o from the density:
— — — J— o T
ﬂ-(a‘67(p*vlv9*7J7W*7F*7L777*7M7wt7m0760) X < > S()

o — 1]

(iii) Sampling 8 from the density:

T
ﬂ-(ﬂ|a7 é*’j’@*ajaW*aF*aza n*aM,U,WO,EO,Eg) X H
t=1

dta,p(2t)
dZt

ta,p(zt)=ve

where v; are obtained after the reparametrization trhough the trans-
formation vy = tq g(2¢)/me(we, @*0l, ©*0J, Wy, &)

(iv) Generate jointly (I;,#}) for j = 1,...,narmax a sample from:

ﬂ-(IJ’ ¢;|<§:#]’Il7é]’ @*’j’w*7 P*7Z7 n*7M7 w, 2, a7/87w07g()75(2]) X

(v) Generate jointly a sample (.J;, 8}) from the distribution:
— 1
7r(0;‘, Ji|0j;éi7 Jj#i, ", J,Ro, B,EO,EO,ES) X §7T(Ij = 1)5()

(vi) Generate a sample (L, M) from:

W(Z7M|(I)*7776*777“}*7(5*7F*vn*7wvzva7ﬁvw07507ﬁg) S8

T
X exp{ —
t=1

(vii) Generate a sample (§*,w*,T'™*, n*) from the density

[e3
a—1

L @

J e S
al}
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)
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Ot
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Abstract: In sub-normal models the observations vector is the sum of two inde-
pendent components. The first of these stands for what is measured, the second
one is a standard normal error vector. To carry out the inference it is assumed
that the first component lies inside a given subspace 2. Then F tests can be de-
rived with optimal properties. We now study the effects of adding a perturbation
vector to the model. Two special situations are singled out. The first of these
is based on a mixed model studied by Michalski & Zmyslony (1996), while the
second one is the case of designs with replicates.

Keywords: Sub-Normal Models, Mixed Models, F' Tests,Variance Components,
Quadratic Spaces.

1 Introdution

Superscripts will indicate the number of components of vectors. In the usual
sub-normal models the observations vector Y™ is the sum of two indepen-
dent vectors Z™ and e™. The first of these stands for what is measured, the
second one is a normal error vector with null mean vector and variance-
covariance matrix o2 1,,, we put e” ~ N(0,021I,). To carry out the inference
it is assumed that Z™e(2, with € a subspace with dimension m.

Let w be a subspace of Q with dimension p. With V' the orthogonal
complement of V and v the orthogonal projection of v™ on V, when
n—m||Yz|?
mp V|
has an F' central distribution with m — p and n — m degrees of freedom.
Actually, see Mexia & Dias (1999), through the introduction of a norm in
the quotient vector space %, more general hypothesis may be considered.
We thus have been able to widen the family of the models for which exact
F tests can be derived since we only require that Z™ is independent from
e™ and belongs to 2. When there are perturbations we add a third random
vector W™ to the model in order to describe their effects. We will assume
that these perturbations act independently from what is measured and from
the usual errors, so that W™ is taken to be independent of both Z™ and e™.
Moreover to clearly separate Z™ from W™ we will require that W"eQ*.

Hy : Z™ew holds, the test statistic & = ,where @ = w' N Q,
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2 Test Power

Since @ and O+ are mutually orthogonal e and ed, will be independent,
thus Y = Z2 + ef; will be independent from Y, = W{, +ed, . Besides
this, when Z™ = 2" and W™ = w", ||Y2||? and ||Y{y, ||* will be the products
by o2 of independent chi-squares with m — p and n — m degrees of freedom
and non-centrality parameters u = gl—sz%Hz and v = 5 [|wh, |?. Thus the
conditional distribution of & will be the doubly non central F distribution
with m — p and n — m degrees of freedom and non centrality parameters u
and v, F(z|m — p,n — m,u,v).

Let U = %HZgHz and V = L|Wg. |* have distributions Gy(u) and
G2 (v). Since they are independent their joint distribution will be G(u,v) =
G1(u)G2(v) and the unconditional distribution of & will be,

—+oo —+oo
F(:c|mfp,nfm,G):/ / F(zlm —p,n —m,u,v)dG(u,v).
0 0

Since, F(xz|m — p,n — m, u,v) increases with v

F(zlm —p,n-m,G) > F(z[m—p,n—m,G)

+oo
= / F(z/m — p,n —m,u,0)dG1(u)
0

Thus when using the critical value k, the power of the test in the absence
of perturbations, which is 1 — F(k|m —p,n—m, G1), is larger than when we
have them since now it is 1 — F(k|m — p,n — m, G). This conclusion holds
also for the usual fixed effects models since then we have only to assume
that Z™ is fixed having a degenerate distribution. Moreover the expression
of F(xz|m — p,n — m,G1) enables us to show, see Mexia & Dias (1999),
that, when there are no perturbations, the F' tests for sub-normal models
are UM P in the family of the tests whose conditional power, given U = u,
is a function of u.

3 An Application

Michalski & Zmyslony (1996) present tests for hypotesis Hy; : 0; =0, i =
m—1
1,---,m—1, for mixed models with observations vector Y™ ~ N (X g*, Z 0;Vi+
i=1
0 Iy) where ; >0i=1,--- ,m—1, and 6, > 0. With A the range space
of matrix X, and M the matrix of orthogonal projection on A~ it was
assumed that the matrices W; = MV;M¢, i=1,--- ,m—1,and W,, = M
commute and are linearly independent. Thus the quadratic space gener-
ated by the Wy,--- ,W,, will be commutative and have, see Seely (1971)
a basis constituted by the orthogonal projection matrices £; on mutually
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orthogonal spaces V;, j = 1,---,k. The direct sum of these subspaces
will be A+ and so W,, = M = Ey + -+ + Ey. Thus W; = E?=1 a; ; E;
m k
i=1,---,m,and > 0;W; => n;F; ,with n¥ = A%™, where A = [a; ;].
i=1 j=1
Since the matrices Wy, -+, W,, are linearly independent, rank(4) = m
and, with B = [b; ;| the Moore-Penrose inverse of A‘, we have BA! = I,,,
k
and ™ = BnF. Due to W,, = ZE]- we will have a1 = = amp =1
j=1
as well as Z?zl bij=0,i=1,---,m—1, and Zg?zl b, = 1.,
If in the i-th line of B, i = 1,--- ,m—1 there are only two non null elements

they will be symmetrical and so we will have 6; = b;(n;+ — n;-) with j©
and j~ the column indexes of the positive and the negative elements in
that line. With u;+ = dim(V;+) and u;- = dim(V;-) we have the < test
o v, )
statistic &y = - —"—,
e |
holds. We now point out that the occurrence in matrix B of a line with
only two non null elements follows from the set of matrices used, and so
does not depend on Y™ being normal. Thus if we go over to sub-normal
models Y™ = Z™ + ", with Q the direct sum of A and the Vi,---,Vg_1,
and " ~ N(0",0,,1,), we can have F tests for the H;(, when in the
i-th line there are only two non null elements b; ;+ and b; . Since, now

Vi =Q+ ill have &; = 2= I¥s,, I
k= y we wil ave §; = u]_+ ||Y6Lpe7‘p||2

with distribution F'(z|u;+,u;-,0,0) when H; o

and our previous results apply

in straightforward way.

4 Replications

An interesting instance is when there are r replicates. The observations
are thus grouped, each group having r observations. Then €2 is the sub-
space of vectors with groups of r identical components since it is natural
to assume that the components of Z = Y™ — e” corresponding to repeated
measurements are equal. Perturbations will now correspond to components
of Y™ — e™ that differ inside one or more of the groups. These differences
being quite distinct from those that originate the error vector e™ so that,
to account for them, a perturbation vector W"eQ+ may be added to the
model.
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Abstract: Animportant stage in modeling a binary response, observed at points
of a lattice, is fitting a working spatial covariance structure. The usual approach
uses covariance models appropriate for normally distributed data, and may not
adequately capture the correlations present in the data. We describe an alterna-
tive structure, which reflects the binary nature of the response and may be more
realistic. We illustrate using data on forest vegetation dynamics.
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1 Introduction

In many applications one models binary variables Y;, observed at sites s;
in a spatial lattice, in terms of corresponding vectors z; of explanatory
variables. In analyzing such data it is important to fit an approximate
covariance structure. As a purely descriptive tool, the scale of the covari-
ance between Y; and Yj, in relation to the distance d;; between s; and
sj, may give insight into its cause. On a more analytic level, if the Y; are
modeled using generalized estimating equations (Albert & McShane, 1995;
Chung, 1997) then a working covariance matrix is required. In the context
of longitudinal data analysis, the importance that the matrix realistically
reflect the data is well known (Crowder, 1995; Sutradhar & Das, 1999).
The covariances can also help to specify the dependence structure of the
underlying random field, if the data are analyzed using a hierarchical gen-
eralized linear model (Clayton & Kaldor, 1987; Breslow & Clayton, 1993;
Waller et al 1997; Diggle et al 1998; Heagerty & Lele, 1998).

Since covariance models for normal data are well understood, it is natural
to apply them to the Pearson residuals e; = (Y; —p;)/{pi(1—p;)}'/?, where
p; = E(Y;). For example, Albert & McShane (1995) and Chung (1997) use
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models such as
,yle—’yz dij (1)

for cor(e;, e;). However, this approach does not reflect the fact that Y is
binary, and thus may not adequately model the correlation present in the
data. To see this, observe from the marginal bivariate distribution of Y;
and Y; that their correlation r;; must satisfy

rij < {pi/(l —pi) }1/2 (2)

pi/(1—pj)

whenever p; < p;. If a model such as (1) is used, all correlations at a given
distance must be equal; and (2) shows that this common value will be very
small if there is even one pair (s;,s;) of sites at that distance apart with
pi < pj. Thus (1) will not be able to model larger correlations which might
be present between other pairs of sites the same distance apart, but with
more similar p; and p;.

2 A Class of Working Covariances

We propose taking the working correlations to be simple approximations
to the true correlations which would obtain if Y were modelled by a hi-
erarchical generalized linear model with a probit link and latent Gaussian
field Z = (Z;). If ¢;; = cov(Z;, Z;), then an approximation due to Pearson
(1901) suggests

Cij = Pidjcij (3)

as a working covariance between Y; and Y;, where ¢; = ¢(®!(p;)) and
¢ and ® denote the standard normal density and distribution functions.
Since the resulting correlations depend on p; and p;, they avoid the problem
discussed following (2). Moreover, if the Y; do, in fact, arise as threshold
variables (as in Albert & McShane,1995 and Heagerty & Lele 1998), then
(3) should give more realistic working correlations than (1).

To implement this approach, we first obtain estimates p; of the p;, possibly
under the assumption of independence, and define ¢; = ¢( Phi~'(f;)).
Next observe that

E(Y; = Y;)* = fij + gijcij

where f;; = pi+p; —2p;p; and g;; = —2¢;¢;. Assuming c;; to be a function
c(d;j) of d;;j alone, we compute estimates ¢q of ¢(d), for various values of d,
by weighted regressions of the appropriate W;; = (Y; — YJ)2 on estimated
fij and g;;. Finally, we graph the ¢q vs d and, if appropriate, fit the points
by a parametric function such as ( refccc).
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3 Application to Vegetation Dynamics

We illustrate using data on vegetation dynamics for a 600 x 750m? region
(divided into 40 x 50 grid cells of 15m x 15m) of natural forest in the Galilee
mountains in northern Israel. The data are part of a larger set, described
in more detail and analyzed from a different point of view by Carmel et al.
(1999). Data on tree cover, obtained using image processing of historical
aerial photographs from 1964 and 1992 (Carmel & Kadmon, 1998), showed
the percentage of cells in which trees were the dominant growth form (com-
pared to shrubs and herbaceous vegetation) to increase from 1% in 1964
to 70% in 1992. It was desired to model tree dominance in 1992 in terms
of initial vegetation conditions as well as cell-specific environmental factors
(e. g., slope, aspect, distance to nearest stream bed) and anthropogenic
factors (such as type and intensity of controlled livestock grazing) which
were present during the 28-year period.

Our intent here is not to give a complete analysis of the data, but rather to
compare the usual and the proposed approaches in the exploratory step of
fitting a working covariance structure. We first estimated p; from a probit
regression of the Y; (= 1 if trees were the predominant growth form in
cell s; in 1992, and 0 if shrubs or herbaceous growth dominated) on the
explanatory variables described above. Plots of Y; and p; over the region
indicated that the covariates captured the major components of spatial
trend present in the data, and a directional correlogram of the residuals
did not indicate anisotropy.

Following the usual approach, we first computed the empirical correlo-
gram of the Pearson residuals. Letting rp(d) denote the resulting corre-
lation between Y; and Y; at sites separated by distance d, we fit the curve
0.70 times(0.36)? to the graph of rp(d) versus d (where d is in units of
15m). This fit predicted the higher correlations slightly better than the
“quadratic” fit 0.32 x (0.75)d2. We then used our proposed method to com-
pute the estimates é;. The quadratic fit 0.70 x (0.77)"l2 predicted the larger
¢4 somewhat better than the linear fit 1.52 times(0.38).

As fitting the Pearson and latent correlations lead to different covariance
models, it is of interest to know which set of correlations more accurately
reflects the correlations actually present in the data. To answer this, we
divided the interval [0, 1] into 5 subintervals by the points 0.1, 0.3, 0.7 and
0.9. For each combination (I, .J) of two of these subintervals, and distance
d < 4, we then computed the sample correlation over all pairs (Y;,Y;) such
that d;; = d,p; € I and p; € J. Each empirical correlation significantly
different from O was then compared with the average of the correlations
rr(i,7) = éiéjéd/{ﬁi(l — pi)pj(1 — p;)}/? predicted using the latent ap-
proach and with the “average" of the corresponding correlations rp(d;;)
from the correlogram (which are all the same since dij = d). The rr, fitted
the sample correlations (especially the larger ones) better than did the rp,
with a root mean squared error of 0.057 as opposed to 0.069.
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Abstract: Data sets about air pollution may be examined by hidden Markov
models: the dynamics of mean concentrations of a pollutant is supposed to depend
on the dynamics of the unobserved climatic situations, described by a Markov
chain. The probability density function of every observed variable, given a state
of the Markov chain, is supposed gaussian. We show the maximum-likelihood
estimators of the parameters of the model obtained by the EM algorithm.
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1 Introduction

Air quality control includes the study of data sets recorded by air pollution
testing stations. We consider one of the five stations placed in Bergamo
(a town in Northern Italy, with 116.000 inhabitants), that working in via
Goisis. It records seven kinds of pollutants and each hour we have the
mean concentration of every pollutants. We are interested in the analysis
of the dynamics of daily mean concentrations of sulphur dioxide (SOg).
We suppose that the dynamics of SO is influenced by the dynamics of an
unobserved process which describes the evolution of the possible climatic
situations in Bergamo. The unobserved process is modelled by a Markov
chain and the probability density function (pdf) of every observation at
any time is determined only by the current state of the chain.

Hidden Markov models (HMMs) are discrete-time stochastic processes {Y;;
X} such that {Y;} is an observed sequence of random variables and { X} is
an unobserved Markov chain. {Y;}, given {X,}, is a sequence of condition-
ally independent random variables (conditional independence condition)
with the conditional distribution of Y; depending on {X;} only through
the contemporary variable X; (contemporary dependence condition).

In this paper the special HMM in which the pdf of every observed variable,
given a state of the Markov chain, is gaussian is examined; so we have the
special model {Y;; X;} called gaussian hidden Markov model (GHMM).
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The aim of this paper is to show how the maximum likelihood estimators
of the parameters of GHMMs may be suitably obtained using the EM
algorithm. The basic model used to study univariate gaussian stationary
time series will be introduced in Section 2, then the maximum likelihood
estimators will be obtained in Section 3, finally, in Section 4, a highlight of
the results obtained in the application on air pollution data will be shown.

2 Definition of the model

Let {Xt}te(l,...,T)cN be a discrete, homogeneous, aperiodic, irreducible
Markov chain on a finite state-space Sx = {1,2,... ,m}.

The transition probability from state i, at time ¢t — 1, to state j, at time
t, is denoted by =; ;, for any state ¢, and for any time ¢: v, ; = P(X; =
Jj| Xi—1 =1) = P(Xy = j | Xy =1). The transition probabilities (m x m)
matrix is I' = [y 5], with 3 ;¢ 7i,; = 1, for any i € Sx. The initial
distribution is the vector § = (41, 02,... ,0,)", where §; = P(Xy = i), for
any ¢ = 1,2,...,m, with > ;¢ &; = 1. Since {X;} is a homogeneous,
irreducible Markov chain, defined on a finite state-space, it has an initial
distribution § which is stationary, that is, for any time ¢, §; = P(X; = 7), for
any state i = 1,2,...,m. Since J is a stationary distribution, the equality
6’ = §'T holds: § is the left eigenvector of the matrix T', associated with the
eigenvalue one, which always exists. Finally, the hypotesis characterizing
HHMs is that the Markov chain {X;} is unobservable.

Let {Yi},e(1,.. 7yca e some discrete stochastic process, on a continu-
ous state-space Sy = R, such that it satisfy the conditional independence
condition and the contemporary dependence condition. By these two con-
ditions, given a sequence of lenght T' of observations, y1,¥ys,...,yr and a
sequence of lenght T of unobserved states i1, 2, ... , i, it results

T
f, 92, s yr [in, 2, ... ir) = Hf(yt | i¢),
t=1
where the generic f(y | 7) is the pdf of the random variable Y;, when
Xy =1, for any 1 <t < T, henceforth denoted Y;(;), for any i = 1,... ,m.
The expression of the pdf f(y | i) may coincide with the expression of a
special discrete or continuous random variable, so we can define several
types of HMMs. If the pdf is gaussian, i.e. Y;;) ~ NV (ui,af) and f(y i) =
2
L_ exp [é (y_’”> ], we have the GHMM.

2mo; o;

3 Parameters estimation

In the case of GHMMSs the parameters to be estimated are the entries of the
matrix I'; the entries of the vector § and the parameters of the m gaussian



Roberta Paroli et al. 495

distributions of Y;(;, for any ¢ = 1,... ,;m. In this paper we obtain, by
the EM algorithm, the maximum likelihood estimators of the parameters
7i,;’s, pi’s and o2’s, for any i = 1,...,m, while the estimator of the initial
distribution § will be obtained by the equality ¢’ = ¢'T, after the estimation
of .

Let ¢ be the vector of the m? 4+ m unknown parameters, whose entries are
the m? — m transition probabilities v; ;’s, e.g. the off-diagonal entries of I
(the diagonal entries are obtained by difference, given that I is a stochastic
matrix and therefore each row sum equals one: v;; =1— > jtiesx Vi for

any 7 € Sx), the m parameters p;’s and the m parameters 02’3

¢ = (71,2771,37 coe s Ymym—1s U1y - - - 7/J'm70-%7 s 70-7211)/ .
Let y = (y1,-..,yr)" be the vector of the observed data, that is the se-
quence of the realizations of the stochastic process {Y;}; the vector y is
incomplete because the sequence of the states of the chain {X;} is missing.
Moreover let Ly (¢) be the likelihood function of observed data:

Z Z Z 6’1f Y1 ‘ 7’1 H’ylt 17'Lt yt | Zt)

11€Sx 12€Sx ir€ESx

To obtain the maximum likelihood estimators of ¢, given that we are in
a situation with incomplete data, performing the EM algorithm is easier
than solving directly the likelihood system. The algorithm is based on an
iterative procedure with two steps at each iteration: the first step, E-step,
provides the computation of an Ezpectation; the second step, M-step, pro-
vides a Mazimization (for details on the EM algorithm, see McLachlan and
Krishnan, 1997).
!

Let ¢(k) = (’Y%kga 7?27 . ”Yv(r]:)m, 1 ,U‘gk)v s ,,ug,lf), U%(k) PR ,0_7215’“)> be the
vector of estimates obtained at the k'” iteration of the EM algorithm. At
the (k + 1) iteration in the E-step, we obtain the function that must be

maximized with respect to v; j, wi, o, for any i, j € Sx; in the M-step we
obtain the vector of estimates ¢(k+1) whose entries are:

(k+1) _ > lai’“)(z)v"”f“)(yt+1\j>ﬂfi)1(j>_
v a8 0)

T af®) (5)8 (i (k+1))2
0D _ o @80 G a0 _ Teaet? D576 (v )
' e @86 Seral® (985 ()

(for proofs, see Paroli and Spezia, 1999), where

i (i) = 6 B (yy |i),i=1,...,m
(k)] < 1E€Sx agk)l 2)713>f(k)(yt|]) t=2,...,T,j=1,...,m
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and

W) =1,i=1,...,m
k), . . k . k .
0) = Y esy FP e | DB Gt =T -1, 1,5=1,...,m

are the forward and the backward pdfs at the k" iteration, f()(y, | i) is
the pdf of Yy(;y ~ N (Mgk); Uz(k)), for any i = 1,...,m, and §¥) is the left

%

eigenvector of the matrix I'F) = [’y-(];)], such that §'(F) = §/(F)7(k),

2,

If the algorithm converges at the (k+1)*" iteration, that is if the difference
In L7 (¢*+1)) —1n L1 (¢*)) is less than or equal to an arbitrary sufficiently
small value, then the vector ¢(**1) is the maximum likelihood estimator of
the unknowns parameters of the GHMM.

Explicit formulas of the maximum likelihood estimators of the parameters
allow us not to use at each M-step a numerical method of maximization,
such as Newton-Raphson’s. Hence convergence occurs more quickly and the
algorithm is more stable.

4 Application to air pollution data

We implemented the foregoing iterative procedure in a GAUSS code, to
study a time series of the daily mean concentration of SO;, in the second
semester of 1998, recorded by the air pollution testing station placed in
via Goisis in Bergamo. To estimate the dimension m of the state-space
of the Markov chain, we use the Bayesian Information Criterion and we
choose a three-state Markov chain. The estimations of the parameters of
the three gaussian pdfs are p = (3.37,9.05,20.71)"; 02 = (2.68,7.48, 55.44)’
and those of the Markov chain are

0.8898 0.1102 0.0000
= | 0.1608 0.7479 0.0822 |; § = (0.5266;0.3120;0.1614)’ .
0.0312 0.1277 0.8411
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Abstract: We analyse the finite sample properties of a spectral QML estimator of
Long Memory Stochastic Volatility models. We show up its poor performance for
the parameter values usually encountered in practice. We also discuss a problem
of identification when the volatility has a unit root. An empirical analysis of the
IBEX35 index of the Madrid Stock Exchange illustrates our findings.
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1 Introduction

High frequency financial time series of returns are often characterised by
having excess kurtosis and autocorrelated squared observations. Moreover,
these autocorrelations tend to decay very slowly indicating that volatility
could be characterised as a long memory process; see Ding et al. (1993).
To model this behaviour, Harvey (1998) and Breidt et al. (1998) propose
Long Memory Stochastic Volatility (LMSV) models and suggest estimating
their parameters by Quasi-Maximum Likelihood (QML) in the frequency
domain. Breidt et al. (1998) prove the strong consistency of this estimator
and analyse its finite sample properties for some of the parameters of the
model in the stationary case. We extend their study to all the parameters
of the model and to a bigger range of parameter values that include more
realistic and non-stationary cases.

2 Estimation of LMSV models

We consider the AutoRegressive Long Memory Stochastic Volatility
(ARLMSV) model defined by the following equations:

yr = oworer 3 (1—oL)(1— L)dlog(af) = (1)

where o, is a scale parameter, o; is the volatility of series y;, €; is a Gaussian
white noise process with unit variance, n; is N1D(0, 072]) and independent
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of ¢;, and d can be non-integer. This model is stationary and invertible
when |¢| < 1 and —1/2 < d < 1/2, and has long memory if 0 < d < 1/2 .
When ¢ = 0, model (1) becomes the basic LMSV model in Harvey (1998);
if d =0 and |¢| < 1, we obtain the ARSV (AutoRegressive SV) model in
Harvey et al. (1994); when {d = 0,¢ = 1} or {¢ = 0,d = 1}, model (1)
becomes the RWSV (Random Walk SV) model.

Model (1) can be linearised by taking the logarithm of y? as follows:

log(y?) = p+log(af) + & (2)

where p = log(02)+ E(log(e?)) and &; = log(e?) — E(log(€?)). QML estima-
tion is then carried out by maximising the discrete Whittle approximation
to the likelihood function of log(y?) in the frequency domain, treating &; as
if it were Gaussian. In the stationary case, Breidt et al. (1998) prove that
the QML estimator is consistent. If 0.5 < d < 1, the model is no longer
stationary, but taking first differences in (2) yields a stationary model for
the series Alog(y?) and QML estimation can be carried out for that series.
Once the parameters have been estimated, the underlying volatility is es-
timated as the product &*eacp{O.E)iLt/T}, where fzt/T is the smoothed esti-
mated log-volatility series, obtained with the smoothing algorithm in Har-
vey (1998), and 6. is an estimator of the scale factor.

3 Finite sample properties of QML estimator

Table 1 displays simulation bias and standard deviations, across 3000 repli-
cations, for some selected SV models and for three sample sizes, 7' = 1024,
T = 4096 and T' = 8192. We first observe that in the basic LMSV models
(¢ = 0), the variance of the QML estimators always decrease as d and T
increase. In the stationary cases (0 < d < 1/2 and |$| < 1), we also observe
a negative bias in the estimator of d and a positive bias in the estimator of
af] , both decreasing the bigger is T, except for the model with ¢ = 0.99.

In this case, the bias of d suddenly becomes positive and quite large and
the bias of &f] becomes negative, and none of them decreases with 7. On
the other hand, if the parameter d in the ARLMSV model is close to the
boundary of nonstationarity (d = 1/2), estimators behave in the opposite
way: the estimator of ¢ is largely overestimated and has much dispersion,
while d is always underestimated. This illustrates the problems faced in
the estimation of ARLMSV models due to a lack of identification of the
parameters when the volatility is close to have a unit root. Regarding the
non-stationary LMSV model with d = 0.75, it seems that the QML es-
timator behaves better than in the stationary cases, with small standard

deviations and smaller, but positive, bias for (i, and smaller bias for &3,.
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TABLE 1. Simulation bias and standard deviation (in parenthesis) for the
spectral QML estimator under several ARLMSV models

Parameters ) d o’fl
(¢,d, a%) T=1024 T=4096 T=8192|T=1024 T=4096 T=8192|T=1024 T=4096 T=8192
-0.026 -0.027 0.000 | 0.121 0.056 0.036

(0,0.2,0.1) - (0.171) (0.157) (0.148) |(0.265) (0.149) (0.115)
00400 0.100 -0.026 -0.011 | 0.137 _0.061 _ 0.035
- (0.178) (0.111) (0.081) |(0.265) (0.137) (0.095)
(0.045.01) 0101 -0.032 -0.017 | 0.141 _0.060 0.034
0.45,0. - (0.161) (0.086) (0.063) |(0.258) (0.124) (0.083)
00.75.0.D) 0.044 0.020 0.015 | 0.053 0.012  0.004
0.75,0. - (0.152) (0.081) (0.056) |(0.156) (0.064) (0.040)
(02.04,01) | 0167 0073 0027 |-0.136 -0.070 -0.084 | 0.116  0.057 _ 0.041

(0.520) (0.478) (0.425) [(0.189) (0.131) (0.092) |(0.271) (0.156) (0.121)

0.174 0.072 0.026 |-0.161 -0.065 -0.032 | 0.120 0.059 0.044
(0.530) (0.471) (0.424) |(0.181) (0.117) (0.081) |(0.271) (0.155) (0.123)
-0.022 -0.018 -0.018 | 0.224 0.275 0.286 |-0.065 -0.087 -0.090
(0.019) (0.010) (0.007) [(0.139) (0.070) (0.049) |(0.052) (0.018) (0.013)

(0.2,0.45,0.1)

(0.99,0.2,0.1)

4 Empirical analysis of IBEX35

Several SV models have been fitted to a series of daily returns of the IBEX35
index of the Madrid Stock Exchange, from 7/1/87 to 30/12/98 (2991 ob-
servations), after having removed some small correlation structure in the
mean. The kurtosis of the series is 8.321 and the Box-Ljung statistic for
the first ten autocorrelations in the squares is Q2(10) = 1129.1, which is
highly significant. The series of squared and log-squared returns have signif-
icant autocorrelations, even for high lags, with a very slow decay, especially
remarkable in the log-squared returns.

We first estimate the ARSV model by the QML method of Harvey et
al. (1994), with the following results (standard deviation in parenthesis):
¢ = 0.9898(0.0057), &,2, = 0.0168(0.0042), 6. = 0.9297(0.0374). As ex-
pected, the autoregressive parameter is estimated very close to one, indi-
cating persistency in the volatility. We have also fitted a RWSV model with
very similar results.

Regarding long memory models, we have first fitted a stationary basic
LMSV model with the result that d is estimated on the boundary of
nonstationarity (d = 1/2). Therefore, following Harvey (1998), a model
with d > 1/2 has been estimated, obtaining d = 0.7538, &?7 = 0.0906,
0, = 1.5112. Observe that no standard deviation of the estimators is dis-
played because the asymptotic distribution of QML estimators for LMSV
models is still unknown. We have also fitted an ARLMSV model, and the
estimated parameters have been (13 = 0.6632, d = 0.7035, &,2] = 0.0155,
G, = 1.5484.

Several sample moments of the standardized observations from the models
previously estimated have been calculated and it has been checked that
the fit from long memory models is better than from the other models,
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with correlations in the squares being no longer significant at the 1% level.
However, looking at the diagnostics on the residuals, it is difficult to dis-
tinguish between the LMSV model and the ARLMSV model. In order to
choose between both long memory models, we have carried out a likelihood
ratio test to gauge the significance of the AR component in the ARLMSV
model. The value of the test statistic is LR=1.0885, which does clearly not
reject the null Hy : ¢ = 0 compared to the x? distribution. Therefore, the
LMSYV model seems to be preferable.

The implied smoothed volatility of the IBEX35 returns for the four es-
timated models has also been obtained. As expected, there is no much
difference between the volatilities estimated by the ARSV and the RWSV
models. Moreover, the volatility implied by the long memory models also
show the same pattern, although their fit is better, especially in the high
volatility periods.

5 Conclusions

We have analysed the finite sample properties of a QML estimator of Long
Memory Stochastic Volatility models in the frequency domain. This esti-
mator is shown to behave poorly when the volatility evolves smoothly over
time and/or is close to be nonstationary. Even worse, in the unit root case,
the parameters of the ARLMSV model are not identified so inference on
those parameters is not reliable at all. The poor small sample properties of
the QML estimators make it difficult to establish concluding results about
the presence of long memory in the volatility of the IBEX35 index.

Acknowledgements: We acknowledge financial support from projects SEC97-
1379 and PB95-0299 by the Spanish Government.
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Abstract: Data from a large number of nursing homes collected by the National
Institute of Aging is used to study the effect of residence in Special Care Units
(SCUs) for demented subjects on functioning of residents. Demented subjects
from non-SCUs are used for comparison. Subjects are assessed three times six
months apart. The total effect of residence, which is a sum of direct effect and
indirect effect that occurs through other factors, is estimated using Mixed Ef-
fects Models (MEMs) and conditioning on the baseline cognitive level and other
covariates. Since a previous study shows that time affects differently the course
of cognitive decline of SCU and non-SCU residents, the direct effect of residence
in SCU is estimated using MEMs with time and current cognitive level as covari-
ates. The covariance structure of the data, modeled to accommodate the complex
sampling scheme and the repeated measurements on a subject, is evaluated for
additional information about the process of functional decline. The evidence for
beneficial effect of residence in SCUs on functioning is critically evaluated in terms
of generalizability of the results and limitations of the causal interpretation.
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1 Introduction

In this paper MEMs (Laird et al. (1982), Beacon et al. (1996),Diggle et
al. (1994)) are used to study the processes of functional decline of institu-
tionalized, cognitively impaired individuals in order to identify factors that
influence decline, and to estimate the effect of special dementia care units
on functional outcome. Building on path analysis methodology (Freedman
(1988), Draper (1995) and deLeeuw et al. (1995)) inferences are made here
about the direct and total effects of residence in special care units on the
functional decline of demented residents, and limits are established regard-
ing the causal relationships that can be inferred.
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Residence in various care settings can have both a direct and an indirect
effect on the functional outcome of demented residents. The direct effect will
result from activities aimed at maintaining the functional independence of
the residents. The indirect effect occurs as a result of the residence affecting
other aspects of life related to functionality, such as for example, cognition
and health. The sum of these two effects is the total effect of residence
on the functioning of demented residents. Both direct and total effects
are of interest when assessing the utility of special care dementia units
and each has separate implications for designing such units, although the
observational nature of the available data limits the scope of the inferential
conclusions that can be made.

2 Results

The total effect was estimated through the following model, which has only
one timevarying covariate, i.e., time.

Yii: = agegpp + totpro?kl + scu;k * time;ge. (1)

According to this model, the slope with respect to time is higher for patients
from SCUs indicating that, conditional on baseline cognition (totpro;i),
the limitation of subjects residing in SCUs increases faster than does that of
subjects from non-SCUs. At the same time, for every given combination of
baseline cognition level and age, the intercept of the line for SCU residents
is smaller than the intercept for non-SCU residents. This suggests that for
a given baseline age and cognitive level the SCU residents have fewer func-
tional limitations at baseline, but that their functional limitation increases
faster than does that of non-SCUs residents.

The direct effect was assessed using two "best" fitting models. The first
one included as a time varying covariate only cognition:

Yike = ageir, + scuiy * totproz, (2)

This model postulates that all effects of time on the process of functional
limitation is through cognitive decline, i.e. the effect of residence on func-
tioning depends only on the cognitive level and not on time. Here all effect
of time on function is through its effect cognitive decline.

The second model for estimating the direct effect is the following:

Yir: = age;r, + totpro?kt + scugp, * time;g; * totprosk: (3)

It has two time varying covariates and is more difficult to interpret than
the models above. Based on it, the following observations can be made.
First, the effect of time on functional decline depends on the current cog-
nitive level and this dependence is different for residents of SCUs than it
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is among their counterparts in non-SCUs. Second, for every given cogni-
tive level the relationship between time and functional limitations is linear,
and for fixed cognitive level the functioning of non-SCUs residents remains
constant, whereas the functional limitations of SCUs residents increase or
decrease over time depending on the cognitive level. Third, except for very
cognitively impaired residents (totpro < 10) SCUs residents manifest less
functional limitation than do non-SCU residents at all times and the dif-
ference is larger for residents with higher cognitive capacity.

Based on models (1), (2), (3) and from results of previous work, Liu et
al. (2000), which examines the effect of time on cognition among SCU
and non-SCU residents, it can be concluded that residence in an SCU is
associated with better functioning at most cognitive levels. At the same
time, residence in SCUs affects cognition negatively in the sense that the
cognitive decline is faster in SCUs as compared with non-SCUs, Liu et al.
(2000). This indirect effect of residence on functioning through cognition
results in faster increase of functional limitations for SCU residents.

3 Conclusions

Turning to defining the scope of our conclusions, the data analyzed here
come from a complex multistage cluster random sampling of patients resid-
ing in large nursing homes in the state of New York. The response rate at
the facility-level was very high, 70%, and at resident-level was greater than
90%, supporting the conclusion that the sample is not a sample of conve-
nience, but satisfies the exchangeability principle, which makes the results
generalizable to nursing homes in New York State. Careful planning and
execution of the sampling design as well as the low rate of missing data
supports a conclusion for lack of bias in the results. Therefore, of most con-
cern in terms of making any causal inference is the lack of randomization
of patients to an SCU or a non-SCU.

Subjects from SCUs and non-SCUs were sampled after they have been ad-
mitted to the respective unit. Moreover, subjects from facilities that did
not have SCU could not have been assigned to an SCU, while patients from
facilities with an SCU could have been assigned to either an SCU or a non-
SCU, depending on the judgment of the staff. This creates the possibility
that patients from SCUs are different from those in non-SCUs in a way that
can be important for making conclusions about the effect of residence. If
the patients from SCUs and non-SCUs differed only with respect to these
two variables, or more generally, with respect to only observed variables,
the problem would not be unsurpassable, because the ignorability principle,
required for valid causal conclusions, would have been satisfied. However,
it is very likely that doctors and staff at nursing homes employ a vari-
ety of judgments when assigning patients to different units, and that these
judgments take into account factors other than subjects’ measurable char-
acteristics. In light of this, attribution of the effects estimated with this
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analysis solely to residence in an SCU or a non-SCU, has to be made with
extreme caution.

It is emphasized that the most current knowledge has been used in the de-
sign and execution of this study and that all factors known or speculated to
influence the functional abilities of nursing homes residents with dementia
have been included in our analyses. Nevertheless, because a randomized
controlled study is not feasible in this setting, the causal interpretation of
the results should be viewed with healthy skepticism. The best strategy
for cross-validation of the results would be replication, using perhaps data
from some of the other NTA studies conducted in different states.
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Abstract: Random coefficients are introduced into the splined variable of a semi-
parametric regression model (Green and Silverman (1994, p. 64 ff.) to describe
heterogeneity of a temporal effect. Estimates for random coeficients are used to
classify units by a hierarchical cluster algorithm.
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1 Introduction

For the purposes of cost accounting and controlling the federal Austrian
postal system seeks, for each of about 2300 post offices, quarterly estimates
for the number of letters that, through various channels, get into and out
of the postal system.

Data are collected by a variation of stratified random sampling, where post
offices are assigned to strata defined by regional and organizational criteria.
Within each stratum six days are randomly selected for each post office,
on which, for each input and output channel, the number of letters have
to be counted. No other measurements, such as weighing or counting jars,
are taken.

Estimates for the totals are based on a statistical model fitted to the data.
Based on exploratory analyses, comparison with other kinds of models, as
well as other considerations we use a model of the form

log(yije) = p+ i + Bij + vje + () + €ijes (1)

where y;;; denotes the counted number of letters in post office ¢ on day
of the week j in week ¢. v;; corresponds to a dummy variable indicating
whether or not day j in week ¢ follows a holiday with post offices closed.
Errors €;;; are assumed to be independent and distributed as Gaussian with
mean 0 and constant variance 0. The temporal component f(t) describes
the general pattern of outcomes as it developes over time. f(t) is unique to
and characterizes a stratum. We used both purely non-parametric estimates
for f(t) and smooth estimates, obtained by loess or smoothing splines.
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The defintion of strata is crucial for obtaining good estimates for the total
sum of letters, which requires strata to be as homogenous as possible with
respect to seasonal fluctuations described by f(t). Bootstrap procedures
have been used to compute confidence bands for f(¢) and to gain insight
as to the variability of estimated totals.

2 A Semiparametric Mixed Effects Model

Assume f(t) to be estimated by cubic regression B-splines with K interior
knots, i.e.

K+3

[0~ Y aBio). (2)
=1

Then model (1) reads as

K+3
log(yije) = p+ a; + Bij + 750 + Z G - Bi(t) + it (3)
=1
For each post office ¢ we now introduce random coefficients n;;, [ = 1,..., K+
3 into the splined variable
K+3
log(yije) = p+ o + Bij +vje + > (G +ma) - Bilt) + €ije. (4)
1=1

Random coefficients 7;; are assumed to be independent of ¢;;; and dis-
tributed as Gaussian with mean zero and variance 77. The sum in (4) may
be written as

B-({+my), (5)

where the [n x (K +3)] matrix B denotes the B-representation for the given
set of K interior knots (see, e.g. de Boor 1978, chapter IX). Formally (4)
defines a linear mixed model.

3 Classifying Post Offices

Note that estimates Z—l—ﬁz describe the temporal component for post office i.
This is a (K + 3) vector of real numbers. The Euclidean distance between
two such vectors defines a sensible measure of dissimilarity of temporal
patterns associated with post offices, which can be used to classify offices
by an appropriately chosen clustering algorithm.

For illustrative purposes we fitted model (4) to data collected for 95 large
post offices in Tyrol from April 1, 1998 until September 30, 1999. K = 5
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Figure 1: Dendrogram for large Tyrolean post offices

Cluster 3

Clusier 2

Cluster 1

equidistant interior knots had been selected. BLUP estimates were obtained
for the random coefficients. See Venables and Ripley (1997, section 10.3) for
a description of 1me, the S-Plus function we have used on a Linux platform.
Figure 1 displays the dendrogram describing the agglomeration scheme
for a hierarchical, complete-linkage clustering algorithm. We selected three
clusters with a total of 85 post offices as indicated in the graph. The table
below gives estimates for the standard deviations of random components
for the entire set of post offices and the three clusters, showing strikingly
smaller values for the latter.

Estimated Standard Deviations 7}
for Variance Components

all offices | cluster 1 cluster 2 cluster 3
0.3153 0.2451 0.1767 0.1283
0.2746 0.0047 0.0008 0.4460
0.3399 0.0320 0.0115 0.0220
0.3531 0.1396 0.0009 0.1491
0.1701 0.1403 0.0004 0.3358
0.1532 0.0005 0.0964 0.0025
0.3260 0.0005 0.0028 0.2511
0.1046 0.0178 0.0043 0.1289
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Figure 2: Number of letters posted in large Tyrolean post offices
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Figure 2 shows estimated temporal components based on fixed effects only.
Vertical lines denote the position of interior knots, which are placed at
the end of a quarter year. Post offices in cluster 1 seem to have a slightly
increasing trend, as opposed to those found in cluster 2. Cluster 3 shows
large seasonal variation.

In conclusion we found the combination of mixed models, regression splines
and cluster analysis useful in classifying units by their performance over
time, thus providing better estimates for the required totals. There is, how-
ever, heavy demand on computational resources.
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Abstract: Tests are given for the Laplace or double exponential distribution.
The test statistics are based on the empirical distribution function (EDF) , and
include the Cramér-von Mises, Anderson-Darling and Watson statistics, and the
Kolmogorov-Smirnov family. An application of the Laplace distribution is in LAD
(or L') regression, used when the errors appear to have long tails. The tests are
also useful in this context.
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1 The Laplace Distribution

In this paper we give tests of fit for the Laplace, or double-exponential,
distribution with density function:

flz;a,8) = %eilz*al/ﬁ —o00 <z <00 (1)
where o and (8 are location and scale parameters which are unknown.
The Laplace distribution is used to model symmetric data with long tails.
This distribution also arises directly when a random variable occurs as the
difference of two variables with exponential distributions with the same
scale.

The Laplace distribution, used to model the errors, provides a motivation
for the use of LAD (or L;) regression, where parameter estimates are based
on minimizing the sum of absolute values of the residuals, rather than on
least squares.

On the theoretical side, a justification of the Laplace distribution has been
given by Gnedenko (1982). The classical Central Limit Theorem establishes
that the distribution of a large sum S of independent and identically dis-
tributed variates with finite variance can be approximated by a normal
(Gaussian) distribution and this result is often used to justify use of the
normal distribution for a random variable. However, the number n of vari-
ates may not be fixed but is itself a random variable, and then the Gaussian
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approximation generally fails. Gnedenko (1982) establishes that if n has a
geometric distribution with a large mean then the distribution of S can be
approximated by the Laplace distribution. Gnedenko gives an application
to reliability data.

Another property relates the Gaussian and Laplace distributions. A Laplace
variate can be generated by a Gaussian with variance following an expo-
nential distribution. Hsu (1979) gives this result and uses the Laplace dis-
tribution to model the position errors observed in large navigation systems.
Finally, the properties of the Laplace distribution, and many references to
other applications, are given by Johnson, Kotz, and Balakrishnan (1990).

2 Goodness-of-fit tests

The null hypothesis is Hy: the random sample x1, xs, ..., T, comes from the
Laplace distribution (1).

The test procedure is as follows. Suppose the order statistics (ascending)
of the sample are x (1), T(2), -+, T(n)-

a) Find the maximum likelihood estimates of the parameters as follows.
The estimate of « is the median of the sample; thus & = T(nit) if n

is odd, and & = %{:c(%) + (2 y1)} if n is even. The estimate of 3 is

B =31 |ei —dl/n.

b) Make the transformation z(;) = F(z(;); &, B), fori:=1,...,n, where F
is the distribution function of (1). The z;) will be in ascending order.

¢) The Cramér-von Mises statistic is computed from
W2 =3z - 20 - 1)/(20)} + 1/(12n),
i=1

the Watson statistic is
1\2
U2:W2n<22> ,

where Z is the mean of the z;, and the Anderson-Darling statistic is

n

A% = —n — (1/n) Y (2i — 1) [log(2()) +log(1 — 2(ns1-1))] -

i=1
The Kolmogorov statistics are computed from

Dt =max {i/n — 24} ;D™ =max {24 — (i — 1)/n};

then D = max(D*,D~) and V = D% + D~.
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d) Select the table for the chosen statistic, say Z, from the paper of Puig
and Stephens (2000). Interpolate to find the percentage point Z*, at
a given significance level, say o*, for the sample size n. If Z is greater
than Z*, the null hypothesis is rejected at level a*.

On the whole, the Kolmogorov-Smirnov statistics are less powerful than the
Cramér-von Mises statistic, and the latter are the recommended statistics
for practical use. Also, the distributions are easier to work with, since the
asymptotics can be found and the finite-n distributions converge quickly to
the asymptotic. Of this family, U? is the best statistic against the symmetric
alternatives that we have checked.

The consequences of reject or accept Hy are important from the practical
point of view. For instance, Bain et al. (1973) presented a data set tra-
ditionally considered Laplace distributed. This data set has been used by
Kappenman (1977) and Shyu and Owen (1986a, 1986b) to illustrate their
procedures for computing tolerance intervals for the Laplace distribution.
However the EDF tests reject that data follows a Laplace distribution.
Then a nonparametric method for computing the tolerance interval would
be better.

3 The Laplace distribution and LAD regression

Suppose the regression model is
yi=0Bo+x,8+oe,i=1,...,n (2)

where the xz; are vectors of covariates, 3y, 3 and o are unknown parameters,
and e; are independent random errors. As stated earlier, the estimation of
the parameters in LAD regression is done by minimizing the sum of the
absolute values of the residuals. For an exposition of LAD regression see
Bloomfield and Steiger (1983) and Birkes and Dodge (1993).

The technique is important when the errors might be supposed to have
long-tailed distributions. In particular, when the distribution is Laplace,
the LAD estimator of (8o, 8), is the maximum likelihood (ML) estimator
(Bo, B), and the ML estimator of ¢ is & = SAR/n, where SAR = 3" |y; —
xg,é — ,5’0|. Thus if the errors e; can be modelled as coming from a standard
Laplace distribution, maximum likelihood gives justification to the use of
LAD regression.

The fitted regression will then give estimated residuals which are corre-
lated, but the important results of Pierce and Kopecky (1979) can be used,
applied to Laplace distributed errors; EDF statistics computed from the
regression standardized residuals will have the same limiting distributions
as they would if the residuals are treated as a random sample (that is,
uncorrelated), with unknown parameters.
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Some examples of application of the EDF goodness of fit tests to LAD
regression can be found in Puig and Stephens (2000), one of them related
with the paper of Parker (1988), where a kind of Box-Cox transformation
is presented in this context.

References

Bain, Lee J. and Englehardt, Max. (1973) Interval Estimation for the Two-
Parameter Double Exponential Distribution. Technometrics 15, 875-
887.

Birkes, D. and Dodge, Y. (1993) Alternative Methods of Regression. New
York: John Wiley & Sons.

Bloomfield, P. and Steiger, W. (1983) Least Absolute Deviations: Theory,
Applications, and Algorithms. Boston: Birkh&user.

Gnedenko, B. V. and Gnedenko, D. B. (1982) Laplace distributions and the
logistic distribution as limit distributions in probability theory. Serdica
2, 229-234.

Hsu, D.A. (1979) Long-tailed Distributions for Position Errors in Naviga-
tion. Appl. Statist. 28, 62-72.

Johnson, N.L., Kotz, S. and Balakrishnan, N. (1990) Distributions in Statis-
tics, Volume 1: Continuous Univariate Distributions. Boston: Houghton
Mifflin.

Kappenman, R. F. (1977) Tolerance Intervals for the Double Exponential
Distribution. JASA 72, 908-909.

Parker, I. (1988) Transformations and Influential Observations in Mini-
mum Sum of Absolute Errors Regression. Technometrics 30, 215-220.

Pierce, D.A. and Kopecky, K.J. (1979) Testing goodness of fit for the dis-
tribution of errors in regression models. Biometrika 66, 1-5.

Puig, P. and Stephens, M.A. (2000) Tests of fit for the Laplace Distribu-
tion with applications. Technometrics. To appear in November 2000.

Shyu, J.C. and Owen, D.B. (1986a) One-Sided tolerance intervals for the
two-parameter Double Exponential Distribution. Commun. Statist.B
-Simula. 15(1), 101-119.

Shyu, J.C. and Owen, D.B. (1986b) Two-Sided tolerance intervals for the
two-parameter Double Exponential Distribution. Commun. Statist. B
-Simula. 15(2), 479-495.



Evaluating Agreement in a Study on
Diagnosis of Silicosis

Arminda Lucia Siqueira!, Otaviano Francisco Neves!, Ana
Paula Scalia Carneiro?

! Departamento de Estatistica, ICEx, Universidade Federal de Minas Gerais,
C.P. 702, 30161-970, Belo Horizonte, MG, Brazil. E-mail: arminda@est.ufmg.br

2 Departamento de Medicina Preventiva e Social, Universidade Federal de Minas
Gerais, Belo Horizonte, MG, Brazil.
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was constructed using exact method and the Monte Carlo procedure was needed
in some cases. We fitted nested loglinear models in order to choose the one better
describing the structure of agreement in the data.
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1 Introduction

Silicosis is an occupational lung disease caused by the inhalation of crys-
talline silica, common among underground mine workers. Although poten-
tially an avoidable disease it still represents a serious health problem in
developing countries, where the incidence and prevalence remain at high
levels. The diagnosis in the initial stages is not trivial and requires a specific
training. At present, Chest Radiography (CR) is the principal instrument
used in the diagnosis, following the International Labor Organization (ILO)
rules. Recently, the possibility of evaluating the incipient cases by means
of High Resolution Computed Tomography (HRCT) has been considered.
One disadvantage is the lack of film models to help the diagnosis on a
comparative basis, like the ILO CR collection.

In Brazil, the State of Minas Gerais has the highest register of silicosis cases
due to the large number of gold miners. One estimates that, in the last 15
years, the Brazilian Social Security Institute (INSS) has given around 4500
benefits for silicosis in a certain area of Minas Gerais.

From those 4500 individuals, we consider a group of 1500 former gold miners
receiving benefits due to previous diagnosis of silicosis and who are putting
in a claim on the employers. They expect to receive indemnity due to
the supposed diagnosis of silicosis obtained by previous CR. However, in
most cases those diagnoses did not follow ILO rules. All of them are males
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with age ranging from 40 to 70 years old, the majority retired and with
incomplete first degree of education.

There are twelve possible classifications for CR (0/-,0/0,0/1,1/0,1/1,1/2,
2/1, 2/2, 2/3, 3/2, 3/3 and 3/+ coded as 1 to 12, respectively) and the
four categories for HRCT (0, 1, 2 and 3) correspond to the numerator of
CR. The higher the score the greater the severity of the disease.

In our study, there were three CR readers, who will be referred to as readers
1, 2 and 3 (the third one is a B reader) and two HRCT readers, called
readers 4 and 5. Only for the cases of disagreement between HRCT readers
there was a third reader (reader 6).

In Brazil, for benefit purposes, the technical definition of silicosis is the
exposed worker with compatible clinical and occupational history, whose
CR was classified starting from the category 1/0 by two experts who were
qualified by the INSS (Algranti, 1998). Among the 135 sampled individuals,
all with good quality CR performed in the ILO standards, 67 positive diag-
noses were identified (diseased). The remaining 68, undefined or negative
results, had HRCT investigation.

HRCT is an expensive method, its price being approximately ten times
higher than CR. Furthermore, there is no consensus about the superiority
of HRCT in the studies comparing both methods in the evaluation of in-
cipient forms of silicosis. In this paper we compare the results obtained by
HRCT and CR in the diagnosis of silicosis in its initial phases (dubious or
borderline cases) as well as the agreement among CR and HRCT readers.

2 Agreement among readers

The agreement among readers of the two methods was evaluated using
weighted kappa coefficient (k) as described in Agresti (1996). All the cal-
culations were obtained using StatXact4 and in some cases the Monte Carlo
procedure was necessary to get exact results (Metha & Patel, 1999).

For CR, the interobserver agreement evaluation was based on all the 135
individuals and also on the subgroup of those 68 who had been diagnosed
by HRCT. We consider first twelve categories (scored as 1 to 12) and then
four categories (0, 1, 2, 3), comparable to HRCT.

Table 1 shows the exact estimates and the confidence intervals for kappa for
the 135 individuals tested for CR and those 68 tested for CR and HRCT.
For the 135 individuals, there is high agreement among the CR readers us-
ing twelve or four categories. For the 68 individuals tested for both methods,
the agreement diminished considerably, there being no pattern for the three
CR readers. This is expected because those are incipient cases for whom
the diagnosis is more difficult.

There is poor agreement between the HRCT readers: the estimate and
the 95% confidence interval for kappa considering readers 4, 5 and 6 are:
ka5 = 0.14 and (—0.02,0.31); k46 = 0.16 and (—0.20,0.51); &5 ¢ = 0.33 and
(0.13,0.54). The last two sets of calculations are based on 40 observations.
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TABLE 1. Exact estimates and 95% confidence intervals for kappa for the total
tested for CR (n = 135) and those tested for CR and HRCT (n = 68)

n Method Readers
(No. of classes) 1 and 2 1 and 3 2 and 3

135 CR (12) 0.88 0.87 0.79
(0.83,0.92) (0.82,0.91)  (0.72,0.86)

135 CR (4) 0.83 0.82 0.72
(0.77,0.89) (0.77,0.88)  (0.63,0.81)

68 CR (12) 0.45 0.26 0.26
(0.32,0.58) (0.09,0.44)  (0.13,0.39)

68 CR (4) 0.45 0.30 0.15

(0.26,0.65)  (0.06,0.53) (0.003,0.30)

3 Agreement between the two methods of diagnosis

First we compare CR (four categories) with HRCT through weighted kappa.
Considering the median given by the three CR and HRCT readers, there
are only two categories (0 and 1) for both methods with the following
distribution: 50 cases in the cell (CR=0, HRCT=0), 8 in the cell (CR=1,
HRCT=0) and 5 in the cells (CR=0, HRCT=1) and (CR=1, HRCT=1).
Although 81% (55/68) of diagnosis agree, the value of kappa is only equal to
0.32 with a pretty large range of the 95% confidence interval: (0.04,0.61).
Based on kappa we would say there is poor agreement between CR and
HRCT, but there seems to be a problem with kappa in assessing agreement
for those sparse data, as noticed in the literature.

The identification of the patterns of agreement becomes richer through
models. Several models can be used for evaluating agreement between rat-
ing on an ordinal scale (e.g. Tanner & Young, 1985; Agresti, 1988; Agresti,
1992; Becker & Agresti, 1992). A recommended procedure compares several
nested loglinear models, that is, the fit of a sequence of models. We used
this approach for evaluating agreement between methods.

The general form of the model for r readers is given by logm,; ;. .. 4 =
w+ )\le —i—)\fz + ...+ )\fr +0ij....q for i,5,...,g = 1,...,c (the num-
ber of categories), where m; ; o is the expected cell count, p represents
the overal effect, )\Zthhe effect of the reader 1 on category ¢ and so on.
The parameter §; ; .. o assumes different values depending on the struc-
ture of agreement. For instance, J; ; . 4 = 0 for the independence model;
0ij..q=0ifi=75=...=qfori=1,...,cand 0 otherwise for global
agreement among readers, that is, agreement among the r readers. We also
consider the following models: agreement among r — 1 readers (labelled
quasi agreement among readers); global agreement between methods, that
is, there is agreement between two methods if two CR readers agree with
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two HRCT readers, independent of the category; category heterogeneity,
that is, the previous model, but distinguishing among categories; subgroup
heterogeneity; that is, the same as the global agreement between methods,
but distinguishing among pairs of CR readers.

Table 2 displays the results obtained by fitting those models. As expected,
the last model gives the best fit indicating the need of incorporating the
difference of agreement among the CR readers. However, the category het-
erogeneity model, also with a good fit, is more interesting in practice. The
interpretation for both models is that there is no substantial difference
between methods (CR and HRCT).

TABLE 2. Results for log-linear models: deviance(D) and degree of freedom (df)

Model D df D/df
Independence 24.9293 60 0.4155
Global agreement among readers 21.9227 59 0.3716

Quasi agreement among readers  13.4523 58 0.2319
Global agreement between methods 21.6711 58 0.3736

Category heterogeneity 10.05678 57 0.1765
Subgroup heterogeneity 4.7028 56 0.0840
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1 Introduction

The goal of many studies is to determine the effect of one or several co-
variates on the response. In particular for binary response variable (Y =
0,1) the logistic regression is a very common model. For k covariates
(z1,22, -+ ,Tk), the model is given by log[p/(1 — p)] = v + Zle Bixi,
where p = Pr[Y = 1]. The effect of the covariates on the outcome can be
evaluated by the coefficients of model (3;). The usual statistical inference
for them is based on asymptotic theory results.

In many data sets, the asymptotic results do not exist. This can happen for
small sample size or highly unbalanced design, that is, sparse data (Mehta
& Patel, 1995).

Methods based on asymptotic theory usually require large samples, but
this might be unfeasible. Agresti (1996) gives a method for calculating the
sample size needed for logistic regression. He shows that moderate to large
sample size is required in order to have a reasonable power.

In some situations, the sample size is small for several reasons, such as,
difficulty in collecting data, inclusion and exclusion criteria for medical
studies, when the event of interest is rare and the study is expensive. In
those cases, exact methods are recommended.
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2 Exact Logistic Regression

Maximum likelihood is the usual method for estimating the parameters in
a logistic model. When these estimates do not exist (for instance in any
situation cited in Section 1), exact estimates can be obtained by an efficient
algorithm presented by Hirji et al. (1987), among others.

Mehta & Patel (1995) provide details for the exact inference (estimation
and test of hypotheses) on the coefficients of a logistic regression of un-
stratified and stratified binary data. Hirji (1988) discusses exact inference
for matched case-control studies. Procedures of exact inference are im-
plemented in the software LogXact (Mehta & Patel, 1996) for all these
situations.

The main idea for exact inference is to generate the joint and conditional
distributions of the sufficient statistics for the coefficients of the model.
Standard tests (e.g. score, Wald and likelihood ratio tests) can be used,
but instead of approximate distributions for the test statistic, the exact
distribution needs to be generated. The conditional exact inference can be
accomplished by deriving the permutation distributions, therefore requiring
fast algorithms to be computationally feasible.

The exact method is more conservative than the asymptotic one. In sev-
eral data sets there is difference between both methods for p-value and
confidence interval. The exact method, considered the gold standard, is
recommended when the asymptotic results are in question.

3 Exact Inference Applied to Chagas’ Disease Data

Chagas’ disease is a systemic pathology caused by Trypanosoma cruzi, a
protozoan discovered by Carlos Chagas in 1909 and it is transmitted to
humans and other animals by an insect. After the bite of this bug, the T.
cruzi penetrates into the blood stream reaching mainly muscular tissues in
the heart and digestive tract where it proliferates, producing inflammation,
lesion of nerve terminals and fibrosis.

It is a tropical disease, very common in the State of Minas Gerais, Brazil,
especially in the rural area where very poor housing propitiates the entrance
of the vector insect.

We illustrate the exact inference for logistic model with two data sets on
Chagas’ disease, both conducted at the Federal University of Minas Gerais
(UFMG). We used the software LogXact (Mehta & Patel, 1996).

The sample sizes are very small: 31 rats for the first study and 76 indi-
viduals, corresponding to 38 pairs for the second one. The justification for
such sample sizes is the difficulty of obtaining homogeneous rats and the
extremely laborious process of collecting data for the experimental design.
For the epidemiological study, all cases of the disease were observed in in-
dividuals already naturally infected in the investigated group, so it is not
possible to increase the sample, since it is an observational study.
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3.1 Experimental Design

The experiment conducted in the Neurobiology Laboratory - UFMG was
designed to characterize the infection by 7. cruzi and to investigate the in-
volvement of inflammatory cells and one of their products nitric oxide in the
phenomenon of heart sympathetic denervation, that is, the lesions of nerve
terminals which are important in the regulation of cardiac function. Thirty-
one male adult Holtzman rats were inoculated with Y strain of T. cruzi.
In order to investigate the role played by inflammatory cells, presence of
T. cruzi in the tissue and nitric oxide in the denervation process, T.cruzi-
infected and non-infected rats were treated with the immunosuppressive
drug cyclophosphamide (CY), or with the anti-inflammatory agent dexam-
ethasone (DX) or with the esther methyl NG-nitro-L-arginine (L-NAME),
a competitive inhibitor of nitric oxide synthesis.

The outcome variable for the logistic model is denervation (yes or no)
and the following covariates were considered: percentage of inflammation
(X1), percentage of parasite nests (X2). X; and X5 were categorized using
the quartiles as the cutpoints. The treatment groups were identified by
the following indicator variables: inoculated, control group (I; = 0,1 =
0,I3 = 0), inoculated + CY (I; = 1,1y = 0,13 = 0), inoculated + DX
(I; =0,I, =1,I3 = 0) and inoculated + L-NAME (I; = 0,1, =0,I3 = 1).
There is no asymptotic solution for the model with all those variables
(X1, X2,11,I,13) and also for other models with some of those variables
(for instance including X 1,11, I, I3). Moreover, in some cases the asymp-
totic p-value is substantially different from the exact one.

Table 1 shows the conservative feature of the exact method. Based on
asymptotic or exact inferences there is evidence that the inflammation
causes the damage of cardiac noradrenergic nerve terminals. The conclu-
sion for the effect of L-NAME depends on the estimation methods: using
exact method we can conclude that it does not inhibit the sympathetic
denervation, but based on asymptotic p-value we can identify some effect
of this drug.

TABLE 1. Results of a logistic model

Covariate Method B C.I. for 8 (95%) p-value
Constant asymptotic —3.9133  (—6.8740,—0.9526)  0.0096
exact —3.4606 (—7.9189,—-0.5237) 0.0125

Inflammation  asymptotic 2.3344 (0.7708, 3.8979) 0.0034
exact 2.1147 (0.7477,4.3283) 0.0002

Is (L-NAME) asymptotic —2.9079  (—6.0844,0.2687) 0.0728
exact —2.6983  (—7.4121,0.6339) 0.1613
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3.2 Epidemiological Study

This study was developed in the Chagas’ Disease Ambulatory of Clinical
Hospital - UFMG in partnership with the SLU, the Urban Cleaning Service
of the city of Belo Horizonte, State of Minas Gerais, Brazil.

In order to assess the impact of living and working conditions, a diseased
individual was matched with a non-diseased one. The sample consists of 76
SLU manual labours, that is, 38 pairs (10 of females and 28 of males).
Besides epidemiological data (age, sex, race, previous and present living
conditions, etc.), there is also information on health, occupational history,
habits (e.g. alcohol and smoking), previous and present anamnesis, phys-
ical examination, infection by T.cruzi (serologically tested) and standard
electrocardiogram. There are more than 130 variables in this data set. The
exact logistic regression was used to assess which variables are related to
the presence of disease.

LogXact treats this matched case-control as stratified data (pairs are the
strata). The difficulty appears due to the large number of covariates to be
considered. Since there is no automatic selection methods, we start with
the univariate analysis for the most important variables, then we add the
second variable and so on. The final model included the covariates time
of staying in the endemic area, coded as 1 if greater than 5 years and
0 otherwise (p = 0.0190), and dysphagy (p = 0.0007). Curiously, there
is no difference between diseased and non-diseased individuals concerning
absentee of work (p = 0.1475; estimate and 95% confidence interval for odds
ratio are 0.4575 and [0.1567,0.2871]) and even social and health history
(results not shown). Those results demonstrate that there is no reason for
stigma of having Chaga’ disease as can be observed in real life.
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Abstract: The increasing complexity of agricultural data and their manage-
ment, in finding solutions for certain farmer’s problems, requires adequate tools.
Fortunately, developments in computer technology continually expand the pos-
sibilities in agricultural data analysis and processing. In this study, we tackle
some of the important issues in agricultural data management and processing,
using an integration of statistical tools and qualitative modelling techniques, in
order to describe the complex structure of agricultural processes running in a
specific cattle’s breed scheme. Specific methodologies were used to make more
efficient use of data collected by providing a means of effectively analyzing data.
The implementation of the proposed approach is based mainly upon the use of
object-oriented and visual development tools applied into the creation of an in-
teractive and friendly computer environment for agricultural data management,
where various data manipulation and analysis techniques, as well as experimen-
tation and further research in a cooperation with the farmer, can easily be con-
tacted. The application system seems to be a very useful tool in organizing the
information regarding agriculture, by providing important utilities offered by the
new technology in the field of agriculture.

Keywords: Database management; integrated environment; qualitative model-
ing; data processing.

1 Introduction

The approaches and methodologies used for agricultural data analysis and
processing in general continuously evolve (e.g. specific statistical analysis
methods and tools, such as SPSS, are used quite intensively to assist the
researcher’s work). The basic idea in our research work is to provide an
integrated environment, where various data analysis and modelling tools
would be at the disposal of the researcher to be used in processing farming
production problems and extracting adequate solutions. For this purpose,
certain database management and qualitative modelling techniques have
been used in conjunction, as an integrated computing environment, called
AgroModel, and tested upon specific cattle breeding cases. Artificial intel-
ligence and qualitative modelling techniques have been applied for a long
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period of time, with quite successful results in most of the cases [5]. However
in the field of agriculture there is still a need for further research work to be
carried out. We decided to use and apply qualitative techniques describing
the structure and performance of plants and animals within agricultural
environments, in order to assist the agriculturist to manage easily compli-
cated processes, associated in particular with cattle breeding, and provide
the ability to extract and evaluate the most valuable information from a
set of complicated with various factors quantitative data. The retrieval of
all the relevant information on the control treatments in various agricul-
tural cases could be considered as a quite important research material for
interesting studies of the plant species or livestock breeds in various exper-
imental environments.

2 Material and Methods

The overall application work was carried out using the above mentioned
integrated environment AgroModel and a qualitative modelling tool, called
QMTOOL [1]. In our integrated approach, we used that qualitative mod-
elling tool in conjunction with AgroModel |[4] in order to produce working
models of the agricultural process under control, and test them in order
to acquire the desired functionality, prior to their farm implementation.
The development of the integrated application environment of this study
was based mainly upon the use of object-oriented and visual development
tools, and the use of open architecture technology drivers and methods -
ODBC interface, SQL- to interact initially with Microsoft Access and Excel
databases and later on with certain statistical packages, such as SPSS, on
a Windows 98 operating system platform, [2], [3]. In particular software
modules were created as VBasic modules scripts and SQL queries in or-
der to facilitate the communication of model components and execution
of internal functions and procedures. The idea was to use an interactive
and friendly environment for agricultural data management, where data
analysis (e.g. statistical) and experimentation, as well as further research
on contemporary data analysis techniques, could easily be contacted.

3 Results and Discussion

In our case study, we used only a subset of real data (of Charolais Breed -
MLC Beef Cattle recording scheme) extracted from the database to work
with, as an example of farmer’s level specific interest. It was important
to find the tools to describe and analyze such agricultural data structures
(cattle breeds and their characteristics), in order to specify and select the
most adequate qualitative scheme, without an in-depth requirement for
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programming skills. It was also necessary to be flexible enough to allow
easy modifications of the given data structure according to any new re-
quirements. Using the facilities of the modelling tool mentioned above,
system models were created by simply connecting input, state and out-
put objects and assigning to their connections qualitative values of their
magnitudes and relationships. During the execution phase, the system con-
verts qualitative attributes into numerical data in order for the appropriate
simulations calculations to take place. This conversion is based on quali-
tative to numerical values conversion tables, describing basic numerical
and alphanumerical factors such as herd’s size, dam’s category, etc in the
selected Charolais breed data scheme. The mapping of mathematical equa-
tions (interrelation of data variables), shown as objects connections between
the input, state and output variables, into qualitative descriptions is car-
ried out using the following functional: M+ (Invar,Stvar), M-(Stvar,Stvar),
f(Stvar,Outvar) arithmetic: add, minus, etc. and derivative: incr, steady,
decr, etc., constraints. The qualitative marks M+, M- and f simply indi-
cate that there is a relationship (influence), positive or negative (qualitative
terms representing the magnitude of the functional relationship) between
these variables. The actual value calculation of a given variable is based
on its current value (state) plus a sum of influenced values of the preced-
ing variables. A single influence is calculated taking into consideration the
value of its predecessor and the magnitude of the connection expressed
in qualitative terms. For instance, given that calf’s quality factor (Cq) is
in functional relationship with the Sire’s and dam’s class categories, this
is expressed in the following way: CalfQuality: fM + Sc, M + Dc. Inter-
nally, qualitative modelling involves the interpretation and execution of
such system’s equations, based on qualitative methods for modelling phys-
ical systems.

As a general conclusion of the results presented could be realized that the
degree to which a user could exploit the AgroModel depends on his goal
and his level of knowledge and experience. In cases of general database use,
an elementarily trained farmer could accomplish his main management
requirements; for a more educated researcher there are advanced tools,
which could be exploited according to specific scientific purposes. We have
addressed the problem of modelling and managing some of the important
cattle breed characteristics, using a tool that utilizes both conventional
numerical methods and more advanced qualitative techniques, in order to
deal efficiently with proper animals selections of the most productive ones.
In particular, we were able to:

e Produce a reliable description of the specific cattle breed scheme
based on qualitative models. -

e Provide flexibility in the manipulation of various cattle parameters
in qualitative forms during the model’s design. -



e Produce accurate results of cattle’s behaviour comparing to physical
representations.

e Reduce the cost of cattle’s management by reducing the risk of taking
wrong selections decisions.

Qualitative models of the selected cattle’s scheme were introduced at a
high-level abstraction form, using relatively small amount of information,
similar to human reasoning on studying complex physical system’s be-
haviour. This approach of the application system AgroModel among its
general importance in the agricultural industry as a whole (education, re-
search and production), seems to be a very useful tool in organizing the
information regarding agricultural data, while at the same time provides
the utilities for the best exploitation of the knowledge gained up today in
the field of conventional agriculture. This application environment tends to
be improved and incorporate further agricultural data (plant and animal),
as a broader biometrical agricultural network database, in order to provide
a fully integrated environment where various conventional and sustainable
agricultural data could be gathered for studies of scientific and practical
purposes.
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Abstract: NetSizer, the Telcordia Internet Sizer. is an Internet tool that keeps
track of the growth of the Internet. This work deals with the problem of estimating
the number of Internet hosts. A demonstration of the tool will be given and
an overview of the sampling methodology and estimation methodology will be
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Keywords: Internet Host Counts ; Network Monitoring; IP address.

1 Introduction

In the poster session we will demonstrate and discuss about statistics avail-
able from NetSizer, the Telcordia Internet Sizer. It has become a popular
web site among Internet analysts to obtain various statistics related to the
growth of the Internet. Its public page is located at http://www.netsizer.com.
For many years Telcordia has been heavily involved in measuring, moni-
toring and forecasting Internet growth and has an active program to con-
tinually expand capabilities in this area. estimates a variety of important
statistics related to the size and growth of the Internet, and Telcordia
makes many of NetSizer’s statistics publicly available free of charge. Net-
Sizer’s more advanced capabilities are not publicly available and are used
by Telcordia in its consulting engagements.

2 NetSizer Current Statistics

NetSizer currently produces the following statistics, in particular:
e number of Internet hosts by country
e number of Internet users and subscribers by country
e number of hosts by by top level domain
e number of hosts belonging to ISPs and to other second level domains

By the latter we mean that the host counts are produced by domain by
Internet Service Provider (e.g. aol.com) and other major Internet players
(e.g. army.mil). Among hosts, NetSizer also estimates the number of web,
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mail, and Domain Name Service (DNS) servers and can distinguish between
web servers with and without secure capabilities — this is of interest since,
for the most part, electronic commerce transactions take place on servers
with secure capabilities. NetSizer produces the number of Internet users
and subscribers by geographic region.

NetSizer produces high level counts — for example, the number of hosts and
the number of web servers worldwide — in real-time. In fact by observing
displays of these "Internet growth clocks”, you can actually watch the Inter-
net grow in real-time! NetSizer produces most other measures (e.g., hosts
by country) on a monthly basis. After analyzing NetSizer’s methodology for
estimating host counts by country, Telegeography determined that Telcor-
dia’s numbers are the most accurate available, and the recently published
Telegeography 2000 reference book now uses NetSizer produced data for
host counts by country and domain instead of their previous source. Other
firms which produce Internet host counts typically do so once or twice
per year whereas NetSizer produces some outputs in real time, and others
daily and monthly. Results currently produced monthly could readily be
produced more frequently if needed. NetSizer stores many of the results
it produces making historical data available. NetSizer also forecasts future
values for many of its statistics.

Somewhat more technically stated, NetSizer’s host counts are estimates of
the current number of permanent IP addresses in use in the public Inter-
net. Hence hosts counts include network elements such as routers, servers,
computer hosts in universities and companies, and ports in modem banks
of ISPs. Host counts do not include home computers that are assigned tem-
porary IP addresses at the time of accessing the Internet through an ISP
nor hosts belonging to private IP networks and located behind firewalls.

3 How does NetSizer estimate host counts?

The estimated number of permanent IP addresses in use is based on a sam-
ple of IP addresses (out of the sample space of two to the 32nd power of
possible IP addresses). To evaluate how many IP addresses are in use, a
random sample of approximately 150,000 of these addresses is selected and
searched for every day to determine how many are registered in the DNS.
Because NetSizer collects and analyzes data all day every day, many esti-
mates are provided on a real-time basis. NetSizer produces raw estimates
with confidence intervals and accuracy is improved via stratification tech-
niques. Forecasts are based on state-of-the-art diffusion models. NetSizer
also includes methodology to account for hosts in a country even when the
country domain (e.g., .jp for Japan, .ca for Canada) is not used by the
host’s owner.
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4 Why is NetSizer useful?

Internet is growing so fast that survey-based estimates of the growth of
the Internet provided yearly, or even quarterly, quickly become outdated.
NetSizer overcomes this problem by providing monthly, daily and real-time
estimates based on statistical techniques. Telcordia has used data provided
by NetSizer in consulting proposals and engagements for ISPs, enterprises,
and governments in the areas of strategic planning, competitive analysis,
market planning, business case analysis, and IP network planning.

5 NetSizer’s future directions

Telcordia’s current research and development program for NetSizer includes
developing capabilities to measure bandwidth and traffic on any network
link (e.g., a T1 line) accessible in the public Internet. NetSizer’s current
bandwidth estimates are about 20 times faster than any other tools we
are aware of, and we are not aware of any other tools capable of remotely
measuring traffic between any two directly connected IP addresses on the
public Internet.

Once these capabilities are fully researched, developed, and tested, they will
have potential applicability for IP network planning and management for
extranets, IP VPNs, as well as subnets of the public Internet. The new ca-
pabilities will also provide unique information to support the development
of Telcordia (tm) Indicators for the Digital Economy.

6 Telcordia (tm) Indicators for the Digital Economy

The Internet is likely the fastest growing medium of commerce in the US
economy and is quickly becoming so in many parts of the world. Traditional
methods for measuring, tracking, and forecasting the information economy
are unable to keep pace with the speed at which the Internet economy
grows. Telcordia has a multidisciplinary team of statisticians, economists,
Internet engineers, and computer scientists all working together to enhance
NetSizer’s capabilities and to use the unique data produced by these new
capabilities, together with other data, to develop Telcordia (tm) Indicators
for the Digital Economy. Emphasis will be placed on revenue generating
electronic commerce which takes place on the public Internet. This will
initially include domestic and international traffic generated by consumer-
to-business transactions as well as business-to-business transactions on the
public Internet. The focus is not on what individual consumers are doing,
but on measuring electronic commerce and its impact at the individual
firm, industry, and country level.

Telcordia plans to produce measures to monitor and track Internet elec-
tronic commerce; indices against which to measure performance improve-
ments of a firm, industry or country; and indicators to predict performance



528

Internet Statistics

changes. The results planned to be produced should prove to be very valu-
able to the private sector — particularly the investment community — as well
as government agencies such as statistical bureaus and commerce depart-
ments. Potential uses of these measures, indices, and indicators include:

Tracking and measuring growth of Internet electronic commerce

Measuring the impact of Internet electronic commerce on a country’s
overall economy

Predicting economic changes based on Internet economic activity
Growth projections for a firm, portfolio, or industry
Strategic planning

Competitive analysis
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Abstract: In industry applications, such as automated on-line semiconductor
production, users of scanning electron microscope (SEM) metrology instruments
would like to have these instruments function without human intervention for
long periods of time, and to have some simple criterion (or indication) of when
they need servicing or other attention. At the present time, no self testing is
incorporated into these instruments to verify that the instrument is performing
at a satisfactory performance level. Therefore, there is a growing realization of
the need for the development of a procedure for periodic performance testing.
Postek and Vladar (1996) published a procedure which was based on the objective
characterization of the spatial Fourier transform of the SEM image of a test
object for this purpose and the development of appropriate analytical algorithms
for characterizing sharpness. In this paper, an alternative approach based on the
multivariate kurtosis is proposed to measure the sharpness of SEM image.
Scanning electron microscopes are being utilized extensively in the production
environment. Since these instruments are approaching full automation, objective
diagnostic procedures must be implemented to ensure data and measurement
fidelity. One approach to this issue is the sharpness technique. It is known that
the low-frequency changes in the video signal contain information about the large
features and that the high-frequency changes carry information of finer details.
When an SEM image has fine details at a given magnification, namely, when
there are more high-frequency changes in it, we say it is sharper.

Since an SEM image is composed of a two-dimensional array of data, it can be
expressed as I(u,v), (u =1,...,mn and v = 1,2,...,n), where u and v are spatial
indices. The corresponding two-dimensional finite Fourier transform is

fl@y) =D > I(u,p)e vy (1)

u=1lv=1

where the spatial frequencies x and y have indices from —N to N. Based on
f(z,y), we observe that when an SEM image is visually sharper than a second
image, the high spatial frequency components of the first image are larger than
those of the second. The following is an illustrative example. Part a of the attached
figure shows the performance of a SEM on a heavy gold-coated oxide test sample
at low accelerating voltage. This micrograph was taken following a tip change.
This image appears to be far less sharp and lacking in resolution when it compared
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with a similar micrograph (Part ¢ of the figure) taken when the same instrument
was operating more optimally. Parts b and d show the magnitude distribution of
the two-dimensional spatial Fourier transform for the images in Parts a and c,
respectively. From these figures it is clear that for the sharper image in Part c of
the figure, its cone in Part d, which represents the magnitude distribution of the
Fourier transform of the image, is wider than that in Part b of the image in Part
a of the figure.
For a given univariate random variable Z with mean p, and finite moments up
to the fourth, the kurtosis is defined as
B2 = m_;;
ma
where m4 and mq are the fourth and second central moments respectively, that
is

ma = E[(Z — p.)*] and ma = o2 = E[(Z — p.)?].

For any univariate normal distribution, 82 = 3. Therefore the value of 32 can be
compared with 3 to determine whether the distribution is "peaked" or "flated-
topped" relative to a Gaussian. Note that kurtosis is a dimensionless ratio.
Four separate distribution density functions with zero mean and unit variance
were compared by Kaplansky (1945) to illustrate the properties of kurtosis. His
results show that the smaller the kurtosis, the flatter the top of the distribution.
Finucan (1964) also discussed the interpretations of kurtosis. The conclusion is
that the distribution with smaller kurtosis is more flat-topped or has a large
shoulder than that with larger kurtosis.

Note that, since kurtosis is a dimensionless ratio of the moments, a value of
kurtosis can be calculated for any positive function when the area underneath
the function curve is finite and when the curve has finite moments up to the
fourth. Let w = f(z) be such a discrete univariate function. Then

Sy (2 — ) f(25)
[0 (25 — 1) £ (25))?

B2 =

where p. = >0 2 f(z)).

Multivariate kurtosis has been proposed by Mardia (1970). Let W be a p-dimensional
random vector with finite moments up to the fourth. Let u be the mean vector
and I" be the covariance matrix of W. The kurtosis of W is defined by

Bap = E[(W — ) T (W — p)I",

where T denotes the transpose of a vector. When p = 1, 82,1 becomes the univari-

ate kurtosis B2. When p = 2, for a two-dimensional random vector W = (X, Y)T,
the two-dimensional kurtosis is given by
V4,0 + 70,4 + 2722 + 4p(pY2,2 — 71,3 — ¥3,1)
B2z = (2)

(1-p%)?
where i1, (k,1 =0,1,2,3,4) is

Voo = E[(X - Nxzksy - l"y)l] (3)

030y
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and p, and p, are the marginal means and o, and o, are the marginal standard
deviations and p is the correlation between X and Y. In particular, when a two-
dimensional random vector W has a discrete probability distribution f(z;,yk),
j=0,1,...,nand k = 0,1,..,m, the two dimensional kurtosis can be calculated
similarly with

S Yoo (@, yk) (5 — pa)* (yr — )’
Vit = otol : (4)

From (3) or (4), the marginal kurtoses of the marginal distribution of X and Y’
are

B2,z = 74,0 and B2,y = 70,4 (5)

From Priestley (1981), the normalized spectral density with zeros frequency at
the center can be treated as a probability density function. The kurtosis of the
spectral density estimate corresponding to (1) of an SEM image can be calculated
by (2) and (3) or (4). A sharper SEM image corresponds to a spectrum which
has a large shoulder or has a flatter shape. Thus, it can be concluded that the
corresponding kurtosis of the sharper image is smaller. Therefore, an increase
in kurtosis over some preestablished reference portends that the sharpness of an
SEM image has been degraded relative to the existing at the time the reference
value was established.

The marginal kurtoses defined in (5) are used to measure the shapes of the
marginal distributions. The difference between the marginal kurtoses is a measure
of the shape difference between the marginal distributions. It can be used to
detect possible instrument vibration. To show how the kurtosis can be applied to
the SEM images, a series of five micrographs were taken on the same instrument
with only one parameter changed for each image. Two-dimensional kurtoses were
calculated for the five micrographs. The result shows the kurtosis measure gives
the correct ranking of the sharpness of the images.

Keywords: Image analysis, kurtosis, discrete Fourier transform, spatial fre-
quency.
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FIGURE 1. Scanning electron micrographs and their two-dimensional Fourier
frequency magnitude distributions. (a) Scanning electron micrograph of heavily
coated oxide taken following a tip change. (b) Two-dimensional Fourier frequency
magnitude distributions of image (a). (c) Scanning electron micrograph of the
same sample as above, but taken when the instrument is functioning at a high
level of performance. (d) Two-dimensional Fourier frequency magnitude distribu-
tions of image (c). Note that there are more high frequency elements present in
the Fourier frequency magnitude distribution from (c)



